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An optimal bound for the ratio between ordinary and
uniform exponents of Diophantine approximation

Antoine Marnat* and Nikolay G. Moshchevitin'

Abstract

We provide a lower bound for the ratio between the ordinary and uniform exponents of
both simultaneous Diophantine approximation to n real numbers and Diophantine approxi-
mation for one linear form in n variables. This question was first considered in the 50’s by
V. Jarnik who solved the problem for two real numbers and established certain bounds in
higher dimension. Recently different authors reconsidered the question, solving the problem
in dimension three with different methods. Considering a new concept of parametric geome-
try of numbers, W. M. Schmidt and L. Summerer conjectured that the optimal lower bound
is reached at regular systems. It follows from a remarkable result of D. Roy that this lower
bound is then optimal. In the present paper we give a proof of this conjecture by W. M.
Schmidt and L. Summerer.

1 Introduction

In the 50’s, V. Jarnik [0, 7, 8] considered exponents of Diophantine approximation, and in par-
ticular the ratio between ordinary and uniform exponent. An optimal lower bound expressed
as a function of the uniform exponent was established for simultaneous approximation to two
real numbers and for one linear form in two variables. The question was reconsidered recently
by different authors [11, 15, 16, 24, 5, 3]. The optimality of V. Jarnik’s inequalities for two
numbers was shown by M. Laurent [11]. The inequality for simultaneous approximation to
three real numbers was obtained by the second named author [15]. Introducing parametric
geometry of numbers [24, 23], W. M. Schmidt and L. Summerer considered recently a new
method to obtain the optimal lower bounds for the approximation to three numbers (both
in the cases of simultaneous approximation and approximation for one linear form in three
variables), and improve the general lower bound in any dimension. They conjectured in this
context that the general lower bound in the problem of approximation to n real numbers arise
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from co-called regular systems. The goal of the present paper is to prove this conjecture. To
do this we use Schmidt’s inequality on heights [21] applied to a well-chosen subsequence of
best approximation vectors. Our main result is stated in Theorem 1 below. The optimality
of our bound follows from a recent breakthrough paper by D. Roy [20].

Throughout this paper, the integer n > 1 denotes the dimension of the ambient space,
and @ = (01, ...,0,) denotes an n-tuple of real numbers such that 1,60y,...,60, are Q-linearly
independent.

Given n > 1 and 0 € R", we consider the irrationality measure function

t)= mi 0;
v(t) = min_ max 6]

which gives rise to the ordinary exponent of simultaneous Diophantine approximation
A(0) = sup{\ : liminf t*(t) < 400}
t—+o00
and the uniform exponent of simultaneous Diophantine approximation

A(8) = sup{\ : limsup ") (t) < +o0}.

t—4o00

The irrationality measure function

t) = min O + -+ q.0
(1) G€Tn O sl lq161 @nOn

gives rise to the ordinary exponent of Diophantine approximation by one linear form
w(0) = sup{w : liminf t“¢(t) < +oo}
t—+o00
and the uniform exponent of Diophantine approximation by one linear form

@(0) = sup{w : limsup t“¢(t) < +oo}.
t—+o0
These exponents were first introduced and studied by A. Khintchine [9, 10] and V. Jarnik
[6]. Dirichlet’s Schubfachprinzip ensures that for any 6 with Q-linearly independent coordi-
nate with 1

w(8) > &(0) > n and \(0) > A\(0) > 1/n.

Indeed, exponents of Diophantine approximation are about investigating specific 8 for which
Dirichlet’s Schubfachprinzip can be improved. Ordinary exponents question whether Dirich-
let’s Schubfachprinzip can be improved for approximation vectors of arbitrarily large size t,
while uniform exponents question whether it can be improved for any sufficiently large upper
bound ¢ for the size of approximation vectors. The aim of this paper is to provide a lower



bound for the ratios A(8)/A(0) and w(8)/&(0) as a function of A(8) and &(8) respectively, in
any dimension. In dimension n = 1 simultaneous approximation and approximation by one
linear form coincide. Khintchine [10] observed that the uniform exponent for an irrational 8
always takes the value 1 and it follows from Dirichlet’s Schubfachprinzip that the ordinary
exponent satisfy w(f) = A(0) > 1 = &(0) = A(0). In dimension n = 2, Jarnik proved in [7, §]
the inequalities

, (1)

> o(6) — 1. (2)

These inequalities are optimal by a result of M. Laurent [11]. In [15], Moshchevitin proved
the optimal bound for simultaneous approximation:

AO) _ M) +/4A0) ~3702 1 A®) w( A(6) >2+ 15(0) )
> o)t .

2(6) 21— A(8)) " 21—\ 1-A(

Schmidt and Summerer provided an alternative proof using parametric geometry of numbers
in [25], and the following bound for approximation by one linear form:

w(0) _ 16(0) —3 -1

4
w(0) ~ 2 )
A simple proof of this bound was given in [16]. In [8], Jarnik also provided a lower bound in
arbitrary dimension n > 2.
0
‘fg 9; (@)1 — 3 provided that &(0) > (5n2)" 1, (5)
W
A(©) A(®)

MO T 1-X0) ©)

In fact, these bounds also apply in a more general setting of simultaneous Diophantine ap-
proximation by a set of linear forms.

Using their new tools of parametric geometry of numbers, Schmidt and Summerer [23]
provided the first general improvement valid for the whole admissible interval of values of the
uniform exponents w and A.

@) _ (n—2)(w(0)—-1)
20)° T+ (n—320)" (™)

A(«f))Z 5\(0)+n—A3 _ -
(0)  (n—=2)(1—A(0))
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Here relation (8) is sharper than relation (6). Relation (7) is valid for the whole interval
of possible values of ©(8), but Jarnik’s asymptotic relation (5) is better for large @w(6). A
simple proof of (8) was given in [5].

In [25] Schmidt and Summerer conjecture that, as in dimension n = 3, the general optimal
lower bound is reached at regular systems. In this paper we show that this conjecture holds.
Let us first introduce some notation.

For given n > 1 and 1/n < a < 1, we consider the polynomial

(0%

Rn,a(x) = xn—l - (xn—Q +--+x+ 1) (9)

l—«

and denote by G(n,«) its unique real positive root. For a* > n we denote by 1/G*(n,a*)
the unique positive root of R,, 1o+ ().

Theorem 1. For @ = (6,...,0,) such that 1,01, ...,0, are Q-linearly independent, one has

G, 70)) and 1Y)

>

C
G

~—

AV

S 2 € (mal6), (10)

>

Furthermore, for any @ > n and any C > G*(n,o), there exists infinitely many 6 =
(01,...,0y,) such that 1,64, ...,0, are Q-linearly independent and

@)= and w(@)=Cw

and for any 1/n < <1 and any C > G(n, :\), there exists infinitely many 6 = (01,...,6,)
such that 1,01, ...,0, are Q-linearly independent and

AO) =X and X8)=CA.

It follows from Roy’s theorem [20] applied to Schmidt-Summerer’s regular systems [25]
[19] that the lower bound is reached and thus optimal. The second part of Theorem 1 refines
this observation. Note that for any 8 = (61,...,0,) such that 1,64,...,0, are Q-linearly
independent, we have &(8) > n and A(0) € [1/n,1], (see [4], [12]) hence the constraint on A
and @ is not restrictive.

We can reformulate these lower bounds by the inequalities
w()\" 1 1 NG
1+w(@) —w) > | = and 1 — = + < .
(0) =) (ww)) OGO (Me)

In these formulae appears clearly the natural symmetry property of spectra of Diophan-
tine approximation pointed out by Schmidt and Summerer [23]. It is even more obvious in
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the proof, as the very same geometric analysis applies to both cases.

The main part of Theorem 1 is the lower bound. The proof uses determinants of best
approximation vectors, following the idea of [15]. It deeply relies on an inequality of Schmidt
[21] applied inductively to a well chosen subsequence of best approximation vectors. The
second part of Theorem 1 is a consequence of the parametric geometry of numbers, and is
proved independently in Section 6.

In the next section, we define the main tools needed for the proof: best approximation
vectors and their properties. With examples of approximation to 3 and 4 numbers in Section
3, we then provide a proof of Theorem 1 in the important case of simultaneous approxima-
tion (Section 4). In Section 5, we explain how an hyperbolic rotation reduces the case of
approximation by one linear form to the case of simultaneous approximation.

2 Main tools

2.1 Sequences of best approximations

We denote by (z;)ien the sequence of best approximations (or minimal points) to 8 € R™.
This notion was introduced by Voronoi [26] as minimal points in lattices, it was first defined in
our context by Rogers [18]. It has been used implicitly or explicitly in many proofs concerning
exponents of Diophantine approximation. Many important properties of best approximation
vectors are discussed in a survey by Chevallier [1].

