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METRIC CONNECTIONS WITH PARALLEL SKEW-SYMMETRIC
TORSION

RICHARD CLEYTON, ANDREI MOROIANU, UWE SEMMELMANN

ABSTRACT. A geometry with parallel skew-symmetric torsion is a Riemannian manifold
carrying a metric connection with parallel skew-symmetric torsion. Besides the trivial case
of the Levi-Civita connection, geometries with non-vanishing parallel skew-symmetric torsion
arise naturally in several geometric contexts, e.g. on naturally reductive homogeneous spaces,
nearly Kahler or nearly parallel Go-manifolds, Sasakian and 3-Sasakian manifolds, or twistor
spaces over quaternion-Kéahler manifolds with positive scalar curvature. In this paper we
study the local structure of Riemannian manifolds carrying a metric connection with parallel
skew-symmetric torsion. On every such manifold one can define a natural splitting of the
tangent bundle which gives rise to a Riemannian submersion over a geometry with parallel
skew-symmetric torsion of smaller dimension endowed with some extra structure. We show
how previously known examples of geometries with parallel skew-symmetric torsion fit into
this pattern, and construct several new examples. In the particular case where the above
Riemannian submersion has the structure of a principal bundle, we give the complete local
classification of the corresponding geometries with parallel skew-symmetric torsion.

1. INTRODUCTION

1.1. Motivation. Metric connections with torsion on Riemannian manifolds have been stud-
ied recently in many articles. Such connections usually arise in special geometric situations
and then come with further properties. Besides the (torsion free) Levi-Civita connection,
which is, for obvious reasons, the central object in Riemannian geometry, the next most nat-
ural class to consider is the one of metric connections with totally skew-symmetric and parallel
torsion. These connections have the same geodesics as the Levi-Civita connection. Moreover
their curvature tensor is still pair symmetric and satisfies the second Bianchi identity. There
are several important geometries admitting metric connections with parallel skew-symmetric
torsion as we will now explain.

1.2. Examples. The first example are the naturally reductive spaces with their canonical
homogeneous connection which turns out to have parallel skew-symmetric torsion and also
parallel curvature (see [15]). Another important class of examples are Sasakian and 3-Sasakian
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manifolds (see [9]). In even dimensions, nearly Kéhler manifolds with their canonical Her-
mitian connection provide another class of examples (see [6]). Finally, in dimension 7, every
manifold with a nearly parallel Go-structure carries a canonical connection with parallel skew-
symmetric torsion (see [9]).

1.3. Previous results. Although not directly related to our topic, let us first mention that
the possible holonomy groups of arbitrary torsion-free connections (not necessarily metric)
have been classified, under the irreducibility assumption, by Merkulov and Schwachhéfer [17].

The classification of metric connections with parallel torsion and #rreducible holonomy
representation was obtained by Cleyton and Swann in [7]. They show that a Riemannian
manifold admitting a metric connection with non-trivial parallel torsion is locally isometric
to a non-symmetric isotropy irreducible homogeneous space, or to one of the irreducible
symmetric spaces (G x G)/G or G/G, or the manifold is nearly Kéhler in dimension 6, or
has a nearly parallel Gao-structure in dimension 7. The homogeneous spaces in the first case
are naturally reductive if the torsion is assumed to be skew-symmetric. For the other three
cases the torsion is automatically skew-symmetric.

The reducible case turns out to be much more involved, and it is the purpose of the
present article to describe a classification scheme in the case of connections with parallel
skew-symmetric torsion whose holonomy representation is reducible.

Further classification results only occur in in special geometric situations or in low dimen-
sions: Alexandrov, Friedrich and Schoenemann [3] have shown that if the canonical Hermitian
connection of a Hermitian manifold has parallel torsion and holonomy in Sp(n)U(1) then the
manifold is locally isomorphic to a twistor space over a quaternion-Kéahler manifold of positive
scalar curvature. Partial classifications of 6-dimensional almost Hermitian manifolds admit-
ting a canonical Hermitian connection with parallel torsion are obtained by Alexandrov [4]
and Schoenemann [20]. Similarly, cocalibrated Go-manifolds with a characteristic connection
of parallel torsion are studied by Friedrich [8]. Moreover, Agricola, Ferreira and Friedrich [1]
obtained classification results in low dimensions, up to 6.

Finally, we would like to mention the recent work of Storm [21], [22] and that of Agricola
and Dileo [2]. In his thesis, Storm describes a new construction method for naturally reductive
spaces and gives classification results in dimensions 7 and 8. He also has a general result on
metric connections with skew-symmetric and "reducible” parallel torsion (see Thm. 1.3.5 in
[22]), similar to our Lemma 3.2 below. Agricola and Dileo introduce in [2] a new classes of
almost 3-contact metric manifolds called 3 — («, §)-Sasakian manifolds (including as special
cases 3-Sasakian manifolds and quaternionic Heisenberg groups). They show that these spaces
admit a canonical metric connection with skew-symmetric and parallel torsion (see Thm. 4.4.1
in [2]).

Several of the examples mentioned above are total spaces of Riemannian submersions over
manifolds without torsion, e.g. Sasakian manifolds locally fiber over Kahler manifolds, 3-
Sasakian manifolds locally fiber over quaternion-Kéahler manifolds and the twistor spaces are
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S2-fibrations over quaternion-Kihler manifolds. We will see that this is a general phenom-
enon which characterizes connections with parallel skew-symmetric torsion with reducible
holonomy.

1.4. Overview. We now turn to the main results contained in this paper. Let V7 be a
metric connection with parallel skew-symmetric torsion on a Riemannian manifold (M, g™).
As already mentioned, the case where the holonomy representation of V7 is irreducible has
been dealt with in [7], so one can always assume that the holonomy representation is reducible.
In contrast to the Riemannian (torsion free) situation, this by no means gives a reduction of
the manifold as a Riemannian product (unless the geometry is decomposable, see Definition
3.1), since the de Rham theorem does not apply.

Our first achievement is to show that among all possible parallel distributions of the tangent
bundle, there is a particular one which we denote with VM and which has the remarkable
property that its leaves are totally geodesic, and define locally a Riemannian submersion
M — N, which we call the standard submersion. Even more strikingly, the restriction of the
curvature of 7 to the leaves is V"-parallel, so each leaf is a locally homogeneous space by the
Ambrose-Singer theorem [5].

The next step is to show that the fibration M — N can be obtained as the quotient of a
principal bundle over N carrying a connection with parallel curvature by a subgroup of its
structure group. This is achieved as follows. One shows that the holonomy bundle ) of V™
over M with group K = Hol(V") can be viewed as a principal bundle over the base N of
the standard submersion, with a larger structure group L containing K, and such that L/K
is isomorphic to the fibers of the standard submersion. This fact can be interpreted as a
Ambrose-Singer-like theorem for families, and reduces to the usual Ambrose-Singer theorem
when the base N is a point.

The proof, explained in §4.2, is based on the following idea: the horizontal lift to @) of
the parallel distribution VM defined above, together with the vertical distribution of @),
define a new vertical distribution of ) as principal bundle over the base N. Moreover, this
bundle () — N has a natural connection, whose connection form is just the sum of the initial
connection form of () — M, and some component of the initial soldering form of @ — M.
Since the curvature of this connection is determined by some component of the torsion of
V7, and by the curvature of V7, one can expect it to be parallel, after doing some further
reduction. This is achieved in §4.3, where we show that () reduces to a principal bundle P
over N with parallel curvature, together with some further properties. We call it a geometry
with parallel curvature. Conversely, this geometry with parallel curvature over N still contains
enough information in order to recover the whole structure of M, as shown in §5.

In §6 we study an important particular case of geometries with parallel curvature, called
parallel g-structures. This corresponds to the case where the standard submersion is a prin-
cipal bundle, and already contains most of the examples of geometries with parallel skew-
symmetric torsion available in the literature. In Theorem 7.1 we give the local classification
of manifolds with parallel g-structures, which is thus a first step towards the classification of
geometries with parallel skew-symmetric torsion.
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2. PRELIMINARIES

2.1. Connections with parallel skew-symmetric torsion. Let (), g) be a Riemannian
manifold. We will identify as usual vectors and 1-forms or skew-symmetric endomorphisms
and 2-forms via the metric g.

In the sequel, if A is a skew-symmetric endomorphism of TM, we will denote by A- the
action of A on exterior forms as derivation, given by

(1) A-w::ZAe,-/\e,-Jw, Ywe A"TM |

in every local orthonormal basis {e;} of TM. Note that if B is another skew-symmetric
endomorphism, identified with a 2-form via the metric, then A- B is the 2-form corresponding
to the commutator of A and B, whence:

2) A-B=[AB]=-B-A.

Every 3-form 7 on M can be identified with a tensor of type (2,1) by writing for every
reM

T(X,Y,2)=g(rxY,Z), VX,)Y,Z€ T,M.

In this way 7x can be viewed as a skew-symmetric endomorphism of T, M for every tangent
vector X € T, M.

Definition 2.1. A geometry with parallel skew-symmetric torsion on M is a Riemannian
metric g with Levi-Civita connection V¢ and a 3-form 7 € Q3(M) which is parallel with
respect to the metric connection V7 := VY9 + 71, ie. V717 = 0.

Of course, since 7 is a 3-form, V™ has skew-symmetric torsion 77 = 27.

Writing V9 = V7 — 7 and using the fact that 7 is V7-parallel, we readily see that the
curvature R” satisfies

(3) RY = R™ + 72 with (T)xyZ = [mx,7v|Z — Ty Z + Tryx Z .

Taking the scalar product with a vector W in this formula we obtain

Lemma 2.2. Let V™ = V941 be a connection with parallel skew-symmetric torsion 7. Then
RIX,Y,Z, W) = RI(X,Y,ZW) — g(rvZ,7xW) + g(rxZ,vW) — 29(1xY,7,W)-

In particular the curvature R is pair symmetric: R™(X,Y, Z, W)= R (Z, W, X,Y).
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2.2. Examples. As mentioned in the introduction, there are several known families of ge-
ometries with parallel skew-symmetric torsion. We review here the most important ones.

Example 2.3. A homogeneous space M = G/K is called reductive if the Lie algebra g of G
admits an Ad (K)-invariant splitting g = £ @ m, where m can be identified with the tangent
space to M in the origin 0. The canonical homogeneous connection on the K-principal
bundle G — G/K is defined as the projection onto the Lie algebra €, i.e. its connection
I-form o € QYG,¥) is given by a(X) = X, for any vector X € g. The connection «
induces the canonical homogeneous connection on the tangent bundle of M. Its torsion is
given by T(X,Y), = —[X, Y], for vectors X, Y € m. A reductive homogeneous space M
equipped with a G-invariant metric g corresponding to a Ad (K )-invariant scalar product
(-,+) on mis called naturally reductive if the torsion of the canonical homogeneous connection
is skew-symmetric, i.e. if ([X,Y]m, Z) + (Y, [X, Z]w) = 0 holds for all vectors X,Y,Z € m.
It is well-known that the canonical homogeneous connection has parallel torsion (see [15],
Ch. X, Thm. 2.6). In this situation not only the torsion but also the curvature is parallel.
Conversely, the theorem of Ambrose and Singer [5] shows that if a metric connection on
a Riemannian manifold has parallel skew-symmetric torsion and parallel curvature, then
the manifold is locally homogeneous and naturally reductive. There are many examples of
naturally reductive spaces, e.g. all homogeneous spaces G/K of a compact semi-simple Lie
group G equipped with the metric induced by the Killing form of G.

Example 2.4. Nearly Kéhler manifolds are almost Hermitian manifolds (M, g,.JJ) where
the almost complex structure J satisfies the condition (VxJ)X = 0 for all tangent vectors
X. The canonical Hermitian connection V with VJ = 0 = Vg is defined by VxY =
V&Y — 3J(V%J)Y. Hence the nearly Kéhler condition directly implies that the canonical
Hermitian connection has skew-symmetric torsion. The torsion is also V-parallel as was first
shown in [13] (see [6] for a short proof). Important examples of nearly Kédhler manifolds in
any dimension 4k + 2 are provided by the twistor spaces of quaternion-Kéhler manifolds of
positive scalar curvature. Another class of examples are the naturally reductive 3-symmetric
spaces (see [11], Prop. 5.6). In dimension 6 one has the spaces S¢ 5% x S% CP? and the
flag manifold F'(1,2). In [19] it is proved that any strict nearly Kahler manifold is locally
isometric to a product with factors either 6-dimensional, or homogeneous of a certain type,
or a twistor space of a quaternion-Kéahler manifold of positive scalar curvature.

