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The 
onferen
e was organized by D. Hershkowitz (Haifa), V. Mehrmann (Berlin) and H.

S
hneider (Madison). The topi
s of the 
onferen
e were the theory and appli
ations of

nonnegative matri
es, M-matri
es and their generalizations. There were 31 plenary talks

and informal resear
h sessions and an open problem session. The �ve days were organized

along the themes general theory of nonnegative matri
es, nonnegative matri
es and M-

matri
es in Markov 
hains, 
ombinatorial aspe
ts of nonnegative matri
es, 
onvergen
e of

iterative methods for nonnegative matri
es and spe
tral theory of graphs. Informal sessions

took pla
e on nonnegative matri
es in 
ontrol, inverse eigenvalue problems, Markov 
hains,

and Perron Frobenius theory. The list of abstra
ts in
ludes those talks in plenary sessions

as well as talks and problems given during informal sessions or the open problem session.

A spe
ial issue of Linear Algebra And Its Appli
ations will be devoted to the talks of the


onferen
e as well as papers based on problems posed during the 
onferen
e and their

solution.
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Abstra
ts

Perron eigenve
tor of the Tsetlin matrix

Ravi Bapat

We 
onsider the Markov 
hain on the set of permutations on n symbols arising from the

operation of move-to-position k s
heme. Expli
it formulas are presented for the stationary

distribution of the 
hain for k = 1; 2; n � 1; n. Partial results for other values of k are

obtained. The formulas and the te
hniques employ the 
on
ept of the Perron 
omplement.

Upper bounds for graphs and matri
es

Avi Berman

The following results were dis
ussed

1. Of all the 
onne
ted graphs with n verti
es and k 
ut verti
es, the maximal spe
tral

radius is obtained uniquely at the graph obtained by adding paths of (almost) equal

lengths to K

n�k

.

2. Let G be a 
ubi
 graph on n verti
es. Then an upper bound for the bipartite density

of G, is

4

7+�

min

(G)

, where �

min

(G) is the smallest eigenvalue of the adja
en
y matrix of

G.

3. The maximum of CP-rank A, taken over all 
ompletely positive matri
es A of rank

r, is

r(r+1)

2

� 1.

The �rst two results were obtained with Xiao Dong Zhang. The third with Fran
es
o

Barioli.

Monomial and 
anoni
al subgraphs of rea
hable positive dis
rete-time systems

Rafael Bru

Based upon monomial paths and 
y
les properties of 
anoni
al subgraphs are studied in

order to 
hara
terize whether or not a positive dis
rete{time linear 
ontrol system (A;B) is

rea
hable. The 
riteria is given in terms of the digraph of A, whi
h must be a disjoint union

of some spe
i�
 
anoni
al subgraphs as tree, 
owers, palms and non-monomial 
y
les. The


ontrollability property is studied in the same way. This is joint work with Louis Ca

etta

and Ventsi G. Rum
hev.
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Generalised M-matri
es, rational matrix equations and Newton's method

Tobias Damm

We re
all an extension of the 
on
ept of Z- and M -matri
es to general spa
es. Let X be

a real Bana
h spa
e ordered by a proper 
one C. A linear operator T : X ! X is 
alled

\positive" if T (C) � C

+

. It is 
alled \resolvent positive" if for all large enough � 2 R

their resolvent (�I � T )

�1

is positive. We 
all T stable if �(T ) � C

�

Resolvent positive

operators (e.g.the Lyapunov operator) play an important role in stability theory. They also

arise naturally as the linearizations of quadrati
 and rational matrix equations o

urring in

optimal 
ontrol theory (e.g. Ri

ati equations). We show, how the properties of resolvent

positive operators 
an be used to solve su
h equations. More spe
i�
ally we prove a non-

lo
al 
onvergen
e result for Newton's method, roughly speaking, the following holds: let

R : X ! X be 
on
ave with resolvent positive derivatives. If then exist x

0

; x̂ 2 X su
h

that R(x̂) � 0 and the derivative of R at x

0

is stable, then the Newton iterations starting

at x

0


onverges to the largest solution x

+

of the equation R(x

+

) = 0.

Spe
tral Stru
tures of Totally Nonnegative matri
es

Shaun Fallat

An n-by-n matrix A is 
alled totally nonnegative if every minor of A is nonnegative.

The problem of interest is to 
hara
terize all possible Jordan 
anoni
al forms (also 
alled

Jordan stru
tures) of irredu
ible totally nonnegative matri
es. In this talk we prove that

the positive eigenvalues of an irredu
ible totally nonnegative matrix are always distin
t,

whi
h 
an be viewed as a generalization of the 
lassi
al spe
tral result for totally positive

matri
es by Gantma
her and Krein. We also demonstrate key relationships between the

number and sizes of the Jordan blo
ks 
orresponding to zero. These notions initiate a


hara
terization of all possible Jordan 
anoni
al forms for irredu
ible totally nonnegative

matri
es.

M-matri
es and related 
lasses

Miroslav Fiedler

1. Ultrametri
 matri
es (a

ij

� min

k

(a

ik

; a

kj

) 8i; j; k; a

ii

> max

k 6=i

a

ik

; a

ij

� 0).

