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A Deformed Quon Algebra

Hery Randriamaro *

June 20, 2018

Abstract

The quon algebra is an approach to particle statistics in order to provide a theory in
which the Pauli exclusion principle and Bose statistics are violated by a small amount.
The quons are particles whose annihilation and creation operators obey the quon algebra
which interpolates between fermions and bosons. In this paper we generalize these models
by introducing a deformation of the quon algebra generated by a collection of operators
a;, (i,k) € N* x [m], on an infinite dimensional vector space satisfying the deformed
g-mutator relations ajyla;r’k = qa;r’kaj,l + q’B—’“’l&i,j. We prove the realizability of our model
by showing that, for suitable values of ¢, the vector space generated by the particle
states obtained by applying combinations of a;j’s and az xS to a vacuum state [0) is a
Hilbert space. The proof particularly needs the investigaytion of the new statistic cinv
and representations of the colored permutation group.

Keywords: Quon Algebra, Infinite Statistics, Hilbert Space, Colored Permutation Group
MSC Number: 05E15, 81R10, 15A15

1 Introduction

Let R(q) be the fraction field of the real polynomials with variable q. By a deformed quon
algebra A, we mean the free algebra R(q) [a;x | (i, k) € N*x [m]] subject to the anti-involution

T exchanging a; ;, with aj > and to the commutation relation

to_ 4 _
aj10; . = qa; 051 + q° 16, 5,

where ¢; ; is the Kronecker delta and

3 |0 ifl-k=m modm
kL= 1 otherwise

This algebra is a generalization of the quon algebra introduced by Greenberg [2], subject

to the commutation relation aja;f = qajaj + d;; obeyed by the annihilation and creation
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operators of the quon particles, and generating a model of infinite statistics. Moreover, the
quon algebra is a generalization of the classical Bose and Fermi algebras corresponding to the
restrictions ¢ = 1 and ¢ = —1 respectively, as well as of the intermediate case ¢ = 0 suggested
by Hegstrom and investigated by Greenberg [1].

In a Fock-like representation, the generators of A are the linear operators a; j, az V=V
on an infinite dimensional real vector space V satisfying the commutation relations

t t B
aj10; = qa; x5 = q°+16; 5,

and the relations
a;k|0) =0,

where a;.r ;. is the adjoint of a; x, and |0) is a nonzero distinguished vector of V. The a;}’s are

the annihilation operators and the a;.r i S the creation operators.
Let H be the vector subspace of V generated by the particle states obtained by applying
combinations of a;;’s and a;.rk’s to |0), or

H:= {a|0) |a € A}.
The aim of this article is to prove the realizability of this model through the following theorem.
Theorem 1.1. H is a Hilbert space for the bilinear form (.,.) : H x H — R(q) defined by
(al0),b]0)) := (0a b0) with (0[0) =1,

and for

—l<g<lifm=1 and <g<lifm>1.

—m

Theorem is a generalization of the realizability of the quon algebra model in infinite
statistics proved by Zagier [3| Theorem 1].

To prove Theorem we begin by showing in Section [3| that
Bi={al 4, .-al 4 |0) | Gusku) € N* x [m], n € N}

i1,k1 " Vin,kn

is a basis of H, so that we can assume that
n
H={ Y Abi|neN', \ €R(g), b € B}
i=1

Denote by U,, the group of all m* roots of unity, and &,, the permutation group on [n]. We
represent an element 7 of the colored permutation group of m colors U,, ! &,, by

7r_( 1 2 n >
\ (c(1),k1) (0(2),k2) ... (o(n),kn) )’

where ki,...,k, € [m], and o is a permutation of [n]. But we also adopt the notation
7 = (0, @) meaning that o € &,, and « : [n] — [m] such that

Vi € [n], ©(i) = (0(i), a(i)).

[\



More generally, let I be a multiset of n elements in N*, and &; its permutation set. An
element 0 of the colored permutation set Uy, ! & is defined by 6 := (¢, €) meaning that
¢ € Sy and € : [n] — [m] such that

Vi € [n], 0(3) = (p(i), €(0))-
Denote the infinite matrix associated to the bilinear form in Theorem by

M := ((f7 g))f,geg'

