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The present 
onferen
e was organized by Christopher Deninger (M�unster), Peter S
hnei-

der (M�unster) and Anthony J. S
holl (Durham).

The 18 talks gave an overview of re
ent results and 
urrent trends in algebrai
 number

theory.
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Abstra
ts

The signs of symple
ti
 epsilon 
onstants

Ted Chinburg

My talk was about joint work with Georgios Pappas and Martin Taylor on a 
onsequen
e

of a form of the Bir
h Swinnerton-Dyer 
onje
ture.

Suppose G is a �nite group a
ting tamely on a regular 
at proje
tive 
urve X over Z.

Let V be a 
omplex representation of G. The L-fun
tion L(s; V;Y) of V over Y = X =G

has a 
onje
tural fun
tional equation whi
h involves a 
onstant �(Y; V ). This 
onstant is

a produ
t

�(Y; V ) =

Y

v

�

v

(Y; V )

of lo
al fa
tors as v runs over the pla
es of Q. In the �rst part of the talk I explained

the following predi
tion of the Bir
h and Swinnerton-Dyer 
onje
ture and the fun
tional

equation:

FE +BSD predi
tion : �(Y; V ) = 1 if V is irredu
ible and symple
ti
:

The result we 
an prove about this is:

Theorem 1. Suppose the a
tion of G on X is tame, X and Y are regular, and that

irredu
ible 
omponents of the spe
ial �bers of Y are smooth with normal 
rossings and

multipli
ities prime to the residue 
hara
teristi
. If every subgroup of order 4 in G is


y
li
, then

sign(�

v

(Y; V )) = 1 for all pla
es v:

In parti
ular, the FE+BSD predi
tion is true.

Note that if G is a generalized quaternion group, then every subgroup of order 4 in

G is 
y
li
, su
h groups have irredu
ible symple
ti
 representations. The proof of the

Theorem uses an equivariant form of Blo
h's formula for 
ondu
tors, and work of T. Saito

on �-fa
tors.

The fun
tional equation of the L-fun
tion (with �-fa
tors) of a 
omplex representation

V of G relative to the base Y = X =G is 
onje
tured to have the form

L(s; V;Y) = �(Y; V ) � A(Y; V )

�s

L(2� s; V

�

;Y):

The 
ondu
tor A(Y; V ) is a positive integer, and the �-fa
tor �(Y; V ) has a produ
t expan-

sion

�(Y; V ) =

Y

v

�

v

(Y; V )

in whi
h v runs over the pla
es of Q and �

v

(Y; V ) is a lo
al �-
onstant. An equivariant

form of the Bir
h Swinnerton-Dyer 
onje
ture going ba
k to work of Tate and Beilinson

predi
ts that if V is irredu
ible, then

ord

s=1

L(s; V;Y) = multipli
ity of V in Pi


0

(X )

where Pi


0

(X ) is the group of Weil divisor 
lasses on X whi
h have degree 0 on the generi


�ber of X .
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Iwasawa theory for ellipti
 
urves with supersingular redu
tion

Masato Kurihara

For an ellipti
 
urve E de�ned over a number �eld, if E has ordinary redu
tion at every

prime above p, we know in a Z

p

-extension how the orders of the p-
omponents of the

Tate-Shafarevi
h groups of E grow by Mazur's theorem, his 
onje
ture, and usual Iwasawa

theory. I reported in the 
ase that E is de�ned over Q and has supersingular redu
tion

at p, we 
an get an asymptoti
 formula of the orders of the p-
omponents of the Tate-

Shafarevi
h groups of E over K

n

(where we denoted by K

n

the n-th layer of the 
y
lotomi


Z

p

-extension of an abelian �eld K) by using fra
tional invariants. I also gave a 
onje
ture

on the stru
ture of the Selmer group of E over K

n

. If p does not divide the L-value and

the Tamagawa fa
tor, this 
onje
ture 
an be veri�ed for Q

n

.

Hasse-Witt invariants for tra
e forms of arithmeti
 s
hemes

Martin Taylor

The talk 
on
erned joint work with Ph. Cassou-Nagu�es and B. Erez on the relation between

various invariants de�ned in mod 2 �etale 
ohomology atta
hed to tame odd 
overs of

s
hemes. Our results build on the work of Serre, Esnault-Kahn-Viehweg.

