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Abstract

The asymptotic behavior (as € — 0) of eigenvalues and eigenfunctions of a boundary-
value problem for the Laplace operator in a thick cascade junction with concentrated
masses is studied. This cascade junction consists of the junction’s body and a great
number 5N = O(e7!) of e—alternating thin rods belonging to two classes. One class
consists of rods of finite length and the second one consists of rods of small length of
order O(g). The density of the junction is of order O(¢~) on the rods from the second
class and O(1) outside of them. There exist five qualitatively different cases in the
asymptotic behavior of eigenvibrations as € — 0, namely the case of “light” concentrated
masses (a € (0,1)), “middle” concentrated masses (a = 1), “slightly heavy” concentrated
masses (a € (1,2)), “intermediate heavy” concentrated masses (o = 2), and “very heavy”
concentrated masses (o > 2).

In the paper we study the influence of the concentrated masses on the asymptotic
behavior of the eigen-magnitudes if o € (1,2).

Mathematical Subject Classification: 35B27, 35B25, 47A75, T4K30
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1 Introduction

In present paper we continue our investigation of a spectral problem with concentrated masses
in a new kind of thick junctions, namely thick cascade junctions, which we have begun in [1, 2].

Figure 1: Skin with hairs of two classes.

Thick cascade junctions are prototypes of widely used nanotechnological, microtechnical,
modern engineering constructions (microstrip radiator, ferrite-filled rod radiator), as well as
many physical and biological systems with very distinct characteristic scales, for instance



construction of a bowel with different levels of absorption on various parts of the bowel trunks,
structure of an animal’s fell consisting of hair and undercoat (down hair) with different thermal
conductivities (see Figure 1).

Vibration systems with a concentration of masses on a small set of diameter O(e) have
been studied for a long time. It was experimentally established that such concentration leads
to the big reduction of the main frequency and to the big localization of vibrations. The new
impulse in this research was given by E. Sdnchez-Palencia in the paper [3], in which the effect of
local vibrations was mathematically described. After this paper, many articles appeared. The
reader can find widely presented bibliography on spectral problems with concentrated masses
and problems in thick junctions in [1, 2].

In the present paper the case of “slightly heavy” concentrated masses is considered, for
which we discover a new spatial-skin effect for eigenvibrations of thick cascade junctions.

1.1 Statement of the problem

Let a, by, by, hi, ho be positive numbers such that

1 hy hy hy hy 1  he
O<b1<b2<§, 0<b1—3, b1+?<b2—?, 62+?<§ E

These inequalities mean that the intervals

hl hl hl hl 1—h2 1—|—h2
<b1_?7b1+?)7 <b2—3,b2+?)7 < 5 5 )7

h h h h
(l_bQ_Ela]-_bQ_'_El)) (1_b1_?171_bl+?1>

are not intersected and they belong to (0,1). Let us divide the segment [0,a] into N equal
segments [e7,e(j + 1)], j = 0,...,N — 1. Here N is a big positive integer, hence the value
e = a/N is a small discrete parameter.

Figure 2: The thick cascade junction ).
A model thick cascade junction €. (see Fig. 2) consists of the junction’s body

Q={recR*: 0<2;<a, 0<zy<~y(z)},
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where v € C*([0,a]), mingey =: v >0, and a large number of thin rods

h
G§1)(dk,€):{$€R2 [z1 — e (j +di)| < %, $2€(—5l1,0]}> k=1....4,

1 h
§)|< %, {L‘QE(—ZQ,O]}, 7=0,1,...,N —1,

where d; = by, dy = by, d3=1—by, dy =1 —b;, thatis Q. = QUG UG?, where

- UUes). ao-Uoro

G§2)(5) = {a: €R?: |z, —c(j+

Thus the number of the thin rods is equal to 5/V; the thin rods are divided into two classes Ggl)
and G subject to their length and thickness. The length and thickness of the rods from the
first class are equal to €ly and eh, respectively, and these magnitudes are equal to I, and ehsy for
the rods from the second class. In addition, the thin rods from each classes are e-periodically
alternated along the segment Iy = {z : z; € [0,a], x5 = 0}.

Only vibrations of Q. depending on time by the factor exp(—iv/A t) will be considered.
Hence we have to investigate the corresponding spectral problem

—A, u(e,x) = Ae) pe(2)ule, x), x € ()
—0,u(e,x) = 0, zerPur®u I.; (1.1)
u(e,z) = 0, x ey '
[u]leo = | I2u]|12:0 =0, x1 € Q..

Here 0, = 0/0v is the outward normal derivative; the brackets denote the jump of the enclosed

quantities; T is the union of the lateral sides and the lower bases of the rods from the i—th
class, i =1,2; I'y ={z: 23 =7(x1), 1 € [0,a]}; T'. =00\ (Tgl) uT? UT4); the density

w11l we QUG
pe 7Y x € Gg-l);

the parameter a € R (if @ > 0, then concentrated masses are presented on the thin rods from
the first class Ggl)); Q. =0 uo?, Q" =c¥n {x:2y=0}, i=1,2.
Obviously, that for each fixed value of € there is a sequence of elgenvalues

0<Me)<XE)<...<\E) <~ =400 (as n— o0) (1.2)

of problem (1.1). The corresponding eigenfunctions {u,(e,-) : n € N}, which belong to H.,
can be orthonormalized as follows

(U, um)LQ(QOUGg)) + & “(un, um)LQ(Ggl)) = 0pm, {n, m}eN. (1.3)

Here and below 6, ,, is the Kronecker delta, H. is the Sobolev space {u € HY(Q) :ulp, =0
in sense of the trace} with the scalar product

(u, )3, = / Vu-Vodr Y u,veH..
Qe
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Our aim is to study the asymptotic behavior of the eigenvalues {\,(¢) : n € N} and the
eigenfunctions {u,(e,-) : n € N} as ¢ — 0, i.e., when the number of the attached thin rods
from each class infinitely increases and their thickness decreases to zero.

It should be noted that the limit process is accompanied by the concentrated masses on
the rods from the first class. In fact, we have two kinds of perturbations for problem (1.1):
the domain perturbation and the density perturbation. We are going to study the influence of
both these factors on the asymptotic behavior of the eigenvalues and eigenfunctions as well.

1.2 The outline of results

We establish five qualitatively different cases in the asymptotic behavior of eigenvalues and
eigenfunctions of problem (1.1) as ¢ — 0, namely the case of “light” concentrated masses
(a € (0,1)), “middle” concentrated masses (o = 1), “slightly heavy” concentrated masses
(o € (1,2)), “intermediate heavy” concentrated masses (aw = 2), and “very heavy” concentrated
masses (« > 2). In the present paper we consider the cases o € (1,2).

In [1, 2] we studied the cases of “light” and “middle” concentrated masses. In these cases
the perturbation of domain plays the leading role in the asymptotic behavior.

If o € (0,1), then the spectrum of the homogenized problem coincides with the spectrum
of the problem in domain without concentrated masses (see for instance the papers by T.A.
Mel'nyk and S.A. Nazarov [4, 5, 6], where it was discovered a remarkable peculiarity in the
geometric structure of the spectrum (the presence of lacunas)). The concentrated masses
bring the influence only from the second term of the asymptotic expansion, in particular the
asymptotic ansatz for an eigenvalue is as follows

>\(€) ~ )\0 -+ 8176!)\1_0[ + 5)\1 + 527a)\2_a + ... (14)

The concentrated masses are revealed in the corresponding homogenized spectral problem
in the case @ = 1. This influence appears through the term 4h;l; A vy (z1,0) with the spectral
parameter )y in the jump of the derivatives in the joint zone, i.e.

