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A FUNCTION ALGEBRA PROVIDING NEW MERGELYAN TYPE
THEOREMS IN SEVERAL COMPLEX VARIABLES

JAVIER FALCO7 PAUL M. GAUTHIER, MYRTO MANOLAKI, AND VASSILI NESTORIDIS

ABSTRACT. For compact sets K C C¢, we introduce a subalgebra Ap(K) of A(K), which
allows us to obtain Mergelyan type theorems for products of planar compact sets as well as
for graphs of functions.

1. INTRODUCTION

In one complex variable, approximation theory is well developed [5, 14]. In particular, we have
the celebrated theorems of Runge and Mergelyan. The present paper deals with approximation
in several variables, where the situation is far from being understood [4, 11].

Runge’s Theorem tells us that every function holomorphic on a neighbourhood of a given
planar compact set K can be approximated uniformly on K by rational functions of one complex
variable. The direct analogue of Runge’s Theorem fails in several complex variables. However,
in Section 2, we provide a Runge type theorem for approximation on products of planar compact
sets by rational functions of special type.

Mergelyan type approximation is much stronger than Runge type approximation in the
sense that the functions to be approximated are no longer assumed to be holomorphic on
neighbourhoods of K. This relates to the ubiquitous algebra A(K) [6, 15], which in both one
and several complex variables consists of all functions f : K — C continuous on the compact
set K and holomorphic on the interior of K, which is denoted by K°. In particular, if K° = (),
then A(K) = C(K). In sections 4 and 5 we present stronger approximation results in the spirit
of Mergelyan.

A direct consequence of [7, Corollary 6.4] gives that every function in A(K; x K3) can be
approximated by functions holomorphic on open sets containing K; x K, provided that K;
and K> are planar compact sets and rational functions of one complex variable with poles off
K; (equivalently, functions holomorphic on open sets containing K;) are dense in A(K;) for
i = 1,2. This result has already been used in [2, 3, 8] for products of regular closed planar
compact sets K;, that is K7 = K;. In Section 3, we give an example showing that [7, Corollary
6.4] does not always hold. Motivated by this, for compact sets K in C¢, we shall introduce an

algebra Ap(K) for which the previous example is no longer a counterexample. Recalling that
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a mapping from a planar domain to C? is holomorphic if each coordinate is a complex-valued
holomorphic function, we define the algebra Ap(K) as the set of all functions f : K — C
that are continuous and such that, for every open disc D C C and every injective holomorphic
mapping ® : D — K C C?, the composition f o ® : D — C is holomorphic. Thus, f should be
holomorphic on every complex manifold contained in K that is immersed in C?¢. This algebra is
a uniform Banach algebra endowed with the supremum norm. Since the new algebra Ap(K) is
contained in A(K'), we hope that it will become easier to obtain more Mergelyan type theorems
in several complex variables.

In Section 4 we prove two such theorems. Firstly, we prove that [7, Corollary 6.4] holds
in full generality if we replace A(K) by Ap(K). Furthermore, if K; are regular closed planar
compact sets for all ¢ = 1,...,d, then the algebras A(K; x -+ x Kg4) and Ap(Kq X -+ x Ky)
coincide and consequently [2, 3, 8] are justified. Secondly, we prove that if K are graphs of
certain functions, Mergelyan’s Theorem holds for Ap(K) while it fails for A(K).

In Section 5 we consider K to be arbitrary products of planar compact sets, even infinitely
many, and also disjoint unions of such products. We provide results on approximation of
functions in Ap(K) by rational functions of special type.

Finally, in Section 6 we provide some examples which clarify that the inclusions among all
the algebras we consider are in general strict.

In future papers, we shall explore more general Mergelyan type approximation by imposing
more natural restrictions on the class of plausibly approximable functions. Denote the polyno-
mially convex hull of K by K and the rationally convex hull of K by K”v. We shall (in these
future papers) also define the O(K)-hull appropriately. It is natural to restrict the class of
functions plausibly approximable on K by polynomials to the class of functions on K having an
extension in Ap (IA( ). For approximation by rational functions we replace the polynomial hull of
K by its rational hull and for approximation by holomorphic functions on open sets containing
K by the O(K)-hull of K.

Acknowledgement. We wish to thank T. Hatziafratis and A. Katavolos for helpful com-
munications. We would also like to thank E. Zeron for suggesting Example 6.1. This work was
completed during our stay in 2018 at the Mathematisches Forschungsinstitut Oberwolfach in
the framework of the “Research in Pairs” program. We thank the institute for the generous

hospitality which gave us the opportunity to realize this project.

2. APPROXIMATION BY RATIONAL FUNCTIONS OF SPECIAL TYPE

This paper deals with several classes of functions on compact sets K in C?. We denote
by P(K) the closure of the set of polynomials in C(K). We also denote by r(K) the set of
all rational functions with no singular points on K and by R(K) the closure of r(K) in C(K).
Finally let O(K) be the set of functions g holomorphic on an open set V; such that K C V,, C c
and let O(K) be the closure of O(K) in C(K).

We have the following inclusions:

P(K) C R(K) c O(K) € Ap(K) € A(K) € C(K).
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The object of complex approximation is to determine under which conditions we have equalities
among some of these inclusions. The introduction of the class Ap(K) is a significant innovation
as there are compacta K, for which Ap(K) # A(K) and replacing A(K) by Ap(K) renders
correct some incorrect results in the literature (see Section 3).

Firstly we shall focus our investigation on compacta K which are Cartesian products of

planar compact sets
K=K x---x Ky,

for which we have information regarding the factors K;. For such products we can introduce

some natural intermediate algebras of functions.

Definition 2.1. Let Ki,..., K, be compact subsets of the complex plane C. For each i =
1,...,d,let L; C CU{oo} be a set containing at least one point from each connected component
of (CU{oo})\ K;. Alsolet K = Ky x---x K4 C C%. We denote by 71, (K) the set of all complex
functions defined on K that can be written as a finite sum of finite products of rational functions
of one variable z; with poles in L;, i = 1,...,d. Let Ry (K) be the closure of rp(K) in C(K).

By abuse of notation when we write r(K) or Rp(K) we understand that the sets Lj,
i=1,...,d, are arbitrary but fixed and they satisfy the above conditions.
It follows directly from the definitions that

P(K)CRL(K)C R(K)C O(K) C Ap(K) c A(K) C C(K).
If K C C, then
RL(K) = R(K) = O(K)
by Runge’s Theorem. Our main result in this section is that these equalities also hold if K is

a product of planar compact sets.

Theorem 2.2. For K = K; X --- X Ky a product of planar compact sets and L;, i =1,...,d,

as in Definition 2.1, we have

R.(K) = R(K) = O(K).