Every symmetri
 u.m. is a sum of a nonnegative diagonal matrix and a ,,spe
ial"

s.u.m. whi
h satis�es a

ii

= max

h6=i

a

ik

and 
an be obtained as follows from a positively

edge-weighted undire
ted 
onne
ted graph G with verti
es 1; : : : ; n: If i; j distin
t and

P

ij

is a path in G joining them, let 
(P

ij

) be the minimum of the weights of edges in

P

ij

. Then a

ij

= max 
(P

ij

), over all su
h paths. Also, a

ii

is the maximum of weights

on edges in
ident with i.

2. We study inverse M -matri
es with 
onstant row- and 
olumn sums in the neighbor-

hood of the matrix J with all ones.

3. We present inequalities 
ompletely 
hara
terizing the relationship between the diago-

nal entries of an M -matrix and its inverse and partly generalize them to relationship

between square diagonal blo
ks of M -matri
es.
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4. We study equilibrated anti-Monge matri
es, i:e: real m � n matri
es (e

ij

) satisfying

e

ik

+ e

jl

� e

il

+ e

jk

8i; j; k; l; i < j; k < l, as well as

P

i

e

ik

= 0;

P

k

e

ik

= 0. Main

results: Every square non-zero e.a.-Monge matrix has a monotone eigenve
tor whi
h


orresponds to the positive eigenvalue of maximum modulus. The produ
t of e.a.-

Monge matri
es whi
h 
an be multiplied is again an e.a.-Monge matrix.

Spe
tra of operator polynomials and of graph expansions

Karl-Heinz F

�

orster

Let G be the dire
ted weighted graph of a matrix S. If S = A

0

+� � �+A

l

, then the expanded

graph G

exp

is de�ned as follows: The verti
es of G are verti
es of G

exp

and of A

k

(i; j) 6= 0,

repla
e the edge (i; j) in G by l� k + 1 edges (i.e. add l� k verti
es). S.Friedland and H.

S
hneider (ELA 6 (1999), 2-10) 
onsidered the 
ase of 0� 1 matri
es S and A

k

.

There exist some relations between the nonzero eigenvalues of the adja
en
y matrix A

of G

exp

and those of the matrix polynomial L(�) = �

l+1

� �

l

A

l

� � � � � A

0

. Further, A

is irredu
ible i� S is irredu
ible; therefore it is possible to extend results of the 
ombi-

natorial spe
tral theory of nonnegative matri
es to matrix polynomials with nonnegative


oeÆ
ients.

On nonnegative matrix splittings

Andreas Frommer

(Almost) all 
omparison theorems for two splittings A = M

1

� N

1

= M

2

� N

2

with

M

�1

1

�M

�1

2


an be viewed as spe
ial 
ases of the following proposition: letM

�1

1

N

1

� 0 and

assume that M

�1

2

N

2

admits a nonnegative eigenve
tor x su
h that M

�1

2

N

2

x = �(M

�1

2

N

2

)x

and Ax � 0. The talk proves this proposition and shows how the other 
omparison

theorems appear as spe
ial 
ases. We then dis
uss appli
ations in 
omparison results for

additive and multipli
ative S
hwarz methods for M -matri
es where the amount of overlap

is in
reased.

Intervals of totally nonnegative matri
es

J

�

urgen Garloff

We 
onsider the 
lass of the totally nonnegative (t.n.n.) matri
es, i.e., the matri
es having

all minors nonnegative, and intervals of matri
es with respe
t to the 
hequerbord ordering.

For these intervals we had stated in 1982 the following 
onje
ture: If the left and the

right endpoints of the interval are nonsingular and t.n.n. then all matri
es taken from the

interval are nonsingular and t.n.n. In our talk we survey previous results on settling this


onje
ture and present a new 
lass of t.n.n. matri
es for whi
h the 
onje
ture holds true.
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Quasipositive elements in ordered Bana
h algebras

Gerd Herzog

A matrix A 2 R

n�n

is an M -matrix if and only if the mapping x 7! �Ax is quasimonotone

in
reasing (qmi) and if the right spe
tral bound of �A is negative. Here qmi is meant

with respe
t to the natural 
one K = fx 2 R

n

: x

k

� 0g. One possibility of generalizing

M -matri
es is to 
onsider qmi linear mappings on R

n

with respe
t to other 
ones K � R

n

.

We will present results on su
h matri
es in the Bana
h algebra setting and dis
uss some

spe
ial 
ones. Moreover, by means of one-sided estimates it is possible to get informations

on the right spe
tral bound of su
h matri
es.

Bounded invertibility of spe
ial 
olle
tions of matri
es

Olga Holtz

The basi
 question addressed in the talk is the following. Given a 
olle
tion A of matri
es

bounded in some matrix norm and su
h that the spe
trum of ea
h A 2 A lies outside a

disk of �xed radius 
entered at zero, determine whether the 
olle
tion A

�1

is bounded in

the same norm. For any norm, the answer is yes for matri
es of bounded order, whi
h

is an easy 
onsequen
e of the 
ompa
tness of the unit ball in a �nite-dimensional spa
e.

The talk is devoted to 
olle
tions of matri
es of unbounded order and the `simplest' 1-

norm, the 
hoi
e motivated by appli
ations. It turns out that the answer is still yes for

totally nonnegative Hermitian matri
es, but, in general, no for positive de�nite Hermitian

matri
es. Two 
ounterexamples are presented, one based on the Hilbert matrix and the

other with Hermitian Toeplitz matri
es. Finally, an interesting problem of the same type

is dis
ussed that arises in spline theory.

