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AN EXTENSION PROBLEM AND TRACE HARDY INEQUALITY
FOR THE SUBLAPLACIAN ON HA-TYPE GROUPS

LUZ RONCAL AND SUNDARAM THANGAVELU

ABSTRACT. In this paper we study the extension problem for the sublaplacian on a H-
type group and use the solutions to prove trace Hardy and Hardy inequalities for fractional
powers of the sublaplacian.

1. INTRODUCTION AND MAIN RESULTS

Ever since Caffarelli and Silvestre [5] studied the extension problem associated to the
Laplacian on R and realised the fractional power (—A)*? as the map taking Dirichlet data
to the Neumann data, there has been a flurry of activities related to the extension problem.
Fractional powers of Laplacians also occur naturally in conformal geometry and scattering
theory. Indeed, as shown in the work of Chang-Gonzdlez [0], the fractional order Paneitz
operators P, arising in the work of Graham and Zworski [16] in conformal geometry coincide
with (—A)? when the conformally compact Einstein manifold is taken to be the hyperbolic
space. In [6], Chang-Gonzalez have also extended the definition of (—A)Y for v € (0,n/2).
The main idea used in [6] is to relate the extension problem for the Laplacian on R" to
the scattering theory for the Laplace—Beltrami operator on the hyperbolic space X = ]RTrl

: : : _ dy’+dlz|? n
endowed with the hyperbolic metric gx = ——F o Y> 0, x € R™

Not very long after the appearance of the work of Chang and Gonzalez, Frank et al [13]
have studied the extension problem associated to the sublaplacian £ on the Heisenberg group
H"™. Due to the fact that CR manifolds serve well as abstract models of real submanifolds of
complex manifolds, there is a vast literature on CR geometry and analysis on CR manifolds.
The role played by R” in the case of conformal geometry is now played by the Heisenberg
group. In this connection it has been observed that conformally invariant fractional powers
of the sublaplacian, denoted by L, are more relevant than the pure fractional powers L?, see
[3,14]. In their work, Frank et al [I3] have studied construction of CR covariant operators of
fractional order on the Heisenberg group H™ and investigated how they may be constructed
as the Dirichlet-to-Neumann operator associated to a degenerate elliptic equation in the
spirit of Caffarelli-Silvestre.
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2 L. RONCAL AND S. THANGAVELU

The extension problem for the sublaplacian on H" takes the form

1—2s
(1.1) (aﬁ+T

0, + inaf —L)U =0 in H" x RT,

with boundary condition U(z,t,0) = f(z,t), (2,t) € H". Note that the extension problem is
different from the usual problem due to the appearance of the extra term i p*0?. When this
extra term is absent, one can study the extension problem using the semigroup approach
developed by Stinga-Torrea [33], see also [I5]. However, if we consider H" as the boundary
of the Siegel’s upper half space €),,1, then the above extension problem occurs naturally.
Using this connection and making use of Fourier analysis on the Heisenberg group H", Frank
et al have shown that for f € C§°(H") there is a unique solution of the above equation which
satisfies

L.f =c,lim p1*288pU.
p—0

They have also proved an interesting trace inequality for the restriction map T" which takes
functions U on 2,1 into their boundary values on H". In establishing their results, they
have made use of results from scattering theory.

In a recent article, Mollers et al [23] have looked at the extension problem associated to A
on R™ and £ on H" in the light of representation theory. Realising that there are Lie groups
of symmetries acting on the space of solutions of these boundary problems, they have related
the solution operators (taking the boundary value into the solution) with symmetry-breaking
operators constructed in the work of Kobayashi-Speh [21] and Mollers, Orsted and Oshima
[22]. The Lie group relevant to the case of the extension problem for the sublaplacian £ is
the rank one real reductive group U(1,n + 2) and the solution operators which they call the
Poisson transforms and denote by Pi, are related to the complementary series representations
of this group.

Mollers et al [23] have taken the point of view that solutions U(z,t, p) of the extension
problem (I.1]) can be considered as functions on the higher dimensional group H"™! which
are radial in the extra variable. Using coordinates (z,(,t) € C" x C x R on H""! they have
considered the operator

2 )
o¢ " Ton
where ¢ = £ +in and L is the sublaplacian on H"*!. The action of this operator on functions
which are radial in the ( variable leads to the operator

1-2
—£+8§+TS

(1.2) Ly :=—|CPL+ (1—2s)(

1
8p —+ ZPQ(ZZ

which is related to the operator studied by Frank et al in [13]. The boundary value problem
associated to the above operator can be solved explicitly giving the solution as a convolution
of the boundary condition with a kernel known as the Poisson kernel. The complementary
series representations 7_s are realised on certain Hilbert spaces H*(H") defined in terms of
the fractional powers L,. Using representation theoretic arguments, Mollers et al [23] show
that the solution operator P is an isometry between H*(H") and H*(H"*).

In this article we revisit the extension problem in the more general context of H-type
groups. Using techniques different from those used by Frank et al in [I3] and Méllers et al in
[23] we calculate explicitly the kernel associated to the solution operator Ps. This allows us
to prove that the Dirichlet-to-Neumann map can be defined not only for 0 < s <n + 1, as
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studied by Frank et al, but also for all s > 0 save for a discrete set of forbidden values. By
making use of the connection between the extension problem and the eigenfunction equation
for the Laplace-Beltrami operator associated to the solvable extension S of the given H-
type group N, we characterise all solutions of the extension problem satisfiying uniform
L? integrability, see Theorem [1.1] Moreover, by making use of the extension problem, we
prove a trace Hardy inequality for the sublaplacian, see Theorem [1.3] Such a technique was
already used in the Euclidean context in [I0} 11, 25, 37]. The trace Hardy inequality leads
to a Hardy inequality with homogeneous weight function, see Corollary [1.6, which turns out
to be sharp.

Let N be a H-type group whose Lie algebra n is the direct sum of v and 3. Here 3 is at the
centre of the Lie algebra n and v is even dimensional. Let 2n and m denote the dimensions
of v and 3 respectively. Let X;, j = 1,2,...,2n and Z;, j = 1,2,...,m be bases for v and 3
respectively. The sublaplacian £ on N is defined by £ = — 2321 X ]2, which is known to be
a subelliptic operator. We are concerned with the extension problem

1—2s 1
P 0, + Zp2A2>u(U’ z,p) =0, /l)iir(l) u(v, z,p) = f(v, 2)
where A, =" | Z7 stands for the Laplacian on R™.

We study solutions of this equation by relating them to eigenfunctions of the Laplace—
Beltrami operator Ag on the solvable extension S of the H-type group N. Recall that the
H-type group N admits nonisotropic dilations. Thus there is an action of A = Rt on N. We
can therefore form the semidirect product of N and A which is usually denoted by S = AN.
This group S is solvable and when NV is an Iwasawa group coming out of a semisimple Lie
group, S can be identified with a noncompact Riemannian symmetric space of rank one.

A basis for the Lie algebra s of S is given by E; = \/pX;, j = 1,2,...,2n, T}y = pZy,
k=1,2,...,mand H = pd,. The Laplace-Beltrami operator Ag on S is defined by

(1.3) (—L+32+

2n m
1
(1.4) ASZZE§+ZT,§’+H2—§QH
=1 k=1

where Q = 2(n + m) is the homogeneous dimension of N. It can be shown that when u
satisfies the extension problem ((1.3)), the function

n+m-—s n+m-—s

(v, z,p)=p 2 w,zp) =p 2 w2 V%, 272,122)

satisfies the eigenfunction equation

_ n+m)?—s* _
—Agw(v, z, p) = %w(v,z,p).

Using this connection and known results on characterisations of eigenfunctions of the Laplace—

Beltrami operator on S we can prove the following theorem.
Let

n+m-+s

(1.5) sp(v,2) = ((0* + [*)* +16]27) >,

which is integrable on N for all s > 0. Let us also denote by * the convolution on the group
N. Thus for two functions f and g on N the convolution f * g is defined by

f*g(x)z/Nf(ﬂcy‘l)g(y)dy
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where dy stands for the Haar measure on .

Theorem 1.1. Let s > 0. Let u be any solution of the equation

1
(—L+0+

-2 1
P 88p + le2Az)u(v, z,p) =0

and let 1 < p < o0o. Then u satisfies the uniform estimates

/ lu(v, z, p)|P dvdz < C, p>0
N

if and only if u = cp® fx s, for some f € LP(N), 1 <p <oo. Whenp =1, u=cp*puxeps,,
for a complex Borel measure . Moreover, when 1 < p < 0o, u — ¢f in LP(N) as p — 0
(forp =1, u — p weakly as p — 0).

Later we will show that u = Ci(n,m, s)p* f x ¢, converges to f in LP, 1 < p < 00 as
p — 0, where

4m D(n+ s)l(22ts)
PR TG

In the case of the Laplacian A on R”, the function

u(,p) =Cp* | flx =) (P> +|y)>) % dy
Rn

solves the extension problem associated to the Laplacian with initial condition f. Moreover,
it has been proved (see for instance [5]) that

—lim p'*dpu(z, p) = Co(=A)**f(2).
p—

(1.6) Ci(n,m,s) =

In a similar way we can obtain conformally invariant fractional powers L of the sublaplacian
as the Dirichlet-to-Neumann map associated to the extension problem (|1.3)).

Before stating our result, let us recall the definition of L, in the context of H-type groups
(see [29] for the case of Heisenberg groups). The operator L is self adjoint and admits an
explicit spectral resolution. In fact, £ commutes with A, and hence there is a joint spectral
theory of £ and A,. Using this, the operator L; is simply defined by

T ( z:(—A)—21/2+1+s)

F(ﬁ(—A)*zlﬂ-H—s) )

In view of Stirling’s formula for the Gamma function we see that L, is essentially the pure
power L. However, as explained in [29], it is more convenient to work with £, rather than
L. Moreover, it has the “conformal invariance”, see e.g. (1.9) in [13].

We now have the following theorem which obtains L f as the Dirichlet-to-Neumann map
associated to the extension problem.

Theorem 1.2. Let f € LP(N), 1 <p < oo. Then, as p — 07,
(1.7) u=Cy(n,m,s)p* f*ps, — f in LP(N),

where ps , is defined in (1.5) and Cy(n,m,s) is the one in (L.6). If we further assume that
Lsf € LP(N) then

L,=2(—A)"

(1.8) — pli}r(])a+ P %0,(u(v, z, p)) = 2123%53]((11, z).
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Moreover, when 0 < s < 1/2, we also have the pointwise representation

A T+ s)U(™2) [ f(2) = fy)
(1.9) Lofx) = s T(22)|0(=s)] Jy |oy~'[@F2

for all f € CY(N) such that X;f, Zyf € L>°(N), j =1,...,2n, k =1,...,m. Finally, for
0 < s < 1/2, the following limit also exists in the LP(N) sense:

- u(v,z,0) = f(v,2)  T(=s)]
(1.10) — ,}i}& por = FI(s) Lif(v,z).

In our earlier paper [29], we have obtained the integral representation for £ f in the context
of the Heisenberg group. (We take this opportunity to correct an error in the previous work:
there we have mentioned that the integral representation is valid for all 0 < s < 1. But
in fact, we had proved it only for 0 < s < 1/2 as it is written. For higher values of s, we
need to substract more terms from the Taylor expansion of f, see for instance [31) p. 9]). In
[29] we have used the integral representation in order to get the ground state representation
for the fractional power £ which has led to a Hardy-type inequality with non-homogeneous
weight function. In this paper we obtain another proof of the Hardy inequality, in the
general context of H-type groups which is based on the so called trace Hardy inequality.
In order to state the inequality we introduce the following variant of a Sobolev space. Let
Vu = (Xiu, ..., Xonu, 3214, .. ., 3 Zmu, Opu). Let W$?(S) be the completion of C3°(N x R)
with respect to the norm

||u||%s):/ /N|Vu(v,z,p)|2p1_25dvdzdp.
0

This is indeed a norm: the vanishing of the integral implies the vanishing of the gradient
and hence the function reduces to a constant. But then, as the function is from C§°, it has
to be zero.