Proof. It suffices to prove that every function g in O(K) can be uniformly approximated on K
by functions in r7,(K). Let g be a holomorphic function on an open set V,, with K C V, C ce.
We can find open sets U;, i = 1,...,d, such that K; CU; CCand K C Uy x--- x Ug C V.

For d = 1 the result follows from Runge’s Theorem in the complex plane. We proceed by

induction. Suppose the statement of the theorem holds for d — 1. For a point (21, ..., zq) € C?
we write w = (21,...,24-1) and z = z4. We choose a cycle v in Uy \ K4 such that
1 [ gw, ()
=— [ =224
o) = g [ T
for all z € Kg and w € Uy X --- X Ug—1. The cycle v can be chosen to be a finite sum of

closed polygons. Since the map (¢, w,z) — % is uniformly continuous on the compact set

¥ x K1 x -+ x Kg_1 x K4 and the total length of ~ is finite, the above Cauchy integral can be



4 J. FALCO, P. M. GAUTHIER, M. MANOLAKI, AND V. NESTORIDIS

uniformly approximated by Riemann sums. Thus, for each € > 0 there exists a natural number

M, constants cq,...,cpy € C and complex numbers (1, ...,y in v such that
M 1 5
w,z) — crglw, — | <z
l9(w.2) 3wl Gz | < 3

for all (w,z) € K.

By the induction hypothesis, the functions w — g(w, (x), can be approximated uniformly on
K; x -+ x K4_1 by functions gi(w) that are finite sums of finite products of functions of one
complex variable with poles in the set L;, i =1,...,d—1fork =1,..., M. Since {} € C\ K for
k=1,...,M, by Runge’s Theorem in one variable, the functions z — Ck%z can be uniformly
approximated on Ky by rational functions of the variable z = z4 with poles in Ly. Thus, there

exists fr € r(Kq), k=1,..., M, satisfying

| ™

M 1 M
‘ Z ckg(w, Ck:)i_ — chgk(w)fk(z) <
k=1 Gk = 2 k=1

for all (w,z) € K. We denote by f(w,z) = Ziw:l ckgr (W) fi(2) € rp(K). It follows that

9(w, 2) = f(w,2)| <e

for all (w,z) € K, which proves the desired statement. [l

Since for a product of planar compact sets K = Ky x - - - x Ky all the algebras Ry (K), R(K)
and O(K) coincide, we shall denote any of them simply by R(K). However, for compact sets
K c C? which are not products of planar compact sets, it is not always true that R(K) = O(K).
For an example see Section 6.

From the previous theorem we obtain that the algebra R(K; X -+ x Kj) coincides with the
tensor product of the algebras R(K1),..., R(Ky), which we consider as in [7] to be the closure
in C(K) of finite sums of finite products of elements of R(K;), i =1,...,d.

Corollary 2.3. For planar compact sets K1, ..., Ky, we have
R(K1 x--xKj)=R(K;)® - ® R(Ky).

In Theorem 2.2 the allowable singularities of the approximating functions depend strongly
on the compact set K = K7 X --- X Kg4. In the following corollary we show that for products
of planar open sets U = Uy X - -- x Uy, we can choose a common set of singularities that works
for all compact subsets of U. We shall denote by r1,(U) the set of finite sums of finite products

of rational functions of one variable z; with polesin aset L;, i =1,...,d.

Corollary 2.4. Let Uy,..., Uy be open subsets of C and U = Uy x --- x Uy C C%.  For
i=1,...,d, let L; be a set containing at least one point from each component of (CU{oc})\U;.
For each f € O(U) there exists a sequence g, € rr,(U), n =1,2,... converging to f uniformly
on compacta of U. Therefore, the set of rational functions with set of singular points disjoint

from U is dense in O(U).
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Proof. Foreach¢=1,...,d, let K", m =1,2,... be a normal exhaustive sequence of compact
subsets of U;. We notice that each connected component of (CU{co})\ K™ contains a connected
component of (CU{oo})\ U;. Thus, the set L; contains at least one point from each connected
component of (CU {oo}) \ K[*. We set K™ = K{* x --- x KJ'. Then every compact subset of

U is contained in some K™. Therefore, it suffices to find g,, € r,(K™) = r1(U) such that
1
sup |gm(2) — f(2)] < —.
s [an(z) — F2) <

By Theorem 2.2 applied to the product K™ such a g,, exists. This completes the proof. ([

Proposition 2.5. Let K;, i =1,...,d, be compact sets in C and K = Ky X -+ x Kq. Using
the notation of Theorem 2.2, if f € O(K), ¢ > 0 and I is a finite subset of {0,1,2,...}, then

there exists g € rr,(K) such that for every (au,...,aq) € I we have

oot tad

cek m(g - 2)] <e.

Proof. The function f is holomorphic on an open set V; such that K c V; ¢ C% We can
find open sets U; with K; C U; C C such that the open set U = U; x --- x Uy satisfies
K cU C Vy. Thus f € O(U). According to Corollary 2.4 there exists a sequence g, € 1 (U),
m = 1,2,... converging to f uniformly on compacta of U. Since uniform convergence of
holomorphic functions on an open set U implies uniform convergence of partial derivatives on

compact subsets of U, we have that for every (a1,...,aq) € I¢
oot tag
SUp | =————+~ — —0
530 | m =)
as m — oo. It suffices to set g = gy, for sufficiently large m. This concludes the proof. O
Let g = (gm)_; be a sequence in O(K) such that for every a = (as,...,aq) € {0,1,...}%,
the corresponding sequence of mixed partial derivatives % gm converges uniformly on
1 d
K to some function we,, that depends on « and the sequence g = (gm)m—;. We denote by

R>*(K) the set of families
{wa,y: o €{0,1,...}% for g = (gn)2_; in O(K) as above}.

Proposition 2.5 implies that in the definition of R*°(K) it is sufficient to consider only

sequences g = (gn)22, where g, € rr(K). If K, are regular closed then R*°(K) can be

go1t o tog

identified with a set of holomorphic functions on K7 x --- x K3, because wq,g = el
on K7 x -+ x Kj, where w = lim,_, g» and all these functions extend continuously on K.
Then, r1,(K) is dense in R*°(K) endowed with the seminorms

oot taq

sup for (a1, ...,aq) € {0,1,2,...}¢

ool

provided that K; is regular closed for : =1,...,d.
We close this section replacing rational approximation by approximation by polynomials, see
[8]. For an open set U C C?% we denote by P(U) the class of functions f : U — C such that there
exists a sequence (P,)%; of polynomials of d complex variables converging to f uniformly on

each compact subset of U.
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Proposition 2.6. Let K; C C, i =1,...,d, be compact sets and K = K1 X --- X Ky4. Then
the following are equivalent:

(a) P(K)=O(K);

(b) For everyi=1,...,d the set C\ K; is connected.