@CZUJ(xl, O) — hg(‘?@vo_(xl, O) = —4h1l1)\0 ’Ua_(l‘l, O), X1 € (0, CL). (15)

This term shows also the influence of the geometrical structure of the thin rectangles from the
first class on the asymptotics. In this case the asymptotic ansatz for an eigenvalue has the
form

>\(€) ~ )\0 + 5)\1 + ... (16)

It turned out that we cannot directly substitute o =1 in (1.4) to obtain ansatz (1.6).

In [1, 2] we proved the Hausdorff, low- and high-frequency convergences of the spectrum of
problem (1.1) to the spectrum of the corresponding homogenized problem as e — 0, in both
cases o € (0,1) and a = 1. Also we deduced the corresponding asymptotic estimates both for
the eigenfunctions and eigenvalues. In addition, as in paper [7], we discovered pseudovibrations
for problem (1.1), having quickly oscillating character, and in which different rods of the
junction vibrate individually, i.e. each rod has its own frequency.

Here we consider the case o € (1,2). In this case the concentrated masses begin to play the
leading role in the asymptotic behavior of the eigenvalues and the eigenfunctions. The principal
differences between this and previous cases are the following: all eigenvalues {\, ()} converge



to zero with the rate ¢!

the following:

as € tends to zero and the asymptotic ansatz for an eigenvalue is

Me) m e A+ N1+ ..o (1.7)

the amplitude of the corresponding cigenvibrations is of order @(¢“z") (sce Lemma 2.1) and
these vibrations have a new type of the skin effect which we call spatial-skin effect. It means
that the vibrations of thin rods from the second class repeat the shape of the vibrations of the
joint zone (see Figure 3).

Figure 3: The initial and homogenized eigenvibrations with spatial-skin effect.

As far as we know, for the first time the skin effect for systems with many concentrated
masses was discovered in [8] (we discuss this paper in more detail in Conclusions).

The structure of the present paper is the following. In Section 2 we construct the leading
terms of the asymptotics both for eigenfunctions and eigenvalues. It should be noted that
the asymptotics for an eigenfunction consists of three parts, namely the outer asymptotic
expansion in the junction’s body, the outer asymptotic expansions in each thin rectangles from
the second class and the inner asymptotic expansion in the joint zone of the body and thin
rectangles of both classes. Then in Subsection 2.3, using the method of matching of asymptotic
expansions (see [9]), we derive the corresponding homogenized spectral problem and correctors
for the eigenfunctions. In Subsection 2.4 we find residuals of the approximations of eigen-
elements and estimate them. Sections 3 is devoted to the justification of the asymptotics.
In Conclusions we discuss several generalizations and applications of results obtained in this

paper.

2 Construction of the asymptotics

2.1 Asymptotic Estimates for the Eigenvalues and Eigenfunctions

Using the approach of Lemma 1 from the paper [10], we prove the following lemma.
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Lemma 2.1. For any fized n € N there exist constants Cy, Cy and ey such that for all value
of € from the interval (0,eq) the following estimates hold

0 < M\(g) < Cpe®t, (2.1)

lunllz, < CLe™ . (2.2)

In addition, there is a positive constant co (depending neither on & nor n) such that for all
n €N and e
0<coe™ ' < M\y(e). (2.3)

Proof. Let £n(<$1, e <$n) be the n-dimensional subspace of H., which is spanned on n linearly
independent functions

or(x), x € Q

b = k=1,...
o { ou(21,0), zeGPUGY, " e
where ¢1, ..., ¢, are eigenfunctions of the following Steklov spectral problem
Aaz ¢($> = O; x € QO
0, p(x) = 0, x € Iy,
¢($) = O, x € Fl,
amz¢(xl70> = _u¢(m170)7 YANS (0,&),

which are orthonormalized in Lo (1p).
By virtue of the minimax principle for eigenvalues, we have

. fQ |Vol? dz : fQ [Vo|? da
An(€) = min  max D — - <e®min max —F————
E€E, veE\{0} ngz)’U dr +¢ ng)v dx E€E, veE\{0} fcgl)v dx
l Op, (21, 0)? doy + i [, v?(21,0) da
< €% max 2f[0| (@ 0) 21 s flo (#1,0) doy (2.4)
0#veLy €l1 fQél) v (%1,0) dl‘l

[, v*(21,0) day
< ey eo max To )
- Hn ©2 0AveLny fQ(l) ’02(1‘1, O) dﬂfl

Here E, is a set of all subspaces of H. with dimension n, Q" = G N {5 = 0}.
Now let us prove that for € small enough the following inequality holds

i, v*(@1,0) dry

max < ¢3.
0F#veLn fQ(l) v?(z1,0) dry — ’

Assuming the contrary, we can find a subsequence {¢,,} of the sequence {¢} and a sequence
{ve,.} € L, such that |Jv.,, ||r,z) = 1 and

lim [ v2 (21,0)dz; = 0. (2.5)

em—0
(1)

&€m



Since the subspace L, is finite and the sequence {v.,, } is bounded in H*(£)), we can regard
that {v., } converges in H'() to some element vy € H*(Qo) N Ly, ||voll£,(1) = 1. Then

lim / Ugm (21,0)dx; = lim0 Xow (x1) U?m(xl,()) dxy = 4hy /vo(xl,O) dr, = 4hq,

em—0 Em—>
(1) 1o Io

&m

but this is a contradiction to (2.5). Here x oW is the characteristic function of the set QL.

Thus the estimate (2.1) holds.
Then, it follows from (1.1), (1.3) and (2.1) that

lun(e, I3, = Aale) < Cre®™
Using the approach from the paper [11] (see also [12]), it is easy to prove the following
Friedrichs-type inequality:
g? / v? dr < C’g/|Vv|2dw Vv e H.. (2.6)
al

Due to the normalization condition (1.3) we have lim e* ! [Le ui(e, z)dz = 0. Taking into
e—> e

account this limit and (2.6), we deduce the following;:

(e} > A Jo IVo[* dz
n(é—f) B 1(8) B ver’g{n\li(]} fG(z) vidx +e @ f & v2dx
Jo, IVv[* dz

> min
veM {0} gL [ @ v2de 4 e~ 1fG v2dx

L fo IVui( 5,:c)|2dx et
2 5_1fG§1> u2(e,z)2dx = 0 ’

where ¢y depends neither on € nor n. The lemma is proved. O]

Remark 2.1. Here and what it follows all constants in inequalities are independent of the
parameter €.

2.2 Formal Asymptotics

Keeping in mind the bounds from Lemma 2.1 for "slightly heavy” concentrated masses we
rescale the eigenvalues and eigenfunctions as follows:

Ae) = MA(e),  ul(e,x) =T v(e, x). (2.7)

)
Under this rescahng the problem (1.1) becomes
(

2 V() = () v(e, ), z € Qo UG
v(&?,I) = e 'A(e) v(e, 2), zeGY;
f%v(e,:v) = 0, zeTPurPur, (2.8)
U<€a ) = 07 S Fl;
\ [U]Ia:2 -0 [awzv]h?:o =0, 1 € Q..



Let us define an operator A, : H. — H. that corresponds to problem (2.8) by the following
equality
(Acu,v)y, = (u,v)), Y u,veH,, (2.9)

where V. is the space L?(€).) with the scalar product

(u,v)y, =" / uvd:v—l—e_l/uvdx.

