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ANALYTIC STRUCTURE IN FIBERS
RICHARD M. ARON, JAVIER FALCO, DOMINGO GARCIA, AND MANUEL MAESTRE

ABSTRACT. Let By be the open unit ball of a complex Banach space X, and
let H>*°(Bx) and A,(Bx) be, respectively, the algebra of bounded holomor-
phic functions on Bx and the subalgebra of uniformly continuous holomorphic
functions on By. In this paper we study the analytic structure of fibers in
the spectrum of these two algebras. For the case of H*°(Bx), we prove that
the fiber in M(H*>(B,,)) over any point of the distinguished boundary of the
closed unit ball B,_ of /,, contains an analytic copy of B,_. In the case of
A, (Bx) we prove that if there exists a polynomial whose restriction to the
open unit ball of X is not weakly continuous at some point, then the fiber over
every point of the open unit ball of the bidual contains an analytic copy of D.

1. INTRODUCTION

This paper continues the study of the analytic structure of fibers in the spec-
trum of algebras of holomorphic functions. In the next paragraph, we will give
a very brief description of the focus of this manuscript. Subsequently, we will

review all the relevant terms that will be used.

We concentrate here on the two most important algebras of holomorphic func-
tions, H*(Byx) (bounded holomorphic functions f : Bx — C on the open unit
ball of the Banach space X) and the subalgebra A, (Bx) (uniformly continuous
holomorphic functions). When endowed with the supremum norm, each is a com-
mutative Banach algebra with identity. Denoting either of these algebras by A,
we let M(A) = {¢ : A — C | ¢ is a (non-zero) homomorphism }. There is a
natural surjective mapping 7 : M(A) — Bx--. Our interest will be in the fibers
in M(A), i.e. 7'(2), for z € Bx«, which we denote by M_(A). Depending
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2 R. M. ARON, J. FALCO, D. GARCIA, AND M. MAESTRE

on the geometric structure of X and on whether A = H*(Bx) or A,(Bx), our

fibers will be very large, at times, and very small at other times.

We now expand on the material that has been outlined above. First, there is
a natural inclusion, 6 : b € Bx ~ 0, € M(H>*(Bx)), where 6,(f) = f(b) for
f € H>®(Bx). It is evident that this inclusion extends to By in the case of the
subalgebra A, (Bx). There is a canonical extension mapping f € H*(Bx) ~
f € H>®(Bx-+) (see, e.g., 2] and [12]), which is (i) norm-preserving, (ii) mul-
tiplicative, and (iii) takes 4,(Bx) to A,(Bx«). Because of this, the mapping
§ extends to & : By- — M(H™(Bx)) and also from By« — M(A,(Bx)),
0(2)(f) = 6.(f) = f(2). Next, both M(H>*(By)) and M(A,(Bx)) are compact
Hausdorff spaces when endowed with the weak-star (Gelfand) topology. Calling
A either of these Banach algebras, and noting that X* is a subspace of A, one
defines the mapping 7 : M(A) — Bx« by 7(p) := ¢|x-. (In the classical case
X = C with A = H*>*(D) or A(D), the mapping 7 reduces to the usual function
7(p) = @(z ~ 2)). It is routine that 7 is continuous when Bx. has the weak-
star topology, and that m o ¢ = idp,. Hence, by Goldstine’s theorem, the range
of 1(M(A)) is all of Bx-.

Our central interest is in the contents and structure of fibers 77!(2), over var-
ious points z € Bx«-. We concentrate on A = H>®(By) in Section 2, where we
continue work of Schark [19] and B. Cole, T. W. Gamelin, and W. B. Johnson
[10] (see also [11]). We prove that in any Banach space X the fiber over any
point zy in the unit sphere Sx of X contains a copy of the unit disk, and also
that for X = ¢, the fiber in M(H>(B,,)) over any point in the unit sphere of
cg® contains a copy of the entire maximal ideal space M(H>(B,,)). Section 3 is
devoted to the generalized disk algebra, A,(Bx). Our main goal will be to prove
that for a fixed complex Banach space X, if there exist a polynomial P : Bx — C
and a point xy € Bx such that P|p, is not weakly continuous at zp, then the
fiber over every z € Bxs contains a complex disk. In relation to a result of J.
Farmer [15], it is shown that in the case of A,(By,), the entire closed ball By,

can be continuous injected into the fiber over any point of By,,1 < p < co.
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We emphasize that the apparent dichotomy in our results, whereby the (mere)
complex disk is contained in the fiber in one instance and the (entire) ball of a
Banach space is contained in the fiber in another, is-at least in part-the “fault” of
the theory itself. For instance, recall that in the case of M(A,(By,)), 1 < p < oo,
the fiber over a boundary point zq is precisely d,,. See [3, Corollary 2.5 and
Theorem 4.1] and [4, Proposition 3.1].

2. DISKS IN FIBERS OF H*(Byx)

Before stating the main result of this section, we state and prove the following
straightforward result. Recall that it is classical that the disk can be analytically
injected in the fiber over the point zy = 1 of the maximal ideal of H>(ID) (see,
e.g, [19]). We now show that this result holds for the fiber over any point in the

unit sphere of a complex Banach space.

Proposition 2.1. Let X be a Banach space and xq € Sx. Then the complex disk
D can be analytically injected into M, (H>(Bx)).

Proof. We first show that we can embed M;(H>(D)) into M,,,(H>*(Bx)). Take
i:C — X, i(A) = Azg, A € C, and define & : H*(Bx) — H>(D) by
O(f)(A) = foi(X), for every f € H*(Bx) and every A € D.