Let k > 1 be an integer. Let L and N be two applications from Z* to R, where N
represent the size of an approximation vector in ZF and L represent the approximation error.
We call a sequence of best approximation vectors (2z;);>0 € (Zk)N to L with respect to N a
sequence such that

e N(z;) is a strictly increasing sequence with lower bound 1,
e L(z;) is a strictly decreasing sequence with upper bound 1,

e for any approximation vector z € Z¥, if N(2) < N(z;41) then L(z) > L(z;).

In general we do not have uniqueness of such a sequence, and existence follows if L reaches
a minimum on sets of the form

Ep ={X e ZF|N(X) < B},

where B is any real bound.



In the context of best approximation vectors for simultaneous Diophantine approximation
for Q-independent numbers 1, 64, ..., 8,, the sequence is unique, and we can write

zi=(q,a11,a20,...,0n)) € Z”H,l € N with ¢; > 0.

Set
Ly(z) =& = lrgia<>%|ql9z‘ —a;y| and Ny(z;) := q.

By definition of best approximations

< <@ep<-<g<qu < and 1> >&E>-->§>§n > (11)

We may also assume that ¢; is large enough so that for every [ > 1
&< a7, (12)
where o < A(6).

In the context of best approximation vector for approximation by one linear form, we can

write
Z] = (ql,la q2,15---59n,l, al) € Zn+lvl e N.
Set
Ly(z;)) =Li=q 0+ 4+ aqnibn —a; and N,(2z;) := M; = max |gj].
1<j<n
Due do the symmetry we may assume that L; > 0. In the Q-independent case this defines
vectors z; uniquely. By definition of best approximations
1<M1<M2<"‘<MZ<M1+1<"' and 1>L1>L2>"'>LZ>L1+1>“'

We may also assume that M; is large enough so that for every [ > 1

L <ML (13)
where o < &(0).
In the context of simultaneous Diophantine approximation, provided that 1,64, ...,6, are

linearly independent over Q, it is known that a sequence of best approximation vectors ulti-
mately spans the whole space R"*!. However in the context of approximation by one linear
form, the situation is different: it may happen that vectors of best approximation span a
strictly lower dimensional subspace of R"*1. See the surveys [13, 14] by Moshchevitin and
the paper [1] by Chevallier for more details. Fortunately, if best approximation vectors do not
span the whole space R"T! we get a sharper result, since G(n, ) is a decreasing function of
n. Thus, we may assume without loss of generality that in both contexts best approximation



vectors ultimately span the whole space R™*1.

Whenever 1,6, ... ,6, are linearly dependent over Q, consider 6 = (0y, ..., 0;,) a largest
subset of the components of @ which satisfy the linear independence property over Q with
1. Tt is easy to check that 0 and 0 have the same exponents, and thus results of lower di-
mension apply. Thus, we may assume without loss of generality that 1,64,..., 6, are linearly
independent over Q.

Using sequences of best approximations vectors, proving that

A(6)

A(0)

is equivalent to showing that there exists arbitrarily large indices k with qx4+1 > q,?. Similarly,
proving that

w(0

o(6)

w(0) ~
is equivalent to showing that there exists arbitrarily large indices k with My, > M, ,? . This
observation relies on the expression of exponents of Diophantine approximation in terms of
best approximation vectors

w = limsup —M @ = lim inf —M
k—s00 log(Mg)) k—oo \ log(Myi1))’

lo “ lo
A =limsup [ — 8(c) , A =liminf ﬁ .
k— 00 log(gk) koo \ log(gr+1)
The proofs in the case of simultaneous approximation and approximation by one linear form
rely on the same geometric analysis. The idea is to consider an arbitrarily large index k, and

construct a pattern of best approximation vectors in which at least one pair of successive best
approximation vectors satisfies

Qi1 > qu or My > MkG (14)
for the required G. Here and below, the Vinogradov symbols <, > and =< refer to constants

depending on @ but not the index k.

Given a sublattice A C Z"!, we denote by det(A) the fundamental volume of the lattice
A in the linear subspace (A)r. We recall well known facts about best approximation vectors
and fundamental determinants of the related lattices.

Lemma 1. Two consecutive best approrimation vectors z; and z;+1 are Q-linearly indepen-
dent and form a basis of the integer points of the rational subspace they span.

(zi,2zis1)z = (2, Zip1)R N 2T
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See for example [2, Lemma 2].

Lemma 2. For any l > 1, consider Ay the lattice with basis z;, z;11 and the lattice I'y with
basis z;_1, 21, z1+1. In the context of simultaneous approximation we have the estimates of
their fundamental volumes

det(A)) = &qit1, (15)
det(l'y) < &§-1&qi41, (16)

In the context of approximation by one linear form, we do not have directly such esti-
mates. In section 5 we explain how hyperbolic rotation provides an helpful analogue.

The proof of Lemma 2 is well known, see for example [1] or [14]. For the sake of complete-
ness, and because we want to adapt the proof for the case of approximation by one linear
form, we provide a detailed proof. The upper bounds rely on the following lemma (see [22,
Lemma 1]), while the lower bounds comes from Minkowski’s first convex body theorem.

Lemma 3. Assume X1,...,X,, are vectors of an Fuclidean space E™, and have coordinates
Xe = (Te1,...,2em) for 1 < t < m in some Cartesian coordinate-system of E™. Then
det?(X1,...,X,) is the sum (with (") summands) of the squares of the absolute values of

the determinants of the (m x m)-submatrices of the matric (x¢;)1<i<m,1<j<n-

Proof of Lemma 2. The proof relies on the geometric fact that the best approximation z; =
(q,a1,as, ... an1) € Z" satisfy (11). We first prove the upper bounds.

Consider the 2-dimensional fundamental volume of the lattice spanned by z;, z;y1. The
coordinates of these vectors form the matrix

q ai, T Qn,l
qi+1 a1i+1 0 Gpl4l
However it is not convenient to use this matrix to apply Lemma 3. We consider a special
choice of Cartesian coordinates. We take the system of orthogonal unit vector (eg, e, ..., e,)

in the following way: eg is parallel to (1,61,...,6,) and ey, -- ,e, are arbitrary. Then, in
our new coordinates

z1=(Z1,210,--.,2n1)

where Z; < ¢; and |Z;| < §.
Now we consider the 2 x (n + 1) matrix

Z Eig o Eny
Ziy1 Z141 0 Epga



If M; ; is the (2 x 2) minor of index 4, j, we have by Lemma 3

2 _ 2 2 2 hax S [2 2
det(A))” = 0<;<n Mz,] < Ogr?jl}xgn Ml,] < | Zy41] 112%)% 1= < (&aqi1)”

Consider the 3-dimensional fundamental volume det(I';) of the lattice spanned by z;_1, zj, 2;41.
Denote by M; ;. the 3 x 3 minors of the matrix

Z11 Z1-1 o Epget
Z Higo oo Zpyg
Ziyr Bl 0 Eng

By Lemma 3 we have

det(I))* < > MP, < f X M7 < | ZiyBiEi | < la &l
0<i<j<k<n A

We now prove the lower bound for det(A;). Consider the symmetric convex body

II={z||20| < @41, max |z00; — 2| < &}
1<j<n

and its intersection P with the plan generated by (z;, z;+1)r. The intersection PN {(z;, zi11)z
is reduced to zero by definition of the best approximation. Hence Minkowski’s first convex
body theorem ensures that the 2-dimensional volumes satisfy

dety(P) < 4det(A;).

But the volume dety P is larger than the 2-dimensional volume A of the projection of P on
the plan spanned by (1,0) and z;. The result follow from A > ¢ 1&;.
O

Notation We denote by calligraphic letter S sets of best approximation vectors {z, ..., 2Zm }-
Given such a set S, we denote by greek letters I' = (z, ..., z,,)z the lattice spanned by its
elements, and by bold roman letters S = (zg, ..., 2, )r the rational subspace spanned over R.
Finally, we denote with gothic letters & the underlying lattice of integer points & = SN Z".
Note that I' C &. If our objects are 2-dimensional, we rather use the letters £, A, L and £.

We sometimes call a set S pattern. By pattern we mean a set of triples of best approxima-
tion vectors that is described by indices. For example if S is the set {z,_1, 2., 2p+1, 2k—1, 2k, Zk+1},
its associated indices are v and k. If a pattern S is the union of say four patterns Sy, S, S3
and Sy, we denoted it by

S : 81*52*83*84.

If moreover the two patterns Sy and S3 generate the same rational subspace, we denoted by

S . 81—82553—84.