QouGa?® el

It is easy to see that operator A. is self-adjoint, positive, and compact. In addition, problem
(2.8) is equivalent to the spectral problem A.u = A7!(g)u in H..
Therefore, for each fixed value of ¢ there is a sequence of eigenvalues to problem (2.8)

0<MA(e)<M(e)<...<A(e) < - = 400 as n — 0. (2.10)

The corresponding eigenfunctions {v,(e,:) : n € N} can be orthonormalized in the following
way:
(Vn; Um)y, = Onm, {n, m} € N. (2.11)

Remark 2.2. The asymptotic ansatz both for eigenvalues and eigenfunctions of problem (2.8)
essentially depends on value of the parameter o. For instance, if o € (1, %), then 2a — 2 < 1
and the underlined terms in (2.12)—(2.15) stay between terms of order O(e*~1) and O(e). In
the case o = % we should summarize the respective terms. In addition, the o is nearest to 1,
the more terms are between > '\,_1 and e\;. But the leading two terms for the asymptotic
expansions are the same for a € (1,2). Since we are going to justify only these leading terms,

the asymptotic approximations are constructed in more details for the case o € (%, 2).

Combining the algorithm of constructing asymptotics in thin domains with the methods
of homogenization theory, we seek the main terms of the asymptotics for the eigenvalue A, (¢)
and the eigenfunction v, (e, -) in the form (index n is omitted):

A(e) = Ao+ ot +eM + ™ hpan + .. (2.12)
v(e,z) = vg (z) +e* v (2) + evf (2) + 2 20f, ,(x) +... in domain Q; (2.13)

in the thin rectangle ng) () (j=0,...,N—1)

v(e, x) ~ vy (21, 22, — ) 4+ gy (1, 22,1 — §)+

+ evy (w1, T2, — J) + 7072

and in the junction zone of the body and thin rectangles of both classes (which we call internal



expansion) the series of the following type:

v(e, ) ~ v (21,0) +e* ol 1(381, 0) + evf (z1,0)+

+ 5<Z£ )( 5 (21,0) + X:Z(Z )0, 08 x1,0)> + 220 (21, 0)+

2

+sa(z<0>< Yo (21,0) + XO () 1<x1,o>+sz><§>axiv:_1<x1,o>)+

=1
2
+ 52( Z Z(ﬁ DPyf (21,0) + YZ(O)(f)Uf(xl, 0) + Zﬂ(i)(f)ﬁzivfr(xl, 0)) +...

|B]<2 =1

(2.15)
W d the foll dard ) 0 D? o h

t 1 t t t N . — s = "7, e , ,
e use e following standard notation ; 92 8xf1(91:22 where 3 (81, Ba)

1Bl = B1+ Ba, Bi € Zy.
Denote I'y := 9\ (I'y Uly). Substituting (2.12) and (2.13) in problem (2.8) and collecting
terms with equal order of ¢, we get:

—A, v (z) =0, z€Qy,
auv(—)i_(x)lmérg = 07 Uy (X ( )|I€F1 = 0.

It remains to ensure the continuity of the asymptotic approximations on the interfaces between
the “rectangles” and the “body”. The necessity of the condition vg (x1,0) = vy (z1,0) (z € Ip)
is evident. Another condition appears when one constructs the junction layer. This is a
standard Steklov boundary condition 0,,vg (21,0) = —4hili\ovg (21,0) (z € Ip) and it is
obtained in Subsection 2.3.

Collecting terms of order et

, we have
=D, vi i (2) = Avg (), = € Q,
01 (%)|zer, = 0, vg_ 1 ()|zer, = 0.
The transmission conditions are
Va_1(21,0) = v,_1(21,0), x € Iy,

and
8121)2_1(:151, 0) - hgaxﬂ);_l(i[)l, O) = .Fafl(l'l), x € [0, (216)

where F,_1 is a given function on [ that will be defined in Subsection 2.3.
Collecting terms of order €, we have

A, v () =0, € Q,
al/vf_(x)lxel“z =0, Ui’—(x”a:elﬁ =0.
Next we will find the following boundary condition
8x2vf(x1,0) = ]:1(1‘1), WS ]0, (217)

where Fj is a given function on Iy that will be defined in Subsection 2.3.

10



2.2.1 Formal asymptotics on thin rectangles.
Using Taylor series for functions {v7 } in (2.14) and changing variable z, ~ 71 in a neighbor-

hood of the point z; = £(j + 3) in thin rectangle G;z) (), we get

(e, x) m W (x0,m) + e W (o, m) + eW P (w9, 1)+

) , (2.18)
+e* WY (w9, my) + 6“WC€J)($2,771) +...,
where .
Wéj)(xg,m) =v) (e(j + %),1'2,771 — j), v €{0,a — 1}, (2.19)
: . . : v, : .
WD (o, m) = v (e( + %), 220m — §) + (m — 5 — 3) ﬁll (e(i+ 1), ma,m —5)  (2:20)

if v € {1,200 — 2, a}.
Substituting (2.12) and (2.18) in the problem (2.8) instead of A, (¢) and v, (¢, -) respectively,
collecting terms with equal powers of €, we obtain the following boundary-value problems

{ 8731771 (I27771) = 07 T € (1 o 1—;}12)7 (2 21)
a"?lW’Y <x27 %) = 07
for vy € {0,a — 1,1,2a — 2, a},
{ 8731771W ])(.%'2,771) = a§2x2Wa§j—)2(9€2>771)a T € (1 hy 1+2h2)7 (2 22)
amwvj)<372a lihQ) — 0,
for v € {2,3}, and
a731771 a+1<x2’n1) = 8%2322 ) (annl) +)‘0W0 (5527771)> m € (1 h27 1+2h2)7 (2 23)
oy Waj-gl( 1i2h2) = 0. .
. : 0
Here the variable z, is regarded as a parameter, 0,, = e
m

From (2.21) we deduce that solutions W(]) v €40, — 1,1,2a — 2,a}, are independent
of n1. Moreover, we deduce from the solvability conditions for problems (2.22) that Wé] ) and
Wl(] ) are independent of x in addition. Taking into account these facts and relations (2.19)
and (2.20), we get that WO(]) =, (¢(j +3)) and

vy

W =0 (G 3)m = 3) + (=5 =) 5.k (G + ) = @G+ 3), (2.24)

where the value ®; will be defined in subsection 2.3.
The solvability condition for problem (2.23) give us the following equation

hy 02

Tox2 a 1

(z1,22) + Moho vy (1) =0, 3 € (=2, 0), 21 =£(j + 3). (2.25)

Since we seek for smooth functions {v } and the points {z; =¢(j+3):j=0,...,N -1}
form the e-net in the interval (0,a), then differential equation (2.25) defined on N segments
can be extended to the rectangle Dy = (0,a) X (—I5,0).

Bearing in mind the boundary conditions of the original problem at xy = —I5, we should
add the following condition 0,,v, (1, —l2) = 0 to equation (2.25).

11



2.2.2 Junction-layer solutions
Let us pass to the “fast” variables n = T in (2.8). Under this transformation as ¢ — 0 the
€
domain § transforms to {n: n; > 0, i = 1,2}, the thin rectangle G(()Z) (¢) to the semistrip
1 hy 1 he
T =(--2-42) x(~00,0
(2 505 T 2) (=00, 0]

and rectangle G((]l)<dk7 e) to the fixed rectangle

h h
I, = (dk - Elydk + ?1) X (—ll,O].

Taking into account the periodic structure of ). in a neighborhood of I, we take the following
cell of periodicity
=1 ulltul,

in which we will consider boundary-value problems for coefficients Z, X, Y from (2.15). Here
I+ = (0,1) x (0, +00), I, := J,_, I (see Fig.4).