Proof. To show that (b) implies (a) it suffices to set L; = {oo} and apply Theorem 2.2, because
every rational function of one variable with poles contained in {oo} is a polynomial of one
variable.

To see that (a) implies (b), let ig € {1,...,d} be fixed. Suppose (a) and suppose that C\ K,
is not connected. We can pick a point b € C in a bounded connected component V' of C\ Kj,,.
Then the function f(z1,...,2q) = ﬁ belongs to O(K) and so is a uniform limit on K of
polynomials (P, (z1,...,24))5%,. We fix z; = w; € K; for all i € {1,...,d}\ {io}. Then the
sequence of polynomials in one variable, Q,(z) = P,(21(2),...,24(2)), where z;,(z) = z and

L 5. Fix a natural number ng so that

27;0

1 ‘ 1
max Zig) — < .
R Qno (2if) Zig — b 2max;, cov |zi, — b

zi(z) = w; for all i # ip, converges uniformly on K;, to

Then, by the maximum modulus principle on V,

1
1/2 > zir(?gg\/ |ziy — b| - Zglgé(v ‘Qno(zm) - i — b
= zglagv |(zio —b)Qn, (zio) o 1|
> max |(2i, — b)Qn,(zi,) — 1
Zig €

> |(b7 b)Qno(b) - 1| > 1a

which is a contradiction. Thus, C\ K, is connected and the proof is complete.

Arguing in a similar way we obtain the following:

Proposition 2.7. Let U; C C, i = 1,...,d, be open sets and U = Uy X --- x Ug. Then the

following are equivalent:
(a) P(U)=0(U);
(b) For everyi=1,...,d, the set U; is simply connected.

As a direct consequence of Proposition 2.5 we obtain the following special case for polyno-

mials.

Proposition 2.8. Let K;, i =1,...,d, be compact sets in C such that C\ K; is connected. Let

f be a function holomorphic on an open set containing K = Ky X -+ x Ky, lete >0 and I a
finite subset of {0,1,...}%. Then there exists a polynomial Q(z1,...,zq) such that
§orttaq
sup (f-Q)z)| <e

s A W T W

for every a = (ay,...,aq) € I.
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3. THE ALGEBRA Ap(K)

Let K C C% be a compact set. As we already mentioned P(K) C O(K) C A(K). One of the
most challenging questions in approximation theory is to determine under which conditions on
K, we have equalities. The situation in one complex variable is well understood. In particular,
let K be a compact set in C. The equality P(K) = O(K) holds if and only if the complement
of K is connected. The same characterization holds for the equality P(K) = A(K), according
to the celebrated theorem of Mergelyan. Vitushkin [16] gave the best Mergelyan type theorem
by providing necessary and sufficient conditions for the equality O(K) = A(K). However, in
several complex variables the analogous theory is much less developed, see [4, 11]. It is natural
to investigate the case where K is a product of planar compact sets. For example, in Proposition

2.2 we saw that if P(K;) = O(K;) then P(K; X --- x Kg) = O(Ky X -+ X Ky).

The following question mentioned in [7, Section 6] naturally arises.

Question 3.1. If K; C C are compact sets such that O(K;) = A(K;) fori=1,2,...,d, is it
always true that O(Ky x -+ x Kq) = A(Ky x -+ x Kg)?

The example below provides a negative answer to this question.

Ezample 3.2. Let K1 = {0} C Cand Ky ={w e C: |w] <1} Cc Candlet g: Ky —» C
be a continuous function which is not holomorphic on {w € C : |w| < 1}; for instance take
g(w) = Jw|. Let f: K1 x Ky — C be defined by f(z,w) = g(w) for all (z,w) € K1 x K.
Since the interior of K7 x K3 in C? is void, we have A(K; x K3) = C(K; x Ks). It follows
that f € A(K; x Ky). Moreover, we have that A(K;) = O(K;) = C and A(K3) = O(K3). An
affirmative answer to Question 3.1 would then imply that O(K; x Ka) = A(K; x Ka), and so
f € O(K; x Ks). Therefore, there would be a sequence of functions g, holomorphic on open
sets V,, with K7 x Ky C V,, C C? such that
sup lgn (2, w) — f(z,w)] = 0, as n — oo.
(z,w) €K1 x K>
This implies that g(w) = f(0,w) is holomorphic on {w € C : |w| < 1}, which contradicts our

assumption concerning the function g. Therefore the answer to Question 3.1 is negative.

Our goal is to replace the algebra A(K) by an appropriate algebra so that the answer
to Question 3.1 becomes positive. More generally, we would like to obtain Mergelyan type
theorems for other compact sets in C%. We recall that O(K) is the closure in C(K) of functions
holomorphic on (varying) open neighbourhoods of K. Thus, we shall consider sequences of
functions g,, holomorphic on open sets V,, with K C V,, € C% and converging uniformly on
K to some function f : K — C. We shall investigate some necessary properties of the limit
function f. The definition of the new class Ap(K) that we shall introduce will incorporate
these necessary properties.

Firstly, each g, is continuous on K, therefore the uniform limit f should be continuous
on K. This will be the first requirement. Secondly, let m be a natural number and D an

open polydisc in C™ (or more generally any open subset of C™). Let ¢ : D — K C C? be
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a holomorphic mapping. Then, since K C V,, € C% and g,, is holomorphic on V,,, it follows
that the composition g, o ¢ : D — C is well defined and holomorphic on D. Moreover, g, — f
uniformly on K. It follows that g, o @ — f o ¢ uniformly on D, where f o ¢ is a well defined
function because ¢(D) C K and f is defined on K. Since fo¢ is a uniform limit of holomorphic
functions on the open set D, it follows that f o ¢ is holomorphic on D. This will be the second
requirement.

In view of Hartogs’” Theorem on separate holomorphicity it suffices to restrict to the case
m = 1, for open discs D in C. Furthermore, we shall show that it is enough that our requirement
be valid for mappings ¢ : D — K C C¢ holomorphic and injective on open discs D C C. Indeed,
let ¢ : D — K C C? be a holomorphic mapping, not necessarily injective. We must show that
f o ¢ is holomorphic around every zy € D. We have ¢(2) = (¢1(2),...,0a(2)) € K C C%, where
¢i(z) € C. If there is r > 0 such that ¢ restricted to the disc D(zp,7) ={z € C: |z—z| <r} C
D is injective, then, by our assumption concerning injective mappings, it follows that f o ¢ is
holomorphic on D(zp,r). Suppose that there is no r > 0 such that ¢ = (¢1, ..., ¢q) is injective
on D(zp,r). Then ¢](z0) = -+ = ¢};(20) = 0. If at least one of the functions ¢1,..., dq, say
¢;, is non-constant, then qﬁ; # 0, so its zero set Z is a set of isolated points. Thus ¢; is locally
injective on D\ Z which implies that ¢ is locally injective on D\ Z. Thus, by our assumption,
we conclude that f o ¢ is holomorphic on D\ Z. Since f o ¢ is continuous on D, it follows that
it is holomorphic on D. If all functions ¢4, ..., ¢4 are constants, then f o ¢ is constant, hence
holomorphic on D.