On 0{1 and Sto
hasti
 Matri
es Satisfying a Certain Condition, Preliminary

Report

Surrender Jain

We 
hara
terize nonnegative matri
es A satisfying (A

T

)

p

=

P

k

i=1

a

i

A

m

i

; p < m

1

< � � � <

m

k

, and in parti
ular, des
ribe sto
hasti
 matri
es and 0{1 matri
es satisfying the above


onstraint. The interpretation of (A

T

)

p

= A

m

may be of interest in probability theory, and

of the equation, (A

T

)

p

=

P

k

i=1

A

m

i

, may be of interest in the work dealing with in
iden
e

matri
es of graphs. Our approa
h provides also a shorter proof of the main theorem in our

earlier paper (Bapat - Jain - Prasad, Generalized Power Symmetri
 Sto
hasti
 Matri
es,

Pro
 AMS(1999), 1987-94). Our main te
hnique relies on showing that the group inverse

A

#

is nonnegative in 
ase index A = 1 (or A

p

)

#

� 0, in general), and then invoking the


hara
terization of nonnegative group inverses (see Jain - Kwak - Goel, Trans AMS (1980),

371-385).
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A Smorgasboard of Nonnegativity

Charles R. Johnson

Entry{wise nonnegative matri
es have been a a 
entral and, perhaps, the most enduring

theme of matrix analysis and its appli
ations for 100 years. The feast will in
lude sev-

eral di�erent re
ent results on nonnegative matri
es and 
losely related topi
s. The Hors

d'oeurves (brief reports on several di�erent topi
s) are

(1) those matri
es that o

ur as arbitrary produ
ts of M-matri
es and inverse M-matri
es

(2) resolution of the nonnegative inverse eigenvalue problem for symmetri
 nonnegative

matri
es subordinate to a given bipartite graph

(3) 
hara
terization of those totally nonnegative (TN) matri
es whose Hadamard produ
t

with any TN matrix is TN

(4) pre
ise relations among zero patterns of inverses of prin
ipal submatri
es of inverse

M-matri
es

(5) the 
ompletion problem for partial TN matri
es whose graph is a standardly labelled


y
le.

The Hauptspeise is a more detailed dis
ussion of re
ent progress on determinantal inequali-

ties for M-matri
es, inverse M-matri
es, positive de�nite matri
es, totally positive matri
es

and tridiagonal sign-symmetri
 P-matri
es. In three of these 
ases a 
omplete des
ription

is given.

For Na
hspeise a brief report is given on the status of a long term proje
t to determine all

possible lists of multipli
ities for the eigenvalues of real symmetri
 matri
es with a given

graph and unrestri
ted diagonal.

Question: How to 
ompute the operator norm kMk

1;1

?

Mi
hael Karow

The operator norm kMk

1;1

:= maxfkMxk

1

j x 2 C

n

; kxk

1

= 1 g, M 2 C

n�n

, o

urs

in the following way in the theory of spe
tral value sets (Pseudospe
tra). Let A 2 C

n�n

,

� > 0, and let k � k be an arbitrary norm on C

n�n

. The spe
tral value set �(A; �) is de�ned

as the union of all spe
tra of the matri
es A + �, where � 2 C

n�n

and k�k < �. Let

k � k be the max-norm, i.e. k�k = k(�

jk

)

1�j;k�n

k = max

j;k

j�

j;k

j. Then the boundary of

�(A; �) is given by

� �(A; �) = f s 2 C j k(s� A)

�1

k

1;1

= �

�1

g

Thus spe
tral value sets with respe
t to the max-norm 
an be visualized by plotting the

level sets of the fun
tion s 7! k(s� A)

�1

k

1;1

.

It is easily seen that the 
omputation of kMk

1;1

is a maximization problem on the n-torus,

i.e.

kMk

1;1

= maxf kMxk

1

j x 2 C

n

; jx

1

j = jx

2

j = : : : = jx

n

j = 1 g:

If M is a real matrix then the maximum is attained at a real ve
tor x 2 R

n

: Thus

kMk

1;1

= maxf kMxk

1

j x 2 f�1; 1g

n

g for all M 2 R

n�n

:

Re
ently, Jiri Rohn has shown that the latter maximization problem is NP -hard.
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Minimizing algebrai
 
onne
tivity over the 
lass of 
onne
ted graphs on n

verti
es with girth g

Steve Kirkland

For a graph G, its Lapla
ian matrix is L = D � A, where A is the adja
en
y matrix and

D is the diagonal matrix of vertex degrees. The algebrai
 
onne
tivity of G is the se
ond

smallest eigenvalue of the singular M -matrix L.

In this talk, we use nonnegative matrix te
hniques to des
ribe the graph whi
h minimizes

algebrai
 
onne
tivity over the 
lass of 
onne
ted graphs on n verti
es with girth g, under

the hypothesis that n � 3g � 1.

