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LOCAL ASYMPTOTICS FOR THE AREA OF RANDOM WALK
EXCURSIONS

DENIS DENISOV, MARTIN KOLB, AND VITALI WACHTEL

ABSTRACT. We prove a local limit theorem for the area of the positive exur-
sion of random walks with zero mean and finite variance. Our main result
complements previous work of Caravenna and Chaumont, Sohier, as well as
Kim and Pittel.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let {S,,} be an integer-valued centered random walk with finite second moments,
and let 7 denote the first time when the random walk is negative, i.e., 7 := min{n >
1:5, < 0}. The path {S1,S55,...,5-_1} we shall call the positive excursion of
{Sn}. Tt follows easily from recent results of Caravenna and Chaumont [3] and
Sohier [13] that the rescaled excursion of the random walk conditioned on 7 = n+1
converges weakly to the standard Brownian excursion which we shall denote by
e(t),t € [0,1]. This implies that an appropriately rescaled area converges towards
the corresponding functional of the Brownian excursion. More precisely,

1
P(n_3/2An<x‘T=n+1)—>P</ e(t)dt<x>,x>0, (1)
0

where
An = Z Sk.
k=1

For simple random walks this convergence was proved by Takacs [15], who also
identified the limiting distribution — the so-called Airy distribution. (We give be-
low an exact expression for its density.) His motivation was partially rooted in
combinatorics. More precisely, he was interested in the investigation of the as-
ymptotic number of random trees on n vertices with given total height, see Takacs
[15, 16, 17] and Spencer [14]. Using the well-known one-to-one correspondence be-
tween random trees and random walk excursions, this problem is equivalent to a
problem concerning the area under random walk path. It is worth mentioning that
areas of random walk excursions appear also in other combinatorial problems such
as:

e analysis of linear probing hashing, Flajolet, Poblete and Viola [7];

e enumeration of paths below a line of rational slope, Banderier and Gitten-
berger [1];

e Winston-Kleitman problem on tournament scores, Winston and Kletman
[21] and Takacs [15].

1991 Mathematics Subject Classification. Primary 60G50; Secondary 60G40, 60F17.
Key words and phrases. Random walk,excursion, Airy function, Airy distribution.
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2 DENISOV, KOLB, AND WACHTEL

Assertion (1) allows to find the asymptotic number of random trees on n vertices
with the total height bounded by zn?/2. But in order to find the number of trees
with fixed total height one need a local version of (1). Moreover, such a result
allows to confirm the Kleitman-Winston conjecture mentioned above, see Takacs
[15, page 565]. This conjecture were proved by Kim and Pittel [10] by deriving a
uniform upper bound for probabilities P(A,, = a|7 = n+ 1) in the case of a simple
random walk.

The main purpose of the present paper is to extend the result of Kim and Pittel
to a local limit theorem for the excursion area of all random walks with finite
variance.

We say that X is (d, p)-lattice if its distribution is lattice with span d and shift
p € [0,d), i.e., h is the maximal number such that P(X € {p+ dk, k € Z}) = 1.
Furthermore, we define N, :={n>1: P(S, =z) >0}, x > 0.

Theorem 1. Assume that EX = 0, EX? := 02 € (0,00) and X is (d, p)-lattice.
Then

sup
aen(n+1)p/2+dZ

d
n3/2P(An:a|T:n+1)f;wm( 372 ‘%0 as n — 0o
(2)

and, for every x > 0,

sup
aen(n+1)p/2+dZ

d
3/2 _ _ — _ = -
n P(An—a’T—n—Fl,Sn—x) Uwei(a 373 ’—>0 (3)

as Ny 3 n — o0o. Here we, denotes the density of fo t)dt.

Takacs [15, Theorem 5] has obtained an exact expression for we:
218/6 & 2a3 54 2a;
werl®) = 55707 Z“k exp {27332 } v (6’ 3’ 27:c2> ’

where U(a, b, z) is a confluent hypergeometric function and {—ay} is a sequence of
zeros of the Airy function

Ai(z) = 1 /OO cos(t®/3 + tx)dt
0

™

arranged so that ar < ag4q for all k. (For further properties of the Airy function
we refer to Janson [9, Section 12].)

Using the asymptotics we,(z) — 0 as  — 0 or © — oo from [9, Section 15] we
conclude sup, s Wey () < 0co. From this fact and (2) we infer that

sup P (An = a|7 =n+ 1) <
a>1

w32 n=>1,

reproducing the main result of Kim and Pittel [10].