These considerations suggest that we introduce the following definition.

Definition 3.3. Let K C C¢ be a compact set (or more generally a closed set). A function
f: K — C is said to belong to the class Ap(K) if it is continuous on K and, for every open
disc D C C and every injective mapping ¢ : D — K C C? holomorphic on D, the composition
fo¢: D — C is holomorphic on D.

Roughly speaking the above definition tells us that f should be continuous on K and holo-
morphic on every complex manifold contained in K. In fact, it is enough to restrict our attention
to injective holomorphic mappings ¢ defined on the open unit disc. Moreover, one can check
that in the above definition we may replace the open discs D by closed discs D and ¢ by

injective mappings that are continuous on D and holomorphic on D.

Remark 3.4. Note that for compact sets K C C? we have that O(K) C Ap(K) C A(K) and if
K is a planar compact set then Ap(K) = A(K).

In this paper we are mostly interested in products of planar compact sets. In this situation

we have the following characterization of Ap(K).

Proposition 3.5. Let K; C C be compact sets, i = 1,2,...,d. The following are equivalent:

(a) f S AD(K1 X e X Kd),'
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(b) feC(Kyix---xKg) and for eachig € {1,...,d} and eachw; € K;, i € {1,...,d}\{io},
the function K 3 z v+ f(21(2),...,24(2)) € C is holomorphic on K{ , where z;,(z) = z
and zi(z) = w; forie {1,...,d}\ {io}.

Proof. 1t is straightforward that (a) implies (b). For the converse, assume that f is as in (). Let
K = K, x --- x K4. By Hartogs’ Theorem f is holomorphic on K°. Consider ¢ : D — K C C¢
an injective holomorphic mapping on an open disc D C C, and let zg € D. If ¢(zy) € K°,
then the composition f o ¢ is holomorphic on an open set containing zo. If ¢(z9) € 0K,
where ¢ = (¢1,...,¢q), then for at least one ¢ € {1,...,d} we have ¢;(z9) € 0K;. The open
mapping theorem for holomorphic functions implies that ¢; = ¢; for some constant ¢; € C. Let
I denote the set of all these indices i for which ¢;(z0) = ¢; € OK; and let J = {1,...,d} \ I.
Then f(¢1(2),...,pa(2)) = go ¢(z), where ¢ : D — [I;c, Ki is defined by ¢ = (¢)ics and
9((wi)ics) = f((zi)ieqa,....ay), where z; = w; for i € J and z; = ¢; for i € I. According to
the assumption in (b) on separate analyticity of f and using Hartogs’ Theorem, the function
ey Ki and q[;(zo) belongs to this set. Since
¢ is holomorphic it follows that f o ¢ = g o ¢ is holomorphic around zy, provided J # (. If

g :]I;c; Ki — C is holomorphic on the interior of J]

J = () then ¢ and f o ¢ are constants, and hence they are holomorphic. This proves (a).
O

Condition (b) in the above proposition is motivated by [12], where the set of uniform limits
of polynomials on a product of closed discs is characterized. We notice that in this condition it
is essential that the points w; may belong to the boundary JK; and not necessarily to K. It
follows that the function f in the Example 3.2 does not belong to Ap(K; x Ka). Thus there is
hope that Question 3.1 could have an affirmative answer, if we replace A(K; X - -+ x K,4) with
the new algebra of functions Ap (K7 X - -+ x Kj) introduced in Definition 3.3. In fact we shall
prove that this is true in Theorem 4.6.

In connection with [2, 3, 7, 8], we notice the following,.

Corollary 3.6. If K; C C are planar compact reqular closed sets fori=1,...,d, then

A(Ky x -+ x Kg) = Ap(K7 x -+ x Ky).

Proof. Let K = K1 x --- x K. Obviously Ap(K) is a subalgebra of A(K). For the other
inclusion, assume that f € A(K). It suffices to show that f satisfies condition (b) in Proposition
3.5. Every w; € K, can be approximated by a sequence w; ,, € K, n =1,2,... and the function
K? 3z f(21(2),...,24(2)) € C is a uniform limit of functions which are holomorphic on
K7 . Here the points w; have been replaced by the points w;, € K where z;,(2) = 2 and

zi(z) = w; for i # 1. O

We mention that an advantage of condition (b) in Proposition 3.5 is that it can be naturally
extended to infinite products, see Definition 5.1. It suffices to require that the function f :
[I;c; Ki — C be continuous when []

be separately holomorphic on K when all other variables are fixed in K; (even in 9Kj).

icr K is endowed with the product topology and that f
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4. MERGELYAN TYPE THEOREMS

In this section we prove two Mergelyan type theorems in C? using the algebra Ap(K). Their
analogues in general fail for A(K). A direct corollary of our first main result, Theorem 4.6,
provides an affirmative answer to Question 3.1 for the algebra Ap(K). Theorem 4.6 is the
analogue of [7, Corollary 6.4] for this new algebra. Our second main result, Theorem 4.8, deals
with compact sets K which are graphs of functions.

Before presenting our main theorems we need some auxiliary results. Let K be a planar
compact set and W a Banach space. Let C(K,W) denote the Banach space of continuous
functions from K to W, endowed with the supremum norm. We also denote by W* the dual
space of W. Let W be a closed subspace of C'(Y'), where Y is a compact space. It is natural to
identify C(K,C(Y)) with C(K x Y) via the bijection
C(KxY) — C(K,C(Y))

F(,) — x— F(x,-).

Therefore, C'(K, W) is identified with a subspace of C(K x Y).

Let A(K,W) be the subalgebra of C(K, W) of functions holomorphic on K°. Let O(K, W)

be the closure in C(K, W) of the functions which extend holomorphically in a neighborhood of

(4.1)

K. The following two results follow from [7, Theorem 6.1].

Theorem 4.1 ([7]). Let K be a planar compact set. If f € C(K,W), the following are

equivalent:
(a) f€O(K,W);
(b) For each L € W* we have Lo f € O(K).

Corollary 4.2 ([7, Corollary 6.2]). Let K C C be compact. If O(K) = A(K), then O(K,W) =
A(K,W) for all Banach spaces W.

Lemma 4.3. Let K1 C C and Ko C C™ be compact sets. Then with the identification in (4.1)
we have O(K1,0(K3)) € O(K; x K3).