Theorem 1.3 (General trace Hardy inequality). Let 0 < s < 1, p > 0 and let ¢ be a real
valued function in the domain of Ls. Further assume that =L is locally integrable. Then

for any real valued function u € W§’2(S), we have the inequality

o0 21-27(1 — L
/ / IVu(v, 2, p)|?p* 2 dvdzdp > 2T =s) / u?(v, 2, O)M dvdz.
o JN I'(s) N p(v, 2)
Moreover, the inequality is sharp and equality holds whenever u is a solution of the extension
problem with initial condition .

There is no problem in proving the inequality in Theorem for C§° functions and hence

for u in our space W 2(S). But for the sharpness, we have to show that the solution of
the extension problem belongs to our space. A priori this is not clear; this is proved in
Theorem [4.3]

Let

L(=57) D(5)
F(=5=) T(=5=2)

(1.11) Cy(n,m,s) = 4%

By taking u to be a solution of the extension problem with initial condition f, ¢ = ¢_g5,
d > 0, and making use of a result of Cowling and Haagerup [7], we can obtain the following
Hardy type inequality.
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Corollary 1.4. Let 0 <s<1,5>0. Let f, L,f € L*(N). Then
(Lsf, f) > Cz(n,m75)525/ F2(0,2)((8 + [v]*)? + 16]2*) " dv dz,
N

where Cy(n, m, s) is the constant in (1.11]). Here again the constant is sharp and equality is
obtained when f = ¢_g5.

In the Euclidean case, sharp Hardy inequalities with non-homogeneous as well as homo-
geneous weight functions are known and they play an important role in several problems of
partial differential equations. On the other hand, trace Hardy inequality for the Laplacian
plays a role in proving Hardy inequality for fractional powers of A on R™. In the same way,
we can prove the following version of Hardy inequality for the fractional powers of £ on N.
Let ¢4(v, 2) = |(v, 2)| 7™ where |(v, z)| = (Jv[* + 16]2[2)7 is the homogeneous norm on
N and 9,(v, 2) = C1(n,m, s)(ps * | - |792%) (v, 2), where Cy(n,m, s) is given in and let
us define

(1.12) ws(v, 2) = @s(v, 2)e(v, 2) 7.
It is easily verified that w, is homogeneous of degree —2s.

Theorem 1.5. Let 0 < s <1 and let u € WS’%S) be a real valued function. Then we have

u(v,z,p)|°p " “Tdvdzdp > 277 ——=Cs(n,m, s u” (v, z,0)w,(v, z) dvdz,
\V4 2 1 28d dz d 1-2s ( S)C 2 dvd
0o JN I'(s) N

where ws 1s the homogeneous weight in (1.12)) and Cy(n, m, s) is the constant in (1.11)). The

constant is sharp but equality is never achieved in W§’2(S).

Corollary 1.6. Let 0 < s <1, and f, L,f € L*(N). Then
(Lsf, f) = Ca(n,m, 3)/ fz(v,z)ws(v,z) dvdz,
N

where wg is the function (1.12)), which is homogeneous of degree —2s and Cy(n, m, s) is given
in (1.11). The constant is sharp but equality is never achieved in WS’Q(S).

Remark 1.7. Tt would be interesting to see if w,(v, 2) can be replaced by |(v, 2)|**.

As explained earlier, the extension problem for the sublaplacian on Heisenberg groups H"
has been studied by Frank et al in [13], where the authors have proved the existence of a
solution when the initial condition f belongs to C§°(H"). However, the solution is not given
explicitly in terms of the initial condition. In this article, as shown in Theorem [I.2] we are
able to write down the solution explicitly. This allows us to study L” convergence of the
solution and its p derivative. The analogue of Theorem [1.2]in the context of the Euclidean
Laplacian was proved by Caffarelli and Silvestre in [5].

As mentioned above, the explicit solution has also been obtained by Méllers et al [23]
by considering the operator L, in ((1.2). They have shown that solutions of the equation
Lsu = 0 with initial condition u(z,0,t) = f(z,t¢) which are radial in the ¢ variable are given
by u(z,C,t) = cns|CI*f * g ¢ (2, 1) where ¢y, is the one in (1.5)) when N = H". Using
representation theory arguments, they have proved a nice isometry property for the operator
P, which takes f into the above solution u(z,(,t). In this paper we prove an analogous
property for the solution operator associated to H-type groups. In the process, we also
provide an alternate proof of the result of Mollers et al, see Subsection [3.3l First we need
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to set up some notation. For s > 0, let H*(N) stand for the domain of £Y?: that is to say,
f € H*(N) if and only if L% f e L*(N) which is the same as saying that L, f € L*(N).
Note that this space is just a variant of the homogeneous Sobolev space associated to the
sublaplacian. In the Euclidean case, the correspoding spaces H*(R™) are defined in terms

of the fractional powers (—A)*2. We write || f||zsn) = ||£§/2f\|L2(N) to denote the norm on
H*(N). For each w € S™! we denote by R, f the Radon transform of an integrable function
f on N in the z variable. That is

(1.13) R,f(v,t) = / flu,tw+2")d', tEeR,

2/ Ewt
where w! = {2’ : 2/ - w = 0} and d2’ is the (m — 1)-dimensional Lebesgue measure on w.
As will be explained later (see Subsection , for each w, R, f(v,t) can be considered as a
function on a H-type group H” of dimension (2n + 1) which is isomorphic to H". The space
H*(H") is defined using the sublaplacian £ on H". The following is the isometry property

for the solution operator associated to the extension problem on the group N.

Theorem 1.8. Let 0 < s < n+1. Then any solution u of the extension problem with initial
condition f satisfies

1

[ IRa)

The plan of the paper is the following. In Section [2 we recall facts related to H-type
Lie algebras and groups and we describe the representation theory of such groups. We also
define the sublaplacian on a H-type group and its fractional powers, and recall a known
result related to solvable extensions of H-type groups. The study of the extension problem
for the sublaplacian on H-type groups will be addressed in Section [3] More precisely, we will
prove Theorems [I.1] and [I.§. We will also perform the higher order extension problem
for values of s > 0. Finally, in Section [ we will prove trace Hardy and Hardy inequalities

stated in Theorems [I.3] and [LH and Corollaries [1.4] and [T.6]

§{5+1(H"+1) do(w) = C||f|

2
HS(N)

2. PRELIMINARIES ON H-TYPE GROUPS

2.1. H-type Lie algebras and groups. A step two nilpotent Lie group NN is said to be a
H-type group if its Lie algebra n is of H-type. A Lie algebra n is said to be a H-type Lie
algebra if we can write n as the direct sum v @ 3 of two Euclidean spaces with a Lie algebra
structure such that 3 is at the centre of n and for every unit vector v € v the map ad(v) is a
surjective isometry of the orthogonal complement of ker(ad(v)) onto 3. If n is such a H-type
algebra we define a map J : z — End(b) by

(Jov, ") = (w, [v,0]), wes, vv EwD.

It then follows that J2 = —I whenever w is a unit vector in 3. We can therefore introduce a
complex structure on v using J,. The Hermitian inner product on v is given by

(v, V") = (v,0") + i(Jv,0") = (v,w) + i([v, V], w).

Thus when N is a H-type group, identifying N with its Lie algebra n, we write the elements
of N as (v,z), v € v, z € 3. In view of the Baker-Campbell-Hausdorff formula, the group
law takes the form

(v,2)(v,2') = (v,2) + (v, &) + %[(vy 2), (v, )]
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The best known example of a H-type group is the Heisenberg group H" = R?" x R. By
identifying R*" with C", we write the elements of H" as (v,t), v € C", t € R. The group
law in H" is then given by

1
(v, t)(V', ) = (v+v’,t+t'+§lmv-6).

The Heisenberg groups play an important role in studying problems on H-type groups. This
is due to the fact that to every H-type Lie algebra n = v @ 3 and unit vector w € 3 we can
associate a Heisenberg Lie algebra b, as follows. Given a unit vector w € 3, let k(w) stand
for the orthogonal complement of w in 3. Then the quotient algebra n(w) = n/k(w) can be
identified with v & R by defining

[(U7 t)v (U/a t/)]w = (07 [JW”U, UI])'

It is known (see Ricci [19] and Miiller [24]) that this algebra is isomorphic to the Heisenberg
algebra h”. We denote the corresponding group by H which we often identify with H".

2.2. The representation theory of H-type groups. Before describing the representation
theory of H-type groups, let us first recall some facts about irreducible unitary representa-
tions of the Heisenberg groups H™. It is well known that any irreducible unitary representa-
tion of H"™ which is nontrivial at the centre (namely on {0} x R) is unitarily equivalent to the
Schrodinger representation my, for a unique A € R* = R\ {0}. Here these representations 7,
are all realised on L?(R") and given explicitly by

(0, 1)p(€) = NI o€ 1)
where v = z + 1y, p € L?*(R"). There is another family of one dimensional representations
which do not play any role in the Plancherel theorem. Hence we do not attempt to describe
them.
The group Fourier transform of an L'(H") function f is defined to be the operator valued

-~

function A — f(\) given by

J?()\) = fv,t)ma(v,t) do dt.
Hn

Sometimes we use the notation my(f) instead of f(A). Recalling the definition of , it is
easy to see that

fN = [ PEme,0de

where we have written f* to stand for

Pw- [ TN (o, 0)d

o0

the Euclidean inverse Fourier transform of f in the central variable. We will be using this
notation without any further comments.

When f € L' N L?*(H") it can be easily verified that f()) is a Hilbert-Schmidt operator
and we have

[ 1 dods = ry [ IFO) A i

The above equality of norms allows us to extend the definition of the Fourier transform
to all L? functions. It then follows that we have Plancherel theorem: f — f is a unitary
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operator from L?(H") onto L?(R*, Sy, du) where Sy stands for the space of all Hilbert—Schmidt
operators on L?(R") and du(x) = (2m) "} A|"d\ is the Plancherel measure for the group
H™.

The connection between H-type Lie algebras and Heisenberg Lie algebras allows us to get a
quick picture of the representation theory of H-type groups. As in the case of the Heisenberg
groups, the irreducible unitary representations of H-type group N comes in two groups. As
before we neglect the one dimensional representations which are trivial on the centre of N.
If 7 is any infinite dimensional irreducible representation of NN, then its restriction to the
centre has to be a unitary character. This means that 3\ € R* and w € S™ !, the unit
sphere in the centre (identified with R™) such that 7(0,z) = ¢*@# Id. It can be shown
that such a representation factors through a representation of H, the group introduced in
Subsection 2.1} By making use of the Stone-von Neumann theorem we can show that all
irreducible unitary representations of N are parametrised by (\,w), A > 0, w € S™1. We
denote such a representation by my . It follows that the restriction of ), to H, is unitarily
equivalent to the Schrodinger representation 7. The Plancherel theorem for H-type groups
N reads as

1518 = 2oy [ ([ I Dl do@) et an

This theorem can be deduced from the Plancherel theorem for the Heisenberg group by
means of partial Radon transform.

We now briefly recall this connection which will be made use of later. Let R, f be the
Radon transform defined in (1.13). We identify R, f with a function on H.. It can be shown
that

Rw(f *9) = wa *w ng

for two functions f,g € L'(N). In the above, the convolution on the left is on the group N
whereas *,, on the right stands for the convolution on the Heisenberg group H,. Using the
above relation and the connection between 7y, and m\ we can show that

7T,\,w(f) = 7T)\(wa), w € Smil, A > 0.

From this relation and Plancherel theorem for H we can deduce Plancherel for the group
N.