Whose Transition Matrix has large Exponent

Steve Kirkland

Let T be an n � n primitive sto
hasti
 matrix, and suppose that its exponent is at least

b

(n�1)

2

+1

2


+2. Using a 
ombinatorial approa
h, we give a formula for (I � T )

#

, the group

inverse of (I � T ). The formula is then used to dis
uss the stability of the stationary

distribution ve
tor 
orresponding to T . (Joint work with M. Neumann)

Inverse eigenvalue problem for nonnegative matri
es

Thomas J. Laffey

Let � = (�

1

; �

2

; � � � ; �

n

) be a list of 
omplex numbers. The NIEP (nonnegative inverse

eigenvalue problem) asks for ne
essary and suÆ
ient 
onditions for the existen
e of an

(entrywise) nonnegative n� n matrix A with spe
trum �.

A number of ne
essary and suÆ
ient 
onditions are known from whi
h the solution of the

problem for n = 2 and n = 3 have been dedu
ed. The n = 3 result is due to Loewy and

London and they have also solved the problem in the 
ase n = 4 on the assumption that

� is a list of real numbers. The 
ase n = 4 and �

1

+ �

2

+ �

3

+ �

4

= 0 has been solved

by Reams. In this talk we present joint work with Eleanor Meehan whi
h 
ompletes the

solution when n = 4. An algorithm will be des
ribed whi
h implements the solution.

A Pair of Matri
es Sharing Common Lyapunov Solutions | A Closer View

Iz
hak Lewkowi
z

Let A;B be a pair of matri
es with the same regular inertia. If A and B share 
ommon

solutions to Lyapunov matrix in
lusion, then all matri
es in 
onv(A;A

�1

; B; B

�1

) have

identi
al regular inertia. This, in turn, implies that both 
onv(A;B) and 
onv(A;B

�1

)

are non-singular.
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In general, neither of the 
onverse impli
ations holds. If however A and B are real

2� 2 matri
es, both 
onverse impli
ations do hold.

These and additional aspe
ts of the above statements will be dis
ussed. Joint work

with Nir Cohen.

CP Rank of Completely Positive Matri
es

Raphael Loewy

An n � n symmetri
 matrix A is 
alled 
ompletely positive (CP) if A 
an be written

as A = BB

t

for some n � m nonnegative (entrywise) matrix B. The smallest m in a

fa
torization of A of this type is 
alled the CP rank of A, and is denoted by #(A).

Let CP

n

denote the set of all n� n 
ompletely positive matri
es. It is natural to ask what

is the maximum value of #(A) as A ranges over CP

n

. An obvious upper bound for #(A) is

n(n+1)=2, and it has been 
onje
tured that this bound 
an be repla
ed by [n

2

=4℄, provided

that n � 4. This 
onje
ture is still open, although it has been solved in some spe
ial 
ases.

For example, if the graph of A is triangle free; if the graph of A 
ontains no odd 
y
le of

length 5 or more; if the 
omparison matrix of A is an M -matrix.

It is our purpose to 
onsider #(A). We state some general remarks about #(A) for an

arbitrary n, and then prove the 
onje
ture for any A 2 CP

5

whi
h has at least one zero

entry.

This is a joint work with Bit-Shun Tam.

Markov 
hains and aggregation te
hniques

Ivo Marek

There are very many examples of mathemati
al models in whi
h 
entral state variables

are represented by stationary probability ve
tors of Markov 
hains. Our motivation 
omes

from biology [1, 2, 3, 4℄ and from reliable safety systems engineering [6℄. In the latter

area of appli
ations the problem 
onsists of 
omputing probabilities of some events with

extremely high a

ura
y: e.g. the 
omputed probability should not ex
eed 1:10

�12

. To this

purpose very eÆ
ient methods of 
omputing stationary probability ve
tors of sto
hasti


matri
es are required.

We propose and analyze aggregation/disaggregation iteration algorithms. We introdu
e

a new 
on
ept of Y {
onvergent iteration pro
ess and show its usefulness in our analysis

of some 
lasses of aggregation/disaggregation iteration algorithms based on quite general

splittings of the original sto
hasti
 matri
es. We show that the speed of 
onvergen
e of

su
h pro
esses may be very high: We identify some spe
ial 
ases in whi
h just one or

two iterations return the exa
t solutions. It should also be mentioned that the splittings

de�ning the basi
 iterations may generally be divergent. This possibility not only does not

ex
lude 
onvergen
e of the appropriate aggregation/disaggregation algorithms but may

o�er an optimal rate of 
onvergen
e.
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One the most important tools in our investigations is introdu
ing new inner produ
ts that

alow us to treat the appropriate Perron eigenproje
tions as orthogonal proje
tions. Some

optimal error estimates are then established.

Our analysis does not exploit any parti
ular features of spe
ial sto
hasti
 matri
es under


onsideration su
h as the 
on
ept of near 
omplete de
omposability of Markov 
hains et
.

Our theory is valid for any sto
hasti
 matrix with no restri
tions on its elements and/or

blo
ks.
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An appli
ation of the Krein-S
haefer spe
tral Radius Theorem

Ivo Marek

Motivating Problem. To �nd ne
essary and suÆ
ient 
onditions guaranteeing that a dif-

feren
e equation

x

k+N+1

= a

1

x

k+1

+ a

2

x

k+2

+ � � �+ a

N

x

k+N

,

where a

j

2 R

1

; j = 1; : : : ; N; posesses a stri
tly monotone solution fx

k

g,i.e. either x

k+1

�

x

k

> 0, or x

k+1

� x

k

< 0; k �M .