Obviously, ® is linear, multiplicative and continuous and hence its transpose

% (H*(D))" — (H™(Bx))"

is linear and w*-w*-continuous. Moreover its restriction to the corresponding

spectra, which we also denote by ®*,
O . M(H>®(D)) — M(H>™(Bx)),
1s w*-w*-continuous.
We claim that ®* is injective. Indeed, if ¢ € (H>°(ID))*\{0} then there exists
g € H>®(D) such that ¢(g) # 0. Choose x§ € X* such that x{(z¢) = [|z§]] = 1.
We have g oz} € H>(Bx) and
D*(p)(g 0 x5) = ©(P(g 0 x7)) = (A~ goxg(Arg)) = (A~ g(N)) = ¢(g) #0 .

On the other hand, an easy computation shows that for all a € D the inclusion

o (Ma(HOO(D))) C Maxo (HOO(BX))



4 R. M. ARON, J. FALCO, D. GARCIA, AND M. MAESTRE

holds.

Since
d* . Ma(HOOaD)) — Mawo (HOO(BX))

is injective and continuous and both sets are compact, ®*(M,(H>(D)) is home-
omorphic to My (H*>(D)). In particular for @ = 1 we have that

d* M1<,HOO(]D>)) — Mxo(HOO(BX))

is a homeomorphism onto its image.
Now, by [19] there exists an injective and analytic map F : D — M;(H>(D)),

and therefore
Q"o F: D — M, (H*(Bx))

is also injective and analytic. The proof is complete. U

Note that the above argument also works for points xy € Sx« provided that
there is an element zj € Sx- at which z( attains its norm. We do not know if
Proposition 2.1 holds for all points in Sx«.

Reference [10] contains many deep results about when it is possible to inject
huge sets into My(H>°(Bx)), for an infinite dimensional Banach space X. In par-
ticular it is proved in [10, 6.7 Theorem| that there exists a holomorphic injective
function ¢ : By x By, — M(H>®(B,,)) such that ®(z,w) € M, (H>(B,,)) for
all z,w € By_. Our aim here is to study the size of fibers over points of the sphere
of ¢f* = ls. We begin by examining what happens for the fibers M, (H>*(B,,))
when z belongs to the distinguished boundary of the unit ball of ¢,,. This will

be our main result in this section.

Theorem 2.2. Let zy = (21, 22, ..., Zn, -..) be a point of the distinguished boundary
T of By, (i.e. |z]| = 1 for all j € N). Then there exists an injection
U B, — M. (H>®(B.)) which is biholomorphic onto its image.

In fact, to somewhat simplify our notation, we will prove this only for the case
20 = (1,1,1,...). The general case, for any z € T, follows by applying Mobius
transformations coordinate-wise.

The proof of Theorem 2.2 will follow directly from the following results. Our
argument is modelled on that of Schark [19]
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Proposition 2.3. Fiz any point A = (A, Ay, ...) € By_. Define L(\) by
MAi(A—1) A +i(A, —1) )
IT+iM—1)7"7 14iN\,—1) "

Then L(\) is a bijective holomorphic map on B, which, when considered as

LA,y Any ) = (

acting from By onto By, has A = (1,1,1,...) as its only fized point.

: AnFin—1) _ (14)An—i
Proof. The function A, — gy s werw g

D onto D with inverse function En — —(zlﬁ_njr%:) =2 1";2?:@ TS). Hence L()\) is a
bijective holomorphic map from B, _ onto B, . Since the only fixed point of the
function A,, — %
point (1,1,1,...).

By a result of Dunford, in order to prove that L is holomorphic it suffices to
show that L is w({, 1)—holomorphic (see [16, Theorem 3.10.1, p. 93]). But

given (a,) €

is a Mobius transformation from

is the point 1, the only fixed point of the map L is the

[e.e]

((an) 0 L)) =) an Afi zZ((Atn—_ 11))

is the uniform limit of holomorphic functions, and hence it is holomorphic.  [J

Remark 2.4. It is routine to check that the j*® composition of L with itself,
LY has the form

AL+ Ji(A — 1) A+ Ji( Ay — 1)
L+gi(A —1) 777 1+ 7i(A\, — 1) )

where j € Z is allowed. Therefore LY is a bijective holomorphic map from

LD, oy A, ) = (

By onto By for all j € Z. Also for j # 0 the unique fixed point of LV is
(1,1,1,1,...).

For every integer j and A € By_, we have that (5/L<]\>(/A) € M(H>(B,,)) and that
the n'" coordinate of LW ()\) is %(pn) = pu(LY(N) = (LY(N))(n), where
{pn}22, stands for the projection mappings on ¢g. So

(52009 (P1): D000 (P2); ) = (LD ON(), (EDON)(@),..) = LI,

—_—~—

and hence the homomorphism )y lies in the fiber of M(H>(B,,)) over LU(X).

Proposition 2.5. The mappings

U,: By, — M(H>®(B,))

—~—

oo

>\ ~ 6L(2j)()\)
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Jj = 1,2,... are holomorphic of norm one, when considering M(H>®(B.,)) as a

subset of (H®(B.,)) .

Proof. 1t is enough to check that for each f € H*(B,,) the function ¥;(-)(f) €
H>®(By,,). For this, notice that for each f € H>(B,,)) the function
f®y: B, —  C
Ao FILEON)
is the composition of two holomorphic functions, since f € H>®(By,,) and by
Proposition 2.3 L®), is holomorphic. Therefore f (L(Qj)) is holomorphic.

—~—

Also W; has norm one since for every A € By, 6, i),y € M(H>*(B,,)). Hence

10l = 1.
U

An application of the Ascoli theorem yields that the set of holomorphic map-
pings from B, to M(H>(B,,)) is compact with the compact open topology. In
particular the sequence (VU;);en has at least one accumulation point W : By —
M(H>(B,,)) that is also holomorphic.