We say that a function f on N is radial if it is radial in the v variable. For such functions,
the Fourier transform is given by a simple formula. Let H(\) = —A + A?|x|? be the scaled
Hermite operator with spectral decomposition

o

H(X) = (2k +n)|A[Pi()).

k=0

Here Py()) are the orthogonal projections of L*(IR™) onto the k-th eigenspaces corresponding
to the eigenvalues (2k + n)|\|. For a € N® and X\ # 0, let ®} be the Hermite functions on

R™ which are eigenfunctions of H(A) with eigenvalues (2|a|+n)|A| where |a| =37 | a;, see

for instance [35]. If f is radial function on N, then its Fourier transform my,(f) reduces to
a function of H(\):

maw(f) = > FOw, k) Pe())
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where the coefficients f(/\w, k) are given by the following formula. Let

P = [ s s
be the inverse Fourier transform of f in the central variable at Aw, A > 0, w € S™ L. Let
o1 A2
(V) = L (GA)e
stand for the Laguerre functions of type (n — 1) on C". Then

El(n —1)!
(k+n-1)Jc

When f is also radial in the z variable, f* is independent of w and we have

FOw, k) = ¢, P 0)p () do.

Taw(f) = maa(f Zf (A k) P (A

We will make use of this formula in calculating later the Fourier transform of ¢, , given in

3.

2.3. Sublaplacian £ and its fractional powers. We now define the sublaplacian £ on
a H-type group N which is the main focus of our work. We fix an orthonormal basis Xj,
J=1,2,...,2n for the Lie algebra v and Z;, j = 1,2,...,m for the Lie algebra 3. We denote
by A, = 27:1 Z; 2 the ordinary Laplacian on the centre of N. The sublaplacian £ on N is
defined by L = 22" X5 2. Note that we have defined £ with a negative sign which makes
it nonnegative. It is a subelhptic operator which has a self adjoint extension with an explicit
spectral resolution. In the case of the Heisenberg group H" the vector fields are given by

o 1 0 o 1 0 0
-2, x Y -, 7-_°Z
I on, T 2Yiar T gy T 2Var ai

for j =1,2,...,n where (v,t) = (z + iy,t) € H". More explicitly, the sublaplacian is given
by

82 & 0 0.0

L=—Aen— = AR
e |“| o " - 1<xfayj y]axj)at

For more about £, we refer to [34] and [35].

In studying the extension problem for the sublaplacian £ we will be making good use of
the heat kernel associated to L. It is known that £ generates a diffusion semigroup with a
kernel g, from the Schwartz class: e *“f = f * ¢, for f € LP(N). An explicit expression for
the heat kernel is given by

. A n 2
/m el’\z'“qt(v, Z) dz = (4ﬂ_>n(81nh(t)\)) e 4(coth(t/\)|v|

for A > 0 and w € S™7!, see [§, 27]. Good estimates on the heat kernel ¢; are known, see
[39].

It is well known (see e.g. Strichartz [34]) that an essential role is played by the Hermite
operators H(\) = —A + A?|z|? in the joint spectral theory of the sublaplacian £ and £ on



EXTENSION PROBLEM AND TRACE HARDY INEQUALITY 11

-~

the Heisenberg group. In view of the relation (£f)(\) = f(A\)H (), the spectral theorem for
L takes the form

Lf(v,t) = (27)""! /_OO tr (ma (v, £)* F)H (V) [A[" dA.

o0

In calculating the trace we make use of the orthonormal basis ®), o € N" of L*(R"),
introduced in Subsection consisting of the Hermite functions which are eigenfunctions
of the Hermite operator H(\) with eigenvalues (2|a| + n)|A|. Thus,

LHv,t) = / S (2l + A (mav, 1) FN@2, 22) ) A" d.

aeN"

From the above it is clear that the (pure) fractional powers of £ can be defined by

£ (o, 1) / S ((2la] + m)|N) (ma0, 1) T2, 22) A d.
aEeN”?
However, for several reasons it is convenient to work with the conformally invariant fractional
powers

-~

00 2|a+ntl+ts
P ) G (ma (o, 0 T @2, 02) ) A

_ —n—1 2
Lsf(v,t) = (2m) /_ ( >, F(QTn—H—)
" aeNn 2
Symbolically, we can write them as
£‘7Z27% 1+s
F( ( )2 ++)23 _Z2s/2 Z278_2
r L(=72) 3 41—s ( "% o
(=)

L=

Observe that £, is defined for all values of s for which
any k=0,1,2,....

The conformally invariant fractional powers £ have been studied by several authors ([3], 4]
14, 18]). In an earlier paper [29] we investigated Hardy type inequalities for £, on Heisenberg
groups. Apart from being conformally invariant, the fractional powers L, have the added
advantage of having explicit fundamental solutions. As proved in Cowling-Haagerup [7], in
the more general setting of H-type groups, a fundamental solution for £, on the Heisenberg
groups H" is given by the function C,, ¢|(v,t)|79"?* where ) = 2n + 2 is the homogeneous
dimension of H" and |(v,t)| is the norm defined by |(v,#)|* = |v|* + 16¢%. Note that |(v, )|
is homogeneous of degree one under the nonisotropic dilation (v,t) — (dv,d%t), § > 0.

The fractional powers L, of the sublaplacian on H-type groups N are defined as in the
case of H" by

w is not a pole of I'(z) for

F(L(—Az)‘%+1+s) m
L, = 2 2(-A)P A=) 7
F([E(—Az)2 7+1—s) =1

The spectral resolution of £ can be written down using the connection between N and the
Heisenberg groups H", w € S™~ . More explicitly, we have

Lsf(v,2)

2|a\+n+1+s) ~
27T —n— m/ /m 1 2|a‘+"—+15) (2)\> (7T)\,w<U, Z)* (A)(I)Z\w @2)) d0-<w))\n+mfl d\.
acN”?
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The non-isotropic dilations on N are also given by (v, z) — (dv,6%z), d > 0 and the homo-
geneous dimension is given by @ = 2(n + m).

2.4. Solvable extensions of H-type groups. As we have mentioned in the Introduction
the connection between the extension problem for £ on N and the eigenfunction equation for
Ag on S = AN will be exploited. Recall that A = RT acts on N by non isotropic dilations
and hence we can form the semidirect product S. The left invariant vector fields on S are
given by E; = \/pX;, Ty = pZy and H = p0, for j = 1,2,...,2n, k =1,2,...,m. The left
Haar measure on S is given by p~" ™ ! dv dz dp.

When G is a connected, simply connected rank one semisimple Lie group with Iwasawa
decomposition G = K AN, the nilpotent part N turns out to be of H-type and Riemannian
symmetric space X = G/K can be identified with the solvable extension AN of N. The
Laplace—Beltrami operator Ax on X is then just Ag on AN.

Eigenfunctions of the Laplace-Beltrami operator Ay on non compact Riemannian sym-
metric spaces, not necessarily of rank one, have been studied by Helgason [I7] and others
culminating in the celebrated theorem of Kashiwara et al [20]. Using this result, Ben Said
et al [1] gave a simpler characterisation of eigenfunctions of Ay satisfying Hardy type con-
ditions. In the general context of AN groups when N is not necessarily associated to a
semisimple Lie group, there is no analogue of the theorem of Kashiwara et al. However,
recently Damek and Kumar [9] have proved an analogue of the theorem of Ben Said et al
for all solvable extensions of H-type groups.

By slightly modifying the standard notation used in the literature, let us write

ntm+s nimts

Po(v.z,p)=p 2 ((p° +[0])* +16]2*) *
for the Poisson kernel associated to the group S = AN.

Theorem 2.1 (Damek—Kumar). Assume that u is an eigenfunction of the operator Ag with
eigenvalue —%((n +m)* — s?), s > 0. Then there exists f € LP(N), 1 < p < oo such that
u(v, z,p) = f * Ps(v, 2, p) if and only if u satisfies the uniform estimates

n+m-—s

(/ |u(v,z,p)]pdvdz)1/p <Cp =2
N
for all p > 0.

The proof of this result given in [9] makes use of the maximum principle for an oper-
ator which resembles the extension operator we study in this article. We remark that an
independent characterisation of solutions of the extension problem will naturally lead to a
characterisation of eigenfunctions of Ag on solvable extensions of H-type groups.

3. AN EXTENSION PROBLEM FOR THE SUBLAPLACIAN

3.1. Characterisation of solutions of the extension problem: proof of Theorem [1.1]
The solution of the extension problem (|1.3) with initial condition f € LP(N) given by
u(v, z,p) = Ci(n,m, 8)p* f * @; ,(v, z) satisfies the uniform estimate ||u(-, )|, < || fl|, triv-
ially. Indeed, we can use Young’s inequality and the fact that

P05 p(v,2) = p 2T (07 v, p22)

is an integrable function, and therefore an approximate identity.
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We will now show that this property characterises all solutions of the extension problem
with LP initial condition. We will prove this by connecting solutions of the extension problem
with eigenfunctions of the Laplace—Beltrami operator Ag given in on the solvable
extension S of V.

Let us recall some facts already explained in the Introduction. If u is a solution of the ex-
tension problem then it is easy to see that the function w(v, z, p) = u(27Y2v, 2712, (2p)"/?)
solves the equation

(= L4092+ (1—15)0,+ pA.)w(v, z,p) = 0.

(n+m—s)

Recalling the definition of Ag, another calculation shows that w(v,z,p) =p~ 2  w(v, 2, p)
solves the eigenvalue problem

. 1 .
ASw(U7Z’p> = _Z((n + m)2 - sz)w(v,z,p), (Ua Zup) €5.

We also note that the estimate ||u(-, p)||, < C| f]|, translates into the condition
p—(wgbs)p/ |w(v, z, p)|Pdvdz < C, p > 0.
N

As explained in Subsection 2.4, eigenfunctions of the Laplace-Beltrami operator Ag satisfying
the above conditions have been characterised by Ben Said et al for Iwasawa N groups in [I]
and by Damek-Kumar in [9] for general H-type groups. Using their results we can get the
following result, thereby completing the proof of Theorem [I.1]

Theorem 3.1. Let 1 < p < oo. Then any solution of the extension problem (1.3|) which
satisfies the uniform estimates ||u(-, p)|l, < C,p > 0 is of the form f x ¢, for some f €
LP(N).

3.2. Proof of Theorem [1.2] In this subsection we provide a proof of Theorem It will
be a consequence of several facts that will be discussed as we go along in this subsection.

The first issue to address is the connection with the solution of the extension problem (|1.3)).
A solution of the extension problem can be written down explicitly by modifying the
formula by Stinga and Torrea (see [33]) for solutions of the extension problem

(3.1) (A+@+l%2mmgm:a u(z,0) = f(z).

Let us explain this more precisely. In [33] it has been shown that the function u defined by

the equation
S

o 1Y > —in tA —s/2—1
= —— @ t dt
) = g [ )

solves (3.1). Here, e'® stands for the heat semigroup generated by the Laplacian A. In a
similar way we can show that the function

_ p’° Ry —s/2-1
3.2 = —— atl t dt
defined in terms of the heat semigroup e ** generated by the sublaplacian solves the extension

problem

(3.3) e£+£+1%2mm@m—m (@, 0) = f(x).



14 L. RONCAL AND S. THANGAVELU

However, we are interested in the extension problem , which is different from the prob-
lem (3.3]).

By modifying the Stinga-Torrea formula we can also write down a solution of the
extension problem . Let prs(p, z) be the heat kernel associated to the generalised sub-
laplacian

1+2
L(s) ="+ i Sa —l— PPA,
on RT x R™. Let ¢;(v, z) stand for the heat kernel assomated to L. Then it is known that
. A no_ 1
(34) /m Qt(v; Z)ez/\w-zdz — (47_‘,)771 <Slnh(t)\)) efZAcoth(t)\)|v|2
for A > 0 and w € S™'. A similar formula is valid for the heat kernel p; ,(p, w) as well:
) A s+l 2
] z)\w~zd — (4 —s—l( —zAcoth(tA)p
(35 [ ity = amyt () e

Note that the kernels p; s and ¢, are normalized in such a way that

/ / Pes(p, 2)dpdz =1 :/ q(v,z)dvdz.
0 N

The solution of the extension problem (|1.3)) can be written down explicitly in terms of the
function e~** f. Indeed, we have the following analogue of the Stinga-Torrea formula.