3
Let [Ii } be the set of multisets of n elements in N*. We also prove in Section |3| that

M = @ @ M; with M;= (<O’ Ay(n) - - - Ay(1) a;g(l) e ag(n) ‘0>>

9,0€UmiS;
neN N* ,0€eUn G
Ie

n

For m = 3 for example, we have

1 ¢ ¢ ¢ & ¢ ¢ @& ¢ ¢ & & ¢ E ¢ FE ¢
e 1 ¢ & ¢ & ¢ a0 & ¢ qa ¢ EFE PP ¢ P
e ¢ 1 ¢& ¢ ¢ & & g ¢ ¢F g @ ¢ E PP
e ¢ 1 q ¢ ¢ ¢ EEE qfEE PP
¢ q ¢ g1 ¢ @& ¢ ¢ FEEE g P E P
¢ ¢ q q ¢ 1 & ¢& g ¢ FEFEE g P F
¢ ¢ ¢ 9 ¢ F 1l g g ¢ P EE ¢ g ¢
¢ 9 ¢ qa & a1l ¢ @ ¢ ¢ ¢ E P ¢E g 8
My = ¢’ qi ¢ qz q; ¢ ¢ a 1 @ ¢ ¢ 7 qz qi q° qz ¢
e ¢ ¢ ¢ ¢ ¢ EEFd Y g g qa P g @ og
¢ q ¢ ¢ FEE ¢ g1l ¢ @ g @ g ¢
B A A el LS B RS W/ e el /S
¢ ¢ F g PR e Al g o g @&
¢ ¢ ¢ F g AP g gl g &g
¢ ¢ F PP g o gl @ g
¢ ¢ ¢ E PP e A g AP gl g g
L L e L e R 7 Y S/ el A SV
¢ ¢ P g A e g g g1

We need to introduce the statistic cinv : U, ! &,, — N defined by
cinv(o,a) = #{(i,5) € [n]* | i < j, 0(i) > o(j)} + #{i € [n] | (i) # m}.

Still in Section we prove that M is the representation of Zwemngn ¢“™ ™ on the U,,1&,,—
module R[Up, ¢ &/]. Hence if the regular representation of >y . ¢ ™ which is My,
is positive definite, then M is positive definite.

We prove in Section [ that

n-l 5 . (n=i) \ m"n!
det M[n] = ((1 + (m — 1)(])(1 _ q)m—l H(l . qz2+z) (¢2+i))
=1

3



We particularly can infer that My, is nonsingular for

—l1<g<lifm=1 and <g<lifm>1.

1—m

Since M, is the identity matrix of order m"n! if ¢ = 0, we deduce by continuity that M,
is positive definite for the values of ¢ mentioned above. For these suitable values of ¢, M is
then a symmetric positive definite matrix or, in other terms, the bilinear form of Theorem
is an inner product on H.

But before investigating the deformed quon algebra, it is necessary to recall some notions in
representation theory and do some computations in Section

We would like to thank Patrick Rabarison for the discussions on quantum statistics.

2 Representation Theory

We recall the useful notions on representation theory of group and do some calculations for
the cyclic groups.
Take a group G and a finite-dimensional vector space V over a field K. Let g,h € G, a,b € K,

and u,v € V. Then V is a G-module if there is a multiplication - of elements of V' by elements
of G such that

e u-geV.

o (au+bv)-g=alu-g)+0bv-g),

o u-(gh)=(u-g)-h,

e 4 -1 =wu where 1 is the neutral element of G.

Take an element z in the group algebra K[G]. Suppose that {vi,...,v,} is a basis of V, and
that vj - x = Zie[n] i ;vi. Then the representation of x on the G-module V' is the matrix

Ry () := (1ij)ijem)-
In particular if . = 3 .o Agg € K[G] with A; € R, then the regular representation of x is
RK[G](IL’) = ()\h_lg)g,hEG'

Lemma 2.1. Let G be a finite group, H < G, and x € K[H]. Then,

G:
det RK[G’} (.CE) = (det RK[H](x))| HI

Proof. Let H ={hy,...,h.}, and {g1,...,gr} be a left coset representative set of H. On the
ordered basis (g1h1,...,91hr,g2h1, ..., g2hr, ..., gKh1, ..., ghy) of K[G], we have

Ryq)(z) = Ry (v) @ Lig.m),
where I|g.p is the unit matrix of size |G : H|. O

Now consider the cyclic group Z,, of order m generated by v, and take a variable z. We need
the following equalities on the group algebra R(2)[Zy,].