Proof. Let f € @(Kh@(Kg)) and € > 0. There is an open neighbourhood V; of K; and a
holomorphic function f : V; — O(K3) such that

17() = F(2) k. < /3
for every z € K. Then, there is a cycle v in V; \ K for which we have by the Cauchy formula:

i) = g [ L

for all z € K.
We observe that the function (¢, z) — % defined on v x K is uniformly continuous, as it is
a continuous function defined on a compact set, so we can approximate the integral uniformly

on K; by its Riemann sums

1 M
Ja [ £ 0= g

<e/3,
Ko 2
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for every z € K, where a; € C, (; € v and f((;) € O(K>) for [ = 1,..., M. Thus, for each
l=1,...,M there is a neighbourhood U; of K5 and a holomorphic function h; : U; — C such
that ||k; — f(¢)|lx, < &i. We may choose ¢; sufficiently small such that

Mz M
H l_zlalg;(gl)z _ l_zlalClhl ZHK2 <e/3

for every z € K1, and so, by the triangle inequality,

M hy
Hf(z) B ;algl — z‘

for every z € Ky. Set U = Uy N --- N Uy which is also an open neighbourhood of K.

Now, notice that the function (z,w) — Z£1 a }Z (_wz) is holomorphic on V; x U which is a

E.

<
Ko

neighbourhood of K7 x K3, and yields the desired approximation. O

Lemma 4.4. Let K1 C C and Ko C C™ be compact sets. Then with the identification in (4.1)
we have AD(Kl X KQ) C A(Kl,AD(KQ))

Proof. We need to show that the identification (4.1) maps Ap(K; x K3) to A(Kiy, Ap(K2)),
that is the mapping
Ap(Ky x K3) —  A(Ky, Ap(K3))
F(-,-) — x+— F(z,)
is well defined.
We need to show that:
(1) F(z,-) € C(K3) for all z € K;;
(2) For every z € Ky and ® : D — K5 holomorphic and injective on a disc D in C we have
that F(z,-) o ® is holomorphic on D;

(3) The mapping z — F(z,-) belongs to C(K1, Ap(K2)) and is holomorphic on K?.

Part (1) follows trivially since F' € C(K; x Kz). For part (2) consider ® : D — Ko
holomorphic and injective on an open disc D in C and, for each « € K7, the function &, : D —
K, x K5 defined by ®,(z) = (x, ®(z)). Since ®, is holomorphic and injective on D, and since
F € Ap(K; x Ks), we get that F' o ®,, is holomorphic on D for each « in K7, by Definition 3.3.
We have (Fo®,)(z) = F(z,®(z)) = (F(z,-)o®)(z), which shows that F(z,-)o® is holomorphic
on D as desired. Thus, F(z,-) belongs to Ap(K>).

Now we prove (3). The continuity follows because F' is continuous on K; x K,. We need to

show that for all L € Ap(K3)* we have that

Ki — Ap (Kg) — C
x =  Fz,) — L(F(x, ))
is holomorphic on K7.
By the Hahn-Banach Theorem, the continuous functional L can be extended to C'(K3) and
by the Riesz Representation Theorem there is a finite complex measure p depending only on L

and supported on Ko such that, for all g € Ap(K>),

L(g) = /K g(w) dp(w).
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In particular, we have L(F(z,-)) = fK2 F(z,w)du(w) for each x € K;. Since F is uniformly
continuous on K; x Ks, the last integral can be approximated uniformly on K; by “Riemann
sums” le\il o F(x,w;), where M is a natural number, w; € Ko and ¢, € C for Il =1,..., M.
The function K7 3> x — ¢ F(z,w;) is holomorphic on K7 because F' € Ap(K; x K3). It
follows that the function K7 > z +— Zlﬂil ¢ F(xz,w;) is holomorphic on K7. Therefore, on K7,
the function z +— L(F(x, )), which is the uniform limit of these functions, is also holomorphic.

This proves that z — F(z,-) is holomorphic on K7, which completes the proof. ([l

Remark 4.5. We note that the previous lemma does not hold if we replace the algebras Ap by
the algebra A (see Example 3.2).

Theorem 4.6. Let K1 C C, Ko C C™ be compact sets such that O(K,) = Ap(K;) and
6(K2) = AD(KQ) Then

O(Kl X Kg) = AD(Kl X K2)

Proof. By Lemma 4.4 and the assumption that Ap(Ks) = O(K3) we have

(4.2) Ap(Ki1 x K») C A(K1, Ap(K2)) = A(K1, O(K>)).
Since A(K;) = Ap(K;) = O(K;) by applying Corollary 4.2 with W = O(K>), we get that

(4.3) A(K1, O(K2)) = O(K1, O(K2)).

Finally, by Lemma 4.3, we conclude that

(4.4) O(K1,0(K2)) C O(K; x K»).

By combining equations (4.2), (4.3) and (4.4) we obtain that Ap(K; x Ks) C O(K; x K3) and
since O(K; x K3) C Ap(K; x K3) the desired result follows. O

An immediate consequence of the previous theorem is the following corollary which gives
a positive answer to Question 3.1 provided we use the algebra Ap(K7 x -+ x Kj) instead of
A(Kq x - x Ky).

Corollary 4.7. Let K; CC,i=1,...,d, be compact sets such that O(K;) = Ap(K;). Then

RL(Kl Xoeee XKd):R(Kl Xoeee XKd):O(Kl Xoeee XKd):AD(Kl Xoewe XKd).
We now give our second main result where K is not necessarily a product.
Theorem 4.8. Let K; C C™ be a compact set such that Ap(Ky) = O(K1) and w € Ap(K1).
Let K be the graph of the function w; that is,
K={(z,w) €C™ .2z € Kj,w=w(z)}.

Then Ap(K) = O(K).

Proof. Tt suffices to show Ap(K) C O(K) since the other inclusion follows trivially. Let f €
Ap(K) and let ¥ : K3 — K be the mapping defined by ¥(z) = (z,w(z)). We claim that

foW¥ € Ap(Ky). First, we note that f o ¥ € C(K;). Let ® : D — K; be a holomorphic
and injective mapping on some disc D C C. We shall show that (f o ¥) o ® is holomorphic
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on D. To see this, we notice that ¥ o ® : D — K is injective and holomorphic on D, since
TUod(z) = (P(z),w(P(2))), the mapping @ is holomorphic and injective on D and w € Ap(K7).
Thus, (fo¥)o® = fo (¥ od) is holomorphic on D, because f € Ap(K). We conclude that
foV e Ap(Ky). From the assumption we have Ap(K;) = O(K;). Thus, for any given ¢ > 0,
there is a function ¢ which is holomorphic on an open neighbourhood of K7 such that

sp (£ 0 W) —q(z)] <<
We consider the function @, given by Q(z, w) = ¢(z), which is holomorphic on a neighbourhood

of K. Thus

sup |f(z,w) — Q(z,w)| = sup |fo¥(z) —q(z)| <e,
(z,w)eK z€K,

and so f € O(K). This shows that Ap(K) C O(K), which completes the proof. O

Remark 4.9.

