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Abstract

We consider a domain Q. ¢ RY, N > 2, with a very rough boundary depending
on ¢. For instance, if N = 3 the domain €2, has the form of a brush with an e-periodic
distribution of thin cylinders with fixed height and a small diameter of order €. In €.
a nonlinear monotone problem with nonlinear Signorini boundary conditions, depending
on g, on the lateral boundary of the cylinders is considered. We study the asymptotic
behavior of this problem, as € vanishes, i.e. when the number of thin attached cylinders
increases unboundedly, while their cross sections tend to zero. We identify the limit
problem which is a nonstandard homogenized problem. Namely, in the region filled up
by the thin cylinders the limit problem is given by a variational inequality coupled to an
algebraic system.

Keywords: Homogenization of rough boundaries, nonlinear monotone problems, non-
linear Signorini boundary conditions.
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1 Introduction

This paper is devoted to studying the asymptotic behavior, as € vanishes, of a nonlinear
monotone problem with nonlinear Signorini boundary conditions, depending on ¢, in a domain
Q. C RY, N > 2, whose boundary contains a very rough part depending on . The geometry
of €2, is rigorously introduced in Section 2. Roughly speaking, €). has the form of a brush in
3D (see Figure 1) or the form of a comb in 2D. It is composed of two parts: a fixed box 2°
and a “forest” €22 of cylinders with fixed height and small cross section of diameter of order ¢,
e-periodically distributed in the first N — 1 directions on the upper basis of °.

Figure 1: €2,

The upper boundary and the lateral boundary of these cylinders are denoted by ¥¢ and
yalat respectively. Here as well as in the whole of the present paper, the superscripts a, b, and
lat refer to “above”, “below”, and “lateral”, respectively. Moreover, Q2 denotes the “smallest”
box containing Q¢ for every e, ¥¢ and X% its upper basis and its lower basis, respectively, and
Q=0"Ux'UQ (see Figure 2).



Figure 2: €

Boundary-value problems in a domain with rough boundary arise in many fields of biology,
physics and engineering sciences. For instance, for understanding the motion of ciliated mi-
croorganisms, the flow in a channel with rugose boundary, heat transmission through winglets,
propagation of electromagnetic waves in regions with rough boundaries, air flow through com-
pression system in turbo machine such as a jet engine, the vibrations of foundations of build-
ings, etc. (for instance, see [6], [14], [18], [33], and [41]). It is often impossible to approach
these problems directly with numerical methods, because the rough boundary requires a large
number of mesh points in its neighborhood. Thus, the computational cost associated with
such a problem grows rapidly when ¢ gets smaller. Moreover, it can occur that the required
discretization step becomes too small for the machine precision. Then, the goal is to approach
the problem on 2., when the periodicity € gets smaller, with a fictious problem on €2 which
can be numerically solved.

In this paper, the following Signorini free boundary value problem is considered

( —div(a(z, Du.(2))) + ao(x, u.(z)) = f(x), in Q,
u. =0, on X¢,

X u.(z) < g(x), a(z, Du.(z))v.(x) + Mz, u(x)) <0, ot (1.1)
(us() — 9())(alr, Duc(@)v.(x) + = h(a, ) = 0, o

| a(z, Du.(x))v.(z) =0, on 99, \ (T2 N Xl
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where a, ag, and h are Carathéodory functions, satisfying monotone and usual p-growth con-
ditions in the second variable (see assumptions (3.1)-(3.12)), p € [2,+oo[, f € Lr1(S),
g € W'(Q%) is a non negative function with g, . = 0, A € [1,+00[, and v, denotes
the unit outer normal on 0€).. The Signorini boundary conditions in the third and fourth lines
in (1.1) mean that on the lateral boundary of the cylinders ¥4 one can distinguish two a
priori unknown subsets where u, satisfies the complementary boundary conditions:

u.(r) = g(x), or a(x, Du.(z))v.(x) = — h(z,u.).

Problem (1.1) can modelize chemical activity in a multi-structure with thick absorbers
(for instance, the adsorption of nutrients on the tissues of the stomach wall and intestine
lining). The impossibility to control physical processes on the lateral boundary of the teeth
suggests to use Signorini boundary conditions which seem more realistic for describing real
phenomena. Some experiments in thick absorbers are described in [32]. See also [44] about
nonlinear boundary conditions in chemical engineering.

The weak formulation of problem (1.1) is given by the following variational inequality (for
instance, see [37] or our Appendix)

(

u. € K, = {U € WhP(Q.) : v < g on Bolat, Ul = 0} 7

/QE a(x, Dus)D(v — u.)dx + / ap(z, us)(v — ue)dz (1.2)

Qe

+5’\/ l h(z,u:)(v —us)do > / f(v—u.)dx, YvelK..
\ sett Qe

The existence, the uniqueness, and a priori H' (€. )-estimates (independent of €) of the solution
ue to problem (1.2) will be proved in Section 5. The goal of this paper is to study the
asymptotic behaviour of u. as € vanishes, i.e. when the number of thin attached cylinders
increases unboundedly, while their thickness tends to zero. In addition, the passage to the
limit is accompanied by the perturbed coefficient £ in the nonlinear Signorini conditions. The
influence of this perturbation on the asymptotic behavior of the solution will be also studied.

As said above, to studying the asymptotic behavior of problem (1.2), as ¢ vanishes, one
works in the fixed domain €2. To this aim, one introduces the zero extension operator to ¢,
i.e. v denotes the zero extension to Q¢ of any function v defined in Q2 (see definition (2.3)).
The main result of this paper is stated in the following theorem.

Theorem 1.1. Let Q¢, Q°, 30 Q. ¥2¢, and X% be defined in Section 2. Assume (3.1)-(3.15).

e

For every e, let u. be the unique solution to problem (1.2) and set u = u.,,,, ul = U, - Let
IC be defined by
K= { v=(v:°) € LP(Q%) x WLP(QP) : D, v* € LP(09),
(1.3)
v* < g a.e. in Q°, v“;a =0, v|‘;0 = vf’zo}.
Then,
u? — |w'|u® weakly in LP(Q%), (1.4)
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e~

Dyyu® = Dyyus — |w'| Dy u® weakly in LP(Q), (1.5)
Dyus — |'|d" weakly in (LP(Q*))N 1, (1.6)
ul — ub weakly in WHP(QP), (1.7)
a(w, Dug) = [W'[ (0, -+ ,0,an (x, (d, Deyu®))) weakly in (L7 (Q"), (1.8)
a(z, Dub) — a(z, Dub) weakly in (L7 (Q")N, (1.9)
amg) — |w'|ag(x, u®) weakly in L1 (Q%), (1.10)
ao(z, ul) — ao(x,u’) weakly in Lv-1(Q°), (1.11)
h@) — |w'| Az, u®) weakly in L7T(Q%), (1.12)
as € tends to zero, and (u®,u®) and d' is the unique solution to the following system
((u,ub) e K, d € (LP(Q*)N1,
a (x,(d, Dyyu®)) =0, a.e in Q%
W'l | (an (z,(d', Dyyu®)) (Dyyv — Dyyu®) + ag(x, u®) (v — u®)) da
Qa
1.1
+0x1|0'| | h(z,u®)(v — u®)dx (1.13)
Qa
—1—/ (a(z, Du")(Dv — Du) + ag(z, u’) (v — u”)) da
Ob
> ' [ flo—u®)de + (v —u’)dz, YveK,
\ Qa Ob
where @' = (a1, ,an_1), a = (d’;ay), |W'| and |0'| denote the (N — 1)-Lebesgue measure

and the (N —2)-Hausdorff measure of the cross-section w' of the reference cylinder (see Section
2) and of its boundary Ow', respectively, and 0y is the Kronecker delta.