The �rst invariant 
onsidered is the Hasse-Witt invariant of the square root of the inverse

di�erent with tra
e form. The se
ond invariant is 
onstru
ted using the representation,

of the tame fundamental group, whi
h 
orresponds to the 
over. The formula obtained is

valid in arbitrary dimension.

This work 
ontains two main 
ontributions. Firstly we show how to eliminate the ram-

i�
ation and redu
e to the �etale 
ase - dealt with by Esnault-Khan-Viehweg. Se
ondly

we provide a very detailed analysis of lo
al stru
ture, using partial normalisations, to


ir
umvent the diÆ
ulties arising from the 
rossings on the rami�
ation lo
us.

Non-Abelian Iwasawa Theory and Appli
ations to Ellipti
 Curves

Susan Howson

We �rst dis
uss an approa
h to determining, up to pseudoisomorphism, the stru
ture of a


entral-torsion module over the Iwasawa algebra of a pro-p, p-adi
, Lie group 
ontaining no

element of order p. We then 
onsider the properties of 
ertain invariants ('equivariant Euler

Chara
teristi
s') whi
h may prove useful in determining the stru
ture of su
h a module

and relating the algebrai
 side of the theory to the analyti
 side. Finally, the 
ase of pro-p

open subgroups of GL

2

(Z

p

) is des
ribed in more detail and we give some appli
ations to

the theory of non-CM ellipti
 
urves, 
on
entrating parti
ularly on the modular 
urves

X

0

(11) and X

1

(11), for whi
h the theory is the most developed.

In�nite dimensional p-adi
 Galois representations

Jean Mar
 Fontaine

Let K be an algebrai
 
losure of a �nite extension K of Q

p

and C = C

p

the p-adi



ompletion of K. An almost C

p

-representation of G is a p-adi
 Bana
h spa
e X equipped

with a 
ontinuous and linear a
tion of G, su
h that there exists d 2 N; V

1

� X; V

2

�

C

d

, �nite dimensional sub Q

p

-ve
torspa
es stable under G and an a
tion on X=V

1

�

=

C

d

=V

2

. These representations form an abelian 
ategory P(G), 
ontaining the 
ategory of
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�nite length B

+

dl

-modules equipped with a semilinear and 
ontinuous a
tion of G as a full

sub
ategory. There is a unique additive fun
tion d : x 7! (d




(x); d

Q

v

) 2 N �Z on Ob(P(G)

su
h that d(
) = (1; 0) and d(V ) = (0; dim

Q

v

(V )) if dim

Q

v

V <1. If X and Y are obje
ts

of P(V ), the Ext

i

(X; Y ) 
an be de�ned, they are �nite dimensional Q

p

-ve
torspa
es, = 0

if i =2 f0; 1; 2g and

2

P

i=0

(�1)

i

dim

Q

p

Ext

i

(X; Y ) = �[K : Q

p

℄d

Q

p

(X)d

Q

p

(Y ).

Crystalline sheaves and polylogarithms

T. Tsuji

In this talk, I dis
ussed a relation between the two p-adi
 realizations: the p-adi
 �etale and


rystalline realizations of the 
lassi
al motivi
 polylog and the ellipti
 motivi
 polylog, using

the p-adi
 Hodge theory. More pre
isely, I proved that the p-adi
 realization is a 
rystalline

sheaf on P

1

Q

p

nf0; 1;1g in the 
lassi
al 
ase. For an ellipti
 
urve E over a number �eld K

and a �nite pla
e p su
h that K is unrami�ed at p and E has good redu
tion at p, we 
an

also prove that the p-adi
 �etale realization of the motivi
 ellipti
 polylog on E

K

p

nf0g is


rystalline. Combining with the results of K. Bannai on the 
rystalline realizations and p-

adi
 
lassi
al polylog fun
tions or p-adi
 L-fun
tions of CM ellipti
 
urves, we immediately

obtain the 
orresponding results for the p-adi
 realizations, whi
h have been proven by

another method.

A lo
al proof of the equality of the L-invariants atta
hed to modular forms

A. Iovita

I report on joint work with R. Coleman. We proove that the Frobenius and monodromy

operators on the log-
rystalline 
ohomology of a semi-stable 
urve over the ring of integers

of a lo
al �eld (mixed 
hara
teristi
), with smooth generi
 �bre, with 
oeÆ
ients in a

�ltered log-F iso
rystal 
an be expli
itly des
ribed using p-adi
 interpolation on the de-

Rahm 
ohomology of the generi
 �bre of the 
urve with 
oeÆ
ients in the respe
tive �ltered

log-F iso
rystal, under a 
ertain assumption on the iso
rystal.

