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Preface

Imagine a geometry (P ,L) of points and lines. It is said to admit a
Singer group (w.r.t. points) if there is a group G of automorphisms
which acts freely and transitively (= sharply transitively = regularly)
on the points. That means G acts transitively on the points and no non-
identity element of G fixes a point, forcing |G| = |P|. The objective is
to classify geometries of a particular type by specifying the existence of
a Singer group. This project seems to be hopeless in the case that |P| is
infinite, so, from here on, we (usually) assume that the geometries be-
ing considered possess only finitely many points. Of course that makes
the group G finite, a very important fact.

Unfortunately, there exists so far just one “classical” case: that of finite
projective planes. As of today the only known projective planes admit-
ting a Singer group are Desarguesian — that is, they are defined as the
geometry of 1-spaces and 2-spaces of a 3-dimensional right vector space
over a division ring D. Thus such a plane admits the much larger group
PΓL3(D), rather than just the Singer group.

Of course there is no need to test the hypothesis of a Singer group
on projective spaces of higher rank since the Veblen-Young Theorem
already tells us that Singer groups exist, as long as D is finite.

Where does one look next? Well first of all, our Singer geometry should
not already be characterized by the axioms imposed on it. Among the
spherical buildings, these would be the geometries of rank two. The
reason for this, is that the connected geometries of higher rank have all
been essentially classified by Tits in his famous lecture notes [32].

The rank two spherical buildings of interest are

(i) the projective planes just discussed,

iii
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(ii) the generalized quadrangles,

(iii) the generalized hexagons, and

(iv) the generalized octagons.

A finite (thick) generalized n-gon S of order (s, t), n ≥ 2, s > 1, t > 1
(where all the parameters are finite), is a 1-(v, s+1, t+1) design whose
incidence graph has girth 2n and diameter n. The (finite) generalized
3-gons are precisely the (finite) projective planes. Recall from [11] that
(i)-(ii)-(iii)-(iv) (when finite) are the only thick finite generalized poly-
gons that actually occur!

The theory of Singer groups for projective planes has been especially
popular and productive. Many questions concerning Singer groups
stand among the truly fundamental ones in the theory of projective
planes, the most notable being perhaps the classification of planes ad-
mitting an abelian Singer group. Conjecturally, those should always
be Desarguesian. In the past 15 years, the question whether there are
fruitful Singer group theories for other types of (building-like) geome-
tries has been posed several times, especially for the other generalized
n-gons.

After the finite projective planes, the next case seems to be that of the
finite generalized quadrangles, the focus of our research. For general-
ized quadrangles (GQs), such a theory was initiated by D. Ghinelli in
[13], where it was shown that a finite GQ of order s cannot admit an
abelian Singer group. In [7] the first and last author further developed
the theory by determining all GQs admitting an abelian Singer group.
In fact, they showed that a GQ admitting an abelian Singer group G
must always arise by “Payne-derivation” from a so-called translation
GQ (cf. the monograph [26]) of even order s. It follows that G is nec-
essarily elementary abelian.

So far, including the present research, there have been three approaches
to a Singer group theory for GQs. In the first approach one starts with a
given (type of) group and looks for all possible GQs that can admit this
group as a Singer group. Two results of this type have been obtained
previously by the first and last author ([7, 9]) and will be presented
in detail in Chapter 5. These results basically consist of the complete
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structural classification of GQs that can admit an abelian group or an
odd order Heisenberg group (of dimension 3) as a Singer group. Also
Chapter 9 fits in this approach, and presents some first results on nilpo-
tent groups as possible Singer groups for GQs.

The second approach aims at excluding the existence of a Singer group
for GQs with specific parameters. It are the results of Ghinelli [13]
— who initiated a Singer group theory for GQs (from the difference
set point of view) — and Yoshiara [35] that address the theory in this
context. As mentioned already above, D. Ghinelli specifically looked
at GQs of order s and obtained restrictions for such GQs that admit a
Singer group. The beautiful result of S. Yoshiara shows that no GQ of
order (s2, s) can admit a Singer group. In Chapter 6 these results will
be treated.

Finally, the core of this report deals with the results that came out of our
Research in Pairs (RiP) research project. We investigated which of the
known GQs admits a Singer group, something that (strangely enough)
had not been done before, and that turned out to be much harder than
one would expect. In Chapter 7 we first reduce the problem to the
classical GQs — those GQs that are associated to a classical group —
by showing that no known non-classical GQ can admit a Singer group,
unless it is a Payne-derived GQ. In Chapter 8 we then deal with the
classical GQs. Using a mixture of projective geometry, group theory and
representation theory, we prove that the only classical GQ that admits
a Singer group is Q(5, 2), which is in fact the only classical GQ that is
also a Payne-derived GQ. In our proofs we do not use the classification
of finite simple groups. It is not so much a matter of (not) trusting its
truth as it is that one cannot teach it. A proof that utilizes the classifica-
tion of finite simple groups is bound to rely on a case-by-case analysis
with unique (ad hoc) arguments geared for each case. If this were not
true, one would have to have at hand a fairly universal argument that
handled all simple groups; if that were the case, one would not even
need the classification of finite simple groups!

What we have written up in this RiP report is more than just a copy
of the article that was the final result of our RiP research; we have
opted to give a rather complete and self-contained overview of the the-
ory of Singer GQs in these notes. However, when it comes to results
that were obtained prior to our RiP stay, we will only give sketches of
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proofs, whereas rather complete proofs of our newly obtained results
will be given (of course, the version presented here could eventually
differ slightly from the final journal version).
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Chapter 1

Combinatorial Preliminaries

We begin this chapter with introducing some combinatorial notions in
GQ theory. We then define the stereotypes of generalized quadrangles,
and introduce elation generalized quadrangles.

1.1 Generalized quadrangles

We tersely review some basic notions taken from the theory of general-
ized quadrangles, for the sake of convenience.

Finite Generalized Quadrangles. A (finite) generalized quadrangle
(GQ) of order (s, t) is a point-line incidence structure S = (P ,B, I) in
which P and B are disjoint (non-empty) sets of objects called points and
lines respectively, and for which I is a symmetric point-line incidence
relation satisfying the following axioms:

(i) each point is incident with t + 1 lines (t ≥ 1) and two distinct
points are incident with at most one line;

(ii) each line is incident with s + 1 points (s ≥ 1) and two distinct
lines are incident with at most one point;

(iii) if p is a point and L is a line not incident with p, then there is a
unique point-line pair (q, M) such that p I M I q I L.

1



2 CHAPTER 1. COMBINATORIAL PRELIMINARIES

If s = t, then S is also said to be of order s. If s, t > 1, S is thick.

Suppose p 6 I L. Then by projLp, we denote the unique point on L
collinear with p. Dually, projpL is the unique line incident with p con-
current with L.

Point-Line Duality. There is a point-line duality for GQs of order (s, t)
for which in any definition or theorem the words “point” and “line” are
interchanged and also the parameters. (If S = (P ,B, I) is a GQ of order
(s, t), SD = (B,P , I) is a GQ of order (t, s).)

Collinearity/Concurrency/Regularity. Let p and q be (not necessar-
ily distinct) points of the GQ S; we write p ∼ q and call these points
collinear, provided that there is some line L such that p I L I q. Dually,
for L, M ∈ B, we write L ∼ M when L and M are concurrent.
For p ∈ P, put

p⊥ = {q ∈ P ‖ q ∼ p}

(and note that p ∈ p⊥). For a pair of distinct points {p, q}, we denote
p⊥ ∩ q⊥ also by {p, q}⊥. Then |{p, q}⊥| = s + 1 or t + 1, according as
p ∼ q or p 6∼ q, respectively. For p 6= q, we define

{p, q}⊥⊥ = {r ∈ P ‖ r ∈ s⊥ for all s ∈ {p, q}⊥}.

When p 6∼ q, we have that |{p, q}⊥⊥| = s + 1 or |{p, q}⊥⊥| ≤ t + 1 ac-
cording as p ∼ q or p 6∼ q, respectively. If p ∼ q, p 6= q, or if p 6∼ q and
|{p, q}⊥⊥| = t + 1, we say that the pair {p, q} is regular. The point p is
regular provided {p, q} is regular for every q ∈ P \ {p}. Regularity for
lines is defined dually. One easily proves that either s = 1 or t ≤ s if S
has a regular pair of non-collinear points; see 1.3.6 of [23].

Throughout, “FGQ” refers to “Finite Generalized Quadrangles” [23].

Theorem 1.1.1 (FGQ, 1.3.1) Let p be a regular point of a GQ S =
(P ,B, I) of order (s, t), s 6= 1 6= t. Then the incidence structure with
point set p⊥ \ {p}, with line set the set of spans {q, r}⊥⊥, where q and r
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are non-collinear points of p⊥ \ {p}, and with the natural incidence, is the
dual of a net of order s and degree t + 1.
If in particular s = t, there arises a dual affine plane of order s. (Also,
in the case s = t, the incidence structure πp with point set p⊥, with line
set the set of spans {q, r}⊥⊥, where q and r are different points in p⊥, and
with the natural incidence, is a projective plane of order s). �

Automorphisms. An automorphism of a GQ S = (P ,B, I) is a permu-
tation of P ∪ B which preserves P , B and I. The set of automorphisms
of a GQ S is a group, called the automorphism group of S, which is
denoted by Aut(S).
A whorl about a point x is just an automorphism fixing it linewise. A
point x is a center of transitivity provided that the group of whorls about
x is transitive on the points of P \ p⊥.

SubGQs. A subquadrangle, or also subGQ, S ′ = (P ′,B′, I′) of a GQ
S = (P ,B, I) is a GQ for which P ′ ⊆ P, B′ ⊆ B, and where I′ is the
restriction of I to (P ′ × B′) ∪ (B′ × P ′).

The following results will sometimes be used without further reference.

Theorem 1.1.2 (FGQ, 2.2.1) Let S ′ be a proper subquadrangle of or-
der (s′, t′) of the GQ S of order (s, t). Then either s = s′ or s ≥ s′t′. If
s = s′, then each external point of S ′ is collinear with the st′ + 1 points of
an ovoid of S ′; if s = s′t′, then each external point of S ′ is collinear with
exactly 1 + s′ points of S ′. �

Theorem 1.1.3 (FGQ, 2.2.2) Let S ′ be a proper subquadrangle of the
GQ S, where S has order (s, t) and S ′ has order (s, t′) (so t > t′). Then
we have

(1) t ≥ s; if s = t, then t′ = 1.

(2) If s > 1, then t′ ≤ s; if t′ = s ≥ 2, then t = s2.

(3) If s = 1, then 1 ≤ t′ < t is the only restriction on t′.

(4) If s > 1 and t′ > 1, then
√

s ≤ t′ ≤ s and s3/2 ≤ t ≤ s2.
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(5) If t = s3/2 > 1 and t′ > 1, then t′ =
√

s.

(6) Let S ′ have a proper subquadrangle S ′′ of order (s, t′′), s > 1. Then
t′′ = 1, t′ = s and t = s2. �

Theorem 1.1.4 (FGQ, 2.3.1) Let S ′ = (P ′,B′, I′) be a substructure of
the GQ S of order (s, t) so that the following two conditions are satisfied:

(i) if x, y ∈ P ′ are distinct points of S ′ and L is a line of S such that
x I L I y, then L ∈ B′;

(ii) each element of B′ is incident with s + 1 elements of P ′.

Then there are four possibilities:

(1) S ′ is a dual grid, so s = 1;

(2) the elements of B′ are lines which are incident with a distinguished
point of P, and P ′ consists of those points of P which are incident
with these lines;

(3) B′ = ∅ and P ′ is a set of pairwise non-collinear points of P;

(4) S ′ is a subquadrangle of order (s, t′). �

The following result is now easy to prove.

Theorem 1.1.5 (FGQ, 2.4.1) Let θ be an automorphism of the GQ S =
(P ,B, I) of order (s, t). The substructure Sθ = (Pθ,Bθ, Iθ) of S which
consists of the fixed elements of θ must be given by (at least) one of the
following:

(i) Bθ = ∅ and Pθ is a set of pairwise non-collinear points;

(i)′ Pθ = ∅ and Bθ is a set of pairwise non-concurrent lines;

(ii) Pθ contains a point x so that y ∼ x for each y ∈ Pθ, and each line
of Bθ is incident with x;
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(ii)′ Bθ contains a line L so that M ∼ L for each M ∈ Bθ, and each
point of Pθ is incident with L;

(iii) Sθ is a grid;

(iii)′ Sθ is a dual grid;

(iv) Sθ is a subGQ of S of order (s′, t′), s′, t′ ≥ 2. �

Next, we recall a result on fixed elements structures of whorls.

Theorem 1.1.6 (FGQ, 8.1.1) Let θ be a non-trivial whorl about p of the
GQ S = (P ,B, I) of order (s, t), s 6= 1 6= t. Then one of the following must
hold for the fixed element structure Sθ = (Pθ,Bθ, Iθ).

(1) yθ 6= y for each y ∈ P \ p⊥.