Finally, if the rational subspaces generated by S; and Sy have intersection Q and Q = QNZ"™
is its lattice of integer points, we denote it by either

Sl — 82 or 81 — 82.
Q Q

2.2 Key lemma

Lemma 4 (I'_ —T'}). In the context of simultaneous Diophantine approximation, consider
A

(z1)1en the sequence of best approximations to the point @ € R™. Suppose that k > v and
triples

S_=A{zv-1,20, 2041} and Sy = {251, 2k 2k11}

consist of linearly independent consecutive best approximation vectors. Consider the three-
dimensional lattices

6_ = (2v-1,20,204+1)RNZ", and &4 = (2k_1,2k,2k+1)r N Z"

and suppose that

(zv, 2u11)7 = (ZK-1,2K)z = A (17)
Suppose that for positive s and t the following estimate holds
(det &_)% (det G4 )" > det A. (18)

Suppose that the index of our vectors are large enough so that for a < ;\(9)

§j§qj__f‘1 for j=v—1vk—1k. (19)
Define
t t)—1) — t 1
(1 —a)(s—w(s,t)) (1—a)t
where the second equality comes from w(s,t) € (0,1) being the root of the equation
w2—<s+l+at>w+s—0. (21)
11—«
Then
either qy41 > qlg,(s7t) or Qri1 > qz(s’t). (22)

When the parameters are s = ¢t = 1, this lemma provides directly the result for the ap-
proximation to 3 numbers (Proof from [15], see subsection 3.1 for details). Parameters s and
t are needed in higher dimension. We exhibit a range of pairs of triples of consecutive best
approximation vectors, denoted by an index, satisfying conditions of Lemma 4. Parameters
s and t appear with values depending on dimension and the geometry of best approximation
vectors that need to be optimize with respect to g(s,t). To prove Theorem 1, we show in-
ductively that the optimized parameter g(s,t) is root of the polynomial R,, defined by (9).

10



Proof of Lemma 4. We use Lemma 2. Substituting (15) in (18) in light of (17), since (2,1, 24, 2u41)z C
S_ and (21, 2k, 2k+1)z C G4 it follows that

(&-160@+1)* (Eb-16kak11)" > (Euqur1) D (Emrqr) Y.

This means that either
(Er180v41)" > (§qur1)" Y

or
(Er—1&kqrs1)t > (Eprqr) 2B,

Now we take into account (19). We have either

qia < QL(/l—i-_la)(s_w(s’t))

or
qli—w(s,t) +a(t+w(s,t)—1) < q]tg(il—a) )

Hence (22) by definition of g.

Our proof relies on Schmidt’s inequality on height (see [21], in fact this inequality was
already used in the last section in [15]). It provides the setting to apply Lemma 4 simultane-
ously for different parameters s, t.

Proposition 1 (Schmidt’s inequality). Let A, B be two rational subspaces in R™, we have
H(A+ B)-H(ANB) < H(A) - H(B). (23)

where the height H(A) is the fundamental volume of the lattice of integer points det(A) =
det(ANZ").

2.3 Properties of the polynomial R, and the optimized ¢

In this subsection, we state various properties needed for the proof.

The polynomial R,, defined in (9) can be defined inductively the following way:

Ryy1(X) = XRp(X) = B,
where 3 is 12, for simultaneous approximation. To obtain the polynomial R,, ; /o« for the

linear form setting, one may put 8 = ﬁ in (24).

11



From (20) and (21), we see that g satisfies the equation

92—<,6+1;S>g—‘°’f:0. (25)

In particular, we can use this equation to compute the optimal value of either s or ¢t when
the other parameter is 1. Namely,

s = gggfgg‘g, for g=g(s1) (26)
b= Pt g=g(L) (27)
¢ —Bg—B _ Rilg) _ 1
5 = T—F g for g=g(1-s,1), (28)
2
t = 9 —ﬂg—,@: Fs(9) for g=g(1,1—1). (29)

9(g —B) 9(g—B)’

3 Examples: simultaneous approximation to three
and four numbers.

In this section, we describe in details the proofs in the cases of simultaneous approximation
to three and four numbers. The aim is to provide concrete examples of the construction
of patterns of best approximation vectors on simple examples before moving to arbitrary
dimension in Section 4. An example for approximation by one linear form will be presented
in Section 5.3.1.

3.1 Simultaneous approximation to three numbers

Consider 8 € R? with Q-linearly independent coordinates with 1. Consider (z;);en a sequence
of best approximations vectors to 8. Recall that as we consider simultaneous approximation,
the sequence (z;);en spans the whole space R%.

Lemma 5. For arbitrarily large indices kg, there exists indices k > v > ko and triples of
consecutive best approximation vectors

S_:={zy-1,20,2p41} and St :={2p_1,2k, 211}
consisting of linearly independent vectors. Setting
S = (2v-1,2v, 2041 )R NZ" and & = (zx—1, 2k, 2k+1)r N LZ"
we have

6 NGy = A=(2,,2,11)z = (zr-1,21)z and (6_ UG )r = R". (30)

12



This was proved in [15].

Denote by Sy the pattern of best approximation vectors described in Lemma 5 (see Figure
1 ). Lemma 5 ensures that the pattern Sy enables to apply Lemma 4 for arbitrarily large
indices.

Here we chose kg sufficiently large for (19) to hold. Schmidt’s inequality (23) provides
(18) with parameters s =t = 1.

Lemma 4 provides that for any o < \(8),

Q1> g

for | = v or k, where g, is solution of the equation (25) with s = ¢ = 1. Namely

92 — Bga — B = R3(ga) =0

which provides
B+ VBE+4B a+Via —3a2
Jo = 2 T 21—

Hence for every a < A(@), we have

A(0) a+Via — 3a?
A(0) 2(0—a)

We deduce the lower bound (3).

We now explain how to obtain the pattern of best approximation vectors in Lemma 5. It
is the basic step for a more general construction in higher dimension.

Proof of Lemma 5. Figure 1 may be usefull to understand the construction.
Consider (2;);en a sequence of best approximation vectors to @ € R3, and an arbitrarily large
index k. Since (2;);>k, spans a 4-dimensional subspace, we can define k to be the smallest
index such that

dim<2k0, Zkot+1ly -3 Rk zk+1>R =4.

Note that by minimality, 2541 is not in the 3-dimensional subspace spanned by (21), </
In particular, since two consecutive best approximation vectors are linearly independent the
three consecutive best approximation vectors zp_1, 2, zx11 are linearly independent. Set
v > ko to be the largest index such that

dim(z,,_l, Zyyeeoy Ry Zk+1>R = 4.

13



Note that by maximality, 2,1 is not in the 3-dimensional subspace spanned by (21),<;<j1-
In particular, since two consecutive best approximation vectors are linearly independent the
three consecutive best approximation vectors z,,_1, 2, 2,41 are linearly independent. More-
over, combining both observations we deduce that the lattice

A= 2y, Zu11, -, 251, 2R N 24 = (20, 2041)2 = (211, 21)z

is 2-dimensional, and spanned by two consecutive best approximation vectors (see Lemma
1). Hence, the considered indices v and k provide 6 best approximation vectors satisfying
Lemma 5.

O

Figure 1: All best approximation vectors with index between v and k lie in the 2-dimensional
lattice A. The four bold vectors are linearly independent and span the whole space.

3.2 Simultaneous approximation to four numbers

In the case of simultaneous approximation to four numbers, we select a pattern S of best
approximation vectors that combines two patterns S4 coming from Lemma 5. This is the
first step of the induction for arbitrary dimension, where we combine two patterns of lower
dimension. Thus, it is an enlightening example. Note that in this simple case, a proper
choice of parameters was made in [3, equalities after formula (13) from the case i(0) = 1].
The example of approximation by one linear form for 4 numbers is presented in Section 5.3.1

Consider 8 € R* with Q-linearly independent coordinates with 1. Consider (2;)en a
sequence of best approximation vectors to 6.

Lemma 6. Let ky be an arbitrarily large index. There exists indices ko < 1o <11 < 19 <713
such that the following holds.
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1. The triples of consecutive best approximation vectors
S, =A{zr,—1,2r,, Zr;+1}, 0<i<3

consist of linearly independent vectors spanning a 3-dimensional subspace S3; := (Sy, )R-

2. The two triples of consecutive best approzimation vectors Sy, and Sy, generate the same
rational subspace

Q :=S31 = S32.

3. The pairs of consecutive best approximation vectors zy,, Zro+1 and zp,—1, 2y, span the
same 2-dimensional lattice

Ap = <zro7zro+1>Z = <ZT1—17 zT1>Z = S3,0 N S371 nz’.

4. The pairs of consecutive best approzimation vectors zry, Zro+1 ANd Zps—1, Zr; Span the
same 2-dimensional lattice

A1 = (Zry, 2ry41)2 = (Zry—1, 2rs )z = S32 N S33 N Z°.