(1) Note that Example 3.2 can be seen as a trivial graph where K is the closed unit disc
and w = 0.

(2) Suppose that K; is a compact set in C with K9 # (). We note that if in Theorem 4.8 we
replace the algebra Ap by the algebra A (both in the assumption and the conclusion),
then the corresponding result is not valid; that is, A(K) # O(K). To see this, assume
A(K;) = O(K;) where K; is any compact subset of C with non-empty interior and let
K ={(z,w) € C?>: z € K;,w = w(z)}, for some function w in A(K;). Consider the
function f(z,w) = |z|. Then f € C(K) = A(K), because K has empty interior in C2.
Then, as in Example 3.2 we can derive that f is not in O(K).

(3) Using arguments similar to those in Theorem 4.8 we can obtain the corresponding
results if we replace (both in the assumption and the conclusion) the class O with the
classes R or P.

(4) We note that if K € C% is a closed polydisc or a Euclidean ball, then A(K) = Ap(K) =

O(K) = R(K) and the approximation can be realized by polynomials [12].

5. APPLICATIONS

In this section we provide certain approximation results for Cartesian products of an arbi-
trary (possibly infinite) indexed family of planar compact sets. For this purpose, in view of

Proposition 3.5, we extend the definition of the algebra Ap to arbitrary products.

Definition 5.1. Let (K;);c; be an arbitrary family of compact subsets of C and K = [[,.; K;.
A function f: K — C is said to belong to the class Ap(K) if the following conditions hold:
(a) f is continuous on K endowed with the Cartesian topology,
(b) For every ip € I, if we fix w; € K;, i € I\ {io} then the function K;, > z —
f((zi(2)ier) € C belongs to A(K;,), where z;,(2) = z and z;(z) = w; for alli € I\ {io}.

Theorem 5.2. Let {K;}icr be a family of planar compact sets satisfying O(K;) = Ap(K;).
Assume that for each i € I, L; := {oy j,j € Ji} is a is a subset of CU {oo} such that each
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connected component of (CU{o0})\ K; contains one of such elements. Then, if K = [[,.; Ki,

finite sums of finite products of rational functions of one variable z; with poles in the set L; are

iel
uniformly dense in Ap(K).

Proof. Let f € Ap(K) and € > 0. Then according to [2, Lemma 4.3], there exists a finite set
F C I and an element (¢;);e; € K such that the function g : K — C satisfies |f(2) —g(z)| < €/2
for all z = (2;)ic; € K, where g(z) = f((wi(2))icr), with w(z;) = z if i € F and w(z) = ¢
if i € I'\ F. Since g can be seen as an element of Ap([[,cp Ki) = Rr(][,cp Ki), according to
Corollary 4.7 we have that g can be £/2 approximated by a function h which is a finite sum
of finite products of rational functions of one variable z; with poles in L;. Then, we define
h(z) = h((z)icr) for z € K and we have that |f(z) — h(z)| < ¢ for all z € K. This concludes
the proof. O

Given a product K =[]

is a finite sum of finite products of monomials depending only on one variable. As before we

;er K of planar compact sets, we consider that a polynomial on K
denote by P(K) the set of uniform limits of polynomials on K. Moreover, a rational function
on K is a quotient P/Q of two polynomials on K with @ # 0.

Remark 5.3. If in the previous theorem we assume that C\ K; is connected for all ¢ € I, then

the approximation can be realized by polynomials depending on a varying finite set of variables.

Definition 5.4. Let {K;};c; be a family of planar compact sets and K a compact subset of
[I;c; Ki- A function f: K — C is said to belong to the class R(K) if it is a uniform limit on
K of rational functions depending on a finite number of variables with no singularities on K.
Let L; be a subset of (CU {o0}) \ K; for each ¢ € I. Then Ry (K) denotes the set of uniform
limits on K of finite sums of finite products of rational functions depending on one variable z;

with poles in L;.

Corollary 5.5. Let {K;}icr be a family of planar compact sets and K = [[,.; K;. Let Ly,
i € I be a subset of (CU {o0}) \ K; containing at least one element from each component of
(CU{0})\ K;. Then, the following assertions are equivalent:

(a) R(K) = Ap(K);

(b) RL(K) = Ap(K);

(¢) R(K;) = Ap(K;), for each i€ 1.

Proof. The implication (¢) = (b) is given by Theorem 5.2. The implication (b) = (a) is obvious
since Ry (K) C R(K) C Ap(K). Finally, the implication (a) = (c) is obtained by considering

suitable functions in Ap(K) depending only on one complex variable. O

Remark 5.6. Under the above notation, the following assertions are equivalent:
(a) P(K) = Ap(K);
(b) C\ K; is connected for each i € I.
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Corollary 5.7. Let {K'};cr be a family of planar compact sets with K* = Ugey, Ky ;, where
{Kg,itrer, is a family of pairwise disjoint planar sets and I; is some index set. Denote by
K =1ler K" and by {K;}jc, the family of all Cartesian products {Ilicr Kk, : k € Ii}. Thus,
we have that Uje K; = K = [[;c; K'. Assume that for each i € I, L; is a set of points
in C U {oo} such that each connected component of C\ K' contains one element of L;. If
R(K) = Ap(K), then for every subset H C J with Ujeg K; compact and Ujg K; compact, we
have

(a) R(UjenK;) = Ap(UjenK;),

(b) Ru(UjenK;) = Ap(Ujen Kj).

Proof. Note that if j; # jo then K;, N K, =0, since the sets { K} ; }rer, are pairwise disjoint.
For fixed H C .J, we have that any function in Ap(UjenK;) can be extended to a function in
Ap(K) by using the fact that the sets { K} ey are pairwise disjoint and Uje iy K; and Ujg g K
are compact. For instance the extension can be defined as the zero function on the set Uj¢ K.

Then the previous corollary gives us the desired result. (I

Before we continue, let us show the following lemma which will be necessary for the proof of

Theorem 5.10.

Lemma 5.8. Given € >0, if z1,...,24 € C are such that |z; — 1| <& fori=1,...,d, then
d
-JJazl<0+8-1.
i=1

Proof. We prove the result by induction on d. For d = 1 the result follows immediately. Assume

that the result holds for any set of d — 1 complex numbers. Then,

d d
[1=TTal <11zl +lza =[] 2l
=1 i=1

d—1
< E+|zal|ll - H 2i]

§é+(1+§)((1+§)d*171)
1487 -1.