(2) There is a point y, y 6∼ p, for which yθ = y. Put V = {p, y}⊥ and
U = V ⊥. Then V ∪ {p, y} ⊆ Pθ ⊆ V ∪ U , and L ∈ Bθ if and only if
L joins a point of V with a point of U ∩ Pθ.

(3) Sθ is a subGQ of order (s′, t), where 2 ≤ s′ ≤ s/t ≤ t, and hence
t < s. �

Finally, we mention the following result of Benson.

Theorem 1.1.7 (Benson [2]) Let S be a thick finite GQ of order (s, t),
and let θ be a nonidentity automorphism of S. Let f be the number of
fixed points of θ, and g the number of points which are mapped onto a
collinear but different point. Then

(t + 1)f + g ≡ st + 1 mod s + t.

�
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1.2 The classical examples and their duals

Consider a nonsingular quadric Q of Witt index 2, that is, of projective
index 1, in PG(3, q), PG(4, q), PG(5, q), respectively. The points and
lines of the quadric form a generalized quadrangle which is denoted by
Q(3, q), Q(4, q), Q(5, q), respectively, and has order (q, 1), (q, q), (q, q2),
respectively. As Q(3, q) is a grid, its structure is trivial.

Recall that Q has the following canonical form:

(1) X0X1 + X2X3 = 0 if d = 3;

(2) X2
0 + X1X2 + X3X4 = 0 if d = 4;

(3) f(X0, X1) + X2X3 + X4X5 = 0 if d = 5, where f is an irreducible
binary quadratic form.

Next, let H be a nonsingular Hermitian variety in PG(3, q2), respec-
tively PG(4, q2). The points and lines of H form a generalized quadran-
gle H(3, q2), respectively H(4, q2), which has order (q2, q), respectively
(q2, q3).

The variety H has the following canonical form:

Xq+1
0 + Xq+1

1 + · · ·+ Xq+1
d = 0.

The points of PG(3, q) together with the totally isotropic lines with re-
spect to a symplectic polarity, form a GQ W(q) (or W(3, q)) of order q.

A symplectic polarity Θ of PG(3, q) has the following canonical form:

X0Y3 + X1Y2 −X2Y1 −X3Y0.

The generalized quadrangles defined in this section are the “classical
generalized quadrangles”. Their point-line duals are called the dual
classical generalized quadrangles. It was Jacques Tits who first identi-
fied them as generalized quadrangles.

The following result will be very important in this text.
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Theorem 1.2.1 (FGQ, 3.2.1, 3.2.2 and 3.2.3) (i) Q(4, q) ∼= W(q)D;

(ii) Q(4, q) ∼= W(q) if and only if q is even;

(iii) Q(5, q) ∼= H(3, q2)D. �

1.3 Elation and translation quadrangles

It appears that all finite classical GQs and their point-line duals have,
for each point, an automorphism group that fixes it linewise and has
a sharply transitive action on the points which are non-collinear with
that point.

For a general “abstract” GQ S = (P ,B, I), we call a point x ∈ S with
this property an elation point, and a group H that fixes x linewise and
acts sharply transitively on P \ x⊥ is an elation group. If a GQ has an
elation point, it is called an elation generalized quadrangle or, shortly,
“EGQ”. We frequently will use the notation (Sx, H) to indicate that x is
an elation point with associated elation group H. Sometimes we also
write Sx if we don’t want to specify the elation group. If H is abelian,
we call Sx a translation generalized quadrangle (TGQ) with translation
point x and translation group H.

1.4 Kantor families

Suppose (Sp, G) = (P ,B, I) is an EGQ of order (s, t), s 6= 1 6= t, with
elation point p and elation group G, and let q be a point of P \ p⊥.
Let L0, L1, . . . , Lt be the lines incident with p, and define ri and Mi by
Li I ri I Mi I q, 0 ≤ i ≤ t. Put

Hi = {θ ∈ G ‖ M θ
i = Mi}

and

H∗
i = {θ ∈ G ‖ rθ

i = ri},

and J = {Hi ‖ 0 ≤ i ≤ t}. Then |G| = s2t and J is a set of t + 1
subgroups of G, each of order s. Also, for each i, H∗

i is a subgroup of G
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of order st containing Hi as a subgroup. Moreover, the following two
conditions are satisfied:

(K1) HiHj ∩Hk = {1} for distinct i, j and k;

(K2) H∗
i ∩Hj = {1} for distinct i and j.

Conversely, if G is a group of order s2t and J (respectively J ∗) is a set
of t + 1 subgroups Hi (respectively H∗

i ) of G of order s (respectively of
order st), and if the Conditions (K1) and (K2) are satisfied, then the
H∗

i are uniquely defined by the Hi (H∗
i is sometimes called the tangent

space at Hi), and (J ,J ∗) is said to be a Kantor family or 4-gonal family
of Type (s, t) in G. Sometimes we will also say that J is a (Kantor,
4-gonal) family of Type (s, t) in G.

Let (J ,J ∗) be a Kantor family of Type (s, t) in the group G of order s2t,
s 6= 1 6= t. Define an incidence structure S(G,J ) as follows.

• POINTS of S(G,J ) are of three kinds:

(i) elements of G;

(ii) right cosets H∗
i g, g ∈ G, i ∈ {0, 1, . . . , t};

(iii) a symbol (∞).

• LINES are of two kinds:

(a) right cosets Hig, g ∈ G, i ∈ {0, 1, . . . , t};
(b) symbols [Hi], i ∈ {0, 1, . . . , t}.

• INCIDENCE. A point g of Type (i) is incident with each line Hig,
0 ≤ i ≤ t. A point H∗

i g of Type (ii) is incident with [Hi] and with
each line Hih contained in H∗

i g. The point (∞) is incident with
each line [Hi] of Type (b). There are no further incidences.

It is straightforward to check that the incidence structure S(G,J ) is a
GQ of order (s, t). Moreover, if we start with an EGQ (Sp, G) to obtain
the family J as above, then we have that

(Sp, G) ∼= S(G,J ).

We thus have:
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Theorem 1.4.1 A group of order s2t admitting a 4-gonal family is an
elation group for a suitable elation generalized quadrangle. �

This result was first noted by W. M. Kantor [16].

1.5 Generalized ovoids

Suppose H = PG(2n + m − 1, q) is the finite projective (2n + m − 1)-
space over Fq, and let H be embedded in a PG(2n+m, q), say H ′. Now
define a set O = O(n, m, q) of subspaces as follows: O is a set of qm + 1
(n− 1)-dimensional subspaces of H, denoted PG(n− 1, q)(i), so that

(i) every three generate a PG(3n− 1, q);

(ii) for every i = 0, 1, . . . , qm, there is a subspace PG(n + m − 1, q)(i)

of H of dimension n + m− 1, which contains PG(n− 1, q)(i) and
which is disjoint from any PG(n− 1, q)(j) if j 6= i.

If O satisfies these conditions for n = m, then O is called a pseudo-
oval or a generalized oval or an [n− 1]-oval of PG(3n− 1, q). A [0]-oval
of PG(2, q) is an oval of PG(2, q). For n 6= m, O(n, m, q) is called
a pseudo-ovoid or a generalized ovoid or an [n − 1]-ovoid or an egg of
PG(2n + m− 1, q). A [0]-ovoid of PG(3, q) is an ovoid of PG(3, q).

Then S. E. Payne and J. A. Thas prove in [24, 23] that from any O =
O(n, m, q) there arises a GQ T(n, m, q) = T(O) which is a TGQ of order
(qn, qm) for some special point (∞). This goes as follows.

• The POINTS are of three types.

(1) A symbol (∞).

(2) The subspaces PG(n + m, q) of H ′ which intersect H in a
PG(n + m− 1, q)(i).

(3) The points of H ′ \H.

• The LINES are of two types.
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(a) The elements of O(n, m, q).

(b) The subspaces PG(n, q) of PG(2n + m, q) which intersect H
in an element of the egg.

• INCIDENCE is defined as follows: the point (∞) is incident with all
the lines of Type (a) and with no other lines; a point of Type (2) is
incident with the unique line of Type (a) contained in it and with
all the lines of Type (b) which it contains (as subspaces); finally, a
point of Type (3) is incident with the lines of Type (b) that contain
it.

Conversely, any TGQ can be seen as a T(n, m, q) associated to an egg
O(n, m, q) in PG(2n + m− 1, q) [26].

It is clear that T(1, 1, q) is a T2(O) of Tits, and that T(1, 2, q) is a T3(O)
of Tits.

1.6 Payne-derived quadrangles and further no-
tation

In a GQ Q of order (s, t) a point p is said to be a center of symmetry if
there exists a group G of size t of automorphisms of Q fixing all points
of p⊥ and acting freely on the points not collinear with p. Each center
of symmetry is a regular point. The following beautiful construction of
GQs is due to S. E. Payne [19]. Let Q be a GQ of order s with a regular
point p. Define a point-line incidence geometry P = P(Q, p) as follows.

• The POINTS of P are the points of Q not collinear with p.

• The LINES of P are the lines of Q not through p together with all
sets {p, r}⊥⊥ \ {p}, where p 6∼ r.

We have the following theorem.

Theorem 1.6.1 (Payne [19]) The point-line geometry P is a GQ of or-
der (s− 1, s + 1).
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Proof. Is left as an exercise to the reader. �

The GQ P is the so-called Payne-derived GQ of Q (with respect to p).

A spread of symmetry T of a GQ Q is a partition T of the point set of Q
into lines, for which there is an automorphism group of Q (called the
“associated group”) fixing T linewise and acting sharply transitively on
the points of any of its lines. (Note that “any” implies “every”.)

The following theorem allows one to reverse the construction of S. E.
Payne.

Theorem 1.6.2 (De Soete and J. A. Thas [6]) Let P be a GQ of order
(s − 1, s + 1) with a spread of symmetry T . Then P can be obtained by
Payne derivation from a GQ of order s with a center of symmetry.

Proof. Exercise. �

An EGQ (Qx, G) is called skew translation GQ (STGQ) provided the
point x is a center of symmetry and all symmetries about x are in G.
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Chapter 2

Group Theoretical Background

We introduce some notation and aspects of finite group theory needed
for this book.

2.1 General background

If x and y are elements of a group, the element [x, y] := x−1y−1xy is
called the commutator of x and y. Since xy = yx[x, y], the commutator
measures how far x and y are from commuting. If A and B are sub-
groups of a group G, the symbol [A, B] denotes the subgroup generated
by the set {[a, b] ‖ (a, b) ∈ A × B}. It is a convention to write [A, B, C]
for the subgroup [A, [B, C]], for any subgroups A, B and C of G.

A subgroup N of G is normal in G if and only if [G, N ] ≤ N . In this
case each right coset of N is also a left coset of N , so Ng = gN for
all elements g ∈ G. Thus the cosets themselves form a so-called factor
group G/N under the group operation — that is, NgNh = Ngh; more-
over the mapping g 7→ Ng defines a surjective group homomorphism
G → G/N of G onto this factor group G/N .

The bijective homomorphisms G → G are called automorphisms of G.
These can be composed to form the automorphism group of G, denoted
by Aut(G). Any subgroup A of G that is invariant under all the auto-
morphisms of G is said to be characteristic in G, and this condition is
written A char G.

13
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If A and B are subgroups of G, and σ ∈ Aut(G), our definition of
automorphism implies

[A, B]σ = [Aσ, Bσ].

It follows that the members of the following two descending chains are
all characteristic subgroups of G:

(The lower central series)

G(0) := G ≥ G(1) ≥ G(2) ≥ · · ·

where G(n+1) := [G, G(n)] for all natural numbers n.

(The derived series)

Γ0(G) := G ≥ Γ1(G) ≥ Γ2(G) ≥ · · ·

where Γn+1(G) := [Γn(G), Γn(G)] for all natural numbers n.

The second member of each series is G(1) = Γ1(G) = [G, G], the commu-
tator subgroup of G. If this subgroup is the identity subgroup, then all
elements of G obey the commutative law, and G is said to be abelian.
More generally, if the lower central series terminates at the identity sub-
group in a finite number of steps — say G(k) = {1} and either k = 0 or
G(k−1) 6= {1} — we say that G is nilpotent of class k, or simply nilpotent
if the integer k is not specified.

We say G is solvable if and only if the derived series reaches the identity
subgroup in a finite number of steps.

The center of a group G is the set

Z(G) := {g ∈ G ‖ [g,G] = {1}}

consisting of those elements which commute with all elements of the
group. This is clearly a characteristic subgroup. The interesting thing
is that any non-identity nilpotent group possesses a non-trivial center.

Suppose {Ai ‖ i = 1, . . . , n} is a collection of groups, and let Zi = Z(Ai)
be the center of Ai. The direct product of this collection of groups
is the group ΣAi := A1 × · · · × An whose elements are those of the
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indicated Cartesian product and whose binary operation is performed
coordinatewise. Its center is then

Z(A1 × · · · × An) = Z1 × · · · × Zn.