5. Both quadruples of best approximation {Zry—1, Zry, Zro+1, Zri+1} ANA {Zry—1, Zrs—1, Zrgs Zra+1}
consist of linearly independent vectors.

6. The whole space R® is spanned by
(Zro—1, Zro» Zro+1, Zri415 Zrg+1)R = (S30 U QU S32)r = R°.

We discuss the meaning of the lemma, and apply it to the proof of the main result for si-
multaneous approximation to four numbers. The proof is postponed at the end of the section.

The 5-dimensional pattern described in Lemma 6 is denoted by
Sy 1 830 831 =832 — S33.
Ao Al
Note that it consists of two 4-dimensional patterns
S0 1 S30— 831
Ao
given by indices v = rg and k = r; in Lemma 5 and

Si1 1 S32— 833
A

given by indices v = ro and k = 73 in Lemma 5. These two 4-dimensional patterns Sy and
84,1 intersect on the 3-dimensional subspace Q. Thus,

85 : 84’0 — 8471 .
Q

15
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OO

Figure 2: Binary tree sketching the situation described in Lemma 6.

For the pattern S5, Schmidt’s inequality (23) provides
det &3 det Qdet G353 > det Agdet Aq
where &; ; =S, ; N 7Z° and Q = G3,1 = G32. It can be rewritten as

det 63’0 (det 653’1)3j (det 6372)1796 det 63,3

. 1 1
det Ag det Ag > <3 )
with arbitrary « € (0,1). This means that
det 6370 (det 63’1)z (det 63’2)1_33 det 63’3

1
det Ag >Lor det Ao

Applying Lemma 4 two times with parameters (s,t) = (1,z) and (s,t) = (1 —x, 1) we get
the lower bound

either > 1.

2>
3= g
where g is given by the optimization equations
g=g(l,z)=g(1 —x,1). (32)
From (27), (28) we have
e B _ Rs3(9)
9lg—=B) g-p

and so g satisfies the equation

Ry(g) = gR3(g) — 8 =0.

This proves first part of Theorem 1 for simultaneous approximation to four numbers. [

Here, there is one parameter x to optimize. In higher dimension, we have many more,
and need to compute the optimization of these parameters inductively.
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Proof of Lemma 6. Figure 3 may be usefull to understand the construction.
Consider (z;);en a sequence of best approximation vectors to @ € R*, and an arbitrarily large
index kg. Set r3 to be the smallest index such that

dim(zg,, Zko+1s - - - » Zrgy Zrg+1)R = O.

Note that by minimality, z,,4+1 is not in the 4-dimensional subspace spanned by (z;) ko <I<rs"
In particular, since two consecutive best approximation vectors are linearly independent the
three consecutive best approximation vectors z,,_1, Zr,, Zr,+1 are linearly independent and
span a 3-dimensional lattice denoted by I's. Set rg > ko to be the largest index such that

dim<z’f'0*1a Zrgs -5 23y ZT3+1>R =5.

Note that by maximality, 2,1 is not in the 4-dimensional subspace spanned by (21),, ;<41
In particular, since two consecutive best approximation vectors are linearly independent the
three consecutive best approximation vectors z,,—1, 2r,, 2ro+1 are linearly independent and
span a 3-dimensional lattice denoted by I'y. Moreover, combining both observations we deduce
that

Q = <zT07 Zrg+ly -y Rrz—1, zT3>R
is a 3-dimensional rational subspace.

Now appears the induction step: we apply the same procedure in lower dimension to the
two 4-dimensional subspaces

S4,O = <z7"0—1) Zrgs s 2rg—1, z’r’3>R and S4,1 = <Z7~0, Zrotly -9 2rgs zT‘3+1>R'

Note that it gives a proof of Lemma 5.
Set 71 to be the smallest index such that

<ZT071> Zrgs - >zT17Z7‘1+1>R = S4,0'

Note that by minimality, z,,+1 is not in the 3-dimensional subspace S3 o spanned by (z1),,, _1<;<,-
In particular, since two consecutive best approximation vectors are linearly independent the
three consecutive best approximation vectors z,,_1, 2y,, 2r,+1 are linearly independent and
span a 3-dimensional lattice I'1 included in Q = S3 ;. By construction, rg is already the
largest index such that

(Zro—1,Zrgs -+ + s Zri—1, Zry )R = Sa.

Hence, (2o, Zrg+1; - - -» Zr 1, Zr, )z =: Ag is a 2-dimensional lattice spanned by either (z,,, Zr,+1)z
or (2p,_1, 2 )z, and is the intersection Sz N S31 NZ° (see Lemma 1).
Set ro to be the largest index such that

<z’r'2717 Zrgs s 2rg) ZT3+1>R = S471~

Note that z,,—; is not in the 3-dimensional subspace S33 spanned by (zl)742<l<r3 410 In
particular, since two consecutive best approximation vectors are linearly independent the
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three consecutive best approximation vectors z,,_1, Zr,, Zr,+1 are linearly independent and
span a 3-dimensional lattice I'z included in Q = S3;. By construction, r3 is already the
smallest index such that

<z’r'2717 Zrgs s 2y ZT3+1>R = S4,1~

Hence, (2ry, Zro41,- -+, Zrg—1, 2Zrg)z =: A1 is a 2-dimensional lattice spanned by (2,,, Zr,11)z
or (2r4—1, 2r4)z, and is the intersection Q N S33 N Z> (see Lemma 1).
]

Note that we may have r; = re. Lattices I'y and I's may not coincide, but are both
sub-lattice of Q = QN Z5.

Zro—1 Zrz+1
Lo S Iy Iy I3
Zro Ao £, T Zn ), )
Zryi1 B Al A NN S 2yt
,Zi,n1 +1 zrg -1

Figure 3: Selected sequence of best approximation vectors.

In Figure 3, the dashed lines should be interpreted as follows. The best approxima-
tion vectors (2)r,<i<r, generate the 2-dimensional lattice Ag. The best approximation
vectors (zp)r,<i<r; generate the 2-dimensional lattice A;. The best approximation vectors
(21)r,—1<i<ry+1 generate the 3-dimensional rational subspace Q = S31 = S3 2. The five bold
vectors span the whole space R®.

4 Arbitrary dimension

Consider 8 € R™ with Q-linearly independent coordinates with 1. Consider (2;);cn a sequence
of best approximation vectors to 8.

Lemma 7. Let ko be an arbitrarily large index. There exists 272 indices kg < 1y <
T1,...,Ton—2_g9 < Ton—2_1 such that the following holds.
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1. The triples of consecutive best approximation vectors
S3,l = {zT‘l—lv zna z’l‘l+1}7 0 S l S 2n_2 -1

consist of linearly independent vectors spanning a 3-dimensional rational subspace S3 .

2. Forda<k<n+1and0<l<2" k1 _1  denote by Sk, the set of best approzimation

vectors
. 2&*3_1
Skt =U,—o  Ssor-314,-

Sk, spans the k-dimensional rational subspace Sy ;.

3. The rational subspaces Sy satisfy the relations

Skt USk2141 = Sky1y (33)
Skt N Sk241 = Sk—1,4141 = Sp—1,4142 = Qr—1,- (34)
In particular, Qg is spanned by both zy,, , Zr,, +1 aNd Zry,\—1, Zry, -
4. The full space R is spanned by

2n7k+1_1
(Zro—15 Zrgs Zro+1s Zry+1, Zratls - - -5 Zrom s +1)R = (Ui Skur, 3<k<n+1.

In particular, Sp41,0 = R

Here, the first index always denote the dimension of the considered object. For a given
dimension k, there is 2" ¥*+1 subspaces Sk, and 2n—k=1 subspaces Q. of dimension k.

A weaker pattern of best approximation vectors was already considered for any dimension
in [17, §2.3].

Lemma 7 coincide with Lemma 5 for the approximation to three numbers and with Lemma
6 for the approximation to four numbers. In the later case, we have Aj ~ Qg ; for 0 < j < 1.

We can partially describe the situation with the binary tree from Figure 4, where each
child is included in its parent. In particular, the parent of a given rational subspace Sy is
Si+1,0() where o is the usual shift on the binary expansion.

We may write the recursive step of the construction of patterns as follows:

Sn+1,0 : Sn,O - Sn,l
Qn-1,0

where Q,,_1,0 is a n—1 dimensional subspace. For S,, 0, S;,1 and Q,,—1,0 the rational subspaces
and their underlying lattices &,, 09, &,,1 and Q,_1,0, Schmidt’s inequality (23) provides

det Gn,O - det 6n71

det Q1,0

This relation enables us to shift the optimization equation in the next dimension as obtained
in the next lemma.