>From this we dedu
e the equality of the L-invariants.

Lubin-Tate Groups and p-adi
 Fourier Theory

J. Teitelbaum

I report on joint work with Peter S
hneider. We study the spa
s of lo
ally L-analyti


fun
tions on the additive group of integers O � L, where L is a �nite extension of Q

p

.

Generalizing work of Ami
e and Lazard, we show that the dual of the lo
ally analyti


fun
tions on O 
an be identi�ed with the ring of rigid fun
tions on the L-analyti
 
hara
ter

group

^

O of O. When L = Q

p

,

^

Z

p

is isomorphi
 to the open unit dis
 over Q

p

. By 
ontrast,

for L 6= Q

p

,

^

O is a rigid variety NOT isomorphi
 to a dis
 over any dis
retely valued �eld,

but

^

O is isomorphi
 over C

p

to the open dis
. The proof of this result is an appli
ation

of the theory of Lubin-Tate groups, and in parti
ular of Tate's p-adi
 Hodge Theory for

p-divisible groups. I dis
ribed an appli
ation to the 
onstru
tion of a p-adi
 L-fun
tion for

a CM ellipti
 
urve that is supersingular at p.
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A proof of Mazur's 
onje
ture on higher Heegner points via the Andr�e-Oort


onje
ture

Christophe Cornut

Inspired by the work of Gross-Zagier, it was B. Mazur who, in his 83'ICM Talk �rst es-

tablished the relevan
e of Heegner points of 
ondu
tor p

n

in the study of the arithmeti
 of

ellipti
 
urves E=Q along the anti
y
lotomi
 Z

p

-extension H

1

of an imaginary quadrati


�eld K. However, these points are initially only de�ned over a �nite extension of H

1

,

namely the union K[p

1

℄ of all singular 
lass�elds of 
ondu
tor p

n

: to use his own 
on-

trol theorems, he therefore had to assume their tra
e from K[p

1

℄ to H

1

was generi
ally

nontorsion, a statement whi
h he 
onje
tured to be always true.

We prove this 
onje
ture by 
omputing the Zariski 
losure of the involved set of Heeg-

ner points in X

0

(N)

Gal(K[p

1

℄=H

1

)

, by means of a (proven) spe
ial 
ase of the Andr�e-Oort


onje
ture.

Rami�
ation of lo
al �elds in imperfe
t residue �eld 
ase

Takeshi Saito

In 
lassi
al theory of rami�
ation, we need to assume that the residue �eld extension is

separable to de�ne the upper numbering �ltration. In a joint work with A.Abbes, I de�ned

it without any 
ondition on the residue �eld. Let K be a 
omplete dis
rete valuation

�eld and L be a �nite separable extension. We de�ne the set �

0

(Hom

O

K

(O

L

; O




=m

a

)) of


onne
ted 
omponents where 
 is a separable 
losure of K and m

a

= fx 2 O




jord x � ag.

To de�ne it, we use some idea from rigid geometry. Using the set �

0

(Hom

O

K

(O

L

; O




=m

a

)),

we de�ne the upper numbering �ltration. In the talk, I gave some examples and dis
ussed

further problems.

p-adi
 Galois representations p-adi
 di�erential equations

P. Colmez

The talk was a survey of the works of Andr�e, Berger, Kedlaya and Mebkhout leading to

the proof of the monodromy 
onje
tures of Crew on the di�erential side and Fontaine on

the Galois side.

Rank four symple
ti
 motives and Taylor-Wiles systems

Ja
ques Tilouine

The talk presented a result obtained with A. Genestier 
on
erning the modularity of 
ertain

four-dimensional symple
ti
 p-adi
 Galois representations �. The basi
 assumption is that

their redu
tion modulo p is modular, asso
iated to a holomorphi
 Siegel 
usp eigenform.

The prime p must be 
hosen larger than the Hodge-Tate weights of the representation and

prime to its 
ondu
tor. Sin
e we follow the Taylor-Wiles method as used in the unpublished

manus
ript of Harris-Taylor, we need also to assume a minimality 
ondition for � at p and

at the primes dividing its 
ondu
tor. At p we assume ordinarity (althoug � 
rystalline at

p is probably enough).