A central product of the groups A1, . . . , An is any group of the form

(A1 × · · · × An)/Z0

where Z0 is any subgroup of the center Z1× · · · ×Zn and is denoted by
the symbol A1 ∗ · · · ∗An. Note that unlike the direct product, the central
product only loosely specifies the group since its actual isomorphism
type depends upon the choice of the kernel, Z0, in the center. (Roughly
speaking, the central product is simply the direct product with some
products of elements of the Zi being identified with one another.)

A group G is perfect if and only if G = [G, G] — or, equivalently, it has
no non-trivial abelian factor groups. A group G is simple if and only if
its identity subgroup is the only proper normal subgroup of G. (Note
that this definition does not allow the group of order 1 to be a simple
group.) A group is quasisimple if and only if these two conditions hold:

(1) G is perfect,

(2) G/Z(G) is a simple group.

For example, the special linear groups SL2(q), q an odd prime power
greater than 3, are all quasisimple groups with a center of order 2.

Similarly, we say that G is semi-quasisimple if and only if

(1) G is perfect,

(2’) G/Z(G) is a direct product of simple groups.

Suppose now that A and B are normal subgroups of a group G. Then
AB = {ab ‖ a ∈ A, b ∈ B} is also a normal subgroup of G. (If A ∩ B =
{1}, the identity group, then AB is isomorphic to the direct product
A × B.) In any case, we say that AB is a normal product of A and B,
even though the term does not precisely identify the isomorphism class
of the group — one needs to know G for that.



16 CHAPTER 2. GROUP THEORETICAL BACKGROUND

Occasionally one encounters classes of groups — such as nilpotent
or semi-quasisimple groups — which are closed under taking normal
products. Thus, if the poset of normal subgroups of G which belong to
such a class possesses the ascending chain condition (ACC), then G pos-
sesses a unique (necessarily characteristic) maximal normal subgroup
of this class. In the case of the nilpotent groups, this maximal element
is called the Fitting subgroup of G, and is denoted F(G). In the case
of normal semi-quasisimple subgroups of G, the unique maximal poset
element is denoted E(G). Recall that E(G) must have the form of a
central product X1 ∗ · · · ∗Xn where the Xi are quasisimple normal sub-
groups of E(G) (they might not be normal in G). Then E(G) is a perfect
group which, modulo its center, is a direct product of the simple groups
Xi/Z(Xi).

2.2 Special results from finite groups

The arguments in this book utilize a number of results from finite group
theory. We assume the reader is familiar with Sylow’s theorem. If H is a
subgroup of G, two subgroups are determined: first of all the centralizer
of H in G, which is the subgroup CG(H) consisting of all elements of G
which commute with all elements of H. The second is the normalizer
of H in G consisting of all elements g ∈ G, for which g−1Hg = H. This
subgroup is denoted by the symbol NG(H).

Theorem 2.2.1 (Burnside Transfer Theorem) Let G be a finite group
with an abelian p-Sylow subgroup A. Then there is a surjective morphism

G → A/[NG(A), A].

In particular, if [NG(A), A] is a proper subgroup of A, then G cannot be a
simple group, unless A is cyclic of prime order. �

The Burnside Fusion Theorem says that any two elements of the abelian
p-Sylow subgroup A which are conjugate in G are in fact conjugate in
the normalizer of A, forcing [NG(A), A] to be the “focal subgroup” of A,
as introduced by Don Higman. (There is always a surjective morphism
of G onto the factor of A by its focal subgroup, even when the p-Sylow
subgroup A is not abelian.)

The following theorem is used so repeatedly that it is not always ex-
plicitly referred to.
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Theorem 2.2.2 Suppose G is a group of linear transformations of a fi-
nite vector space V , and suppose A is an abelian subgroup of G which acts
irreducibly on V (that is, it stabilizes no proper non-zero subspace of V ).
Then the centralizer CG(A) is a cyclic group. �

(For a proof, we refer to [10].)

Finally we must invoke the following theorem of Gorenstein and Walter
[14].

Theorem 2.2.3 (Gorenstein and Walter [14]) Suppose G is a simple
finite group whose 2-Sylow subgroups are dihedral (this notion is intended
to include the “Klein four group” as a special case). Then G is isomorphic
to one of the following:

(i) PSL2(q), where q = 4 or q is an odd prime power;

(ii) A7, the alternating group on seven letters. �

Recall that PSL2(4) ∼= PSL2(5).
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Chapter 3

Preparatory Results

In this chapter, we first introduce a property and prove some neces-
sary lemmas for what is to come. Some auxiliary results on irreducible
group modules and arithmetical properties are obtained.

3.1 Condition (C)

We introduce “Condition (C)” as follows: Let Q be GQ and let α be any
automorphism of Q that acts fixed point freely. We say that α satisfies
(C) if

(C) There is at least one point x such that xα ∼ x.

Although (C) could appear to be very restrictive, the following obser-
vation shows that a general assumption on the parameters of a GQ is
already sufficient to have (C) for any automorphism without fixed points.
We say that a GQ Q satisfies (C) if every automorphism of Q that acts
fixed point freely satisfies (C).

Lemma 3.1.1 Let β be a non-trivial automorphism of a thick GQ Q of
order (s, t) for which s + t does not divide st + 1. If β acts fixed point
freely, then β satisfies (C).

19
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Proof. Let β be as above. Suppose that no point of Q is mapped onto
a point collinear with it. Then applying Benson’s theorem (Theorem
1.1.7), we obtain

st + 1 ≡ 0 mod s + t. (∗)

�

If (s, t) is the order of a known GQ, then t ∈ {
√

s, s2/3, s, s − 2, s +
2, s3/2, s2} [27, Chapter 2]. So then (*) is only satisfied when t = s± 2
and t is odd.

Suppose that a GQ Q admits a Singer group G on the points which is
transitive on the line set, and let the order of Q be (s, t). Suppose (C)
is not satisfied (for the elements of G), so that s + t divides st + 1 and
hence s+ t divides t2−1. Since G acts transitively on the lines, we have

t + 1 divides s + 1.

So s + t divides (t − 1)(s + 1) and then s + t divides s + 2 − t leads us
to t = s + 2, a contradiction.

Lemma 3.1.2 If (C) does not hold for a Singer quadrangle (Q, G), then
G cannot act transitively on lines. �

We also have

Lemma 3.1.3 Let α and β be central elements of a Singer group G acting
on a quadrangle.

• If α satisfies (C), then x ∼ xα for all points x.

• If α, β and αβ all satisfy Condition (C), the group 〈α, β〉 stabilizes
a spread linewise.

• If Q satisfies Condition (C), Z(G) stabilizes a spread linewise. �
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3.2 Properties of the center

Let G be a Singer group of a GQ Q of order (s, t). Suppose that Condi-
tion (C) is satisfied.

We now specialize and consider elements of Z(G).

Take α ∈ Z(G)×. One easily deduces that xα ∼ x for all points x of Q.
Choose a point x and put L = xxα. Let y be a point incident with L and
different from x, xα. Furthermore, let β ∈ G be the element that maps
x onto y. Then we have

x ∼ xβ =⇒ xα ∼ xβα = xαβ; x ∼ xα =⇒ xβ ∼ xαβ.

Hence x, xα, xβ, xαβ are all on the same line, and {x, xβ}α = {xα, xαβ}
implies that L is fixed by α. Since G acts transitively on the point set of
Q, one concludes that each point is incident with a unique line that is
fixed by α, that is, α fixes a spread T (α) linewise.

Suppose α′ ∈ Z(G)× for which T (α′) 6= T (α). Then there exists a line
M ∈ T (α) such that each point of M is incident with a line of T (α′)
different from M . Take any point z I M . Then z ∼ zα I M , zα ∼
zαα′ 6 I M , so that z 6∼ zαα′. On the other hand, αα′ ∈ Z(G), while each
element of Z(G) maps a point onto a collinear point, contradiction. So
T (α) = T (α′) and hence each element of Z(G) fixes T (α) line wise. As
G acts fixed point freely we obtain that |Z(G)| ≤ s + 1.

We just proved the following lemma.

Lemma 3.2.1 Let G be a Singer group of a GQ Q of order (s, t) satisfying
Condition (C). Then

• |Z(G)| ≤ s + 1.

• If Z(G) is not trivial, then Z(G) fixes a spread linewise. �

3.3 A theorem from projective geometry

If a GQ has an even number of points, each Singer group of it must
contain involutions, whence the following theorem — due to Wagner
[34] — that classifies involutions in projective space will turn out to be
very useful.
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Theorem 3.3.1 (Wagner [34]) Let ι be an involution of a projective
space PG(k, q) of dimension k ≥ 2, and let F be the set of all fixed points
of ι. Then one of the following must occur:

• F consists of the points of two disjoint subspaces of dimension d1

and d2 respectively, such that d1 + d2 = k − 1. In this case q is odd.

• F consists of the points of a subspace of dimension at least (k−1)/2.
In this case q is even.

• F is the point set of a Baer subspace PG(k,
√

q). We call ι a Baer
involution.

• F is empty. In this case k is odd. �

We will exploit this classification to prove that for odd q the GQs Q(4, q),
H(4, q2) and H(4, q2)D do not admit a Singer group.

3.4 Irreducible group modules, and arithmetic

The following theorem on representation theory, due to Clifford [4]
(see also Curtis and Reiner [5]) will also appear to be useful.

Theorem 3.4.1 (Clifford [4]) Let K be an arbitrary field, and let N
be a normal subgroup of a finite group G. Suppose V is an irreducible
KG-module. Then the KN -module V is isomorphic to the direct sum of
KN -homogeneous components. Furthermore these homogeneous compo-
nents are permuted transitively by G. �

The next lemma will turn out to be a key result for Chapter 8.

Lemma 3.4.2 Suppose V is a faithful irreducible GFq-module, where G
is a group of order prime to the characteristic of Fq. We suppose G to
have the form RN where R is a cyclic group of odd prime order r and N
is an r′-group which is minimal with respect to being normalized but not
centralized by R. Then R does not act irrreducibly on V unless r − 1 =
dim(V ) = pa and N is extra-special of order p2a+1, for some prime p.
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Proof. We assume R acts irreducibly on V . We must show r − 1 =
pa = dim(V ) and the conclusion about N . From the fact that r does
not divide |N |, we see that R normalizes a p-Sylow subgroup Np for
each prime p dividing the order of N . If R centralized all these we
should have that |CN(R)| = |N |, where CN(R) is the biggest subgroup
of N centralized by R, contradicting the fact that R does not centralize
N . By the minimality of N we can conclude that N is a p-group, and
that either N is an elementary p-group or that N is an extra-special
group of order p2a+1 (N is special but its center is homogeneously rep-
resented on V , and so is cyclic). In either case, R acts irreducibly on
the Frattini factor group N of N . In the first case RN is a Frobenius
group, and R has copies of its regular representation on V , and so is
not irreducible. In the latter case, V is a homogeneous N -module, with
irreducible modules of dimension pa. Also, because of the irreducible
action of R on N, r divides p2a − 1, but does not divide pa − 1 (since
otherwise it would not act irreducibly on V ). Hence r divides pa + 1.
Now dim(V ) = mpa. If m > 1, we have dim(V ) > r, and so V is the sum
of at least two R-modules, contradicting the irreducibility of R on V .
Thus, m = 1 and dim(V ) = pa. Since dim(V ) < r by the irreducibility
of R on V , and r ≤ pa + 1, we obtain r = pa + 1. �

We will use the following theorem of Zsigmondy to introduce the con-
cept of a “Z-prime”.

Theorem 3.4.3 (Zsigmondy [36]) If a > b > 0 are coprime integers,
then for any natural n > 1 there is a prime number p that divides an −
bn and does not divide ak − bk for any k < n, with the following two
exceptions:

• (a, b, n) = (2, 1, 6), and

• a + b is a power of 2 while n = 2. �

A Z-prime for qn − 1, q a prime power, n ≥ 1, is a prime p such that p
divides qn− 1, but divides no qk − 1 for k < n. By Zsigmondy’s theorem
we know that such a prime always exists, except when (q, n) = (2, 6) or
when n = 2 and 1 + q is a power of 2. If p is a Z-prime for qn − 1 and
G is a subgroup of PGLn(q) of order p, then G will act irreducibly on
V (n, q). More generally if p is a Z-prime for qk − 1 and G a subgroup of
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PGLn(q), k ≤ n, of order p, acting freely on projective points, then G
will act on V (n, q) with irreducible modules of dimension a multiple of
k. This observation will play a crucial role in what follows.

We conclude this section with three lemmas that will be used frequently
throughout the book.

Lemma 3.4.4 Let r be an odd prime dividing 1 + pkra, with p, a and k
natural numbers such that (r, k) = 1, then ra+1 divides 1 + pkra.

Proof. Clearly pk ≡ −1 (mod r), and so pk = −1 + t0r, with t0 a natural
number. It follows that (pk)ra

= −1 + tar
a+1, with ta a natural number.