> 1. (35)
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¢’ Ry Qn-1p0 (/
Qn—Q,O Qn—2,1
¢ O N C O _</  '-\>. /

\)

Figure 4: Binary tree sketching the situation described in Lemma 7.

Lemma 8. Consider the pattern of best approximation vectors S,y1,0 and its sub-patterns
given by Lemma 7. Here as before, Gy = Sp; N Z" 1 and Q= QN Z™tL are the integer
points lattices of the rational subspace S ; and Qy;. Then

[1

2l ( det (&3 47) det (Qg,l)ly"—‘*) w"‘4’l.2”’ﬁ1 ( det (Q37)" 7> det (63,4z+3)> st o1

i~ det (Q2,21) Pl det (Q2,2141)
(36)
where the parameters wyy, w;e,lv yr and zj are defined inductively by
0 = yo+z—1 (37)
Yk 2k
k15 2k = F(yk, k) = ; 38
s, 2241) (w22 (yk + 2k — Yk2k Yk t+ 2k — ykzk> (38)
1 = wo,0 = w(w (39)

/ / / /
Wi1,20 = Whi, Wett2i41 = (1= 26)wpyy Wiy = (1= yp)weg  and w941 = wyy-
(40)
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Furthermore, the parameters satisfy the relations

2n—4—1
Z (2 - yn—4)wnf4,l + (2 - Zn—4)w7,1_47l =n— 1,
1=0
2n—4—1
Z Wp—4,] + w,@_4yl =n—2.
1=0

(41)

(42)

We prove Lemma 7 and then Lemma 8 at the end of this section. Here we first finish the

proof of Theorem 1 in the case of simultaneous approximation.

We do not need to compute explicitly the values of wy; or wi;,z- From formula (36), we

deduce that there exists an index 0 < [ < 2% — 1 such that either

det (Q37)' 7" det (&3 4143)

det (63,41) det (Qg,l)liy"_d‘ S 1 or
det (Q2,21) det (Q2,2141)

Applying Lemma 4 twice, the optimization constant g is given by

g=9(1,1 =2z, 4) =g(1 —yn—4,1)

—n+4(

where (yo,20) = F Yn—4, Zn—4) satisfies yo + 20 — 1 = 0.

By formulae (28) and (29), we get

R3(g) Rs3(9)
n—4 = and z,_4 =
T Ralg) L gRa(g)
Then, the recurrence formula (38) provides that for 4 < k <n
Ry—1(9) Ry-1(9)
-t =~ and zp_p = ——~
T Rialg) * 7 gRi_2(9)
if k is odd and s (0) Rii(0)
k—1\9 k—1\9
k= and z,_p = =——+
T gRa(g) "M Riea(g)
if k is even.
Indeed we prove (43) and (44) by induction.

Ry, Ry _ .
Suppose yn_r = R};;g; and z,_j = gé“k;((gg)). Since

- Yn—k + 2n—k — 1 Yn—pp+ 2n—k — 1
F 1(yn—k‘azn—k) = < = n 5 o i )

Zn—k Yn—k
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we compute

Yn—k+Zn-k =1 _ Rr1(9)/Re-2(9) + Rre-1(9)/9Rr—2(9) =1 _ Ri(g)
1(

Yn—k—1 =

Zn—k Ri_1(9)/9Rr—2(g) Ri—1(9)’
_ Yn—k T Zn—k — 1 _ Rk(g)
Zn—k—1 = = .
Yn—k gRi—1(9)

Hence we obtain the formulae (28) and (29) by symmetry and initialization for k = 4. O

Ry (g) Rn— (9) Rn— (g) Rp— (9)
anflz(g)’ Rnfé(g)) or (Rnfé(g)’ anjz(g)

In particular, (yo, z0) = (
of n. This leads to

) depending on the parity

Rn1(9) + Rn1(9) — gBn2(9) _  Rn(g)
an—2(g) an—2(g) ‘

That is, R, (g) = 0. So we proved the bound (14) holds for arbitrary large indices, and in
arbitrary dimension n, for the required g.

O:yo-l-Zo—l:g

This proves first part of Theorem 1 for simultaneous approximation. O

Proof of Lemma 7. Figure 4 may be usefull to understand the construction.

Let kg > 1. We prove the lemma by induction in the dimension n. Suppose that we can
construct a pattern Sy, ¢ of 2m=3 triples of consecutive best approximation vectors given by
indices ko < 1o < 7r1,...,79m-3_9 < T9m-3_1 spanning a m-dimensional rational space. Such
a construction for m = 4,5 holds via Lemmas 5 and 6. This provides the initialization.

Consider (z;);en a sequence of best approximation vectors spanning a (m+ 1)-dimensional
rational space S;,4+1. Set rgm—2_; to be the smallest index such that

<zk07 Zk0+1, ey z’r2m7271 ) zr2m7271+1>R == Sm+l-

Note that z,_,, , 41 is not in the m-dimensional subspace spanned by (zl)koglérzm_z_l' In
particular, since two consecutive best approximation vectors are linearly independent the
three consecutive best approximation vectors 2z, ,  —1,2r,, 5 s Zr,, »_,+1 are linearly
independent and span a 3-dimensional subspace denoted by Sg 9m-2_5. Set ro > ko to be the
largest index such that

<z7‘0717 Zrgy ..o 7ZT2m_2_17ZT2m—2_1+1>R = SmJFl’

Note that z,,—1 is not in the m-dimensional subspace spanned by (z;) In

ro<I<rom—1_;+1°
particular, since two consecutive best approximation vectors are linearly independent the
three consecutive best approximation vectors z,,—1, 2r,, 2r,+1 are linearly independent and
span a 3-dimensional subspace denoted by S3 . Moreover, combining both observations we

get that

mel,o = <z'r07 z’r’0+17 oo >ZT2m_2_1717 Z'r2m_2_1>]R
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is a m — 1-dimensional subspace.

We use the induction hypothesis for the two m-dimensional subspaces
oL "o

Sm E <Z7»07]_,Z7»0, ce 7z’r’2m_2_1717z7'2m_2_1>]R and Sm T <z7‘07z’r'0+17' ce aZT‘Qm_Q_laZT‘Qm_Q_1+1>]R

for k) = ro — 1 and k{ = ro respectively. This provides two patterns S;, and S}, of triples

of best approximation vectors defined by indices ro < vy < 79,...,7,3 5 < Thm_3_, and
ro+1 < rg <, .. ,rh s 5 < 7. s, satisfying the conditions of Lemma 7. A key

observation is that by definition of 7y, we necessarily have r{, = ry. Similarly, by definition
of rgm—2_1, we necessarily have rom—2_; =15, 5 ;. It follows that both sub-patterns S}, ; ;
and 87’7’1,1’0 span the rational subspace Q,,—1,0. Hence, the pattern S defined by the triples
given by indices

ri =1, and rigms =1/ for 0<i<2m3 -1

combining the two sub-patterns S/, and S/, satisfies the required properties at the rank m+1.

s . s - s,
QO—l,o mn

Since (2;)1en a sequence of best simultaneous approximation vectors to @ € R™ spans the
whole space R"T!, Lemma 7 follows. N

Remark. Note that the proof provides a m-dimensional pattern for @ € R™ where m is the

dimension of the space spanned by its best approzimation vectors. Furthermore, note that this
construction holds for both simultaneous approximation and approximation by one linear form.

Proof of Lemma 8. We prove by induction a more general formula

2k1_1[—1 det (&, _g.a1) det (&p_pari1) ¥ wkfl’lx
det (&p—p—1,81+1)

lzozkfl—l 1-z wj (45)
det (&p—par+2) *tdet (Spopairs)) “
11 > 1.
i det (Sp—k-1,81+3)
If we write it in terms of Q; ; = S; 4541 = Sj4j+2, we have
Qkﬁ—l det (Gn—k,éll) det (Qn—hl)l_yk_l Wk —1,1 y
i det (Qpn—r—1,21)
(46)

2ki_1[_1 ( det (Qn_m)l_z’“‘l det (Gn_k,4l+3)> Pe-1 S 1

iy det (Qpn—k—1,2141)
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Lemma 8 is the latter formula for k = n — 3.
We call factors of the first product, of the form

det (Gn—k74l) det (Qn_k’l)lfyk—l Wk—1,1
det (Qp—k—1.21)

factors of Type I, and factors of the second product of the form

det (Do)~ det (Sp_pares)) "
det (Qp—k—120+1)

factors of Type II.

Initialization follows the steps of approximation to four numbers. Namely, Schmidt’s
inequality (23) provides

det(Gn’o) det(Gn,l) > det(ﬂn_l,o) det(Gn_H,o) ,
det(6n—1,0) det(Gn_l’l) > det(ﬂn_z,o) det(Gn,O) , (47)
det(@n_lg) det(@n_lyg) > det(ﬂn_z,l) det(Gn,l) .