The main step in the 
onstru
tion is a 
al
ulation of vanishing 
y
les for some Siegel

varieties with parahori
 bad redu
tion. We also need to establish an Ei
hler-Shimura

relation at Taylor-Wiles primes.
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Potential appli
ation to rk 4 symple
ti
 motives=Q 
oming from deformations of the

Fermat quinti
 are also mentioned.

An Ei
hler-Shimura type isomorphism for Drinfeld modular forms

G. B

�

o
kle (ETH Z

�

uri
h)

In re
ent work R. Pink and myself have developed a 
ohomologi
al theory of what we 
all


rystals over fun
tion �elds. The basi
 idea is to de�ne for ea
h s
heme X a 
ategory of

sheaves with some extra stru
ture that on the one hand 
ontains the 
ategories of Drinfeld

modules or more generally t-motives over X, and on the other allows the de�nition of

fun
tors f

�

, 
 and Rf

!

for any morphism f : X ! Y between s
hemes of �nite type over

F

q

. The novelty in 
omparison with earlier work by others on this is the existen
e of Rf

!

,

whi
h does not exist on either of the above-mentioned sub
ategories.

I explain, how this theory 
an be used to de�ne an Ei
hler-Shimura type isomorphism

between the spa
e of Drinfeld modular 
usp forms of weight k and level n and a suitably

de�ned 
ohomology group M

k

(n) in a 
ategory of 
rystals, that arises from the universal

Drinfeld module on the moduli spa
e Y

1

(n) of rank 2 Drinfeld modules with a level �

1

(n)-

stru
ture. This isomorphism provides us with an �etale realization of Drinfeld modular


usp forms, and hen
e allows it to atta
h Galois representations to eigenforms. One has

the Ei
hler-Shimura relation Frob

q

= T

q

between Frobenius elements and He
ke operators.

The fun
tion played by M

k

(n) is analogous to that of the singular realization of 
lassi
al

modular forms.

One 
an de�ne a similar 
rystal for double 
usp forms. This gives a 
omplete des
ription

of Galois representations atta
hed to eigenforms whi
h are not doubly 
uspidal, namely as

�nite order 
hara
ters of 
ondu
tors dividing n.

p-adi
 Arakelov theory

Amnon Besser

We des
ribe an analogue of Arakelov theory of 
urves with p-adi
 
oeÆ
ients. The setup is

as found in the theory of p-adi
 height pairings and the emphasis is on �nding an analogue

of the 
anoni
al Green fun
tion. The idea is to use the theory of Coleman integration,

generalized to higher dimensions, and the analogue of the 
 operator that takes Coleman

forms "with one step integration" on the spa
e X, to H

1

dR


 


1

(X). One then de�nes

log fun
tions as p-adi
 fun
tions behaving like the log of a norm in the 
lassi
al setting,

and 
 is used to de�ne an analogue of the 
urvature form of su
h a log fun
tion. We �nd


onditions for the existen
e of log fun
tions with given 
urvature. One then �nds on �(�)

a 
anoni
al log fun
tion whose 
urvature is analogous to the one found in the 
lassi
al 
ase.

The required Green fun
tion is then just log(1). One 
an 
ontinue to de�ne the analogue of

the Faltings volume, and most results of Arakelov theory have easily provable analogues.

Tame 
overings of arithmeti
 s
hemes

A. S
hmidt

Let X be a regular 
onne
ted and proper s
heme over Spe
(Z) and let X � X be an open

subs
heme. We 
onsider the pro�nite group

�

t

1

(X;X �X)

6



whi
h 
lassi�es �nite �etale 
overings of X whi
h are tame along the boundery X �X. We

show that its maximal abelian quotient

�

t

1

(X;X �X)

ab

= �

t

1

(X)

ab

is �nite and independent of the 
hoi
e of the 
ompa
ti�
ation X (i.e. depends only on X).

The �niteness part of this statement requires weaker assumptions and we get the following

generalisation of a result of Katz and Lang: "Let O be the ring of integers of a number�eld

k and X a 
at O s
heme of �nite type whose geometri
 generi
 �bre X 


O

k is 
onne
ted.

Assume that X �! Spe
(O

k

) is surje
tive and that X is normal. Then �

et

1

(X)

ab

is �nite".