Problem (1.13) admits a unique solution (u®,u’) € K, d' € (LP(Q2%))¥~1. This problem is
composed by the algebraic system

a (z,(d(z), Dyyu®(x))) =0, a.e. in Q% (1.14)

with N — 1 equations and N unknowns (d’,u®), coupled to a variational inequality involving
(d',u®, u®), with u® and u® satisfying a transmission condition on ¥°. In the case of the p-
laplacian, i.e. a(z,&) = |£[P72¢, the algebraic system (1.14) implies d’ = 0 and consequently
in problem (1.13) ay (z, (d, Dyyu®)) = |Dypyu®P"2D,u®. In general, d’ is not the zero valued
function, also in the linear case a(z, &) = A(x)¢ (see Reamark 7.2).

If A > 1, the Signorini boundary condition does not give any contribution to the limit
problem; while if A = 1, the Signorini boundary condition becomes the volume integral

0| | h(z,u)(v — u®)dz,
Qa
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in the limit problem. If A < 1, the existence and the uniqueness of the solution to problem
(1.2) holds agains true, but one can not expect to obtain a priori estimates independent of e,
without additional assumptions on h (see Remark 5.4).

If in problem (1.2) one adds the term

66/ l w(v —ul)do, Yve K.,
Eg, at
with 3 € [1,4+o00[ and w € WY1 (Q2), it is easy to prove that the following term
dp1|0| | w(v—u)dz, YveK.
Qa

will appears in limit problem (1.13).
Problem (1.13) can be seen as the weak formulation of the following problem.

(d (z,(d', D,yu®)) =0, a.e. in Q2

/
—D,ay (z,(d', Dyyu®)) + ag(z,u®) + dx1 lfaj‘|h(x, u®) < f, in Q%
w
u® < g in Q%
a ! a a |aw/| a : a
(U _g) _DiUNaN (ZL‘,(d7D$NU, ))—i—ao(x,u )+5>\,1 |w,| h(x,u )_f :07 in () ’

—div(a(x, Du®)) + ag(z,u’) = £, in O,
u® =0, on X,

ut = ub, |Wlay (z,(d', Dyyu®)) = an(x, Dub), on X,

| a(z, Du’) - v =0 on 90"\ £°.

The geometry of Q. and problem (1.2) are rigorously introduced in Section 2 and in Sec-
tion 3, respectively. Section 4 is devoted to introducing an auxiliary problem which transforms
the surface integral appearing in problem (1.2) into a volume integral (see also [15], [27], and
[36]). The existence, the uniqueness, and a priori H'({).)-estimates (independent of &) of
the solution u. to problem (1.2) are proved in Section 5. The proof is based on showing the
equi-coercivity, the hemicontinuity, the equi-boundedness, and the strict monotonicity of oper-
ator A. associated with the left-hand side of the variational inequality in (1.2) (see definition
(3.16)-(3.17)), and on applying a general result given by J.L. Lions in [34]. Consequently, a
convergence result is obtained in Theorem 6.1 in Section 6. In the same section, the method of
oscillating test functions introduced by L. Tartar in [45] allows us to prove that the first N — 1

components of the L71(2)-weak limit of a(z, Dug) are zero (Proposition 6.2). The identifi-
cation of the other weak limits (Proposition 6.4) is based on a monotone inequality proved
in Proposition 6.3. Differently from [5], we explicitly note that the proof of this monotone
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relation does not make use of the convergence of the energies, which we can not prove in this
variational inequality. Finally, the limit variational inequality is identified in Section 7, where
also the uniqueness of its solution is proved.

The Signorini boundary conditions were introduced in [43] (see also [26]). About vari-
ational inequality, we refer to [11], [24], [31], and [34]. The homogenization of Signorini’s
type-like problems in perforated domains was studied in [16]. The homogenization of highly
rough boundary is largely studied in literature. The pioneering work was the Ph.D. thesis of
R. Brizzi and J.-P. Chalot [12] (partially published in [13]) where the Laplace equation with
homogeneous Neumann boundary condition was studied, while non-homogeneous Neumann
boundary conditions were considered in [27]. Later, the problem has been revisited in [17] by
the the unfolding technique (see also [1] for a semi-linear problem). An asymptotic expansion
giving an error estimate was built in [35] (see also [39] for the spectral problem). Robin con-
ditions were considered in [19]. Strongly contrasting diffusivity in linear problems was studied
in [30]. Monotone operators always with homogeneous Neumann boundary condition were
studied in [5]. Integral energies with convex integrands defined on one-dimensional networks
were considered in [10]. Linear Signorini boundary conditions were introduced in [38] for the
Laplace equation and in [37] for a semi-linear equation. Linear elasticity was investigated in
6], [7], and [8], while Stokes problems in [2] and in [18]. Nonconvex energies were treated in [3].
Problems with more general right-hand side were recently examined in [29] and [28]. See [20],
21], [22], [23], [41], and [42] for control problems. See [4] and [40] for transmission problems
in domains separated by an oscillating interface, and [25] for an Helmotz equation posed in
two half-planes communicating through a random set of channels. The best constant for the
Sobolev trace embedding in €2, was studied in [9]. A large bibliography on the homogenization
of boundaries with teeth having vanishing height is also present in literature, but this argument
is beyond the scope of this paper and a reader interested in this subject can see the references
quoted in [29].

2 The geometry of the domain with highly rough bound-
ary

Let N € N, N > 2. A generic element of RY~! will be denoted by 2’ and a generic element of
RY = R¥~1 x R will be denoted by x = (2/,zy). If A is a Lebesgue-measurable subset of RY
(resp. R¥~1), the characteristic function of A in RY (resp. RY¥~1) will be denoted by y and
the N-dimensional (resp. (N — 1)-dimensional) measure of A by |A|. The Kronecker delta will
be denoted by d;;.

Let € € RY¥~! be a bounded open connected set with Lipschitz boundary. Moreover, let
1 €]0, 4o0[ and ¢* € C(RN~!) be such that

1°>0>9°), V' e RN



We set
Se={zeR; 2 €, ay =1,

Q“:{xGRN:x’EQ’, 0<:1:N<l“},
W ={zeR": 2 e, oy =0},
P ={zeRV: o e, () <ay <0},

Q={zeRY : 2/ e, ') <ay<l*}=Q*UXOUQ.