Since S,41,0 spans the whole space R"!, we have det &,,41,0 = 1 and using the fact that
det Qp_10=detS,_11 =det S,_12 (by (34) ), we get the formula

det(@nfLo) det(anLo) det(Gn,Lg)

1.
det(Qy,—2,0) det(Qp—21) ~

Setting wp o = w{)’o =1 and yg and zg such that yg + 29 — 1 = 0, we can rewrite

det(S,,1,0) det(Qn1,0) 7\ [ det(Qn-10)" 7% det(Sp13) w6’0>>1
det(Qn—2,0) det(Q,_2.1) '

This establishes the expected formula for k¥ = 1. In the inductive step, Schmidt’s inequality
(23) splits each term of the product in two terms involving rational subspaces of lower di-
mension, and shift the values of the parameters y; and z.

Indeed, for 3<i<n+1and 0<j <2?"1~% _ 1 Schmidt’s inequality provides

det(Gi,ng) det(6i7172j+1)
det(Qi—25)

> det(Gm). (48)
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Sij

N )
Si—1,2j Qi—Z,j Si—1,2j+1
< D 7 N\ < )
Si—2,4j Type I Si—2,4j+1 Si—2,4j+2 Type IT Si—2,4j+3

Figure 5: Situation to apply Schmidt’s inequality.

Inductive step. Assume that (45) holds for some 1 < k < n — 3. In the product (45),
there are two types of factors: factors of Type I and of Type II. Each of these factors splits
into two factors, one of Type I and one of Type II. We first deal with factors of Type I. For
every 0 <1 < 2F=1 — 1, we can apply Schmidt’s inequality (48) with parameters i = n — k
and j = 4l and j = 4l 4+ 1 respectively to split

det(Gn—k,zu)det(Gn_mlﬂ)l*yk W1 "
det (Qn—k—1,2l)
det(Sp_p—1,8) det(Sp_p—1,8141) [ det(Sp—k—_1.81+2) det(Sp_r—1,81+3) 1—ye\ Wit
det(Qn—k—QAl) det(Qn—k—zAlH)
det (Qn—r—1,21)

<

Considering that Q,—k 21 = Sy—k.81+1 = Sn—k,814+2, for any u € (0,1) we can write

( det(S,—k—1,81) det(Gn—k—l,sul)”(l_y”)wk’l "

det(Qy—r—2,41)

det(&——1,842)" " det(Sp_k—1,81+3) A 0

det(Qp—k—2,41+1)

Similarly, for factors of Type II, for any v € (0, 1), using (48) withi =n—k and j = 41 +2
and j = 4l + 3 respectively, and the fact that Q,—xi+1 = Sn—k 8145 = Sn—k.81+6 We get
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det (Sp—paip2)' ™" det (Sp_pa113) e < det(Sp_—1,81+4) det(Sp—p—1,8145)" (=)l
det (Qun—k—121+1) det(Qp—k—2,4142)

y det (S, g_18146)" ) det(S,g_1847)\
det(Qp—k—2,41+3)

(51)

Combining the splitting of Type I (50) and Type II (51) factors in the induction hypothesis
(45), it appears that we should define the parameters (yx1, zx+1) to be solutions of the system
in variables (u,v)

u(l—yr)=1—v and 1—u=uv(l—z).

That is
Yk+1 + 2k — 1 Yk+1 + 2k — 1
Yp = and z, =
Zk+1 Yk+1
or equivalently
Y Yk and z i
b+l = k+l = .
Yk + 2k — Yk2k Yk + 2k — YkZk

The last equality coincide with the definition F(y, z) in (38).
This and the parameters (40) establish formula (45) for k + 1.

We now prove the relation (41) and (42) by descending induction, showing that for any
4<k<n

an—k_1
> 2= Ynk)Wnki + (2 — zpp)wy,_g; =n—k+3, (52)
1=0
an—k_1
> Wpokitw, gy =n—k+2. (53)
1=0

First, note that
wo,0 + w{),o =2, and wo (2 —yo) + w670(2 —29) =3,
hence we have initialization at k = n.

Assume that for some 4 < k < n (52) and (53) holds. The two sums represent the number
of determinants that appears respectively at the numerator and at the denominator in (36).
The key is to observe the splitting in (49) : the new sum for the denominator is the sum from
the previous numerator, while at the numerator, the previous denominator is doubled but we
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have a simplification with one denominator. Namely, using the recurrence formula (38) and
(40) for the parameters

2n7k+171 2n,71€71
> Wpkt i W g1y =Y Wik 1,20 F Wk 1,201 W1 W 12041
1=0 =0
2n7k+1_1
— / /
= Y wnki Wy (1= 2 k) + Wy + wn k(1= Ynk)
1=0
an—k_1
= Z (2 - yn*k)wnfk,l + (2 - ank)'LU;lka
1=0
= n—k+3,
2n,7k+171 2”71671
> Wakt 102 = Ynkg 1) F W 102 = Znek1) = > (Wnokg1,20 F Wnokt1,2041) (2 = Yn—it1)
=0 1=0
an—k_1
+ (W12t + Wy pi1.2041) (2 = Zn—ky1)
1=0
an—k_1
= wnfk,l(?) —2Yn—k) + w;sz,l(?’ — 22y k)
1=0
= 2n—k+3)—(n—k+2)=n—k+4.
Hence the result by descending induction. O

5 Approximation by one linear form

In this section, we explain how the very same geometry of a subsequence of best approximation
vectors provides Theorem 1 for approximation by one linear form. We need to consider a
hyperbolic rotation to get a suitable analogue of the estimates in Lemma 2. For this, we use
Schmidt’s inequalities on heights in a slightly larger context than rational subspaces.

5.1 About Schmidt’s inequalities on heights

As stated in Proposition 1, Schmidt’s inequality applies to rational subspaces and the lattice
of integer points. Let A C R? be a complete lattice, that plays the role of integer points. Let
M C R4 be a subspace, it is called A-rational if the lattice

M=MnNA
is complete, i.e. if (M)r = M.

27



Lemma 9. The intersection of two A-rational subspaces is A-rational.

The proof is the same as for rational subspaces, and use the description of subspaces by
their orthogonal vectors.

Definition. Given a fixed complete lattice A, we define the height Hy of a A-rational subspace
M to be the fundamental volume

Hp(M) = det(9) = det(M N A)
of the A-points of M.

Proposition 2 (Schmidt’s inequality). Let A be a complete lattice. Let A, B be two A-rational
subspaces in R™, we have

HA(A + B) . HA(A N B) < HA(A) . HA(B) (54)

Proof. Let My and My be two A-rational subspaces. Denote their A-rational intersection
N = M; NMas. Let £ be a basis of NN A. We complete £ to a basis of M; N A by a collection
of vectors u; in A, for i = 1,2. Consider the volume vol(&, 1, ue) of the parallelepiped
generated by the basis vectors (€, u1, p2). Then,

VOl(g,ul,ug) > VOl((Ml + Mg) N A) = HA(Ml + Mg).
Let ui* denote de projection of pp on My parallel to N. Then det(uj*) = Hy(Mi)/H(IN)
and
det(&, pi1, p2) = det(€, p2) det(uy™) = Hy(Mz) - Hy(My)/Hy(N).

Hence we obtain the formula
HA(M1 + MQ) . HA(Ml N Mg) < HA(Ml) . HA(MQ)

for the underlying complete lattice A. O

5.2 Hyperbolic rotation

Given (21)ien = (q10s---,4n,a) & sequence of best approximations to a point 8 € R™ for
the approximation by one linear form, we can extract a subsequence satisfying Lemma 7. For
approximation by one linear form, it may happen that the sequence of best approximation
vectors spans a subspace of dimension m < n + 1 in R"*! (see [1]). In this case, Theorem 1
holds with the stronger lower bound G*(m,®(0)) instead of G*(n,(0)) (see Remark after
Proof of Lemma 7). In the sequel, we suppose that the best approximation vectors span the
full space. In particular the coordinates 61, ..., 6, are linearly independent with 1.
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Consider the matrix

1 0 0
L= :
0 -+ 10
0, -~ 6, 1

We can consider the sequence of best approximation as points of the lattice £ = L.Z"+!
with
(Z1)ien = L.(z1)ien € L.

Here, we simply replace the last coordinate a; by the error of approximation L;.

Consider a large parameter 7', and the hyperbolic rotation

T-1 ... 0 0
Gr = : : : :
0o --- T71 0
0 0 Tm

The lattice £ = GrL is complete since the determinants of L and Gr are 1.

