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DEMAILLY’S NOTION OF ALGEBRAIC HYPERBOLICITY:
GEOMETRICITY, BOUNDEDNESS, MODULI OF MAPS

ARIYAN JAVANPEYKAR AND LJUDMILA KAMENOVA

ABSTRACT. Demailly’s conjecture, which is a consequence of the Green—Griffiths—Lang conjecture
on varieties of general type, states that an algebraically hyperbolic complex projective variety
is Kobayashi hyperbolic. Our aim is to provide evidence for Demailly’s conjecture by verifying
several predictions it makes. We first define what an algebraically hyperbolic projective variety is,
extending Demailly’s definition to (not necessarily smooth) projective varieties over an arbitrary
algebraically closed field of characteristic zero, and we prove that this property is stable under
extensions of algebraically closed fields. Furthermore, we show that the set of (not necessarily
surjective) morphisms from a projective variety Y to a projective algebraically hyperbolic variety
X that map a fixed closed subvariety of Y onto a fixed closed subvariety of X is finite. As an
application, we obtain that Aut(X) is finite and that every surjective endomorphism of X is an
automorphism. Finally, we explore “weaker” notions of hyperbolicity related to boundedness of
moduli spaces of maps, and verify similar predictions made by the Green—Griffiths—Lang conjecture
on hyperbolic projective varieties.

1. INTRODUCTION

The aim of this paper is to provide evidence for Demailly’s conjecture which says that a projective
algebraically hyperbolic variety over C is Kobayashi hyperbolic.

We first define the notion of an algebraically hyperbolic projective scheme over an algebraically
closed field k of characteristic zero which is not assumed to be C, and could be Q, for example. Then
we provide indirect evidence for Demailly’s conjecture by showing that algebraically hyperbolic
schemes share many common features with Kobayashi hyperbolic complex manifolds. Furthermore,
we also investigate “weaker” variants of algebraic hyperbolicity, and prove similar properties.

Definition 1.1. A projective scheme X over k is algebraically hyperbolic over k if there is an ample
line bundle L, a positive real number «, and a positive real number £ such that, for every smooth
projective connected curve C over k and every k-morphism f: C' — X we have that

dego f*L < - (2 genus(C) —2) + 5 = —a - x(C) + B.

In [8] Demailly defines this notion for smooth projective schemes over C (and more generally, for
compact complex manifolds and for projective directed manifolds). Note that the above definition
makes sense for (not necessarily smooth) projective schemes over k. Moreover, in our definition
we ask for a bound of the form —ax(C) + 8. In Demailly’s definition, one demands § = 0. These
different choices do not lead to different notions. In fact, it is not hard to see that X is algebraically
hyperbolic over k if, and only if, there is an integer go > 0 and a positive real number « such that,
for every smooth projective connected curve C over k of genus at least gy and every morphism
f:C — X, the inequality deg- f*L < a - genus(C) holds.

Examples of algebraically hyperbolic projective varieties are given in [3, [4l [7, O, 10, 29, B2,
33]. Also, a logarithmic analogue of algebraic hyperbolicity (for quasi-projective varieties) was
introduced and studied in [5].

2010 Mathematics Subject Classification. 32Q45 (37P45, 14J40, 14J50).
Key words and phrases. Hyperbolicity, moduli of maps, boundedness, Hom-schemes.
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A finite type scheme X over C is Kobayashi hyperbolic if Kobayashi’s pseudometric on the re-
duced complex analytic space X% is a metric; see [23]. The relation between algebraic hyperbolicity
and Kobayashi hyperbolicity is provided by the following theorem of Demailly.

Theorem 1.2 (Demailly). If X is a Kobayashi hyperbolic projective scheme over C, then X is
algebraically hyperbolic over C.

In [8, Theorem 2.1] Demailly shows that a Kobayashi hyperbolic smooth projective variety over
C is algebraically hyperbolic (see also [2, Theorem 2.13]). The smoothness assumption is however
not used in Demailly’s proof.

Recall that a variety X over C is Brody hyperbolic if every holomorphic map C — X®" is constant,
where X®" is the complex analytic space associated to X [14, Exposé XII|. Since Brody hyperbolic
projective varieties are Kobayashi hyperbolic [23], we see that Brody hyperbolic projective varieties
over C are algebraically hyperbolic over C. Similarly, as Borel hyperbolic projective varieties over C
(as defined in [20]) are Brody hyperbolic, it follows that they are also algebraically hyperbolic over
C. In particular, roughly speaking, every “complex-analytically” hyperbolic variety is algebraically
hyperbolic.

One can show that a projective Kobayashi hyperbolic variety X over C is groupless (Definition
, i.e., for every connected complex algebraic group G, every morphism of varieties G — X is
constant. In [27, page 160] Lang conjectured the converse, i.e., a groupless projective variety X
over C is Kobayashi hyperbolic.

Lang’s aforementioned conjecture is a variant of a similar conjecture of Green-Griffiths [12].
Indeed, Green and Griffiths conjectured that, if X is a projective variety of general type over C,
then there are no entire curves C — X2" with Zariski dense image. Consequently, combining the
conjectures of Lang and Green—Griffiths, we are led to the following conjecture (which we will refer
to as the Green—Griffiths—Lang conjecture).

Conjecture 1.3 (Green—Griffiths—Lang). Let X be a projective variety over C. Then the following
are equivalent.

(1) The projective variety X is groupless over C.
(2) The complex analytic space X is Kobayashi hyperbolic.
(8) Every closed subvariety of X is of general type.

We now explain the relation of algebraically hyperbolic varieties to the Green—Griffiths—Lang
conjecture. In fact, we follow (and simplify) a strategy of Demailly to show that projective alge-
braically hyperbolic varieties are groupless (Corollary . Therefore, as Demailly notes [8, p. 14],
the converse of the statement of Theorem is in fact a consequence of the Green—Griffiths—Lang
conjecture. In other words, the following conjecture is a consequence of the Green—Griffiths—Lang
conjecture (and we will refer to it as Demailly’s conjecture throughout this paper).

Conjecture 1.4 (Demailly, consequence of Green—Griffiths—Lang conjecture). If X is an alge-
braically hyperbolic projective variety over C, then X is Kobayashi hyperbolic.

In the next section we present our main results. We emphasize that all of our results are in
accordance with Conjecture [1.4]in the sense that they allow one to verify some of the predictions
one can make assuming Demailly’s conjecture (Conjecture [1.4)) holds.

1.1. Properties of algebraically hyperbolic varieties. Our first result illustrates that algebraic
hyperbolicity is a geometric property. The proof is contained in Theorem

Theorem 1.5. Let k C L be an extension of algebraically closed fields of characteristic zero.
Let X be a projective algebraically hyperbolic scheme over k. Then the projective scheme Xy, is
algebraically hyperbolic over L.
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The Green—Griffiths—Lang conjecture says that a projective variety over k is algebraically hy-
perbolic over k if (and only if) it is groupless over k (Definition . Now, it is not hard to see
that for £k C L an extension of algebraically closed fields of characteristic zero, a variety X over k
is groupless over k if and only if X7, is groupless over L (see Lemma . In particular, Theorem
1.5]is in accordance with Green—Griffiths—Lang’s aforementioned conjecture.

The fact that the moduli of maps from any given curve to an algebraically hyperbolic variety X
is bounded (by definition) has consequences for the moduli of maps from any given variety to X,
and also for the endomorphisms of X. The precise result we obtain reads as follows.

Theorem 1.6. Let X be a projective algebraically hyperbolic variety over k. The following state-
ments hold.

(1) If Y is a projective reduced scheme over k, then the set of surjective morphisms Y — X is
finite. If Y is normal, then every rational dominant map Y --+ X is a morphism.

(2) Assume that X is reduced. Then, the group Aut(X) is finite, every surjective endomorphism
X — X of X is an automorphism, and X has only finitely many surjective endomorphisms.

The analogue of the first statement of Theorem for Kobayashi hyperbolic varieties was ob-
tained by Noguchi; see [31] or [23] Theorem 6.6.2]. This latter statement (for Kobayashi hyperbolic
varieties) was (also) conjectured by Lang and has a long history; see [23], § 6] for a discussion. For
instance, earlier results were obtained by Horst [16]. An analogue of the statement about automor-
phisms for Kobayashi hyperbolic varieties is contained in [23], Theorem 5.4.4], and an analogue of
the statements about endomorphisms for Kobayashi hyperbolic varieties is an application of [23),
Theorem 6.6.20] and [23, Theorem 5.4.4]. Thus, needless to emphasize, we see that Theorem |1.6is
in accordance with Demailly’s conjecture (Conjecture .

Remark 1.7. In [2] Theorem 3.5], the finiteness of Aut(X) is proven when X is a smooth projective
algebraically hyperbolic variety over C. We stress that we do not impose smoothness. Moreover,
we allow for the base field to be any algebraically closed field of characteristic zero. Our proof
of Theorem is different than the proof in loc. cit. and allows for a more general result (see
Theorem

The finiteness results in Theorem for surjective morphisms from a projective scheme to an
algebraically hyperbolic projective scheme can in fact be subsumed into the following statement
(which we prove using Theorem .