Let € €]0, 1] be a parameter taking values in a vanishing sequence of real positive numbers,

let w’ CC]0,1[V~! be a bounded open connected set with C™*2-regularity, m > %, and let
Q. be the “forest of cylinders” defined by
Q. = U (ew +¢k) x [0,1°].

keZN—1: e/ +ekeV
Then, we set
Q=0"NQ., X=%'NQ., X2=2°NQ., I¥* =090\ (20Ux?), Q.= QuUXUQ’,

(9. is a “comb” in dimension N = 2 or a “brush” in dimension N = 3, with basis Q° and teeth
Q- N Q).
Note that
Xae — |w'| weakly-star in L>°(Q?), as e — 0, (2.1)

and
Xz — |w'| weakly-star in L™(X%), xso — || weakly-star in L®(X°), ase —0. (2.2)

For every € and for every function v € (L'(Q2))M with M € N, M > 1, we set

if 2 € Qo
i) = 4 V@) el (2.3)
0,  ifze0e\ Qo

Note that this extension operator actually depends on ¢, although this dependence does not
appear in the notation. Moreover, for every function v € (LP(Q.))Y, we set

[0l ze02y = o] lzo ()

3 The problem
Let p € [2,400], let
a: (‘Taf) €0 x RY — G(ZL‘,f) = (a1($a€)> e ’aN—l(xa€)7aN(x7§)) = (a,(x7§)7a]\7($>§)) S RY

be a function such that
a is a Carathéodory function, (3.1)

9



a(x,-) is strictly monotone for a.e. z € €,
Ja €]0, +oof, ay € LYQ) : aléP+ai(z) < a(z,€)E, ae xz€Q, VEERY,
3B €)0,+00, p1 € Li1(Q) : la(z,§)] < BIEPP1 + Bu(z), ae z€Q, VEERY;

let
CLO:QXR—>R

be a function such that
ag is a Carathéodory function,

ao(x,-) is monotone for a.e. x € ),
Iy €]0, +o0l, 1 € L7T(Q) : Jag(z, t)| < AP +mlz), ae x€Q, VEER;

let
h:O0x<xR—-R

be a function such that
h is a continuous function,

h(z,-) is monotone for a.e. z € Q%
In €]0,+o0[, 1 € Wl’%(Q“) D ()] < Pt 4+ (), ae. x € QY VEeER,
dDh and it is a Carathéodory valued-function,

36 €]0, +oof, 6, € LFT(Q9) : |Deh(x,t)| < 0]t]P2,

|Dyh(x,t)] < OtP +6,(x), ae z€Q VteR, Vie{l,--- N}

let )
feL1(Q),

g€ W(QY), ¢>0a.e. in Q°, =0,

g‘Eauzo

and
A€ [1,+ool.

Consider the operator
A WP (Q,, 50) = {v € WMP(QL) : vy, = o} — (WP, 59)

that corresponds to the problem (1.1) through the relation
(A (u),v)e = / (a(x, Du(z))Dv + ag(x, u(x))v) dx
Qs
+€)‘/ l h(z,u(z))vdo, Yu,v € WH(Q,, B%),
Eg, at

where (-, -). denotes the duality pairing of (W'?(Q., %)) and W?(,, £2).
The following proposition clarifies the meaning of the last integral in (3.17).

10
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Proposition 3.1. Assume (3.8)-(3.12). Fiz ¢ and let uw € WHP(Q%). Then,

B, g () € LT (521, (3.18)
h(-u(-)) € WhHH(Qg), (3.19)
(A( u()))jgeter € LH(EE™), (3.20)
and
h(-supaiai (1) = (h(-, ul(+)))gater, a.e. on yolat (3.21)
where ujgaat(-) and (h(-,u("))) et denote the trace of u. and the trace of h(-,u(-)) on yalat
respectively.

Proof. Assumption (3.10) implies (3.18). Assumptions (3.10) and (3.12) imply (3.19) and
consequently (3.20). o
To prove (3.21), let {¢n}, oy € C(£22) be a sequence such that

©n — u strongly in W(Q%), as n — +oo. (3.22)
Consequently,
Pn|yedat — Uyaiar strongly in LP(£%1) as n — +oo0. (3.23)
Limits (3.22) and (3.23) provide the existence of a subsequence of N, still denoted by N,
(wo, wy, -+ ,wy) € (LP(Q9))N L and 2z € LP(X%'?) such that
on = u, Dg, = Du, ae. in Q¢ asn — +oo,
(3.24)
lon| < wo, | Dagyon| <w;, ae. in Q¢ Vie{l,--- N}, VneN,
and
Pyt = Ulgedar, A.€. i0 yalat - as n — +oo
(3.25)

: a,lat
Pn|padar| < 2, a.e. in B

Using Lebesgue’s dominated convergence theorem and assumptions (3.8), (3.10)-(3.12), from
(3.24) one deduces

h(-, 0n()) = h(-,u(-)) strongly in W'(Q%), as n — +o0, (3.26)
and consequently,
(h(, on(+))) gatar = (A(-; u(+)))|gater strongly in LY(2%1%) as n — +oo. (3.27)

Using the Lebesgue dominated convergence Theorem and assumptions (3.8) and(3.10), from
(3.25) one deduces

h(-, @nsaiar (1) = h(-, ugata(-)) strongly in LT (544, as n — +o0. (3.28)

On the other side, thanks to (3.8), one has
B, @upgatar (1)) = (h( @) gaer, on T2, (3.29)
Funally, (3.21) is obtained passing to the limit, as n diverges, in (3.29) and using (3.27) and
(3.28). 0
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Remark 3.2. By virtue of Proposition 3.1, it is not necessary to distinguish between the
functions (-, ugata(-)) and (h(-,u(-)))|gater, and from now on, by abuse of notation, both
functions will be denoted by h(-,u) on 4. Moreover from mnow on, some dependances on x
will be omitted when it is clear. So, for instance, a(x, Du(zx)) and ay(z,u(x)) will be denoted
by a(x, Du) and ag(x,u), respectively.

The weak formulation of (1.1) is (for instance, see [37] or our Appendix)
u. € K. = {v e WH(Q,,22) : v < g on X2t}
(3.30)
(Ac(us),v —ue)e > | flv—ue)dr, YveK..
Qe

In section 5, the existence, the uniqueness, and a prior: estimates of the solution u. of problem
(3.30) will be proved. In what follows, we set

ug = Ug|,, and ul = U, -
The goal of this paper is to study the asymptotic behaviour of the solution u. to problem
(3.30), as € vanishes.
4 An auxiliary problem

This section is devoted to introduce an auxiliary problem which transforms a (N —1)-dimensional
integral into a N-dimensional integral (see also [15], [27], and [36]).
Let = be the unique weak solution to the following problem

( 8 /
AZ = | w|’ in W',
jw'|
D=v =1, on o/, (4.1)

/ =dy’ =0,
\ Ju’

where v denotes the unit outer normal on dw’ and |0w’| the (N — 2)-Hausdorff measure of Ow’.
Note that = belongs to C?(w’), since w' has C™2-regularity with m > % Consequently =
is also a classical solution to problem (4.1). In what follows, we set

Cz = sup | D=|. (4.2)

w

Lemma 4.1. Let = be denoting also the 10, 1[N =1~ periodic extension to U (W + k) of the

kezZN—1
solution to problem (4.1). Then, one has

a,lat |w, £
€

6/ vdo = 101 vdx + 8/ (DE) (x_) Dyvdz, Vv e WhHHQ). (4.3)
b Qg Qg

12



Proof. Problem (4.1) implies

/ 1 a /
Ale(L :—M, in ew' + ¢k,
5 g2 |w|

Vk e ZN7h (4.4)
_ [ 1 ,
D(=Z(—))v=—, onedu + ¢k,
€ €
where v denotes the unit outer normal on U (0w’ + k).
kezN-1

Let v € WhH(Q%). Multiplying equations in (4.4) by €%v, integrating by parts, summing up
on k such that ew’ + ek C 2 | and then integrating in zx on ]0,[,[ give (4.3). O

5 The existence, the uniqueness, and a priori estimate of
the solution to problem (3.30)

This section is devoted to proving the existence, the uniqueness, and a prior:i estimates of
the solution to problem (3.30). To this aim, the Poincaré inequality in W'P(£,, $¢) with a
constant independent of ¢ is needed. It was proved in [35] (see Lemma 1.1) in the case p = 2.
For the convenience of the reader, here with a few of changes the proof in the case p € [2, +00|
is provided.