Su
h and similar problems appear in estimating the topologi
al entropy of some 
lasses of

fun
tional spa
es. The required ne
essary and suÆ
ient 
onditions are derived by applying

the Krein-S
haefer spe
tral radius theorem. Some generalisations of the above problem to

abstra
t operator equations are dis
ussed.

On the �xed points of the interval fun
tion [f ℄([x℄) = [A℄[x℄ + [b℄

G

�

unter Mayer

Let [A℄ be a real n�n interval matrix and let [b℄ be a real interval ve
tor with n 
omponents.

We 
onsider the �xed points [x℄

�

of the interval fun
tion [f ℄ de�ned by [f ℄([x℄) = [A℄[x℄+[b℄

under the following points of view: Existen
e, uniqueness, shape, degenera
y, 
onne
tion

with the solution set S = f x j (I � A)x = b; A 2 [A℄; b 2 [b℄ g. The results are based

on nonnegative matri
es of auxiliary 
hara
ter su
h as the absolute value j[A℄j and the
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diameter d([A℄) of [A℄. In addition we apply parts of the Perron and Frobenius theory

for irredu
ible matri
es. We extend a well{known theorem of O. Mayer whi
h assumes

�(j[A℄j) < 1 where �(�) denotes the spe
tral radius of a matrix. For j[A℄j being irredu
ible

with �(j[A℄j) � 1 we were able to study the above{mentioned items exhaustively. For

�(j[A℄j) < 1 we present some results on the shape of [x℄

�

for sele
ted 
lasses of [A℄ and [b℄.

Eventually Nonnegative Matri
es

Judith J. M
Donald

An n � n matrix A is said to be eventually nonnegative if there exists an integer N su
h

that A

m

� 0 for all m � N: In this talk we will draw some 
omparisons between the

properties of eventually nonnegative matri
es with those of nonnegative matri
es. We will

look at some results by Zaslavsky and Tam on the Jordan forms of irredu
ible eventually

nonnegative matri
es. Lastly, we will examine ne
essary and suÆ
ient 
onditions for a

matrix in Jordan 
anoni
al form to be similar to an eventually nonnegative matrix whose

irredu
ible diagonal blo
ks satisfy the 
y
li
ity 
onditions identi�ed by Zaslavsky and Tam,

and whose subdiagonal blo
ks are nonnegative. Joint work with B. Zaslavsky.

The re
ursive inverse eigenvalue problem for nonnegative matri
es

Volker Mehrmann

Given a sequen
e of nonnegative ve
tors l

i

; r

i

of in
reasing size and nonnegative numbers

�

i

we dis
uss the problem of �nding a matrix A, su
h that l

i

and r

i

are left and right

eigenve
tors of the i{th prin
ipal submatrix asso
iated with the eigenvalue �

i

. We give

ne
essary and suÆ
ient 
onditions for the existen
e of a solution as well as an expli
it

solution formula.

Joint work with M. Arav, D. Hershkowitz and H. S
hneider.

Algebrai
 Theory of Multipli
ative and Additive S
hwarz Methods

Reinhard Nabben

The 
onvergen
e of multipli
ative and additive S
hwarz-type methods for solving linear

systems when the 
oeÆ
ient matrix is either a nonsingularM -matrix or a symmetri
 posi-

tive de�nite matrix is studied using 
lassi
al and new results from the theory of splittings.

The algebrai
 analysis presented 
omplements the analysis usually done on these meth-

ods using Sobolev spa
es. The e�e
t on 
onvergen
e of algorithmi
 parameters su
h as

the number of subdomains, the amount of overlap, the result of inexa
t lo
al solves and

of 
oarse grid 
orre
tions (global 
oarse solves) is analyzed in an algebrai
 setting. Joint

work with Mi
hele Benzi, Andreas Frommer and Daniel B. Szyld
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A Divide And Conquer Approa
h To Computing The Mean First Passage

Matrix For Markov Chains Via Perron Complement Redu
tions

Mi
hael Neumann

Let M

T

be the mean �rst passage matrix for an n{state ergodi
 Markov 
hain with a

transition matrix T . We partition T as a 2� 2 blo
k matrix and show how to re
onstru
t

M

T

eÆ
iently by using the blo
ks of T and the mean �rst passage matri
es asso
iated with

the nonoverlapping Perron 
omplements of T . We present a s
hemati
 diagram showing

how this method for 
omputing M

T


an be implemented in parallel. We analyze the

asymptoti
 number of multipli
ation operations ne
essary to 
ompute M

T

by our method,

and show that for large size problems, the number of multipli
ations is redu
ed by about

1=8, even if the algorithm is implemented in serial. We present �ve examples of moderate

size (orders 20 to 200) and give the redu
tion in the total number of 
ops (as opposed to

multipli
ations) in the 
omputation of M

T

. The examples show that when the diagonal

blo
ks in the partitioning of T are of equal size, the redu
tion in the number of 
ops 
an

be mu
h better than 1=8. Joint work with Stephen J. Kirkland and Jianhong Xu.

On the Roots of Certain Polynomials Arising From Analysis of the

Nelder{Mead Simplex Method

Mi
hael Neumann

The analysis of the 
onvergen
e of the Nelder{Mead method for the un
onstrained min-

imization of the fun
tion f(x

1

; : : : ; x

n

) = x

2

1

+ x

2

2

+ � � � + x

2

n

leads us to study the two

parametri
 family of polynomials of the form p

n

(z) = b� az � � � � � az

n�1

+ z

n

. We show

that provided that a(

�

b � 1) is real, it is possible to use the S
hur{Cohn 
riterion in order

to determine the 
on�guration of the roots of p

n

(z) with respe
t to the unit 
ir
le. Joint

work with Lixing Han and Jianhong Xu.