Example 2. In order to demonstrate the relevance of our theorem in a combina-
torial context, we apply it to the following problem of enumeration of Dyck paths
below a line of rational slope. Following Banderier and Gittenberger [1], we look
at walks on N2 with steps (1,0) and (0, 1) constrained to stay below a line y = g
with «, 8 € N. We are interesed in the asymptotic number of such walks of length
n which start at (0,0), end on the line and have a fixed area between the line and
the path. According to Theorem 8 in [1], this number is equal, up to the factor
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a + B, to the number of random walk excursions of length n with the endpoint 0
and the same area. The set of jumps of this random walk is {«, —3}. Let N(n,a)
denote the number of excursions with area a. Then

N(n,a) =2"P(A, = a,7 =n, 5, =0),

where S, is a random walk with P(X = a) = P(X = —8) = 1/2. This walk is
obviously (a, a + f3)-lattice. Since EX = a —  is not necessarily zero, we can not
apply Theorem 1 directly. In order to obtain a driftless random walk we perform
an exponential change of measure. Set hg = (a + 3)"!log(3/a) and define a new
measure P by the equality

N ehoa;

PX=2)= ¢(ho)

where ¢(h) = Ee"X = (2" — ¢7Ph) /2. Then

P(X =2), z € {a,—f},

P(A, =a,7=n,8, =0) = (o(hy))"P(A, =a,7 =n, S, =0).

Combining now (3) with Theorem 6 in [20], we obtain

f’(An =a,7=n,5, =0) = Cla, f)wes ( n~3 +o(n™3),

)
on3/2
where 02 = 0%(a,3) = EX2. (We can not give an analytical expression for the
constant C(«, 8), due to the fact that we do not know exact form of the renewal
function of ascending ladder epochs.) As a result we have

a/(a+pB) B/(a+B)\ "
s =t () (1) (5))

The proof of (2) is based on the following local limit theorem for the joint
distribution of a discrete meander and its area.

Theorem 3. Assume that the conditions of Theorem 1 are satisfied. Then, for
every z > 0,

sup

2 2 172
a€n(n+1)p/2+dzZ,zEnp+dz o on3/2’ gnl/

d2
n2PZ(An=a,Sn=x‘T>n)——h< ° a )‘—>0,
where h(u,v) is the density function of the vector (fol Mdt, My) and P, is the
distribution of the walk starting at z.

Part of the proof of this theorem consists in showing that the distribution of the
vector ( fol M,dt, M7) has a continuous density.

Corollary 4. Asn — oo,

d
sup nZP(An =alt >n) — —Wne (0;/2)‘ — 0,
a€n(n+1)p/2+dZ o on

where Wme is the density of fol M,dt.

This result is a local counerpart of Theorem 4 in Takacs [18].
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2. BROWNIAN MEANDER AND ITS AREA

As it was mentioned above one of the steps in the proof of Theorem 3 consists
in the investigation of the distribution of ( fol M;dt, My). The next proposition
contains all the properties of this distribution which are needed in the proof of
Theorem 3.

Proposition 5. The joint distribution of fol Mdt and M is absolutely continuous
with a continuous density h(u,v). There exists a measure v such that

h(u,v) = \/E <6u —2u0+ \/2) p1(0,0; u,v) (4)
4 \/?/01 /OOO v(ds, d=) [p1(0, 0:,0) — p1_s(0, 050 — 2,0)] .

Proof. Set I = [; Byds. Let

3 6u—z—ty)? blu—z—ty(v—y) 2(v—y)°
P, Y5 u,0) = \/ﬂ?e’{p{_ 3 + 2 -

be the transition function of the process (I, By)i>o and define

P U: € du, By € dv, T > t)
dudv ’

pi(@,ysu,v) =
where 7 :=inf{¢t > 0: B, = 0}.
Using the strong Markov property it can be easily seen that
1 00
D1(0,&;u,v) = p1(0, &;u,v) —/ / P.o) (1 €ds, I € dz)p1—s(2,0,u,v)
o Jo

:pl(O,E;U,U) _p1(070§uaU)P(O,s)(T < ]-) (5)

1 [e%s}
—|—/ / P (1T €ds, I € dz) [p1(0,0;u,v) — p1_s(2,0,u,v)].
0o Jo
Since
/2
P(075) (T > 1) = 2(1)(8) -1~ ;5 g — O,

we have

T 21 (0, 05 1, 0)P o0 >1)—\/3 (0,0:u, )