Lemma 5.1. The following inequality holds.

HCPOZ‘ G]O,+OO[, 360 G]O, 1[ . ||U||LP(QE) S OpoiHDu”Lp(QE),
(5.1)
Yu € WiP(Q.,3%), Ve €]0,¢&].

Proof. Suppose the contrary. Then, there exist a subsequence of {e}, {&,, }men, and a sequence
of functions {vm fmen With v, € W'P(Q,, %2 ) such that

lim ¢, =0,

m——+00
|Vl e, ) =1, (5.2)
1
Du,, < —. 5.3
|Dvnllzre,) < — (5.3)

Obviously, the sequence {v,,} is bounded in W'P(QP) and without loss of generality one
can assume that it is a Cauchy sequence in LP(2?). Consequently, thanks to (5.3), {v,,} is a
Cauchy sequence also in W1P(Q). Indeed,

(1 1\*
||Um - Un”%/l,p(gb) < ||'Um - UnHIZ/P(Qb) + 2P ' (E + E) , Vm,n eN.
Hence,
Jv € WH(QY) : v, — v strongly in WHP(QP), as m — 4o0. (5.4)
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On the other side, due to the uniform Dirichlet condition on 3¢ and (5.3), one get

P
[Up P dx < 1P |Dpyvr|? de < —,  VYm € N. (5.5)

3 P

QO Q m

a a
&m €m

Then, (5.2), (5.3), (5.4), and (5.5) imply

1= HUmH}Zp(QEm) — /b |"U|pd$, as m — +oo,
Q

/ |VoulPdz = 0.
Ob
This get
1
v = , a.e. in Q°. (5.6)
/1]
Now note that, on the one hand, one has
Pt
/ [V [P da’ < lp_l/ | Do |” de < — — 0, as m — +o0.
EEm ng mp
which implies
/ m da!| < S0 15T Jomlliose ) < 7 [Jomllzeee ) — 0 as m — o0, (5.7)
Egm m m

On the other hand, (5.4), (5.6), and (2.2) provide

J

which contradicts (5.7). The lemma is so proved. O

U dx’ = /0 X50 Umda’ — |o| 1] # 0, as m — +oo,
>

2]

0
e€m

Remark 5.2. In what follows, all constants in inequalities are independent of the parameter e.
Moreover, the symbol "Ve” will mean that " 3eq €]0,1[ : Ve €]0, go[”.

Theorem 5.3. Assume (3.1)-(3.15). Let A. be defined by (3.16)-(3.17). Then, for every ¢,
problem (3.30) admits a solution u. and it is unique. Moreover,

Je>0 : ||Ducl|proy < ¢, Ve (5.8)

Proof. The proof will be divided into five steps.
Step 1. This step is devoted to proving the equi-coercivity of A., i.e.

der, e €]0,4+00[ : (Ac(u), u)e = —c1 + o[ Dullfpq.), Vu € WhP(Q,, %), Ve (5.9)
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Assumption (3.3) implies
(A1) = all Dl ~ ey + [ anlewude +2* [ hiawyude,
o e (5.10)
Vu e WH(Q.,52), Ve
As far as the second term in the right-hand side of (5.10) is concerned, assumption (3.6)
implies
/ ao(x, u)udr = / (ag(x,u) — ag(x,0))(u — 0)dx +/ ao(x,0)udx
5 ) 5 (5.11)
> / ao(z,0)udr, Yu € WHP(Q., %), Ve.

Moreover, the Young inequality, (3.7), and the Poincaré inequality provide the following esti-
mate for the last term in (5.11)

Iy l” "1
/ oz, O)ud| < — 21 4 || ules
Qe (Spflpfl e)
(5.12)
p—1 1 1 oP
S & = p— + _Cpoi DU pp
= [71]] N [ Dull7s
V6 €]0, +oo[, Yu e WIP(Q.,X9), Ve.
By combining (5.11) and (5.12) one obtains
p— 52 59 CPoi
/ o, u) nlP, Poi || Du?
2 b @ - p (5.13)

V5 €]0,+o0], Vu € WLP(Q.,59), Ve.

As far as the last term in the right-hand side of (5.10) is concerned, assumption (3.9)
implies

6’\/ l h(z,u)udo = 6’\/ l (h(z,u) — h(z,0))(u— O)da—i-eA/ l h(z,0)udo
Eg, at Eg, at Eg, at
(5.14)
> 5A/ _ h(z,0)udo, Vue WhP(Q., 2%, Ve
Ea at

The Young inequality and (3.10) provide the following estimate for the last term in (5.14)

e / h(z,0)udo| <
Eg,lat

ST P p et [

p—1 (5.15)

Vo €]0,4o0l, Yu € WP(Q.,3%), Ve.
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On the other side, since |71 € W11(Q9), Lemma 4.1 gives

|8w’| 1 / — T P
= - D=E)( — | Dy p=1)d,
ey == (i, o e [ 09 (2) Dol

< (‘&illeH”flp +Ca/ \Dx/(!m\”pl)\dﬂﬂ) (5.16)
|| LP-T(Qa) Qo

8w’ D
= | /l + C= ) Im |77 lwri@ey, Ve,
||

where Cz is defined in (4.2). Moreover, since |u|P € WH1(Q2), Lemma 4.1, (3.15), the Poincaré
inequality, and the Young inequality give

|0 | [
>\||u||p Ealat) - <| /| || ||Lp(Qa Qa(D:) ; Dx/(|u|p)dl‘

0w .
< (Pelcnputty, + c=p [ 1 ipujde

H’”

€AH771

|Ow'| (5.17)
< (T ChaD gy + C=to = Dl + CoDU
ow'’
- <\|w/“c;;,0i 4 O=(p— 1)CB + CE> | Dull? g
Vu € WiP(Q.,3%), Ve.
By combining (5.14)-(5.17) one obtains
-1 1 []ov »
M (e u)ude > =2 . 7T |y e
[ i uude > P2 (T o) il P s
P /10w 5.18
- (1t Cto = )+ C2) 1Dl 019
Vo €]0, o], VYu e WlP(Q., X%), Ve.
Inequalities (5.10), (5.13), and (5.18) provide
(Ae(u), u)e
p—1 1 25 |8w’| .
(5.19)
oP ow'’
+ [a - ((1 + ’|:f|| + C=(p — 1)) Chos + C:ﬂ [ Dull75 (0

Vo €]0, oo, Yu € WlP(Q. X%), Ve.
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Finally, (5.9) follows from (5.19) with a suitable choice of ¢.