Hence ra+1 divides 1 + pkra
= tar

a+1. �

Corollary 3.4.5 Let r, p, k and a be as in the previous lemma. Suppose G
is a group with order divisible by 1 + pkra. If H is a subgroup of G whose
index in G divides kra, then H contains an element of order r. �

Lemma 3.4.6 Let q be a prime power. Suppose e(u) is the highest power
of the prime u such that ue(u) divides q + 1. We suppose that ue(u) 6= 2 and
that qd ≡ 1 (mod ue(u)+m) for some integer m such that 1 ≤ m ≤ e(u).
Then um divides d.

Proof. By hypothesis, q = kue(u) − 1 for some integer k relatively prime
to u. Since q ≡ −1 (mod ue(u)) and qd ≡ 1 (mod ue(u)), we see that d is
even. Then the binomial expansion yields

qd = (−1 + kue(u))d

= 1− d(kue(u)) + (d(d− 1)/2)(kue(u))2 + . . .

= 1− d(kue(u)) + N · u2e(u),

for some integer N . But as qd − 1 is divisible by ue(u)+m and e(u) + m ≤
2e(u), we see that ue(u)+m must divide dkue(u). But as k is prime to u,
um must divide d. The proof is complete. �

Corollary 3.4.7 Let q be a prime power. Suppose x is a linear trans-
formation of an Fq-vector space W , such that x is of prime power order
ue(u)+m, where e(u) is the highest power of the prime u dividing q +1, and
1 ≤ m ≤ e(u). We suppose ue(u) 6= 2 so ue(u) does not divide q − 1. Then
any irreducible faithful Fq〈x〉-module V has dimension divisible by 2um.

�
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Lemma 3.4.8 If q > 2 then there exists a prime r 6= 3 dividing q2− q +1.

Proof. Suppose 3 would be the only prime dividing q2 − q + 1. Then
q2 − q + 1 = 3a. Clearly 3 cannot divide q − 1 or q, and so must divide
q + 1. Hence q ≡ 2, 5 or 8 (mod 9), and consequently q2 − q + 1 ≡ 3
(mod 9). If a > 1 this yields a contradiction. Hence a = 1, implying
q = 2, a contradiction. �
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Chapter 4

The known GQs with a Singer
group

In this chapter we will discuss the known GQs that admit a Singer
group, as well as the Singer groups that arise from them.

4.1 The fundamental theorem for Singer quad-
rangles

There is in fact only one class of GQs with a Singer group known. We
describe them in the following theorem.

Theorem 4.1.1 Let Q be a thick GQ of order s with a regular point
r. Suppose that there is a group G ≤ Aut(Q) of order s3 fixing r and
acting sharply transitively on the points of Q not collinear with r. Then
P := P(Q, r), that is, the Payne-derivative of Q with respect to r, is a GQ
admitting a Singer group H ∼= G.

Proof. It is clear that G induces an automorphism group H ∼= G of P
acting sharply transitively on its points. �

We will now have a closer look at the GQs which satisfy the conditions
of Theorem 4.1.1.

27
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4.2 Translation quadrangles

A first possibility occurs when the GQ Q is a TGQ of order s with reg-
ular translation point r. In fact the translation point r is regular if and
only if s is even [26, Theorem 2.1.5]. Hence the Payne-derivatives of
these GQs are in one-to-one correspondence with generalized hyper-
ovals [26] O(n, n, q) in PG(3n− 1, q). In this case the GQ P(Q, r) will
have an elementary abelian Singer 2-group. In the next chapter we will
prove that the converse is also true, that is, if a GQ admits an abelian
Singer group, then it necessarily arises in the way just described.

4.3 EGQs with a regular point

The second class of known GQs satisfying the conditions of Theorem
4.1.1 are the EGQs of order s with a regular point r. If s is even, all
known EGQs of order s are TGQs, and hence are described above. If
s is odd, the only known example of an EGQ of order s is the classical
GQ W(q), q = s odd. We will discuss this case in more detail, but first
we introduce Heisenberg groups.

The (general) Heisenberg group Hn of dimension 2n + 1 over Fq, with
n a natural number, is the group of square (n + 2) × (n + 2)-matrices
with entries in Fq, of the following form (and with the usual matrix
multiplication):

 1 α c
0 In βT

0 0 1

 ,

where α, β ∈ Fn
q , c ∈ Fq and with In being the n × n-unit matrix. Let

α, α′, β, β′ ∈ Fn
q and c, c′ ∈ Fq; then

 1 α c
0 In βT

0 0 1

×

 1 α′ c′

0 In β′T

0 0 1

 =

 1 α + α′ c + c′ + 〈α, β′〉
0 In β + β′

0 0 1

 .
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Here 〈x, y〉, with x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) elements
of Fn

q , denotes x1y1 + x2y2 + . . . + xnyn = xyT . Thus the group Hn is
isomorphic to the group {(α, c, β) ‖ α, β ∈ Fn

q , c ∈ Fq}, where the group
operation ◦ is given by (α, c, β) ◦ (α′, c′, β′) = (α + α′, c + c′ + αβ′T , β +
β′). The group Hn is a p-group of order q2n+1, with elementary abelian
center Z(Hn) of order q, and Hn/Z(Hn) elementary abelian of order
q2n.

Since the full automorphism group of W(q) is transitive on the points
of W(q), the Payne-derivatives of W(q) with respect to any point of
W(q) are isomorphic. Hence let r be any fixed chosen point of W(q).
Now W(q) can be described as an EGQ (W(q)r, G). We will describe
this in detail. Let the points and lines of W(q) be the absolute points
and lines of the symplectic polarity ρ of PG(3, q) defined by


0 1 0 0

−1 0 0 0

0 0 0 1

0 0 −1 0

 .

Let the point r be the point (0, 0, 1, 0)T . One easily checks that the ma-
trices

S(c) :=


1 0 0 0

0 1 0 0

0 0 1 c

0 0 0 1

 , T1(α) :=


1 0 0 0

0 1 0 −α

α 0 1 0

0 0 0 1

 , T2(β) :=


1 0 0 β

0 1 0 0

0 β 1 0

0 0 0 1

 ,

with c, α, β ∈ Fq, determine automorphisms of W(q) fixing each line
through r. The group G generated by these matrices clearly has order
q3 and acts sharply transitively on the points of W(q) not collinear with
r. So indeed (W(q)r, G) is an EGQ. The matrices S(c) determine the
symmetries about r. We have
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G =




1 0 0 β

0 1 0 −α

α β 1 c

0 0 0 1

 ‖ α, β, c ∈ Fq

 ,

with standard matrix multiplication as group action (note that the sub-
group Z = {S(c) ‖ c ∈ Fq} is the center of G).

Consequently the group G is isomorphic to the group K = {(α, c, β) ‖
α, β, c ∈ Fq}, where the group operation ◦ is given by (α, c, β)◦(α′, c′, β′) =
(α + α′, c + c′ + αβ′ − βα′, β + β′). Now the mapping

φ : K → H1 : (α, c, β) 7→ (α− β, c +
1

2
(α2 − β2), α + β)

can easily be seen to be an isomorphism. We conclude that the GQ
P(W(q), r), q odd, admits a Singer group isomorphic to the 3-dimensio-
nal Heisenberg group over Fq.

Conversely it is well-known, see for instance [17] and [21], that start-
ing from a Heisenberg group H = H1 of dimension 3 over Fq with q
odd, an EGQ (Qx,H) of order q can be constructed using a Kantor fam-
ily. As a specific example it is possible to obtain the classical GQ W(q)
in this way when q is odd.

Remark 4.3.1 In [29] various properties of Heisenberg groups are in-
vestigated related to GQs.

4.4 The other GQs (of order s) with a regular
point

Only one class of GQs of order s is known which wasn’t already de-
scribed. Let S be a TGQ of order s with s even which arises from a
translation generalized oval [25, 26] (or, equivalently, for which the
point-line dual is also a TGQ [25, 26]). Then there is a line L of regular
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points through the (regular) translation point (∞) of S. Each of the
points x of L\{(∞)} gives rise to a GQ P(S, x); we will show that a GQ
of this type only admits a Singer group if S is classical. (If S ∼= Q(4, s) is
classical, each point is a translation point.) Since no generalized ovals
are known which do not arise from “ordinary” ovals, we will restrict
ourselves to TGQs S arising from translation ovals. Let K be a hypo-
thetical Singer group of P(S, x); it is clear that K cannot be naturally
induced by Aut(S) unless S ∼= Q(4, s). (It would follow that (∞) is
not fixed by K, so that S contains distinct translation points. By, e.g.,
[27] we then would have that S ∼= Q(4, s).) One now easily shows that
S contains (s + 1) × (s + 1)-grids not containing (∞) (use, e.g., [27,
Chapter 5]). By [23, 3.3.3], we conclude that S ∼= Q(4, s).

Motivated by the observations made in this chapter and Section 7.4 (cf.
Chapter 7), we pose the following conjecture.

CONJECTURE 4.4.1 If a finite thick GQ Q admits a Singer group G, then
either Q is the GQ of order (5, 3), or G is (1) an elementary abelian 2-
group, or (2) an odd order Heisenberg group, and in (1)-(2) Q is a Payne-
derived GQ arising in the usual way from an EGQ with elation group
isomorphic to G.

One could also replace “Heisenberg” by “special” in Conjecture 4.4.1.
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Chapter 5

Abelian and Heisenberg Singer
Groups

In this chapter we will discuss what is known about Singer groups for
thick finite GQs. From the previous chapter we know that conjecturally
the only such groups should be either elementary abelian groups of
even order, or Heisenberg groups of odd order. Two questions are of
great importance here:

(1) Given a group G, can it act as a Singer group on a GQ?
(2) If a group G can act as a Singer group, on which GQs
can it act as such?

In the first section we will show that an abelian Singer group necessar-
ily is the Singer group of a Payne-derived GQ. In the second section we
look at odd order Heisenberg groups. These results are taken from [7]
and [9].

5.1 Abelian Singer groups

For the rest of this section let G be an abelian group acting sharply
transitively on a thick finite GQ Q of order (s, t). By e.g. Section 3.2 we
immediately obtain that the stabilizer in G of any line of Q has order
s + 1. We now easily see that the following lemma holds.

33
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Lemma 5.1.1 Let L be any line of Q, then LG is a spread of symmetry of
Q. �

This allows one to prove that Q is a Payne-derived GQ.

Theorem 5.1.2 The GQ Q can be obtained by Payne-derivation.

Proof. We claim that Q has parameters (s, s + 2). As before we identify
the points of Q with the elements of G. Let L1, L2 and L3 be three dis-
tinct lines through id. Furthermore denote by Si the stabilizer in G of
the line Li, i = 1, 2, 3. Clearly S1S2 = 〈S1, S2〉 is a group of size (s + 1)2.
Also S3 ∩ S1S2 = {id}, since the existence of any non-trivial element
s1s2 ∈ S3, with s1 ∈ S1 and s2 ∈ S2, implies that the point s1s2 6= id on
L3 would be collinear with the point s1 6= id on L1, yielding a triangle
in Q. Hence S1S2S3 is a group of order (s + 1)3, and (s + 1)3 divides
|G| = (s + 1)(st + 1). Consequently s + 1 divides t−1

s+1
− 1. So either

t−1
s+1

−1 = 0, or s2 +3s+3 ≤ t, contradicting Higman’s inequality t ≤ s2.
Our claim is proved. The theorem now follows using Theorem 1.6.2.�

It is possible to give a more explicit description of Q in this case.

Identify the points of Q with the elements of G. Denote the lines
through id by L0, L1, . . . , Ls+2 and the respective stabilizers in G by
S0, S1, . . . , Ss+2. Define K to be the set of all endomorphisms β of G
with the property that Sβ

i ⊆ Si for all i ∈ {0, 1, . . . , s + 2}. Then we
have the following lemma.

Lemma 5.1.3 The ring K, +, . (where the operations “+” and “.” are ob-
vious) is a field.

Proof. It is sufficient to show that every element of K \ {0} is a bijection
from G to G, and hence by the finiteness of G we only need to show in-
jectivity. Suppose that β ∈ K is such that sβ

0 = id for some s0 ∈ S0\{id};
then we must show that β = 0. (The choice of S0 is arbitrary. Further,
if there is an element of the kernel of β in

⋃
Si, then there is an el-

ement of the kernel in each Si \ {id} as well.) Assume the contrary.
Choose any element si ∈ Si \ {id}, with i 6= 0. Then the point s0si is
at distance two from id in the collinearity graph of Q. Since Q is thick
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there exist elements sl ∈ Sl \ {id} and sk ∈ Sk \ {id}, l, k /∈ {0, i} and
l 6= k, such that s0si = slsk. Note that

∣∣{y, z}⊥
∣∣, y 6∼ z, must be even

since G is abelian (if y ∼ yθ ∼ z, with yθγ = z, then y ∼ yγ ∼ z, with
θ, γ ∈ G). Letting β act yields sβ

i = sβ
l sβ

k . First suppose that sβ
l = id;

then sβ
i = sβ

k . Since Si ∩ Sk = {id} we obtain that sβ
i = id. Analogously

sβ
k = id implies that sβ

i = id. Next suppose that neither sβ
l nor sβ

k equals
id. In this case the line Sls

β
k of Q intersects the line Sk in sβ

k 6= id and
intersects the line Si in sβ

i 6= id. Hence we have found a triangle in Q, a
contradiction. We conclude that sβ

i = id, and henceforth that Sβ
j = id,

for all j ∈ {0, 1, . . . , s + 2}. By the connectedness of Q we know that
G = 〈S0, S1, . . . Ss+2〉, and hence it follows that Gβ = id, that is, β = 0.