Proposition 2.6. Any accumulation point U of the sequence (V) en is such that
W(\) is in the fiber over the point 1= (1,1,...,1,...) € b for every X € By_. In
particular, ¥ # VU, for j € N.

Proof. We want to check that U()\) € 77(I), i. e. ¥(\)(p,) = 1 for all projection
mappings p,. We will check that for every point y = (y1,%2, ..., Yn,...) € {1,
T(A)(y) =3 yn = L(y). Therefore, m(T(\)) = 1.
Fix y = (y1, Y2, .-, Yn, -..) € 1. Since ¥ is an accumulation point of (¥;), there
exists a subnet (¥,) convergent to W. Since, for each fixed A, the sequence
—/\1";;3]12(&)‘”__1];)} —)‘1":2?1& ’\”_1)} also converges

to 1. Hence, since y € ¢;, we have

converges to 1, then the subnet {

o0 o0

U\ (y) = liCEn\I/ = hmz >\1 :_;Q 2)\)\ __11 Z Yn-
Indeed, given € > 0 there exists ng € N such that > o |y.| < 5. Now the
convergence of {%} to 1 for n = 1,...,ng gives the existence of aq
such that

= A+ 2% (N, — 1)
|1 —
;’y =T, - =
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for every a > «y.

Thus W(A)(y) = Y07, yn. Therefore () € 71(1).

To finish let us show that U # W, for all j € N. Observe that |¥;(\)(p,)|
18,0 o ()] = [(LZI(N) ()] < 1 for all m, j € N so we have that W;(A) ¢ 7~(T)
and the result follows. t

Proposition 2.7. Given an accumulation point U of the sequence (V;)jen, ¥
takes By, homeomorphically into My(H>(Be,)) = 7 (1).

Proof. Define h : By, — B, as follows:

TONTD YD W
o A= 28N = 1) o An =28\, = 1)
R0 2kj(\ — 1) R0 —2ki(\, — 1) 7
= (MIE2 L2V (D), oo, AT L2 (N (n), ).

= (M W )

Observe that h : B,, = B,.

Notice that for every r, 0 < r < 1, and every natural number n, the product

1 An—2Fi( A —1)

R0 T 3R, Ty converges uniformly on the complex disk rID, since

1L\ (n) — 1| < KT2—1k

An—2Fi(Ap—1) | <

for some constant K. Therefore the product converges and since | ) | =

1 we have

o A — 28\,
R0 — 2ki(\,

_ 1)
| ALIT 0 | < Al

Hence h is well defined.
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Now, for every coordinate and for every complex disk of radius 0 < r < 1 we

have

[R(LE™ (M) (1) — M| = |LE™ (A Hﬂzkfm (N)(17) — A

n) [T L2 (N () — Al
k=0

2’")( )(TL) HL(Q’” 2’C H L2m 2’“) )_1‘

k=0 km+1
< al[12E9 () —H+§]L”2“ () — 1]
k;ém
1 "= >0 1
ST LN S S
2
<Mufm+,
2m1

and this converges to zero as m goes to infinity.
Let
h: M(H*(B,)) — B,
o~ (0(proh),é(p2oh),d(psoh),...).
Since h is continuous, h is also continuous. Therefore, as ¥ is a cluster point

of the sequence (¥;),en,
(hoW)(X) = h(¥(N)
= lim M T, (M)

Then ho ¥ = Id on By

Hence, W is bijective onto W(B,_) with inverse being the restriction of h to
the range of U. Since h is continuous, the restriction of h to ¥(B,.) is also
continuous. Therefore, ¥ is a continuous bijective map from B, onto V(B )

with continuous inverse h|y B,.)- Thus, ¥ is a homeomorphism. O

Corollary 2.8. Let zo = (21, 22, .., Zn, -..) be a point of the boundary of By, such
that there ezists ng with |z,| = 1 for all n > ng. Then there exists an injection

U B, — M. (H>®(B.)) which is homeomorphic onto its image.
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For the proof of this corollary, we can assume, without loss of generality, that
max{|z1],...,|zn|} < 1. Now the lemma below and Theorem 2.2 give the con-

clusion.

Lemma 2.9. Given (by,wq) := (b1, 22,...,2n,...) € By, with |by] < 1, we have
that My, we)(H®(Be,)) is homeomorphic to M, (H®(B,)).

Proof. Define R : M,,,(H*®(B.,)) — M(b1,wo)(HOO(BCO)) by

R(p)(f) = w(w ~ f(b1,w)).

We claim that R has the following properties: R is w* — w* continuous; R is
one-to-one; and R is onto. Once we have shown these three properties of R, we
will be able to conclude that the fiber over wy in M(H>(B,,)) is topologically
the same as the fiber of (b1, wg) in M(H>(B,,)).

For the first, suppose that ¢, — ¢ weak-star in M(H*(B,,)). So, for all
h € H*®(By),va(h) = @(h). Fixing f € H®(B,), we see that R(p,)(f) =
Yo(w ~> f(by,w)) converges to @(w ~» f(b,w)) = R(p)(f). Thus, R is w* — w*

continuous.

Next, we show that R is one-to-one. Suppose that ¢; # ¢y in M, (H*®(B,,)).
So, for some h € H>®(B,),¢1(h) # @a(h). Define f € H*(B,,) by f(z1,w) =
h(w), for all (z;,w) € B,,. Then

R(p1)(f) = pr(w ~ f(br,w)) = ¢1(h)
7 pa(h) = a(w ~ f(b,w)) = R(e2)(f).