Step 2. This step is devoted to proving the hemicontinuity of A., i.e. the continuity of the
function
t €0,1] = (A(uy + tv), ug)e,

for every uy, ug, v € WH(Q., %) and for every e.
Fix t € [0,1], €, and uy, uz, v € WHP(Q.,3%). By (3.17) one has

(A (ug + tv), ug)e

(5.20)
= / (a(z, D(ur + tv))Dug + ag(z, ur + tv)us) da + 6’\/ h(z,uy + tv)usdo.

lat
. sae

Assumptions (3.1), (3.4), (3.5), (3.7), (3.8), (3.10), and Lebesgue’s dominated convergence
theorem provide that

(
Png a(x, D(uy 4 tv)) Dusdx = / a(z, D(uy + tv)) Dusdz,
—tJa. g
&ing ao(x,uy + tv)usdr = / ao(x,uy + tv)usde, (5.21)
—tJa. g
lim h(z,u; + tv)ugdo = / h(x,u; + tv)ugdo.
L t—t Eg,lat Eg,lat

By combining (5.20) and (5.21) one obtains
%EI%(AE(ul +tv), ug). = (A(uqg + tv), ug)..

Step 8. This step is devoted to proving the equi-boundedness of A., i.e.
3AC €]0, +oo] = [(Ac(u), v)e]

(5.22)
< C(1+ ulllyy ) Iolwis@n, Va0 € W@, 52), Ve,

As far as the first integral in the right-hand side of (3.17) is concerned, assumptions (3.4)
and (3.7), and Holder inequality imply

/ a(x, Du)Dvdx
Qe

/ (BIDu + )| Dulde < (Bllullite,, + 1811, 2r o) lelwroe

E

(5.23)

/ ag(x, u)vdz

€

< [ Gl awlelde < (Ml + 1l per g ) Telbwrsen,

Qe

| Vu,v € Whr(Q,, %), Ve.
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As far as the last integral in the right-hand side of (3.17) is concerned, assumption (3.10)
and Holder inequality imply

et / h(z,u)vdo
Za,lat

€

A 1 \
S € /Zg,lat(n|u|p +771)|U|d0- S 9 (n“u”LP(Ea lat + HanLP T Ea lat ) ||U||LP(Zg,lat)

p—1 A
(775’:)\ P Hqu Ealat) +5 p HanLP T Zalat)> gp”UHLp(EgJat)v VU,U S WLP(Q&E?)’ Ve.

(5.24)
Moreover, (5.16) gives
— _ A p— 1 T
il e = (21072, )
(5.25)
ow' pTTl p_ 2=
< (1) " i g, e
|| (Q2)
and (5.17) gives
p=1
Nl nior, = (Nl i)
Za lat) Ea lut)
0u] , &
< |OJ’| C1Poz' + CE(p - 1)CPoi + OE HDUHLP (Qa)s
(5.26)
< [Ow ‘C” C=(p—1)C%,, + C o
| /| Poz+ ”( ) Poi+ ) ||U|| Wlp(Qa))
Vu e WhP(Q.,3%), Ve,
and )
A ’
0l ooty = (I i)
0] ) z
< | Choi + C2(p = 1)Chy; + C= | [[DullLr(ag),
(5.27)

ow'| » v
< || Cpoi + C=(p — 1)Cp,; + Cs ||u||W1’P(Qg)»

Yo € WhP(Q,X9), Ve
Finally, (5.22) follows from (3.17) and (5.23)-(5.27).
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Step 4. This step is devoted to proving the strict monotonicity of A., i.e.

(Ac(ur) — Ac(ug), ug —ug)e >0 Vuy,up € WHP(Q,, 39),

<As<7~61) - Az—:(u2)au1 - U2>5 =0 < u; = uog,

for every €.

This property follows from assumptions (3.2), (3.6), (3.9), and the Poincaré inequality in
Wir(Q.,32).

Thus, the existence and uniqueness of the solution to problem (3.30) for every fixed value
e now follow directly from Theorems 8.2 and 8.3 in [34].

Step 5. This step is devoted to the proof of a priori estimate.

We can choose v = 0 as test-function in (3.30), since 0 belongs to K.. Then, one has

(AL (1), 1), < /Q Fuods, Ve, (5.28)

By virtue of (5.9), the Young inequality, and the Poincaré inequality, inequality (5.28) provides

et el Dl < Lo / e+ 2 [ s
(5.20)
5p 4 p
+ ECPOZ'”DUEHLP(

57 a0 €0, +oof, Ve
p

Finally, a priori estimate (5.8) follows from (5.29) and (3.13), with a suitable choice of 6. [

Remark 5.4. Of course, the previous proof of the existence and uniqueness of the solution of
problem (3.30) works also if X < 1, but in this last case the previous proof of a priori estimate
(5.8) does not work. Indeed, if A < 1, one can not expect to obtain estimates (5.8) without
additional assumptions, as showed by the following example proved in [27]. Let u. € H*(S.)
be the unique weak solution of

—Au, +u. = f, in €,
(5.30)
Du.v, =€, on 05,

where f € L*(Q) and X € [0, 1], Then,

Jpur, p2 €0, +oo] : g’f—jA < el e,y < g‘j—: Ve.

The following result is a consequence of a priori estimate (5.8).

Corollary 5.5. Assume (3.1)-(3.15). Let A. be defined by (3.16)-(3.17). For every ¢, let u.
be the solution to problem (3.30) and set u? = u.,,. Then,

3C €]0, 400 : ||h(x, ul)||wriey < C, Ve (5.31)
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Proof. Assumptions (3.10) and (3.12), and Holder inequality provide that

1Az, ud)loeey <m0 [ [ulfP~'de+ [ |milde
Qg Qg

Ve.

<1905 (nllez sy + Il 21 )

and

10, (h(z; u2))l L 0z) < [[(Da;h) (2, u2) | L1 (02) + [[(Oeh) (2, ug) D || L1 02)

[P~ 1da:+/ ]91|da:+9/ (Ul P~2|0p,u®|da
Qs Qg

<[ <9lluallm az) 11041l + 6|2 |75 (o) 102

LF Qa > Lk (g

<1015 (012 s ey + 1081 2y g, + O MOl ) - e, Vi€ {1, N,

[

which imply (5.31), thanks to a priori estimate (5.8) and the Poincaré inequality. O

6 Convergence results

As a consequence of (5.3), we have the following result.

Proposition 6.1. Assume (3.1)-(3.15). Let A. be defined by (3.16)-(3.17). For every ¢,
let u. be the solution to problem (3.30) and set ul = Ue|ga » u’ = Uey, . Let K be defined
n (1.3). Then, there exist a subsequence of {e}, still denoted with {€}, and (depending on
the subsequence) (u®,ub) € K, d' € (LP(Q@)N=1, (A2 AY) e ((Lr1(Q2)N x (Ly-1(Q0)N,

(A2, Ab) € L5 1(Q%) x L1 (Q), and H* € L7 (Q7) such that

u? — |w'|u® weakly in LF(Q%), (6.1)
D/;\/Nue = D, ul — || Dyyu® weakly in LP(Q), (6.2)
Dyut — |w'|d" weakly in (LP(Q))N=1, (6.3)

u? — u® weakly in WP (QP), (6.4)

alw, Dug) — [o'|A® weakly in (L7 ()", (6.5)
a(x, Dub) — A weakly in ((L71 ()N, (6.6)
ao(z, us) — |w'| AL weakly in Lv-1(Q%), (6.7)
ao(z,u’) — AL weakly in Lv-1 (), (6.8)

h(z, ug) — |w'|H® weakly in L1 (%), (6.9)

as € tends to zero.
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Proof. This proposition is an immediate consequences of a priori estimate (5.8), the Poincaré
inequality (5.1), and assumptions (3.4), (3.7), (3.10), and (3.12) (for instance, see [5]). For
sake of completeness, we just recall the proof of (for instance, see [37])

u* < g, a.e. in Q7. (6.10)

Since u. € IC., one has
5/ l ulopdo < 5/ l gedo, Yo € CF(QY) 9 >0in Q% Ve. (6.11)
Eg, at Eg, at

Thanks to Lemma 4.1, inequality (6.11) is equivalent to

/
Pl [ ipan sz [ (02) (2) Dotutoria
W[ Joa Qa €
|0w| _ T o . )
< A Xaagpdr + € ; (DE) . Dy (gp)dz, Yo € C2(Q%) :p>0in Q% Ve

By passing to the limit, as ¢ tends to zero, in this inequality, limits (2.1), (6.1), and a priori
estimate (5.8) provide

/ updr < / gpdr, Yo e () ¢ >0in Q°,

which gives (6.10). O
The first N —1 components of A* are identified by the following proposition (compare [5]).