EIE)I%) 5p1 y I3 U, V) (0,e)\T - ﬂ_pl y iU, V).
Furthermore, by Taylor’s formula,
P1 (07 g u, U) — D1 (Oa 07 u, U)

= % (exp {—6(u—¢)® +6(u—c)(v—¢) —2(v—¢)?} — exp { —6u® + 6uv — 2v°})

= \if exp { —6u” + 6uv — 20} (12u — 6u — 6v + 4v)e + O(£?),
Y

which implies that

1
lim — (p1(0,&;u,v) — p1(0,0;u,v)) = p1(0,0; u, v)(6u — 2v).

e—=0 ¢



LOCAL ASYMPTOTICS FOR EXCURSION’S AREA 5

As a result,

1
lim — (pl(O,e;u,v) —p1(0,0;u,v)P g (T

e—0 ¢ f; 1))
= p1(0,0; u, v) <6u —2v+ \/z> ) (6)

In order to deal with the integral term in (5) we write
1 o]
/ / Po,o) (1 €ds, I € dz) [p1(0,0;u,v) — p1—s(2,0;u,v)]
o Jo
1 o]
= / / Poo) (1 €ds, I, € dz) [p1(0,0;u,v) — p1-4(0,0;u,v)]
0o Jo
1 0o
+/ / Po,o) (T €ds, I € dz) [p1-(0,05u,v) — p1_(2,0;u,v)]
o Jo
1/e?
= / P o,1)(1 € ds) [p1(0,0;u,v) — p1_c25(0,0;u,v)]
0

1/e? oo
+/ / P o.1)(7 € ds, I, € dz) [prcas (0,0;,0) — pr_cay(0,0;u — 52, 0)] |
0 0

where the last equality follows from the Brownian scaling. Fix some r € (0,1/2)
and write

1/e?
/ Po,1)(7 € ds) [p1(0,0;u,v) — p1_-25(0,0; u, v)]
’ r/e?
= / P(O,l) (T € dS) [p1(0707ua U) _pl—EQS(Oa 07 U,U)]
0

1/e2
+/ ) P(O,l)(T € ds) [P1(0»0§Uav) _p1—€2s(070;u1 'U)] .

/e

It is easily seen that

0 (0,0 ) 6 o 6u? +6uv 202
9 . Y g b buv 2t
gt Y U TP T T e t

2 { 6u?  6uv 202 } <18u2 12uv 21}2>
+ eXpl —— 4 — - = .

JR— + JR—
2 t3 t2 t 4 t3 t2

Noting that this derivative is uniformly bounded, we infer from Taylor’s formula
that

sup s |p1(0,0;u,v) — p1_4(0,0;u,v)| < C. (7)
s<1/2
Combining this with the estimate w < (2m)~Y/2573/2 we obtain

2

r/e
/’ P 0. (7 € ds) [p1 (0, 0;,0) — pr_cz, (0,05, 0)]
0

r/e?
<C / 573/225ds = 2C/re. (8)
0
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Using the relation
P ed
W ~ (2m)"Y2573/2 a5 — oo,

we get, as € — 0,

1/e
[, Pon( € ) 0.0:) =y 0,050
T/€

2
1+o(1) (¢ —3/2
= s [p1(0,0;u,v) — p1_c25(0,0;u,v)] ds
V2T /

r/e?
14 0(1) /1 —3/2
= ———¢ S 0,0;u,v) — p1—-5(0,0;u,v)] ds.
\/ﬁ ; [pl( ) b1 ( )]
Using (7) once again we conclude that
1 1/62
lim lim — P(O,l)(T € dS) [pl (Oa 0; u, U) - pl—s2s(07 0; u, U)}

r—0e—0 ¢ /EQ

_3/2 [p1(0,0;u,v) — p1—5(0,0; u,v)] ds.