Example 2.5. A Sasakian structure on a Riemannian manifold (M, g) is given by a unit
length Killing vector field £ satisfying the condition V%d¢ = —2X A€ for all tangent vectors
X. In this situation V = V9 + %{ A d¢ defines a metric connection with skew-symmetric
torsion preserving the Sasakian structure. It is easy to show that its torsion 7" = & A d€ is
V-parallel (see [9]). There are many examples of Sasakian structures, e.g. on S'-fibre bundles
over compact Kéhler manifolds with integer fundamental class (so-called Hodge manifolds).

In the case of 3-Sasakian manifolds one has 3 unit length Killing vector fields satisfying
the so(3)-commutator relations and such that each vector field defines a Sasakian structure.
Examples for 3-Sasakian manifolds are given e.g. as the total space of certain SO(3)-bundles
over quaternion-Kéhler manifolds of positive scalar curvature.
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Example 2.6. A Gy-structure on a 7-dimensional manifold is defined by a stable 3-form w,
i.e. for any x € M the form w, lies in an open orbit of the GL(T, M )-action on the space of
3-forms A3T, M. Then w defines a structure group reduction to Gy C SO(7) and in particular
it induces a Riemannian metric ¢ on M. Nearly parallel Go-manifolds are defined by the
condition that the Hodge dual *w is proportional to dw. Then there is a metric connection V
preserving the Ga-structure. Its torsion is skew-symmetric and proportional to w. It is shown
in [9] that the torsion is V-parallel. There are several examples of homogeneous nearly parallel
Go-manifolds, e.g. SO(5)/SO(3), where the embedding of SO(3) into SO(5) is given by the
5-dimensional irreducible representation of SO(3) or the Aloff-Wallach spaces SU(3)/U(1)y,-
Moreover one can show that on any 7-dimensional 3-Sasakian manifold there exists a second
Einstein metric defined by a nearly parallel Go-structure (see [10]).

3. THE STANDARD DECOMPOSITION

In contrast to the Riemannian case, there are two different notions of reducibility for
geometries with parallel skew-symmetric torsion, which we will explain now.

Definition 3.1. A geometry with parallel skew-symmetric torsion (M, g, 7) is called:

e reducible if the holonomy representation of V7 is reducible, and irreducible otherwise.

e decomposable if the tangent bundle of M decomposes in a (non-trivial) orthogonal
direct sum of V7-parallel distributions TM = T; ¢ T, such that the torsion form
satisfies 7 = 7 + 7o € A3T} @ A®Ty, and indecomposable otherwise.

Of course, irreducibility implies indecomposability, but as we will see, there are many
examples of indecomposable but reducible geometries with parallel skew-symmetric torsion.

If (My,g1,7) and (M, g2, T2) are geometries with parallel skew-symmetric torsion, then
their Riemannian product (M; X My, g1 + g2, 71 + T2) is again a decomposable geometry
with parallel skew-symmetric torsion. Conversely, the next result shows that a decomposable
geometry with parallel skew-symmetric torsion is always locally a Riemannian product:

Lemma 3.2. Assume that (M, g,7) is decomposable, with TM =T, & Ty and T =71+ 15 €
ATy & N3T,. Then (M, g,T) is locally isometric to a product of two manifolds with parallel
skew-symmetric torsion (M;, g;, ;).

Proof. For every vector fields X € I'(T}) and Y € I'(TM) the assumptions in Definition 3.1
vield VI, X € I'(T1) and 7(X,Y) € T'(T}), whence
Vi X =VyX —7(Y,X) e I'(Th),

thus showing that T; is V9-parallel. Similarly, 75 is V9-parallel. By the local de Rham
theorem, (M, g) is locally isometric to a Riemannian product (M, g1) x (Ma, g2).

Moreover, for every X € I'(7}) we have

g _ _ _ _
VXTQ—V}—(TQ—TX'TQ——TX‘TQ—_(Tl)X‘TQ—O,
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and similarly V%Tl = 0 for every vector field Z € I'(T3). This shows that 7, and 7 are
projectable on M; and M, respectively. It is now clear that 7; is parallel with respect to
V7 = V9% 4+ 7, so (M;,g;) are Riemannian manifolds with metric connection V7 with
parallel skew-symmetric torsion for ¢ = 1, 2.

OJ

Now write £ for the holonomy algebra of V™ and n for the dimension of M. The repre-
sentation of £ on R"™ decomposes into an orthogonal sum of irreducible £-modules b, and v;
such that each summand b, satisfies €, := so(h,) N € # 0 and each summand v; satisfies
so(v;) N € =0. We define h := ®,h, and v := @;v,. Note that £, is an ideal of ¢ for every .

Lemma 3.3. For every index o, the representation of € on b, @ A%hE has no trivial subspace.

Proof. Consider the space
E,={vebh, | Av=0, VAect,}.
Since ¢, is an ideal of ¢, for every v € E,, A € £, and B € ¢ we get:
A(Bv) = [A, Blv + B(Av) =0,

thus showing that E, is a -invariant subspace of b, so by the irreducibility of h, we deduce
that either £, = 0 or E, = bh,. The latter case is impossible by the very definition of &,.
Thus E, = 0.

Suppose that u € b, ® A%h2 satisfies Bu = 0 for every B € &. We write u = Y, v; ® w;
where w; is a basis of A?hL. By definition, every A € €, acts trivially on h2. We thus get
0= Au=>,(Av;) ® w; for every A € ¢,, whence
(4) Av; =0, Vi, VA€ t, .

Thus v; € E, = 0 for all ¢, so finally u = 0.
OJ

Decomposing A’R" according to the decomposition R" = (®,b,) ® (®;v;) = h & v and
using the above result, we readily obtain that every €-invariant element of A*R™ is contained
in the following sub-space:

(5) (A’R™)* C (BaA’ha) & (BaA’hy @ 0) @& A%0 C A%h & (A*h ® ) & A’v.

Corresponding to the decomposition R" = (D,bo)®(©;9;) = hDv we obtain an orthogonal
V7-parallel decomposition of the tangent bundle of M as

(6) TM = (B HoM) @ (9;V;M) = HM & VM .

Definition 3.4. The above defined decomposition TM = HM & VM will be referred to as
the standard decomposition of the tangent bundle of a manifold with parallel skew-symmetric
torsion.
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We now decompose the torsion as a sum of V7-parallel tensors
T=TV 4740

where 79 € A3HM, 7° € A3VM and ™ € (A*HM @ VM) & (A°VM @ HM). By (5) we
obtain directly:

Lemma 3.5. The projection of T onto A*YM @ HM vanishes, i.e. ™™ € A*HM @ VM.
Moreover, 70 and ™™ have further decompositions

Th:ZTh“€®A3HaM, T e (@AQHaM)@)VM’

This has an immediate consequence which we will discuss now. We will assume for the rest
of this section that (M, g, T) is a geometry with parallel skew-symmetric torsion and standard
decomposition TM =HM & VM.

Lemma 3.6. The distribution VM is the vertical distribution of a locally defined Riemannian

submersion (M, g) = (N, gV) with totally geodesic fibers.

Proof. Lemma 3.5 shows that for U,V in VM we have V{,V = V[,V — 7yV € VM. Thus
VM is a totally geodesic involutive distribution. We need to show that the restriction ¢" of
the metric g to HM is constant along the leaves of VM. The Lie derivative

(ﬁUgh)(A7B) = U<gh(AvB)) - gh([Ua A]aB) - gb(Aa [Ua B])
clearly vanishes if A or B is a section of VM. For XY sections of HM we have:
(ﬁUgh)(XaY) = U(gb<X7Y)) - gh([UvX]7Y) - gb(X7 [U7Y]>
g(V&U,Y) + g(X,ViU)

This shows that if N denotes the space of leaves of VM in some neighbourhood of M, the
restriction of g to the distribution HM projects to a Riemannian metric ¢" on N.

OJ

Definition 3.7. The Riemannian submersion (M, g) — (N, ¢") defined in Lemma 3.6 will
be called the standard submersion of a manifold with parallel skew-symmetric torsion.

The next result is the crucial step for showing that the horizontal part of the torsion is a
projectable tensor with respect to the standard submersion:

Lemma 3.8. For every vector field V in VM one has 1y - 70 = 0.

Proof. Employing a local orthonormal frame {e;} of TM we write:

AV =) e AVIV =) e A(VLV =7 V)= e AVLV + 27y,
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whence

0 = &V = Ze] AVEAV = Z e; AN(VLAV — 7, - dV)
= Ze] VT 61/\VT +2Z€j V 7'V Zej ez/\vTV))
(7) -2 Z €i N\ Te, " Ty

= Zej AN (v; (6,‘ A V;V)) + 2 Zej A\ TV;V — Z 6]‘ A Tejei AN V;V
J
J J 1,J
—Zej Nei N1, V.V —2261/\7} TV
7]
On the other hand, using (2) and the fact that 7 is a derivation of A* TM, the last summand
in (7) reads

(8) Ze@-/\Tei Ty = —Zei ATy - Te, = —Z(TV (e NTe,) — Tve; AN Te,)
- -

%

= 317 -TH+Ty T=-2T"T.
Moreover, using the skew-symmetry of 7 we obtain
Zej Aez/\TerTV Zez/\e] /\TVT ve; = ZZezATVTV,
1] 0]
so the second and fourth terms in (7) cancel each other. From (7) and (8) we thus get
Z ej N (Ve (e NVEV)) — Z ej NTe, € NVLV + 4y -7 = 0.
i, 0,

Since V7 preserves VM, the projection onto AH M of the first two terms in this last equation
vanishes. Moreover, by Lemma 3.5 we have 7 € A2VM @& A*HM, so the action of 7y as
endomorphism on TM preserves the splitting TM = HM & VM. We thus obtain

0 = Tasun(Tv - 7) = Ty - Tpsqupe (7) = 7 - 7V,

Using Lemma 3.8 we can now prove the announced result:

Lemma 3.9. The horizontal part 70 of the torsion T is projectable to the base N of the
standard submersion.

Proof. 1t suffices to show that £,7% = 0 for all vector fields V in VM. The torsion 7 is
V7-parallel, and so are its components 79, 7™ and 7°. In particular, for every X € TM we
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have 0 = V47" = V47" + 7x - 77. Moreover, for V. € VM we have V 477 = 0, so we can
compute in a local orthonormal basis {e;} of TM using Lemma 3.8:

Lyt = Vidr" = Y Vi(eAVLT) = =) Vi(eAr, 1)
= _TV‘Tb‘i‘Zei/\(VJ(Tei‘Tb)) = Zei/\(Tei'(V_lTh)—TeiVJTh)

= Zei/\(TVGi—‘Th) = —ZTvei/\(eiJTb) = —Tv-Th = 0.
i

i

O

Remark 3.10. By Lemma 3.9 there is a 3-form o on N such that 7 = 7*0. If \Z
denotes the Levi-Civita connection of the metric g%V, Lemma 3.6 shows that V7 := v o
is a connection with parallel skew-symmetric torsion 7% = 20 on N. Indeed, the fact that
V20 = 0 follows immediately from the O’Neill formulas for Riemannian submersions, together
with the fact that for every vector X in HM we have

0=V =V +7x -7 = V%" + 7% - 1.

We will now make another crucial observation, which will give more information about
the fibers of the standard submersion. Since by Lemma 3.6 every fiber F' of the standard
submersion is totally geodesic, the Levi-Civita connection of M restricts to the Levi-Civita
connection of F, and the connection V7 restricts to a connection V¥ with parallel, skew-
symmetric torsion T 1= 27°| 5.

Proposition 3.11. The composition of the curvature tensor R™ : A2 TM — A*VM @ A>*HM
with the projection on the first summand A*VM is V7 -parallel. In particular, V' has par-
allel curvature and parallel skew-symmetric torsion, so F is (locally) a naturally reductive
homogeneous space.

Proof. In order to keep the notation simple, we will identify here £-representations with the
associated bundles over M, and notice that every €-invariant object corresponds to a V-
parallel section on M. Since so(v;) N ¢ is trivial for each irreducible summand v; of v, [7,
Thm. 4.4] shows by immediate induction on the number of components b, that the space
IC(¥) of algebraic curvature tensors with values in £ satisfies

(9) K(¢) C Sym*(¢) N Sym?(so(h)) C Sym*(so(h)).
Decompose Sym?(€) orthogonally into K(¥) @ K(£)* and write R™ = Rj + R] for the cor-
responding decomposition of the curvature tensor of V7. The Bianchi map b : Sym?(¢) —
A*(h@v) is of course E-invariant. Since its kernel is (&), there exists a €-invariant isomorphism
called b~! from b(Sym?(¢)) to K(£)*, and (3) shows that R] = —b~'b(7?). Consequently,
VTR] = 0 since 7 ist V7-parallel.