}72 A

ELLIE L

Figure 4: The cell of periodicity.
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Note that for the transmission zone we have

lev(e,x)zeo(ﬁmv;(asl, )[1+8 Z(l)} + 0, 2 (a1, 0) + 0, 20, +(:E1,O)>+
et (0,200 (0,0) + 0, X0 01,0+

00,0y (w1, 0) |1+ 8, X ]+a XP0,,07 1(1:1,()))—1—

(2.26)
+€(Z§O)(/’7) xl) + ZZ ;1:13; (.Z'l,O)"‘
+ 3 0,2 () D% (1, 0) + a0 (21,00 |1+ 0, V5| +
1<2
0,10 (00,0) + 0,100 (21,0) ) + O )
and
Agv(e, )~ et <AnZ Do (21,0) + ZA Z9 +($1,0))+
(A ZO) +(I’1,0) +A Xg)) I 1(!L‘1,0)+
+ZAX ), U7 (x1,0)>+
(2.27)

a:lzvl

(02 +(21,0) [1 + zamz{l] +20,, 200, v (21,0)+

+20, 2702 08 (21,0) + > A Z57 () DPu (21,0)+

18]<2

+ A, Y(O) (21,0 —i—ZA Y n) 0y, v7 (1, )) + 0.

Keeping in mind (2.26) and (2.27), substltutmg the series (2.15) and (2.12) in the problem
(2.8) and collecting terms with equal powers of &, we get problems for Zz9 xP v i=0,1,2,
Z and Zéﬁ ), |8 < 2. Obviously, these solutions have to be 1-periodic in 7;. Therefore we
will demand the following periodic conditions

878112(077]2> :afjlz<]-7n2)7 N2 > 07 820717
9y Y (0,m2) =05 Y(1,m2), m>0, s=0,1, (2.28)
8;1X(07 772) = arsle“-v 772)7 N2 > 07 s = 07 ]-7
on the vertical sides of semistrip II*. In addition, it is easy to see that all these solutions must
satisfy the Neumann conditions

8,,,22(771,0) = 0, (7]1,0) € 81_,[, 0, Z(T]l, —l1> = 0 (771, —ll) S 8H,
8772Y(7”]1, O) = O, (771, O) € 8H, 8772Y(771, —ll) = O, (771, —ll) € 81_[, (229)
aUQX(nh 0) =Y (7717 O) € 81—17 0 X(nla =l ) 07 (7717 _ll) € 8H,
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on the horizontal parts of the boundary of II.

Denote by OlI the vertical part of JII laying in {n: n, < 0}.

Thus for Zfi), 1=0,1,2, Z&O), Xg), 1=0,1,2, and Zéﬁ), |B| < 2, we have the following
problems (to all those problems we must add the respective conditions (2.28) and (2.29)):

0 0, elItull-,
-4, Zf)(n) = { 7

>\07 n S Hln (230)
onZ(n) = 0, n € Oll;
0,70 = —b6u,  nedly, i=12
0, nelltUll~
N, ZO0m) = T )
K <T’) )\01717 77 c Hl17 (232)
0,2 (m) = 0, n € Oll;
0 nelltull™
NGO { : ,
0 %) M+ Mz (), neTl,, (2.33)
0, 23" () = 0, n € Ollj;
_A ZS’O)(W) 20y, Zfz)(n% X nelltuUll,
! 2&712{ )<77) + )‘021( )(77)7 n € Hln (234)
o250 () = -2 (n), n € Oll;
0 nelltull™
_A Z(071) prd { ’ )
0 2= 0, me,, (2.35)
0,1
577122( ‘) = o, n € OlIl;
_An Z§072) (77) = 07 /)7 S H7 (2 36)
8,78 (n) = 0 Tl ; '
sy (n) = 0, ne I3
a771Z2 7 (77> = _Zl (77)7 n e aHHa
A, 20 = 1420, 470). mell (238)
OnZy '(n) = —Zy°(n), n € O1lj.

Also it should be noted that X" = YQ(k) = ka), k=0,1,2.

The existence and the main asymptotic relations for the functions {Z{i)}, {Zé’g )} can be
obtained from general results about the asymptotic behavior of solutions to elliptic problems in
domains with different exits to infinity [13, 14, 15, 16]. The proofs are substantially simplified if
the polynomial property of the corresponding quasilinear forms is employed [17]. However, if a
domain, where we consider a boundary-value problem, has some symmetry, then we can define
more exactly the asymptotic relations and detect other properties of junction-layer solutions
(see Lemma 4.1 and Corollary 4.1 from [18]). Using this approach, one can prove the following
lemma.

14



Lemma 2.2. There exist solutions Zf) Hiyep, (1), i =0,1,2, of the problems (2.30), (2.31),
zy) € H}

loc.y (I1) of the problem (2.32) and Z(ﬁ) e H.,., (1), |B] <2 of the problems (2.33),

loc,n2

(2.34), (2. 35) (2.36), (2.37), (2.38), which have the following differentiable asymptotics

O(exp(—2m1p)), 12 7 00,
(0)
Z0°(n) = § 4hyl N -
2 e+ O + Oexp(mhy '), m2 — —oo,
2
O(exp(—2m12)), 2 77 00,
200 < (2.40)
(0% 4h l )\af N
% 2+ C + O(exp(mhy '), 12 = —ox,
2
1 O(exp(—2mn2)), T2 = 00,
7" (n) = 1 : 2
(=m+35) + Olexp(rhs'm)), m — —oc,
> 2+ O(exp(—2m1)), 2 = 00,
20 = B (2.42)
+ C? + O(exp(hy 'np)), 1 = o0,
O(exp(—2mn2)), 12 = oo,
Ahy A + -
L TROO 4 00 4+ O(exp(mhy 'na)), ma — —o0,
O(exp(—2m12)), 12 77 oo
25" () = § 4, z A
1
1t1A0 T 2) n 051,0) + O(exp(ﬂ'hQ_InQ))v Ty — —00,
O(exp(—2715)), oS,
(01)/ \ _
Zy () = Ao szl ZfQ)(n)dﬁ (0,1) —1
h 2+ Cy ' + Olexp(mhy ")), 12 = =00,
2
0.2) 12 + O(exp(—2mn)), 2 = +00,
Zy' (77) = -1
h2 2+ O + O(exp(hy '), 12 — —o0,
O(exp(—2m12)), 12 7o,
S 1 (2.44)
(it 5) + O + Olexp(ahy me)). 1 — —oc,
2
1
=575 + Olexp(=27112)), T = +00,
780 () = 120) (2.0 )
h m + C% + O(exp(mhy 1)), 12 — —o00,
2

15



where
10,00 = Ao / 20 (n)dn,

ITH

o) =2 / 0, 20 () dy + / (140, 20()) dn.
I+

Hl1UH7

(2.46)

Moreover functions Zfl), Zg(l’o), Zél’l) are odd in 1y with respect to %; functions Zl(o), Z&O), ZfQ),

Zéo’o), Zéo’l), ZéO’Q) and ZéQ’O) are even in 1y with respect to %

For the proof we refer to our previous paper [2].

2.3 Homogenized problem and correctors

We have formally constructed the leading terms of the asymptotic expansions (2.13), (2.14),
(2.15) in three different parts of the junction §2.. Now we apply the method of matching of
asymptotic expansions to complete the constructions. Following this method (see, for instance
[9]), the asymptotics of the external expansions (2.13) and (2.14) as zo — £0 have to coincide
with the corresponding asymptotics of the internal expansion (2.15) as 7y — $00 respectively.