Theorem 1.8. Let X be an algebraically hyperbolic projective scheme over k. Then, for every
projective scheme Y over k, every non-empty reduced closed subscheme B C'Y, and every reduced
closed subscheme A C X, the set of morphisms f:Y — X with f(B) = A is finite.

The analogue of Theorem for Kobayashi hyperbolic varieties when dim B = dim A = 0 is
Urata’s theorem ( see [23, Theorem 5.3.10] or the original paper [35]). Also, the analogue of the
statement of Theorem for Kobayashi hyperbolic varieties is contained in [23] Corollary 6.6.8].
Thus, needless to stress, Theorem is also in accordance with Demailly’s conjecture (Conjecture
).

To state our following result, for X and Y projective schemes over k, we let Hom,(X,Y") be
the associated Hom-scheme (see Section . Moreover, we let Hom7“(X,Y’) be the subscheme
parametrizing non-constant morphisms X — Y.

Roughly speaking, our next result verifies that moduli spaces of maps to a projective algebraically
hyperbolic variety are (also) projective and algebraically hyperbolic.

Theorem 1.9. Let X be a projective algebraically hyperbolic variety over k. If Y is a projective
scheme over k, then the scheme Hom, (Y, X) is a projective algebraically hyperbolic scheme over k.
Moreover, we have that dim Hom“(Y, X') < dim X.
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The analogue of Theorem for Kobayashi hyperbolic projective varieties over C is provided
by [23, Theorem 5.3.9] and [23, Theorem 6.4.1]. Thus, like the two results above, Theorem is
also in accordance with Demailly’s conjecture (Conjecture .

In the hope of understanding what properties of a projective scheme are sufficient for the conclu-
sions of Theorems and[L.9to hold, we also investigate “weaker” notions of hyperbolicity.

1.2. Weaker notions of boundedness. The results in the previous section were motivated by
Demailly’s conjecture (Conjecture . With a view towards Green—Griffiths—Lang’s more general
conjecture, we seek for analogues of the results in Section for “weaker” notions of (algebraic)
hyperbolicity.

Definition 1.10. A projective scheme X over k is 1-bounded over k if for every smooth projective
connected curve C over k, the scheme Hom, (C, X) is of finite type over k.

Note that, if £ is an ample line bundle on a projective scheme X over k, then X is 1-bounded
over k if and only if, for every smooth projective connected curve C over k, there is a real number
ac such that, for every morphism f : C' = X the inequality degy f*L£ < a¢ holds.

Clearly, an algebraically hyperbolic projective scheme over k is 1-bounded over k. The “dif-
ference” between algebraic hyperbolicity and 1-boundedness is in the uniformity of the bound we
demand on the degree of a morphism f : C — X. For X to be algebraically hyperbolic, we demand
dego f*L to be bounded linearly in the genus of C'. For X to be 1-bounded, we ask the latter to
be bounded by a real number depending only on C.

Despite the clear difference in the definitions, it seems reasonable to suspect that a 1-bounded
projective variety is algebraically hyperbolic over k. As we explain in Section the Green—
Griffiths—Lang conjecture in fact predicts that 1-bounded projective schemes over k are algebraically
hyperbolic over k. The results in this section are motivated by this latter observation.

We first show that 1-boundedness is also a “geometric” property, i.e., it persists over any alge-
braically closed field extension of k.

Theorem 1.11. Let k C L be an extension of algebraically closed fields of characteristic zero. Let
X be a projective 1-bounded scheme over k. Then the projective scheme X, is 1-bounded over L.

Note that Theorems [I.6] and [I.§] follow from the following more general result.

Theorem 1.12. Let X be a 1-bounded projective scheme over k. Then, for every projective scheme
Y over k, every non-empty reduced closed subscheme B C'Y, and every reduced closed subscheme
A C X, the set of morphisms f :Y — X with f(B) = A is finite.

Finally, analogous to Theorem [1.9], we prove the following statement.

Theorem 1.13. Let X be a projective 1-bounded scheme over k. If Y is a projective scheme over
k, then the scheme Hom, (Y, X) is a projective 1-bounded scheme over k. Moreover, we have that
dim Hom}“(Y, X) < dim X.

Building on the results of [21], the results of this paper are used in [19] to prove certain properties
of “arithmetically hyperbolic” varieties. Moreover, in loc. cit., certain arithmetic analogues of the
results we obtain in this paper are also established.

1.3. Outline of paper. In Section[2]we introduce the notion of groupless varieties, and note that a
proper groupless variety has a countable discrete group of automorphisms. We combine this with a
theorem of Hwang-Kebekus-Peternell to prove that the scheme Sur(Y, X) parametrizing surjective
morphisms from a projective variety Y to a projective groupless variety X over k is a countable
union of zero-dimensional projective schemes over k; see Theorem

In Section [3| we explore basic properties of projective varieties with no rational curves. We show
that finite type components of certain Hom-schemes of such varieties are proper, and that the
“evaluation maps” defined on these Hom-schemes are finite morphisms; see Corollary
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In Section 4] we study various notions of boundedness and we explore some relations between
boundedness, grouplessness and purity of projective schemes. Then, in Section [5| we show that
algebraic hyperbolicity, Kobayashi hyperbolicity, and all the various notions of boundedness intro-
duced in Section [4] behave in a similar way along finite maps. Furthermore, the finiteness of the
set of dominant rational maps, surjective endomorphisms and automorphisms of a bounded scheme
are proven in Section [6]

The geometricity of algebraic hyperbolicity (as predicted by the Green—Griffiths-Lang conjec-
ture) is verified in Section [7} In fact, we also prove that every notion of boundedness introduced
in this paper is “geometric” (i.e., persists over any algebraically closed field extension of the base
field).

In Section [§| we show that finiteness of pointed Hom-sets from curves implies finiteness of pointed
Hom-sets from varieties; see Theorem for a precise statement. Similarly, in Section [9] we prove
that boundedness of Hom-schemes from curves implies boundedness of Hom-schemes from varieties
(Theorem . As an application of this result, we deduce that projective algebraically hyperbolic
schemes are bounded (Theorem. This latter result implies, in particular, that all the properties
proven for bounded schemes in Sections [4] [f] and [6] hold for algebraically hyperbolic schemes.

We prove all the results stated in the introduction in Section In Section we conclude
the paper with several conjectures related to Demailly’s and Green—Griffiths—Lang’s conjectures.
These conjectures relate the various notions of boundedness introduced in this paper.

Acknowledgements. We are grateful to Martin Olsson for helpful discussions and for suggesting
we use the moduli-theoretic arguments employed in Section []] We are grateful to Jason Starr for
telling us about the work of Hwang-Kebekus-Peternell which we used to prove Theorem 2.8 We are
grateful to Daniel Litt for many helpful discussions on purity. We thank Jarod Alper, Jean-Pierre
Demailly, and Johan de Jong for helpful discussions. This research was supported through the
programme “Oberwolfach Leibniz Fellows” by the Mathematisches Forschungsinstitut Oberwolfach
in 2018. The first named author gratefully acknowledges support from SFB Transregio/45. The
second named author is partially supported by a grant from the Simons Foundation/SFARI (522730,
LK).

Conventions. Throughout this paper, we let k be an algebraically closed field of characteristic
zero. A variety over k is a finite type separated reduced k-scheme.

2. GROUPLESSNESS

A variety is “groupless” if it does not admit any non-trivial map from an algebraic group. The
precise definition reads as follows.

Definition 2.1. A finite type scheme X over k is groupless (over k) if, for every finite type
connected group scheme G over k, every morphism of k-schemes G — X is constant.

Note that Kovécs [25] and Kobayashi [23, Remark 3.2.24] refer to groupless varieties as being
“algebraically hyperbolic”, and Hu-Meng—Zhang refers to groupless varieties as being “algebraically
Lang hyperbolic” [I7]. We avoid this unfortunate mix of terminology, and only use the term
“algebraically hyperbolic” in the sense of Demailly (Definition .

The main result of this section is that the moduli space of surjective maps from a given projective
variety to a given groupless projective variety is zero-dimensional; see Theorem for a precise
statement. We also take the opportunity to prove certain basic properties of groupless varieties.

Lemma 2.2. Let S be an integral variety over k with function field K. Let K(S) C L be an
algebraically closed field extension. Let X — S be a morphism of varieties over k. Suppose that
the set of s in S(k) such that Xs is groupless over k is Zariski-dense in S. Then Xy, is groupless
over L.
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Proof. Suppose that X, is not groupless. Then, we may choose a K-finitely generated subfield
K(S) C K C L, a finite type connected group scheme G over K, and a a non-constant morphism
G — Xg. Let U be an integral variety with K(U) = K and let U — S be a smooth dominant
morphism of varieties over k extending the inclusion K (S) C K. Let G be a finite type geometrically
connected group scheme over U, and let G — X x g U be a morphism of U-schemes which extends
the morphism G — X on the generic fibre. Our assumption that the set of s in S(k) with X,
groupless is Zariski dense in S implies that the set of s in U(k) such that X is groupless is Zariski-
dense in U. In particular, for a dense set of s in U(k), the morphism Gy — (X xgU)s = X, is
constant. This implies that the morphism G — X is constant, contradicting our assumption. We
conclude that X, is groupless over L. O

Lemma 2.3 (Grouplessness is a geometric property). Let k C L be an extension of algebraically
closed fields of characteristic zero and X a finite type scheme over k. If X is groupless over k, then
X1, is groupless over L.