Digraphs With Large Exponent

Dale Olesky

Primitive digraphs on n verti
es with exponents at least bw

n

=2
+2, where w

n

= (n�1)

2

+1,

are 
onsidered. For n � 3, all su
h digraphs 
ontaining a Hamilton 
y
le an 
hara
terized;

and for n � 6, all su
h digraphs 
ontaining a 
y
le of length n� 1 are 
hara
terized. Ea
h

eigenvalue of any sto
hasti
 matrix having a digraph in one of these two 
lasses is proved

to be geometri
ally simple.

11



On some 
lasses of matri
es related to P -matri
es

Juan Manuel Pe

~

na

We study the 
losure properties of the following 
lass of P -matri
es. Matri
es with positive

row sums and whose o�{diagonal elements are bounded above by the row means. These

matri
es have been 
alled B-matri
es and applied to the lo
alization of the eigenvalues

of a real matrix. We 
onsider some properties 
ommon to B-matri
es and other 
lasses

of P -matri
es, su
h as symmetri
 positive de�nite matri
es, nonsingular totally positive

matri
es, nonsingular M -matri
es and stri
tly diagonally dominant by rows with positive

diagonal elements. Classes of matri
es 
ontaining the mentioned 
lasses of P -matri
es are

also 
onsidered.

Combinatorial vis a vis Analyti
 Analysis of Generalized Eigenspa
es of

Nonnegative Matri
es Corresponding to the Spe
tral Radius

Uri Rothblum

The 
lassi
 approa
h to extend the Perron Frobenius (P-F) Theorem from irredu
ible to

arbitrary nonnegative matri
es is to perturb the zero entries of a nonnegative matri
 P ,


ompute a normalized P-F eigenve
tor of the perturbed matrix and let the perturbation

parameter approa
h zero, yielding a (nonunique) semipositive eigenve
tor 
orresponding to

the spe
tral radius of P . The spe
ialization of this 
on
lusion to irredu
ible matri
es yield

a weaker result than the one available from the P-F Theorem. A 
ombinatorial approa
h

was developed in the to`s to over
ome this diÆ
ulty by 
onstru
ting a (preferred) basis of

the generalized eigenspa
e of nonnegative matri
es 
orresponding to the spe
tral. For a

matri
es with spe
ial stru
ture (the basi
 
lasses forming a 
hain) su
h a basis was re
ently


onstru
ted from 
oeÆ
ients of trun
ations of fra
tional power series expansions of the P-F

eigenve
tor of perturbation of the underlying matrix. We 
onje
ture that this approa
h


an be extended to arbitrary nonnegative matri
es. (Joint work with Hans S
hneider)

Partition polytopes

Uri Rothblum

Consider the problem of partitioning a �nite set N = f1; : : : ; ng into p parts, where ea
h

element in N is asso
iated with a ve
tor A

i

2 R

R

. The obje
tive fun
tion asso
iated with

a partition � = (�

1

; : : : ; �

p

) is assumed to depend on the sums of the ve
tors in ea
h part

of �, that is, on the matrix A

�

= (

P

j2�

1

A

j

; � � � ;

P

j2�

p

A

j

). One approa
h to analyze the

problem of optimizing f(A

�

) over a set of partitions � is to study the extension of f on the

partition polytope P

�

de�ned as the 
onvex hull of the A

�

's. When k = 1; A

1

� � � � � A

n

,

and � 
onsists of all partitions � with pres
ribed part{sizes. We show that the verti
es of

the partition polytope 
orrespond to portions whose parts 
onsist of 
onse
utive integers

and whose edges have dire
tions in fe

i

� e

j

: i; j;= 1; : : : ; pg (here e

t

is the t-unit ve
tor in

R

p

). The latter ensures that if f is asymmetri
 S
hur 
onvex, f attains a maximum over

P

�

at a vertex. It follows that a 
onse
utive partition is optimal. Some of this result have

12



been extended to situations where the set of partitions � is determined by lower and upper

bounds on the part{sizes.

3 open problems | 1 solution

Siegfried M. Rump

The 3 open problems are

i) an extension of Perron-Frobenius theory to general real and 
omplex matri
es,

ii) the 
onje
ture, that the 
omponentwise distan
e to the nearest singular matrix is

inverse proportional to the (
omponentwise) 
ondition number, and

iii) the 
onservatism of the 
ir
le 
riterion in 
ontrol theory.

The �rst problem is solved by the sign-real and sign-
omplex spe
tral radius. The striking

similarities of the Perron root in the nonnegative 
ase to these quantities is elaborated.

We show that lower bounds are easily obtained by max-min bounds, almost identi
al

to Perron-Frobenius, but upper bounds are NP-hard to 
al
ulate. Espe
ially one lower

bound depending on the maximum geometri
 mean of 
y
les turns out to solve the se
ond

problem. The obtained bounds are sharp up to a 
onstant fa
tor. The third problem is No.