Consider now the projection () : 50(h@v) — s0(v). By (9) we have 7o) 0 R = Tao(0) 0 ]
and therefore V7 (7 0o R7) = 0. In particular, restricting this equation to F' shows that
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VI is a metric connection for which both the (skew-symmetric) torsion TF and curvature
RF are parallel, so by the Ambrose-Singer theorem [5] F is (locally) a naturally reductive
homogeneous space.

O

Remark 3.12. If one of the summands in the standard decomposition TM = HM & VM is
trivial, then either HM = 0 and (M, g) is locally a naturally reductive homogeneous space by
Proposition 3.11, or VM = 0, in which case Lemma 3.2 and Lemma 3.5 show that (M, g) is
locally a product of irreducible geometries with torsion. By [7], each factor is either naturally
reductive homogeneous, or has a nearly Kahler structure in dimension 6, or a nearly parallel
Go-structure in dimension 7.

We will thus implicitly assume from now on that the standard decomposition TM =
HM & VM is non-trivial.

4. GEOMETRIES WITH PARALLEL CURVATURE

We have seen that the base space N of the standard submersion (Definition 3.7) M — N
of a manifold M with parallel skew-symmetric torsion carries again a geometry with parallel
skew-symmetric torsion. In this section we will show that this geometry carries additional
structure.

4.1. Connections on principal bundles. For the convenience of the reader we collect here
some notation and well known formulas about principal bundles and connections. The reader
familiar with this topic can skip to §4.2.

Let K be a Lie group, M a manifold of dimension n and = : Q — M a K-principal
fibre bundle over M. We consider a connection 1-form o € Q'(Q, ) with curvature form
0> € Q%(Q, ), defined as the horizontal part of da. The curvature form is given by
(10) Q% = da + 5aAa,
where (a A a)(U,V) :=2[a(U), (V)] for U,V € TQ.

We assume from now on that g is a Riemannian metric on M and that () is a sub-bundle
of the orthonormal frame bundle of M (in particular K is a subgroup of the orthogonal group
O(n)). Then points v € @) can be considered as linear isomorphisms u : R* — T, M. The

canonical (or soldering) 1-form 6§ € Q'(Q,R") is defined by 6,(U) = «~! (7, U). Similar to the
curvature, the torsion form © € Q*(Q,R") satisfies the equation

(11) O=di0+aAnb,
where (aN0)(U, V) .= a(U)(O(V))—a(V)(0(U)). Equations (10) and (11) are called structure
equations.

We define the horizontal and vertical distributions on @ by T'"Q := ker(a,,) and T%Q :=
ker(r,), so that TQ = T""Q @ T*Q. A vector field X on M induces a unique vector field
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X on Q tangent to T""Q such that X and X are m-related. This vector field is called the
horizontal lift of X.

To every vector field X on M one can also associate a R"-valued function X on @ defined

by X (u) := u ' X, ). The connection a induces a covariant derivative V* on TM which
satisfies
(12) (V&Y )y = u(X(Y))

for every vector fields X,Y on M and u € @ (see [14], Lemma on p. 115).

Comparing V* to the Levi-Civita connection V9 of g, we can write VY = V%Y + 7xY
on every vector fields X,Y on M for some (2,1) tensor 7. Since V¢ is actually determined
by the tensor 7, we will from now on denote it by V7.

The curvature and torsion of V7 defined by
Xy Z i =VxVyZ = ViV Z —VixyZ, Y -=ViY -V X — [X,Y].

for every vector fields X,Y, Z on M, are related to the curvature and torsion forms of a by
the standard formulas (see [14], Prop. 5.2 Ch. III):

(13) QX V)(u'Z) = v (RyyZ), O.X,Y) = u'(IT7(X,Y)), Vueq.

More generally, if V' is a representation space of K and V' M is the associated vector bundle,
every element u € () defines tautologically a linear isomorphism between V' and V My, and
every section o of VM determines a V-valued function 6 on @ defined by &(u) := u™ o).
The covariant derivative on V' M induced by « satisfies

(14> (v?(o—)ﬂ'(u) = U(X(&))a Vu € Q7 VX € Tﬂ’(u)M )
and the curvature tensor of V is related to the curvature form (2% by the classical formula
(15) QUX,Y) = v 'Ry, YueQ, VXY € TyuM .

Any Lie algebra element A € € induces a vertical vector field A* on @) defined at u € Q by

Al = %}t:o (u-exp(tA)). By definition of the connection we have a(A*) = A. The vector
field A* is also called fundamental vector field. As @) is a subbundle of the frame bundle of

M, then any £ € R" induces a horizontal vector field £* defined at u € () by & = 175 Note
that 6(¢*) = €. The vector field &* is called standard horizontal vector field. 1t is easy to
check that for A, B € ¥ and £ € R™ we have

(16) (A% B =[A,BI", AL = (A"

Note that for every (1,2, (3 € R" and u € @, formulas (13) read
(17) Q06 G)(G) = R wpuls)s  Oul(G) = u (T (uli,uta))

or equivalently

(18) O E)NG) = Roat,  OKhLE) = T7(0.G) .
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Lemma 4.1. For every (1,(s,(3,(s € R" and u € Q, the covariant derivative of the torsion
and curvature tensors of V7 satisfy

(19) (Vi T7)(uCz, uGs) = u((i(O(C3,¢3)))
(20) (Vi B ucauculs = u(C (276, ¢5)(G))) -

Proof. Applying (14) to 0 = T7 and 0 = R” and using (17) we readily obtain
(Vi T (o, uls) = u(G (1)) (ubs, uls) = u(¢(T7) (G2, G))) = ul(H(O(G,G)))

and
(Ve B ucaucstCa = WG (B))ucaucsuCa = w((G (R )ey0,Ca)) = w(GH Q™G G (G))) -

OJ

4.2. The geometry of the standard submersion. Let us now return to a geometry with
parallel skew-symmetric torsion (M, g™, 7). We fix some orthonormal frame v on M and
denote with K the holonomy group of V™ at u, with ¢ its Lie algebra, and with 7, : Q — M
the reduction of the frame bundle of M to a principal K-fibre bundle. From Remark 3.12
we can assume that the representation of K on R™ is reducible. We denote like before by
TM = HM @& VM the standard decomposition of the tangent bundle of M (which is a V-
parallel and orthogonal splitting) and denote correspondingly by R™ = h & v the t-invariant
decomposition of R™.

Our first aim is to define a Lie algebra structure on [ := € & v induced from the Lie
algebra structure on the space of vector fields on ) by the injective map & : [ =t P v —
[(TQ), A+&— A*+ & for A€ tand € in v.

Lemma 4.2. The image of the map ® is closed under the bracket of vector fields.

Proof. Since [A*, B¥] = [A, B]* for A, B € ¢ and [A*,{*] = (A&)* for A € £ and £ € v, it only
remains to consider the bracket of the fundamental vertical vector fields induced by &, & € v.
Denoting by a € QY(Q, £) the connection 1-form induced by V7, the structure equations (10)
and (11) imply

(21) Qu([fik?g;]) = _@u(S;SS) and Om([ff;@]) = _Q3<€ika§;)7 v€1:§2 cvo.

Using the fact that the torsion of 7 is V7-parallel, together with (19), we see that for every
(1,C € R" = h@ v, the function u — O,((7, () is constant along horizontal curves in @), thus
constant on () since every two points of ) can be joined by a horizontal curve. Consequently,
there exists an element 7' € A3R™ such that

(22) 0.(¢1, ) = T(C, ¢, Vi, eR", Vue@ .
Moreover, by Lemma 3.5 we have T' € A3h @ (A%h @ v) @ A3p C ASR™.
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Similarly, using the fact that the projection of the curvature tensor R™ to A>(VM) is V-
parallel (Proposition 3.11), together with the pair symmetry of R” (Lemma 2.2) and (20), we
obtain the existence of elements R; € A%v ® € and Ry € A’R" ® s0(v) such that

(23) Q(&1,83) = Ri(&1,62) V&, en Yue@ .
and
(24) p*Qg(g;C;) = RZ(Cl)CQ)? v ClaCZ € ]Rna vV u € Q )

where p, : £ — so(v) is the differential of the Lie group morphism p : K — SO(bv) obtained by
restricting to v the standard representation of the holonomy group K of V7 on R® = h & v.

The above equations (21), (22) and (23) yield
(25) [€1.&] = —T(&, &) — Ri(&,&)",

thus proving the lemma.

Hence we can define the Lie bracket on [ = € & v extending the one on £ by
(26) [A,¢] == AC and  [§,&] = —T(6,&) — Ri(&, &) -

The Euclidean scalar product on R"™ induces scalar products on v C R™ and on ¢ C so(n),
as well as a scalar product (-,-) on [ making the direct sum [ = € @ v orthogonal. This scalar
product is clearly €-invariant. Moreover, since T is skew-symmetric, (26) yields

(27) ([€1,&2), &3) + (€2, [61,63]) = 0
for every &1,&2,&3 € 0.

The decomposition TQ = T" Q& T'Q of the tangent bundle of () given by the connection

a can now be refined as
TQ=TQo T'Qo T'Q,

where T'Q, = {n; | € b}, T°Q, = {& | € € v} and T'Q, = ker(ma). = {A% | A € ¢}.
The map ¢ : | — I'(TQ) is by definition of the Lie algebra structure on [ a Lie algebra
homomorphism, i.e. it defines a structure of an infinitesimal [-principal bundle on ) over
some locally defined manifold N, whose fibers are the leaves of the integrable distribution
d(l) = T°Q @ T'Q of Q. Since (my); (VM) = T°Q & T*Q, this locally defined manifold N
is the same as the locally defined manifold /N introduced in the previous section.

Lemma 3.6 shows that the metric of M projects to a metric ¢ on N with Levi-Civita
covariant derivative denoted by V9", Moreover, Lemma 3.9 shows that the horizontal part
7 of 7 projects to a 3-form ¢ on N defining a covariant derivative V° := V9" + o with
parallel skew-symmetric torsion.

We will now introduce a connection on the principal bundle ) over N. By definition,
the connection 1-form « of the K-principal bundle ) over M is K-equivariant, i.e. Ria =
Ad ,-1(«) for every a € K. Differentiating this at the identity we get

(28) (Laa)(U) = —[A,a(U)], VAct YVUEeT(TQ).



METRIC CONNECTIONS WITH PARALLEL SKEW-SYMMETRIC TORSION 15

Let 6 = 0" 4 6° be the decomposition of the canonical 1-form # with respect to the decom-
position R™ = § @ v. Since 0 is K-equivariant, and the representation of K on R = h P v
preserves the decomposition, we obtain that 6° is K-equivariant too, whence

(29) (L4-0°)(U) = —A@(U)), VAce VUEeI(TQ).

Let ©° € Q*Q,v) and ©" € Q*Q,h) denote the projections of © on v and b, so that
© = 0% + ©°. The K-invariance of v and b together with the structure equation (11) shows
that

(30) O =de° +anf®, O =di" +and.

Lemma 4.3. The 1-form 8 := a + 0° € QYQ, 1) is a connection form on Q with respect to
the infinitesimal (—principal bundle structure, i.e. it satisfies 3(B*) = B for every B € | and

(31) (Lp-B)(U) = —[B,BU), VYBel YUEeI(TQ).

Proof. The relation 5(B*) = B is tautological from the definition of the infinitesimal action
of lon ). Indeed, if B=A+£ € £® v then

B(B) = (a+ 0°) (A" + ) = a(A) + 0°(€) = A+ £ = B.

Equation (31) follows from (28) and (29) when B € €. It remains to check it when B = ¢
is a vector in v. By tensoriality and linearity, it is sufficient to consider three cases: when
U= A* for some A€ t, U =¢ for § € v and U = n* for n € h. Since B(U) is constant in
each of these cases, we get:

(55*5)(A*) 5([5*714*]) —B([&, A]") = —[¢, A] = —[¢, B(A")]

(LeB)(0") = 5([ n']) =dpE ") -
As B(n*) = 0, we have [£, 5(n*)] = 0, and it remains to check that d5(£*,n*) = 0. From (10)
and (30) we get

dB(¢", n") = da(&",n") +d6°(E7, ") = Q% (&, ") + ©°(£", ).
For every u € @ we denote by X := u({) and Y := u(n) the corresponding tangent vectors
to M. Then by definition X,, = &’ and Y,, = n}. Using (17) we infer
Qa(g*’ n*)u + 90(5*7 n*)u = u_l(RTX,Y + WVMTT(X’ Y))’

where my,,; denotes the orthogonal projection of TM onto VM. Since X € HM and Y € VM,
the right hand side term vanishes from the pair symmetry of R™ (Lemma 2.2) and the fact
that 77 has no component in A2VM ® HM (Lemma 3.5).