Theorem 3.2. For f € LP(N), 1 < p < oo, a solution of the extension problem (1.3)) is

given by
47TS+1
u(v,z,p) = / [ o) o,z — wydw e

As p tends to zero, the solutzon u(+, p) converges to f in LP(N) for 1 < p < 0.

Proof. Applying £ to the function v and noting that U(v, z,t) = e **f(v, z) satisfies the
heat equation —LU (v, z,t) = 0,U (v, z,t) we see that

47Ts+1
Lu(v, z, p) = / / Prs(p, w)oU (v, z — w, t)dwdt.

Integrating by parts in the ¢ varlable we can transfer the ¢ derivative to p; s(p,w) and since
it satisfies the heat equation associated to £( we obtain

4 s+1 1 2
Lu(v,z,p) = ;T(S) p2s(82 i S(? —|— 2A / / Prs(p, w — w, t)dwdt.
A simple calculation shows that
s 1+ 2s 1 1—2s 1 s
(05 + Dp+ 70" 0:)V(v,2,0) = (9, + p+ 70°0:) (07V (v, 2, p))

for any function V'(v, z, p). This proves that u satisfies the extension problem. In order to
prove the convergence of the solution to the initial condition we make use of several properties
of the heat kernels associated to £ and L(s). By defining

4ot [
(3.6) P (v, 2) = T p / / Pes(pyw)qi(v, z — w)dwdt
8) 0 m
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we see that the solution w is given by the convolution

(3.7) u(v,z) = fx Dy ,(v, 2).
From (3.4)) and ({3.5)) it is easy to see that the heat kernels satisfy the homogeneity conditions

—2m—2(s+1) 2 ) — ,,,,—2m—2n

DPt,s (7“,0, 7,22) =T Pr—2¢s (p7 Z)a Qt(”f» rz qrf2t<va Z)

for 7 > 0. Using this in (3.6)) we observe that ®, ,(v,z) = p~ 2™ &, (p~1v, p=22). Moreover,
as ps and g, are Schwartz class functions, ®5; € L'(N). Therefore, ®,, is an approximate
identity. Observe that ||®,]/; = 1. Indeed,

/Nq>s,1(u,z) dvdz = 45:; /Doo (/m pes(L,2) dz) (/th(v,z) dv dz) dt.

Since [y (v, 2)dvdz =1 and
/ pt,s(]., Z) dz = (47-‘-)—5—175_5_16_4%7

4 s+1 o]
/ O, (v, 2)dvdz = T / t5 e a dt = 1.
N I'(s) Jo

Hence we immediately get the LP(N) convergence of u = f * &, , to f as p tends to 0. [
It is possible to calculate the kernel ®; (v, z) explicitly. Using (3.4]) and (3.5) we see that

[e'e) n+s+1
d, — (47) "5 (9™ (/ fiz-m< |‘T| > L1z| coth(t|z|) (1+|v|2) d )dt
alv,2) = (4m) 7 (2m) /0 2O \Sinh(t]z) ° ’

o0 n+s+1 1 5 )
3.8 — (47) 5L (9g) ™ ( &) —1|z| coth(t]z]) (1+]v| )dt> —izw g
38) (4) (2m) /m /0 sinh(t|z|) c € v

In the case of the Heisenberg group H" = C" x R we have computed the above integral

explicitly in [29, Proposition 4.2]. We recall the result in the following Theorem for the
convenience of the reader.

we have

Theorem 3.3 (Roncal-Thangavelu). For (v,w) € H" and 0 < s < 1 we have
n+s+1 n+1+s)
—z>\w Acoth(t)\)(1+\v|2)d>\dt _ 1 2\2 16 2 —(%
/ / smh(tA)) Ens (14 [V[7)" + 16w7) ’
where the constant c, s s given by
_ 2n—1+3sﬂ_—n—1r(n +s+ 1>2
5 :

Since the Fourier transform of a radial function is radial and given by the Hankel transform
we see that

Jin/2-1 )\|Z|)( ’ )"+5+1 = gAcoth(th) (1+[v]?) ym—1
- A LdAdL.
/ / (2721 \sinh(t\) ¢

It may be possible to evaluate this integral directly but we use Radon transform to prove
the following result giving us an explicit expression for @, ;.

CTLS

)

Theorem 3.4. For (v,z) € N and 0 < s < 1 we have

+m+s)

D, 41(v,2) = cn,m,s((l + |U\2)2 + 16\z|2)7
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Proof. Tt is known (and easy to check) that, for any f € L'(R™),

/_ N e MR, f(w) dw = / e T f (1) da.

[ee] m

In other words,

(3.9) Rof(w) = (21)! /_ Z ( / e f () da;>el“w d.

By the uniqueness theorem for Radon transform, our theorem will follow once we show that

the Radon transform of @, ; coincides with that of the function ((1+ |v|2)2 + 16|z|2)_W
up to a multiplicative constant. In view of (3.8)) and (3.9 we know that

00 00 ' A ntstl ,
@, — C(2r)! ,Mw< ) ~ 1) coth(tA) (1+|v]2)
R,®,1(v,w) = C(2) /oo/(] e Snh () e 1 d\dt

which has been evaluated in Theorem [3.3] Hence, we only need to verify that

| @R+ 16ief)

where ¢, ms = Ci(n,1,5)Ci(n,m,s)”!, which is rather easy to see. This completes the
proof. O

(n +m+s) (n+1+s)
2

dp(r) = Cn,m,S((l + ‘U‘2>2 + 16752)7

1

In this article, we need the exact values of integrals of several kernels. These are collected
in the following technical lemma.
Lemma 3.5. Let n,m > 0 and let j,  be such that o« — j > 0 and o > —n. Then we have
, _ntmta gtm/2 (o — 7)T(2t2)
3.10 L+ o) (14 []?)* +16]2*) " 2 dvdz = 2 :
310) [ (e PP (O P 1612) T avas = T S s

Proof. Let us call I the integral in the left hand side of (3.10). Recall the formula for the
Beta function

o ['(a)I'(b—
/ (1+t) "ttt = M, Re(a) >0, Re(b—a)>0,
0 I'(0)
and let w, denote the area of the unit sphere S"!, ie., w, = lg(ﬂn_"//;) By using polar
coordinates in both variables, we have
_wgn/ / (L4737 ((1+7r%)?° +16||) 2 g g
w2n n 1
= / / (L4+r)((1+r)? +16\z!) drdz

2 _(n+m+a)
_ (")271/ / 1 + 7“ —(n+m— J+a)<1 + 16' | > 2 P dr dz
m (1+ 7‘)2

WopW (ntrpta)
— 2n m/ / (1+47r) ~(ntm—jta) < 1—1—7’ ) r" s dr ds

_ Wanm/ (1—|—T’> (n— J+a) n— ld / ]_—|-82 (n+m+a) m—l ds
2 * 4m 0 0

i [ eyt g [ e
0 0
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_ o DT (o — ) T()T(552) _ w2 D — j(24e)
P D= j+a) D(2BE) ~ 4 T(n—j+a)l (255

O
As an immediate corollary, we obtain the following explicit formula for the kernel @ ,(v, z).
Corollary 3.6. The kernel O, ,(v, z) can be expressed as
D, ,(v,2) = Ci(n,m, s)p* v, ,(v, 2),
where s ,(v, 2) is as in and Ci(n,m,s) is the constant in ([L.6).

Proof. Up to the constant Ci(n,m,s), the expression can be immediately inferred from
Theorems 3.2/ and 3.4l To compute Cy(n,m, s) observe that, since ||® ;| = 1, we have that
Ci(n,m,s)™" = [y s1(v,2) dvdz, which is given by

2\2 e too4Am F(n—i—s)lﬁ(%)
(/N (L4 P+ 160) ™5 dode) = =t

by Lemma [3.5| with 7 = 0 and a = s. 0

Since @, ,(v, z) is an approximate identity, we obtain the L convergence ([1.7) of The-
orem . We are now interested in proving the assertion about the limit in (1.8)), i.e.,

that

_og s o L(1—3s
_pl ? ap(pQ f * ‘;03,,0) - 2'~2 %Esf as p— 0.
First we need to recall the following identity, that was essentially proved by Cowling and
Haagerup in [7, Section 3|, and it was also shown in [29, Theorem 3.1] by a different method
(we point out that there is a misprint in the statement of our result [29, Theorem 3.1]: the
restriction on s should be 0 < s < n+ 1). We state it here in the most convenient way for

Our purposes.
Theorem 3.7. Let p >0 and 0 < s <n+ 1. Then
Lsp_sp(v,2) = Cy(n,m, s)pzsap&p(v, 2),

where

L) T(=5)
P(=5=) T(=5=2)

Cy(n,m,s) = 4%

Proof. Just repeat the proof of [29, Theorem 3.1] in the case H type groups, and change p
into p?/4 (there, p corresponds to §). O

Remark 3.8. In view of the results above, we can write the solution to (|1.3)) as
u(v, z,p) = Ci(n,m, s)Co(n,m, 8) ' Lof * o_ ,(v,2),
and let us recall that ¢, ,(v, z) is given in (|L.5]).

Therefore,
—p' " *0u = C1(n,m, s)Cy(n,m, s) " Lof * K,
where K ,(v,2) = —p*™2°0,p_5 ,(v, z). Observe that

_ntm=—s__
5 1

—0pp—s,p(v,2) = 2p(n +m — 5)(p* + [v]*) ((p* + [0]*)” + 16][)
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We can rewrite this as

(p* + |v]?)
((p% + [v]?)? 4 16]2]?)

This shows that K, ,(v, 2) = p 2™ K1 (p~tv, p~22) and hence K, ,(v, z), after normalisa-
tion, is an approximate identity. Thus,

— li_1>r(1) P #0,u = Cy(n,m, s)Ca(n,m,s) ' Cs(n,m,s)Lsf,
P

K,s’p(/U, Z) = 2(77/ + m — S)p2(178) 1/2 Splfs,p(va z)

with C3(n,m,s) = [ Ks1(v,2)dvdz. Then, by Lemma with j =1 and a =2 — s, we
have
tm/2 INQE S)F(—”Jrg_s)

4m - T(n — s+ 1)(mEmf2=s)’

Finally, collecting (1.6), (L.11)) and (3.11)), we get
I'(l1—s)
R 1-2s — 9l-2s
(3.12) /l)lg(l)p Opu =2 TG Lsf.

From ({3.7)) in the proof of Theorem , we see that the solution of the extension problem
can be written as u = f * &, ,, and &, , has an explicit expression, see Corollary (and
also ||®;,|1 = 1). With this we have

(313)  ulv,2,p) — f(0,2) = f * By (0,2) — f(,2) = / (F(2) = ()@, (y ") dy

N

(3.11) Cs(n,m,s) =2(n+m —s)

= Cinms)p? [ (@) = F@)punly ) d

N

From here, by taking derivative in p and multiplying by p'~2%, we obtain

p' 0z, p) = p' 0, [u(z, p) — f(x)] = —=Ci(n,m, s)2s /N (f(@) = f(y) sy 2)dy

— Cy(nym, s)p / (F@) = F@)Oppnply') dy.

N
Now we let p tend to 07 to get

— lim p'"*d,u(v, z,p) = Ci(n,m, s)2s
p—0t

[ te_so),

|Iy—1 |Q+2s

- lim Cutnm,9)p [ (F(0) = ) Bppuny ') dy
p—)OJr N
Assume for a while that we can prove
(3.14) im p [ (F(0) = F0))0ppualy ™) dy = 0.
p—>0+ N
Then, in view of (3.12]), we conclude that
4m22% D(n + s)I(™5+2) / (f(z) = f(y)) y
o D) D(=s)] Sy Jay 1@z

i.e., the identity ([1.9) in Theorem [1.2]

Lof(v,2) =




EXTENSION PROBLEM AND TRACE HARDY INEQUALITY 19

It remains to prove (3.14)). For that, we need the following Mean Value Theorem adapted
to H-type groups, see [12, (1.33)].

Theorem 3.9 (Folland-Stein). There ezist constants C > 0 and > 0 such that for all
f € CYN) we have

2n+m
[f(yz) = f(@)] < Cllyl + [yI*) Z Sup IIij(y’fC)!,

whereY; = X, j=1,....2nand Y; = Z;, j=2n+1....2n+m.