Finally, let’s show that R is onto. So, fix ¥ € My, we)(H™(By,)). Let ¢ :
H>(B.,) — C be given by ¢(h) = ¥((21,w) ~ h(w)). We claim that R(p) =
Y. First, (@) = (z,)52, where z, = ¢(e,) and e, is the n-th element of the

canonical Schauder basis of ¢j = ¢;. But, by definition of ¢

(@n)pZs = (21, w) ~» wn))ly = wo.

This follows since ¢ € My, o) (H*®(B,,)) implies that w(¢) = ((¢¥((z1,w) ~
21, (W((z1,w) ~ wy))e2 ) = (b1, wp). It then follows that

n=1

R(p)(f) = @(hw ~ fbr,w)) = P((z1, w) ~ h(w)) = p((21,w) ~ [(by,w)).
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Next, for a fixed f € H*(B,,), define g : B,, — C by

Fz1w)—f(br,w) if 21 # by
g\z,w) = o i
S s

The function g is locally bounded and separately holomorphic on the open unit
ball of the Banach space ¢y and hence it is holomorphic. Moreover, g is bounded
on B,,. To see this, consider z; in D so that |z; — by| > ‘l_bl‘ Then lg(z1,w)| <
ﬁ(|f(zl,w)|+|f(b1,w)|) — bl‘||f||Bc0 If0 < |z —b] < b1l since for each

w € B, the function z; — g(z1, w) is holomorphic on D, the Max1mum Modulus

Theorem implies that g attains its maximum at a point of the circle centered at
by and of radius 2= bl‘ . Thus, ||g]

By < ﬁ“ﬂ B.,» and we have that

f(z1’w> = f(bhw) + (Zl - bl)g(zlvw)v

with g € H*(B,,). Using the fact that ¥ (g) is well-defined, we see that

(f) = ¢((z1,0) ~ f(br,w) + (21 = bi)g(z1,w)) =

= Y((21,0) ~ f(br,w))+¥((21,w) ~ (21=b1)g(z1,w)) = P((21,w)) ~ f(br,w)),

since ¥((z1,w) ~ 21 —by) = by — by = 0. O

Remark 2.10. An argument analogous to that in the proof of Theorem 2.2
implies that there exists an injection ¥ : B, — M0.1,0,..10,.)(H*(Be))
which is biholomorphic onto its image. However, we do not know if the fibers
of M(H*(B,,)) over the points (1,0,1,0,...,1,0,...) and (1,1,...,1,...) are
homeomorphic or not. Also we do not know if By can be embedded in the fiber
M. (H*®(B.,)), when (z,) is in the unit sphere of £ but |z,| < 1 for all n, as

for example (%=1).

Remark 2.11. Let us observe that the arguments of the proofs of Corollary 2.8
and Lemma 2.9, can easily be adapted to produce counterpart results for fibers
of the maximal ideal of H>(DD?), the space of bounded holomorphic function on

the bidisk. This finite dimensional approach is part of a work in progress.

Proposition 2.12. For all f € H>*(B,,) there exists g € H>(B,,) such that
U(N)(g) = f(A) for all X € By,.
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Proof. Let g = foh € H>*(B,,), where h : B, — B, is the function introduced
in Proposition 2.7. Consider
g: M(H>®(B,) — C
¢~ (g).
Therefore, for all A € B,,,

V(M) (g) = 9(W(A) = g(lim Wa (X))

= lim §(¥a(N)) = lim(¥a(N))(9) = lim a4 (9)

= lim 8 m3) (f © h) = Tim f o h(LE)(3),
By [9, Corollary 2.2] and usigg\t/he fact that the space ¢, is symmetrically regular
(see, e.g., [1]) we have that f o h(LE)(N)) = (f o h)(LZ*)(X)). Hence
W(N)(g) = lim f o R(LEV() = lim(f o B (L ()
= lim(f o h)(LD(N) = f(lim(A(LE (1))
= FO) = f.
0

Now, proceeding analogously to [19], we can use ¥ to transfer the analytic
structure of By into ¥(By_). In this way, for every function f € H>*(B,) we
can consider the extension f € H*(B,.). Since M(H>(B,,)) C S(#Ho(Bey))+» the
restriction of f to ¥(B,_) is a bounded analytic function on ¥ (B, ).

In other words, we can say that if B := H*(V(B,_)) is endowed with the
supremum norm, then B is a uniformly closed Banach algebra of continuous
function on ¥(By_ ), which is isomorphic to H>°(B,,). Then, the maximal ideal

space of B is
M(B) = {¢p € M(H®(B.,)); d(f) = 0 whenever f =0 on U(B,_)}.

Therefore the maximal ideal space can be identified with M(H>(B,,)). Hence
the fiber M,(H>®(B,,)), for any z in TX, contains a homeomorphic copy of
MH(Byy)).

Roughly speaking, the maximal ideal space M(H*(B,,)) reproduces itself ad
infinitum inside each of the fibers M, (H*>(B,,)) for any z in T™°.

Recently, Johnson and Ortega Castillo [18] studied some properties of the fibers
of the maximal ideal space of the Banach algebra H*(B¢(k)), when K is a
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scattered Hausdorff compact set and C'(K) is the space of continuous complex
valued function on K. We are going to show that these results can be translated
to some of the fibers of M(H*(Be(x))).

Recall that a Hausdorff compact set K is called scattered (or dispersed) if every
point has a basis of clopen neighborhoods. Hence if K is infinite it is always
possible to find a sequence (U,,) of pairwise disjoint, non-empty clopen subsets.

Observe that yp, belongs to C(K) for every n.