O

Since f3 is a connection form on @ over N, it follows that its curvature form Q7 is equivari-
ant, i.e.

(32) (Lp- VU, V) =—[B,Q*U, V)], VBel, YUV ecT(TQ).
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As 8= a+6° (10) and (30) yield the following decomposition of the curvature form °:
(33) Q° =dB+3BAB = (dat+iana) + (d0°+and’) + 1 (0°A0°) = Q*+O°+1 (0°A0") .
Since #° vanishes on TQ, projecting the above formula on v yields
(34) Qﬁ(ﬁfﬂﬁ)n = G(Ufaﬁ;)nj v M, 12 € b .

For later use, we note that since the torsion 77 is skew-symmetric, we have for every n;, 7, € b
and £ € v:

<@(77T777>2k>75> = _<@(7ﬁ7£*)77]2> = _<d9<7]>1k7£*>7772> = <6([7ﬁ7£*]>7772> )

whence

(35) <9([7ﬁ7£*])7772> = <Qﬁ(77f777§)a§>a v M, 12 € bv v g €v.

4.3. The reduction procedure. It turns out that the connection 5 on the principal bundle
Q@ over N does not have the properties that we would need: some components of its curvature,
viewed as a 2-form with values in the adjoint bundle, are parallel but not all of them. This
is because the structure group L is too large, and contains some unnecessary information.
We will now apply a reduction procedure, which will eventually lead to the desired construc-
tion: a principal fibre bundle over N with parallel curvature (plus some further properties),
containing enough information in order to recover the geometry of M.

Consider the linear map
(36) A l=td v —s0(v) Do, A = ps @ id

where p, denotes as before the differential of the Lie group morphism p : K — SO(v). Clearly
the kernel of A, is an ideal of the Lie algebra [ (being equal to the kernel of the Lie algebra
morphism p,). Consequently, there is a unique Lie algebra structure on g := im(\,) making
A a Lie algebra morphism. We denote by L and G the simply connected Lie groups with Lie
algebras [ and g respectively, and by A : L — G the group morphism whose differential at
the identity is .. For later use, we denote by & C so(v) the image of £ by A.:

(37) b= M) Cg=t du.

Consider the associated G-principal bundle
(38) P:=Qx,G

over N and the canonical principal bundle morphism f : @Q — P given by f(u) := [u, 1]. We
clearly have f(ua) = f(u)A(a) for every u € Q and a € L. At the infinitesimal level, this
reads f.(A7) = (Au(A))}, for every u € @ and A € [ In particular, this shows that the

vertical vector field A* on @) is f-related to the vertical vector field (A.(A))* on P.

From the general theory of principal bundle morphisms, the connection form 3 € QY(Q, )
induces a connection 1-form called v € Q'(P,g). These 1-forms and their corresponding
curvature forms are related by

(39) v =\, £ = \0° .
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We denote by ad(P) := P Xaq g the adjoint bundle associated to P via the adjoint rep-
resentation of G on g, by V7 the covariant derivative induced by « on ad(P) and by R” the
section of A2 TN ® ad(P) corresponding to the equivariant curvature form Q7 of P.

Lemma 4.4. The covariant derivative of RY with respect to V° ® V7 is given by:
(0) (VT @V)xR)(Y,2) =u (X(@(V,2) - 0(VZY,2) - (Y, V52)) .
for every vector fields X,Y,Z on N.
Proof. Every vector fields Y, Z € T'(TN) define a section o := RY(Y,Z) of ad(P). The
corresponding g-valued map ¢ on P defined in §4.1 is 6 = Q7(Y, Z), since by (15):
(41) u(Y,Z)=R'(Y,Z), Nu€P.
Using (14) and (41) we thus get
(V@ V)R, 2) = VY(R(Y,Z)) - (V%Y. Z) - R'(Y,V%2)
- ( X(Q(Y,2)) — (VY Z) — m(f/,@)) .

Corollary 4.5. The section R' of A> TN ® ad(P) is parallel with respect to V° @ V7.

Proof. The morphism f : Q — P of principal bundles over N maps horizontal lifts to hori-
zontal lifts, so by (39) and Lemma 4.4, the condition (V7 ® V?)RY = 0 is equivalent to the
following equation on )

(42) A (X(Qﬁ(ffj)) VPV, Z) — Qﬁ(iv,@?)) —0, VX,Y,ZeT(TN).

Let Yy be a vector field on N with horizontal lift Y, to a vector field on M. It is clear that
the horizontal lifts of Yy and Y}, to vector fields on @) coincide. Thus we may write Yy, = Yy
for this horizontal lift. We fix a frame u € Q and write 1 = u="(Yas),m2 = u'(Zar). Then
Yn = Yy = ump = n} and similarly for Zy.

Recall now the existence of an element Ry € A*R™® s0(v) which by (24) applied to vectors
Gi :=m; € b satisfies

R2<7717772> = (p*Qa)(nikvn;) = (p*Qa)(%,ﬁﬁé), v M, 72 € b .

This relation can be equivalently written p*Qa(f/M, ZM) = Ry(u™ 'Yy, u™tZy) and taking the
derivative in the direction direction of X,; gives

XM(p*Qa(Y/M,ZM)) = RQ(XM(U,_1YM)7 U_le) + }%Q(U_l}/}w7 XM(U,_le))
= Rg(uil( TXMYM); uile) + RQ(UleM, Uil( TXMZM>>
= VL, Y Zu) + p (Yo, V%, Zu)
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In this equation we may replace the horizontal lifts of Xy, Y3, Z5; by the horizontal lifts of

—_——

Xn, Yy, Zy. Moreover it follows from O’Neill’s formula that V}MYM = Vg(NYN. Hence

(43) XN<,0*QQ(Y/N,ZN>) — p*QO‘(V‘)’(NYN, ZN) — p*QOl(Y/N, Vg(NZN) = 0.

Since the torsion 7 is V7-parallel, a similar argument, followed by a projection on v, gives
the equation

(44) Xn(©°(Yy, Zy)) — ©°(V%& YN, Zy) — ©°(Yy, V% Zn) = 0.

Finally, since ° vanishes on T"Q, (33) shows that for every vectors U,V € T"Q one has
MNA(U, V) = p, QU V) + 6°(U, V), so (42) follows from (43) and (44).

O

Lemma 4.6. For all vector fields U,V € T"" P := ker(v) and vectors &1, &5 € v, the following
formula holds:

0=([2"(U,V), &), &) + (2, (V), 2, (U)) — (€, (U), 2, (V)),
where sz is the endomorphism of the horizontal distribution T"" P defined by

QU V), &) = (w}‘vgN)(Qgi(U),V), YUV eTYPp.

Proof. As a consequence of (34) we see that the function u — (Q%(n}, n3), &) is constant on
Q for any ny,m2 € b and & € v. Taking the Lie derivative with respect to & for some & € v
and using (32) yields

0 =& (01, m3), &1)) = —([€2, Q7 (ni, )], €0) +(Q (&7 mi m3), €0) +(Q7 (7, [&7,m3)), &) -

On the other hand, (35) shows that the horizontal part of [£,", 7] equals —Q?z (n5), where Qg
is the endomorphism of TQ defined by

(Q°(X,Y),&) =mig™ (QX),Y),  VX,YeTQ.
The above formula can thus be rewritten as
0= ([Q°(n],m3), &2, &) + (% (m3), Q% (1)) — (%, (0}), Q% (13)),  ¥Ym,m €D,
or equivalently
0= ([Q%(X,Y),&], &) + (Q (V), 05, (X)) — (,(X), 25,(Y)), VX, YeTQ.

The result follows from this formula, together with (39), by noticing that f. maps each space
TYQ,, isomorphically onto ThOTPf(u).

OJ

In view of the above results it makes sense to introduce the following:
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Definition 4.7. A geometry with parallel curvature (N, g~ , o, P,g,7, &) is defined by a Rie-
mannian manifold (I, ¢V) with Levi-Civita covariant derivative V9" | carrying a metric co-
variant derivative V7 := V4" +¢ with parallel skew-symmetric torsion 77 = 20, and a (locally
defined) G-principal bundle py : P — N endowed with a connection form v € Q!(P, g), where
g is the Lie algebra of GG, such that the following properties hold:

(¢) If V7 denotes the covariant derivative induced by ~ on ad(P), then the section R”
of A’ TN ® ad(P) defined by the curvature form Q7 of v is parallel with respect to
Ve V7,

(17) There exists a Lie sub-algebra ¢; C g of compact type and a ¢;-invariant scalar product
(.,.) on g such that the isotropy representation of & on v := & is faithful, and the
splitting g = € @ v is naturally reductive, i.e. ([1,&],&3) + (&2, [€1, &5]) = 0 for every

517 52) §3 € v
(7i7) For every local section u of P, &,& € v, and X,Y € I'(TN), the following relation
holds:
(45) 9V (R, (X), Ry, (V) = g™ (Rye, (Y), Ry, (X)) + ([u™ Ry y, &, &) = 0,

where for every £ € v, RZ& is the endomorphism of TN defined by
(46) (u' Ry, &) = gV (RL(X),Y), VXYeTN.

One can summarize the results of this section in the following:

Theorem 4.8. Let (M™, g, 7) be a geometry with parallel skew-symmetric torsion (Definition
2.1), with standard decomposition TM = HM &VM (Definition 3.4). Then the base N of the
standard submersion (Definition 3.7) carries a geometry with parallel curvature (Definition
4.7) canonically induced by the geometry of M.

Proof. Consider the (locally defined) standard submersion 7 : M — N. From Lemma 3.6,
there exists a unique Riemannian metric ¢V on N making 7 into a Riemannian submersion.
Lemma 3.9 and Remark 3.10 show that there exists a unique 3-form ¢ on N such that
7*0 = 79, and the connection V7 = V9" + & has parallel skew-symmetric torsion 77 = 20.
The group G, the G-principal bundle P over N, the connection v on P and the Lie sub-algebra
£, of g were constructed in (36), (38), (39) and (48) respectively. The properties (i) — (ii7)
from Definition 4.7 follow from Corollary 4.5, Equation (27) and Lemma 4.6 respectively.

OJ

5. THE INVERSE CONSTRUCTION

The aim of this section is to prove the following converse of Theorem 4.8:

Theorem 5.1. Let (N, g™, 0, P, g,7,%1) be a geometry with parallel curvature, and let ™" P
be the integrable distribution of TP spanned at each point by fundamental vertical vector fields
A* with A € €. Then the manifold M, locally defined as the space of leaves of T® P, carries

a geometry with parallel skew-symmetric torsion (g, 7).
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Proof. Let us start by deriving a formula which will be necessary later on. The fact that
RY is parallel with respect to V7 ® V7, together with Lemma 4.4, and the Bianchi identity
dQ" = —y A 7, shows that for all vector fields X,Y,Z on N we have

0 = Gxvz (X(V(Y,2) - 2(X,Y],2))

== 6XYZ (QW(@’Z) + Q’Y<}77§§/Z) - Q"/([j(??/LZ)

= Gxvz (VY. 2) + 0(2,95X) - @([X,V]2)

= QGXYZ Q’Y(O'(X, Y),Z)
as VLY —VIX — [X,Y] = VLY - VI X — [X,Y]+20(X,Y) = 20(X,Y). We thus obtain

(47) SxyzV(o(X,Y),Z)=0, VX,Y,Z€ TN .

Step 1. We define a Riemannian metric g© on the total space of P by

g"(U.V) = (phg")U V) + ((U),A(V)) .
In this way, the projection py : P — N becomes a Riemannian submersion. The tangent
bundle TP splits into a gF-orthogonal direct sum of distributions TP = T"" P@ T° P& T P,
where T"" P := ker(7) is spanned at each point by horizontal lifts X of vector fields X on N,
and T°P and T" P are spanned at each point by fundamental vertical vector fields A* with
A € v and A € & respectively. The Levi-Civita connection of g¥ can be easily computed
using these adapted vector fields. By definition,

JP(X,Y) =gV (X,Y), g (X, A") =0, g7 (A*, B*) = (A, B) .
Moreover, since v([X,Y]) = —dy(X,Y) = —Q7(X,Y), we obtain

—~—

[A*, B*] = [A, B, [A*X]=0, [X,¥]=[X,Y]-Q(X, V).

The Koszul formula immediately implies that the Levi-Civita connection v of g¥ is given

by

(48) VLY = @? ~-lo(X, V)

(49) VAT = VX = Lai(X)

(50) P (VB X) = 0

(51) g"(V.B",C*) = L ({([A,B.C) — ([B,C].A) + ([C,A],B))

where V9" denotes the Levi-Civita covariant derivative of (N, ¢"V) and Q7 (X) is the horizontal
vector field of P satisfying g7 (Q%(X),Y) = (Q'(X,Y), A) for each vector field Y € T'('TN).
Of course, this definition of Q7 (X) coincides with the one in (46) when A € v.