Proposition 6.2. Assume (3.1)-(3.15). Let A. be defined by (3.16)-(3.17). For every ¢, let
» N
ue be the solution to problem (3.30). Let A* € (Lﬁ(ﬂa)> be satisfying (6.5), up to a

subsequence. Then

(A}, -+ AY_1) =0, a.e. in Q. (6.12)
Proof. Fix i € {1,---, N — 1} and let us prove that
A? =0, a.e. in Q. (6.13)
Let wh € WL (0,1[N~!) be a function such that (compare [12])
wi (y') = Fy;, for ae. y = (y1,- -+ ,yn_1) € W,
lwi. | <1, a.e. in |0, 1[N L.
Extend this function by periodicity on RY~! and for every ¢ set

/
, (@
wicx = (2, 2y) € RY = ewl <;> — €.

Note that '
|wer || poomyy < 2e, Ve, (6.14)
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Dywl, ==+6;in Q2 Vje{l,--- N}, Ve, (6.15)
and, since w’, <0, in Q2
w4 u. € Ky, V€ CR(QY) 1 ¢ >0in Q% Ve

Choosing these last functions as test functions in the inequality in (3.30) gives

/ (a(:zc, Du?)D (wéiw) + ao(z, ug)wéiw) dx + 6/\/ h(z, u®)w!  hdo
Q

a Eg,lat

(6.16)
> fwlibdr, Y € CF(QY) : ¢ >0in Q% Ve,
Qg
that is, thanks to (6.15),
[ oo D)+ vt ol DU)DY + ool w2l de
Qg

(6.17)

—i—a)‘/ l h(x, ut)w! pdo > fw' pdr, Vi€ CP(QY) 1 >0in Q" Ve
glat Qe

As far as the first integral in (6.17) is concerned, (6.5), (6.7), and (6.14) provide that

/ (£ai(z, Du2)y + wiia(z, Du?) DY + ag(x, u)wi ) dx
Qs

P e

= / (iaimg)d} +w' a(x, Dus) Dy + ag(x, ug)wéiﬂ)) dx (6.18)

— |’ | Aipdx, ase — 0, Yo € C(QY) : ¢ > 0in Q.
Qa

As far as the second integral in (6.17) is concerned, estimate (5.31) and Lemma 4.1 give

e / h(z, u)w' Ypdx
Eg,lat

|Ow'| 4 x ,
= | = h(x,ul)w., pdx + 8’\/ (D=) (—) Dy (h(z, u)w! ) dz
jw Qe Qo €
A—1 ‘awll ay,, A = ' a %
=|e ’/ h(z,u)w., dr + ¢ (DE) | — | Do (h(x,ul))w. pdx+
o Qg ) (6.19)
2’ @ -
5’\/ +(D,,=) (—) h(x,ul)pdr + 5’\/ (D=) (—) Dph(z, u)wl dx
Qg € Qg €
ow'’
< Ce? 2"(4/ | HwHLoo(Qa) + CEHwHCl(Qa)(ZIE + 1) — 0,

ase — 0, Yo € C5°(Q) = ¢ > 0in Q7
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where Cz is defined in (4.2).
As far as the last integral in (6.17) is concerned, (3.13) and (6.14) provides that

<29l ey I fllzr ey — 0,

fwepde
Qg

(6.20)
ase — 0, Yo € C3°(2%) : ¢ >0 in Q.
Finally, passing to the limit, as ¢ vanishes, in (6.17), thanks to (6.18)-(6.20), one obtains

i/ Appdz >0, Vi € C2(Q%) ¢ > 0in Q7

ie.
/ Apbdr =0, Y € CP(Q%) : ¢ >0in Q°,
which implies (6.13). O
Let
V= {v = (v*, ) € C®(Q9) x C=(QP) -
(6.21)

v* < gae. in Q% v* =0, v* =2’ 5.
‘Ea |20

=,
To identify other limits of Proposition 6.1, the following monotone relation is needed.

Proposition 6.3. Assume (3.1)-(3.15). Let A. be defined by (3.16)-(3.17). For every ¢,
let u. be the solution to problem (3.30). Let (u®,ub) € K, d € (LP(Q*))N-1, (A9, A% €
(L7 T (NN x (L1 ()Y, (A2, Ab) € L1 (Q0)x L 1 (), and H® € Ly-1(Q7) be satisfying
(6.1)-(6.9), up to a subsequence. Then

|| o (AN (Dayu® = 7v) + alz, 7)(1 — (d, Dzyu®)) + (AG — ao(z, ¢)) (u* — ¢)) dzx

# [ (A= ale.m) (Dud = 7) + (4] = ao(w,0) (0" = 6)) do
o (6.22)

+o31|0'| | (H* = h(z,¥)) (u* —)dx >0,

Qa

vre (LP(Q)°, Ve LP(Q), Ve LP(Q),
where dx1 1is the Kronecker delta.

Proof. Fix 7 € (LP(Q))” and ¢ € LP(Q).
Assumptions (3.2), (3.6), and (3.9) provide

/ ((a(z,7) — a(x, Du.)) (1 — Due) + (ao(z, @) — ap(z,ue)) (¢ — u.)) dx

(6.23)
+et /Ea’mfh(ﬁﬂb) — h(z,u) (Y —u)do >0, Yo € Cm(m)’ Ve,
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On the other side, by virtue of (3.30), one has

/ (a(z, Due)(Dv — Du.) + ao(x, u:) (v — u.)) do + 8’\/ h(z,u:)(v — us)do
Qs Eg,lat
(6.24)
Z/ flo—u)dzx, YveV, Ve
Qe
Adding (6.23) to (6.24) gives

/Q (a(z, Duc)(Dv — 1) + a(z, 7)(T — Du.) + ao(x, us) (v — @) + ao(z, ) (¢ — u.)) dx
+e* /Eam (h(z,us)(v — ) + h(z, ) (Y — u.)) do

> / flv—u)dw, YveV, Ve =), Ve.
Qe

Since
h(z,ue) (v — ) + h(z, ) (¥ —u) € WHHQ2),
thanks to 4.1 the last inequatily becomes

/Q (a(x, Du.)(Dv — 1) + a(x, 7)(7 — Due) + ag(z, u:) (v — ¢) + ag(x, ) (¢ — u)) dx

|w

(’&Aj/’ / (x,u:)(v =)+ h(z, ) (Y — u.)) dz

se [ () (£) e w0 = )+ Ao )6 = )