Note that by a change of variables we have

p /N (f(@) = f()0pps,p(y " x)dy = p / (f(x) = flzy™"))Opps,(y) dy.

N
A simple calculation shows that

Opps,p(y) = p~ 172 p 2 M5, (y),

where
(14 |vf?)

(1 [vf?)? + |2[2)1/2
and U(d,(y)) = V(d,(v,2)) = U(p~tv, p~22). Then, by Theorem we have

pﬂyﬂm—f@yﬂﬂ@%AwMyscf%f%W2Aum+m%w@w»@.

By a change of variable, the above is bounded by Cp' = [, (Jy|+ p|y[*)¥(y) dy, which tends
to 0 as p— 0T, for 0 < s < 1/2, since (|y| + |y|*)¥(y) is integrable.
Finally, we can now compute the limit in ((1.10)). From (3.13), by taking limits, we obtain

[ Y-t

oy 1O

_nt+m+l+ts

(L[ + 1) 2,

U(v,2) =

lim p~**(u(v, z, p) — f(v,2)) = Ci(m,n, s)

_ IP(=)
= 1y £l w2,

where the second equality follows from the identity (1.9)) just proven. With this, the proof
of Theorem [1.2]is complete.

3.3. Isometry property of the solution operator for the extension problem. In
this subsection we will prove Theorem [I.8 In order to prove this theorem, first we prove
the isometry property of the solution operator Ps (see the Introduction) for the extension
problem in the Heisenberg group context given by Mollers et al in [23]. We will modify
slightly the notation here and use (z,t) € C" x R for elements of the Heisenberg group H".

The solution of the extension problem associated to the sublaplacian £ on H" is given by

u(z,t,p) = Ci(n, 5)p™ f * ps,p(2,t)
where C(n,s) := Ci(n, 1,s) and

_n+l+s
2

psp(z,t) = ((p" + [2[*)" + 16t%)

We write the solution operator f — u as Psf. Thus Psf = Ci(n, s)p* f s ,(z,t). Note that
the solution can be considered as a function on the (2n + 3)-dimensional Heisenberg group
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H"*! = C**! x R which is radial in the extra variable (. On H"*! we use the coordinates
(2,¢,t). Thus
Psf(za ¢, t) = Ol(na S>|C|2$f * QOS,K\('Z? t)'

Taking this point of view, Mollers et al have considered f — P;f as an extension map taking
functions f on H" into functions on H"*!. They have proved that P, defines an isometry
between certain Sobolev spaces defined on H" and H"*!.

To motivate the proof let us consider the case of the Laplacian on R™. In view of the
Stinga-Torrea formula (3.3) the solution of the extension problem associated to A

(3.15) (A+32+ 1—;'56p)u =0,  u(z,0) = f(z)

is given by ( see [33] and also [2])
u(w, p) = cpsp” f* us p(2)

_nt

where now u, ,(z) = (p? + |2[>)~"2" and ¢, is given by

et = / 1+ |z))~"% da.

Let P be defined by Psf(z,y) = u(z,|y|), (z,y) € R* x R. Let H*(R") stand for the
homogeneous Sobolev space defined to be the set of all distributions f such that (—A)%2f €
L*(R"). Equivalently, f € H*(R") if and only if f € L*(R", |¢[>d¢). In [23] the following
theorem has been proved, and here we provide a different proof.

Theorem 3.10. For 0 < s < n, P, : H¥?(R") — HETV/2(R™) is a constant multiple of
an isometry.

Proof. In proving this theorem, we make use of the identity (see [2, Lemma 2.2|, also [33])

(3.16) P f * g o () = Cos(—A)2f xu_y ,(2)
where ¢, 5 is an explicit constant. For a function ¢(z,y) on R™*! note that

B(&m) = / 6’”’”( / o(z,y)e " dx) dy.
R n
Consequently, taking into account of (3.16]),

(Psf)(&,m) = s ( /R"H(yQ + |x|2)—%e—i(m.f+yn) dx dy) ((_A)s/zf)A(g).

Since (y* + \x!Q)’nH;(HS) is homogeneous of degree —(n + 1) — (1 + s) on R™™ | its Fourier

transform is a constant multiple of (n2 + [£|2)~"%". Thus

s ~

(Pf)(E,n) = cas@® + €2 F [ FLE),

where ¢, s is an explicit constant. In view of the above calculations,

_stl o 2
XA / / (1 + €)1 17 (€)1 dn d,

which after integration in the 7 variable gives

~

1P i, = 2. / EPIFE) P dnde = 211

This proves the theorem. 0]

2
HS/Q(RTL) .
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Analogously as in the context of H-type groups, we introduce the following variant of a
Sobolev space. Let VVOS ?(R™) be the completion of C5°(R™ x R) with respect to the norm

fuliy = [ [ 19utep)Pp = dedp
o Jre
It can be easily checked that this is indeed a norm. We have the following.

Proposition 3.11. For 0 < s < 1, let f be a real valued function in H*/>(R"), i.e., f,
(=A)¥4f € L2(R™). Ifu is the solution of the extension problem (3.15)) with initial condition
f, then

Hs/Z(Rn)

/ / Vale, 920" dedp = C|f |2

Proof. In what follows, we make use of the following fact which can be easily proved. If f and
g are from L?(R™) then their convolution fxg is uniformly continuous and vanishes at infinity.
This can be proved by approximating f and g by sequence of compactly supported smooth
functions. Since f and p*u, , are from L*(R") it follows that the solution u of the extension
problem vanishes at infinity as a function of « for any fixed p. Moreover, 9, u,, € L*(R").
The same is true of d,u,,. Hence 0, u also vanishes at infinity. Integrating by parts and
making use of the above, we see that

02, u(e o) do = [ (e )02 u(w. p) do.
Rn

n

We also observe that |u(x, p)| < p°||f||2]|s,pll2 which after a simple calculation shows that
u(x, p) goes to 0 as p tends to infinity. The same is true of d,u(x, p). In view of these, a
similar calculation with the p-derivative gives

/Ooo(apU(% p))2p'~Sdp = /OOO u(, p)0, (p'*Bpulz, p)) dp — u(z,0) lim (P *0pu) (z, p).

Adding them up and recalling that u solves the extension problem with initial condition f
we obtain the result. 0J

Proposition 3.12. Under the same hypotheses as in Proposition |3.11, we have

/ / u(@, p)’p™' " dw dp = C|| fllf7e/2ny-
0 n
Proof. Observe that

e, p) = o™ F(E) / (0 + |oP)F e dr = e, FO)C(o]).
where G is defined by
Gle) = [ (L+]af) Fe e,

The asymptotic properties of G are well known, see [32, p. 132, (29), (30)]. As G(p) behaves
like p* near 0 it follows that [ G(p)?p~' " dp < oo and hence

/ FOPRCIE) o dpae
0 Rn

HS/Q(Rn) .

[ROREr( [ 6tz dp) de =l
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O

Proposition 3.13. For 0 < s < 1, let f be a real valued function in H*(R™). If u is the
solution of the extension problem (3.15)) with initial condition f, then u € W (R™).

Proof. We know that the function
s _nts
w = cpf (07 + [af?) 7
solves the extension problem ([3.15]) and

/ |Vu(x, p)|*p' % dxdp < .
0o Jrn

Then, we have to approximate u by C§° functions on R™ x R. Let n € C§°(R) be such that
n(t) = 0 for |¢t| > 2 and n(t) = 1 for |t| < 1. Consider
uj(, p) = (277 (0" + [2*))ulz, p) =2 (. p)u(=, p),
after extending u to R” x R as an even function in p. Then, u; is compactly supported and
VUJ' = iju + ZDJV’U,
so that
V(u—u;) = Vipu+ (1 —¢;)Vu.
Note that 1 —1; = 0 on (p? + |z|?) < 27. Hence
/ |(1 — ;) Vu|*p'* dx dp < / Vul?p'*dzdp —0 as j— oo.
0 JR» (p?+|x|?)>27

On the other hand, as ' =0 on (p? 4 |z|*) < 27 and (p* + |z|?) > 2711,
|5V, p)| = 27720yl (277 (0% + [2f)) < 277 (0% + [o) 2 (277 (0 + [a")) < Cp".
J
Similarly, [9,¢;(z, p)| < Cp~!'. Therefore,

[ [ wueobutedrdp<c [ e
0 n

P2 +|e[222
<C [ [ et dedp = (-8)" ] < .
0 R”™

by Proposition and the hypothesis on f. Hence fp2+|x|2>2j lul?p~1"*dxdp — 0 as j — oo,
ie., -

/ (Vi (z, p)Plul?p'*dadp — 0 as j— oo.
0o Jre
Thus, v is approximated by u;, and the proof is complete. O

We now turn to the case of the Heisenberg group. Here the Sobolev spaces H*(H") are

defined via the relation f € H*(H") if and only if L% f e L2 (H"™) where Ly is the conformally
invariant fractional power of £. In view of the Plancherel theorem for the Heisenberg group,

we have
o0

2 ey = (27) / 1CY2 FTON gL .

—0o0

/]
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Recalling the definition of £, we note that
Hn(A) 1+s
F(S + 59
1—s
2

(L2100 = T (< s
(F( e+ 5

where H,(\) stands for the scaled Hermite operator —A + A?|x|? on R™ (we changed a little
bit the notation from Subsection . The Hilbert—-Schmidt norm can be calculated in terms
of the Hermite basis ®}(z), a € N". As they are eigenfunctions of the Hermite operator
H, (\) with eigenvalues (2|a| + n)|A|, we see that

o0 F(M)

o () = 25(2@_"_1/ ( Z 2

X " aeNn F(W)

)" 2l

/]

[FOV@M3) A"+ dx.

In calculating the norm of a function v € H*(H"™) we make use of the orthonormal
o DA B 9\ A no; o) — PA : :
basis @, ;(z,y) = ®3(z)h}(y), « € N, j € N where h}(y) = ®}(y) are the one dimensional
Hermite functions forming an orthonormal basis for L?(R). Thus

. I (2ot
Fai i) = 28+1(27T)_n_2/

2
T (a,j)EN" XN

[ 13) A2

[[u] 2
la|+(n+1)+1—(1+s)
I( )

2

We are now ready to prove the folllowing result. Let P, f(z,(,t) = Ci(n, s)|C|* fxps (2, 1)
be the solution operator.

Theorem 3.14. For 0 < s < n + 1, the solution operator P, : H*(H") — H*"'(H"!)
satisfies the isometry property
7T (s)0(1 + s)

2 —
[l zros1 @anery = 22712(ﬂ)sr(nJrl_s)4||f|
2

2
Hes(Hn)-

Proof. We begin with the observation that the (group) Fourier transform of a function u on
H"*! is defined by

A0 = [ (e Gm(e G dedg e
Hr-+1
Here my(2,(,t) are the Schrodinger representations realised on L*(R™*1). Since
(27 C’ t) = (07 C’ O)(Z7 O’ t)? 7T)\(Z7 C’ t) = 7.(-)\(07 C? O)WA(Z7 07 t)
and hence

a0\ :/(Cﬁ,\(O,C,O)(/nu(z,(,t)ﬂ,\(z,o,t) dzdt) dc.

Since the solution u(z,(,t) = Psf(z,(,t) is given by convolution of f with a function, the
inner integral simplifies.
At this point we make use of Theorem with m = 1, namely,

ESQO,S,,)(Z, t) = 02(n7 5)/)28908,;)('37 t)7
where Cy(n, s) := Cy(n, 1, s). In view of this we can write the solution as
’LL(Z, C> t) = CVl (na S)CZ(n7 S)_l‘cs.f * SO*S,Kl(Z? t)
Thus

/n u(z, ¢, t)ma(2,0,t) dzdt = Cy(n, s)Cy(n, s) " (Lef)(N) / ©_s)c|(2,1)mr(2,0,1) dz dt,

H»
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where (L, f)()\) is the Fourier transform of £,f on H" and hence acts on L?(R"). From this
we obtain

(3.17)
AN = Culm,)Calin. ) (TN [ (= +ICP +168) " e, G o) de gt

For g = (2,¢,t) € H", let |g] = ((|2* + [¢[*)* + 16252)1/4 be the homogeneous norm. Then
(3.17) can be rewritten as

B18)A0) = Caln,)Calns) (LN [ gl D (g)dy.