Proof. This follows from Lemma [2.2] with S = Speck. O

Lemma 2.4. Let X be a finite type scheme over k. The following statements are equivalent.

(1) The finite type scheme X is groupless over k.
(2) Every morphism to X from either G, or an abelian variety over k is constant.

Proof. That (1) implies (2) is clear. The other implication is a consequence of the structure theory
of connected finite type (smooth quasi-projective geometrically connected) group schemes over k
[6]. Indeed, assume (2) holds. Let G be a connected finite type group scheme over k. Let H be the
unique normal connected affine (closed) subgroup of G such that G/H is an abelian variety. Since
any morphism G/H — X is constant, it suffices to show that any morphism H — X is constant.
Let U C H be the unipotent radical. Since any morphism G,  — X is constant, we see that every
morphism G, j — X is constant. Therefore, any morphism U — X is constant. Thus, we may
replace by H by H/U, so that H is reductive. However, since H is the union of its Borel subgroups,
we may and do assume that H is a solvable group in which case it is clear that H — X is constant
by (2). O

Remark 2.5. The proof of Lemma [2.4 shows that a complex analytic space X is Brody hyperbolic
if and only if, for every finite type connected group scheme G over C, every holomorphic map
G*" — X is constant. (Similar statements are true in a non-archimedean setting; see [22].) In
particular, one could refer to Brody hyperbolicity as “C-analytic grouplessness”. Similarly, one
could also refer to groupless varieties as “algebraically-Brody hyperbolic varieties”.

Lemma 2.6. Let X be a proper variety over k. Then X is groupless over k if and only if, for
every abelian variety A over k, every morphism A — X is constant.

Proof. Suppose that, for every abelian variety A over k, every morphism A — X is constant. To
show that X is groupless, it suffices to show that every morphism G, — X is constant (Lemma
. However, any such map extends to a morphism IP’,lC — X. Let E be an elliptic curve over k
and let £ — P,lg be a surjective morphism. Then the composed morphism £ — IP’,IC — X is constant
(by assumption), so that the morphism P} — X is constant. This proves the lemma. O

If X and Y are projective schemes over k, then the functor Hom, (X, Y’) parametrizing morphisms
X — Y is representable by a countable disjoint union of quasi-projective schemes over k ([13|
Section 4.c, pp. 221-19 — 221-20]). If X is a projective scheme over a field k, then the functor
Aut x/;, parametrizing automorphisms of X over k is representable by a locally finite type separated
group scheme over k (which we also denote by Aut X/k). If X is a projective groupless scheme over
k, then Auty/ is a zero-dimensional scheme, as we show now.
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Lemma 2.7. Let X be a proper variety over k. If X is groupless, then Autg(/k s trivial. In
particular, the group Aut(X) is a countable discrete group.

Proof. Let G = Autg( Ik This is a finitely presented connected group algebraic space over k; see [,
Theorem 6.1]. Thus, it is a finite type connected group scheme over k (see [34, Tag 06E9]). Since
X is groupless and G is a finite type connected group scheme over k, for x in X, the morphism
G — X defined by g — gz is constant. In other words, since every g in G acts trivially, we see that
G is the trivial group. O

We can combine Lemma with a theorem of Hwang-Kebekus-Peternell to get a stronger
conclusion. To state it, for Y is a projective scheme over k, recall that the functor Sur(Y, X)
parametrizing surjective morphisms from Y to X is representable by a locally finite type separated
scheme over k. Indeed, it is an open subscheme of Hom, (Y, X).

Theorem 2.8 (Hwang-Kebekus-Peternell). Let X be a projective groupless variety over k. Let'Y
be a normal projective variety over k. Then Sur(Y, X) is a countable union of zero-dimensional
projective schemes over k.

Proof. Let f : Y — X be a surjective morphism. Let Hom¢(Y, X) be the connected component
of Hom(Y, X) containing f. By [18 Theorem 1.2], as X does not have any rational curves, there
exists a factorization ¥ — Z — X with Z — X a finite morphism, and a surjective morphism
Aut% e Hoimf(Y, X). Now, since X is groupless, it follows that Z is groupless, and thus AutOZ Ik
is trivial. This implies that Hom (Y, X) is a point. Therefore, since Hom; (Y, X) is a countable
union of finite type schemes over k, this concludes the proof. O

Remark 2.9. The “converse” of the theorem of Hwang-Kebekus-Peternell is not true. Let C be a
smooth projective curve of genus two, and let X be the blow-up of C' x; C in a point. Then X is a
smooth projective surface of general type. Note that X is not groupless (as it contains a rational
curve). However, for any projective variety Y over k, the set of surjective morphism ¥ — X is
finite.

3. PROJECTIVE VARIETIES WITH NO RATIONAL CURVES

It turns out that, if Y is a projective scheme over k and X is a projective scheme over k with
no rational curves, then the scheme Hom, (Y, X) is a countable union of projective schemes; this
is a well-known ingredient in Mori’s “bend-and-break”. To state this in an efficient manner, we
introduce some terminology.

Definition 3.1. A variety X over k is pure (over k) if, for every normal variety 7" over k and
every dense open U C T with codim(7 \ U) > 2, we have that every morphism U — X extends
(uniquely) to a morphism 7' — X.

Lemma 3.2. Let X be a proper pure variety over k. LetY be a normal variety over k. Then every
rational dominant map from'Y to X extends to a morphismY — X. In particular, if X is normal,
every rational dominant self-map X --+ X extends to a surjective endomorphism X — X.

Proof. Since X is proper, every rational dominant map from Y to X can be defined on an open
U C Y with codim(Y \ U) > 2. Therefore, the lemma follows from the definition of a pure variety

(Definition [3.1)). O

Remark 3.3. Let X be a variety over k. Let kK C L be a field extension with L algebraically closed.
Then X is pure over k if and only if X, is pure over L. This follows from a standard spreading out
and specialization argument (similar to the argument in the proof of Lemma .

Lemma 3.4. Let X — Y be an affine morphism of varieties over k. If Y is pure over k, then X
s pure over k.
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Proof. This is a consequence of Hartog’s lemma. O

Lemma 3.5. A proper variety X over k is pure if and only if it has no rational curves, i.e., every
morphism IP,IC — X is constant.

Proof. Let 0= (0:0: 1) € P?(k). Since the projection P2\ {0} — P! does not extend to a morphism
P2 — P!, we see that P! is not pure. Therefore, as a non-constant morphism IP’}C — X is finite
(hence affine), a proper variety with a rational curve is not pure by Lemma Conversely, suppose
that X has no rational curves, let U C T be an open of a normal variety 7" with codim(7"\ U) > 2,
and let ¢ : U — X be a morphism. Note that, as X is proper over k, we may resolve the locus of
indeterminacy of ¢ by blowing up the complement of U in T. However, as the exceptional locus
of this blow-up is covered by rational curves and X has no rational curves, we see that U — X
extends to a morphism 7' — X. ]

Example 3.6. If X is an affine variety over k, then X is pure. Abelian varieties over k are pure.
An algebraic K3 surface over k is not pure (as it contains a rational curve).

The relation between groupless varieties and pure varieties is provided by the following proposi-
tion.

Proposition 3.7. If X is a proper groupless variety over k, then X is pure over k.

Proof. Since proper groupless varieties have no rational curves, the proposition follows from Lemma
3.5] O

Note that a smooth proper genus one curve over k is pure, but not groupless. Thus, there are
pure smooth projective varieties over k which are not groupless.

We show now that the rigidity lemma implies that “evaluation maps” restricted to closed sub-
schemes of certain pieces of Hom-schemes are finite.

Lemma 3.8. Let X be a proper variety over k and let Y be a projective variety over k. Let Z be
a locally closed subscheme of Hom, (Y, X). Assume that Z is proper over k. Then, for any y in
Y (k), the evaluation morphism

Z =X, f=fy)

1s finite.

Proof. This is an application of the rigidity lemma [30, Chapter II] (cf. the argument of the
proof of [23, Corollary 5.3.4]). To be more precise, let y be a point in Y (k) and = a point in
X (k). Note that the fibre of the evaluation map eval, : Z — X defined by eval,(f) = f(y) is
the set Homy ((Y,y), (X,z)) N Z(k) of morphisms f : Y — X in Z(k) with f(y) = z. To show
that Homg((Y,y), (X,z)) N Z(k) is finite, consider the closed subscheme Hom, ((Y,y),(X,z)) C
Hom, (Y, X) parametrizing maps f : Y — X with f(y) = z. Let H be a connected component of
ZNHom, ((Y,y), (X, x)). Since Z is proper, the scheme H is proper over k. It suffices to show that
H (k) is a singleton.