€

2/ flo—u)dz, YveV, ViyeO=9), Ve,
Qe
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i.e.

| (e Dus) (Do~ 1) + ale. ) (rxe ~ Dut) + aole u2) (v~ 6) + aole, 0) (6xas — ) da

+ /Qb (a(z, Dul)(Dv — 7) + a(z, 7)(T — Dul) + ag(z,ul) (v — ¢) + ao(z, ¢)(¢ — ul)) du

+eX (@ (R u)(0 = ) + bl 0) (oo —2)) d

W' Jqa

te [ (02) (Z) Do ufo = 0) + e )6~ u)d

a
€

> fluxas — zf‘;)dm + flv— ug)dx, YoeV, WYye C’OO(W), Ve,
Qo Qb

Now passing to the limit, as € vanishes, in this inequality, thanks to (2.1), (5.31), (6.1)-(6.9),
and (6.12), and taking into account that h(-,1(-)) € W51 (Q2), one obtains

W [ (AN(Deyv = 1) + al, 7)(7 = (d', Dayu?)) + Aj(v — @) + ao(z, 9)(¢ — u”)) dx

Qa

+ /Qb (A*(Dv —7) + a(z, 7)(1 — Du’) + Aj(v — ¢) + ao(z, ¢) (¢ — u’)) da

+o1|0w| [ (H* (v =) + h(z, ) (¢ —u®)) da

Qa

> || | flo—ubde+ | flv—ul)dz, Yo eV, Ve C®(Qa).
Qe b

(6.25)
Finally, since V is dense in K and C*(Q9) is dense in LP(Q?), inequality (6.25) holds true with
v = (u*,ub) and ¢ € LP(Q%), too. So (6.22) is proved. O

The limits of Proposition 6.1 will be identified in the next proposition, by using monotone
inequality (6.22).

Proposition 6.4. Assume (3.1)-(3.15). Let A. be defined by (3.16)-(3.17). For every ¢,

let u. be the solution to problem (3.30). Let (u®,ub) € K, d € (LP(Q*))N~1, (A9, A% €

(L7T Q)N x (L7-1 ()N, (A2, Ab) € L 1(Q%) x Li 1 (), and H* € Lv-1(Q%) be satisfying
(6.1)-(6.9), up to a subsequence. Then

a (z,(d, Dyyu®)) =0, a.e. in Q°, (6.26)

A% = an (z,(d', Dyyu®)), a.e. in Q°, (6.27)

AY = a(z, Du’), a.e. in QP (6.28)

(6.29)

A = ap(z,u?), a.e. in Q°
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Ab = ag(z,u), a.e. in Q, (6.30)
H® = h(z,u), a.e. in Q?, (6.31)
where @’ = (ay,--+ ,an_1)-
Proof. In (6.22) choosing
(7= (d +tp, Dyyu®), ae. in Q2 with p € (C5°(Q%))V~! and t €]0, +o0],
7= Du’, ae. in QP
¢ =u", a.e. in Q%

¢ =ub, ae. in Q°,

— ,Qa 3 a
[ ¥ =u" a.e. in Q%

one derives
/ a (z,(d +tp, Dyyu®)) todr >0, Yo € (C2(Q)NE Wt €]0, +o0l. (6.32)

By multiplying (6.32) by } and letting ¢ tend to zero, thanks to assumptions (3.1) and (3.4),
one obtains

/ a (z,(d, Dyyu®)) pde >0, Vee (C'SO(Q“))N_l,

which implies (6.26).
In (6.22) choosing

(7= (d', Dyyu® +tp), ae. in Q% with p € C5°(Q%) and t €]0, +o0,
T = Du’, ae. in Q°,
¢ =u® a.e. in Q%

¢ =ub, a.e. in Q°,

J— a 3 a
| ¥ =u? ae. in Q7

one derives
/ (—A% + ax (z, (d, Doyt + ) todz > 0, Yo € C2(Q), Yt €]0, 400 (6.33)

By multiplying (6.33) by % and letting ¢ tend to zero, thanks to assumptions (3.1) and (3.4),
one obtains
(=AY +an (z,(d, Dyyu®))) pdx 2 0, Vi € Cg°(Q7),
Qa
which implies (6.27).
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By arguing in the same way, one identifies the other limits. More precisely, in (6.22)
choosing
(7= (d', D,yu®), a.e. in Q7

7= Du’ + tp, ae. in Q°, with p € (C5°(Q°))N and t €]0, +o0],

u®, a.e. in Q%

u’, a.e. in Q°,

¢
¢ =
[ ¥ =u" a.e. in Q°

one derives (6.28).
In (6.22) choosing

(7= (d, D, u"), ae. in Q%
7= Dub, a.e. in O,
¢ =u+tp, a.e. in Q% with p € C§°(2%) and ¢ €]0, +o0],

¢ =ul, a.e. in Q°,

— a 1 a
[ ¥ =u? ae. in Q7

one derives (6.29).
In (6.22) choosing

(7= (d, D,yu®), ae. in Q%
T = Du’, ae. in Q°,
¢ =u’, a.e. in Q%

¢ =ub+tp, ae. in Qb with ¢ € C5°(02°) and t €]0, +o0],

— a 3 a
[ ¥ =u" a.e. in

one derives (6.30).
In (6.22) choosing

( .
7= (d, D,y u"), a.e. in Q°

7= Dub, ae. in Q°,

¢ =u® a.e. in Q%

¢ =ub, ae. in Q°,

b =u+ty, ae. in Q% with ¢ € C5°(2%) and t €]0, +o0l,

\
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one derives (6.31).

7 Proof of Theorem 1.1

Proof. Proposition 6.1, Proposition 6.2, and Proposition 6.4 provide the existence of a sub-
sequence of {e}, still denoted with {e}, and (depending on the subsequence) (u®,u®) € K,
d' € (LP(Q*))N! such that (1.4)-(1.12), and (6.26) hold true. Moreover, choosing in (6.25)

/ .
7= (d, D,y u*), ae. in Q%

7 = Dub, a.e. in QP,

¢ =u", a.e. in Q%

¢ =ub, a.e. in QP

— a 4 a
[ ¥ =u" a.e. in

(note that this choice is admissible since C*(Q?) is dense in LP(Q%)), and taking into account

(6.27)-(6.31), one derives

|| : (ay (x,(d', Dyyu®)) (Dypyv — Dyppu®) + ag(z, u®) (v — u®)) dx

4 /Qb (a(x, Du®)(Dv — DuP) + ag(x, u’) (v — ub)) dx

+ox1|0'| | Rz, u®)(v —u)dx
Qa

> | [ flo—u®)de + (v—u’)dr, Yve,
Qa Qb

which implies the variational inequality in (1.13), since V is dense in K.
To prove the uniqueness of the solution to problem (1.13), at first note that this problem
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is equivalent to

((u®,u’) e K, d € (LrP(Qe)N-L,

W [ (a(z, (d, Dayu)) ((§ Doyv) = (d', Dayu)) + ao(x, u) (v — u®)) da

Qa

+ / (a(z, Du")(Dv — Du?) + ag(z, u)(v — ")) dw (7.1)