It is known, see [29, p. 127], that C,}y ,]g[~>" P20 is a fundamental solution of the
operator Ly, ; on H" if we take

o 7T ()
s 2n+1—35F("+;*5)2.
Consequently,
F(Hn2+1()\)+17(1+5))
(n s —5— BY 2

[ a0 (g) dg = Coa e G4A) .
) nt1(A) 1+(1+s)
Hrtt F( 2+\>1\| = )

Therefore, in view of this and (3.18)) we see that

(2\a|+2j+(n+1)+1—(1+s)) R
AN P55 (@.y) = Cogrena 2D F(2a|+2j+(nf1)+1+(1+s)) (Lo f) N5 5, ).
2

As (L. f)(N\) = A(A)%(QW) acts only on @, we get

(2|a|+2j+(n+1)+1—(1+s)) F(2\a|+n+1+s)

= A _ 2 -1 2 2 A
u()\)q)mj(m? y) - Cn+1,s+1|)\| F(2|a|+2j+(n+1)+1+(1+8)) F(2|a|+n+1_5)) ( ) a($)hj (y)7
2 2

~

so that

(2\a|+2j+(n+1)+17(1+s))2 F(2|a\+n+1+s)2

~ A 2 2 2 2 A2
[ZN515 = oy eia AT (e e p Eem ey ()2l
2 2

Recalling the expression for the norm of w in H**'(H"™!) we have to multiply the above
with

2|al+25+(n+1)+14+(1+s)
N C—— )

2lal+2j+(n+1)+1—(1+s)
D3 )

and sum over « and j:

00 F(2|a\+2j+(n+1)+l+(l+s))F(2|a\+2j+(n+1)+1f(l+s))2 00 F(2|a|+2j+(n+1)+17(1+s))

2 2 2
2|la]4+25+(n+1)+1—(1+s) 2|a|+25+(n+1)+14+(1+s) | 2

F( J t )F(I\J(2) ())

2lal+2i+(n+D+14+(1+8)\
D )

Jj=0 J=0

The above can be computed using properties of hypergeometric functions. Recall that

oo @s®)s o o~ Tla+ )T+ s)T(e)
Flabiciz) =) (©)ys! =2 T(@T(O)(c+ s5)s!
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: 2 1- 2 3
Wltha:%,bzl,c:Wandzzlweseethat

(Aot D=0y oo p(almiiss | ey gy L@r'@)

F(2|a\+2j+(n;l)+1+(1+s)) F(Z\a|+721+3+5 —I—j)j! T(c)

=0
Now making use of [26], 15.4.20]:

J=0

I'(e)l'(c—a—Db)

F(a,b;c;1) = Re(c—a—0)>0
(CL, ;G ) F(C— &)F(C— b), e(C a ) R
we obtain
9] 2\o¢|+23+(n+1)+1 (1—1—5)) F(S) F(2|a|+g+1—s)
; 2\o¢|+2]+ n+1)+1+(1+s)) - F(l + S) F(2|a|+721+1+s) .
Consequently,

(S) 2|a]+2j+(n+1)+14+(1+4s)
N G )

2.2

aeN" j=0

2|al+2j+(n+1)+1—(1+s «,]
[‘( lor|+25+( 5 ) ( ))

L(s) -
__ (2 2
- Cn+1,s+l F(l + S) ’)‘| Z

aeN”

P<2|a\+n+1+s)) N
T @i V%l

Integrating the above with respect to [A|"*2** d\ we obtain

I'(s)
||ul|%{8+1(H"+1) = Oi+1,s+1m||f|

2
He(Hn)-

]
Now we are ready to prove Theorem [1.§|

Proof of Theorem[1.8. We begin with the observation that if u is a solution of the extension
problem for £ on N, then for any w € S™ !, R u is a solution of the extension problem
for £ on H7. (Since all H” are isomorphic to H" we use the same notation £ to denote
these sublaplacians). This can be easily seen as follows: since u(v, z, p) = Ci(n,m, s)p* f *
©s,p(v, 2), by taking Radon transform in the z-variable and recalling that R,,(f *ys,)(v,t) =
R, f %, Rypsp(v,t), where %, is the convolution on H,, we have

Rou(v,t, p) = Ci(n,m, s)p* Ry f %, Ryps,(v,t).
We have already calculated Rw Ps »(v,t) in the proof of Theorem[3.4] Tt is given by Ry, ,(v,t) =

n+l+4s
g1 1((72;1;)) ((p*+]|v|*)2+16t%)  *  which is considered as a kernel on H?, = H". Thus we have

Cr(n, 1, 5) Rutps (0, 8) = Ci(m, 1, 8) (7 + [o]?)? + 16¢2) "7

and it is clear that R,u(v,t, p) solves the extension problem for £ on H” with initial condition
m—1

R,f. As (=A.) commutes with £, it follows that (—=A,) 7 u = Cy(n,m, S)PQS(—AZ)MTAf “
©s,p and consequently,

Ro(—A.) " u(v,t) :C’l(n,l,s) 2 Ro(—A) T f %y By (v, ),

where @, ,(v,t) = ((p* + [v][*)* + 16t2) 7 Now in view of Theorem 3.14) we have
m—1
HRw((_AZ) 4 u)|

m—1

%{SH(H”H) = C||R,((-A.) 7 f)]

2
He (H")-




26 L. RONCAL AND S. THANGAVELU

Integrating the above over S™~! we obtain

m—1

/ 1R (227 ) [2res s, dor(w) = © / IR ((—A) T 1)1
Smfl Smfl

Hs(H") da(w).

Recalling the definition of the norm on H*(H"), the right hand side of the above reads

/SM / LY2R,((—A.) 5T 1) (v, )2 dv dt do(w).

The proof will be completed by showing that the above integral is a constant multiple of
I |£§/ *f(v, 2)|? dv dz. By Plancherel theorem for the Fourier transform on H"

/ ILY2R, ((—A, )mT f) (v, 1) dv dt
00 T 2|al+n+1+s o
—eo [ (X FEW—EH_%HM(RUJ((—A»4f)<1>g||§)|x|"+8 ax
T aeNn ST

where we have used 7 (F') to stand for the Fourier transform F (A) of a function F on H".
But we note that for any g on N, my(Ru,g) = m.(g) (recall the notation from Subsection [2.2)).
Using this we have

TR (D) T f) = mu(—A) T f) = N"T mu(f).

Therefore,

m— 2|a\+n+1+s
/ |£;/2(Rw(—Az) . P, ) dvdt = / Z 2|a\+n+1 s Hmw(f)llgl)\I"*m‘”sd)\.

aEN”

Integrating both sides over S”~! we immediately see that
| R80T s o o)
—C [ Imal DA drdo(e)
Sm—1J—o00

and from here we conclude. ]

3.4. Higher order extension problem. In this subsection we will deal with the extension
problem for large values of s > 0. By Theorem [1.2] we have that, for s > 0,

qtm/2 S nts
o)~ ( D)%)

Am T(n+ s)0(245E

-1 )
)> P Sf * @s,p(vwz)

solves the extension problem and lim, .o u(v, 2, p) = f(v, z). We are interested in recovering
Lsf as the limit of certain derivatives (in p) of u(v, z,p). Observe that the operator L is
defined for all values of s € R\ D, where D = {+(n+2k+1):k=0,1,2,...} = DTUD".
Higher order extension problems have been studied in [6], B8] for the Euclidean Laplacian
and s € (0,n/2), and for general non-negative self-adjoint linear operators defined in an
L2-space and any noninteger positive number s, in [28].

The main result of this subsection reads as follows.
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Theorem 3.15. Let N be a H-type group with homogeneous dimension Q = 2(n+m). Let
s > 0 be such that either s ¢ N if m is even, or s ¢ DV if m is odd. Suppose that { is the
integer such that { — 1 < s < £. Let u be the solution of the extension problem with
initial condition f € LP(N), 1 < p < oo. Then

tim 7 (-0, u(v, 2, p) = C(,m,m,5) L. (0, ),
p

in the LP norm provided L,f € LP(N), where C({,m,n,s) = C1(n,m, s)Cso(n,m,s) La(n,m,s)
with C1(n,m,s) and Co(n,m,s) given, respectively, by (1.6) and (1.11)), and a(n,m,s) by

l i
7T.n-}—m/Z I‘(n‘M;J 5)
4m T(n —|— € —3) Z ol n+ﬂ%+f+jfs) '
j= 2

a(n,m,s) =

Here c(¢, j) satisfies the recurrence relation

0+ 1,7) = (G + De(lj+1) — %(n+m+€+j— L—s)e(lj—1), 1<j<¢,
(319) c(l+1,0)=c(l,1),  c(l+1,0+1) = —%(n +m 20— $)e(l, 0).
Proof. We can write the solution (see Remark as

u(U7 Z, p) =0 (n> m, 3)02(n> m, 3)71£3f * 9073,,0(7), 2)7

provided 0 < s < n + 1. By induction, still assuming 0 < s < n + 1, we can show that
¢

(3.20) (Q—pa) ZC (£,5)95.p(0, 2)p1-s5,(v, 2),

for some explicit constants ¢(¢, j) that will be computed at the end of the proof and
(7 + o)
(02 + o) + 16]2P)"

This shows that

1
(3.21) P (—

¢
2p8p) u(v, z, p) = C1(n, m, s)Ce(n, m, s) Zﬁ [ *hjps(v,2),

where

hJaP75<U7 Z) = C(‘€7 j)g]:P(U7 Z)p2(£7s)g0£—s’p<v7 Z)'

We claim that the latter identity is valid for any 0 < s ¢ N or s ¢ DT as the case may be.
This restriction comes from the fact that Cy(n,m,s) is not defined when s is of the form
n+m+ 2k, for a nonnegative integer k. In order to prove the claim, we use Fourier transform
on N. So, it is enough to show that, as u(v, z, p) = Ci(n,m, s)p* f * @5 ,(v, z) (by Theorem

, then
1

¢
WA,w(f)pQ(e_S) (z_pap)e[pzsﬂ—)\,w(gps,p)] = CQ(na m, S)_lﬂz\,w(ﬁsf) Z 7T)\,w<hj,p,s)
j=0
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for any A > 0 and w € S*"'. Since ¢;,(v, z) is radial in both v and 2, the group Fourier
transform of ¢, , is given by

o0

T w SOSp E Cp

k=0

see Subsection [2.2] Here the coefficients have been computed in [29, Section 3] and are given
by the formula:

(3.22) & (s) = —2O"A L(/)QP\I 2%k +n+1+s 2k—|—n+1—5)
T T+ 1+9)t N 4T 2 ! 2 :
where the L-function is
(3.23) L(a,b,¢) = / e~ 71 (] 4 0) g,
0

which is valid for a,b € RT and ¢ € R. Using the facts that ¢, , and h;, s are radial and
H()\) s
LG + %)

P+

7T>\,w(£sf) = 7T/\,w<f>(2|)“)s

we only need to show that

1
2p

T ( 2k+n+1+s 14

9,)' [0} ()] = Caln, m, 5) " (2IA])’ F(EE Z

]=0

(3.24) P2 (—

for every k € N. Here,

BigaOu) =g [ 1)) do

(observe that h}% (v) is independent of w as hj (v, z) is radial in z)

From the definition of the L-function it is clear that p(‘=*) (21/)8 ) [p*5c) ()] is a holomor-
phic function of s on Res > 0. On the other hand, it is easy to see that the right hand side
of is also holomorphic on {0 < Res < £} N (C\N) or {0 < Res < ¢} N(C\ D") as
the case may be. As both sides agree on 0 < Res < n + 1, we can conclude that they agree
on 0 < s < ¢. This proves the claim.