7=l

Combining this relation with (8), we finally get
1 1/e?

lim -/ P o,1)(7 € ds) [p1(0,0;u,v) — p1_c2,(0,0;u,v)]

573/ u, v 1-5(0,0;u,v)] ds.
%E/’:”mloo )= p1s(0,0;,0)] d (9)

We now turn to the integral

1/e
/ / P o1 (7 € ds, I, € dz) [pr_ces (0,0;u,0) — prczy (0,0;u — 32, 0)] .
0

Since the derivative

0 (0,05, 0) = 3 6u? L 6uv 202 6v 12u
U, v ——t - — | 5 - —
ault N0 B t 2
is uniformly bounded in ¢,

|p1—825(0a Oa u, 1)) - pl—ags(oa Oa U — 8327 U)| < O(ua U)ESZ'
Therefore,

1/€?
/ / (r €ds, I € dz) [pl_azs(O, 0;u,v) — p1_e24(0,0;u — Egz,v)]

r/ed
S C€3/ ZP(O,l)(IT S dZ)
0

According to formula (2.10) in Isozaki and Watanabe [8]

Poy(I; edz) 213

= —4/3 —2 .
i 32/3F(1/3)Z exp{—2/9z}, z>0
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This implies that

3

r/e 21/3 r/ed 13 31/3 2/3_ 2
P I, edz) < ——— Ty = ———— -
/o Ponl€42) < mrraTs) / @ = aEr )

and, consequently,

1/e?  pr/ed
/ / P,y (r €ds, I, € dz) [pl,ezs(0,0; u,v) — p1_e25(0,0;u — egz,v)]
0 0

< Cr?/l3e. (10)

Since p; is uniformly bounded in all variables,

r/e?  poo
/ / . P(O,l) (T € dS, Is € dZ) [pl—szs(oa 0;u, ’U) - pl—szs(oa O;u— 532, (U)} |
0 r/ef

< CP(OJ) (7‘ < ra_Q,IT > ra_g) < CP(OJ) <7‘ < 7‘5_2,1{1§T)(Bt > 5_1) ,

where in the last step we used the bound I, < 7maxi<,B;. Applying now a
good-A-inequality (see Durrett [6, p.153]) and Doob’s inequality, we have

P(o,l) (’T < r€_2,rtnSaTx B; > 5_1> < 4rP(071) <rtn<aTx B; > €_1> < 8re.

Therefore,

r/e? 0o
/ // . Po,y(r €ds, I, € dz) [pl_sas(O, 0;u,v) — p1_e24(0,0;u — 532,11)}
0 r/e

< Cre. (11)

It remains to consider the integral

1/e? o
/ / P,y (r €ds, I, € dz) [pl,ng(0,0; u,v) — p1_e24(0,0;u — sgz,v)] )
r/e2 Jr/ed

We start with the Laplace transform of the function P 1)(7 > ¢, I; > 2). It is easy
to verify that

F(A p) == A /OO /OO e MTEEP o (T > t, I, > z)dtdz
o Jo
=1- E(O’l)[e_’\T] —Eqle ]+ E(oyl)[e_)”_“[f].
It is well-known that
E(Oyl)[e”‘"] = e V2
Furthermore, for all positive p one has, see [12, Theorem 1],
Ai((2p)? + 22/ ((21)*/?))

Eple 1] = AL(2N/((21)%/3))

From these equalities we conclude that

.1 2 Ai’(O) 1 Ai/(Z/\/((QM)z/S) 1
lim SF(EAp) = VI - e em e w . (12)
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According to Theorem 2.1(i) in Omey and Willekens [11], the latter convergence
implies that

—3\ __
gl_r}(l) P(O (>t I > 2e7%) = G(t, 2), (13)

where the function G is determined by the right hand side in (12).
By the fundamental theorem of calculus we have

pl—EZS(Oa 07 u, 1}) - pl—EQS(Oa 07 u— 5327 U)

Ef 0? ez 9
:/0 /0 %pkq(0,0;u—w,v)dqdw—/o %pl(o,o;u—w,v), (14)

Using this representation and exchanging the integrals, we get

1/e?
/ / Po,1(r €ds, I, € dz) [p1,625(0, 0;u,v) — p1_c24(0,0;u — 83,27’1))}
/€3

1/e 0
/ / P1—-¢(0,0;u —w,v / / Po,1)(T € ds, I, € dz)dwdg
8 ow (qvr)/e? J (wVr)/e3

—/ aipl(o 0;u — w,v)/ Po1)(T € (7"/52,1/52),IT € dz)dw
0

(wvr)/ed

gVvVr 1 wVr
// q0w ——D1-¢(0,0; u — wv)P(Ol)(T€< = ,€2> I > = )dwdq

* 0 r 1 wVr
_/O %p1(070;u—w,v)P(071) (TE( 2762) I > = )du}

Applying now (13), we obtain

1/e?
/ / Po,1)(r € ds, I € dz) [pl,EzS(O, 0;u,v) — p1_e25(0,0;u — 532,1))]
r/ r/ed

—>/ / Bqawpl ¢(0,0;u —w,v)(G(¢Vr,wVr)—G,wVr))dwdg

—/ a—wpl(0,0;u—w,v)(G(r,w\/r)—G(l,w\/r))dw ase — 0. (15)
0

Let v denote the measure which corresponds to G, that is,

G(t,z) = /too /:O v(ds,dy).