Lemma 2.13. Let K be an infinite scattered compact Hausdorff set and let (U,)
be a sequence of non empty clopen sets pairwise disjoint subsets of K. Let ® :

co — C(K) be defined by
(I)((an)) = Z anXUn-
n=1
(i) The mapping R : M(H*(B.,)) = M(H>(Bex))),

R(p)(F) = ¢(F o @)

is an injective and holomorphic mapping, for every ¢ in M(H>®(B.,)) and every
F in H>®(Bexk))-

(ii) If z = (by,) belongs to the closed unit ball of Lo, and we consider >~ | byxu,
as an element of the closed unit ball of C(K)**, then

R(M,)(HZ(Be,))) © My buxer, (H™(Bow))-

Proof. Clearly > 7 | a,xu, is continuous on K for any null sequence (a,) and
130 anxu, |l = ||(an)||. Hence @ is well-defined and is a linear isometry. As a
consequence T : H®(Beky) — H™(Bg,), T(F) = F o ®, is also well-defined
and continuous. Thus T* : H*(B,)* — H>(Bck))" is linear and contin-
uous too (therefore an entire function). Moreover, since T' is multiplicative,
T*(M(H*®(Bg)) C M(H>(Be(xy))- Since R is the restriction of the mapping T*
to M(H>(B,,)) to finish the proof of (i), we only have to check that R is injective.
For that consider ¢ in M(H>(B,,)) and let g € H>*(B,,) with ©(g) # 0. As be-
fore, denote by g in H*(B,_ ) the canonical extension of g and choose t,, in U, for
every n. Given h in Be k), as (h(t,)) is in By, we can define Fy(h) = g(h(t,)).
Clearly Fyy belongs to H*(B¢(k)) and

R(p)(Fo) = »(g) # 0.
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(ii) If L is in C(K)*, and z = (a,) is any element of B.,, then
Lo®((an)) = L anxu,) =Y anL(xv,)-
n=1 n=1

Hence, the sequence (L(xp,)) is in ¢; and (L, > 7 byxu,) == Yy bnL(X0,)
defines a continuous linear form on C(K)* for each 2 = (b,) in B,_. Now, for
fixed (b,) € By, if ¢ is in M, (H>(B,,)), then

T(R(9))(L) = p(Lo®) = o(L(xv,)) = »_ buL(xv,).
for every L in C'(K)* and (ii) is proved. O

Corollary 2.14. Let K be an infinite scattered compact Hausdorff set. The
following hold:

(i) By, is continuously injected in the fiber Mo(H>®(Be(k))).

(i4) There exists an injection from By, into My~ . (H*(Bcx))), which is

biholomorphic onto its image.

Proof. (i) is a consequence of [10, 6.7 Theorem| and of Lemma 2.13.(ii).

(ii) in turn, is a consequence of Theorem 2.2 and of Lemma 2.13.(ii). O

3. DISKS IN FIBERS OF THE ALGEBRA OF THE BALL OF A BANACH SPACE

The main goal of this section is to prove the following theorem.

Theorem 3.1. Let X be a Banach space such that there exists a polynomial P
and xy € Bx such that P|g, is not weakly continuous at xo. Then the complex

disk D can be analytically injected in M, (A,(Bx)) for every z € Bxss.

Remark 3.2. It might well seem that this unprepossessing result treats a very
special situation and is therefore of little interest. In fact, the condition in The-
orem 3.1 is close to being necessary and sufficient, in the following sense. If it
happens that every polynomial is weakly continuous at each point of Bx and X*
has the approximation property, by using a similar argument to [5, Theorem 7.2]
we have M (A,(Bx)) = {6.} for every z € Bx--. Hence the fibers contains no
disk at any point in the open unit ball of the bidual of X. It is unknown if the

same holds if X* does not have the approximation property.
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Also it is worth recalling that for many Banach spaces, the fiber M, (A,(Bx))
at any point x in the unit sphere of X is reduced to the evaluation at x. This can
occur even in the case that the space has a polynomial whose restriction to the
corresponding unit ball is not weakly continuous at any point. Examples of such
spaces include the uniformly convex spaces, (consequence of [15, Proposition 4.1]
and [3, Lemma 2.4], see also the remark preceding [4, Corollary 2.3]). Another

example is ¢; [4, Proposition 3.1].

In order to prove Theorem 3.1 we first need to study the set of points in which
a continuous polynomial P defined on a complex Banach space is discontinuous
when restricted to bounded sets that are endowed with a weaker topology than
the norm. Our discussion is related to [6] and [7].

Given x € X and r > 0, Bx(z,r) will stand for the open ball centered at x

with radius r.

Lemma 3.3. Let U be an open subset of a Banach space X and f € H(U). Let
E be a subset of X* separating points of X. If for some xg € U there exists r > 0
such that Bx (xo,7) C U and f|p(zor) s w(X, E)-continuous at xy then, for each

n € N and R > 0, the mapping x ~» %(aco)(x) is w(X, E)-continuous at 0 when

restricted to Bx (0, R).

Proof. Let us write P,(z) := dnf(xo)(:v), x € X, so P, is a continuous n-

n!

homogeneous polynomial that is the n'® Taylor coefficient of f at zg. It is routine

that
1 flxo + Ax)
P,(x) = — ——2d\
(x) 21 [A|=1 /\n—"_1

if ||z|| < 7.