Writing down the Taylor series for v, v} | and v with respect to x3 in a neighborhood

of the point (x1,0), where z; € (0,a), and passing to the variables 7, = e~ 'x5, we derive
v(e, ) = v (21,0) +e* ol (21,0) + 8(7]281211;(331, 0) + vy (1, O)>—|—
+ 2720, o(1,0) + €72 O, v (1, 0)+ (2.47)

1
&2 (5TB02,0,07 (@1,0) + 120y (21,0) ) + Vi (e, o)

where 957 (e, 12) = O(max(e®n3, £2* ') as vy = eny — +0. Bearing in mind the asymptotics
of the functions Zl(k), X0, Yz(k) (k=0,1,2), z0. ZQ(B) (18] < 2), as pg — 400 (see (2.39)—
(2.45)), we write down the asymptotics

'U(Ev l’) = U;(xla 0) + ga_lvi—l(xh O) + €<Uf(x1, O) + 7726902,0[—)’_(1‘17 0)> + 52a_2U;_a_2(x1’ 0)+
1
+ €420, 071 (21,0) + €2 (7723%2@“3(951, 0) — §U§a§1zlv§($1> 0) + 720,01 (21, 0)) +
+ 793;)(57 772)7
(2.48)
where 9 (¢,12) = O(max(e*n3,>* 1)) as 7, — +00. Thus, the leading terms in (2.47) and
(2.48) coincide till order O(e®).
To match (2.14) and (2.15) we write down (2.14) as xo — —0 in fast variables:

v(e, ) = vy (z1) + 8(1_12);71(131, 0)+

te ( B (1) T (), 07 (1, o>) N, 0)4
N (2.49)
+ 5a (7728$2Uo_¢1(x17 0) + T(nl)axlvo_ﬁl(xla 0)) + 19flium(57 772)7
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where 9%, (g,1m2) = O(max(en3, e 'ny)) as xy = eny — —0 and keeping in mind the
asymptotics of the functions Z{k), Xék), Y(k (k=0,1,2), Zéo), Z(B (18] < 2), as pg = —0o0
we rewrite (2.15) as 7o — —oo in the form

v(e, ) = v (21,0) + et (21,0) + evf (21,0) +
——

+€(T(?71)8961U6r(x17 ) 22 a:tzvo (xla >+C (9 <$1,0)+
2 vV

A

“Ahyl\
+ 221 0772115{(3;1, )+C’ vy (21,0) >+62azv§ra_2(x1,0)+
4+ e <T(n1)azlv$1(x1, 0) + (ZZ +Cf )azgv;,l(xl, 0)+

4hily A 4hily A
+ (#m + Oéo))vér(mho) T ( = + dO))U;l(xl’O) i
s ha

9 <(4h1l1>\1 + 14(0,0)
€
ho

s+ O oif (21,0)+

2
+ (20 7+ O )i 00,0) + (AOIH;L—Z()%7 + 057 ) 0.5 (@1.0)
(T4 O 02,0 o0, 0) - (3T () + O30 )0y, 00+
+ (Z—Z +0 >8§2x2 T (x1,0) + 4h}ll21)\0772 v (21,0) + C v (21,0)+
L0000 (01,0) + 22 0 (04,0) + O 0,07 (01,0 ) + 0172

(2.50)
where 977 (e,m2) = O(max(e®n3, e ') as ny — —oo, T(m) = —m + 2 + [m] and [n] is
the entire part of the number 7, the constants ji(0) and fi(2,0) are defined in (2.46).

Equating the corresponding coefficients in (2.49) and (2.50) at ® and =1, we get v (71,0) =
vy (z1) and v} (z1,0) = v,_,(x1,0). The same procedure at ' brings us the following rela-
tions:

ale)a_(flfl, 0) + 4h1[1)\0 U(—)’_(Zﬂl, O) =0 (251)

for the over-braced terms, and
Oy (21) = vf (21,0) + CP 0,07 (21,0) + C Vv (1,0) (2.52)

for the under-braced terms. Moreover, taking (2.24) into account, we have

o (21, 8) = @1 (z1) + T(L) Opyvg (21,0), 7€ GP. (2.53)
Thus, for
v (.Z') _ UJ(JZ), S QO?
’ - U()_<ml) = 'U(—)‘_(ﬁlv())a YIS D2 = (0,(1,) X (_1270)7
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and the number \g we have the problem

A, vg(x) = 0, z €
d, vy (r) = 0, z €Dy,
vy (r) = 0, x eIy, (2.54)
83521}8_(?[71, O) = —4h1l1/\0 U;(I’l, O), T € (0, a),

which called homogenized spectral problem for problem (2.8).

Recall that the number ) is called an eigenvalue of problem (2.54) if there exists a function
vo € Ho == {u € H(Q) : ulr, = 0}, vo # 0, which is called an eigenfunction corresponding
to Ag, such that the following integral identity holds :

<U07 S0>H0 = )\0 (7(-],007 7(-JS0>V0 v 2 € H07 (255)

where (v, @), = fQo Vg - Vi dz is the scalar product in Hy; the space Vj is the space Lo(lp)
with the following scalar product

(Tovo, Tow)v, = 4hily (Tovo, Tow) L2(1o);

and 7q : Ho — V) is the trace operator.

Let Ay = Too Ty : Vo — Vo, where 7" is the conjugate operator to 7. It is easy to verify
(see for instance [19]) that Ay is self-adjoint, positive, compact, and the spectral problem (2.54)
is equivalent to the spectral problem

1
AO (761}0) = A_O 761}0 in V(]. (256)

Thus, the eigenvalues of problem (2.54) form the sequence
()<)\(()1)<)\82)§...§)\(()n)§-~—>+oo as n — 00 (2.57)

with the classical convention of repeated eigenvalues. The respective sequence of the corre-
sponding eigenfunctions {vy"™ : n € N} can be orthonormalized as follows

4h1l1 /va“"(xl, O) va“m(xl, 0) dl’l = 5n,m7 {n, m} e N. (258)

Iy

Next, let A\g be an eigenvalue of problem (2.54), vy is the corresponding eigenfunction
normalized by (2.58).

Then we convince that the following leading terms of the asymptotic expansions (2.13),
(2.14) and (2.15) are matched, if functions F,_; and F; from (2.16) and (2.17) are equal

respectively
Fo1(xy) = 4hilhi vt (21,0) + 4hilhidg1vg (21,0), 21 € I,
and

Fi(@1) = = 12,0 02,0, 0 (21, 0) — 05,4, v5 (1, 0)—

1,1 T2T2

— )\0 / Z{Q)(T]) dn(()mva“(xl, O) — <4h1l1/\1 + ,lL(D,o))US_(ZL‘l, 0), xr1 € ]0

1L,
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and the conditions (2.16) and (2.17) hold true.
Therefore, for
+
 ovg 4 (x), e Q,
Va1 (¥) = { v, 1(z), x € Dy,

and \,_; we derive the following boundary-value problem:

(2.59)

+
Va—1

( —A, vl (z) = Movg (2), z € Qo,
Oy va_1(x) =0, w €Ty vl () =0, wely,
— Va1 (T1,22) = Xo vg (21,0),  x € Dy,
Oy Vg_1(T1,—12) = 0, 71 € (0,a),
)

=, 4(x1,0), x € Iy,

6@1):[_1(%, 0) — h28x21};_1(1‘1, 0) = — 4h1l1 (AO v;“_l(xl, 0)+

+ Aa—1 7 (x1,0)>, x € I.

\

Now, solving the ordinary differential equation in Dy with regard the first transmission condi-
tion and the corresponding boundary condition, we find that

Vo1 (71, 02) = —/\0( T3 + l2x2> vy (21,0) + vl (21,0).
and hence, the problem (2.59) can be rewritten as follows:
a-1(7) = Aovg (7), z € (o,
0

x € Dy; vl (x) =0, zeTy,
(2.60)

L
(V]

<
e+
—
—~
]
=
o
S~—

|

= — 4h1l1>\0 Uill(xlu O)—
— 4h111)\a,1 U(J{(xl, O) — hglg)\o Uar(l’l, 0), T € [0.