�

Consequently G can be seen as a K-vector space of dimension log|K|(|G|),
and the Si’s as vector subspaces of dimension log|K|(s + 1). It is clear
that the line set of Q is exactly the set of all translates of these vec-
tor subspaces. Hence Q has a (generalized) linear representation in
the affine space constructed from the K-vector space G. We obtain the
following theorem.

Theorem 5.1.4 If G is an abelian group acting as a Singer group on the
points of a thick finite GQ Q, then G is elementary abelian of even order,
Q has order (s, s + 2) and arises from a generalized hyperoval.

Proof. Immediate. �

This completely answers both questions from the introduction for abelian
groups.

5.2 The Heisenberg case

We first prove the following general lemma for Singer p-groups.

Lemma 5.2.1 Let G be a p-group acting sharply transitively on the point
set of a thick GQ of order (s, t). Then t = s + 2.
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Proof. From |G| = (s + 1)(st + 1) = pk, for the natural number k, it
follows that s + 1 = pl, for some natural number l. Furthermore, as
st + 1 > s + 1, we see that s + 1 divides st + 1, and hence s + 1 divides
t− 1. If s + 1 = t− 1, we obtain the desired result. So assume by way
of contradiction that t − 1 > s + 1. Then t = plf + 1, for some natural
number f > 1, and consequently |G| = (s+1)(st+1) = p2l(plf −f +1).
It follows that f is at least 1 + pl, that is, f > s + 1, and t > (s + 1)2,
contradicting Higman’s inequality t ≤ s2. �

Theorem 5.2.2 Let Q be a GQ of order (s, t) admitting a Singer group
G, where G is a p-group and p is odd. Suppose |Z(G)| ≥ 3

√
|G|. Then the

following properties hold.

(1) We have t = s+2, and there is a GQ Q′ of order s+1 with a regular
point x, such that Q is the Payne derivative of Q′ with respect to x.
The GQ Q′ is an STGQ of type (Q′x, K), with K isomorphic to G.

(2) We have |Z(G)| = 3
√
|G|, that is, |Z(G)| = s + 1.

From Theorem 5.2.2 the next result follows.

Corollary 5.2.3 Let Q be a GQ of order (s, t) admitting a Singer group
G, where G is a Heisenberg group of dimension 3 over the field Fq with q
odd. Then we have the conclusion of Theorem 5.2.2. �

We now prove Theorem 5.2.2.

First of all, we note that t = s+2 by Lemma 5.2.1, so that (s+1)(st+1) =
(s + 1)3.

Let α be any element of G. Suppose that no point of Q is mapped by α
onto a point collinear with it. Then applying Theorem 1.1.7, we obtain

(s + 1)2 ≡ 0 mod 2(s + 1),

a contradiction as s+1 is odd (as s+1 divides the order of G). So there
are points x for which xα ∼ x. We now consider elements of Z(G) and
repeat the argument of Section 3.2. Take α ∈ Z(G)×, and let x be a
point for which xα ∼ x. Put L = xxα. Let y be a point incident with L
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and different from x, xα. Let β ∈ G be the element that maps x onto y.
Then we have

x ∼ xβ =⇒ xα ∼ xβα = xαβ; x ∼ xα =⇒ xβ ∼ xαβ.

Hence x, xα, xβ, xαβ are all on the same line, and {x, xβ}α = {xα, xαβ}
implies that L is fixed by α. Since G acts transitively on the point set of
Q, one concludes that each point is incident with a unique line that is
fixed by α, that is, α fixes a spread T (α) linewise.

Suppose α′ ∈ Z(G)× for which T (α′) 6= T (α). Then there exists a line
M ∈ T (α) such that each point of M is incident with a line of T (α′)
different from M . Take any point z I M . Then z ∼ zα I M , zα ∼
zαα′ 6 I M , so that z 6∼ zαα′. On the other hand, αα′ ∈ Z(G), while each
element of Z(G) maps a point onto a collinear point, contradiction.
So T (α) = T (α′) and hence each element of Z(G) fixes T (α) linewise.
By the regularity of G this implies that |Z(G)| ≤ s + 1. Consequently
|Z(G)| = s + 1, and T (α) is a spread of symmetry.

Now (2) follows.

By Theorem 1.6.2 it follows that Q can be constructed by Payne deriv-
ing a GQ Q′ with respect to a center of symmetry x. Further it is not
hard to see that G induces a group of automorphisms K ∼= G of Q′ fix-
ing all lines on x and acting regularly on the points not collinear with
x.

Now also (1) follows. �
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Chapter 6

The Results of Ghinelli and
Yoshiara

Both D. Ghinelli and S. Yoshiara were concerned with excluding possi-
ble parameters for a finite GQ with a Singer group. Below we describe
their results. Especially Yoshiara’s main theorem is important in our
study of possible Singer groups for the known GQs, as it shows (in a
more general form) that H(3, q2) cannot admit a Singer group.

6.1 Ghinelli’s results

In 1992 D. Ghinelli was the first to study GQs with a Singer group.
Because she approached the problem using difference sets, she was
forced to restrict herself to GQs of order s. We describe how one can
associate with each GQ Q of order s that admits a Singer group G, a
difference set ∆ of G with multiplier−1. Recall that a (v, k, λ)-difference
set in a group G of order v is a subset ∆ of order k of G, such that
every non-identity element of G can be written in exactly λ ways as a
difference of two elements of ∆. An integer m is said to be a multiplier
of a difference set ∆ provided that ∆ = ∆m := {dm ‖ d ∈ ∆}. Now
choose any point p of Q. Define

∆ := {g ∈ G ‖ pg ∼ p}.

One easily checks that ∆ is a (s3 + s2 + s+1, s2 + s+1, s+1)-difference
set with multiplier −1, that is ∆−1 = ∆. Ghinelli first generalizes a
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result on abelian difference sets with multiplier −1 to the nonabelian
case, and then starts to apply this to the case of GQs of order s with a
Singer group. A first result is that each conjugacy class of G meets ∆,
yielding that G cannot be abelian (for the complete solution of “abelian
Singer GQs” see the previous chapter). She then obtains the following
result.

Lemma 6.1.1 (Ghinelli [13]) Let G be a group acting regularly on the
points of a GQ of order s. If N is an elementary abelian normal p-
subgroup, p 6= 2, of G, then |N | = pa divides 1 + s2.

Proof. See Theorem 3.5 of [13]. �

In order to have the conclusion of Lemma 6.1.1 for every elementary
abelian normal subgroup of G, Ghinelli then specializes to GQs of even
order s, obtaining the following lemma.

Lemma 6.1.2 (Ghinelli [13]) The difference set ∆ cannot contain a non-
trivial normal abelian subgroup.

Proof. See Lemma 4.1 of [13]. �

This yields

Theorem 6.1.3 (Ghinelli [13]) A GQ of even order s does not admit a
Singer group with non-trivial center.

Proof. See Theorem 4.3 of [13]. �

As a further application of Lemma 6.1.1, Ghinelli proves a restriction
on the Fitting subgroup of G (as s is even, G is solvable). She then
obtains

Theorem 6.1.4 (Ghinelli [13]) A GQ of even order s does not admit a
Singer group that is a Frobenius group.

Proof. See Theorem 4.5 of [13]. �

Finally, the latter theorem is used to prove
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Theorem 6.1.5 (Ghinelli [13]) If 1 + s2 is square free, a GQ of even
order s does not admit a Singer group.

Proof. See Theorem 4.6 of [13]. �

6.2 Yoshiara’s results

Let Q be a GQ of order (s, t) with a Singer group G. Because Yoshiara
does not use the theory of difference sets, he does not need to require
any severe restrictions on the parameters s and t. Let p be an arbi-
trary but fixed point of Q, and let ∆ be defined as in the previous
section (note that ∆ is not necessarily a difference set in G). Yoshiara
starts by generalizing several results from Ghinelli’s paper (giving sim-
pler proofs). We mention the following lemmas.

Lemma 6.2.1 (Yoshiara [35]) Let H be a non-trivial subgroup of G
which is entirely contained in ∆. Then there is a unique line L through p
stabilized by H. Furthermore, if H is normal, then |GL| = s + 1, and so
the G-orbit of L forms a spread.

Proof. See the proofs of Lemmas 4 and 9 of [35]. �

Lemma 6.2.2 (Yoshiara [35]) Let a be a non-trivial element of G, and
let d equal gcd(s, t). Then the following hold.

• If d > 1, we have aG ∩∆ 6= ∅.

•
∣∣aG ∩∆c

∣∣ is a multiple of d (possibly 0), where ∆c is the complement
of ∆ in G.

Proof. See the proof of Lemma 6 in [35]. �

Corollary 6.2.3 If gcd(s, t) > 1 then Property (C) is satisfied. �
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Lemma 6.2.4 (Yoshiara [35]) Assume d = gcd(s, t) > 1, and let r = 2
or 3. Then the following conditions are equivalent:

• |G| is divisible by r;

• there is an element of order r of G which fixes a line L through p;

• s + 1 is divisible by r.

Proof. See the proof of Lemma 7 in [35]. �

Finally the following lemma, that exploits the fact that the Suzuki
groups are characterized among the nonabelian finite simple groups
as those that are 3′-groups, plays a key role in the proof of Yoshiara’s
main result.

Lemma 6.2.5 (Yoshiara [35]) Assume d = gcd(s, t) > 1, and that 3
does not divide s+1. If G has a nonabelian minimal normal subgroup N ,
then N = S1×S2× · · · ×Sm with each Si (i = 1, 2, . . . ,m) isomorphic to
the Suzuki group 2B2(q) for some q = 22e+1 ≥ 8, not depending on i.

Proof. See the proof of Theorem 8 in [35]. �

Yoshiara then turns his attention to GQs of order (t2, t). Note that the
numerical conditions of the previous lemma are naturally satisfied in
this case. He obtains the following nice result, the long proof of which
is based on a clever use of the above lemmas, together with some non-
trivial group theory.

Theorem 6.2.6 (Yoshiara [35]) A GQ of order (t2, t) cannot admit a
Singer group on its points.

Proof. See Section 3 in [35]. �

Corollary 6.2.7 The GQ H(3, q2) does not admit a Singer group. �



Chapter 7

Non-Classical Singer
Quadrangles

In this chapter, which is taken from [10], we classify the known non-
classical GQs that admit a Singer group.

7.1 Singer groups for the known GQs

All known GQs have one of the following properties (see [29], or [27]):

(i) There is an elation point.

(ii) There is an elation line.

(iii) Up to duality, it is a Payne-derived GQ of order (s, s + 2) for some
natural number s (where s = ph − 1, p a prime).

The Cases (i)-(ii) can be reduced essentially simultaneously to the “clas-
sical case”, as follows. Suppose S satisfies (i). Then since S admits a
Singer group each point of S is an elation point. In Case (ii), there
clearly are two non-collinear elation lines, so each line is an elation
line.

We now invoke the next result.
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Theorem 7.1.1 (K. Thas and Van Maldeghem [30]) A finite thick GQ
for which either each point is an elation point or each line is an elation
line, is classical or dual classical.

Proof. See the proof of Main Result (Geometric Version) of [30]. �

We will have to carry through a case-by-case analysis in order to obtain
the desired result that among the classical GQs only Q(5, 2) admits a
Singer group. This will be the core of Chapter 8.

7.2 Payne-derived quadrangles and duals

Suppose P is a known GQ of order (s, s + 2), s 6= 1, admitting a
Singer group. Then P is (isomorphic to) a Payne-derived quadrangle
P = P(Q, x), and Q can be shown to be an EGQ (Qx, G) with regular
elation point x. Here the elation group G induces a Singer group on the
points of P. In all known cases this group is either elementary abelian
of even order, or a Heisenberg group of dimension 3 over the field Fq

with q odd.

Next we look at the known GQs of order (s + 2, s). Suppose S is a
known GQ of order (s + 2, s), s 6= 1, admitting a hypothetical Singer
group on its points. Then SD is (isomorphic to) a known Payne-derived
quadrangle P = P(Q, x), and Q can be shown to be an EGQ of order
s + 1 with regular elation point x. So P admits a Singer group on lines
(besides a Singer group on points) if S admits a Singer group on points.

First suppose that the number of points of P is odd, and that s > 3.
Then by De Winter and K. Thas [8], the automorphism group of P is in-
duced by the stabilizer of x in the automorphism group of Q. So Aut(P)
cannot act transitively on the lines of P (since there are two types of
lines, and they cannot be interchanged by such automorphisms).