Lemma 2.2. We have

det RR(z)[Zm] (1 + z Z ’yk) = (1 + (m — 1)2)(1 — Z)m_l.
ke[m—1]

Proof. The regular representation of 1 + ZZke[m—l] +* is the m x m circulant matrix with
associated polynomial f(z) =14 23 ;1,1 27, The determinant of this circulant matrix is

[Micpm £(C)- It € [m — 1], then

y_1-C g_ -1
Z Cj_l_ci Z Cj_l_gi—_

jelm-1] j€lm—1]

Thus f(1) =1+ (m — 1)z, and f(¢*) =1 -z fori € [m —1]. O

Lemma 2.3. We have

(1+z Z 7k>_1_(1+(m—ll)Z)(l—z)(1+(m_2)Z_z Z Vk)'

ke[m—1] ke[m—1]

Proof. The form of 1 + ZZke[m—l} ~* gives us the intuition that its inverse has the form
T+ YD peim—1] v%. The calculation

(1+Z Z 7k>'(95+1/ Z ’Yk)=x+(m—1)zy—|—(zx+(1+(m—2)z)y) Z Ak

ke[m—1] ke[m—1] ke[m—1]

confirms the intuition since it leads us to solve the equation system

x4+ (m—1)zy=1
zz+ (14 (m—2)2)y=0

to get the inverse of 1 + z Zke[mfl] v%. We obtain

1+ (m—2)z d z
xr = an = — :
(1+(m—1)z)(1-=2) Y (1+(m—1)2)(1-=2)
0
Lemma 2.4. We have
1 m—1
-1 _ i
(=)™ = D"
=0
Proof. Tt comes from (1 — 27)(1 4 2y + - 4+ 2™ ym= 1) =1 — 2™, O



3 The Bilinear Form (.,.)

We first show that H is linearly generated by the particle states obtained by applying com-
binations of ajk’s to [0). Then we prove that M = @, . P [N*] M;, where My is a
Ie

n

cinvm

representation of s ¢ TT.

Lemma 3.1. The vector space generated by our particle states is
n
- {Z)\ibi | ne N N eR(q), b € B}.
i=1
Proof. Let (j,1) € N* x [m]. We have,

T ] _r 7 T )
aj 1 a“ ky e alr,kr q a“ kyo e air,kr ajyl

R R T
u—1 ,6’ kol
+ Z q Z1 ky - ZU1I€U o airykr7

u€lr]
tu=]

where the hat over the u'™ term of the product indicates that this term is omitted. So

i ol P
u—1 6 Foag sl

a5l ) g - kar E q Wi gy By ey air7kr|0>'
u€[r]
iu=j

Thus one can recursively remove every annihilation operator a;; of an element a|0) of H. [

Lemma 3.2. Let ((j1,01),...,(js,ls)) € (N* x [m])* and ((il,kl),...,(ir,kr)) (N* x [m])".
If, as multisets, {j1,...,Js} # {i1,...,1s}, then (0| aj, i, ... aj 1, azhkl 'Lrgk"r |0) = 0.

Proof. Suppose that v is the smallest integer in [s] such that j, & {i1,...,%} \ {J1,-- -, Jo—1}
Then

@jg 1y - Qjy 1y a;,kl Ir,k = Paj,1,...-a5 5, +Qaj, i, with P,Q € A.
We deduce that aj g, ...aj 1, asz,kn . ai“kr 0) = Paj, i, ---aj 1 |0) + Qaj, 1, [0) =0.
In the same way, suppose that u is the smallest integer in [r] such that i,, does not belong to
the multiset {j1,...,7s} \ {¢1,...,4u—1}. Then

. X T T _ T T P/ } / . h P/ / A

Wl - Qg Qg gy - O g = Qg o O +a;, ., Q@ wit ,Q € A.

i1,k1 Ty Ky

And (0| aj, i, .. a; 1, @ al  =(0|al Wy gy - '“;'ru,ku P+ (0| a;.ru’ku Q =0. O

T
i1,k 7 Ve ke T

We just then need to investigate the product (0| a;,, 1,, - - - aj, 1, a;.rl k- jn k., 10), where (j1, ..., jn)

is a permutation of (i1,...,4,). Consider a multiset I of n elements in N*.

Lemma 3.3. Let 0,9 € Uy, 1 &;. Then,

t 01nv7r
(0] ay(n) - - - (1) Ag(q) - g(n) 0) = Z q

ﬂ'E]UmZGn
Y=0m



Proof. Let (j1,...,Jn) be a permutation of (i1, ...,4,). Then,

s—1— —1 r<Ug _
Ayl -+ - Ay 1y ajlykil . ajmk_n ‘O> — Z H qu #{TG[S ]| ur<u } qﬁ kug,ls ‘0>

(u17"'7u”)e[n]n SE[TL}
iul :jh :iun:jn

DR | i A

' (ul,:..,un)'e[n}"' s€[n]
Luy =J1s -+ lupn=In

_ Z q#{(r,s)e[n}2 | r<s,ur>us}+zse[n] B—kug, s 0)