It is easy to see that the solution to problem (2.60) is not uniquely defined. We should choose
the number \,_; to satisfy the solvability condition for the problem (2.60). Writing down
the integral identity (2.55) for problem (2.54) with the test-function v} | and the respective
integral identity of problem (2.60) with the test-function vy , then subtracting them and bearing
in mind (2.58) and (2.62), we get

_ /\ +\2
Ag_1 = 4h1l1 (hglz + /(UO) d:B) (2.61)

Qo

For the uniqueness of the solution we demand the following orthogonality condition:

/v;rl(xl, 0) vg (z1,0) dry = 0. (2.62)

Io
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Keeping in mind (2.53), for v;” and \; we get the following boundary-value problem

(A, v (2) =0, z € Qo,
d, vi(z) =0, zeTlyy v (x) =0, =zely,

8z2vfr(x1, 0) = — 4h1l1)\0 Ui’_([)ﬁl, 0) ,u(2 0)8 U(T(l’l, ) @2 ([L’l, 0)—

11 x2$2

— X / Z§2) (n) dn Oy,vg (x1,0) — <4h1l1)\1 + M(0,0)> vy (21,0), =z € Iy,

\ I,

(2.63)
Also for this problem the solution is not uniquely defined. We act as in the previous problem.
Taking into account the normalization condition (2.58) and the orthogonality condition

/vf(ml,O) vy (21,0) dzy = 0,

Iy

we get

1
N oy
I

I

o / 20 dn [ 4 0 dos oo ). (200

L, Iy

where 10,0y and fi20) are defined in (2.46).

2.4 Asymptotic approximations

Let Ao be an eigenvalue of problem (2.54), v is the corresponding eigenfunction, i.e., vy = vy
in Q, where v is the corresponding eigenfunction to problem (2.54), and vy = vg (z1,0) in
D,. Then we can deﬁne Aa— n and A, with the help of (2.61) and (2.64) respectively, and the
unique solutions v ; and v{" to problems (2.60) and (2.63) respectively.

Using the method of matching of asymptotic expansions for the leading terms of (2.13),
(2.14) and (2.15), we construct the following approximation function

(g () + e oy () + evi (2) + xola2) NI (21, D), z € Qo;
vy (21,0) + e ol (21,0) + evf (21,0) + Ny (21, D), ze G,

c )aw1v(—)|—(xlvo))+
), x € Gf),

vy (21,0) + e Mgy (2) + (P (1) + T(2
(Tt €aT(%)8x1U;_1($) + XO(:EQ) 2, s(xh f

where g is a smooth cut-off function such that xo(z2) = 1 for |zs| < 79/2, and xo(z2) = 0 for
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|za] > 710 (10 < min{p,l2} (see subsection 1.1));
2 B
N (1) = < (Zf” 1) (22, 0) + 3 (20 () — bme) Do (o, o>) "

2
+8°“<Z£°)(77)vo+(x1=0)+Xé°)(n)vi_1(fc170)+Z(X§f)(n)— i,zng)ax,-v;_1<x1,0>>, (2.66)

+ & (Zén)(n)vo*(afl,o) + X (vt (21,0 +ZX“ 1(x1,0)) (2.67)
and

N2;<a:1,n>=e((2§”<n>—T(m))amv;(xl,ow(Z£2><n> = O 0wy (1,04

4hili A
+ (200 - T2 - )i (e0)) ¢

4hqyly Ao — 4hily A
e ((Zéo)(n) = o (0, 0) + (XO() = T ol (e, 00+

(XD 0) = Tm) ey (0,0) + (X () = 32 )il 1<x1,o>). (2.68)

Due to (2.52) it is easy to verify that R.|;,—0+ = Re|sy—0_ on Q, i.e. R. € H(Q;Ty).
Also using (2.51) and second transmision condition in (2.59) and (2.60), one can verify that

Oy Re|ay—o4 = Opy Re|py—o— + €04,07 (21,0) on QW (2.69)
Oy Relzym0+ = Ouy Reluymo— + €050 (21,0) + 2T ()02, vy _1(21,0) on QY. (2.70)

2.4.1 Discrepancies in the equation of problem (2.8)

Substituting R, and Ao +&> '\,_1 +¢eA; in the differential equation of problem (2.8) instead of
v(e,-) and A(e) respectively and calculating discrepancies with regard problems (2.30)—(2.38)
and (2.54), (2.59) and (2.60), we get

in domain € :

ApRe(z) + e (Mg + €% gy + A1) Re(x) =
=P F (2) + %7 (Mo 4+ e Aot + M) xo(2) N (21, £)+
+ e X0 (x2) (0N (21, 1)) | + Oy (X0 (w2) N (21, 2)) +

+ e xo(22) (82, N (21, 1)) | + Xo0(22) 0y, (02, N (21, 1)) ‘n:w/e)’ (2.71)

n=x/e

n=x/e
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where
‘F; = )\o’l};r_l + )\afl’l)ar + c"z‘(}\oé,ﬂ}iF + )\1Ua+_1> + 5270[()\1/06r + )\ovf) + 8(171)\&711}:{_1 + 5370[)\11);;
in G§”

AR-(z) + e (Ao + e hact + eM) Re() = 27107, vl 1 (21,0) + €02, vf (21,0)+

+ Fr () + e Ao+ €% Aamt +eX)N (21, )+
_1 (8;771-/\/’1_,6(3317 77)) ‘n:x/s + aa;l ((8x1N1_,a(ZE17 77)) ‘77:1'/8)7 (2.72)

where

"T_-l_,a(wl) = )‘1@8_(‘%17 0) + )\01)1’_(1'1, 0) + 52(1_3)‘04*10:;—1(1‘17 O>+
+eMv] (21,0) + 2 Nae1v] (21, 0) + Avl(21,0));

and in Gg)

ApRo(z) + e (Ao + e Aast + €M) Re(w) = T ()3, L vt (2)+
+ €0, (00, @1 (1) + T ()03 4, v (21, 0)) + €20y, (T(2)5, 4,051 (2)) +
+ 27N (e Nact + M) Re(@) + Ao (Re(2) — v (21,0)) +
+ e X0 (w2) (Bn N5 (21,1 )‘n:x/g + Oy (X0 (22) NG, (1, 2)) +

+ 8_IXO(x?) (agmy/\/;,s(xl’ 77)) | + Xo(l’g)@xl ((8381-/\/’2_,5 (xh 77)) ‘n:gc/g)' (273)

n=x/e

2.4.2 Discrepancies on the boundary

It easy to checked that R. = 0 on I'y and 9,R. = 0 on the whole boundary 0. \ I';, except
its vertical parts, on which

Oy Re() = xo(22) (0, N (1, 1)) }n:z/a (2.74)
on the vertical parts of 9,
Oy Re() = 0,01 (21,0) + (DN (2, m) |, . (2.75)
on the vertical parts of G, and
Oy, Re() =€ (0, @1 (1) + T(2)05,,,v5 (21, 0)) + e (T(2);,5,va-1(2)) -

+ X0<$2) (aﬂﬁlNQ_,s(xlv 77)) ‘

n=z/e

on the vertical parts of oGP
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2.4.3 Discrepancies in the integral identity

Multiplying (2.71)-(2.73) with arbitrary function ¢ € H., integrating by parts and taking
(2.69), (2.70), (2.74)-(2.76) into account, we deduce