Thus, we have proved for 0 < s <. As hj,s(v,2) = p~2t™h, (p~ v, p~22) and
hj1s € L'(N), we see that

1
lim pQ(Z * (_ap)eu(va 2y p) = C’1 (na m, 8)02<n7 m, S)_la’(n7 m, S>£sf7
p—0 2,0
where, by Lemma, with a =0+ 7 — s,
¢ . mtLtj—s
a(n,m, s) Zc / + )Y (1 + [v]*)? + 16]2] ) > dvdz
N

Jj=0

qntm/2 F(M)

¢
T m n—l—ﬁ—s ZC n+m+£+g s)'
j=
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Finally, we can get a recurrence relation for the constants c(¢, 7). By rewriting ({3.20]), we
have

n+m+L+j—s

V4
(3.25) (%ap) Zc (&) + o) ((0° + o) + [27) 2

Differentiating the above once more, we get

0,) N pmap(v,2) = el )i(0* + [PV (0 + 1o + 12)

Jj=1

(5

p

n+m+l+1l+j—1—s
2

- %ZC(M)(” +m 4045 —s)(p" + ) (0" + [0]*)* + [2[)

=0
Comparing this with (3.25)) we obtain the recurrence relation in (3.19). This completes the
proof. O

_ ndm4L4+l4g4l—s
2

4. TRACE HARDY AND HARDY INEQUALITIES FOR THE SUBLAPLACIAN

Our aim in this section is to prove various forms of trace Hardy and Hardy inequalities
for £ on a H-type group N. Let us recall that Vu = (Xju, ..., Xo,u, %Zlu, cee %Zmu, o,u)
and let

1—2s 1

(4.1) L:=—L+0;+ Tap - ZpQAZ

stand for the extension operator. We have the following general trace Hardy inequality. In
order to state the result, we recall the Sobolev space presented in the Introduction. Let

WOS 2(8) be the completion of C3°(N x R) with respect to the norm

[|u||? 5) —/ / (Vu(v, z, p)|>p* 2 dv dz dp.

As it was noted in the Introduction, it can be easily checked that this is indeed a norm.

Theorem 4.1 (General trace Hardy inequality). Let 0 < s < 1 and let ¢ € L*(N) be a real
valued function in the domain of Ls such that 0 YLy is locally integrable. Then for any
real valued function u(v, z, p) € Wi*(S) we have the inequality

o 2 . (1 =) Lsp(v, 2)
Vu(v, z, 1225 v dzdp > 2 25—/ u? (v, 2,0) =222 du dz.
[ [utesals ’ i L 0

Proof of Theorem [4.1]. Let Y; be any of the vector fields X; or %Zk on the N group. An easy
limiting argument shows that it is enough to prove the inequality for functions u which are
restrictions to AN of a C§° function on N x R. Let u(v, z, p) be such a function and take
w(v, z, p) to be the solution of the extension problem with initial condition ¢. Now consider
the integral

/ (Yiu — EYiw)2 dvdz = / <(Yiu)2 — QEY;qu«w + (EYiw)2> dvdz.
N w N w w
Integrating by parts and noting that there are no boundary terms we get

/ 2Y;uY}w dvdz = —/ uYQ(EYiw) dv dz
N W N w
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U PR |
= — —YuYwdvdz — U Yi(—Y;w) dvdz.
N W N w
Since fN ( Yw) dvdz = fN (Yw) dvdz + fN " Yzw dv dz, the above gives
2
/ <u2 (Yiw)? — 2— Yqu) dvdz = / —Y wdvdz.
N \w
On the other hand, a similar calculation with the p-derivative gives

2

= u? 2 u 1-2s “u 1-2s
(—2(8pw) — 2—0ud,w)p' > dp = —0,(p' " 0,w) dp
0 w 0o w

w
u(vv 2, 0)2 : 1-2s
w(o.z,0) P00

Let us now add them up and take all integrations into account. By denoting = = (v, z) and
dxr = dvdz, we get, in view of (4.1]),

2 0 2
(4.2) / / ‘Vu x,p) p;Vw(a:,p)’ plm% da:dp:/ / ’Vu(a:,p)’ p' "% dxdp
0

//

Since we have taken w = 01 (n, m, $)p*p * s ,, with @, , as in and Ci(n,m, s) as in
(1.6]), w solves the equation Lw = 0, with w(z,0) = p(z). Moreover, as p — 0,
['(1—5s)
——— L.

() 7

(
p

u(z,0
(z,p))p 1_2sdxdp+/ ((m 3) i_r)r(l)pl 9,w(x, p) dx.

—p' 2 0,(Ci(n,m, 5)p™p % @s,) = 2175

Therefore, (4.2)) simplifies and we obtain the inequality
o 2 ' - L
/ / ‘Vu(m,p)‘ p' " dxdp > 21_25M/ u*(z,0) ?(2) dx,
o Jn I'(s)  Jn ()
as desired. ([l

Remark 4.2. By taking (v, z) = u(v, 2z,0), we obtain the following inequality

/ /|Vu(v,z,p)|2p1_28dvdzdp2C’/ Lsp(v,z)p(v, z) dvdz.
o JN N

This has been already proved in [I3] by using results from scattering theory.

Theorem proves the main part of Theorem [I.3] In order to show that the inequality
is sharp we claimed that equality is attained when w is a solution of the extension problem
with initial condition ¢. If only we know that the solution u belongs to the space W*(S),
this will be easily seen by checking that both sides of the inequality reduces to (p, Lsp).
Thus we need the following result, which is in part the counterpart of Proposition for
H-type groups.

Theorem 4.3. For( < s < 1, let ¢ be a real valued function in H*(N), i.e. p, Lsp € L*(N).
If u is the solution of the extension problem with initial condition ¢, then u € WOS’Q(S).

In order to prove Theorem [4.3] we need the following proposition:
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Proposition 4.4. Under the same hypothesis as in Theorem[{.5 we have

/ / |Vu(v, z,p)|?p' > dvdz dp = QIQSu/ Lso(v, 2)p(v, z) dv dz.
0o JN I'(s) Jn

Proof. The proof follows the lines of the proof of Proposition |3.11; we take into account that
Yips, € L*(N) when Y is any of the vector fields X or Z; (and therefore Yju also vanishes
at infinity), and the same for 0,p; ,. Integrating by parts, we have that

[ Wuto.z.p)Pavds = [ atv.z o uto, . v

Moreover, |u(v, z, p)| < p**||@|l2]|@s.pll2, Wwhich implies that u(v, z, p) goes to 0 as p tends to
infinity (the same for d,u(v, z, p)). The computation with the p-derivative yields

/ (Dpulv, 2, p))?p'~*dp = / w(v, 2, p)3p(p' " *0pul(v, 2, p)) dp
0 0
- U(’U7 2, 0) })12}1(1) (p1_2sapu) (U, 2y p)

Now we sum up and we use the fact that u solves the extension problem with initial condition
©. The result follows. O

From Proposition 4.4 we see that the “energy norm” of the solution u is a constant multiple
of the H*(N) norm of the initial condition.

Proof of Theorem[{.5 We are now in a position to prove Theorem[4.3] As the energy norm of
u is finite, all we have to do is to show that it can be approximated by a sequence of compactly
supported smooth functions on N xR. As u(v, z, p) is even in p we can think of it as a smooth
function on N xR. Let n € C§°(R) be supported in |p| < 2 and assume that n = 1 on |p| < 1.
Let ¢;(v, z, p) = (279 ((p*+|v[*)?+]z|?)) and define u;(v, z, p) = ¥;(v, 2, p)u(v, 2, p). We will
show that u; converges to u in the energy norm. Observe that V(u—u;) = (1—19;)Vut+uVi;.
Since (1 —1);) is supported in ((p* + [v[*)? + |2|*) > 27 it follows that

| [ 0=z P Vate, 2P dodzdp
0 N

< C’/ IVu(v, z, p)|*p* 2 dv dz dp
(PP +[0[?)?+]2[*)>27

which tends to 0 as j tends to infinity, in view of Proposition f.4, On the other hand, V);
is supported on 27 < ((p? + [v[*)? + |z[*) < 2771, Moreover, we have that

10p5(v, 2, p)| = 2772(p" + [0*) 2]l (277 ((p* + [v[*)* + [2]*))
< C27 (P + o) + 1214 (277 (0" + o) + 121))
= C27%4 (0" + [0*)? + [2)¥ 0 277 ((0° + of*)? + [2*) 27/
= CR277((0° + [0*)* + [z 277 ((0° + [0]?) + [2*) 279/
Therefore, calling ¢ := 277 ((p? + |v]?)? + |2]?)), we have
0,0 (0.1,9)| < Ol (127914 < Co31
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Same estimate is true of X;(v, z, p) for any other vector field X. For instance, let us compute
and estimate | X1;(v,t, p)| on the Heisenberg group with v = z 4+ iy € C* and t € R for
simplicity. We get

| Xk (v, p)| < 277 (4(p® + o) |kl + lyel[t]) 0/ (277 ((0* + [v*)* + |2]))
< C27((0 + [0])? + )12 (07 + o) + )4 (279 (0% + o) + [217)
= CR277((0* + [ + )4 277 (07 + [v*)? + |2%)) 279/
As before, we infer that
(4.3) V(v, 2,p)| < C279/4,

Since the solution u of the extension problem with initial condition ¢ is given by u =
Ci(n,m, s)p*¢ * @, ,, by Young’s inequality, we get ||ul|r2(n) < [l¢llr2(v) by the choice of
the constant Ci(n,m,s). Now as Vi, is supported in 2/ < ((p? 4 |v[*)? + |2]?) < 2711

| [tz P Vst z P> dvdzdp
0 N

A 9(i+1)/4 . 2G+1)/4
< 02_]/2/ (/ lu(v, z, p)|*dv dz>p1_25 dp < C’2‘N2/ pt % dp
0 N 0

which clearly goes to zero as j tends to infinity since s > 0. This completes the proof of

Theorem [4.3
O

We are going to show another form of trace Hardy inequality. We make use of the connec-
tion between solutions of the extension problem and eigenfunctions of the Laplace-Beltrami
operator on S which we have already exploited. Recall that

2n m
1
As =) B +) Ti+H — QH.
j=1 k=1

Given a function u on S, as before, we define w(v, z, p) = u(27?v,27 12, \/2p) and w(v, z, p) =
(n+m—s)

> w(v,z,p). We also denote by Vgw the full gradient of w on S. Making use of the
connection between the two gradients, we see that

| [ vt e avdzdp=c [ [ (Vsuto.zp)fp - dodzdp
0 N 0 N

whenever u and w are related as above. We now prove the following proposition.