+ox1|0w'| | Rz, u®)(v —u)dx

Qa

> W | flo—u)dx + (v —ul)de, Ywvek, Ve (LP(QY)N
\ Qa Ob

Assume that also (u®,u’) € K and d e (LP(929))N~1 is a solution to problem (7.1), i.e.
(@) ek, de@@)~,

| (a (9; @, DxNﬂ“)) (€, Dayyv) — (@, Day 7)) + ao(w, @) (v — aa)) dz

Qa

+/ (a(z, D) (Dv — D) + ag(z,0’) (v — ")) dx (7.2)

+0x1|0'| | h(z,u)(v —u®)dx
Qa

> || flv—a")dx + flv— ﬂb)d:v, Yo € K, VEe (LP(Q4)V
\ Qa Qb

By choosing v = (1%, u°) and £ = d as test functions in (7.1), v = (u*,ub) and £ = d’ as

test functions in (7.2), and adding the obtained inequalities, one obtains

= <a (z, (d', Dyyu®)) — a (:c (d, DxNaa)» (@, Doy @®) — (d', Dy u®))da

+|w'| . (ao(z,u®) — ap(x,w")) (W — u®)dx

(7.3)
~|—/ ((a(z, Du") — a(z, Du")) (D’ — Du®) + (ao(z, u’) — ag(z, ")) (W’ — u’)) da

+ox|ow| | (R(x,u®) — h(z, @) (@ — u®)dz > 0.
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On the other side, by virtue of assumptions (3.2), (3.6), and (3.9), one has

W / (& D))~ a (2.(d . D, 7)) ) (@ D, ) — (' D))

| /Q (a0, u) = aofar 7)) (0 — u)da

(7.4)
+ /Qb ((a(z, Du’) — a(x, Dﬂb)) (Du® — Dub) + (ao(x,ub) — ao(x,ﬂb)) (a® — ub)) dx
+ona|0w] /Q (b, ) — b, 1) (1 — ) < 0.
Comparing (7.3) and (7.4) gives
= (a (@, (@ Doyu®)) = a (2, (@ D)) ) (@ Day®) = (', Dyyu®))da
+|w| (ag(x,u®) — ap(z,u”)) (u® — u®)dx
Qa
+ /Qb ((a(z, Du’) — a(z, Du")) (D’ — Du’) + (ag(z,u”) — ao(z, @) (@ — u’)) da
+5,\1|8w'|/m( T, u h(z,u®)) (u® — u*)dx =0
= (a (z,(d', Dyyu®)) — a (x , DmN_“))> (', Dyyu®) — (4, Dy a®))da
+|w'| (ap(z,u) — ap(z,a®)) (u* —u*)dx
Qa
+/ ((a(z, Du’) — a(z, Du")) (Du” — D) + (ag(z,u") — ap(z, @) (u* — ")) da
Qb
10| /Q () = b)) () =0,
which implies, by virtue of (3.2), (3.6), and (3.9),
/Q (@ (@ Dayur)) = a (2, (d, Do) ) ) (@' Do) = (d, D)) dar = 0,
(7.5)

/ (a(z, Du’) — a(z, Du")) (Du’ — Du’)dz = 0.
Qb
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Thanks to (3.2), from (7.5) it follows that
d=4d, ae. in Q°,
D, u* = D,,u% a.e. in Q¢ (7.6

Du’ = D@’ a.e. in Q. (7.7)
Due to

equality (7.6) implies
u® =7u", a.e. in Q% (7.8)

Moreover, since
a _ b —a __ —b
u‘zo - u|207 ulzo - U‘EO’
equality (7.8) implies

b __=b
U‘EO - ulzo’

which combined with (7.7) gives

ub =a°, a.e. in Q°.

The uniqueness of the solution to problem (1.13) is so proved. It implies that limits in (1.4)-
(1.12) hold true for all the sequence {¢}. The proof of Theorem 1.1 is so completed. O

Remark 7.1. If in definition (3.17) of A, one adds the term

P / wvdo, Yv € WHP(Q,, X%),
Ea,lat

€

with B € [1,400] and w € W 5 1(Q2), then it is easy to prove that the following term
dp 1|00 | w(v—u®)dz.
Qa

will appears in limit problem (1.13).

Remark 7.2. Let
a(r,£) = A(2)€, ae 1€Q, VEERY,

where A is a N x N matriz-valued function such that

A= (Aij)ijeqr,- ny € (L(Q)NVH,

Ja €]0, 400 1 A(z)EE > alél?, ae 2 €9, VEERN

Set
A = (Aij)ijer,.n-1, V' =(AiN)iz1,. o1, H = (Anj)j=1, N-1,

so that the matriz A can be written by blocks as

AV
1= ()
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Moreover, define
ap = Axy — H' (A 1V ace. in Q.

Then, it is easily seen that in Theorem 1.1 (for instance, compare [29])
d = —A’71V’DmNu“, a.e. in Q°,

and
an (z, (d', Dyyu®)) = agDyyu®, a.e. in Q°.

In particular,
d=(0,---,0) and ag =1, a.e. in Q°,

ifA=T1.

In the case of the p-laplacian, i.e.
a(z,§) = [[77%€,
the algebraic system (1.14) implies d' = 0 and consequently

ay (7, (d', Dyyu®)) = | Dy u® P2 D, u.

8 Appendix

This section is devoted to recalling how to obtain the weak formulation (3.30) of the problem
(1.1).

Since the trace of g on X is equal to zero, extending g = 0 on Q°, one obtains that g € K.
(see (3.30) for the definition of K.).

Assume that problem (1.1) admits a classical solution. Multiplying the equation in problem
(1.1) by u. — g, integrating by parts on ()., and taking into account the boundary conditions
for u. give

/a(az,DuE)Dugdas + /a(x, Du.)D(u. — g)dx

Qb Qg

+/@&a%mﬂx+/@4@%x%—ng+ﬁ‘/iWu%X%—QMU (8.1)

Ob Qg Eg,lat

—Q[fusdmjtsgf(us—g)dm.

Now, multiplying the equation in problem (1.1) by v — g with v € K. and integrating by
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parts on (). give

/ a(x, Du.) Dudz + / a(x, Du)D(v — g)dz

Qb Qe

+ / ao (@, uJodz + / ao(z, u)(v — g)dx + & / h(z,u)(v — g)do

[o12 Qg Eg,lat
(8.2)
/fvdx+/f v—g
Qb
+ / (a(x, Du))ve(z) + e h(z,u.)) (v — g)do, Vv € K..
Eg,lat
Since
v <g and a(z, Du.))v.(z) + e h(z,u.) <0, a.e. on L4,
one has
/ l (a(z, Du.)ve(z) + e h(z,u.)) (v — g) do > 0. (8.3)
Za at

€

Then, combining (8.2) and (8.3) gives

/a(:z:,DuE)Dvdx + /a(:c,DuE)D(v — g)dx

Qb Qe

+ / ag(x, ue )vdr + /ao(x, ue) (v — g)da + & / h(z,u.)(v — g)do (8.4)

Ob Qg Eg.,lat

Z/fvdx+/f(v—g)dx, Yu € K..
b Qa

Finally, subtracting (8.1) from (8.4), one obtains

/ a(x, Duc)D(v — u.)dx +/ ao(x,u:)(v — u.)dx +5A/ h(z,u:)(v —u.)do
. 2 et

> fv—u.)dx, YveK..
Qe

By taking into account definition (3.17) of A., the weak formulation (3.30) of the problem
(1.1) is so obtained.
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