Now suppose that the number of points of P is even.
Then P can be respresented as follows if it is known. Suppose H is a
hyperoval of PG(2, q), so q is even. Embed PG(2, q) as a hyperplane
in PG(3, q). The points of the GQ T(H) are the affine points, and the
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lines are the lines which are not contained in PG(2, q) but meet H in a
point. The translation group of AG(3, q) = PG(3, q)\PG(2, q) induces
an elementary abelian Singer group on the points of the GQ. In [8] it is
shown that Aut(P) is induced by PΓL4(q)H. Since Aut(P) is assumed
to be line transitive, H is a transitive hyperoval. By [3, 18], there are
only three possibilities:

• H is the unique hyperoval of PG(2, 2). In this case the obtained
GQ is thin.

• s = 3 and P has order (3, 5) (see also [20]), cf. Section 7.4.

• H is the Lunelli-Sce hyperoval. We will have a closer look at this
case in the next subsection.

7.3 The Lunelli-Sce quadrangle

The Lunelli-Sce hyperoval is of particular interest to our study, because
it has a transitive automorphism group. A corollary of this property
is that the GQ of order (15, 17) arising from it admits a flag-transitive
automorphism group, and together with the aforementioned GQ of or-
der (3, 5) it is, up to duality, the only non-classical example known that
has such an automorphism group. The occurence of a flag-transitive
group thus makes us wonder whether there is a Singer group on the
lines around. There are two reasons which would make a positive an-
swer fundamental: its dual would be an example with more points on
a line than lines through a point admitting a Singer group (on points),
and secondly, its Singer group would not be a p-group.

THE LUNELLI-SCE HYPEROVAL. LetH be a hyperoval in PG(2, 2h), h >
1. Without loss of generality, we may suppose that H contains the
points (1, 0, 0), (0, 1, 0), (0, 0, 1) and (1, 1, 1). The affine points of H are
of the form (x, f(x), 1), where f is a permutation polynomial which
one usually calls o-polynomial. The Lunelly-Sce hyperoval, defined in
PG(2, 16), is (up to projective equivalence) given by

f(x) = x12 + x10 + η11x8 + x6 + η2x4 + η9x2,
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η being a primitive element of F16 satisfying η4 = η + 1.

In PG(3, q) ⊃ PG(2, q), q = 24, construct T(H) as above. It is well-
known that |PΓL3(q)H| = 144, and that the automorphism group of
T(H) is induced by the group of the hyperoval (that is, it is of the
form T o PΓL3(q)H, where T is the translation group of AG(3, q) =
PG(3, q)\PG(2, q)). Denote the hypothetical line Singer group of T(H)
by S. Then by [22], S induces a sharply transitive automorphism group
of H. Such a group does not exist by [3] (the involutions of H generate
a subgroup of order 36).

The authors thank Tim Penttila for providing them the references [22,
3] in this context.

7.4 The GQ of order (3, 5)

Let H be the regular hyperoval of size 6 in PG(2, 4); then PΓL3(4)H ∼=
S6. By [31], T(H) admits a Singer group S on the lines. Such a group
has size 96, so is not a p-group, and T(H)D is the only known example
admitting a Singer group on points which is not a p-group. Also, T(H)D

is the only known GQ with an order which is not of type (s, s + 2)
admitting a Singer group (on the points).



Chapter 8

Classical Singer Quadrangles

The aim of this chapter is to show that Q(5, 2) is the only classical
GQ that admits a Singer group. In order to obtain this result, we will
distinguish between some cases where an elementary geometric proof
can be given, and other cases where a more involved group theoretical
analysis is needed.

8.1 Projective involutions

The idea is to exploit the fact that each classical GQ or its dual is nat-
urally (by definition) embedded in some projective space and that (if
the GQ is not a (dual) grid) each automorphism of the GQ is induced
by an automorphism of the projective space.

We will now exploit the classification of involutions in projective space
(see Theorem 3.3.1) to prove that for odd q the GQs Q(4, q), H(4, q2)
and H(4, q2)D do not admit a Singer group.

Theorem 8.1.1 The GQ Q(4, q), q odd, does not admit a Singer group.

Proof. Suppose G were a Singer group of Q(4, q). We consider the dual
situation where G is a group acting regularly on the lines of W(q) ⊂
PG(3, q). Let ι be any involution in G. Since W(q) satisfies Property
(C), ι maps some line to a concurrent line, and hence fixes the point,
say p, that is the intersection of this line and its image. If by ρ we

47
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denote the defining polarity of W(q), we see that ι also must fix the
plane π := pρ. The involution ι now induces an involution (or the
identity) in this plane π, and hence fixes a line L of π through p. This
line, however, is a line of the GQ W(q), contradicting the regularity of
the group G on lines of W(q). �

Theorem 8.1.2 The GQ H(4, q2), q odd, does not admit a Singer group.

Proof. Suppose G would be a Singer group of H(4, q2) ⊂ PG(4, q2)
and let ι be any involution in G. By Theorem 3.3.1 ι is either a Baer-
involution or fixes the points of two complementary subspaces. Since
every subspace of dimension at least 1 intersects H(4, q2) non-trivially,
the latter cannot occur. So suppose that ι is a Baer-involution. As
H(4, q2) satisfies Property (C) we know that ι fixes some line L of
H(4, q2). Since ι is a Baer-involution there are exactly q2 + q + 1 planes
through L fixed by ι. One of these planes is the image of L under ρ, the
polarity defining H(4, q2), which intersects H(4, q2) exactly in the line
L. However, the other q2 + q planes must intersect H(4, q2) in a cone
pH(1, q2), p a point on L. Hence in each of these planes ι must fix the
unique top of that cone, contradicting the regularity of ι. �

Theorem 8.1.3 The GQ H(4, q2)D, q odd, does not admit a Singer group.

Proof. Consider the dual situation and suppose that G would be a group
acting regularly on the lines of H(4, q2). Once again let ι be any invo-
lution in G. By Theorem 3.3.1 ι is either a Baer-involution or fixes
the points of two complementary subspaces. First suppose ι would fix
two complementary subspaces. Since every 3-space contains a line of
H(4, q2), the Singer involution ι must fix pointwise a plane π and a
line L, disjoint from π. Clearly π must intersect H(4, q2) in a Hermi-
tian variety H(2, q2). Let ρ be the polarity defining H(4, q2). The line
L contains at least one point p1 of H(4, q2). Similarly, the line pρ

1 ∩ π
contains at least one point p2 of H(4, q2). The line p1p2 is stabilized by
ι, contradiction.

Next suppose that ι is a Baer-involution. Let p be any point of H(4, q2)
that is fixed by ι (p exists by Property (C)). Clearly also the 3-space pρ

is fixed by ι. This 3-space then must intersect the fixed point structure
of ι in a Baer subspace PG(3, q). Hence there is a plane π of pρ not con-
taining p that is fixed by ι. This plane intersects H(4, q2) in a Hermitian
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curve H(2, q2). Furthermore, the fixed point structure of ι in π must
be a Baer subplane. Since every Baer subplane intersects a Hermitian
curve H(2, q2) non-trivially (see for example [1]), we see that ι fixes a
point n 6= p of H(4, q2) in pρ. Hence ι fixes the line pn, which is a line
of H(4, q2), contradicting the regularity of G. �

8.2 Solvable Singer groups

Throughout this section we will use the celebrated Feit-Thompson the-
orem that states that a group G of odd order is solvable.

Theorem 8.2.1 The GQ H(4, q2), q even, does not admit a Singer group.

Proof. Suppose G is a Singer group of Q = H(4, q2), q even. Then G has
odd order and so is solvable. Let h be the Hermitian form associated
with Q and let V be the vector space whose singular 1- and 2-spaces
(with respect to h) represent the points and lines of H(4, q2). Let G̃ be
the subgroup of ΓU5(q

2) representing G. Let Ĝ be G̃ ∩ GU5(q
2). We

have a normal series

Z(GL5(q
2)) � Ĝ � G̃,

with
∣∣∣G̃/Ĝ

∣∣∣ dividing 2a, where q = 2a, |Z(GL5(q
2))| dividing q2 − 1,

and G̃/Z(GL5(q
2)) = G. Consider a Z-prime r for q10 − 1. Then clearly

r divides q5 + 1. By Corollary 3.4.5 there exists a subgroup R of Ĝ
whose order is r, and as r is a Z-prime for q10− 1, R∩Z(GL5(q

2)) = 1.
Moreover, R acts irreducibly on V . Suppose R normalized a group
A ≤ Ĝ which it did not centralize. Then by Lemma 3.4.2, r = 6, which
is impossible. If R were not in the Fitting group F(Ĝ) of Ĝ it would
act faithfully on it (since Ĝ is solvable the Fitting group contains its
own centralizer). Thus, R lies in the Fitting group of Ĝ. Without loss
of generality we may take R to be in the center of the F(Ĝ) (since
a nilpotent group is the direct product of its Sylow subgroups and the
center of a nilpotent subgroup contains the direct product of the centers
of its Sylow subgroups). Now we see that CĜ(R) is a cyclic group (since
R acts irreducibly on V ) which contains F(Ĝ). Thus R is the unique
group of order r in F(Ĝ), and so is a characteristic subgroup of Ĝ.
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Now Ĝ/CĜ(R) ≤ Aut(R) and does not change the minimal polynomial
of degree 5 exhibited by a generator of R in its action on V . Thus∣∣∣Ĝ/CĜ(R)

∣∣∣ = 1 or 5. Now the index of Ĝ in G̃ is a divisor of the odd
part d of |Gal(Fq2/F2)|. So if q = 2a, d is the odd part of a. We have the
following diagram

G̃
|

divisor of d
|
Ĝ
|

1 or 5
|

CĜ(R)

where intermediate integers denote subgroup indices. Now suppose
that no prime dividing q2+1 divides |CĜ(R)|. Then clearly q2+1 divides[
G̃ : CĜ(R)

]
which divides 5d. So, if q = 2a we see that 22a + 1 divides

5a, forcing a = 1. Thus Q = H(4, 4), G̃ = Ĝ, Z(GL(V )) ∼= Z3 and
|CĜ(R)| = 99. Now there is a subgroup A of Ĝ of order 9 containing
Z(GL(V )). This subgroup must centralize R and hence must be cyclic.
So it acts homogeneously on V with modules of dimension 3. This
would force 3 to divide 5, an absurdity.

Thus, there is a prime s dividing q2 + 1 and |CĜ(R)|. Consider an ele-
ment x of order s in Ĝ. But here x acts homogeneously on V with irre-
ducible modules of dimension 2 (the prime s is a Z-prime for (q2)2− 1).
This forces 2 to divide 5, the final contradiction. �

Theorem 8.2.2 The GQ H(4, q2)D, q even, does not admit a Singer group.

Proof. Suppose G were a Singer group for H(4, q2)D. We consider the
dual situation where G acts regularly on the lines of H(4, q2). Then
there is a group G̃ representing G in ΓU5(q

2). As before let Ĝ = G̃ ∩
GU5(q

2). The kernel of the action of G̃ fixes every line of H(4, q2), and
so fixes all points, and so lies in Z̃, the subgroup of G̃ fixing all points.
Now we see that (1 + q3)(1 + q5) divides |G̃/Z̃|. As G̃ is solvable we
can repeat the argument from the previous theorem to obtain a cyclic
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subgroup CĜ(R) ≤ Ĝ that is the centralizer in Ĝ of the unique group
R ≤ Ĝ of order r, where r is a Z-prime for q10 − 1. We claim that for
some prime s dividing q2 − q + 1, there is an element of that order in
CĜ(R). If false, q2 − q + 1 must divide

[
G̃ : CĜ(R)

]
which divides 10a,

where q = 2a. Now q2 − q + 1 is odd. Furthermore it is easy to see
that 5 does not divide q2 − q + 1. If it did, q 6≡ 0 (mod 5). But q2 ≡ ±1
(mod 5), and if q2 ≡ −1 (mod 5), then 0 ≡ q2 − q + 1 ≡ −q (mod 5),
a contradiction. Thus q2 ≡ 1 (mod 5), so 0 ≡ −q + 2 (mod 5). Hence
q2 ≡ 4 (mod 5), which we already excluded. Consequently if q2 − q + 1
divides 10a, it divides a itself. As pa > a this is impossible. Thus CĜ(R)
contains an element x of order s. The final contradiction can now be
derived — see [10] for the necessary details. �

Theorem 8.2.3 The GQ W(3, q) does not admit a solvable Singer group.