30 in "Open Problems in Mathemati
al Systems and Control Theory" edited by Blondel et

al. A

ording to the author of the problem, Alexander Megretski, the solution establishes

an unexpe
ted link between 
ontrol theory, harmoni
 analysis and 
ombinatori
s, and it

determines the 
onservatism of the so-
alled 
ir
le 
riterion in 
ontrol theory. This problem

is solved by a 
hara
terization of the sign-real spe
tral radius that the Cayley transform

of a 
ertain matrix is a P-matrix. We show that our bounds obtained for problem iii) are

sharp up to a 
onstant fa
tor. Using this and triggered by the ni
e algorithm by Mi
hael

Tsatsomeros for 
he
king whether a matrix is a P-matrix, also an NP-hard problem, we

found during the enjoyable meeting in Oberwolfa
h new ne
essary and suÆ
ient 
riterions

for this problem, and also an algorithm for 
he
king P-property whi
h is not a priori

exponential.

Conditions for stri
t inequality in 
omparisons of spe
tral radii of

nonnegative matri
es

Hans S
hneider

Let F; T and T

0

be nonnegative matri
es su
h that F + T is irredu
ible. Suppose that

F 6= 0; T

0

� T; T

0

6= T and �(T ) < 1. Let Q = F (I � T )

�1

amd Q

0

= F (I � T

0

)

�1

.

At the 1982 Oberwolfa
h meeting on Linear Algebra we presented a result that implied

that �(Q) > 0. We now amplify this result to prove that Q

0

� Q; Q

0

6= Q and that

�(Q

0

) < �(Q). We reformulate our in terms of M -splittings of M -matri
es and we pose the

question whether it extends to regular splittings.

13



Exponents of nonnegative matrix pairs

Bryan Shader

The notion of the exponent of a nonnegative matrix is generalized to a pair of nonnegative

matri
es. It is shown that the largest exponent of a pair of n by n nonnegative matri
es

lies in the interval [

(n

3

�5n

2

)

2

,

3n

3

+2n

2

�2n

2

℄. In addition, the exponent of a pair of nonnegative

matri
es is related to properties of an asso
iated 2-dimensional dynami
al system.

Comparison Theorems for the 
onvergen
e fa
tor of iterative methods for

singular Matri
es

Daniel B. Szyld

We 
onsider the solution of Ax = b with iterative methods based on splittings A = M�N .

These are of the form X

k+1

= M

�1

N

X

k

+M

�1

b; k = 1; : : : . As is well known, when A

is non-singular, the 
onvergen
e rate of the iterative method is governed by the spe
tral

radius of the iteration matrix, i:e:, by �(M

�1

N). There are several 
omparison theorems

in the literature of the following form: If A = M

1

� N

1

= M

2

� N

2

are regular splittings

and A

�1

� 0, with

(�) either N

1

� N

2

or M

�1

1

�M

�1

2

then �(M

�1

1

N

1

) � �(M

�1

2

N

2

).

When A is singular, the 
onvergen
e rate of the iterative method is governed by 
(M

�1

N) =

max (�); � 6= 1; � 2 �(M

�1

N), where �(T ) is the spe
trum of T . Sin
e the early 1980s

there have been examples is the literature showing that 
onditions su
h as (*) do not im-

ply 
(M

�1

1

N

1

) � 
(M

�1

2

N

2

). In this talk, we present 
omparison theorems for splittings of

singular matri
es. We use a partial order di�erent than the used one given by R

n

+

. With

this new partial order, if either N

1

� N

2

or M

�1

1

� M

�1

2

and the splittings are regular

with respe
t to the new partial order, then 
(M

�1

1

N

1

) � 
(M

�1

2

N

2

).

Joint work with Ivo Marek.

On a Class of D

k

-symmetrizable Matri
es

Tomasz Szul


It is known that for every real square matrix A there exists a nonsingular real symmetri


matrix S su
h that SA = A

0

S, where A

0

is the transpose of A.

Using the notion of an M -matrix we derive a 
riterion for A to satisfy the above equality

with a diagonal S having signature k. Su
h A will be 
alled D

k

-symmetrizable and the

work presents some results on this 
on
ept. In parti
ular, we show that aD

k

-symmetrizable

matrix shares many properties with a real symmetri
 matrix and that any A is, up to an

orthogonal similarity, D

k

-symmetrizable. (Joint work with Stawonir Jonek, and Frank

Uhlig)
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Linear Equations over Cones. Collatz-Wielandt Numbers and Lo
al

Perron{S
haefer Conditions

Bit{Shun Tam

Let K be a proper 
one in R

n

, let A be an n� n real matrix that satis�es AK � K, let b

be a given ve
tor of K, and let � be a given positive real number. The following two linear

equations are 
onsidered in this talk: (i) (�I

n

� A)x = b; x 2 K, and (ii) (A � �I

n

)x =

b; x 2 K. We obtain several equivalent 
onditions for the solvability of the �rst equation.

For the se
ond equation, we give an equivalent 
ondition for its solvability in 
ase when

� > �

b

(A), where �

b

(A) denotes the lo
al spe
tral radius of A at b, and we also �nd a

ne
essary 
ondition when � = �(A), where �(A) is the spe
tral radius of A. Then we

derive some new results about lo
al spe
tral radii and Collatz{Wielandt sets (or numbers)

asso
iated with a 
one-preserving map, and extend a known 
hara
terization ofM -matri
es

among Z-matri
es in terms of alternating sequen
es. In the last part of my talk I introdu
e

the lo
al Perron-S
haefer 
ondition, prove several equivalent 
onditions, and dedu
e some

known intrinsi
 Perron-Frobenius theorem, dis
overed by Hans S
hneider in the early 80's.