Using this representation and (14) with e = 1, we can rewrite the limit in (15) in
the following way

1 [e%s)
/ / v(ds,dz) [p1-s(0,0;u,v) — p1—s(0,0;u — z,v)] .

Letting here » — 0 and taking into account (10) and (11) we conclude that
1/e
g/ / P, (T € ds, I, € dz) [pl,szs(o, 0;u,v) — p1_e24(0,0;u — 53270)]
0 0

— / / v(ds,dz) [p1-s(0,0;u,v) — p1—5(0,0;u — z,v)] ase — 0. (16)
o Jo
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Substituting (6), (9) and (16) into (5), we obtain

1 2
lim —p; (0, &;u,v) = <6u —2u+ \/7) p1(0,0; u,v)
e=0¢ ™

_3/2 [p1(0,0;u,v) — p1—5(0, 05 u,v)]

IR
+/0 /0 v(ds, dz) [p1—o(0, 0,1, v) — p1—o(0,0;u — 2,0)]

Noting that (2m)~1/2s73/2ds = [° v(ds, dz), we see that the limit is equal to

2 1 oo
<6u —2v+ \/Z) p1(0,0;u, v)+/ / v(ds,dz) [p1(0,0;u,v) — p1-s(0,0;u — 2, v)].
0 0

To complete the proof of (4) it remains to observe that

and that P o) (7 > 1) ~ \/gs. The continuity of the density follows from the fact
that all the limits are locally uniform in v and v. O

The existence of the density h(u,v) can be seen as follows. Denote
Upe(@,y,t) = Egle™*, By € dy, 7 > t]/dy

By the Feynmann-Kac formula we conclude that the generator A, of the semigroup
corresponding to 92, (x,y,t) is given by the differential operator

1 9?

As == -5

2022 Y
with the Dirichlet boundary condition. it is well-known that the spectrum of this
operator is purely discrete, and its eigenvalues —\,, can be found by the solving the
equation

() = 2syf(y) = = nf(y)

with the boundary condition f(0) = 0. The general solution is given by Ai((2s)
21/ 3N/ s?/ 3). In order to satisfy the boundary condition we need to require ), =
ans2/3/21/3, where —a,, are zeros of the Airy function.

The sequence (2s)Y/6Ai(y(2s)Y/? —a,)/Ai'(—a,) is orthonormal, see [19, Section
4.4] for more details. Therefore, by diagonalisation of the self-ajoint operator As,

1/3y_

i 2 st g )13 Ai(y(25)'/? — a,)Ai(z(25)Y/3 — an).

wme T y? (Al/(_an))Q

n=1

Asz — 0,

i (z,y,1) \/? 2/3 sz, Al(y(25)Y3 —ay)
Lrmer g7 7 — 2 S An .
P12 ;e AT (—ay)




10 DENISOV, KOLB, AND WACHTEL

Consequently,

0 . 1/3 _
E[e_s fol J\L,Clt7 M, € dy]/dy — \/?(28)2/3 Z 6—271/332/3an Al(y(2f) an) ]
2 — Ai'(—ay)

(17)

Integrating over y we get the formula for the Laplace transform of the area of the
standard meander, see also formula (209) in Janson [9],

EleJo Medt) = \/g (25)'/8 i rpe 0
n=1

where

1 RS
Ty 1= Al'(—an)/ Ai(z)dz, n > 1.

Setting s = —ir = ¢~*"/2r in (17) and noting that the real part of (e~""/27)%/3 is
always positive, we conclude that

oo ) . 9 1/3 _
ir [} M, dt _ T, 23 o3 (_ip)2 3, Ai(y(—2ir) an)
Ele" Jo , My € dy]/dy = \/2( ir) g e A (=)

is decreasing exponentially. Therefore, the corresponding measure is absolutely
continuous with respect to the Lebesgue measure, and the corresponding density is
continuous.

—an

n=1

3. LOCAL ASYMPTOTICS FOR DISCRETE MEANDERS: PROOF OF THEOREM 3.

First we state some known limit theorems for random walks and discrete mean-
ders.