Proof. Suppose G is a solvable Singer group of W(3, q). Let G̃, Ĝ be
defined as in the previous theorem. Let r be a Z-prime for q4 − 1, so r
divides q2 + 1. Then, by Corollary 3.4.5 there exists a group R ≤ Ĝ of
order r such that R ∩ Z(GL4(q)) = 1. Suppose r does not divide the
order of F(Ĝ), so R∩F(Ĝ) = 1. Then R acts non-trivially on F(Ĝ) and
so we can find a subgroup N of F(Ĝ) minimal with respect to being
normalized but not centralized by R. Since |R| = r > 4 we see that N
is an extra-special group of order p2a+1, where pa = dim(V ) = 4 and
r − 1 = pa. Hence N is extra-special of order 32 and r = 5. Notice
that by the even order of N , q is forced to be odd. If there were some
other odd prime r dividing q2+1 besides 5, then a group R of that order
must centralize F(Ĝ) and so be contained in it and centralize the extra-
special N . But that would force N to be cyclic, a contradiction. Thus,
q2 + 1 = 2a5b. Now if b > 1, Sylow’s theorem would give us a group R2,
of order 25 acting on F(Ĝ). If it acted faithfully, one would again obtain
an elementary abelian or extra-special group faithfully supporting the
action of R2, and this would force dim(V ) ≥ 5 · 4 = 20, an absurdity.
Thus 5 divides q2 + 1 to the first power only, and so q2 + 1 = 2a · 5.
Now q2 ≡ 1 (mod 8) as q is odd, and so q2 + 1 ≡ 2 (mod 8), forcing
q2 + 1 = 2 · 5, and hence q = 3, Q = W(3, 3) and r = 5. So we have
already produced a subgroup of order 5 · 32 of Ĝ and hence a subgroup
of order at least 5 · 32/2 = 80 of G, an absurdity as W(3, 3) contains
only 40 points.

Thus in all cases R can be taken to be in the center of an r-Sylow
subgroup of F(Ĝ) and hence must be the unique subgroup of order r
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in F(Ĝ). Hence R is a characteristic subgroup of Ĝ and so is normal in
G̃. Moreover, its centralizer Ĉ := CĜ(R) is a normal cyclic subgroup of
Ĝ whose index in Ĝ divides 4 (= dim(V )).

Let q = pa, p prime. Then G̃/Ĝ is cyclic of order d, where d divides a.
Also G̃/(G̃ ∩ Z(ΓL(V ))) ∼= G and so has order (q + 1)(q2 + 1). Then
clearly

[
G̃ : Ĝ ∩ Z(GL(V ))

]
is a multiple of (q + 1)(q2 + 1).

We wish to produce an element x of CĜ(R) whose order divides q + 1
and which acts with an irreducible submodule of dimension 2. Let q be
even. If no element of order a prime divisor of q + 1 occurs in Ĉ, q + 1

is prime to |Ĉ|, so that q + 1 divides
∣∣∣G̃/Ĉ

∣∣∣ = 2e · d, with e ∈ {0, 1, 2}.
As r2 is odd it divides d. Since d divides a we have that q + 1 = 2a + 1
divides a, which is impossible.

Now suppose q is odd. If CĜ(R)/(Ĝ ∩ Z(GL(V ))) has even order, then
CĜ(R) contains an element x of order a power of 2, and, because it
centralizes R, it acts homogeneously on V . If the 〈x〉-modules were
1-dimensional, x would lie in Z(GL(V ))∩ Ĝ. Thus the 〈x〉-modules are
2-dimensional (for x2 is a scalar matrix). Similarly, if r2 is an odd prime
divisor of q + 1 and |CĜ(R)|, we may obtain an element x of CĜ(R)
acting with irreducible modules of dimension 2, as we were trying to
prove.

Thus we may assume that any prime dividing q + 1 is not a divisor of
|CĜ(R)/(Z(GL(V ))∩ Ĝ)|. Thus q +1 divides

[
G̃ : CĜ(R)

]
, which yields

that pa + 1 divides 4d. Thus pa + 1 divides 4a, forcing pa = q = 3. Then
G̃ = Ĝ and r = 5. So

∣∣∣CĜ(R)/(Ĝ ∩ Z(GL(V )))
∣∣∣ ∈ {5, 10}. If it were

10, then we find an element x as desired by the argument above; if it
were 5, then

[
Ĝ : Ĉ

]
would be strictly bigger than 4, a contradiction as

G̃ = Ĝ. Thus in all cases, there is an element x in Ĉ whose irreducible
modules have dimension 2, all of which are pairwise isomorphic.

We set R = 〈y〉. Let K be the field obtained when all n-th roots of unity
have been adjoined to Fq. Further, let f ∗ be the symplectic form on
W := V ⊗K defined by the same 4× 4 Grammian matrix over Fq used
to define f . Then f ∗ is a K-bilinear symplectic form on W . Now there
exists an eigenbasis u1, u2, u3, u4 for the element xy of order o(x).o(y)
(recall that o(x) divides q +1, and o(y) is an odd divisor of q2 +1, so the
orders are relatively prime). The eigenvalues must be conjugate. Thus,
if ux

1 = θu1 and uy
1 = ωu1, we see that θ, θq = θ−1 are the eigenvalues



8.2. SOLVABLE SINGER GROUPS 53

of x, and that ω, ωq, ωq2
= ω−1, ωq3

= ω−q, are the eigenvalues of y.
Hence x → diag(θ, θq, θ, θq) and y → diag(ω, ωq, ωq2

, ωq3
), with respect

to the above eigenbasis. Now f ∗(u1, u2) = f ∗(uy
1, u

y
2) = ω.ωqf ∗(u1, u2).

So if f ∗(u1, u2) were non-zero, one would have ωq+1 = 1, which is
false. Similarly, if f ∗(u1, u4) 6= 0, we deduce that ω1+q3

= 1 = 1q =
ωq+q4

= ωq+1, a contradiction. If f ∗(u1, u3) were non-zero, we would see
f ∗(u1, u3) = f ∗(ux

1 , u
x
3) = θ.θf ∗(u1, u3), so θ2 = 1 and in fact θ = 1 or−1,

contradicting the fact that x acts irreducibly on a 2-dimensional space.
Thus f ∗(u1, u2) = f ∗(u1, u3) = f ∗(u1, u4) = 0. So u1 is in the radical.
But f ∗ is non-degenerate since its Grammian matrix has independent
rows. This contradiction completes the proof. �

Theorem 8.2.4 The GQ Q(5, q), q > 2, does not admit a solvable Singer
group.

Proof. Define the normal series Z̃(= G̃ ∩ Z(GL(V ))) ≤ Ĝ ≤ G̃ as in
the previous theorems. Thus G̃/Z̃ ∼= G, the proposed Singer group.
Moreover,

[
G̃ : Ĝ

]
= d which divides a, where q = pa, and p is the char-

acteristic of the 6-dimensional space V admitting the quadratic form
which defines Q(5, q). Thus |G| = (q + 1)(q3 + 1).

By Lemma 3.4.8, there exists primes dividing q2− q +1 that are distinct
from 3. By Corollary 3.4.5, Ĝ contains an element of order r for each
such prime r. Choose such a prime r and an element y of order r in Ĝ.
Since r is a Z-prime for q6 − 1, y must act irreducibly on V , and must
preserve the quadratic form1 on V . Now set R = 〈y〉. As before, since
dim(V ) = 6, Lemma 3.4.2 can be exploited to show that R is in the
center of the Fitting group F(Ĝ) of Ĝ. Furthermore R is a characteristic
subgroup of Ĝ, being the only subgroup of its order to be found. Let Ĉ
denote the centralizer CĜ(R) of R in Ĝ. Now conjugation by elements
of Ĝ induces an automorphism of R that permutes the roots (in some
larger field) of the minimal polynomial of degree six, with which y acts.
As a result, Ĝ/Ĉ has order dividing 6 = dim(V ), so

[
G̃ : Ĉ

]
divides 6a.

The group G has order divisible by (q + 1)2. Let ue(u), e(u) ≥ 1, be the
highest power of the prime u that divides q + 1. Suppose, for some
integer m, 1 ≤ m ≤ e(u), that ue(u)+m divides the order of Ĉ/Z̃. Then
there are three cases:

1The proportionality class of the form has cardinality dividing q−1 and so is prime
to r.
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• u 6= 2 and Ĉ contains an element x of order ue(u)+m and 〈x〉 ∩ Z̃ is
the identity group;

• u = 2, e(2) > 1, q ≡ 3 (mod 4), and Ĉ contains an element x of
order 2e(2)+m+1 and 〈x〉∩Z̃ ∼= Z2 acts on V as scalar multiplication
by ±1;

• u = 2, e(2) = 1, q ≡ 1 (mod 4), and Ĉ contains an element x
of order 2k+m+1, where 2k ≥ 4 is the highest power of 2 dividing
q− 1. Here 〈x〉 ∩ Z̃ ∼= Z2k acts as a group of scalar multiplications
on V .

In all cases x acts homogeneously on V with irreducible modules of
dimension dividing 2um. Thus 2um divides 6. This forces um = 3. Since
(q + 1)2 divides

[
G̃ : Z(GL(V ))

]
, we see that (q + 1)/3 must divide[

G̃ : Ĉ
]
. Thus

pa + 1 = q + 1 divides 18a. (8.1)

The solutions to the inequality pa < 18a are

pa = 3, 5, 7, 32, 52, 11, 13, 17, 33 and all powers of 2 dividing 26.

By hypothesis pa = 2 is excluded. When the exponent a is odd, we
must have q ≡ 1 (mod 4) or q even. This requirement excludes q =
3, 7, 11, 33. We also see that if q = 13, 32 or 52, then q + 1 cannot divide
18 or 18 · 2, so Equation (8.1) fails. For q an even power of 2, q + 1 is
not divisible by 3 and so the full value of q + 1 divides

[
G̃ : Ĉ

]
, and so

divides 6a. But 22 + 1 = 5, 24 + 1 = 17 and 26 + 1 = 5 · 13 do not divide
6 ·2, 6 ·4 or 6 ·6, respectively. Also 25 +1 = 33 does not divide 18 ·5 = 90
and 27 + 1 = 3 · 43 does not divide 18 · 7 = 126. Thus Equation (8.1)
fails for all powers of 2 except q = 23.

Thus the only cases that remain are q = 5, 8 and 17.

We consider the case q = 17 first. Here |G| = 22 · 35 · 7 · 13. Choose
the Z-prime r = 7. We find as above a normal subgroup R of Ĉ of
order 7. Let x be any non-identity element of R. Then the number of
conjugates of x in Ĝ equals the index

[
Ĝ : Ĉ

]
. On the other hand, as

R is normal, x has at most 6 conjugates. It follows that 34 must divide
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|CĜ(R)|. However, as 32 is the highest power of 3 dividing q + 1 = 18,
Corollary 3.4.7 would force 9 to divide dim(V ) = 6, an absurdity.

Now assume q = 8. Here |G| = 35 · 19. Clearly 19 is the Z-prime and we
find a normal Sylow subgroup R of this order. As

[
G̃ : Ĝ

]
∈ {1, 3} and[

Ĝ : Ĉ
]
∈ {1, 2, 3, 6}, we see that

[
G̃ : Ĉ

]
≤ 18. Hence 33 divides the

order of Ĉ. As on the other hand 34 cannot divide the order of Ĉ we
find that Ĉ has index 3 in Ĝ, and that Ĝ has index 3 in G̃. Since Ĉ is a
characteristic subgroup of Ĝ, it is normal in G̃. Let Z be the kernel of
the action of G̃ on Q(5, 8). Then |Z| ∈ {1, 7}. We have a normal series

Ĉ/Z ≤ Ĝ/Z ≤ G,

where Ĉ/Z is a cyclic group of order 33 · 19 which is normal in G. Now
the elements of G \ (Ĉ/Z) act as automorphisms of order 3 or 9 on
Ĉ/Z. Hence they act trivially on the unique cyclic subgroup C27 of Ĉ/Z
of order 27. We conclude that C27 is in the center of G. This contradicts
Lemma 3.2.1.

For the case q = 5, we refer to [10]. �

8.3 Non-solvable Singer groups

We consider the two cases in which G is a non-solvable Singer group of
(i) W(3, q), q odd, and (ii) of Q(5, q), q odd. Both GQs are represented
by a non-degenerate bilinear form (V, f) over Fq, one symplectic in
dimension 4, the other symmetric in dimension 6. The Singer group G
is induced by a group G̃ of semilinear transformations which preserve
the proportionality class of f ; thus for every element g ∈ G̃ there exists
a field automorphism σ(g) and scalar γ(g) such that

f(ug, vg) = γ(g) · [f(u, v)]σ(g),

for all vector pairs (u, v) ∈ V × V . This group contains a normal sub-
group Ĝ of linear transformations of V which preserve the proportion-
ality class of the form f , and the factor group G̃/Ĝ is a subgroup of the
Galois group Gal(Fq), which is a cyclic group of order a where q = pa,
for a prime p. Finally, we let Ĝ0 be the group of isometries of (V, f)
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— transformations of V which preserve the form f . We thus have a
normal series

Ĝ0 ≤ Ĝ ≤ G̃.

Lemma 8.3.1 Suppose G is a Singer group of (i) W(3, q) or (ii) Q(5, q),
q odd, in each case. We suppose G is non-solvable and let Ê := E(G̃)
be the layer of G̃ — the product (in G) of the subnormal quasisimple
subgroups of G̃. Since Ê is a perfect group, and G̃/Ĝ0 is metacyclic, we
must have Ê = E(Ĝ0).

We let r be a prime which is an odd divisor of q2 + 1 in Case (i), or is a
prime distinct from 3 dividing q2 − q + 1 in Case (ii). Then a full r-Sylow
subgroup of Ĝ lies in Ê.