Step 2. We show that the metric g© projects to a metric g™ on M making the (locally
defined) projection py; : P — M a Riemannian submersion with totally geodesic fibres
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tangent to T"P. The distribution T* P is totally geodesic by (50) and (51), and the fact
that [€1, 0] C v.

It remains to show that the restriction h of ¢g© to T""P @ T°P is constant in T% P-
directions, that is, (L4«h)(U, V) =0 for every A € ¢ and U,V € I'(TP). Note first that

h(VE A* V) = U(h(A*,V)) — h(A*, V¢ V) = 0.
We thus obtain
(Lah)(U, V) = A*(W(U,V)) — h([A*,U],V) — (U, [A*, V])
= (VLR (U, V) +h(VY A" V) + h(U, VI A*)
= (VI.R)(U,V).

Since TP is totally geodesic, it is clear that this last term vanishes when U or V are
tangent to T" P. Hence, to check the vanishing of Vf’; h, it is sufficient to consider the cases
(U, V) = (X,Y), (U, V) = (X,&) and (U,V) = (£*,&%), where X,Y are vector fields on N
and &, & € v. Using (48)—(51) and the fact that A*(h(U,V)) = 0 for the above chosen vector
fields (U, V) and A € ¢, we get:

(V9.h)(X,Y) = —h(V5.X,Y) = h(X,V5.Y)

= 1 (g (@U(X), V) + " (X, 04(D)))

= LX), )+ @V, %), 4)) =0,
(VD)X &) = —h(Vi;X,ﬁ*)—h(X,Vi*Pf*)z
(VIR)(E,&°) = —h(VA€,&7) — h(E, V5&") =0.

Step 3. We define a 3-form 7F on P which projects onto a 3-form 7 on M. Let v = ~% 4-4°
be the decomposition of the connection form v corresponding to the decomposition g = ¢, ®v.
Inspired by formulas (34) and (35) in the previous section, we define

(52) M =n+n+mn,

where

(53) 7—1<U7 Vv W) = (p*NO->(U7‘/7W)7

(54) TQ(U, V, W) = %GUVW <Q’Y(U, V),’)/U(W» N
(55) (U V,W) = -5 U) " (V)]7" (W) .

Note that the 3-form 73 is skew-symmetric because of the natural reductivity of the decompo-
sition g = & @ v. The 3-form 77 is clearly horizontal with respect to pjs, in the sense that it
vanishes whenever one of the entries belongs to T* P. In order to show that it is projectable

onto M, it suffices to show that its Lie derivative with respect to any fundamental vector
field A* with A € &, vanishes.
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First, it is clear that 7 is projectable onto N, so L4+«7 = 0 for every A € g. Using the
equivariance of v we have as before

(La7)(U) = —-[A,v(0)], (La-Q)U,V)=—-[AQU, V)], VAecg, YUV eI(TP).

In particular, when A € ¥, the bracket with A preserves the decomposition g = & & v,
whence

(La")U) = —[A,4°(U)], VAet, VUeI'(TP).
Using these relations we can compute
(Lam2)(U,V,W) = =5 Gpyw ({[A, QU V)], 7" (W) + (U, V), [A,7°(W)])) = 0
since ad 4 is skew-symmetric on g, and finally, using the Jacobi identity, we get

(Lams)(U VW) = 5 ([A" O] V)L (V) + 3 (07 (0). [A A" (V)]] A (W)
+5 (0 (V)7 (V)] [A, * (W)])

(V)" (W] ALY (W) = 5 (A @) (VLA (W)]) = 0.

—~

This shows the existence of a 3-form 7 on M such that p3,(7) = 7.

Step 4. We check that V7 := V" + 7 has skew-symmetric parallel torsion, where \
denotes the Levi-Civita covariant derivative of (M, g*). Let us denote by v =ve 4P
Since p4,(7) = 77 and since pys : (P, g7) — (M, g") is a Riemannian submersion, we have
V71 =0 if and only if V™ 7P vanishes whenever applied to vectors in T" P & T°P. Since
the vector fields of the form X for X € I'(TN) span TP and vector fields of the form &*
for £ € v span TP at each point, we will assume that each of the 4 entries of V™ rP s of
one of these types.

First, using (48)—(51) and (53)—(55), we readily compute

(56) VLY = V&Y — LQ(X, 7)),
(57) Vig =0,

(58) X = QUX),

(59) R L GRI

where the superscript £ in (56) and (59) denotes the projection from g to £. Now, 7 vanishes
unless all entries are in T"°" P, 75 vanishes unless two entries are in T"" P and one is in T°P,
and 73 vanishes unless all entries are in T°P. From (56)—(59) we see that the only possibly
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non-vanishing terms in V™ 7p on vectors of the type X or & are:
(Vi m)(V1,Y5,Y3) = (Vio)(¥1,Y3,Y3)
(Ve n)(Y1,Ya,Ys) = €(n(Y1,Ys,Y3)) — Guas(pho) (Y1), Ya, Y3)

—~—

— _6123<Q’y(}~/1, 0'(1/2, Yé))a €> 5

(Vin)(V.2.€) = §(X(@(V,2),9) - (VY. 2),8 — (@(V,952).9)) |

(VEm)V,2,6) = (8001, 2).6) ~ (V(Q(V), 2),6) — @V, 9,(2),&)
= (6 07, D) &) + (04 (7), 94,(2)) = (Q4,(V), 9, (2)))

(VEm)(E,6.6) = —3X({&,&].6) =0,

(Vam)(E.6.6) = —3 (& &l.&) =0.

The vanishing of the first four expressions follows from the assumption that V7 has parallel
torsion on N and from (47), (40), and (45) respectively.

O

6. PARALLEL g-STRUCTURES

We now introduce the following notion, which turns out to be a particular case of geometries
with parallel curvature introduced in Definition 4.7 for the case when the sub-algebra £, of g
vanishes:

Definition 6.1. Let G be a compact Lie group with Lie algebra g. A parallel g-structure on
a manifold N is given by:

() a Riemannian metric g% on N;

(1) a locally defined G-principal bundle P — N with adjoint bundle ad(P);

(#77) an adg-invariant scalar product (.,.) on g, thus inducing a scalar product also denoted
by (.,.) on the fibers of ad(P);

(iv) a connection form v € Q(P, g) whose curvature tensor R? : A> TN — ad(P) is parallel
with respect to the Levi-Civita connection of g% on A2 TN and the connection induced
by v on ad(P);

(v) a Lie algebra bundle morphism % : ad(P) — A? TN which is the metric adjoint of
—RY, in the sense that

(60) gN(W(0), X NY) = —(0,R}y), VX, Y€ TN, Voe€ad(P).

Remark 6.2. This definition is in many respects similar to the one of parallel even Clifford
structures introduced in [18, Def. 2.2]. More precisely, a parallel rank r even Clifford structure
on N satisfying the curvature condition in [18, Thm. 3.6 (b)], which up to a factor 2 is exactly
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(60) above, defines a parallel so(r)-structure on N in the sense of Definition 6.1 after rescaling
the scalar product on so(r) by a factor 2.

We denote by V¥ and RY the Levi-Civita covariant derivative and the curvature tensor
of gV. Since by Definition 6.1 (iv), 1 = —(R?)* is VY ® V7-parallel, we get for every vector
fields X,Y on N and local section o of ad(P):

V(Vio) = Vi(¥(0))
whence after a second covariant derivative and skew-symmetrization:
(61) V(R y0) = Ry y(¥(0)) = [RYy, ¥(0)] -

Here the curvature Ry ;- acts on o by the Lie bracket Ry 0 = [Rxy,0] of the Lie algebra
bundle ad(P). Since 9 is a Lie algebra bundle morphism, (61) equivalently reads

(62) [W(Rxy), (o)) = [RX y, ¥(0)]
for all tangent vectors X, Y € TN and o € ad(P).

There are several types of natural operations that one can make with parallel g-structures:
products, reductions to ideals of the Lie algebra, restrictions to Riemannian factors of the
manifold, or Whitney products. We will explain these constructions now.

6.1. Products of parallel g-structures. Clearly, if (¢Vi, P;, ~;, ;) are parallel g;-structures
on N; for i = 1,2, and if g denotes the direct sum g; @ g2, endowed with the direct sum scalar
product, then (g™ + g™, Py x Py, v, + 72, %1 +19) is a parallel g-structure on N; x Ns, called
the product g-structure.

Note that this construction also makes sense in the degenerate cases where N, is a point,
or when go = 0 (in which case we call this a O-structure).

6.2. Reduction to an ideal of the Lie algebra. Assume that (P,7,1) is a parallel g-
structure on (N, gV) and that g; is an ideal of g. Since (.,.) is adg-invariant, g is a direct sum
of Lie algebras g = g; @ g2, where g, := gi. Since everything is local, one can assume that
G = (G} x Gy, such that the Lie algebra of Gj is g;.

Lemma 6.3. Let G; and G5 be compact Lie groups with Lie algebras g1 and go endowed with
bi-invariant scalar products, and let G := G x G, with Lie algebra g = g1 ® g2 endowed with
the direct sum scalar product. Then every parallel g-structure on N with respect to this scalar
product, induces in a canonical way parallel gi- and go-structures on N.

Proof. Let (g~, P,v,1) be a parallel g-structure on N. One can write the connection form
v = + 72 with 7; € QY(P, g;) for i = 1,2. The G-equivariance property of
gy = Adg1y,  VgeG

shows that ~; are G;-equivariant, v is Gy-invariant and ~y, is Gi-invariant. Then P := P/Go
and P, := P/G; are G;-principal bundles over N and ~; projects to connection forms (also
denoted by ~;) on P;. The adjoint bundle ad(P) is naturally identified to ad(P;) & ad(F»)
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(and this decomposition is parallel with respect to the covariant derivative induced by 7).
For every X,Y € TN one has Ry, = Ry + Ryy. Denoting by ¢ the natural embedding

of ad(P;) into ad(P), we see that the composition v := 1 o ¢ is a parallel Lie algebra bundle
morphism from ad(P;) to A> TN =~ so( TN) which clearly verifies (60).

O

In the sequel, we will say that the parallel g;-structure obtained in this way from an ideal
g1 of g is a reduction of the initial parallel g-structure to the ideal g;.

6.3. Restriction to Riemannian factors.

Lemma 6.4. Assume that (N, g") is the Riemannian product of (Ny,g™') and (No, g™?).
Then every parallel g-structure (P,v,1) on (N, g™) with the property that

(63) Y(ad(P)) € A*TN; @ A*TN, C A>TN

induces parallel g-structures on the factors (Nj, g™i).

Proof. Every point of N, defines an isometric embedding of (Ny, ¢™) into (N, ¢"). By pull-
back through this embedding one obtains a G-principal bundle P, over N; with connection
7. Moreover, the condition (63) shows that i defines by restriction a Lie algebra bundle
morphism v, : ad(P;) — A2 TN;, which is clearly still parallel and satisfies (60). The proof
for N, is similar.

0J

Note that the condition (63) is automatically satisfied for the factors of N in the standard
de Rham decomposition, see Lemmas 7.2 and 7.3 below.

6.4. Whitney products. As a converse to Lemma 6.3 we have the following:

Lemma 6.5. Let G; and G5 be compact Lie groups with Lie algebras g and go endowed with
bi-invariant scalar products, and let G := Gy x Gg, with Lie algebra g = g1 @ g2 endowed
with the direct sum scalar product. If (Py,v,v¢1) and (Pi,71,v1) are parallel gi- and go-
structures on (N, gN) such that 1 (ad(Py)) commutes with o(ad(P)), then the Whitney
product (Py x Py, 1 + Y2, %1 + ) is a parallel g-structure on (N, g").

Proof. Everyhing is tautological, by noticing that the map
Y14y ad(Pr x Py) = ad(Py) @ ad(Py) — A’TN
is a Lie algebra bundle morphism due to the commutation assumption.
OJ
Definition 6.6. A parallel g-structure is called non-degenerate if for every orthogonal and
parallel decomposition TN = Dy & Dy and orthogonal decomposition g = g, & go with g; Lie

sub-algebras of g satisfying 1 (u&;) € A?D; and ¥(u&y) € A2D, for every u € P, & € g1 and
&9 € go, then either D; =0 and g, =0, or Dy =0 and g, = 0.
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Equivalently, a parallel g-structure is non-degenerate if it is not locally a product of parallel
g-structures, as described in §6.1.