Proposition 6. If the variance of Sy is one, then, for every B € B(Ri) and every
starting point z > 0,

. An  Sn !
Jim P, <(WW> e B’T > n) —Pp <(/0 Mtdt,Ml> e B> :
where M; is the Brownian meander.

This convergence is immediate from the functional limit theorem for random
walks conditioned to stay positive which was proved by Bolthausen [2].
Another crucial ingredient of the proof of Theorem 3 is the following result.

Proposition 7. Under the conditions of Theorem 1,

a X
sup “2P(An=a75n=x)—9(T/zaTz)‘_”)’
a€n(n+1)p/2+dZ,xEnp+dZ n n

where g(u,v) = p1(0,0;u,v) is the density of the vector (fol Bidt, By).

A version of this convergence for absolutely continuous distributions has been
proved by Caravenna and Deuschel [4]. Since the case of discrete random walks
needs only some obvious changes, we omit the proof of this result.

Proposition 7 and the boundednes of g imply the following result.

Corollary 8. There exists a constant C' such that
sup P(A, =a,S, =z)<Cn" % n>1 (18)

a, €L
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To simplify notation we give a proof of Theorem 3 for z = 0 only. Moreover, we
assume, for the same reason, that d =1 and p = 0.

We start by considering various ’boundary’ values of a and z. Splitting the
trajectory of S,, at n — m, we obtain

P(A,=a,S, =x,7>n)

= Z PAwm=0b5—m=y,7>n—m)P, (A, =a—0,5, =2,7>m).
y,b>1
(19)

Applying now (18) to probabilities P, (A, = a — b, S, = 2,7 > m) and using the
following well-known relation

P(r >n) ~6On~ 2 (20)
we get
P(A,=a5, = < ¢ P < ¢ 21
as}g& (A, =a, n—x,7>n)7ﬁ (T>n—m)7m (21)
If a < 0n3/? then we infer from (19) with m = [n/2] that
C
PA,=a,S, =z,7>n)<PAp_m <a,7> nfm)—2
m
<P(A,_m < 6n3/2|7' >n— m)m
In view of Proposition 6,
1
P(Ay_pm <03?7>n—m) =P (/ Mdt < 23/26> .
0
According to formula (212) in Janson [9],
1 2
P </ M;dt < u) ~ e agy — 0.
0
Consequently,
n®?  sup  P(A,=a,S, =x,7>n)<Ce /0, (22)

a<én3/2, x>1
For a > 2Rn3/? we have
P(A,=a,S, =xz,7>n)

=P (An =a,S, :x,%lngk > 2R\/ﬁ,7>n)
=P (An =a,S, = r,max Sy ZR\/H,T>H)
kE<m

+P (An =a,S, = T, max (Smak — Sm) = RVn, 7 > n) .
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Using the Markov property and (18), we get

P (An =a,S, :a:,rkn<axSk > Ry/n, 7 > n>

<P <max Sy > Ryn, 7> m) sup P(A,—, = b, Sn—m = 9)
k<m y,bEZ

C C
< WP (Ikn<ar>n<Sk > R\/ﬁ|7' > m) < WP (igg)Mt > R\@) .

In the last step we used functional limit theorem for random walks conditioned to
stay positive. Furthermore, using (21), we obtain

P (An =a,S, =2, max (Spyix — Sm) > RVn,7 > n>
k<n—m

< sup P(4,, =b,Sn =y, 7 >m)P ( max (Spmik — Sm) > R\/ﬁ)

y,bEZ k<n—m
<%p B; > RV2
= ezt \ AP > :

As a result we have

5/2 sup P(4,=a,S,=z,7>n) <A(R), (23)

a>2Rn3/2 x>1

where A(R) — 0 as R — oo. Since for x > 2R+/n the equality

n

P(An:a,Sn:x,T>n):P(An:a75’n:x,r]£1<axSk>2R\/ﬁ,T>n)

holds, we have

5/2 sup P (A,=4a,S,=2z71>n)<A(R), (24)
a>1,2>2R\/n

n

For x < 2e\/n we use an alternative representation for P (4,, = a, S, = ,7 > n).
Set X/ := —Xymy14, 0 € {1,2,...,m} and S} = Sh+ SF | X/, A, = ¥ Sl
Then it is easy to see that

i=1
= {xm—&—;&{:a—b—&-y—x, r+ S, =v, %ir{ll(x+5lf)>0}.
Consequently,
P,(Ap,=a-bS,=z,7>m)=P, (A, =a—0b,5,, =y, 7 >m)
and
P(A,=a,S,=x,7>n)= ZP(An,m:b,Sn,m:y,T>n—m)
y,b>1

xP, (A, =a—b+y—ux0S, =y, 7 >m).
(25)
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From this representation and (21) we conclude that

_c
(n —m)>/2

It is immediate from the functional CLT that Py, /(7" > [n/2]) < Ce. Therefore,

PA,=a,S,=z,7>n)< P.(7 >m) < C;PQEf(T > m).