The morphism eval : Y x H — X given by (v/, f) — f(¢') has the property that (y, f) = x for
all f € H, i.e., it contracts {y} x H to a point. Thus, since H is proper, the rigidity lemma implies
that the morphism eval : Y x H — X factors over some morphism g : Y — X, i.e., eval = g o pry-.
In other words, for any f in in H and any y in Y, we have that f(y) = g(y). Thus, H(k) = {g}.
This concludes the proof. O

To apply Lemma we now show that finite type (separated) subschemes of Hom-schemes of
pure varieties are proper.

Proposition 3.9. Let X be a projective variety over k which is pure over k. Then, for every
normal projective variety Y over k, the locally finite type scheme Hom, (Y, X) satisfies the valuative
criterion of properness over k. In particular, for any P € Q[t], the scheme HoimkP(Y, X) is projective
and pure over k.
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Proof. Let S be a smooth affine curve over k and let K = K(S) be its function. Note that
Xg := X xj S is pure over k (as X and S are pure over k). We claim that the injective map of sets

Homg(Ys, Xg) - Homg (Y, Xk)

is surjective. To do this, let f : Y — X be a morphism over K. Since X is proper over k, the
scheme Xg is proper over S. In particular, by the valuative criterion of properness, there is an open
U C Yg with Ux = Yk and a morphism U — Xg extending Yx — Xg with codim(Ys \ U) > 2.
Since Yg =Y X S is a normal variety over k, the purity of X xS implies that the morphism U —
X extends to a morphism Yg — Xg. This shows that Hom,, (Y, X)) satisfies the valuative criterion
of properness over k. In particular, for any P in Q[t], the quasi-projective scheme Hom? (Y, X)
over k is projective over k. Now, since Z := Hom? (Y, X) is proper over k, by Lemma for y in
Y (k), the evaluation morphism eval, : Z — X is finite. Thus, as X has no rational curves (Lemma
, we conclude that Z has no rational curves (Lemma. Therefore, Z = Hoimf (Y, X) is pure.
This concludes the proof. ]

The arguments used in the proof of Proposition [3.9| can be used to prove the properness of
other Hom-schemes (and Hom-stacks) as we show now. Concerning algebraic stacks, we follow the
conventions of the stacks project [34, Tag 026N].

Lemma 3.10. Let X be a projective pure variety over k, and let U — M be a smooth proper
representable morphism of finite type separated algebraic stacks over k. Let L be a M -relative
ample line bundle on U. Then, the natural (representable) morphism Hom,, (U, X x M) — M of
algebraic stacks satisfies the valuative criterion of properness over k. Therefore, for any polynomial
P € Q[t], the morphism Hom?%, (U, X x M) — M ‘s proper.

Proof. Since @ﬂ(U, X x M) — M is a finite type separated morphism of finite type separated
algebraic stacks, it suffices to prove the first statement. Let S be a smooth affine curve over k,
and let S — M be a morphism, and suppose that the morphism Spec K(S) — S — M lifts to
a morphism Spec K (S) — Hom,,(U, X x M). In other words, we are given a smooth finite type
morphism Ug — S of schemes and a morphism Uy gy — Xg(s). By properness of X x; S — 5,
there is a dense open V' C Ug with codim(Ug\ V') > 2 and a morphism V' — X xS which extends
the morphism Uy gy = Xf(g) over K(S) to a morphism over S. Since S is affine, the curve S is
pure over k (Lemma. Therefore, since X and .S are pure over k, the variety X x.S is pure over
k. Since Ug is a smooth (hence normal) variety over k and X Xy S is pure over k, the morphism
V — X x; S extends to a morphism Ug — X Xxj .S. This concludes the proof of the lemma. ]

We now combine Lemma [3.8 and Proposition [3.9] to show that “evaluation maps” on finite type
closed subschemes of Hom-schemes of pure varieties are finite.

Corollary 3.11. Let X be a proper pure variety over k and let Y be a normal projective variety
over k. Let Z be a finite type locally closed subscheme of Hom, (Y, X). Then Z is projective and,
for any y in Y (k), the evaluation morphism

Z— X, fy)
is finite.

Proof. We may and do assume that Z is closed in Hom,, (Y, X). Then, by Proposition the quasi-
projective k-scheme Z is proper over k (hence projective). The result now follows from Lemma

B3 O

Let m > 1 be an integer. Let Y and X be proper schemes over k. Let y1, ..., ymn be elements of
Y (k), and let x1,...,x,, be elements of X (k). The functor

Mk((xyla cee aym)v (le‘la R 7$m))
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parametrizing morphisms f : Y — X with f(y1) = z1,..., f(ym) = @, is representable by a
(possibly empty) closed subscheme of Hom, (Y, X)) which we (also) denote by

@k((Y, Y, - 7ym)7 (nyla cee 7xm))

We conclude this section with the following proposition which says that algebraic sets of pointed
maps to a pure variety are zero-dimensional.

Proposition 3.12. Let X be a projective pure variety over k. Let m > 1 be an integer, let Y be
a projective variety over k, let y1,...,ym be pairwise distinct points in Y (k), and let x1,..., Ty €
X (k). Then the locally finite type scheme

mk((}/ﬂyla e 7ym)7 (Xaxlv e 7xm))

parametrizing morphisms f 1Y — X with f(y1) = x1, ..., f(ym) = Tm is zero-dimensional.

Proof. We show that, for y in Y (k) and = in X(k), the scheme Hom, ((Y,y), (X, z)) is zero-
dimensional. (This is clearly enough.) Since Hom(Y, X) is a (countable) disjoint union of finite type
open subschemes, it suffices to show that, for each finite type open subscheme Z of Hom, (Y, X) and
every y in Y (k), the evaluation morphism Z — X of k-schemes given by f — f(y) is quasi-finite.
Since the projective variety X is pure over k and Z is a finite type locally closed subscheme of

Homy (Y, X), the claim follows from Corollary O

4. BOUNDED VARIETIES: DEFINITIONS AND GROUPLESSNESS

By definition, a projective algebraically hyperbolic variety satisfies a “strong” form of bounded-
ness with respect to maps from curves. As we explained in the introduction, a lot of properties
of algebraically hyperbolic varieties we prove in this paper also hold for varieties satisfying (a pri-
ori) “weaker” properties of boundedness with respect to maps from curves. To state and prove
our results, we start by defining what we mean by “bounded” and “(n,m)-bounded” projective
schemes.

Definition 4.1. Let n be a non-negative integer. A projective scheme X over k is n-bounded
over k if, for all normal projective integral schemes Y of dimension at most n over k, the scheme
Hom, (Y, X) is of finite type over k. A projective scheme X over k is bounded if, for all integers
n > 1, the scheme X is n-bounded.

Definition 4.2. Let n and m be non-negative integers. A projective scheme X over k is (n,m)-
bounded (over k) if, for all normal projective integral schemes Y of dimension at most n over k, all
pairwise distinct points y1,...,ym € VYk), and all z1,...,x,, € X(k), the scheme

mk((yv yla e 7ym)7 (vala e 7$m))
is of finite type.

Remark 4.3. Note that a projective variety over k is n-bounded over k if and only if it is (n,0)-
bounded over k (by definition). Obviously, if X is n-bounded, then X is (n—1)-bounded. Moreover,
if X is (n, m)-bounded over k, then X is (n,m + 1)-bounded.

Proposition 4.4. Let n > 1 and m > 0 be integers. If X is a projective (n,m)-bounded scheme
over k, then X is groupless and pure over k.

Proof. Since a projective (a, b)-bounded scheme is (a, b+ 1)-bounded (Remark [4.3)), we may and do
assume that the integer m is greater or equal to 1. Suppose that X is not groupless over k. Let A be
an abelian variety and let f : A — X be a non-constant morphism. Let a1, ..., ay, be pairwise dis-
tinct points in A[m]. Let C' C A be a smooth projective curve containing ay, . .., a,. Let £ be a posi-
tive integer such that £ = 1 mod m. Since a; is m-torsion, we see that fa; = a; in A. The morphism
foll]: A— X sends aq,...,an to f(a1),..., f(an), respectively. In particular, as the morphisms
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fo[f] correspond to k-points of different components of Homy ((A4, a1, ..., am), (X, f(a1),..., f(am)),
we see that X is not (1, m)-bounded. It follows that X is not (n, m)-bounded. We conclude that
a projective (n,m)-bounded scheme is groupless. Finally, since projective groupless varieties are
pure (Proposition , this concludes the proof. ]

Corollary 4.5. A projective algebraically hyperbolic variety over k is groupless and pure over k.

Proof. Note that algebraically hyperbolic projective varieties are 1-bounded. Therefore, the result
follows from Proposition [4.4 O

Assuming m > 1 is a positive integer, we now show that an (n,m)-bounded projective variety
admits only finitely many pointed maps (Y, y1,...,ym) — (X, x1,...,2,). The precise statement
reads as follows.

Lemma 4.6. Let X be a projective variety over k. Let n > 1 and m > 1 be integers. The following
are equivalent.

(1) The projective variety X is (n, m)-bounded over k.
(2) For all projective integral schemes Y of dimension at most n over k, all pairwise distinct
points yi,...,ym € V(k), and all x1,...,x, € X(k), the set

Homg (Y, y1,- .-, Ym), (X, 21,...,2m))
18 finite.