By hypothesis, given ¢ > 0 there exist z7,...,2} € E and 0 < § < r such that
sup;_y__ |zj(7)| < 0 implies that [f(xo + x) — f(z)| < e. It follows that
f(@o + Az) — f(z0)

T dX

1

P,(x) = P,(0)| = |—
Pule) = PO =[5 [
Smi>1<|f($o+/\$)—f($o)|<5>

for every x € B(0,r) such that sup,_; . |z} (z)] < 0.
Now, if (Z4)aen is a net that is w(X, E)-convergent to 0 in RBx = Bx (0, R),
then (24 )aca is in Bx(0,7) and is also w(X, E)-convergent to 0. Thus P,(z,) =
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(B)"Po(fwa) is w(X, E)-convergent to (£)"P,(0) = 0 = P,(0). Therefore,

T

P,|rBy is w(X, E)-continuous at 0 for every R > 0 and every n € N. O

Proposition 3.4. Let R > 0 and let E C X* separate points of X. If P: X — C
is a continuous polynomial that is not w(X, E)-continuous at xg € Bx (0, R) when
restricted to the open ball Bx (0, R) then, for every r > 0 such that Bx(xq,r) C
Bx(0,R), P|By(zo,r) is not w(X, E)-continuous at .

Proof. We can write P(zg +x) = P(xo) + Y 7", Pj(z), for every z € X, where m
is the degree of P and each P; : X — Cis a j-homogeneous polynomial. If ry > 0
were such that By (zo,7r9) C Bx(0,R) and P|gy (z,r) 18 w(X, E)-continuous at
xo then, by Lemma 3.3, each P; (j = 1,...,m) would be w(X, E)-continuous at
0 when restricted to Bx (0, R). Hence P|p, (0,r) would be w(X, F)-continuous at

Tg, a contradiction. U

Proposition 3.5. If P : X — C is an m-homogeneous continuous polynomial
that is not w(X, E)-continuous at 0 when restricted to the unit ball Bx then,
for every x € Bx and every v > 0 such that Bx(x,7) C Bx, P|py(ay) s not

w(X, E)-continuous at x. Here, as above, E C X* separates points of X.

Proof. By Proposition 3.4, it is enough to prove that for each z in By, P|p, is
not w(X, E)-continuous at z.

Here we follow the idea of the proofs of Boyd-Ryan [7, Proposition 1] and [7,
Corollary 2]. First we will show that the set of points where P|p, is w(X, E)-
continuous is closed in norm. Let (z,).en be a sequence of points convergent in
norm to xgy, where for each n, P|g, is w(X, E)-continuous at x,. Let ¢ > 0 and
(Yo )aca be a bounded net that is w(X, E)-convergent to 0 with 2o+ Yo, Tpn + Yo €
By for all n € N. Since P is an m-homogeneous continuous polynomial, P is
uniformly continuous when restricted to Bx. Then there exists n, € N such that
|P(z0) — P(z,)| < ¢/3 and |P(xo+ya) — P(xn+ya)| < €/3 for all n > n. and for
all « € A. Also since P is w(X, E)-continuous at x,, there exists a, such that
|P(zn, + Ya) — P(x,,)] < €/3 for all @ > a.. It follows that

|P(x0 + ya) = Plzo)| <,

for all @ > a,, and so the set of points where P|g, is w(X, E)-continuous is

closed.
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Let us now show that P|p, is not w(X, E)-continuous at any point x € Bx. So,
suppose that for some zy € By, P|p, is w(X, F)—continuous at z,. Hence, for
any r > 0 satisfying Bx(zo,7) C Bx, P|By (s, 18 w(X, E)—continuous at x,. Fix
n € N and apply the contrapositive of Proposition 3.4 to P and the case R = n.
It follows that P|,p, is w(X, E)—continuous at xy. Hence, by homogeneity, P|g,
is w(X, E)—continuous at 1z,. However, since the set of points where P|g, is
w(X, E)—continuous is closed, it follows that P|p, is w(X, E)—continuous at 0,
which contradicts the hypothesis. Therefore P|g, is not w(X, E)-continuous at

any r € Bx. ]

Typical examples of subsets F satisfying the hypotheses of the preceding results
are K = X* or E =Y whenever X =Y.

Now, we translate the above results to the two weak topologies that are of
greatest interest to us, the weak w(X, X*) and the weak-star w(X™*, X*). It must
be pointed out that the following Corollary complements results of V. Dimant,
such as Corollary 1.7 and Remark 1.8 in [13].

Corollary 3.6. If P : X — C is an m-homogeneous continuous polynomial

that is not weakly continuous at 0 when restricted to the unit ball Bx then the
following hold,

(1) For every x € Bx and every r > 0 such that Bx(x,r) C Bx, P|py(ay) s
not weakly continuous at x.
(2) For every z € Bx« and every r > 0 such that Bx«(z,7) C Bxs, the

canonical extension P|BX“(Z7T) of P is not weak-star continuous at z.

Proof. (1) Apply Proposition 3.5 for the space X and E = X*.
(2) Apply Proposition 3.5 for the space X** and £ = X* C X** and use
the fact that P is not w(X**, X*)-continuous at 0 whenever P is not weakly

continuous at 0 (restricted to the corresponding unit balls). U

Corollary 3.6 above is a refinement of Proposition 1, Corollary 2 and Proposi-
tion 3 of [7]. Also the results from Lemma 3.3 to Example 3.9 could be stated in
terms of weakly sequential continuity of polynomials, in which case Corollary 3.6
is related to Proposition 1.(1) and 1.(2) of [6].

Corollary 3.7. Let X be a Banach space, v9 € Bx, 0 < r < 1 — ||xo||, and
[ € Au(Bx) such that f|gy(zer) i not weakly continuous at xo. Then there
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exists an m-homogeneous continuous polynomial P such that P|g, is not weakly
continuous at any point of Bx, and the canonical extension P|Bx** 18 not weak-

star continuous at any point of Bxs.

Proof. Let P, := %(mo), n € N. We have that " *_  P,(z — zy) converges
absolutely and uniformly to f on Bx(xg,r). If every P,, were weakly continuous
at 0 (restricted to any ball centered at 0) then by uniform convergence f|py (zo,)

would be weakly continuous at xy. Now the conclusion follows from Corollary
3.6. O

Proposition 3.8. Let X be a complex Banach space and P : X +— C be a contin-
uous polynomial of degree m. If G := {x € Bx : P|p, 1is weakly continuous at x}

has nonempty interior then P restricted to bounded sets is weakly continuous.