As a consequence, Ê is itself a quasisimple subgroup. Moreover, E :=
Ê/(Ê ∩ Z(Ĝ)) has an order divisible by the following numbers:

Case (a) (q2 + 1)/2c, where c is the greatest common divisor of q2 + 1 and
|G̃/Ĝ|, a divisor of a where q = pa;

Case (b) (q2−q+1)/ce, where c is the greatest common divisor of (q2−q+1)/e
and |G̃/Ĝ|, and e = 3 or 1 according as q ≡ −1 (mod 3) or not.

Proof. Let r be a prime chosen as in the second paragraph of the state-
ment of the lemma. We first notice that Ĝ contains an element of this
order. This follows from Corollary 3.4.5.

Now let R0 be a subgroup of Ĝ of order r. We claim that we can choose
R0 in Ê. So suppose, by way of contradiction, that this is false. The
arithmetic conditions on r show that in both cases (i) and (ii), R0 acts
irreducibly on V . Thus the centralizer in Ĝ of R0 is a cyclic group
Ĉ. Since dim(V ) = 4 or 6, Lemma 3.4.2 forces R0 to centralize every
subgroup of order prime to r that it normalizes. The same dimension
restrictions show that the number of quasisimple components in Ê is
1, 2 or 3. But r is odd and cannot be 3 in either case. Thus each qua-
sisimple component of Ê is normalized by R0. From this situation one
proves that dim(V ) is prime, a contradiction (see [10] for details).

It now follows that R0 ⊆ Ê1. All other quasisimple components of Ê
would then centralize R0 and so would be cyclic and hence not qua-
sisimple. Thus Ê1 = Ê.
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Now let R00 be the full r-Sylow subgroup of Ê ∩ Ĉ, and let R be the
full r-Sylow subgroup of Ĉ. Note that R00 is an r-Sylow subgroup of
Ê and that R is an r-Sylow subgroup of Ĝ. Now Ê is a perfect group.
Thus the cyclic r-Sylow R00 of Ê is acted on non-trivially by an element
x in its normalizer in Ê, for otherwise the Burnside Transfer Theorem
(Theorem 2.2.1) would provide a non-trivial abelian factor of Ê. In fact
[x, R00] = R00 for the same reason.

We claim that R = R00 — that is, the full r-Sylow of Ĝ lies in Ê. Now
R lies in Ĉ which is cyclic, and normalizes N := NÊ(R00), as well as
C := Ĉ ∩ Ê. Thus R acts on the section N/C which has order dividing
r − 1 (the r′ part of the automorphism group of R00). It follows that
the action of this r-group is trivial. This means that if y is a generator
of R, then x−1yx = yc where c ∈ Ĉ and so commutes with y. Since
the order of the element on the left hand side of this last equation is a
power of r, c must have order an r-power and so must lie in R00 since
the latter is the unique r-Sylow subgroup of Ê ∩ Ĉ. Thus [x, y] ∈ R and
so x normalizes R. Now, since x has order prime to r, and centralizes
the section R/R00, we see that R = R00 × CR(x). As R is cyclic, the
equality R = R00 × CR(x) forces CR(x) = 1, namely R = R00.

We now see that except for the powers of r which might divide the
exponent a, all the rest of the r-part of G must divide the order of Ê.
Noting in passing that 4 cannot divide q2 + 1 and that 9 cannot divide
q2 − q + 1, we see that except for the divisors 2, 3 and the divisors of
these polynomials that can divide the group index b = [G̃ : Ĝ], which
divides a, all other divisors of these polynomials divide |Ê|. This proves
the lemma. �

Theorem 8.3.2 The generalized quadrangles W(3, q) and Q(5, q), for q
odd, do not admit a non-solvable Singer group.

Proof. We continue with the same notation as before: (V, f) is the sup-
porting form, the Singer group G is induced by the group of semilinear
transformations G̃; Ĝ is its subgroup of linear transformations preserv-
ing the proportionality class of f so that the factor group G̃/Ĝ is cyclic
of order b, a subgroup of the Galois group of order a, where q = pa.

The previous lemma imposes the following arithmetic constraint on the
order of the layer Ê. If r is a Z-prime for q4−1 or q6−1 in the respective
Cases (i) and (ii) above, then an r-Sylow subgroup of Ĝ lies in Ê. Since
the index

[
G̃ : Ĝ

]
divides the exponent a, we must have:
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(q2 + 1)/2 divides
∣∣∣Ê∣∣∣ · a (Case (i))

(q2 − q + 1)/e divides
∣∣∣Ê∣∣∣ · a (Case (ii))

where, in Case (ii), e = 3 or 1 according as q is congruent to −1 mod 3
or not.

Now suppose Ê contained an involution t that was not in the center
Z(GL(V )). Since q is odd, t acts with eigenvalues ±1. In Case (i), t
must stabilize an isotropic 1-space of V , while not being a scalar trans-
formation — i.e. while inducing a non-trivial action on the W(3, q).
That contradicts the regularity of G. In Case (ii), t stabilizes every 1-
space in each of its two eigenspaces, neither of which is trivial (as t
is non-central) and one of which has vector space dimension at least
three. Then t must stabilize a singular 1-space in the larger eigenspace.
That again contradicts the regularity of G.

Thus we must conclude that every involution in Ê lies in the center. But
since Ê acts irreducibly (it contains R0 of the previous lemma) a central
involution acts homogeneously — that is, it is scalar multiplication by
−1. It is thus clear that Ê contains just one involution t. It follows that
a 2-Sylow subgroup of Ê is a generalized quaternion group2, and so the
simple central factor E of Ê has a dihedral 2-Sylow subgroup. We now
invoke the theorem of Gorenstein and Walter [14] (see Theorem 2.2.3)
to conclude that E is PSL2(k), for k odd, or A7, and that a central
extension of it possesses a coprime representation of degree dim V = 4
or 6. The possible central extensions are

SL2(k), 2 ·A6 = 2 ·PSL2(9), 6 ·A6 = 6 ·PSL2(9),

2 ·A7 and 6 ·A7.

Case (i): Here the degree of the representation of Ê is 4, so we can
ignore the 6 · A6 and 6 · A7 where the minimal degrees are 6. The
group SL2(k) contains a Frobenius group of order k(k − 1)/2 whose
representation has degree (k − 1)/2 which must be bounded by 4, so
k ≤ 9.

2This 2-Sylow subgroup cannot be cyclic since the perfect group Ê possesses a
normal 2-complement.
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Now by the previous lemma, elements of Ĝ of odd prime order r, where
r divides (q2 + 1)/2, lie in Ê and act irreducibly on V , while elements
of SL2(k) of order dividing k − 1 do not act irreducibly on V . Thus
such an r divides the odd part of k(k + 1). Assembling such prime
power elements in Ĝ we conclude that (q2 + 1)/2c divides the odd part
of k(k + 1). So we have

p2a + 1 divides k(k + 1)odd · 2a, (8.2)

where the symbol nodd always denotes the odd part of the integer n.

Now k 6= 3, for then Ê would be solvable. So we have just k = 5, 7 and
9, where the rightmost factor in (8.2) is 30a, 14a and 90a, respectively.

If k = 5, the prime p cannot be 2, or 5, and so p = 3 or p ≥ 7. We leave
the case p = 3 as an exercise, but it can also be found in [10]. If a > 1,
then q = pa ≥ 7a > 24a, and so we have

(24a)2 + 1 < 72a + 1 ≤ p2a + 1 ≤ 30a.

Comparing the extremes provides an immediate contradiction. Thus
we have a = 1, and so p2 + 1 divides 30, where p is at least 7. This is
clearly impossible.

Using (2) and noting that p cannot divide |E|, the cases k = 7, 9 are
excluded analogously.

If Ê = 2·A6, respectively Ê = 2·A7, then p2a+1 divides 90a, respectively
630a. In the first case the prime p is at least 7, in the second case at least
11, unless, in both cases, p = 3 and a = 1. (For the latter case, see [10].)
One obtains an impossibility as before.

Case (ii): Here the cases 2 ·A6 and 2 ·A7 are impossible as these have
smallest degrees 4 and 8, respectively 4 and 14. First we handle the
case that Ê is SL2(k), k odd. This time (k − 1)/2 ≤ 6 so k ≤ 13. We
must have

q2 − q + 1 divides k(k + 1)oddae, (8.3)

where e = 3 if q ≡ −1 mod 3, and is 1, otherwise. As usual q = pa. With
k ≤ 13, all numbers on the right end of (8.3) are bounded by 273a. We
have p ≥ 5 which must be coprime to |Ê|. If a > 1, then 5a > 12a. So
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(12a− 1)2 < (5a − 1)2 ≤ (pa − 1)2 ≤ p2a − pa + 1 < 273a.

The extremes of this chain of inequalities yield a contradiction, unless
a = 2. But in that case p4 − p2 + 1 > 546, with p ≥ 5, which yields
a contradiction. So we must assume a = 1 in all cases. In the cases
k = 13, 11, 9, 7 and 5, the factor on the right hand side of (8.3) now
assumes the respective values 91e, 33e, 45e, 7e, and 15e. Since e is one
or three, none of the latter numbers is divisible by 49 − 7 + 1 = 43,
81−9+1 = 73, 121−11+1 = 111, 169−13+1 = 157, or 125−5+1 = 121.
Thus q ≥ 17 and now q2 − q + 1 surpasses the over-all limit of 273.

This leaves the case that Ê = 6 ·A6 or 6 ·A7. In the first case Ê would
be a {2, 3, 5}-group, and there is no prime r for which an element Ê of
that prime order could act irreducibly on the 6-dimensional space V . In
the second case we find as before that a = 1. Hence p2 − p + 1 divides
945e. One checks that it is impossible to find a prime p ≥ 11 satisfying
this condition.

This completes the proof. �

As a conclusion of this section we have obtained

Theorem 8.3.3 If Q is a finite thick classical GQ admitting a Singer
group, then Q ∼= Q(5, 2). �

Combining the above theorem and the results of Chapter 7 gives us the
conclusion of the main theorem of [10].

Theorem 8.3.4 Let Q be a known finite thick GQ, and suppose that Q
admits a Singer group. Then Q is a Payne-derived GQ. �



Chapter 9

Nilpotent Singer Groups

From the moment one knows that one is dealing with a Payne-derived
quadrangle admitting a nilpotent Singer group of class 2, as when (C)
is satisfied, it is possible to say much more about the group. We first
need a lemma.

9.1 A lemma

Lemma 9.1.1 Let G be a nilpotent group of class 2, and let a, b, c ∈ G.

(i) For any natural number m, we have that [am, b] = [a, b]m.

(ii) For any natural number m, we have that

(acb)m = amcmbm[b, a]m(m−1)/2[c, a]m(m−1)/2[b, c]m(m−1)/2.

Proof. The first part is easy. The second part follows by (i) and induc-
tion. �

9.2 Two theorems

Theorem 9.2.1 Let Q = P(S, (∞)) be a Payne-derived quadrangle of
order (s−1, s+1) admitting a nilpotent Singer group G of class 2. Suppose
furthermore that G is induced by an elation group of S w.r.t. (∞).
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(i) If |G| is odd, G is special of exponent p, p being the prime dividing
|G|.

(ii) If |G| is even, G is elementary abelian.

Proof. By [12], s is the power of some prime p. We keep using the
same notation if we consider G as an automorphism group of S. Also,
remark that the hyperbolic lines on (∞) induce a spread of symmetry
of Q for which the associated group is contained in G. Note that we
can construct a projective plane π of order s from it, as follows:

• the point set is (∞)⊥;

• the line set is the set of spans {q, r}⊥⊥, where q and r are different
points of (∞)⊥ \ {(∞)}, and

• incidence is the natural one.

Then the dual πD of π defines a translation plane with line at infinity
(∞)D, on which G induces the translation group. So if C is the group
of (s) symmetries about (∞), G/C is an elementary abelian p-group.
Whence, if J is the Kantor family corresponding to (S(∞), G) and A ∈
J ,

AC/C ∼= A

is elementary abelian. Also, [G, G] clearly acts trivially on the plane,
and so is contained in C. Since Z(G)∩ [G, G] 6= {1}, there is some non-
trivial element of Z(G) fixing the spread of symmetry of Q induced by
the hyperbolic lines on (∞) linewise, so each element of Z(G) has this
property. Whence

Z(G) ≤ C.

Let A, B, D be distinct elements of J . Then for any 1 6= z ∈ Z(G) ≤ C,
we can find a, b, d respectively in A, B, D, such that

azb = d.

Note that d is non-trivial here. By Lemma 9.1.1,
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(azb)p = zp = dp = 1.

So Z(G) is elementary abelian, and [G, G] also is. Now doing the same
trick on any element of C, we find that C is elementary abelian. The
theorem then follows from [28]. �

This can be reformulated in terms of skew translation generalized quad-
rangles:

Theorem 9.2.2 Let S be an STGQ of order s with a nilpotent elation
group G of class 2.

(i) If |G| is odd, G is special of exponent p, p being the prime dividing
|G|.

(ii) If |G| is even, G is elementary abelian, hence S is a TGQ. �
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