5/2 sup P(A,=a,S,=x,7>n) <Ce. (26)

a>1,2<2e\/n

n

We now turn to 'normal’ values for the vector (A,,S,), that is,
on®? <a<2Rn®? and 2evn <z <2Rvn.
For every x define
By =Bi(z):={y>1:|y—=x| <eyn} and By = By(z):=Z; \ Bi(x).

For every m > 1 we have

P(A,=a,S,=2,7>n)=P (A, =qa,S, =2,5,—m € B1,7 > n)

+P(A,=a,5, =x,5,—m € Ba,7>n). (27)

Set m = [¢3n]. Then, applying (21), we obtain, uniformly in a,z > 1,
P(A,=a,S, =x,S,—m € Ba, 7 >n)

= Z PA,-m=b8-m=y,7>n—m)Py (4, =a—0b,S, =z,7>m)

yE€B2,b>1

< Y Py(Sn = 1) € Pl > eVi) < o), (2%)

yEB>

where ®(z f r e 2y,
Further

P(4,=a,S,=2,S,—m € By, 7 > n)
= Z PA,mn=b5%—m=y,7>n—m)P, (A, =a—-10b,5, =z,7>m)

yEBl,bZI
= Z PA,—mn=b5%_—m=y,7>n—m)Py (A, =a—-0,5, =x)
yEB1,b>1
— Z PA,—m=b05%—m=y,7>n—m)Py (A, =a—-0,5, =z,7 <m)
yEB1,b>1

Applying (21) to the probabilities in the second sum, we obtain
Z PA,—m=b,5 —m=y,7>n—m)P, (A, =a—-0,5, =z,7 <m)

yEB1,b>1

c C’
SWZPy(Sm::E,Tgm) 5/2 2 (S, € By, 7 <m).
yeB)

For z > 2e4/n we have

P, (S, € Bi, 7 <m) <P (En<ax5k > 25\/5) < CB(e1/2).
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Therefore,

Z PA, =bS-m=y,T>n—m)Py (A, =a—>b,5, =z,7 <m)
yEB1,b>1

c —1/2
< %), (29)

It follows from Proposition 7 that
Z PA,n=b5% -m=y,7>n—m)P, (A, =a—0,5, =2x)

yE€B1,b>1

—ph— —
= > P(An_m=b,Sn_m=y,T>n—m)m_2g<a Rt 1/3)
yEB1,b>1 " "

+o0(m*P(r >n—m)) (30)
uniformly in a,z > 1. Recalling (20), we get

_ a—b—my x—vy
> P(Anmzb,snm=y,7>n—m)m29< Y ’m1/2>
yEB1,b2>1

71753 0 a—Ap_pm —e3ny x— S,
T g6 p5/2 9/2n3/2 ? 23/2p1/2

>H&7m63ﬁ%>n }

Since g(u,v) — 0 as v — oo uniformly in w,

a—Ap_m—€ny x— S,
E [9 < 29727372 ) 21/ ) {Sh—m € Bg}‘r >n— m} <ri(e), (31)

where r1(¢) = 0 as € — 0. Accordlng to Proposition 6,

€)
i By (£ S o))

N 00 59/2713/2 T e3/2p1/2

73/2 _ (1 _ 63)3/2u xn71/2 _ (1 _ 63)1/21)
= /R2 g ( 572 , Y > h(u,v)dudv.