Remark 6.7. Note that the morphism 1 of a non-degenerate parallel g-structure is injective.
Indeed, let g; C g be defined by P xaq g1 = ker1), go := g7, D; = 0 and Dy = TN. The
conditions in Definition 6.6 are clearly satisfied, and since D5 # 0, we necessarily have g; = 0.

Example 6.8. (i) If (¢"V, P,v, ) is a parallel u(1)-structure on N, ad(P) has a global parallel
section whose image by 1 is a parallel 2-form on N. Conversely, if €2 is a parallel 2-form on
(N,g"), let n € Q'(N) be any locally defined primitive of Q. We define P := N x R
(viewed as a principal R-bundle) and ~ := dt +n € Q'(P) (everything is locally defined, and
we omit writing down the pull-back signs, in order to keep notation simple). The adjoint
bundle ad(P) is trivial, generated by a section called 1. We define the parallel morphism
¥ ad(P) = A*>TN by (1) := —Q. Then (P,~,%) is a non-degenerate u(1)-structure on
(N, g"). Indeed, R" is equal to dy = €, so it is parallel as a section in the trivial bundle ad(P),
and the map 1 satisfies (60) and is clearly a Lie algebra bundle morphism since the fibers
of ad(P) are 1-dimensional. The non-degeneracy of the u(1l)-structure is clearly equivalent
to the non-degeneracy of the corresponding 2-form. A non-degenerate parallel u(1)-structure
thus defines a Kihler structure on N, which is moreover unique up to sign when (N, g"v) is
irreducible.

(ii) More generally, if (gV, P,~y,v) is a parallel u(1)™-structure on N, ad(P) is spanned
by m parallel sections, whose images by 1 are m parallel 2-forms on N whose associated
endomorphisms mutually commute. Moreover these endomorphisms have no common kernel
if the u(1)™-structure is non-degenerate. By diagonalising them simultaneously applying de
Rham’s decomposition theorem, we see that (N, g") is a Riemannian product of Kihler man-
ifolds. Conversely, let N = N; x ... x N, be a Riemannian product of Kahler manifolds with
fundamental 2-forms ,, and let ¢;, be real numbers for « € {1,...,s} and i € {1,...,m}.
We consider the parallel forms F; := ) cia€2q on N and some locally defined primitive
n; € QY(N) of Q; and denote by P := N x R™, and ~; := dt; + n; € Q}(P). Then ~; are the
components of a connection form on P whose curvature form has components F;. For every
scalar product on u(1)™ one obtains a parallel u(1)™-structure on N by choosing a parallel
orthonormal basis &1, ..., &, of ad(P) and defining ¢(&;) := —Fj, so that (60) holds.

Once we have fixed Kéhler structures on the factors N,, a parallel u(1)™-structure on
N = Nj x...x Ny is thus determined by the m X s real matrix {¢;q}. It is possible to express
the non-degeneracy condition in terms of this matrix:

Lemma 6.9. The above defined parallel uw(1)™-structure is degenerate if and only if there
exists a partition {1,...,s} = AU B and an orthogonal decomposition R™ = Vi & V, with
Vi, Vo # 0, such that (Cia, - - ., Cma) € Vi for every a € A and (cip, ..., cmpg) € Va for every
g e B.
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Proof. Consider A, B, V7, V; satisfying the above condition. We define
Dy := @aea TN, Dy = @®pep TNg, gj = {Z vk |z eVt j=1,2.
i=1

For every x € V; we have

w(z l‘ifi) = Z%Fz = Z ZSUz'CmQa = Z ZIiCiaQa )

i=1 a=1 acA i=1

showing that (g;) vanishes on Ds, and similarly 1 (gs) vanishes on D;. Since g; and g
are non vanishing, Lemma 6.6 shows that the u(1)™-structure is degenerate. The converse
statement can be proved similarly.

OJ

Corollary 6.10. If a parallel u(1)™-structure on N = Ny X ... X Ny constructed as before is
non-degenerate, then m < s.

Proof. Indeed, if m > s then the s vectors (ciq, ..., Cma) Span a strict subspace V; of R™ (if
Vi = 0 we replace it by any proper subspace of R"). Then V, := V5, A := {1,...,s} and
B := () satisfy the condition of Lemma 6.9, so the structure is degenerate. 0

Example 6.11. Every quaternion-K&hler manifold (N, g) carries a 3-dimensional parallel
sub-bundle B of skew-symmetric endomorphisms locally spanned by almost complex struc-
tures satisfying the quaternion relations. The frame bundle P of B was introduced by Konishi
[16], who showed that it has a connection (induced from the Levi-Civita connection of N)
whose curvature is parallel as section of A2TN ® ad(P). If N has positive scalar curvature,
then (60) is satisfied after rescaling the metric on N if necessary. We thus have a parallel
non-degenerate sp(1)-structure on N.

Conversely, if (N, g") carries a parallel sp(1)-structure, then by Lemma 7.4 below, the
structure is degenerate unless N is irreducible, in which case it is quaternion-Kéhler with
positive scalar curvature by Proposition 7.6 below.

Example 6.12. Every symmetric space of compact type N = L/G carries a natural parallel
g-structure. Indeed, consider the natural metrics on N and g induced by an Ad p-invariant
scalar product on the Lie algebra [ of L, and define P := L, seen as G-principal bundle over
N, with the connection v induced from the Levi-Civita connection of N. If m denotes the
orthogonal complement of g in [, v is just the m-component of the Maurer-Cartan form of L.
Then the G-equivariant map ¢ : g — so(m) ~ A*m, a — ad,|,, induces a parallel Lie algebra
bundle morphism ¢ : ad(P) — A2 TN by ¥ (uf) := u¢(€) for every u € P and £ € g. In order
to check (60), let u be a local section of P, x,y € m and X := ux, Y := uy the corresponding
local vector fields on N. Then for every ¢ € g we have

(u€, Ryy) = —u& ulr,y]) = —(& [r,y]) = ([z, ], y) = —(ade(v), )
= (&), x ANy) = =gV (up(&),ux Auy) = —g" (V(ug), X NY) .
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More generally, according to Lemma 6.3, a symmetric space of compact type N = L/H
carries a canonical parallel g-structure for every ideal g of the isotropy Lie algebra §.

Conversely, we have the following:

Lemma 6.13. Let g be a semi-simple Lie algebra of compact type and let (P,v,v) be a
parallel g-structure on a locally symmetric space (N = L/H, g") of compact type with 1)
fiberwise injective. Then g is an ideal of b and the g-structure on N obtained as in Example
6.12 by reduction of the canonical parallel H-structure on N to g.

Proof. Let us consider as usual the curvature tensors R” of (P,~) and RY of (N, g") as bundle
morphisms R : A> TN — ad(P) and RY : A>TN — A2 TN by

R'(w):=3Y wlene)RY .,  RYW)X,Y) =3 wle,e)g"(RY, X,Y).
1,] 2y

Since N = L/H is of compact type, the metric on N is defined by a bi-invariant scalar product
on the Lie algebra [ of L. Let b denote the Lie algebra of H and let m be its orthogonal
complement in [. The isotropy representation of h on m defines an embedding of f in A’m,
and we denote by ht its orthogonal complement, so that A?m = h @ h*. Correspondingly,
the bundle A2 TN decomposes in an orthogonal direct sum A2TN = hN @ h*N. As an
endomorphism of A2 TN, the Riemannian curvature tensor R takes values in hN, so by pair
symmetry R vanishes on hN.

We now use (61), which in the present context reads

(64) (R (w)s) = [RY (w), ¥(s)]

for every s € ad(P) and w € A2TN. Applying this to some w € h* N and using the vanishing
of RN on h1 N, together with the injectivity of ¢ yields R¥(w)s = 0 for every w € h* N
and s € ad(P). Moreover, R'(w)s = [R"(w), s] and since g is semi-simple, this shows that
RY(w) = 0 for every w € b N. From (60) we thus get that ¢ (ad(P)) is orthogonal to h+ N,
i.e. ¥(ad(P)) C hN. Since 1 is a Lie algebra bundle morphism, this shows that g is identified
with a Lie sub-algebra of h. Moreover, it is well known that R" is an isomorphism of hN, so
(64) shows that g is actually an ideal of b.

0J

7. CLASSIFICATION OF NON-DEGENERATE PARALLEL g-STRUCTURES

The aim of this section is the following classification result:

Theorem 7.1. Let g be a Lie algebra of compact type and (¢~ , P, g,v,%) a non-degenerate
parallel g-structure on a manifold N. Then either

e N is quaternion-Kdhler with positive scalar curvature, g = sp(1) and P is the Konishi
bundle like in Example 6.11, or
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e N = L/H is an irreducible locally symmetric space of compact type, g is isomorphic to
a semi-simple factor of b and the parallel g-structure is the one described in Example
6.12, or

o N is locally a Riemannian product N = Ny x ... x N, x Sy x ... x S, with N,
Kdhler for o € {1,...,p}, Ss = Lg/U(1)Hg Hermitian symmetric of compact type
for pe{l,....q}, g =ul)" @t & ... B¢ and t3 a non-zero factor of bhz. The
parallel g-structure on N is the Whitney product of a parallel u(1)™-structure on N
like in Example 6.8 (ii) and a parallel & & ... @ €,-structure on N which is the Rie-
mannian product of the canonical parallel €g-structures on Sz (Example 6.12) and the
0-structures on the factors N,.

Proof. Let (N,g") = Ny x Ny x ... x N, be the local de Rham decomposition of N, with Ny
flat and NV; irreducible for + > 1. We decompose the Lie algebra gas g=3®g, & ... D gy,
where 3 denotes its center and g; are simple Lie algebras of compact type. Since the scalar
product is adg-invariant, this decomposition can be chosen to be orthogonal. We define the
corresponding Lie algebra bundles 3P := P X,q 3 (which is actually trivial) and g,P :=
P X.q @i, so that ad(P) = 3P @ g1P & ... ® g,P. Recall that by Remark 6.7 the map ¢ is
injective since the parallel g-structure is assumed to be non-degenerate.

Lemma 7.2. If the Lie algebra bundle morphism 1 is injective, then
V(g P) CEPA TN,  Vie{l,... l}.

a>1

Proof. Let a, B € {0,...,s} be either different or both equal to 0, and let X,, Xz be tangent
vectors to N, and N respectively. From the symmetries of the Riemannian curvature tensor
we obtain R%@}Xﬁ = 0. Using (61) we get for every £ € g

0= RY. x, (0(u€)) = V(R x,(uE)),
whence R} Xﬁ(uf ) = 0 by the injectivity assumption. On the other hand

0= R, x,(u€) = [Ry, x, ]
as local sections of ad(P), so Ry x, 1s a section of 3P. This shows that for every ¢ > 1 and
¢ € g; we have
0= (R, x, u&) = —g" (¥ (u), Xo A Xp),
so finally ¥ (uf) is orthogonal to the sub-bundles A*> TNy and to TN, A TNs of A2TN for
all o # .
O

Lemma 7.3. ¢(3P) C ®a>0A> TN,

Proof. Let &, .., &m be an orthonormal basis of the center 3, inducing a global orthonormal
parallel basis 51, e ,gm of 3P. Let 77/}(52) =: F; be the corresponding parallel skew-symmetric
endomorphisms of TN.
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The de Rham theorem shows that the restricted holonomy group of N is isomorphic to a
product Ky x...x K, and TN is associated to a representation of this group on a direct sum
ho®... Db, (with b, corresponding to TN,), such that Ky = 0 and for every o > 1, K, acts
irreducibly on b, and trivially on hg for 5 # a. Each parallel endomorphism F; corresponds
to an equivariant map of this representation. On the other hand, every equivariant map
clearly preserves each summand b, thus showing that F;( TN,) C TN, for all o« > 0.

OJ

We now define I = {1,...,l + m} and denote by g;;; the sub-algebra generated by ¢;
for 1 < i < m. Let g = ®;cr9; be the decomposition of g with corresponding V7-parallel
decomposition of ad(P) = @®;e;9;P of the adjoint bundle. By Lemmas 7.2 and 7.3, the
parallel bundle morphism ¥ maps ad(P) to @acaA? TN,, where A = {0,...,s}. Let m, be
the projection of A2 TN onto the sub-bundle A2 TN,. We use the notation

(65) Eoi = ma(¥(9iP))ly,

for the corresponding parallel sub-bundle of A2 TN, — N,. In other words, E,; is the parallel
sub-bundle of A2 TN, corresponding to parallel g;-structure on N, obtained by reducing the
initial g-structure to g; (Lemma 6.3) and then restricting to IV, (Lemma 6.4).

The next result can be seen as a generalization to parallel g-structures of the well known
fact that quaternion-Kéahler manifolds are irreducible.