Proof. Clearly, (2) = (1). Let us show that (1) = (2). Replacing Y by its normalization, we
may and do assume that Y is normal. Now, to show that (1) = (2), note that an (n, m)-bounded
projective variety is groupless and pure (Proposition . Therefore, by purity and projectivity of
X, the scheme Homy, (Y, y1,...,Ym), (X, 21,...,2Zm)) is zero-dimensional (Proposition [3.12)). By
our assumption (1), the latter scheme is of finite type. As a finite type zero-dimensional k-scheme
is finite, this concludes the proof. O

Remark 4.7. Note that the assumption that m is positive in Lemma is necessary. Indeed,
Hom(C, X) contains all constant maps C' — X, and is therefore infinite (even if X is bounded).
However, more interestingly, there is a bounded projective surface X over C and a smooth projective
curve C over C such that there are infinitely many non-constant morphisms C' — X (of bounded
degree).

Proposition 4.8. Let X be a projective variety over k. The following are equivalent.
(1) The projective variety X is (1,1)-bounded.
(2) There is an integer m > 1 such that X is (1, m)-bounded.

Proof. If X is (1,1)-bounded, then X is (1,m)-bounded (Remark [4.3). Now, assume that X is
(1,m)-bounded. Let C' be a smooth projective curve over k, let ¢ € C(k), and let = € X (k). We
now show that set Homy ((C, ¢), (X, x)) is finite.

Let D be a smooth projective connected curve and let f : D — C be a finite surjective morphism
of degree m which is étale over c. Write {d1,...,dn} = f~'{c}, and note that di,...,d,, are
pairwise distinct points of D. Define z1 = ... = x,,, = . Since D — C' is surjective, the map of
sets

Homk((cv C)? (X,CE)) - Homk((D,dla v adm)v (Xa L1y ... aZUm))v g—go f
is injective. Since X is (1,m)-bounded, the set Homg((D,dy,...,dp), (X, x1,...,2y)) is finite
(Lemma [4.6). We conclude that Homg((C,c), (X, z)) is finite, so that X is (1,1)-bounded, as
required. ]

We will later show that a projective variety X over k is (1,1)-bounded over k if and only if, for
every n > 1 and m > 1, we have that X is (n, m)-bounded; see Theorem for a more precise
statement.
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5. HYPERBOLICITY AND BOUNDEDNESS ALONG FINITE MAPS

In this section we show that the notions of being algebraically hyperbolic, Kobayashi hyperbolic,
and (n, m)-bounded (for some fixed n and m) behave in a similar manner along finite maps.

In our proofs below we will use the “slope” of a morphism f : C' — X with respect to a fixed
ample line bundle on X.

Definition 5.1. Let £ be an ample line bundle on a projective scheme X over k. Let C' — X be
a morphism of projective schemes over k with C' a smooth projective connected curve over k. The
slope s(f) of f (with respect to L) is defined as

dege /L
max(1, genus(C))"

s(f) =

Note that a projective scheme X over k is algebraically hyperbolic over k if and only if there
is a real number « (depending only on X and some fixed ample line bundle £ on X) such that,
for every smooth projective connected curve C over k and every morphism f : C' — X, the slope
(with respect to the aforementioned fixed ample line bundle on X) satisfies s(f) < «. On the other
hand, a projective scheme X over k is 1-bounded over k if and only if for every smooth projective
connected curve C over k there is a real number a¢ such that s(f) < ac. Thus, one could say
that algebraic hyperbolicity is a “uniform” version of 1-boundedness, as a projective variety X is
algebraically hyperbolic if and only if the slope of a morphism from a smooth projective curve to
X is uniformly bounded.

Proposition 5.2. Let f : X — Y be a finite morphism of projective varieties over k. Then the
following statements hold.

(1) If Y is algebraically hyperbolic over k, then X is algebraically hyperbolic over k.

(2) Let n > 1 and m > 0 be integers. If Y is (n,m)-bounded over k, then X is (n,m)-bounded
over k.

(8) Assume k = C. If Y is Kobayashi hyperbolic over k, then X is Kobayashi hyperbolic over
k.

Proof. To prove (1), let £ be an ample line bundle on Y. Since f : X — Y is finite, the line
bundle f*L is ample on X. Suppose that X is not algebraically hyperbolic over k, so that there is a
smooth projective connected curve C over k, and infinitely many morphisms f; : C' — X such that
the slope s(f;) = deg(f;)/genus(C) (Definition tends to infinity as i tends to infinity, where we
compute the degree of f; : C' — X with respect to f*L. For every i, let g; := f o f;, and note that
the slope of the finite morphism ¢; : C' — Y equals the slope of f;, and is therefore unbounded.
This shows that Y is algebraically hyperbolic, and proves (1).

To prove (2), suppose that X is not (n, m)-bounded. We now show that Y is not (n, m)-bounded.
Let V be a normal projective variety of dimension 1, let vy, ..., v, be pairwise distinct points in

V(k), and let 1, ...,z € X (k) be such that
Hom ((V,v1,...,0m), (X, 21,...,2m))

is not of finite type over k. Let f; € Hom((V,v1,...,vm), (X, 21,...,Zy)) be elements with pairwise
distinct Hilbert polynomials. For i € {1,...,m}, define y; := f(x;) and g; := f; o f. Note that the
elements

i S HOH’I((‘/, V1,... 7Um)7 (Y7 Yi,... 7ym))
have pairwise distinct Hilbert polynomial. This shows that

Hom, (V,v1,...,0m), Y y1- ., ym))

is not of finite type, so that Y is not (n, m)-bounded over k.
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We note that (3) is due to Kwack [26, Theorem 1]. (One could also use Brody’s lemma and the
analogous statement for Brody hyperbolicity. One could also appeal to |23, Proposition 3.2.11])
This concludes the proof. ]

Corollary 5.3. Let X be a projective scheme over k. Let'Y be a normal projective scheme and let
P € Qlt] be a non-zero polynomial. Then the following statements hold.

(1) If X is algebraically hyperbolic over k, then Hoimf(Y, X) is a projective algebraically hyper-
bolic scheme over k with dim Hom? (Y, X) < dim X.

(2) If n > 1 and m > 0 are integers and X is (n,m)-bounded over k, then Hom? (Y, X) is a
projective (n, m)-bounded scheme over k with dim Hom? (Y, X) < dim X.

Proof. Let X be as in (1) or (2). First, note that X is groupless by Corollary and Proposition
Therefore, as X is proper and groupless, it follows that X is pure (Proposition . Thus,
since Z := Hom} (Y, X) is a finite type subscheme of Hom, (Y, X), by Corollary the scheme
Hoimf (Y, X)) is projective and, for every y in Y'(k), the evaluation morphism eval, : Hoimf Y, X) —
X is finite. This implies that dimHoimf (Y, X) < dim X. Now, if X is algebraically hyperbolic (resp.
(n, m)-bounded), it follows from Propositionthat Hom/ (Y, X) is algebraically hyperbolic (resp.
(n,m)-bounded). This concludes the proof. O

Proposition 5.4. Let f : X — Y be a finite étale morphism of projective varieties. Then the
following statements hold.

(1) If X is algebraically hyperbolic over k, then'Y is algebraically hyperbolic over k.

(2) If n > 1 and m > 0 are integers and X is (n,m)-bounded over k, then'Y is (n,m)-bounded
over k.

(3) Assume k = C. If X*" is Kobayashi hyperbolic, then Y*" is Kobayashi hyperbolic.

Proof. Let d = deg(Y/X), let £ be an ample line bundle on Y, and note that f*£ is ample on X.
To prove (1), assume that X is algebraically hyperbolic over k, and let « be a real number (which
depends on £ and f : X — Y') such that, for every smooth projective connected curve C’ over k and
every morphism f': ¢’ — X we have s(f’) < a. To show that Y is algebraically hyperbolic over
k, let C be a smooth projective curve over k£ and let f : C — Y be a morphism. Let D := C xy X,
and let g : D — X be the natural morphism. Note that D is a smooth projective curve over k. We
now bound the slope s(f) of f (Definition [5.1]). Note that genus(D) = dgenus(C) > 0 and that

degp g*f*L _ ddego f°L
> o = = .
“ 5(9) genus(D) dgenus(C) s(f)

In particular, the slope of f is bounded by a. We conclude that Y is algebraically hyperbolic over
k.
To prove (2), assume that Y is not (n,m)-bounded. Let V' be a normal projective variety of

dimension at most n over k, let vy,..., v, be points in V(k), let y1,...,yn be points in Y (k),
and let f; : V — Y be a sequence of morphisms with pairwise distinct Hilbert polynomials and
f(vi) = y;. Since k is an algebraically closed field of characteristic zero, it follows from [I5]

Exposé II. Theorem 2.3.1] that the set of k-isomorphism classes of (normal) projective varieties W
such that there is a finite étale morphism W — V of degree at most d is finite. Therefore, replacing
(fi)$2, by a subsequence if necessary, we may and do assume that, for all positive integers i, we
have W :=V xp vy X =V Xy, v X. Let g; : W =V; Xy X — X be the natural morphism. For
every positive integer i, consider the morphism W = V; xy X — V and let w; be a point lying over
v;. Replacing (f;)52, by a subsequence if necessary, we may and do assume that g;(w1), ..., gi(wpn)
are independent of i. Let z1 := g1(w1),...,Zm = g1(wy,). Note that g; is an element of

Homk((W7w17 cee 7wm)7 (Xa Z1y--- al'm)-
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Since the f; have pairwise distinct Hilbert polynomial, it follows that the g; have pairwise distinct
Hilbert polynomial. This shows that X is not (n,m)-bounded.