Proof. Let zg € G and r > 0 such that Bx(zo,7) C G C Bx. Then

~

o)),

P(zo+u) = P(xo) +

for all u € Bx(0,r).
Applying the Cauchy integral formula for u,uy € Bx(0,r), we get

1 P - P
Pn(u) _ Pn(uo) _ _/}\ (SUO + )\U)An+1 (xo -+ )\uo)d)\
=1

2ms
Fix uyp € Bx(0,r). By the weak continuity of P|p, at any point of Bx(xo,r),
given € > 0, for each A € C with |A\] = 1 there exist a finite set Ay C X*
and a positive number 0, such that if © — (2 + Aug) is in the weakly open set
Vi :={y € Bx :sup,.ca, [7°(y)| < 0r} and x € By then
(3.1) |P(x) — P(xo + Aug)| < €/2.

By the compactness of the set {Aug : |A] = 1} there exist complex numbers
A1,y . .., Ap of modulus one such that {Aug : |\ = 1} C U, ()\luo + %V,\l). Let
A =U_ A, 6§ =min{3dy : | = 1,...,p} and denote by V := {y € By :
SUp,-c4 |2%(y)| < 0}. Notice V C 2Vy, for l=1,...,p.

Given a complex number A of modulus one there exists [ € {1,...,p} with

1
g € A\jug + §V>\l'
Therefore (xg+ Aug) — (T + Nug) = Aug — Nug € %V,\l C V,,. Hence by equation
(3.1) we have
(3.2) |P(z0 4+ Aug) — P(zo + Nuo)| < €/2.
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Also, for every u € By such that u — ug € V, we have Au — Aug = AM(u — ug) €
ANV =VC %VAZ C Vy,. Hence (zg + Au) — (xo + Nuo) = Au — \ug € V), and by

equation (3.1) again
(3.3) |P(xo 4+ Au) — P(zo + Nuo)| < €/2.
Then, by the triangle inequality and equations (3.2) and (3.3)
|P(zo + Au) — P(zo + Aup)| < e.

Therefore for every u € Bx(0,7)

1 P(zo+ Mu) — P(xo + Aug)
Po(u) — Py(ug)| = —
| P (u) (o) omi Ji_, \n+1 dA|
< |If\1|%)1( |P(zo + Au) — P(xg + Aug)| < e.

Thus the n-homogeneous polynomial P,|p, ©r) = ‘%P(wo) is weakly continuous at
ug, for all ug in Bx(0,r). Since P, is a continuous n-homogeneous polynomial, we
have that the restriction of P, to bounded sets is weakly continuous. Therefore
P(z) = P(xo)+ Pi(x—x0)+- - -+ Pp(x — x0) restricted to bounded sets is weakly

continuous. O

To finish our study of weakly continuity of polynomials we would like to point
out the following example, that shows that even if the homogeneous parts of a
polynomial are non-weakly continuous, the polynomial itself need not be non-

weakly continuous.

Example 3.9. Consider a Banach space X and a k-homogeneous polynomial ()
such that the restriction of () to Bx is not weakly continuous at some xq # 0.
Then, there are non-homogeneous polynomials P = P, + --- + P, with P; €
P(™X), ny <ng <---<ny such that P|p, is weakly continuous at = but none

of the P;|p, are weakly continuous at z.

Proof. Consider xj in X* such that xj(zo) = 1 and an arbitrary but fixed natural

number h. Define the polynomial

Plo)i= (1= ai@)' Qo) = 3 (1) (-aioyQ), wex

Then P is a non-homogeneous polynomial of degree k + h with homogeneous
parts (?)(—xg(x))JQ(:E) € P(I*t*X), for j = 1,..., h, such that their restrictions

to By are not weakly continuous at xg.
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However,
|P(x) = P(wo)] = |(1 = z5(2)) Q)] < [1 = a() [ Ql-

Hence if a net (z,) C By weakly converges to zp we have that |1 — x(*;(x)|h

converges to zero. Thus P|g, is weakly continuous at z. U
We are now ready to prove the main theorem of this section.

Proof of Theorem 3.1. By Corollary 3.7, there exists an m-homogeneous contin-
uous polynomial () such that the restriction of its canonical extension Q to By«
is not w(X**, X*)-continuous at any point of z € Bx.

Fix 2y € By and 0 < r < 1 — |2||. By Proposition 3.4, Q|g,.. (. is N0t w*-
continuous at zo. Hence there is a net (2))xen C Bx+ (20, ) that is w*-convergent
to zg such that

Q(Z/\) - Q(Zo) .
Taking a subnet, and not changing the notation, we have for some € > 0 that
(3.4) Q1) — Q(z0)| > €,

for all A € A. Let U be an ultrafilter on A such that Y D{{p e A: up> A} : N €
A} and define
$: D — M, (Au(Bx))
by
®(t)(f) = lim f(z0 + (21 — 20))
for all t € D and all f € A,(Bx).
It is routine to verify that ®(¢) € M. (A,(Bx)) for all t € D.

Since () is polynomial of degree m

Q(z0 + t(z2x — 20)) = Q(2) +ZQ; (2 — 20)) ZtJQ] (2x — 20).
Hence
¢(t)(Q) = lim Q(20 + t(zx — 20)) = Q(20) + Z;tj lim Qj(2x — 20) = z;ajtj ;
j= j=
where ag := Q(z) and a; = limyey Qj(z,\ —zp) for j=1,...,m.