Then we explain how singular homology of s
hemes of �nite type over Spe
(Z) is de�ned

and explain the existen
e of a surje
tive re
ipro
ity homomorphis

re
 : h

0

(X) �! �

t

1

(X)

ab

for regular X. We 
onje
ture that CM is an isomorphism of �nite abelian groups and we

explain, how mu
h of the 
onje
ture is proven up to now.

On the image of Galois in l-adi
 representations asso
iated to motives

J.-P. Wintenberger

(joint work with J. Coates and R. Sujatha)

We 
onsider X �! K, K number �eld, X smooth proje
tive variety over K. For ea
h

prime l, we 
onsider the l-adi
 G

K

= GL(Q =K)-representation V

Q

l

= H

m

(X

K

;Q

l

). We

prove that for big l, the image of Galois �(G

K

) 
ontains homotheties (F

t

l

)

m
(d)

, 
(d) a


onstant whi
h only depends on d = dim H

m

(X(C );Q ). This implies for m 6= 0, l >>

0, if V

Z

l

� H

m

(X

K

;Q

l

) is a latti
e stable by G

K

the vanishing of 
ohomology groups

H

i

(�(G

K

); V

Q

l

=V

Z

l

). For ea
h l, in the 
ase m is odd, X has potentially good redu
tion

at one prime v dividing l, if furthermore �

Q

l

(G

K

) has no element of order l the Euler


hara
teristi


�(�

Q

l

;W

Q

l

=W

Z

l

) = 1:

An analogue of Grothendie
k 
onje
ture for higher dimensional lo
al �elds

Vi
tor Abrashkin

Let n 2 N and let K be an n-dimensional 
omplete dis
rete valuation �eld. We assume

that 
harK = 0 or p, all residue �elds of K are of 
hara
teristi
 p and the last residue �eld

is �nite. We provide K with additional F -stru
ture given by its i-dimensional sub�elds

K

i;e

whi
h are supposed to be algebrai
ally 
losed in K. We 
onsider also P-topology of K

whi
h uni�es its n valuation topologies. Under above assumptions we de�ne a de
reasing

sequen
e of subgroups in �

K

= Gal(K

sep

=K) whi
h gives generalisation of 
lassi
al 
on
ept

of rami�
ation �ltration (known earlier only for 1-dimensional �elds). Let Aut

FP

(K) be

a group of P-
ontinuous automorphisms g : K �! K su
h that g(K

i;e

) = K

i;e

for all

1 � i � n. Let Aut

P

rf

be the group of all automorphisms of �

K

whi
h are 
ompatible

with rami�
ation �ltration and P-
ontinuous on ea
h abelian subquotient. Chara
teristi


0 version of our result states:

the natural embedding Aut

FP

K ,! Aut

P

rf

�

K

is isomorphism if 
harK = 0.
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Geometri
 realisation of lo
al Langlands 
orresponden
es - 
omputation of

�-
onstants in the tame 
ase

M. Strau
h

Let X =F

q

be a p-divisible group and (M:) the tower of rigid analyti
 spa
es 
onstru
ted

by Rapoport and Zink from some deformation data of X ; in this 
ase, R. Kottwitz 
on-

je
tured a de
omposition of the 
uspidal part of H

�

= lim

!

H

�

(M: 


^

F ;Q

l

) in terms of

Langlands 
orresponden
es for the groups G (� lim

 

Aut(M: j M

0

)), J � Aut(X ) and W

F

the Weilgroup of F . In the talk we dis
uss lo
al approa
hes to this 
onje
ture, namely:

a tra
e formular argument for the G $ J 
orresponden
e and an approa
h to 
ompute

�-
onstants of the representation � of G (in the 
ase G = GL

n

) and � of W

F

using formu-

las of Bushnell-Fr�ohli
h and Laumon, respe
tively. Here we suppose F to be of positive


hara
teristi
 and � to be tamely rami�ed.

For the Lefs
hetz tra
e formula for rigid spa
es, we introdu
e 
ompa
ti�
ations of defor-

mation spa
es of a one-dimensional O

F

-module in the 
ategory of adi
 spa
es. Moreover,

we give an expression of the Fourier transform of the 
ohomology in terms of the 
ohomo-

logy of an Artin-S
hreier sheaf on a �bre bundle of deformation spa
es over a pun
tured

open dis
.

Edited by Heinri
h Utz (Karlsruhe)
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