—~

O

For the purposes of our next result we need to extend Definition 5.1 to more general subsets
in C!, which are not necessarily products. If K7 = [Lic; Ki C C! is a product of planar compact
sets K; and K is a finite disjoint union of such products K7, then for a function f : K — C we
say that f € Ap(K) if and only if f|x; € Ap(K7) for all j. More generally, if C! is endowed
with the product topology and K C C! is compact, we say that a function f : K — C belongs
to Ap(K) if it is continuous on K, and for every ® : D — K C C! holomorphic on an open
disc D C C, the composition f o ® : D — C is holomorphic on D. This definition in the case

of products of planar compact sets implies Definition 5.1. The converse is also true. To see
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this consider a function f : K — C satisfying the requirements of Definition 5.1. Then, since
f is continuous on K with respect to the product topology, it is the uniform limit on K of
a sequence of functions f, € Ap(K) depending on a varying finite set of coordinates. Using
Proposition 3.5 we conclude that f, o ® is holomorphic on the disc D. Since f,, 0o ® — fo ®
uniformly on D, as n — oo, we conclude that f o ® is also holomorphic on D. Therefore, we
see that in the case of products of planar compact sets the two definitions coincide, even in the
infinite dimensional case.

The next result is a generalization of Corollary 5.5. In this case we consider rational approx-
imation on pairwise disjoint unions of products of planar sets under some restrictions. Given a
set K and a subset E of K, we denote by xg the function that is equal to one on F and zero
on K\ E.

To help the reader comprehend the statement of Theorem 5.10 we first present a specific

example which satisfies its geometrical assumptions.

Ezample 5.9. Denote by P((a1,a2),(p1,p2)) the closed polydisc in C? of center (aj,as) and
polyradius (p1, p2), that is {(z1, 22) € C%: |21 — a1| < p1 and |29 — az| < pa}. Set

. K1 P((35,55), (25,5)),

. P((17,35),(7,5)),

. P((35,15), (15,5)),

. P((80,55), (10,12)),
and

K=K UKyUK3UKj.
Then
K' = D(35,25) U D(17,7) U D(35,15) U D(80, 10) = D(35,25) U D(80, 10),

and

K? =D(55,5)UD(35,5) UD(15,5) UD(55,12) = D(15,5) U D(35,15) U D(55, 12).

K2 7 K Ky

Ly

and we also consider L; = {100} and Lo = {5i}.
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Theorem 5.10. Let {K}m_l be a finite pairwise disjoint family of products of planar compacta,

Kj = [l;c; Kji, for a fized set I. Let K = UL, K and K= = UL K. Assume that, for all
i€l andalll < ji,jo,js <m, if K;, iNKj,; #0 and K;, ;N Kj, ; # 0 then K;, ; N K, ; # 0.

Assume also that, for each i € I, there exists a set of points in CU{oo} , L;, with K'NL; =)
for i € I and such that each connected component of C\ K ; and each connected component of
C\ K*? contains at least one such number.

Then the following assertions are equivalent.

(a) R(K) = Ap(K);

(b) R ( ) = Ap(K);

(c) Foreachj=1,...,m, R(K;) = Ap(K;) and xk,; € R(K);

(d) For each j=1,...,m, Ry (K;) = Ap(Kj;) and xx, € R(K);

(e) For eachj=1,...,m and eachic I, R(K;;) = Ap(Kj;;) and xk,; € R(K).

Proof. We begin by showing that (a) implies (b) and we prove first the case where T is a finite
set of d elements. Fix a function h € Ap(K) and a positive number €. For each j = 1,...,m,
since R(K) = Ap(K) and the sets {K;}T* | are pairwise disjoint, it is easy to see that R(K;) =
Ap(Kj;) for j =1,...,m. By Corollary 5.5 if we consider the function h as a function defined

on K, there exists a function g; with
(5.1) Ih—gillx, <e/2

and g; can be written as a finite sum of finite products of rational functions of one variable
z; with poles in the set L;. Note that in particular the function g; is defined on K since
K'NL; = 0. In fact, g; is bounded on K. Without loss of generality we can assume that
llgjllx # 0. For each i € I and each j =1,...,m, define the set

Dji= | Kis
K iNKy,: 70
Then, D;; and K i \ D,; are disjoint compact sets. Since L; contains at least one element in
each connected component of C\ K* and the function x D, can be extended holomorphically
on a neighborhood of K7, as a consequence of Runge’s Theorem, we can find a rational function

r;,; of one complex variable with prescribed poles in the set L; such that

(5'2) HXDj,i - rjﬂ”K'i <g,
where £ is such that &(1 + £)?~! < and (1+8)4-1< _
2ml|g; |l 2m||g;llec
Consider the function 7;(z1,...,24) = H?:l r;.i(z;). We have that K, N K; = 0 for each
a # j because the product sets Ky, ..., K,, are pairwise disjoint. In particular, since they are

product sets we have that there exists iy depending on « and j so that K, ;, N K;,;, = 0. Since
for any 1 < j1, 72,73 < m if thl’ N Kj%i 7£ ¢ and Kj2,i n Kj&i 7é @, then, Kjl,i ﬂKj37¢ # (Z),
we have that K, ;, N D;;, = 0. Thus, XD;,;, = 0 on the set K, ;, and by (5.2) we obtain that

750l Ko sy < €. Also, by (5.2) again, for any i # io and for every a = 1,...,m we have that
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||r_]’L||K <1+ £. Hence, for any o # j,

€
=T = ||r; = T <|Ir; SRR wa SE(1H+€ <o
Ixr, = rillka = lIrjllx. = | H jillka < lImjallka., W SEQ+ il
Also, fori=1,...,d and z; € K;; C D, ;, using (5.2) we get
11 =rji(z:)] = X, (21) = 75,i(2)| < XD, — 7yl e < &
Hence, by Lemma 5.8 applied to the complex numbers 7;1(21),...,7j4(24) we have that
d
1=TIr)l < +8) -
i=1
for all z; € Kj1,...,2q € Kj 4. Therefore,
d d -
—rillx, = 1-7jllx, = || 1— g, = 1— < A48)i-1< ——.
”XKJ TJHKJ I TJHKJ [ I;ITJ,Z| K; zﬁé‘;(pw I HTJZ z)| < (1+€) 2m||gj|\1<
=1 =1
i=1,....d
Hence we have that
€
(53) e, —rile < =
o 2m/|g;ll x

Now, consider the function
m
j=1

Clearly g is a finite sum of finite products of rational functions of one variable z; with poles in
the set L; and

m
Ih=gllx == rigillx <e,
j=1

where the last inequality comes from the fact that for each s € {1,...,m}

m m
1= " rigille, < b —rogalle, + 1D rigsllx,

i=1 j=1
j#s
(5.4) <k = gollx, + 1195 = rogsllre, + Y 7595l
j=1
j#s
E
sl k. + lg;llx. <e  (by (5.1) and (5.3)).
2mHg I Z ||g I

J#S
Hence the proof for the case with [ finite is complete.