Thus, the mapping t ~ ®(t)(Q) (¢ € D) is the restriction to D of the polynomial
Z;":O a;t’. But ®(0)(Q) = Q(ZO) and by (3.4) |2(1)(Q) — Q(zo)| > e. So the

one variable polynomial ¢t ~» ®(¢)((Q) is non-constant and has degree less than
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or equal to m. Therefore we can find a point tg € D and s > 0 such that
D(ty, s) :=to +sD C D and g(t) : D(ts,s) — C, defined by g(t) = ®(¢)(Q) for
all t € D(ty, s) is injective.

We claim that h : D — M., (A.(Bx)) defined by h(u) = ®(ty + su), for all
u € D, is injective and analytic on D). By the above it is injective. Let us show

that it is also analytic. Given f € A,(Bx), we have
fod(t) =d(t)(f) = lim fzo0+t(za — 20))

where f stands for the Gelfand transform of f. For A € A, define f, : D — C by
fa(t) == f(z0 +t(2x — 20)) (t € D). Consider now the family F := {fy : A € A}.
This is a subset of || f | B () which is a relatively compact subset of the space
H(DD) of holomorphic functions on D, with respect to the compact-open topology.
Hence there exists g € || f|loc Bue) such that g = limygy fr. Obviously g(t) =

limyey foa(t) = f o ®(¢), for all t € D. Thus & is analytic on D and therefore A is

analytic on D as well. O

In certain special cases, the conclusion of Theorem 3.1 can be considerably

strengthened. One such situation follows.

Proposition 3.10. For every 1 < p < oo the closed unit ball of £, can be con-
tinuously injected into Mo(Au(By,)). Moreover, the restriction of that injection

to the open unit ball of £, is analytic.

Proof. We split N = J°7, J,, with Card(J,,) = Card(N) foralln € N, J, (N J, =0
for n #m and J, C {n,n+1,...} for alln € N.

Now we write J, = (i(nr))ie; such that n < ip1) < im2) < ... < g <
ingt1) < --., and for a fixed (A,)nen € E[p we define

Y = 52;’0:1 )‘”ei(n,k) (k’ - N) .
Let U be a free ultrafilter on N and define

Poanf) =l e(f) (f € Au(By,))

oo
The sequence (220:1 An€i, k)> is weakly convergent to 0, as it is contained
M k=1
in the closed unit ball of ¢, and the support of each "~ An€i, 4 18 contained

in {k,k+1,...}. Hence, ¢(r,),cn € Mo(Au(By,)) for every (Ay)nen € By,. Thus

neN

the mapping
P - Egp — Mo(Au(ng))
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defined by ®((An)nen) = Pon)nen (An)nen € By,)), is well-defined. Let us now
see that it is injective.
Fix ng € N and define the two polynomials

P(x) =Y Z P2 (o= (2n)nen € 4)

’(”0 k) ¥(ng.k)
k=1 k=

where |p| is the integer part of p. Since for r > p and every z = (z,,)nen € E@p
we have that > 7, |xi(no,k> ‘T <3 |$i(n0,k) ’p < 1, the polynomials P and @ are
in Au(ng)

Suppose ®((An)nen) = P((fin)nen) for some (Ay)nen, (fin)nen € Be,. Then

‘p(/\n)neN(P) = gp(#n)nEN(‘P) )

but

W(An)neN(P> = }féﬁ gok(P) = hm 5Zn LA (P)

— i . LpJ+1 — )\lp)+1
_}Clemup(zlxne%k) = lim A = A

2
Analogously, (u,,.c(P) = p ™ and also o, (@) = M2, 0gu)nen(Q) =

u%” and (), e (@) = ©(un)nen (@) - Therefore

0= AP — P = Ay = ping) B+ B g 4 -+ i),
0= A2 — b2 — (3 — giny) (Mg (A + A%;J‘luno ek altl) ).

These equalities imply that A\,,, = un,. Since ng is arbitrary the conclusion follows.

We still must prove that for every f € A,(B,) the mapping fod: By, —» C
is uniformly continuous on Egp and holomorphic on By, where f stands for the
Gelfand transform of f. The uniformly continuity of f o ® is obvious, since
given £ > 0 there exists § > 0 such that if z,y € By, satisfy ||z — y|| < § then

F(2) = F(y)] < e. Since || 50, waeig, ) — 300, Ynci || = o — y]l, for every k.
we obtain that

[P((a))(f) = 2((w)) ()] < e,

for every x,y € Egp. As f o @ is continuous on By, in order to prove that it is
holomorphic it is enough to check that it is Gateaux holomorphic on By, (see,
e.g. [14, Proposition 3.7, pag. 153]). Let zo = (x,) € By, yo = (yn) € 4, \ {0},
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and let 7 > 0 be such that ||zo|| + 7]|yo]| < 1. Given k, one sees that

0 oo
1>~ wneig ol + 710 gnig o | = llwoll + llyoll < 1.
n=1 n=1

If we denote by (P,,(z)) the sequence of m-homogeneous polynomials that are

the Taylor coefficients of f at z in the open unit ball, we will have

f (Z Tnig, T 1 Z YnCifysy) = Z thm(Z xnei(n,k))(z YnCig )
n=1 n=1 m n=1 n=1

=0

for every t € C with |t| < r. Moreover, by the Cauchy inequalities,

PP (> wnei )OO ynein )| < sup{|f(@)] « |zl < [laoll + rllyoll} < oo,
n=1 n=1

for every m and k. Hence,

(I)(Io + tyO)(f) = Z i kleIE Pm(z xnei(n,k))(z ynei(n,k))7
m=0 n=1 n=1

for every t € C with |t| < r and the conclusion follows. O
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