Note that (3) follows from [23, Theorem 3.2.8.(2)]. (One can also use Brody’s lemma and the
easier to establish analogous statement of (3) for Brody hyperbolicity to prove (3).) O

6. FINITENESS RESULTS FOR BOUNDED VARIETIES

In this section we prove finiteness results for certain moduli spaces of maps. The main ingredients
in this section are the theorem of Hwang—Kebekus—Peternell (Theorem , and the properties of
Hom-schemes of pure varieties established in Section

Our first lemma gives the finiteness of surjective maps from a given projective variety Y to a
bounded projective variety X.

Lemma 6.1. Let n > 1 be an integer. Let X be a projective n-bounded variety over k. If Y is a
reduced projective variety of dimension at most n, then the set of surjective morphisms Y — X is
finite.

Proof. We may and do assume that Y is integral. Let Y/ — Y be the normalization of Y. Note
that the natural map of sets Surg (Y, X) — Surg(Y’, X) is injective. Therefore, replacing Y by its
normalization if necessary, we may and do assume that Y is normal. Since X is n-bounded, it
follows that X is groupless (Proposition . Therefore, by Hwang-Kebekus-Peternell’s theorem
(Theorem [2.8)), the scheme Sur, (Y, X) is zero-dimensional. Since X is n-bounded and Y is a
normal projective variety, the scheme Hom, (Y, X) is of finite type over k. In particular, the zero-
dimensional scheme Sur, (Y, X) is of finite type over k, and is therefore finite over k. This concludes
the proof. O

Corollary 6.2. Let n > 1 be an integer. Let X be an n-dimensional reduced projective n-bounded
variety over k. Then X has only finitely many surjective endomorphisms, and every surjective
endomorphism of X is an automorphism of X. In particular, Aut(X) is finite.

Proof. This follows from Lemma [6.1 ([l

Proposition 6.3. Letn > 1 be an integer. Let X be a projective n-bounded scheme over k. If Y 1is
a normal projective variety of dimension at most n over k, then the set of dominant rational maps
Y --» X is finite.

Proof. Since X is n-bounded, it is pure (Proposition . Therefore, every dominant rational map
Y --» X extends uniquely to a well-defined surjective morphism ¥ — X (Lemma . The result
now follows from Lemma O

Corollary 6.4. Let n > 1 be an integer. Let X be a projective n-bounded scheme over k. Let'Y
be a projective scheme of dimension at most n over k. Let A C X be a non-empty reduced closed
subscheme of X, and let B C'Y be a non-empty reduced closed subscheme of Y. Then the set

{f € Homy(Y, X) | f(B) = A}
1s finite.

Proof. Note that the inclusion A — X is finite. Therefore, since X is n-bounded over k, it follows
that A is n-bounded over k (Proposition . Thus, as dim B < dimY < n and B is reduced,
the set Sur(B, A) of surjective morphisms B — A is finite (Lemma [6.1]). Fix b in B(k). Then, the
finiteness of Sur(B, A) implies that the set

I:=1,:={a € A | there is a surjective morphism f : B — A with f(b) = a}
is finite. Now, it is clear that
Homy ((Y, B), (X, A)) C Uger Homy ((Y, ), (X, a)).
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Thus, as the set [ is finite, it suffices to show that, for every a € X (k), the set
Homk((Y> b): (X7 a’))

is finite. Since an n-bounded variety is (n,1)-bounded (Remark [4.3)), the latter finiteness follows
from Lemma 0

7. GEOMETRICITY THEOREMS

Note that a variety over k is of general type if and only if it remains so after any algebraically
closed field extension. In other words, the property that a variety is of general type is “geometric”
(in the sense that it persists over any algebraically closed field extension). Similarly, by Lemma
the property that a variety is groupless is also “geometric”, and the property that a variety is
pure is also “geometric” (Remark . Therefore, as the Green—Griffiths—Lang’s conjecture says
that a projective variety is groupless if and only if it is algebraically hyperbolic, we see that the
Green—Griffiths—Lang conjecture predicts that algebraic hyperbolicity is a “geometric” property
(i.e., persists over any algebraically closed field extension). We now prove this.

Theorem 7.1 (Algebraic hyperbolicity is a geometric property). Let X be a projective scheme
over k and let k C L be an extension of algebraically closed fields of characteristic zero. Then X is
algebraically hyperbolic over k if and only if X, is algebraically hyperbolic over L.

Proof. Since X is algebraically hyperbolic over k, it is groupless over k (Corollary. In particular,
X is groupless over L (by Lemma. In particular, the variety X admits no maps from a smooth
projective curve of genus at most one.

Let « be a real number such that, for any g > 2, any C' € M,(k), and any non-constant morphism
f:C — X, we have that the slope s(f), as defined in Deﬁnitio satisfies s(f) < a. Such a real
number « exists, as X is algebraically hyperbolic over k.

Let C be a smooth projective curve of genus g (at least two) over L and let g : C' — X, be a
non-constant morphism. Choose a smooth affine variety U over Speck, choose a smooth proper
geometrically connected genus g curve C — U over U with C;, = C, and choose a morphism
C — X x U of U-schemes which equals C' — X, after pull-back along Spec L — U. Let u € U(k)
and consider the induced morphism f : C, — X x {u} = X. Note that the slope of the morphism
f :Cy — X equals the slope of the morphism g : C' — Xy, i.e., s(g) = s(f). Therefore, since C, is
in My(k) and C,, = X is non-constant, we have that

s(g) = s(f) < a.
This implies that Xy, is algebraically hyperbolic over L, and concludes the proof. O

Motivated by Green—Griffiths—Lang conjecture, and the similarities between the notions of bound-
edness and algebraic hyperbolicity established in Sections[d and 5] we now establish the geometricity
of boundedness.

To do so, for g > 2 an integer, let M, be the stack of smooth proper curves of genus g over Z,
and let U, — M, be the universal smooth proper geometrically connected curve of genus g over
M,. Recall that M, is a smooth finite type separated Deligne-Mumford algebraic stack over Z.
More generally, for g > 2 and m > 1 an integer, let M, ,,, be the stack of m-pointed smooth proper
geometrically connected curves of genus g, and let Uy ,,, — Mg, be the universal family.

Theorem 7.2 (1-boundedness is a geometric property). Let X be a projective scheme over k. Then
X is 1-bounded over k if and only if Xy, is 1-bounded over L.

Proof. Clearly, if Xy, is 1-bounded over L, then X is 1-bounded over k. To prove the converse,
assume that X, is not 1-bounded over L. Then, there is an integer g > 2, a smooth projective curve
C over L of genus g, and an increasing sequence of integers di < do < ... such that Homcfj(C’, Xr)
has an L-point.
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Since X is 1-bounded over k, it follows that X is pure and groupless (Proposition . Define
M =M, ®zFk and U := U, ®z k. Note that U — M is a smooth proper representable morphism
of finite type separated algebraic stacks over k. Moreover, the relative dualizing sheaf wy /s is an
M-relative ample line bundle on U (as g > 2).

Note that, as X is projective and pure over k, the natural morphism Hom,, (U, X x M) — M
satisfies the valuative criterion of properness over k (Lemma . In particular, for any integer
d, the finite type separated morphism ¢q : Hom%,(U, X x M) — M is proper. Let Zg C M be the
stack-theoretic image of ¢4, and note that Z; is a closed substack of M.

Now, since HoimdLi(C7 X1) has an L-point for all 7 € {1,2,...}, the algebraic stack Zy, (over k)
has an L-object (corresponding to the curve C) for all ¢ € {1,2,...}. Define Z := N2, Z;,, and
note that Z is a closed substack of M, with an L-point. Since Z is a finite type separated algebraic
stack over k with an L-point, we conclude that Z(k) is non-empty. This means that Zy, (k) # () for

alli = 1,2,.... Thus, there is a smooth projective curve C’ of genus g and a sequence of morphisms
gi : C" = X of increasing degree. This shows that X is not 1-bounded over k, and concludes the
proof. O

The argument to prove Theorem can be used to show that (1, m)-boundedness is a geometric
property, as we show now.

Theorem 7.3 ((1, m)-boundedness is a geometric property). Let X be a projective scheme over k,
and let m > 1. Then X is (1,m)-bounded over k if and only if X, is (1, m)-bounded over L.

Proof. We follow the proof of Theorem with only minor modifications. Assume that Xy, is not
(1,m)-bounded over L. Then, there is an integer g > 2, a smooth proper connected curve C' over
L of genus g, pairwise distinct points ¢y, ..., ¢, € C(L), and points x1, ..., 2z, € X (L) such that
the scheme

Hom; ((Cyc1,...,em), (Xp, 21, .., Tm))
is not of finite type over L. We fix C, ¢1,...,cn, and x4, ..., 2, with this property.