Furthermore, as ¢ — 0,

b—(1—g3)3/2 — (1 — £3)1/2
676/ g ( (1—¢) u7 y=(-¢) U) h(u, v)dudv — h(b,y)
2

29/2 23/2

locally uniformly in b,y. From this convergence and (31) we infer

- .3
E[g(a Ap_m —e°ny x— S,_ )1{SnmeBl}‘T>n— }

lim sup 29/27,3/2 ' o3/2p1/2

n— oo

<ry(e). (32)

Combining (27)—(30) and (32), we conclude that

lim sup <r3(e)

n—o0

n*PP(An = a,8, = x,7 > n) — 0h (#ﬁ)

uniformly in dn%/? < a < 2Rn?/? and 2ey/n < = < 2R+/n. Taking into account
(26)—(24), we arrive at the desired local asymptotic.
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4. PROOF OF THEOREM 1

We are going to split the path of the excursion and to inverse the time in the
second half of the path. For this reason we need information on the position of
our random walk immediately before 7 occurs. Let H(x) be the renewal function
corresponding to strict ascending ladder epochs.

Lemma 9. For every fived x € Z,

L H@) s .
N 32p(X < —x).

Furthermore,

P(r=n+1)~ (Z H(z)P(X < —:c)> (2m)~1/2n=3/2,

x>0

Proof. First we note that
PS,=z,7=n+1)=P(S, =z,7>n)P(Xp41 < —2).
Further, according to Theorem 6 in [20],

H(x) n=3/2.

P(S,=z,7>n)~ on
T

Thus, the first statement is proved.
Obviously,

P(r=n+1)=>» P(S,=x,7>n)P(X,11 < ).
>0
Since sup, P(S, = z,7 > n) < Cn~!, see Lemma 19 in [20],
C

Z P(S,=z,7>n)P(Xp41 < —z) < — Z P(Xn11 < —x)
>N n >N

C
< ZE[IX|,|X| > N], N>o.
n

From the finiteness of the second moment we infer that there exist §,, such that
6, — 0 and E[|X|, |X| > §,n'/?] = o(n~'/2). Consequently,

Z P(S, = z,7 > n)P(X, 1 < —x) = o(n~%/?). (33)
x>0,nl/2

Using Theorem 6 in [20] once again, we obtain

1
P(S,=xz,7>n)=—n"?1+o0(1 H(z)P(X < —
Kéw ( T, 7 >n) " (1+0(1)) ng (z)P( )

(34)

Combining (33), (34) and noting that >~ _ H(z)P(X < —=z) is finite, we finish
the proof. O
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We are now in position to prove Theorem 1. We start with the representation

P(An:a,T:n—i—l):ZP(An:a,Sn:x,T:n—f—l)

8
Il
-

M

PA,=a,S,=2,7>n)P (X < —x). (35)

8
Il
-

Using (21) we conclude that there exists §,, — 0 such that

Z P(A,=a,S, =z,7>n)P (X < —z)

z>8,nl/2
< CnTPE[-X, X < —6,nY% = o(n7?). (36)
Combining (19) and (21), we get
P (A, =a,S, =2,7>n) <Cn 2 Z P, (A;L/z =a—b,5,,=y71 > n/2)
y,b>1
<Cn7?P, (7' > n/2).

According to Corollary 3 from [5], P, (7' >n/2) < Caxn~!/? uniformly in z <
8,n'/2. Therefore, uniformly in a,

Z P(A,=a,S, =z,7>n)P(X < —x)
N<z<§,nt/2
<CnPE[X* X < —N]. (37)
It remains to consider fixed values of z. Applying Theorem 3 to both probabilities
on the right hand side of (19), we get, uniformly in a,

P(A,=a,S, =z,7>n)
3/2 1/2 3/2(, _ _ 1/2
:H(a:)—i—o(l) Zh(Q b 2 y>h<2 (a—b+y—x) 2 y)

nb y.b>1 n3/2 7 pl/2 n3/2 " nl/2
H 1 o~ pa/n%/?
_ M/ / h (23/2% 21/%) L (23/2(a/n3/2 —w), 21/21;) dudv
n 0 0
H(z)+o(1
— Mq(a/n?ﬁ/?).

n3

Summing over z from 1 to N, we get

N
nBZP(An:a,Sn:x,T>n)P(XSfx)

=1
N
= <Z H(xz)P(X < —x)) q(a/n3?) + o(n=3).
=1
Combining this with (35), (36) and (37), we conclude that

n*P(A, = a,7 =n+1) = q(a/n’?) i H(z)P(X < —x) +o(n™3)

=1
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uniformly in a. Hence, in view of Lemma 9,
n3/?P(A, = a|t = n+1) = V2rq(a/n?) + o(n=3/?). (38)

Uniqueness of the limit implies that v/2mg(x) = wey(x). This completes the proof
of the theorem.
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