(ul,:..,un)g[n}”

tuy =J1, - tup =Jn
-y q#{(r@)GPHQ\ r<s¢4rﬁ>o@>}+§:sem]ﬁfkg&)Js‘0>

O'EGn
VSE[”LJS:ZU(S)

— Z qcinv7r |0> )

m=(0,0) EUmiSn
VSE[TL}, jS:ia(s)v ls = ko-(s)+a(8) mod m

We obtain the result by remplacing a;, i, ...aj ;, and a;[l & al

NERRL 7 . by ay(n) - - - AY(1) and

ag(l) . a;(n) respectively. O

1 2 3 1 2 3
For example, take m = 4, ¢ = ( 2,4) (5,1) (2,4) ) and 0 = < 5 >
Then

_( 1 2 3 ) , ( 1 2 3 >

cinv cinv

2,1) (1,3) (3,3 3,3) (1,3) (2,1

(0] ag.a s,y aza alyalyab 10) =g 1 1.3 63 +q 33 1.3 @1
— gt +

Define the multiplication of an element 6 = (p,¢€) of Uy, ¢ & by an element 7 = (o, a) of
U 16, by

0-m=(¢Y,n) € Up 1S with Vi€ [n], (i) =po(i), n(i) =eo(i) + (i) mod m.
Consider the vector space of linear combinations of colored permutations

R(q)[Um 167] == { Z 200 | zg € R(q) }.
0€Un 1Sy

One can easily check that, relatively to the multiplication -, R(q)[U,,1S/] is a U, 1S, —module.

Proposition 3.4. We have

M; = RR(q)[‘UmZGI} ( Z innVﬂ—) .
TI'EIUmZGn



Proof. Using Lemma [3.3] we obtain for 0 € U,,, 1 &;

9. Z ¢ = Z ( Z qcinvw)ﬁ

T€UmGy, YeUnSr el 16y,
Y=0m
= Z <0‘ 0/19(”) ce alg(l) a;(l) e a,;(n) ‘O> 9.

O

4 The Determinant of M,

We compute the determinant and the inverse of the regular representation of eretumzen g T,

Consider the subgroup €, of U,, ! &,, defined by

¢y i={r=(0,0) €Un 16, | Vi€ [n], o(i) =i}.
For i € [n], let & be the colored permutation L 2 o Lo " in
O S P 1,m) (2,m) ... (i,1) ... (n,m)
€,. We need the following lemma.
Lemma 4.1. We have
cinv -1 mtnl
det RR(q)[Umgen]< Z q 55) = ((1 + (m — 1)Q) (1 - Q)m )
§eC,
Proof. Remark that
S 14a X &)
£ecd, i€[n] ke[m—1]
Then, using Lemma [2.1] and Lemma [2.2] we obtain
& m—1 mn—1nl
det Regu,ue,) (140 Y &) = ((1+(m=1)a)(1-9)" ")
ke[m]

O

cinvm

Now we can compute the determinant of > ;s ¢ .

Theorem 4.2. We have

s 5 10) = (4ot T )

TI'GUmZGn

Proof. Every m € U, 1 ©,, has a decomposition m = g€ such that
0 €6, e, and cinvr = cinvo + cinvé.

Then,

Z T = ( Z qcinv0'0_>< Z qcinvfg)_

7T€]Um26n UEGn £€¢n

8



It is known that [3, Theorem 2]

n—1 )
X X . (n—i)n!
det R]R(q)[Gn]< Z qcll’lV0'0_> _ H(l _ q12+1) (2+i)
oeGy i=1
We finally obtain the result by using Lemma [2.I] and Lemma O
For k € [n], denote by tj,, the permutation (n n—1 ... k) in cycle notation. Let

— — Zn—ok q(nfk+2)i ti;
_ i= n
m= [ 1-¢""tn and en=]] 1 — gkt ) (n—k+2)"
—q
ken—1] ke[n]

Furthermore, let '
) 1+ (m—=2)q =43 icpm1 &
k =
1+ (m=1)g)(1-0q)

cinvm

We finish with the inverse of > iy s ¢ .

Proposition 4.3. We have

_ <
( Z qcmwﬂ> 12 Hpi' H Yi+1Ei-

Te€UmlGy, i€[n] i€[n—1]

. -1
Proof. We obtain <Z£e€n qcm"5§> = Hie[n} pi by means of Lemma

4 —1
Then [3], Proposition 2] and Lemma/|2.4|{permit us to write ( Yoes, 6 "a) = Hg[n_” Vit1Ei-
O
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