Define M := My, ®z k and U := Uy, @z k. Note that U — M is a smooth proper morphism
of finite type separated algebraic stacks over k which is representable by schemes. Moreover, there
is an M-relative ample line bundle on U.

For any integer d, let

¢q : Homd, (U, X x M) — M x X™

be the morphism defined by

(D,dy,...,dm), f: D — X)— ((D,d1,...,dn), (f(d1),..., f(dn)).
Since X is (1,m)-bounded over k, it follows that X is pure (Proposition 4.4)). Therefore, as X is
projective and pure over k, the natural morphism
Hom%, (U, X x M) = M
is proper (Lemma [3.10). As X™ is separated over k and the composed morphism Hom?,(U, X x
M) — M x X™ — M is proper, the morphism
¢q : Hom%, (U, X x M) — M x X™
is proper [2§].

Let Z; be the image of ¢4 in M x X™, and note that Z; is a closed substack of M x X™,
Since Hom; ((C,c1,...,em), (X, 21,...,2y)) is not of finite type over L (by assumption), there is
a sequence of integers d; < ds < ... such that

Homp((C,c1,y... cm), (X, 21, ... 2m)) = Hom; ((Cye1y ..oy em), (Xp, 21,y xm)) (L)

is non-empty. In particular, Zg, (L) is non-empty. Define Z := N$°, Z,;,. Then Z is a closed substack
of M x X™ (over k) with an L-point. Thus, it follows that Z(k) # (. This means precisely
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that there is a smooth projective connected curve C’ of genus g over k , pairwise distinct points
... e, € C(k), and points 2}, ..., 2., € X(k) such that Hom, ((C', ¢, ...,c,), (X, 2},...,20,))
is not of finite type over k. This shows that X is not (1,m)-bounded over k, and concludes the

proof of the theorem. O

8. RELATING (1,m)-BOUNDEDNESS AND (7, m)-BOUNDEDNESS

We use the geometricity theorems in the previous section, and a specialization argument, to
prove that (1,m)-bounded varieties are (n,1)-bounded. To prove our result we use the following
application of Bertini’s theorem.

Lemma 8.1. Let X be a variety over an uncountable algebraically closed field k. Let I be a
countable set and let (Z;)icr be a collection of proper closed subsets of X. Let S C MierZ; be a
finite (possibly empty) closed subset. Then there is a smooth irreducible curve C' C X such that,
for alli in I, the set C' N Z; is finite and contains S.

Proof. Since k is uncountable and Z; # X for all 7 in I, we have that X (k) # U;erZ;(k). Therefore,
there is a k-point ) in X not contained in any of the Z;. By Bertini’s theorem, a general complete
intersection curve C' containing the set S and the point @) is smooth and irreducible. For every i
in I, the intersection Z; N C does not contain the specified point ). Therefore, the intersection is
a proper closed subset of the irreducible curve C'. We conclude that, for all ¢ in I, the intersection
of C' and Z; is a finite subset of C' containing S. g

Proposition 8.2. Let m > 1 be an integer. Let X be a (1,m)-bounded projective variety. Then,
for every integer n > 1, the projective variety X is (n,m)-bounded.

Proof. By the geometricity of (1, m)-boundedness (Theorem , for any algebraically closed field
extension k C L, the projective scheme X, is (1, m)-bounded over L (Theorem . Therefore, to
prove that X is (n,m)-bounded, we may and do assume that k is uncountable.

Now, assume that X is not (n,m)-bounded over k. Let Y be a projective variety of dimension
at most n over k, let y1,...,ym € Y (k) be pairwise distinct points, let z1,...,z,, € X(k), and let
f1, ... be pairwise distinct morphisms Y — X such that

fi € Homg (Y, y1,- -y ym), (X, x1, ..oy 2m)).

(We will show that this leads to a contradiction.)

For any pair of positive integers, define Y™™ := {y € Y | fu(y) = fm(y)}. Note that Y™™
is a proper closed subset of Y which contains the points yi,...,yn. (The fact that Y™™ # Y is
equivalent to the fact that f,, # fin.)

Let I = Z>1 x Z>1 \ A be the set of pairs of distinct positive integers. For ¢ in I (corresponding
to (n,m)), define Z; := Y™™. As the collection of proper closed subsets (Z;);cr is countable
and contains {yi,...,ym}, there is a smooth projective connected curve C' in X such that the
intersection of C' with any Z; is finite and contains {yi,...,yn}. This means that the morphisms
fi restricted to C' are all still pairwise distinct. Thus, their restrictions f;|c give rise to pairwise
distinct elements of Homy ((C,y1,...,Ym), (X, 21,...,2m)). This implies that

Homk‘((ca Y1, - "ym)7 (Xa Tly.-- ,CUm))

is infinite. By Lemma we see that Hom, ((C,c1,...,cm), (X, 21,...,%m)) is not of finite type.
In particular, X is not (1, m)-bounded over k. This contradicts our hypothesis. (|

Corollary 8.3. Let X be a projective variety over k. Assume that there is an integer m > 1 such
that X is (1, m)-bounded. Then, for every n > 1, the projective variety X is (n,1)-bounded over k.

Proof. Since X is (1,m)-bounded, it is (1,1)-bounded (Proposition [4.8). Therefore, it is (n,1)-
bounded (Proposition [8.2)). O
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Theorem 8.4. Let X be a projective variety over k. Then the following are equivalent.

(1) There exist n > 1 and m > 1 such that X is (n, m)-bounded.
(2) For every n > 1 and m > 1, we have that X is (n,m)-bounded over k.

Proof. This follows from Corollary [8.3 0

9. RELATING 1-BOUNDEDNESS, BOUNDEDNESS, AND ALGEBRAIC HYPERBOLICITY

The property of being bounded has to be (by definition) “tested” on maps from all projective
varieties. In this section, we prove that a 1-bounded variety is in fact bounded, i.e., one can
“test” boundedness of a variety on maps from curves. This result is an algebraic analogue of the
complex-analytic fact that one can “test” the Borel hyperbolicity of a variety on holomorphic maps
from a curve [20, Theorem. 1.5]. To prove the main result of this section, we start with a simple
intersection-theoretic lemma.

Lemma 9.1. Let D be a very ample divisor on a reduced projective scheme Y over k of dimension
at least two. Let k be a positive real number. Then, the set of numerical equivalence classes of big
base-point free divisors L with intersection number L - DI™Y =1 < g s finite.

Proof. Let f : Y Y bea projective birational surjective morphism with W a smooth projective
variety over k. By the projection formula, we have that (f*L) - (f*D)dmY -1 = . pdim¥Y—1 <
Therefore, since f*: NS(Y) — NS(Y/) is injective, replacing Y by Y if necessary, we may and do
assume that Y is a smooth projective variety over k. Moreover, we may and do assume that Y is
connected.

Suppose that dimY = 2. Definee:=L-L, g:= L-D, and h:= D-D. Then (hL —gD)-D = 0.
Also, by the Hodge index theorem, the inequality (hL —gD)? < 0 holds. Therefore, since h is fixed
and g < k, we conclude that

is bounded from above. Now, since L is big and base-point free, the general member C of the linear
system defined by L is a smooth projective connected curve. Let genus(L) be the genus of C'. Since
2genus(L) — 2 = L - (Ky + L), we see that 2genus(L) — 2 is also bounded. Thus, the lemma holds
when dimY < 2.

Therefore, to prove the lemma, we may and do assume that dimY > 3. In this case, by the
Lefschetz hyperplane theorem, the induced map from the Picard group of Y to the Picard group of a
smooth hyperplane section is injective. Therefore, the lemma follows from induction on dimY. [

Theorem 9.2 (1-bounded implies bounded). Let X be a 1-bounded projective scheme over k. Then
X s bounded over k.

Proof. We show by induction on n > 1 that X is n-bounded. By assumption, the projective scheme
X is 1-bounded. Thus, let n > 2 and assume that X is (n — 1)-bounded. Assume that X is not
n-bounded over k. Let Y be a projective n-dimensional normal variety over k, and let fi,...
be morphisms Y — X with pairwise distinct Hilbert polynomials. The Hilbert polynomial of a
morphism f : Y — X is uniquely determined by the numerical equivalence class of f*O(1). Indeed,
by Hirzebruch-Riemann-Roch, x(f*(O(d)) = degch(f*(O(d)) - 1y, where 7y is the refined Todd
class (as in Fulton [11]), and the Chern character depends only on the first Chern class, which is
determined by the numerical equivalence class of f*O(1).

The infinitude of the Hilbert polynomials of fi, ... is equivalent to the infinitude of the numerical
equivalence classes of ffO(1),.... Fix a very ample divisor class D on Y. From Lemma it
follows that if there is a collection f1, ... with infinitely many distinct Hilbert polynomials, then for
this collection f7(O(1)) - DIMV=1 _ 5o Take the restrictions to D, whose dimension is dim D =
dim Y —1 and for which the induction hypothesis holds. We have that f(O(1))|p-D|E™Y 2 — oo,
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because fi|p : D — X have the same properties as f; : Y — X. This contradicts the induction
hypothesis applied to D. ]

As an application of our results, we obtain that (n, m)-boundedness (and thus boundedness) is
a geometric property.