Consider the sequence (2})ieny € £ defined by

(2))ien = GrL(2z))ien € L'

where
!/ / / /
z = (Zl,lv cees Bl Zn+1,z)
-1 -1
= (T QI,Z7°"7T Qn,thLl)'
For best approximation by one linear form we defined M; = maxi<;<p ||, and after

hyperbolic rotation we have

max |z,,| < MT™L.
1<i<n' "

Since we assume that the best approximation vectors (2z;);en span the full space R we
can apply Lemma 7 to (2;);en and obtain a set of indices (74)g<on-2_;. Denote

—2
Sh1 = {Zh 12y ) = GrLSsy, 0<1<272 1

and ford<k<n+land0<[<2nhtl _1q , denote by S,;l the set of best approximation
vectors

/ 2k=3_1 o1
'Sk,l = UV:() 3,216—31_‘_1, - gTLSkJ.
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Since Gr and £ have determinant 1, these sets satisfies the properties of linear indepen-
dence and inclusion listed in Lemma 7.

Further in the proof of Theorem 1, we need an estimate of the fundamental volumes of
the lattices A}, = (27, 2}, 1)z and I'}, = (2}, _,, 2}, 2,11 )z spanned by consecutive independent
vectors z.

For large T', we can follow a similar proof as Lemma 2.

Lemma 10. Fiz an index k. Let T be large enough so that
T> Mgy and T> L "" (55)

Given two consecutive and linearly independent best approximation vectors zy, Ziy1, the fun-
damental volume det A), satisfies

det A}, < LT "My T~ = LMy T (56)

Given three consecutive and linearly independent best approximation vectors zx—_1, Zk, Zk+1,
the fundamental volume det T}, satisfies

detT), < Ly 1 T"MT My T~ = Ly i My My T2 (57)
Proof. For T satisfying (55), we see that 2} = (T 'qy,..., T 'gn, T"L;) satisfies
IT"L;| > 1 and |T gyl <1 for 1 <i<n. (58)

Consider the 2 x (n + 1) matrix

/ / / -1 1

2k o ok Znlk _ T g - T 'guk T" Ly

/ ! / - —1 —1 m .
A1k+1  Pnk+l Pntlk+l T qiesr - T g1 T"Lgtr

and the 3 x (n + 1) matrix

/ / / -1 -1
Zlk—41 - Pnk—1 “ntlk—1 T qie—1 - T qur—1 T'Lg
/ / / _ -1 -1 n
21 k ce Zng Zpt1 ke = T1 Qe - T1 n k T L,

! ! ! — — n
Alk+1 Pnk+l  Pntlktl T qre+1 - T qng+1 T"Li

Using Lemma 3, the squares of the fundamental volumes det A} and detI’, are sums of
squares of 2 x 2 and 3 x 3 minors. As for Lemma 2, the conditions (58) provide the upper
bounds LkT"M;H_lT’l = LkM;H_lT”’l for the 2 x 2 minors and Lk_lT"MkaleHT’l =
Ly_1 MMy T2 for the 3 x 3 minors. The upper bound for the fundamental volumes
follows.

The lower bound of det A}, follows from Minkowski’s first convex body theorem as well,
considering the symmetric convex body GrLII and its intersection with Aj reduced to zero. [
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Here, we need a large parameter T' to obtain a good upper bound for the minors. If ' =1,
such upper bound are false.

Remark. In the case of a lattice generated by both
A= <Z:/7ZL+1>Z = <Z§€717 z;€>Z

we have
det A < L,M, T" ' =< L MT" L. (59)

5.3 Proof of the main theorem for approximation by one linear
form

The proof in the case of approximation by one linear form follow the same steps as in the case
of simultaneous approximation. Considering (2;);cn a sequence of best approximations to a
point @ € R™, we obtain via Lemma 7 a set of indices satisfying good properties. Suppose
that ko is large enough so that for a* < &(8).

Ly <MY, for j> k. (60)

The hyperbolic rotation (z))ien = GrL - (21)ien, where T > 1 is fixed, preserves the
property of linear independence, and hence the structure of the pattern of best approximation
vectors constructed in Lemma 7. We consider the rotated sets Sy, = GrL - S, Q) =
GrL - Qp,; from the sets Sg; and Qp; defined in Lemma 7. We denote respectively by &),
and Q;C ; the lattices of their GrL-points. 7

We épply Schmidt’s inequalities for heights to the GrL-rational subspaces S}, ; = GrL-Sk,
to obtain the lower bounds of Lemma 8 7

Wy —4q

l—yn_ N 1—zp— n—4,
v (o (80) det (25,)' ) e (e () den () 4,) |
=0 det ( ’2721) 1=0 det < ,2,2l+1>
(61)
where the parameters y,,—4, 2n—1, wy—4,; and w],_, , satisfy (38).
As for the proof of Lemma 4, we want to split the denominators. Indeed,

/2,21 = <z;‘4l ’ Z;.4l+1>Z = <Z;‘4l+1717 z;‘4l+1>Z (62)
Q/Q,2l+1 = <z;"4l+27 Z'II‘4H,2+1>Z = <z;'4l+3717 z'll‘4l+3>Z (63)

and we can split both det ( ’2721) and det (Q’MZ +1) with their two expressions coming from
(59). Now we should consider the following parameters for 0 < s,t <1

7= Sﬂ; f?;@, 0 EE et s, (64
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where the second equality comes from w*(s,t) € (0,1) being the root of the equation

*2 S * S
—(1-t- =0.
w ( a*_1>w +a*—1 0 (65)

Note that it is analogous to g(s,t) and w(s,t) defined in (21) (20) (Lemma 4).

Applying the estimates of Lemma 10, and the splittings of denominator (59) with param-
eters w*(1,1 — z,—4) and w*(1 — yp—4q,1) we get

on—4_1 _ Conl—yn_ Wp—4,1
H ( (LT41—1MT4LMT4Z+1Tn 2) (LT41+1—1MT4L+1MT41+1+1Tn 2) Y )

1)
=0 (

_1yw*(1—yn—4,1) _1\1—w*(1-yn—as,
LT41MT“41+1Tn ) " (LT4I+1*1M7"4l+1Tn )

on—4_1 _onl—2, oy \ Wn—4
H ((L'f“4l+21MT41+2M7”45+2+1Tn ) 4(LT41+3*1MT4l+3MT‘41+3+1Tn )) > 1

n—1 U)*(lzl_znfél) n—1 l—w*(l,l—zn,4)
=0 LT41+2 MT41+2+1T ) (LT41+3—1MT41+3T )

Furthermore, by (41) and (42), T has the same power (n — 1)(n — 2) at numerator and
denominator and can be simplified.

on—4_1q 1—yn—q Wn—4,1
H ( (Lr41*1MT4lMT4z+1) (LT41+1*1MT41+1M7’41+1+1) )

w*(l—y ,4,1) l—w*(l—yn7471)
1=0 (LT41 MT41+1) " (LT4l+1 —1MT41+1)

(Lr4l+2Mr4l+2+1)w*(171_zn74) (L M, 1—w*(1,1—2p—4)

=0 r4i+3—1 4l+3)

" -1 g M,, M, =204 ([, M, M o
(7‘4z+2—1 T4142 7"4z+2+1) (7’4z+3—1 T4143 T4l+3+1) > 1

Hence, at least one of the following four inequalities holds:

LT‘41—1MT4LMT41+1 > (Lmz MT41+1)w*(1_yn74,1) )
1—yn_ 1—w* (1—ypn—_4,1
(LT41+1*1MT41+1M7“4L+1+1) nt o> (LT4Z+1*1M7'4I+1) e )’
(L M,, .M, ( w(l1=2n—a)

1—zp_4a
rap2— 1V ry 40 4l+2+1) >

LT41+2 MT41+2+1)

1—w*(1,1—2p_4)
LT’41+3*1MT4L+3MT41+3+1 > Lr4z+3*1MT4l+3) :

Following the proof of Lemma 4, from (60) and the definitions of ¢g* (64) and w*(65) we
deduce

M1 > Mg (50 (66)

32



for either v = 74y, 74141, 74142 OF 74743, and (s,t) = (1,1 — z,—4) or (1 — yp—4, 1) respectively.

Using (64) and (65), we see that 1/¢g* satisfies the same equation as g (25) up to symmetry

insandt - i
1g? - (8+-1) 15 - =0, (67)
In particular, we can use this equation to compute the optimal value of either s or ¢t when
the other parameter is 1. Namely,
(g)*=Blg")" =B _ Rs((g")™") -
t = = , for g8 =g"(1-1t1), 68
(g*)fl _ 6 (g*)fl _ 5 ( ) ( )
(g)*-Blg") "' -8 Rs((9")")
- - = - , for g"=g"(L1-s). (69)
(@) ' (g) ' =8)  (¢*) ' (g*)' = B)

Similarly to the case of simultaneous approximation, we have

g* = g*(17 1- Zn—4) = g*(l — Yn—4, 1)

and the properties of ¢* and z,_4, y,—4 provide that R, (1/¢*) = 0. O

5.3.1 Example of approximation to 4 numbers

To make the ideas of the proof clearer, we give an example in the simple case of approximation
to 4 numbers.