Lemma 7.4. If E,; # 0 for some i € {1,...,1}, then Eg; =0 for every 5 € {0,...,s}\ a.

Proof. The first Bianchi identity and the Riemannian curvature identities show that for every
a # [ and tangent vectors X,Y € TN, and Z € TNg one has

(66) RYyZ =0.

Let x be any point of N and u an element in the fibre of P over x. The hypothesis gives
the existence of two vectors X,Y € T,N, and some £ € g; such that g™ (y(ué), X AY) # 0.
By (60) we thus get (u§, R y) # 0. Since g, is a simple Lie algebra, it has no center, so there
exists some ¢ € g; with [R} -, u(] # 0. For every 3 € A, the map

m5 0 :ad(P) — A TN

is a parallel Lie algebra bundle morphism, so using again the fact that g, is simple, 7g o ¢
either vanishes identically, or is injective. Assume for a contradiction that Eg; # 0 for some
g €{0,...,s}\ a. Then from (61) we obtain

0 # mg 0 Y([Ry, u¢)) = ms([ (R y, ¥ (uQ)]) = ms([RY v, ¥ (u())).
This shows that there exists Z € T, Ng such that
[RYy, ¥(uQ)](Z) # 0.
Denoting by F' := ¥ (u(), this reads R%YFZ + FR%YZ. On the other hand, FZ € T,Ng

by Lemma 7.2, so both RY y FZ and FRY ,,Z vanish from (66). This contradiction concludes
the proof.
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O

Lemma 7.5. If there are partitions A = Ay U Ay and I = I, U I of the two index sets I and
A such that E,; = 0 for all « € Ag,i € I and for all « € Ay,1 € Iy, then either Ay =1, = ()
or Ay = I, = 0.

Proof. The argument is similar to the one used in the proof of Proposition 8.4. Consider such
partitions A = A; U Ay and I = I1 U 1,. For i = 1,2 we define the distributions 7; on M := P
spanned by the horizontal lifts of vectors in €. 4, TNo and by fundamental vector fields &*
with £ € @, g;. We claim that 7 € ATy © A°Th.

It is enough to show that 7(U, V, W) = 0 whenever two of the vectors U, V, W belong to T}
and one to T,, and by multi-linearity, one can assume each of them is either a horizontal lift
or a vertical fundamental vector field. Using Lemmas 3.5 and 8.3, we are left with two cases:

a) U, V,W are all vertical, and U = &*,V = (* € Ty, and W = n* € T;. Then by (52) we

have
T(Uvuw) = _%<[§a C]777> = 07

since { and ¢ belong to the sub-algebra €., g; of g, which is orthogonal to B¢, g,, which
contains 7.

b) U = X and V =Y are horizontal lifts and W = &*, with X € TN,, Y € TN, € € g,
and either a, 8 € Ay, i € I, or « € Ay, € Ay, i € I5. In both cases we have by (52)

T(U,V,W) = §{QV(X,Y),€) = 3{u"" Ry, &) = —59™ (¥ (u), X AY).

If « = € Ay, i € I, this expression vanishes by the assumption that E,; := 7,(¢(g:P))| Na
vanishes. If a # [, this expression vanishes by Lemmas 7.2 and 7.3.

If 71 and T are non-vanishing, the decomposition TM = T & T; satisfies the decomposabil-
ity conditions in Definition 3.1. On the other hand, (M, g, 7) is assumed to be indecomposable
by Definition 8.1, we necessarily have 77 = 0 or Ty = 0, thus proving that either A, = I} = ()
or AQ =1 2 = @

O

We will now restrict our attention to the case where N is irreducible.

Proposition 7.6. Let (N,g") be an irreducible Riemannian manifold with a parallel g-
structure such that the morphism 1 is not identically zero. Then one of the following three
Cases may occur:

o The Lie algebra sub-bundle Im(v)) ~ ad(P)/Ker(¢)) of A2TN s a line bundle, and N
18 Kahler;

e Fach fiber of Im(3) is isomorphic to sp(1) and N is quaternion-Kdhler with positive
scalar curvature;

e N is locally symmetric of compact type.
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Proof. The sub-bundle VN :=Im(¢) of A> TN ~ End™( TN) is a parallel sub-bundle, closed
under the usual bracket of endomorphisms. It corresponds to an invariant subspace V' of
A%T, where T denotes the holonomy representation of N.

Consider the Riemannian curvature tensor RV of N, also viewed as an endomorphism

RN : A2TN — A2TN by
(67) gN(RN(XAY), ZAW) =g (RYyZ, W) .
Using the relation between the curvatures of ad(P) and N obtained in (62), we see that
the endomorphism Rt of A2TN defined by
(68) Rt =RV —¢oR
takes values in the centralizer of VN.

Let us decompose V' in an orthogonal direct sum of irreducible components V' = Vi &...®V;
and correspondingly VN = @,V N.

Schur’s lemma shows that there exist positive real numbers A, such that Y oy* =3 A7,
where 7, denotes the orthogonal projection from A> TN to V,N. On the other hand, (60)
shows that ¢ o RY = —1) o ¢*, so by (68) we obtain

(69) RN =R" =) Ao,

where we recall that R' takes values in the centralizer of V. N. We introduce the symmetric
endomorphisms of TN

So(X) = ZeiJwa(ei AX),  SHX):= ZeiJRL(ei A X),

for every local orthonormal basis {e;} of TN.

We fix some a € {1,...,k} and consider any orthonormal basis { A} of V, N (with respect
to the natural scalar product on 2-forms induced by ¢). The endomorphism Y A% of TN
is clearly parallel, so by the irreducibility of N, there exists some positive constant b, such
that > A% = —b,id. We thus have for every X € TN:

(70) Sa(X) =D gV(ei A X A A(er) = = A2X) = b, X.

2,8

Moreover, since V, is a simple Lie algebra, the Casimir element of its adjoint representation
is a multiple of the identity. Consequently, there exists a positive constant ¢, such that

> [As, [As, A]] = —c,A for every section A of V,N. Consequently we have:
(71) —caAd =) [Ag[A A =) AIA+AY A2 -2) AAA,,
whence

(72) > AAA = (3¢a—b)A,  VAEV,N.
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Let A be any section of V,N. Using (69), (70), the first Bianchi identity for RY and the
fact that A commutes with the images of R+ and of m, for every b # a, we obtain for every
tangent vector X:

RHA)(X) = RM(A)(X) + NAX ZRe s X+ AA(X)

-1 Z RY . Ae; — Z R, xei+ MA(X) = Z RY (Ae; + \A(X)

= E:RL (e; N X)(Ae;) — Z)\bﬂb (ei N X)(Ae;) + AA(X)

i,b
= ASHX) =) M AX) = A D> males A X)(Aer) + A A(X).
b#a i

On the other hand, we have

Zﬂa(ei/\X)(Aei) = Zg (A, ei N X)AgAe; = — Zg ), €:)AsAe;

= =) AAA(X

so using (72) we obtain
(73) R+ (A) = AS* +d,A, VA€V,N,

where

== byt Aa(3ca = o) + Ao == D Moby + Aa(1+ dea).
b

b#a

Since A and R*(A) are skew-symmetric and S* is symmetric, (73) shows that S commutes
with A for every A € VN. On the other hand, R*(A) commutes with every B € VN, so
using (73) again, we obtain

(74) (ST +d4id) o [A,B] =0

for every A, B € VN. Let us denote by DN the parallel sub-bundle of TN spanned by the
images of all endomorphisms of the form [A, B] with A, B € V' N.

Then the irreducibility of N implies that either DN =0 or DN = TN.
Case 1: DN = 0. In this case VN is an Abelian Lie algebra sub-bundle of A> TN.

Thus 1) vanishes on all sub-bundles g;P for i € {1,...,l}, so VN is spanned by the parallel

commuting endomorphisms w(&) ¢(fm) deﬁned in the proof of Lemma 7.3. Using again
the irreducibility of N we obtain that V has dimension 1, hence V' N is generated by a parallel
endomorphism whose square is proportional to the identity, and thus N is Kéahler.
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Case 2: DN = TN. In this case, S* + d,id = 0 by (74). In particular d, is independent

of a, whence A\,(1 + %) =: 7 > 0 for every a. By (69) we obtain

Ric™ =) NS — 51 = (O Aaba)id = (O Ay, — r)id = rid,
a a b

and thus NV is Einstein and has positive scalar curvature. If N is locally symmetric, we are
in the last case of the proposition. If N is not locally symmetric, we examine the possible
holonomy representations of N given by the Berger-Simons holonomy theorem:

1. If Holp(N) is one of Gy € SO(7), Spin(7) C SO(8), SU(m) C SO(2m) or Sp(q) C SO(4q),
then N is Ricci-flat, so it cannot have positive scalar curvature.

2. If Holp(N) = SO(n) and T = R", then AT is irreducible and has no center, unless
n =4, when A’T = A™T @ A~T. Up to a change of orientation for N one can assume that
VN = ATTN. Let us denote by R" the orthogonal projection from A2TN onto AT TN.
From (69), the curvature endomorphism of N can be written RY = Rt — AR, where A > 0
and R+ takes values in the centralizer of VN, which in the present situation is A~ TN. Using
the well known decomposition of the curvature operator in dimension 4 as

Salid 4 1+ 1Ric)
(75) RN = — :
iRic)’  S2lid4+ W~
(where Ricév denotes the Kulkarni-Nomizu product of ¢V with the trace-less Ricci tensor of
N) we thus obtain that Scal = 12\ > 0, W* = 0 and Ric)) = 0, so N is anti-selfdual and
Einstein, which corresponds to the quaternion-Kahler condition in dimension 4.

3. If Holp(N) = U(m) and T = R?", then the decomposition of A*T in irreducible
components reads 50(2m) ~ A2T = u(1)@su(m)®m, where m ~ AZ0+O2T is isomorphic to
the isotropy representation of the symmetric space SO(2m)/U(m) (and thus verifies [m, m| =
u(1)@su(m)). Consequently, the only su(m)-invariant Lie sub-algebras of s0(2m) of dimension
larger than 1 are su(m) and u(1) @ su(m). Their centralizers in so(2m) are both equal to
u(l). Geometrically, this means that N is a Ké&hler manifold such that the endomorphism
(VX RY)y 7 is proportional to the complex structure for every tangent vectors X,Y, Z. This
easily implies that VN RY = 0. Indeed, assume that (VYRY)y, = T(X,Y, Z)J for some
tensor T'. Using the second Bianchi identity we obtain for every tangent vectors A, B, C,Y, Z:

0=06apcg" (VARY)yzB,C)=645cT(AY,Z)g" (JB,C).

Taking B = JC' of unit length and orthogonal to A and JA yields T'(A,Y, Z) = 0 for every
AY,Z. Thus T =0, so N is locally symmetric.

4. Tf Holg(N) = Sp(q) - Sp(1) and T' = R* with ¢ > 2, then N is quaternion-Kihler. Tt
remains to check that the fibers of ¥ (gP) are isomorphic to sp(1). It is well known that the
decomposition of A>T in irreducible summands is A*T = sp(q) @ sp(1) & m. We denote by
A>TN = sp(q)N @ sp(1)N @ mN the corresponding decomposition of the bundle of 2-forms
on N. We claim that [m, m| contains sp(q) ® sp(1). Indeed, if [m, m] were orthogonal to some
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non-zero element in sp(q) @ sp(1), then this element would commute with each element of m,
and this would contradict the fact that the isotropy representation of the symmetric space
SO(4q)/U(2q) is faithful.

The centralizer of sp(q) @ sp(1) in s0(4q) clearly vanishes, so we are left with two possibil-
ities: either V' = sp(1) (in which case we are done), or V' = sp(q).

We will show that this last case is impossible. Indeed, if V' = sp(q), (69) reads RN =
R+ — ARy for some positive constant \, where Ry denotes the projection on VN and R* is
a symmetric endomorphism of sp(1)N satisfying the first Bianchi identity. At every point of
N one can diagonalize R in an orthonormal basis wy, wy, ws of sp(1)N so that

RYXAY) =33 XagV (X AY, wa)wa.

An easy computation then shows that the Bianchi condition Y, -e; Ae; A R™(e; Aej) =0 is
equivalent to Y, Aqwq A we = 0. On the other hand, for ¢ > 2 the 4-forms w? are linearly
independent, so R+ = 0, which shows that R is parallel. Since N was assumed to be non

locally symmetric, this case is impossible, so the proposition is proved.
O

By Lemma 6.4, together with Lemmas 7.2 and 7.3, we see that every factor N, of N
(including the flat factor Ny) inherits a parallel g-structure (P,,Ya,%). We will distinguish
two cases:

Case 1. Assume first that there exists a factor IV, such that the sub-bundles E,; defined
in (65) vanish for every j € {l+1,...,l+m}.