— /V;ERS Ve dr 4+ (Ao + €% Aast +eN) / R. ¢ dx+
Qe QUG
e (Mo e Aass 42N / Robde = G.(0), (2.77)
a

where the linear functional ¢, is defined as follows

V) = 5/8x2vf(x1, 0) ¥(x1,0) dx + %N / T(2) (22 + l2) 0y, vg (21,0) ¢ da+
a®
g2~ 2/F+wdzx+ea "o+ Aac 1+5A1)/X0(:c2)/\/+(x1, 2) ¢ da+
Qo
+ / F;€($1) ¢d1‘ + 8_1 ()\0 + €a_1)\a_1 + E)\l) / ./\/’1_76(1‘1, f) w dl‘+
al o
ex” 1/ 2 Ve (21, )wdx—s/amvl x1,0) 0y, dx
a® o
— [ (i) + TR (01,0) D — e [ T 0 (0) 0
& a®
+ 72 (Nas1 +77%N) / R-pdr 4"\ / (R. — v (21,0)) ¥ da—+
G<(52) G§2)
— / / T
+et / Xo(2) (O Ne(21,m)) Iy 0 dac — / Xo(w2) N (71, g) Oz, dx+
QUG Qoua?
4+ et / XO(xQ)(ﬁzlmN (21, ))|n:§wdx— / Xo(:pg)(ﬁxl/\/;(xl,n))|n:§ o da+
QouG? QouG?
+ / <8§1771N1_,a(x17 77)) |77=f w d.T - / (81‘1'/\/‘1_,5('%17 77)) |77=§ $177D d.l? (278)
Ggl) Ggl)
Here NV, coincides with N on Qg and with A, on G

Let us estimate |(-()|. It is easy to see that the integrals in the first and second lines of
(2.78) are of order O(e). Obviously also, that

Ea—l

1
/ 3x1?1;r—1(£€1,0) 8g;lw dr| < ga—luaxlvz_l(l'l,O)HLQ(GS))HwHLQ(GS)) <30,

el
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Similarly, 5’/(1>8x1vf(x1,0) O, dx‘ < £2Ch][t)||3.. Due to (2.6)
G:

Fi(z) Y dr

< eCsl[a]]3. -
alV

Remark 2.3. Recall that according to Remark 2.2 the parameter o is from the interval (g, 2).

The same estimate holds if « = 3. If a € (1,2), then /( )ffa(xl) Ydr| < e 2Cs)|9||a.
a7

The main term in the second integral from the third line of (2.78) can be estimated with
the help of (2.6) by the following way

M| [ 20) i (01,0) ] < s%clum\/ /
al i)

2
< ac*Qkum\/ | 120 dn < Calll.. (279
I,

2

2,(2)| da <

According to Remark 2.3 one can verify that all integrals from the fifth and sixth lines of
(2.78) are of order O(e) as well.

Due to the asymptotic relations in (2.39)-(2.45) as 1o — 400, the terms in the seventh line
of (2.78) are exponentially small.

Thanks to Lemma 3.1 ([6]) the integrals in the eighth line of (2.78) are of order O(g!~°),
where ¢ is arbitrary positive number.

The first integral in the last line of (2.78) can be estimated similarly as in (2.79). As a
result it is of order O(e!). Obviously, that the last integral in (2.78) is of order O(2).

Thus, we have

()] < e(8) e [[¢ 1. (2.80)

With the help of operator A, : H. — H. defined in (2.9) we deduce from (2.77) and (2.80)
the following inequality

| R — (Mo +e* a1 +eM)AR, |5, < c(8)e' 2, (2.81)

where ¢ is arbitrary positive number.

3 Justification of the asymptotics

To justify the asymptotic approximations constructed above, we use the scheme proposed in
[19] for investigation of the asymptotic behavior of the eigenvalues and eigenvectors of an
family of abstract operators {A. : H. — H.}.~( in the limit passage as ¢ — 0. This scheme
generalizes procedure of justification of the asymptotic behavior of eigenvalues and eigenvectors
of boundary value problems in perturbed domains that was proposed in [20].

In our case this is the family of operators {A. : H. +— H.}eso defined in (2.9). Recall that
the operator A. corresponds to problem (2.8).

For thick junctions there exist no extension operators that would be bounded uniformly in
e in the Sobolev space H' (see [6]). But as was shown in [6], for eigenfunctions of spectral
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problems in thick junctions it was possible to construct special extensions that are bounded on
each eigenfunction. A such extension operator was constructed for eigenfunctions of problem
(1.1) in the case when the parameter o € (0, 1] in our papers [1, 2]. Repeating word for word
the proof of Theorem 4.1 (see [1, 2]), we get the following result.

Theorem 3.1. There exists an extension operator P. : H. — HY(Q,Ty) such that for any
eigenfunction v, (e, -) normalized by (2.11) there exist positive constants C,, and €, such that
for all values of the parameter € from the interval (0,e,) the following estimates hold:

| Peva(e, ) [lm@ry < Cn |l vales ) [l £ G, (3.1)

where ) is the interior of the union Qg U Ds.

3.1 Condition D; — D5

For the convenience of readers we write here the conditions of the scheme from paper [19],
which are modified under problems (2.8) and (2.54).

Let N (i,Ao) denote the proper subspace corresponding to the eigenvalue i of operator
Ay defined in (2.56) and let {(v,(e,), An(€)) : € > 0} denote the sequence whose components

are the eigenfunction v, (||v,||y. = 1) and the corresponding characteristic number of operator
A..

Condition D;. There exists a linear operator S, : Ho — H. such that
1Sculls. < erllullag,  Yu € Ho,
where the constant ¢; is independent of ¢ and .

Condition D5. There exists a linear operator P, : H. — H, such that

VneN Je>0 Jeg >0 Vee (0,e0) 0 ||Pevn(e, )|lme < c2llunle, )]

He -

Condition Dj3. For an arbitrary sequence {(vn(g, ), An(€)) : € > 0} and any subsequence {£}
of {e} such that Pov,(¢’,-) — 12 weakly in H, one has

al,lg%) (UTL(E ) ) SE (p)?—[ o ( ) (20) V(,D S HO'

Condition Dy. If for certain functions w®,v® € H, one has P.w® — w” and P.v® — °
weakly in Hy as € — 0, then

lim (w®,v%),, = (Tow", Tov )O

e—0

If v € Hg, then P.(S.v) — v weakly in Hy as € — 0.

Condition Dg. There exists a number o, > 0 such that for any ﬁ € o(Ap) there exists a
linear operator R. : N ( ,Ag) — H. such that for every eigenfunction v € N (i,AO),
normalized by |7ov|y, = 1, we have

Rov=8S.0+0() inV. and |[[R.v|p. =c, +O(e);
in addition, there exist constants cs, €9, fta—1, i1 such that for all e € (0,¢p)

IR0 — (4 €% a1 + en) A-(Rov) [ < cze™.
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To clarify these conditions, we use the following diagram

H. —£+%

r] s

7‘[0 i) VO

where operator J. : H. — V. is the identical imbedding operator, operator 7q : Ho — V is the
trace operator (see (2.55)). Conditions D; and Dy are some connection conditions between
spaces H. and H, that defined in subsection 1.1 and 2.3 respectively. If conditions D3 and
D, are satisfied, then it means that spectral problem (2.54) is the homogenized problem for
problem (2.8). Condition D5 means that it is possible to construct asymptotic approximations
near points of the spectrum of operator Aj.

Now let us verify conditions D; — Dy for our problems (2.8) and (2.54). The operator
S. : Ho — H. assigns to each function v € Hy its bounded extension Ev to H'(£2,T) and
then restricts Ev to {1, i.e., S = (Ev)|q.. Clearly, S. is uniformly bounded with respect to .
Thus condition D5 is satisfied.