Consider a sequence of best approximation vectors to @ € R* by one linear form. We may
assume that it spans R®. For an index ko > 1 we apply Lemma 6. It provides a pattern of
best approximation vectors

zroflyzroazT(H’l; 27‘171527'1727‘14’1; ZT‘Q*lazT‘QazT2+17 ZT37172T37ZT3+1;

of linearly independent triples satisfying properties of Lemma 6. Consider T such that T >

Mp,41 and T > L;;f?, we apply the hyperbolic rotation to the integer vectors z; to get

z; =GrL - z;
for j=rg—1,rg,70+ 1,71 — 1,71, 11 + L,ro — 1,79, 70 + 1,73 — 1,73, 73 + 1.
For 0 <7 < 3 we consider the subspace
Ss,i = (21,1, 2 21 11)R

and its lattice of GrL points
S3, =S5, NGrL.
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We recall that
S31=9S32=Q

Consider the 2-dimensional lattices

Ao = <Z'roa Z;0+1>Z = (z’” 1% > =S30NS31NGrL

and
Ay _< Zry) ;"2+1>Z:<z;"3 172 > S32ms33mgT£-
We apply Schmidt’s inequality (Propositon 2) with underlying lattice GrL to obtain the
analogue of (31)
det 6370 (det 6371)1 (det 632)1_1,(1613 6373
det Ag . det Aq

> 1.
By Lemma 10, we get

Lyy—1 M M0+1T (LTl 1MT1MT1+1T2) (LTz—erzMT2+1T2)1_xLT3 1M, M3+1T
LT‘OMT’0+1T LT3—1MT3T3

> 1.

Here, T' disappears as it has power 6 at numerator and denominator :
3+3=6=2+4+22+2(1—2)+2.
We deduce

Lyy—1 My Mo+1(Lr1 1MT1MT1+1) (er—lMT2MT2+1)1_IL7"3—1MT3M7’3+1

> 1.
L'I‘o MT‘0+1 LT‘3—1MT‘3

Since the lattices Ag and A; are both generated by two distinct pairs of consecutive best
approximation vectors, we deduce from (59) that

LT‘OMT‘0+1 = Lrl—lMﬁ and LTQMTQ—H = LT3_1MT3.
Hence we can replace
LTOMT0+1 by (L M, 0+1)w " x)( 1*1MT1)17w*(17z)
and
LT3—1MT3 by (L M, 2+1) (1_x’1)(LT3—1MT3)1_w (1_$’1)7
where w*(s, t) is defined by (65).

We deduce that at least one of the four following inequalities holds

LTo 1M, Mo+1 ( 0+1 w(1,)

)Y
(Lm—thMrﬁ-l)m > (Lrl 1M1)
(LTQ—IMTQMTQ—‘,-I):L_I >> (LTQMT2+1)w*(1 x 1)
Ly 1 My Mys 1 > (Lys—1 M, ) w(1-z,1)

1—w*(1,z)
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We deduce from the definition (64) of ¢* = g*(1,z) = ¢*(1 — x, 1) that
M,y > M

for either v = rg,r1, 79 or r3. From (69) we have

. B _ Rs(1/g7)
1/g*(1/g*=B) 1/g* =8

and so g* satisfies the equation

Ry(1/g") =1/g"Rs(1/g") — B = 0.

6 Construction of points with given ratio

In this last section, we prove the second part of Theorem 1. To construct points with given
ratio, we place ourselves in the context of parametric geometry of numbers introduced by
Schmidt and Summerer in [24]. We refer the reader to [12, §2] for the notation used in this
paper and the presentation of the parametric geometry of numbers. We use the notation
introduced by D. Roy in [20] which is essentially dual to the one of W. M. Schmidt and
L. Summerer [23]. We believe we should denote generalized n-systems by Roy-systems. We
fully use Roy’s theorem [20] as stated in [12, Theorem 5] to deduce the existence of a point
with expected properties from an explicit family of Roy-systems with three parameters. The
construction shows how the values G(n,a) and G*(n,a*) appear naturally in the context of
parametric geometry of numbers, and why they are reached at regular systems.

Fix the dimension n > 2, and consider the case of approximation by one linear form.
Fix the three parameters @ > n, p = G*(n,&) and ¢ > 1. Consider the Roy-system P on
the interval [1, ¢p] depending on these parameters whose combined graph is given below by
Figure 6, where

1

A =1335

P(1) = p"72P (1) for 2 < k <n+1 and Py(cp) = cpPi(1) for 1 < k < n+l1.

The fact that all coordinates sum up to 1 for ¢ = 1 follows from 1/p being the root of
the polynomial R, ;/; (9). On each interval between two consecutive division points, there
is only one line segment with slope 1. On [1, qo], there is one line segment of slope 1 starting

. 77, .
from the value h{@ and reaching the value fiw Then, each component P, increases from

k— k—
’iT; to % with slope 1 where k decreases from k = n down to k = 2.
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| | | |
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: ! | | 1+U:)
o — ‘ e
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4o ! ‘ :
|
| | | |
1 do @1 cp

Figure 6: Pattern of the combined graph of P on the fundamental interval [1, cp]

We extend P to the interval [1, 00) by self-similarity. This means, P(q) = (¢p)™P((cp)~™q)
for all integers m. In view of the value of P and its derivative at 1 and cp, one sees that the
extension provides a Roy-system on [1, 00).

Note that for ¢ = 1, the parameter gy and ¢; coincide and we constructed a reqular system.

Roy’s Theorem [20] provides the existence of a point 8 in R™ such that

# = lim sup Fi(9)
1+a(0) gote q
1 Pi(q)

— —liminf :
1+w(@)  dsie g

Here, self-similarity ensures that the lim sup (resp. liminf) is in fact the maximum (resp. the
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minimum) on the interval [1, ¢p[. Thus,

L AW RO
1 +(21(0) [Lepl @q 1 14+
1 . Pi(qg)  Piqo) 1
————— = min = = —
1+w(@) (el ¢ qo0 cpl + 1
where
B c(p"—l—---+p2—|—p)—|—17 c(pw) +1
= 1+0 N
Hence,

w@)=& and w(B) = cpn.

and we constructed the required points since ¢ > 1 and p = G*(n,®).

Consider the case of simultaneous approximation. Fix the three parameters 1 > A>1 /n,
p=G(n,\) and ¢ > 1. Consider the Roy-system P on the interval [1, cp] depending on these
parameters whose combined graph is given below by Figure 7, where

~

P1(1) = 1~|-/\5\’ P(1) = p"*Py(1) for 1 < k <n and Py(cp) = cpPi(1) for 2 < k < n+1.

The fact that all coordinates sum up to 1 for ¢ = 1 follows from p being the root of
the polynomial Rn,ﬁ (9). Up to change of origin and rescaling, this is the same pattern
as shown by Figure 6. We extend P to the interval [1,00) by self-similarity. This means,
P(q) = (cp)™P((cp)~™q) for all integers m. In view of the value of P and its derivative at
1 and ¢p, one sees that the extension provides a Roy-system on [1, 00).

For ¢ = 1, the parameter gy and ¢; coincide and we constructed a reqular system.

Roy’s Theorem [20] provides the existence of a point 8 in R™ such that

AO) L Pata(g)
= = liminf ,

1+ A(0) a>te g
NO) L Pan()
= lim sup .

L+ A0) g5t q

Here, self-similarity ensures that the limsup (resp. liminf) is in fact the maximum (resp.
the minimum) on the interval [1, cp[. Thus,

MO Pal@) _ Pea()

1+A6) el 4 1 T+ N
AO) Poyi(q)  Poti(q) cpr

———— = max = — _
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Figure 7: Pattern of the combined graph of P on the fundamental interval [1, cp], where § = 1%\

where R R R
Me(p+-4+p2+p) +1)  Aep+1/N)
q1 = x = = .
1+ A 1+ A

Hence,

AMO) =X and \(8) = cpA.

and we constructed the required points since ¢ > 1 and p = G(n, \).

Such self-similar Roy-systems provide infinitely many distinct points 8 € R™ via Roy’s
theorem with Q-linearly independent coordinates with 1, as explained in [12, end of §3]. The
Q-linear independence comes from Pj(q) — oo when ¢ — oo. The construction of infinitely
many points follows from a change of origin with the same pattern and self-similarity. O
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