Proposition 4.5. Let 0 < s < 1. Assume that w is the restriction to S of a function in
C°(N x R). Then we have the identity

/ / Vsw(v,z,p)[Pp~' = dvdzdp
0 N

00 2 .2
= / / w(v,z,p)(— As — W)@(v, zp)p " Hdudzdp
0 N

—/ w(v, z,0) lim p' 0w (v, 2, p) dv dz dp.
N p—0
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Proof. First of all, note that the assumptions on s and w and the definition of Vg ensures
that all the integrals involved in Proposition are finite. By integration by parts we have,
as the boundary terms vanish,

2n

(4.4) /X:E2 (v, 2, p)w(v, z, p)p " ™t dvdzdp = — /Z|Ew|p S dvdzdp

7j=1

and also

(4.5) / ZTk (v, z, p)w(v,z,p)p " ™ tdvdzdp = — Z|Tkw|2p_1_sdvdzdp.
N k=1 N k=1

Now, observe that
H? —(n+m)H = p282 — (n+m —1)p0,.
Therefore, we consider the integral

(46) [ (02— (n o m = 12,0, 2 T2, p)p ™y

n+m-4s

:/ 92(p R Sw)pn+m;52wdp—(n+m—1)/ 9,(p" % w)p T wdp.
0 0

We first look at the truncated integral
B n+m-—s n+m+s—2
I ::/ 8[2)(/) >w)p oz wdp
A

where 0 < A < B < oco. Integration by parts and some computations show that

B

4.7) I= —3(23(1 —s)—(n+m—s)(n+m+s—2)) /A p~ D wldp

B n+m-—+s "'L’!?L.S B 1_ B
= [ @ w0, (0" )| e
A A 2 A

Concerning the second integral, we have

n+m+s

11 := —(n+m—1)/ 8p(pn+gl_sw)p_ > wdp,
0

which by integration by parts and some calculations leads to

B
-1 B
A A

Then, collecting (4.6)), (4.7) and (4.8)), we have
B
| @3 = (et m = 1)99,)0, 2, )0, 2, )
A

1 B B,
(=) [ tap - [ @02
A

ntmts— B n4+m-—s B
L R e

(4.8) IT=—(n+m-—1)(

A.
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Finally, observe that

B —+ — B B
n+m-+4s—2 n+m-—s n m S 2 92 1—s
14 2 wa p 2 W = ——p w + wp 8 w
p( ) 9 p )

and consequently we obtain

/ (H? = (n+m)H)w(v, 2, p)w(v, z, p)p~ ™" *dp
0
(49) = /0 (p°02 — (n+m —1)pd,)w(v, z, p)W(v, z, p)p~ ™" dp

1 — S > —1l—=s
_ —1((n+m)2—52)/ p~* )w(v,zm)QdP_/ p~ 2 (pOyw(v, 2, p))* dp
0 0
—|—U)(?),Z,O) ll)ig(l)plfsapw<v,z,p).

Taking into account of (4.4)), (4.5) and (4.9), we obtain the conclusion. O

From Proposition [£.5] we can immediately obtain the following trace inequality.

oo

Theorem 4.6. Let 0 < s < 1. We have the inequality
/ / Vsw(v, z,p)?p ' * dvdzdp > — / w(v, z,0) lim p' ~*0,w(v, z, p) dv dz dp,
o JN N p=0

for any real valued function w(v,z,p) = u(27%v,27 2, \/2p) with u € Wos’z(S). Moreover,
equality holds if and only if u is a solution of the extension problem (|1.3)).

Proof. The stated inequality for w € C§°(S) follows from the above proposition since —Ag >
%(n + m)%. By approximating u and hence w by a sequence of C§°(S) functions, we can
conclude that the inequality remains true under the hypothesis on w. We have already
remarked in Subsection that when u satisfies the extension problem, then w(v, z, p) =

(H;@fs)w(v, z,p) is an eigenfunction of Ag with eigenvalue —W. Consequently, we

can easily conclude that equality holds if and only if u is the solution of the extension
problem. O

Theorems [4.1] and [£.3] lead to some interesting corollaries.

Corollary 4.7. Let 0 < s <1, 0 > 0. Then for all real valued u € WS’Q(S), we have

0o 0)2
4.10 / / Yu v, 2, 2 1-2s dvdzd > On 8525/ U(U, Z, i
(4.10) i NI (v,2,0)I"p p O ) T T PR + 167

with the constant given by

o 27T s) o D) T(2522)
MTTe) T T

2

The above inequality is sharp and equality is obtained when u(v, z,p) = ©_s5* p**ps (v, 2).

Proof. We immediately obtain the inequality by taking ¢ = ¢_; s in Theorem [4.1] for a fixed
§ > 0 and using Theorem [3.7]

As for the equality, when we take u(v,z,p) = Ci(n,m,s)¢_ss * p**ps,(v,z) in the in-
equality (4.10)), in view of Theorem , the left hand side reduces to 2'=2° F(l_s)@_575£830_575

I'(s)

which, by Theorem [3.7] is nothing but the right hand side of ([4.10]). O
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Remark 4.8. In Corollary if we take uw to be the solution of the extension problem
with initial condition f, the left hand side reduces to a constant multiple of (f, L;f). This
immediately proves Corollary

Now we are going to prove Theorem Let us recall some definitions. Let
ps(v,2) = [(0,2)[7F)and 4hy(v, 2) = Ciln,m, 5) (s * | - |79F) (v, 2).
Note that (v, z) is homogeneous of degree —(n + m — s). Let us define
ws (v, 2) = ps(v, 2)¥s(v,2) 7"

so that wy is homogeneous of degree —2s.

Proof of Theorem[1.9. Let u € C3°(N x R) and let ¢ > 0 be any function which is in the
domain of £,. Let w = C}(n,m, s)p**¢ * ¢, , be the solution of the extension problem ([I.3))
with initial condition ¢. Then7 proceeding as in the proof of Theorem we get

w(:c,p)
Sy T

Now, let nn € C§° supported in 0 < a < |(v, z)| < b < oo be such that 0 <n < 1. Let us take
© =nps * p_s5 in (4.11)). We note that, in view of Theorem ,

21— 5) [ Laple) 5 o
I(s) /. o) (04

21—2SF 1— 525 s s

— MC’Q(n,m, 3)/ (nes) * ’6(U’Z)u2(v,z,0) dvdz.
['(s) NN p-ss(v, 2)

From identity (4.11)) we observe that

21—25F 1 — 525 < <
MCg(n,m, s)/ (ns) ¢ ’é(v’z)uQ(v,z,O) dvdz
N

I'(s) NPs * p—s,6(0, 2)
o0 2
< / / ‘Vu(:v,p)) p' % dx dp.
o JN

As nps € L*(N) and Cy(n,m, s)0*p,s is an approximate identity, 6%*n¢s * @5 converges
to Cy(n,m,s) 'nps(v,2) a.e. as & — 0. We also note that np, * p_,s(v, z) converges to
ns * | |79 (due to Dominated Convergence Theorem). By Vitali’s theorem (see [30, p.
143]) with du(v, z) = u?(v, 2,0) dv dz we conclude that

21728]:‘ 1 — 2s
lim MCQ(TM m, S) / ) (TI(’DS) * 908,5(1); Z) u2(v, 2, 0) dv dz
6—0 F(S) N TNPs* QO—S,CS(Ua Z)

C27EI(1 - s) s (v, 2)
=S G [ e e

We also have, with w, 5(v, 2, p) = C1(n,m, 8)p* 1Nps * ©_ss * s (v, 2),

/ / ‘VU.%’ IO _ an,é(x7p)‘ pl 2s 2(:5 p)dl’dp
wn,é(x>p)

u?(v, 2,0) dv dz.
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Vu(z
/ /‘ P P22z, p) da dp.

’—Q+2s

Note that, as 6 — 0, w, s converges to

wy(v, 2, p) = Ci(n,m, s)p**nps * | - * Qsp(0, 2)

and Vw, s — Vw,. Again, by Vitali’s theorem with du(v,z, p) = u*(v, z, p)p* % dv dz dp,
we can conclude that

Vu( v
lim/ / ‘ uz p Wys(. ) ‘ p' P (x, p) dx dp
30 wy.s(x, p)

/ / ’VUZL‘ p an(l',p)‘ ,01 2s 2(ZL' p)dl’dp
wn(l‘7p)

Putting together, we have obtained

/ /‘VU&U ,0 1 28dl‘d,0—/ /‘vuxp an(x7p)’ pl 2s 2(1, p)dl'dp

U}n(flf,p)
21-2T(1 — s) nes(v, ) 2
- 7 dvdz.
ey Celmm ‘”/N Ot g+ |- [ (0= 0)dvdz

Choosmg a sequence 7 = 1, of functions supported on 5 < |(v, z)| < 2k which are equal to
1on + <|(v,2)| <k, arguing as above, we can take hrnlt as k — oo in the above to get

(4.12) / / ‘Vux p)| pt 2sdxdp—/ / ‘Vux 1) Vw(m,p)) Pt U (z, p) d dp

w(z, p)

21 QSF ) )
+ —Cg(n m,s) | u(v,z,0)ws(v, 2) dvdz.
I'(s) N
Let us take now u € /I/Iv/(f’z(S). Choose a sequence uy, € C3°(N x R) such that uy converges
to u in WOS’Q(S). It is clear that, passing to the limit in (4.12]) we get the identity for functions
in W3*(S). From we deduce immediately the inequality stated in the theorem.

The equality is obtamed if and only if ’vu” 2:0) Vw“(’;”,;’)’) ‘ =0, i.e., if and only if u = ¢ - w,
for some positive constant ¢, with w = Cy(n,m, s)p*ps x| - |92 % ¢ ,(v, 2). But this w
makes the rest of the terms of (4.12)) infinite. O

Proof of Corollary[1.6 Take u(v, z, p) = Ci(n,m, s)p*f * s ,(v, z, p). By Theorem , U
solves the extension problem (|1.3)) with initial condition ¢ so that, by Theorem , we have

the identity
OO 2 1-2s _ ol— sF(l B 8)
/0 /N|VU($;P)‘ p' ¥ dwdp = 2'77 W/Nf(f)ﬁsf(x) dx

Then, applying Theorem [1.5 we get

/ f(z)Ls(x) dx > Cy(n,m, s / (v, 2)ws(v, 2) dv dz,

and the conclusion follows. O
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Remark 4.9. Tt would be interesting to get an inequality of the form

[ [ 19t dedp = cum.s) [ ate.0)jei>a,
0 N N

with sharp constant. Unfortunately, the weight function ws(z), though it has the right
homogeneity, does not simplify to yield |z|~2%, even in the case of the Heisenberg group.
Recall that in the Fuclidean setting

wy(x) =

]~

|[E|_ 2 . —2s
o o C )l

with a precise constant C'(n, s) yielding the sharp Hardy inequality.
In the case of the Heisenberg group, we have

¥s(2,t) = /n (G792, 4)(Com) 9P dCdr = [(2,1)] (2 ),

where |2/|* + " = 1. Using Cayley transform (see for instance [36]), it is easy to see that the
above integral is equal to a constant times

(L + [ %)~ /S = a0 = ) (A G772

where A = 2(n+1) —2s,v = n+ 1+ s and 7 is the Cayley transform of (2/,¢'). A sharp upper
bound for the above integral would lead to a Hardy inequality with homogeneous weight
(=2, 8) 7.

Remark 4.10. In Theorem , the weight function wg(z) is optimal in the following sense:
If w, > wy is another weight function for which

/ / |Vu(:n,p)‘2,01_28 dxdp > 21_25u02(n,m,3)/ u?(z,0)ws(x) da
0o JN I'(s) N
then wy = w;.

To see this, consider

PO =5) 0 tnum, s) /N (@) — w,(2))i(z, 0) dz

I'(s)
< /0 /N |Vu(x’ p)‘2p1_2s dxdp — 21—25%02(7%7”’ ) /]sz(x)uz(x7 0) da.

In view of the identity (4.12), we have

(4.13) /N(ﬂ?s(x) — wy(x))u?(z,0) dr < /OOO /N )vul(tif’pﬁ) — un();f:o? ‘2p1_2su2(:v,p) dxdp

21725

where

w(@, p) = Ca(n,m, $)p™ s * | - |79 % gy (2).
Let v, = C1(n,m, s)ps * | - | 7925, as in the proof of Theorem [1.5 It is clear that ¥, (z) <
C’|x|_%+5. By defining wgl) = YsX|2|<1 and @Z)L(gz) = Yy X|a|>1, We see that 1, = ¢§1) + ¢§2) €
LY(N)+ LP(N) for p > QZTQQS Consequently, C(n, m, 8)p* s * s ,(x) — s(x) for ae.

and also in L'(N) + LP(N). Let
uk(x7 IO) = Cl(na m, 5>77kp2s[¢s * Sps,p] (l’),
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with 7, as in the proof of Theorem [L.5| Then, uy(x,0) = nxtps(z) — s(z) as k — oco.
Let us now take v = wuy in the inequality (4.13)). As k& — oo the left hand side converges
to [y (Ws(x) — ws(2))s(x) de. On the other hand, as ux(z,p) = nrw(x, p) it follows that

‘Vuk(:c,p) — nkV(af;,p)|2 — 0 as k — oo. Consequently, the right hand side tends to 0,
proving ws = w, as Ys(x) > 0.
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