Corollary 9.3 (Boundedness is a geometric property). Let n > 1 and m > 0 be integers. Let
k C L be an extension of algebraically closed fields of characteristic zero. A projective variety X
over k is (n,m)-bounded over k if and only if Xp is (n,m)-bounded over L.

Proof. Combine Theorem Theorem Theorem and Theorem O

The relation between algebraic hyperbolicity and bounded varieties is provided by the following
theorem.

Theorem 9.4. A projective algebraically hyperbolic scheme over k is bounded over k.

Proof. (This follows from [24] Theorem 1.7]. We give a self-contained proof using the results of this
paper.) Let X be a projective algebraically hyperbolic variety over k. Then, for every projective
normal (hence smooth) curve C over k, the degree of any morphism C' — X is bounded linearly
in the genus of C. In particular, the scheme Hom,(C, X) is of finite type over k. This implies
(clearly) that X is 1-bounded over k. Therefore, X is bounded over k (Theorem [9.2)). O

It seems reasonable to suspect that (n,m)-bounded varieties are in fact bounded. Indeed, as we
explain in Section the Green—Griffiths—Lang conjecture implies that a (1, m)-bounded projective
variety is 1-bounded, and hence bounded (Theorem [9.2)). In the direction of this “reasonable”
expectation, we prove the following result.

Proposition 9.5. Let m > 1 be an integer, and let X be a (1, m)-bounded projective scheme over
k. LetY be a projective variety over k. Then, almost all (non-empty) connected components of the
scheme Homy, (Y, X') have dimension < dim X.

Proof. Note that X is (n,1)-bounded for all n > 1 (Corollary [8.3). Let y € Y (k). Consider
the evaluation map eval, : Hom, (Y, X) — X defined by f — f(y). Suppose that Hom, (Y, X)
has infinitely many pairwise distinct connected components Hi, ... of dimension at least dim X.
Then, as the restriction eval, : H; — X of eval, to H; is finite, it is surjective. Let = be any
point in X. Then, for every 4, the fibre of H; — X over x is non-empty. Thus, for every i, the
set Hom((Y,y), (X,x)) contains a point from H;, and is therefore infinite. This contradicts the
fact that X is (dimY, 1)-bounded. We conclude that almost all components of Hom, (Y, X) have
dimension < dim X. O

Remark 9.6. Let n > 1 and m > 1 be positive integers. Let X be a projective scheme over k. We
have shown the following statements.

If X is algebraically hyperbolic over k, then X is bounded over k.

The scheme X is bounded over k if and only if X is 1-bounded over k.

The scheme X is (n,m)-bounded over k if and only if X is (1,1)-bounded over k.
If X is 1-bounded over k, then X is (n,m)-bounded over k.

If X is (n,m)-bounded over k, then X is groupless over k.

10. PROOFS OF MAIN RESULTS

In this section we prove the results on algebraic hyperbolicity and 1-bounded varieties.
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10.1. Algebraically hyperbolic varieties. We prove all the results on algebraic hyperbolicity
stated in Section [I.I] The proofs are applications and combinations of all our results.

Proof of Theorem [1.5, This is Theorem O

Proof of Theorem[I.6, Since algebraically hyperbolic projective varieties are bounded (Theorem
, there are only finitely many surjective rational maps Y --+ X by Proposition The rest of
the theorem follows from Corollary O

Proof of Theorem[1.8 Since algebraically hyperbolic projective varieties are bounded (Theorem
, the theorem follows from Corollary g

Proof of Theorem|[1.9. Let X be a projective algebraically hyperbolic scheme over k and let Y be
a projective scheme over k. Since X is bounded (Theorem , the scheme Hom, (Y, X) is an
algebraically hyperbolic projective scheme over k with dim Hom, (Y, X) < dim X (Corollary .
To see that dim Hom7“(Y, X) < dim X, let Z C Hom}“(Y, X) be a reduced irreducible component
with dim Z = dim X. For all y in Y (k), consider the evaluation map eval,: Z — X, and note
that it is finite (as shown in the proof of Corollary . Since dimZ = dim X, for all y in
Y (k), the finite morphism evaly is surjective. Thus, as Sur(Z, X) is finite (Theorem [1.6), there
exist an integer n > 1 and points y1,...,y, € Y (k) such that, for all y in Y (k), we have that
eval, € {evaly,...,eval,, }. In other words, every morphism f:Y — X in Z takes on only
finitely many values (namely f(y1),...,f(yn)). In particular, since Z is irreducible, we conclude
that every f in Z takes on precisely one value, i.e., f is constant. This contradicts the fact that
Z C Hom™ (Y, X). O

10.2. Bounded varieties. We prove all the results on 1-bounded varieties stated in Section (1.2

Proof of Theorem [1.11. This is Theorem O
Proof of Theorem[1.13 Since 1-bounded projective projective varieties are bounded (Theorem[9.2)),
the theorem follows from Corollary [6.4] O

Proof of Theorem [1.13. (We follow very closely the proof of Theorem ) Let X be a projective
1-bounded scheme over k and let Y be a projective scheme over k. Since X is bounded (Theorem
[9.2), the scheme Hom (Y, X) is a bounded projective scheme over k with dim Hom,, (Y, X) < dim X
(Corollary [5.3)).

To see that dim Hom7“(Y, X) < dim X, let Z C Hom} (Y, X) be a reduced irreducible component
with dim Z = dim X. For all y in Y (k), consider the evaluation map eval,: Z — X, and note
that it is finite (as shown in the proof of Corollary . Since dim Z = dim X, for all y in
Y (k), the finite morphism evaly is surjective. Thus, as Surg(Z, X) is finite (Theorem [1.12)), there
exist an integer n > 1 and points y1,...,y, € Y (k) such that, for all y in Y (k), we have that
eval, € {evaly,...,eval,, }. In other words, every morphism f:Y — X in Z takes on only
finitely many values (namely f(y1),...,f(yn)). In particular, since Z is irreducible, we conclude
that every f in Z takes on precisely one value, i.e., f is constant. This contradicts the fact that
Z C Hom™ (Y, X). O

11. CONJECTURES RELATED TO DEMAILLY’S AND GREEN—GRIFFITHS-LANG’S CONJECTURE

The following conjecture is a consequence of Demailly’s conjecture (Conjecture , and thus
also Green—Griffiths—Lang’s conjecture [27]. The conjecture says that the total space of a family of
projective algebraically hyperbolic varieties over a projective algebraically hyperbolic base variety
is algebraically hyperbolic.
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Conjecture 11.1 (Fibration property). Let k be an algebraically closed field of characteristic zero.
Let f: X — Y be a morphism of projective varieties over k. If Y is algebraically hyperbolic over
k, and, for all y in Y (k), the projective scheme X, is algebraically hyperbolic over k, then X is
algebraically hyperbolic over k.

The analogue of this conjecture for projective families of Kobayashi hyperbolic varieties is known
and follows from [23] Corollary 3.11.2]. We now explain how Conjecture follows from Demailly’s
conjecture (Conjecture [1.4)).

Remark 11.2 (Demailly’s conjecture implies Conjecture . To see that Conjecture is a
consequence of Demailly’s conjecture (Conjecture , we may and do assume that kK C C. Then,
with the notation as in Conjecture by the geometricity of algebraic hyperbolicity (Theorem
, the fibers of the morphism X¢ — Y are algebraically hyperbolic over C and Y¢ is algebraically
hyperbolic over C. By Demailly’s conjecture, for every t in Y (C), the fiber X, is Kobayashi
hyperbolic (as a complex analytic space) and the projective variety Y is Kobayashi hyperbolic.
Therefore, X¢ is Kobayashi hyperbolic [23, Corollary 3.11.2]. Since Kobayashi hyperbolic projective
varieties over C are algebraically hyperbolic (Theorem , this shows that X¢ is algebraically
hyperbolic over C. We conclude that X is algebraically hyperbolic over k.

The following conjecture relates all notions of “boundedness” introduced in this paper (see Sec-
tion .

Conjecture 11.3. Let k be an algebraically closed field of characteristic zero and let X be a
projective variety over k. Then the following are equivalent.

(1) The projective variety X is algebraically hyperbolic over k.
(2) The projective variety X is bounded over k.
(8) For all n > 1, the projective variety X is (n,1)-bounded.

Note that (1) = (2) is Theorem and that (2) = (3) is Remark Other relations
between the three notions in Conjecture [I1.3] are summarized in Remark The implication
(3) = (2) is currently not known and neither is the implication (2) = (1). To show that
(3) = (2), it suffices to show that, if X is (n,1)-bounded for all n > 1, then X is 1-bounded.

We conclude by noting that the implication (3) = (1) in Conjecture is a consequence
of Green—Griffiths—Lang’s conjecture in [27]. Indeed, (1,m)-bounded varieties are groupless by
Proposition [£.4] and it follows from Green—Griffiths—Lang’s conjectures that projective groupless
varieties are algebraically hyperbolic.
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