We consider the partitions A = A; U Ay, and I = I; U I, of the two index sets I =
{1,...,0+m} and A= {0,...,s} defined by

Ay = {a}, Ay = A\ {a}, L ={iel]| Ey# 0}, Iy={iel| E, =0}

By Lemma 7.4 we have that Eg, = 0 for all 8 € As,7 € I, and by the very definition of I,
we have Fg; = 0 for all 8 € Ay,i € I,. Moreover A, is non-empty, so by Lemma 7.5 we must
have Ay = I, = (). Thus N = N, is irreducible. By Proposition 7.6, N is either a non locally
symmetric quaternion-K&hler manifold with positive scalar curvature as in Example 6.8 (iii),
or a locally symmetric space of compact type L/H. In the latter case, Lemma 6.13 shows
that g is an ideal of the Lie algebra b of H and the parallel g-structure on N is the reduction
of the canonical parallel h-structure of L/H to g.

Case 2. For every a € A, there exists j € {I{+1,...,l4+m} such that E,; # 0. By Lemmas
6.3 and 6.4, the reduction of the g-structure to the element of the center of g generated by
&, defines a non-vanishing parallel 2-form on N,, so by irreducibility, N, is Kahler for every
a € A\ {0}. The same holds for Ny, except that here the Kahler structure is not unique (one
might need to further decompose Ny into a product of flat Kahler factors, but we don’t want
to insist on this). The important fact is that the reduction of the g-structure to the center 3
of g is an Abelian g-structure on N, which can be written as in Example 6.8 (ii).



36 RICHARD CLEYTON, ANDREI MOROIANU, UWE SEMMELMANN

We now denote by
A={acA|Ey=0viec{l,....1}}, A" ={acA|Jie{l,. . I}, Ey+#0}

By Lemma 7.2, 0 € A’. By Proposition 7.6, for each a« € A”, the corresponding factor is
locally symmetric, N, = L,/H,, so being Kéahler, it is in fact Hermitian symmetric. By
Lemma 6.13, the reduction of the parallel g-structure on N to the semi-simple part of g,
followed by restriction to N, is a reduction of the canonical parallel b,-structure of L, /H,
to a semi-simple factor of b,.

Finally, the parallel g-structure on N is the Whitney product (Lemma 6.5) of its reductions
to 3 and to the semi-simple part of g, which is exactly the last case in the theorem.

OJ

8. SPECIAL GEOMETRIES WITH TORSION

Definition 8.1. A special geometry with torsion is an indecomposable geometry with parallel
skew-symmetric torsion (M, g, 7) satisfying one of the following equivalent conditions:

- the summand VM in the standard decomposition (Definition 3.4) is spanned by V7-
parallel vector fields;

- the holonomy representation of £ := hol(V") on v defined in §3 is trivial;
- the Lie algebra ¢, defined in (37) vanishes.

We assume for the remaining part of this section that (M, g, 7) is a special geometry with
torsion. Thus VM is spanned by an orthonormal frame of V7-parallel vector fields &1, ..., &,.

Denote as before by 7 = (3., 77*) + 7™ + 7° the decomposition of 7. We start by deriving
some useful properties of V7-parallel vector fields.

Lemma 8.2. Let & be a V™ -parallel vector field. Then & is a Killing vector field and 7¢-7% = 0
for every a.

Proof. From the definition of the standard decomposition it follows that & has to be a section
of VM. By Lemma 3.8 we thus have 7¢-7" = 0. Moreover, the skew-symmetric endomorphism
7¢ is a section of the bundle (®,A*H,M) ® A*VM. Tt thus follows that it preserves the sub-
bundles H,M and VM of TM, and its action on A3 TM preserves the sub-bundles A3H M,

0 7¢ - ™0 = 0 for every a.

To see that ¢ is a Killing vector field, one writes for every tangent vector X
0 = V}ﬁz V‘g(f—Tng Vi—fﬁ‘TgX,

showing that X — V%¢ = —7: X is skew-symmetric.
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The torsion decomposes under the action of the holonomy group of V™ as

T=Y Tt D E®Fa + Y b AG NG,
« i, ijk
with 7, € A%ha, Fia € A?h,. Since all components are V7-parallel, it follows that Ciji; are
constants.

Lemma 8.3. For every special geometry with torsion, the horizontal part 70 = 3" 7 of T
vanishes.

Proof. We compute the action of 7¢, on 79. It is clear that Fj, acts trivially on the components
798 for every 3 # «. From Lemma 3.8 we thus obtain

OZTEi-Th = (ZFM + 3ZCijk§j/\§k> P - ZFia'ThzzFia'Tha.
(6% ]7]{: @ o

This shows that Fj, - 7, = 0 for all a. Note that F}, € A*H,M is a V™-parallel 2-form
on the irreducible sub-bundle H,M, so as an endomorphism it is proportional to a complex
structure on H,M. On the other hand, complex structures act injectively on 3-forms.

Assume that there exists some index ag with 7920 # 0. Then the above argument shows
that Fj,, = 0 for every i, hence the decomposition TM = Ho,M @® (Hao, M)+ would satisfy
the hypothesis of Lemma 3.2, contradicting the indecomposability of M. This shows that
7Y = 0 for every a.

O

We will now explain the correspondence between parallel g-structures and special geome-
tries with torsion.

Proposition 8.4. The (locally defined) base N of the standard submersion of a special ge-
ometry with torsion (M, g, ) carries a non-degenerate parallel g-structure. Conversely, every
non-degenerate parallel g-structure (g%, P, g, 7, 1) on a manifold N induces a special geometry
with torsion on the total space P.

Proof. By Theorem 4.8, N carries a geometry with parallel curvature (¢%, 0, P, g,, 1) sat-
isfying Definition 4.7. This shows already that conditions (¢) and (ii) in Definition 6.1 hold.
By Definition 8.1, we have ¢; = 0, which by (38) implies that P can be identified with M
itself. Lemma 8.3 shows that 77 = 0 on M, so ¢ = 0 by Remark 3.10, i.e. the connection V?
on N is the Levi-Civita connection of ¢g"V. The Lie algebra g is in this special case isomorphic
to v and the scalar product on g from Definition 4.7 (i7) is now adg-invariant. In particular
g is of compact type, thus proving condition (iii). As for (iv), it is a direct consequence of
Definition 4.7 (7).

Finally, (v) follows from Definition 4.7 (iii). Indeed, with the notation introduced in (46),
the metric adjoint of —R?, denoted by ¢ : ad(P) — A?TN =~ so(TN), defined by (60),
satisfies ¢ (ug) = —R,.. Using (45) together with the ad, invariance of the scalar product on
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g we obtain for every local section u of P, for every elements &;,& € v = g, and for every
local vector fields X,Y on N:

gN(¢([u§1,u§2]),XAY) = _<[u€17u€2]7R}(,Y>:_<u[§1a€2]7R}(,Y>
= —g" (R, (X) R, (V) + ¢ (R, (Y), B¢, (X))

u€o ug2 ué1
= gV (R (R, (X)), Y) — g (Rl (R, (Y)), X)

ug2
= gV([R)e, R, 1, X AY) = g™ ([0 (uér), p(uba)], X AY),

thus showing that ¢ is a Lie algebra bundle morphism.

We will now check that the parallel g-structure on N is non-degenerate. Suppose that there
is an orthogonal and parallel decomposition TN = D; @ Dy and an orthogonal decomposition
g = g1 @ go with g; Lie sub-algebras of g satisfying ¢ (u&;) € A2D; and ¥ (u&;) € A*D, for
everyu € P, & € g and & € go. Consider for @ = 1, 2 the distributions 7; on M = P spanned
by the horizontal lift of D; and by fundamental vector fields £* with £ € g;. By (53)-(55), if
T} and Ty are non-trivial, (M, g, 7) would be decomposable, according to Definition 3.1. On
the other hand (M, g, 7) is assumed to be indecomposable by Definition 8.1, so we necessarily
have T} = 0 or 15 = 0. This shows that the g-structure of NV is non-degenerate.

Conversely, a parallel g-structure (¢, P, g,v,%) on N defines in a tautological way a ge-
ometry with parallel curvature on N (Definition 4.7) with ¢, = 0. By Theorem 5.1, the total
space of P carries a geometry with parallel skew-symmetric torsion (g, 7), and the fact that
t; = 0 just means that the holonomy of V7 acts trivially on the vertical space v ~ g (see
Definition 8.1).

It remains to show that if the parallel g-structure of N is non-degenerate, then (g, 7) is
indecomposable (see Definition 3.1). Indeed, assume that TP = T & T3 is an orthogonal
V7-parallel decomposition of the tangent bundle of P, such that 7 € AT} @ A3T,. We denote
by H := ker(vy) the horizontal distribution of P, and by V the vertical distribution (tangent
to the fibers). Then TP = H &V is another orthogonal V7-parallel decomposition, and from
(52) we have 7(H,H) C V, 7(V,V) C V and 7(V,H) C H. Let V' be the set of vectors
V' € V such 71|y is non-degenerate. For V € V' we decompose V' = Y] + Y, with Y € T} and
Y, € T5, and then we decompose Y; = X; + V; with X; € H and V; € V for ¢« = 1,2. We thus
have V =V, + V5 and X, + X, = 0. Since 7 € A3T} @ A®T, we obtain for every X € H:

0 = 7—(le71/27)():T(‘/vl+Xl7‘/2_X17X):7—(‘/17‘/27X)+7_<X17‘/27X)_7_(‘/17X17X)
= —T(%+‘/Q,X1,X):—Tv(X1,X).

The assumption that 7y |3 is non-degenerate thus shows that X; = 0, whence V =V} + V4.
This shows that (77 NV) @ (T, N'V) contains the set V', which is dense in V), so

The orthogonal complement of T; NV in T; is clearly contained in T; N H, so a dimension
count immediately shows that

(T\NH) @ (TyNH) =H.
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Denoting T; NV =:V; and T; N'H =: H;, we thus get orthogonal V7-parallel decompositions
V=V @V, and H = H; & Hy. The assumption 7 € A3Ty & A3T, implies 7(V;,Vs) = 0,
whence 7(V;,V;) C V; for i = 1,2. By (55), this means that V; are involutive distributions.
Recalling that V = P Xaq @, this shows that the Lie algebra g decomposes in an orthogonal
direct sum of Lie sub-algebras g = g, & go such that V; = P Xaq ¢;.

Being V7-parallel, the distributions H,; project to parallel distributions D; on N. Indeed,
if V' is a section of V and X is a section of H;, then the horizontal part of [V, X;] reads

V. Xalu = (Vv Xi =Vx, V) = (Vi Xa = Vi, V+27(V, X1))u = (Vi Xa +27(V, X1))n € Ha

The fact that 7(V, X3) = 0 for every V; € V; and X, € Hs is equivalent by (54) with the
condition ¥ (V;) C A%D;. Similarly, ¢)(V,) C A?D,. From Definition 6.6 we thus obtain that
V; = H; = 0 for some i € {1,2}. This shows that T; = 0, so (g, 7) is indecomposable.

O

Remark 8.5. The above result shows that every parallel g-structure (¢, P, g,v) on N defines
a geometry with parallel curvature (N, gV, 0 = 0, P, g,~, £, = 0) in the sense of Definition 4.7.
More generally, for every sub-algebra €, C g, it defines a geometry with parallel curvature
(N,g",0 = 0,P,g,7,%). By Theorem 5.1, we thus see that the principal bundle P of a
parallel g-structure on N, as well as each of its quotients by subgroups of GG, carry geometries
with parallel skew-symmetric torsion.

Example 8.6. A parallel rank r even Clifford structure on N satisfying the curvature con-
dition in [18, Thm. 3.6 (b)] determines a S"~!-fibration Z — N whose vertical distribution
belongs to the curvature constancy of Z. By Remark 6.2, the parallel rank r even Clifford
structure also defines a parallel so(r)-structure on N, whose quotient by so(r—1) is exactly Z.
Remark 8.5 thus shows that Z also carries a geometry with parallel skew-symmetric torsion.

In particular, when r = 3, a parallel even Clifford structure is just a quaternion-K&ahler
structure on N, and Z is its twistor space. The curvature condition in [18, Thm. 3.6 (b)] is
satisfied after rescaling the metric provided that N has positive scalar curvature. We thus
recover the well known fact that the twistor spaces of positive quaternion-Kahler manifolds
carry a connection with parallel skew-symmetric torsion.

Note that Proposition 8.4 together with the classification of Riemannian manifolds car-
rying non-degenerate parallel g-structures (Theorem 7.1), yield the classification of special
geometries with torsion.
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