Consider now the case where I is not (necessarily) finite. Since K is a finite union of product
sets, similarly to [2, Lemma 4.3], we have that the set of functions depending on a finite number
of variables is dense in Ap(K). Therefore, for a fixed function h € Ap(K) and a positive number
e we can find a function h € Ap (K) that depends only on a finite number of variables z1, ..., z4
with ||h—h|| < /2. By the previous case, if we consider the function & as a function defined on
aset K = Ui, Hl 1 K;,i we have that there exists a function g defined on K with g being a

finite sum of finite products of rational functions of one variable z; with poles in the set L; and
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||7Lfg||[~< < &/2. By considering ¢ as a function defined on K we have that ||h—g|x < e. Hence
(a) implies (b). The reverse implication is obvious by considering the common denominator of
the finite sum of finite products of rational functions depending on one variable. Hence (a) and
(b) are equivalent.

Statements (c), (d) and (e) are equivalent by Corollary 5.5. It is easy to see that (a) implies
(c) because the sets {Kj;}7", are pairwise disjoint. Indeed, since Ap(K) = R(K) implies that
Ap(Kj) = R(Kj) for all j =1,...,m and since xx, € Ap(K) = R(K) the conclusion holds.

To finish the proof we show that (e) implies (a). Let us fix h € Ap(K) and a positive number
e. For each j =1,...,m, we consider h; to be the restriction of h to K. Clearly h; € Ap(Kj).
By Corollary 5.5 we can find a function g; with [|h; —g;||x, < €/2 and g; is a finite sum of finite
products of rational functions of one variable z; with poles in the set L;. Since KN L; = )
for all i € I, the function g; is bounded on K. Using that xx, € R(K) we can find a rational
function r; with singularities off K such that [|g; — 7,9l x, < €/(2m) and ||r;g,||x, <e/(2m)
for j # s. The function

m
=3 o,
s=1
-

is a rational function with singularities off K. The same argument as in equation (5.4) yields

IIh — q|lx < e. This completes the proof. O

Remark 5.11. Senechkin showed that in the previous theorem the family {K;}72; needs to be
finite. See [17] for the details.

To conclude we show that if K is rationally convex then the hypothesis in Theorem 5.10 (c),
(d), (e) that xx, € R(K) is satisfied. Denote by K" the rationally convex hull of a compact
set K C C%, that is the set of points z € C? such that

19(2)] < max g(a)

for every rational function g which is holomorphic on a neighbourhood of K. We recall that
K is rationally convex if K = K”r. If K is rationally convex then every holomorphic function
on (a neighborhood of) K can be uniformly approximated by rational functions p/q where ¢ is
zero-free on K, by the Oka-Weil approximation theorem, see [6, Page 95] for the details.

It can be seen that the rationally convex hull of a product set is the product of the rationally
convex hulls of the factors. It follows that if K; Cc C™,i=1,...,d, then

d Ar d
(TIx:) " =TI
i=1 i=1

In particular, a finite product of planar compact sets is always rationally convex.

The condition of being rationally convex is not necessary to obtain rational approximation.
The sphere is not rationally convex, while every holomorphic function on the sphere can be
uniformly approximated by polynomials. However, as we shall show now, rational convexity is

also a sufficient condition to ensure that Theorem 5.10 holds.
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Corollary 5.12. Let I = {1,...,N} be a finite set, L;,i € I, subsets of CU{oo}) and {K;},
a finite pairwise disjoint family of products of planar compacta satisfying the hypotheses of
Theorem 5.10. Then, if K;; is a set of rational approximation for each j =1,...,m and each
1 € I and K 1is rationally convez, we have that finite sums of finite products of rational functions
of one variable z; with poles in the set L; are uniformly dense in Ap(K). In particular rational

functions are dense in Ap(K).

Proof. We shall prove that under the hypothesis of the corollary, condition (e) in Theorem 5.10
is satisfied. This would finish the proof since conditions (e) and (b) are equivalent in view of
Theorem 5.10.

K;; is a set of rational approximation for each j = 1,...,m and each 7 € I which means
that R(Kj;;) = Ap(Kj;). Also, the sets {K;}32; are pairwise disjoint and compact, hence
the function xk; can be naturally extended to be holomorphic on a neighborhood of the set
K. Since K is a rationally convex set, by the rational Oka-Weil theorem we can approximate
Xx; by rational functions having no singularities on K. Therefore xr, € R(K). Thus, the

requirements of condition (e) in Theorem 5.10 are fulfilled and the result holds. d

Remark 5.13. It is not in general true that if we have finitely many products with Ap(K;) =
P(Kj) then Ap(UjL, K;) = P(UJL, K;). Kallin [10] showed that there exist three congruent,
pairwise disjoint, closed polydiscs P;, P, and P in C2 such that P; UP,UP; is not polynomially

convex. Kallin’s proof actually used polydiscs parallel to the coordinate axes.

6. APPENDIX: ALL INCLUSIONS ARE IN GENERAL STRICT

We recall that
P(K) € R(K) C O(K) C Ap(K) C A(K) C C(K).
All these inclusions are in general strict. We shall focus on dimension d = 3. For (1) we
consider T x {0} x {0} where T is the unit circle in C. For (2) we shall give an example in C?
(see Example 6.1). For (3) we may consider S x {0} x {0} where S is the Swiss cheese in C.
Finally, for (4) we consider D x {0} x {0} where D is the closed unit disc in C and argue as in
Example 3.2. For (5) we take the closed unit ball in C3.

It only remains to give an example for (2). For this we shall use maximal ideal spaces, see
[6]. If F is a function algebra on a compact subset K C C", denote by M(F) the maximal
ideal space of F. Recall that, if ¥ = C(K), then M(F) = K;; it F = P(K), then M(F) is the
polynomial hull IA(, and; if F = R(K), then M(F) is the rational hull K”.

Hence
K= M(P(K)) D K" = M(R(K)) D M(O(K)) D M(Ap(K)) D M(A(K)) D M(C(K)) = K.

An immediate consequence is that if C(K) = P(K), then we have equalities for all of above

inclusions and hence K is polynomially convex. Moreover, if K is not rationally convex, then

C(K) # R(K).
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Ezample 6.1. We consider K to be a totally real compact manifold in C? that is not rationally
convex. For the existence of such a K see [1]. In [9, Corollary 3.4] it is shown that if K is a
closed totally real Cl-submanifold of an open set in C3, then O(K) = C(K). Since K is not
rationally convex we have that R(K) is a proper subset of C'(K). Therefore,

O(K) = C(K) # R(K).

We note that the previous example leads to an example of an open set V' C C? such that

R(V) £ O(V).

Remark 6.2. By considering the union of suitable translations of the above sets we can obtain

a compact set K in C? such that inclusions (1) to (5) are strict simultaneously.
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