A Re
ursive Test for P-Matri
es and Methods for Constru
ting P-Matri
es

Mi
hael J. Tsatsomeros

P-matri
es, i.e., matri
es all of whose prin
ipal minors are positive, are asso
iated with

nonnegative matrix theory in many ways, most notably via the uni�
ation theory of var-

ious sub
lasses of P-matri
es (e.g., M-matri
es, totally nonnegative matri
es and positive

de�nite matri
es).

How would you test whether a given `large' matrix is a P-matrix or not?

If no other information is known about the matrix, this is a 
o-NP-
omplete problem. So

how would you test a 25 � 25 matrix? An answer is provided based on a new algorithm

that redu
es the time 
omplexity of su
h a test from O( 2

n

n

3

) to O( 2

n

). This is a
hieved

by applying re
ursively a 
riterion for P-matri
es based on S
hur 
omplementation. A

Matlab program implementing this algorithm (for 
omplex matri
es) is provided, as well

as information on how to exploit its parallel nature.

We also dis
uss two methods for generating P-matri
es borrowed from mathemati
al pro-

gramming. One of them involves the prin
ipal pivot transform and the other is a little bit

of a mystery.
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Maximal graphs with maximal spe
tral radius

Pauline van den Driess
he

A maximal graph is a 
onne
ted graph with degree sequen
e not majorized by the degree

sequen
e of any other graph. Relationships between di�erent sequen
es of integers that

des
ribe maximal graphs are given. A 
orresponden
e between maximal graphs and 
on-

ne
ted graphs with stepwise adja
en
y matri
es shows that, among all 
onne
ted graphs

with n verti
es and e edges, the graph with maximal spe
tral radius is a maximal graph.

Su
h maximal graphs are identi�ed for 
ertain values of n and e.

Joint work with Dale D.Olesky and Aidan Roy.

A Sign Pattern Inertia and Eigenvalue Problem

Pauline van den Driess
he

For n � 2, let T

n

= [t

ij

℄ be the �xed n-by-n tridiagonal sign pattern with t

11

= �, t

nn

= +,

t

i;i+1

= +, t

i+1;i

= � for i = 1; : : : ; n� 1, and all other entries equal to zero. A real matrix

A = [a

ij

℄ 2 T

n

if sign(a

ij

) = t

ij

for all i; j. In [2℄, the 
onje
ture was made that T

n

allows

any inertia (i.e., given any triple of nonnegative integers (n

1

; n

2

; n

3

) that sum to n, there

exists A 2 T

n

so that the inertia of A is (n

1

; n

2

; n

3

)). A stronger 
onje
ture was also made,

namely that T

n

allows any spe
trum (i.e., for any set of n 
omplex numbers with nonreals

o

urring as 
omplex 
onjugates, there exists A 2 T

n

that has this set as spe
trum). If

true, this se
ond 
onje
ture would imply the truth of the �rst. By 
onstru
ting matri
es,

the inertia result is proved for n

3

2 f0; 1; 2; n� 1; ng for all values of n � 2, see [2, se
tion

3℄. In [2, Se
tion 4℄, the spe
tral 
onje
ture (and thus the inertia 
onje
ture) is proved

for ea
h n 2 f2; : : : ; 7g by 
onstru
ting a nilpotent matrix and showing that a 
ertain

Ja
obian is nonzero so that the impli
it fun
tion theorem applies. More re
ently [1℄ this

spe
tral result has been extended to n = 8 by this same method and the use of MAPLE.

For the remaining values of n

3

(for the inertia) and n � 9 (for the spe
trum), this real

inverse eigenvalue problem for the sign pattern T

n

remains open. It appears that some new

tools are needed, as the methods used above do not easily extend.

Referen
es

[1℄ J.H. Drew and C.R. Johnson, Personal 
ommuni
ation.

[2℄ J.H. Drew, C.R. Johnson, D.D. Olesky and P. van den Driess
he, Spe
trally arbitrary patterns, Linear

Algebra Appl. 308 (2000): 121-137.
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Blo
kwise perturbation theory for nearly un
oupled Markov 
hains and its

appli
ation

Jungong Xue

Let P be the transition matrix of a nearly un
oupled Markov 
hain. The states 
an be

grouped into aggregates su
h that P has the blo
k form P = (P

ij

)

k

i;j=1

where P

ii

is square

and P

ij

is small for i 6= j. Let �

T

be the stationary distribution partitioned 
onformally as

�

T

= (�

T

1

; � � � ; �

t

k

). In this paper we bound the relative error in ea
h aggregate distribution

�

T

i


aused by small relative perturbations in P

ij

. The error bounds demonstrate that nearly

un
oupled Markov 
hains usually lead to well 
onditioned problems in the sense of blo
kwise

relative error. As an appli
ation, we show that with appropriate stopping 
riteria, iterative

aggregation/disaggregation algorithms will a
hieve su
h stru
tured ba
kward errors and


ompute ea
h aggregate distribution with high relative a

ura
y.

Edited by Matthias Bollh�ofer
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