The operator P, : H, — Hy from condition D5 is associated with the restriction of the
extension operator P, from Theorem 3.1 to domain €, i.e. P.v, = (P.v,)|q,-

Let us verify condition Dg. Consider the sequence {v,(g,)}.~o for any fixed index n € N.
Due to Theorem 3.1 there exists some subsequence {¢'} C {e} (again denoted by {e}) such
that P.v, (e, ) — vy weakly in H'(Q,T;) as ¢ — 0. Since

/XM(%) a:CQPE(Un(é,I)) ¢($) dx = _/Xhz(%) PE(UH(gv I)) aﬂﬁgqbdx Ve O(()X)(D2>’

D2 D2

we get
XhQ(%)ﬁmPg(vn(e, x)) = ho 8@02(20) weakly in L2(D2) as € — 0. (3.2)

Here x5,,(m) (m € R) is 1-periodic function that equals 1 on the interval (152, 1£%2) and
vanishing on the rest of the segment [0, 1].

If we consider the corresponding integral identity for problem (2.8) with the following test
function

0, ze€QuUGY
= ’ ’ € C3°(Ds),
o { T(2)o(x),  weG, pearby

where T is defined in (2.50), we get

/th (21/€)04, Pe(vn(e,2)) pde = O(e) as e — 0. (3.3)

Due to the second inequality in (3.1), it is easy to verify that

/ Vun(e,2) - Vop(z)dr -0 as e -0 Ve H(QT). (3.4)

alV
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The corresponding integral identity for problem (2.8) with a test function ¢ € C§°(Ds2)
reads as follows

/ Vu,(e,7) - Vo(z) dx = e* A, (¢) / vn(e, ) P(x) da (3.5)

GEQ) Gg)

for € small enough. Taking into account limits (3.2), (3.3) and the boundedness of A, (g) with
respect to £ (see Lemma 2.1), we deduce from (3.5 that

Do /83521)” Op,0dr =0 VYV ¢ € C;°(Dy),

i.e., 0,00 is some function of z; a.e. in Dy. On the the other hand ,,v?|.,-_;, = 0, because
83021}”( V| zg=—1, = 0. Therefore, v¥(x) = v9(x1,0) for a.e. x € Ds.
Thus, we ascertain that

hn% (vn(e, ), Sgp)

E

= hm /Vun e, x) - Vodr + / V(e ) - V(Ep)| 0 dz+
o

+/th(“%)V(@@Pa(vn(e,x))) V(Ep)|p, dx /Vv -Vodr = (v gp) Y ¢ € Hy,

Do

i.e., condition D3 is satisfied.
Let for certain functions u®, v® € H. one has P.u® — u° and P.v® — v° weakly in H'(Q,T;)
as € — 0. Then

. £ 15 . —1 €.,
ll_I)I(l) (uf,v )Vs = }jl_I)I(l)E / u“v® du. (3.6)
ol

With the help of the inequality

/ (o) — p(21,0))2dz < el / (Oeaol@))?dz ¥ o € HY(GW),

Ggl) Ggl)

we deduce that lim. e~ ! ngn ufv dx = 4hqly ro u®(z1,0) v°(zy,0) dzy. This means that the
first part of condition D4 holds. The second of condition Dy in our case is obvious.

Condition Ds, in fact, has been verified in subsection 2.4, namely the action of the operator
R. in Djy is the construction of the approximating function R, on the basis of an eigenfunc-
tion of the homogenized problem (2.54). Furthermore, the approximating function satisfies
inequality (2.67) that is analog of the corresponding inequality in condition Ds.

3.2 The main results

Thus, all conditions D;—Ds5 of the scheme from [19] are satisfied. Applying this scheme and
taking into account (2.7), we get the following theorems.
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Theorem 3.2. For anyn € N
() = A as e — 0,

where {\,(¢) : n € N} is the ordered sequence (1.2) of eigenvalues of problem (1.1), {)\é")} is
the ordered sequence (2.57) of eigenvalues of the homogenized problem (2.54).
There exists a subsequence of the sequence {e} (again denoted by {c}) such that

VneN 5’%Pgun(5, ) —vg weakly in H'(Q,T1)  as € — 0,

where

o) = vy " (), xz € Q,
0 va“”(xl,[)), x € Dy =1(0,a)x (—ly,0),

{un(e,-) : n € N} is the sequence of eigenfunctions that are orthonormalized with relations
(1.3), {vg'" : n € N} are eigenfunctions of the homogenized problem (2.54) that satisfy the
following orthonormalized conditions

(5", 00")y,, = 4hala / vo "(@1,0) vy " (21,0) 2y = g, mkEN.

Io
Let A\ = = A" be an r—multiple eigenvalue of the homogenized problem (2.54)
and the corresponding eigenfunctions v5" "™, ... v{""™) are orthonormalized in V. Using

formulas (2.61) and (2.64), we successively construct next terms 5“*1)\&”_7) and 6)\§n+i), of

+,n+1 +,n+1

the asymptotic expansion (2.12) and define the unique solutions v, 1" and v; to problems

(2.60) and (2.63) respectively, i = 1,...,r. Denote by

AP () = MG eI e

7

the partial sum of (2.12).
We formulate the following theorem under assumption that all Aﬁ”) (€),... LA (¢) are dif-
ferent and
AV < A () <. < AW (e) (3.7)
for € small enough.
For more general case when {Al(-n) () : i=1,...,r}aresplited into k groups the formulation
is similar as in Theorems 5.4 and 5.6 from our paper [2].

Theorem 3.3. Let inequalities (3.7) are satisfied. Then for any 6 > 0, ¢ € {1,...,r} and ¢
small enough, we have

’51_0)\n+i(€) — (A + €a_1/\(n+i))‘ < Cy(n,8) e,

a—1
and A
a—1 £n+1) 1—6
€’Tuni€,~——.‘ < (Cy(n,d) e °,
H 28 = g e = 0

where Ré"“) is the approximating function constructed by formula (2.65) with the help of so-

. +,n+i _ +,n+i +,n+1i
lutions v, , Uyq - and vy .

Remark 3.1. If o € (1,2), then the estimates in Theorem 3.3 are of order O(e**7?) (see
Remark 2.3 ).
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4 Conclusions and Remarks

In the papers [21, 8] the authors considered vibrations of a domain containing many small
regions of high density of order O(¢~%), periodically situated along the boundary. The main
assumption is that ¢ << n(e), n(e) — 0 as € — 0, where ¢ is the diameter of a concentrated
mass and 7 is the distance between them. In addition the homogeneous Dirichlet conditions are
set on some part of the boundaries of the concentrated masses. Three qualitatively different
cases in the asymptotic behavior of eigen-magnitudes were found: « € (0,2), « = 2 and a > 2.
Only convergence theorems were proved for eigenvalues and eigenfunctions as ¢ — 0. In [8],
under the assumption that a > 2 the authors discovered eigenvibrations located near the
boundary in a such way that the corresponding eigenfunctions, on a microscopic scale, present
a skin effect in the concentrated masses.

In Remark 6 from the paper [21] one can get to know that the results of the paper as well
as the technique can not be applied directly to the problems with concentrated masses situated
near the boundary, if the distance between them is of the same order as the diameter of the
masses.

Using the approach of the present paper it is easy to study the mentioned problems in
the case ¢ = 6n, where 6 € (0,1) is some fixed number. Moreover we can consider spectral
problems with more general settings, for instance, in domains with adjoint masses or with
masses situated near the boundary (see Figure 5, concentrated masses are in black color). For

£ X X X X X X
FTXEELELE iR !

Figure 5: Domains with concentrated masses near the boundary.

these problems there will exist five qualitatively different cases (mentioned in the Introduction)
and the skin-effect occurs for heavy masses starting from o > 1. For such kind of problems we
can construct the asymptotic approximations for eigenelements and prove asymptotic estimates
similar those from Theorem 3.3. Also the asymptotic investigation proposed in the present
paper can be applied to spectral problems with concentrated masses both in 3D-thick cascade
junctions and 3D-domains like in Figure 5.
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