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Abstra
ts

A Remark on L

1

-Asymptoti
 Abelianness for a Spin-Fermion System

Zied Ammari

(joint work with C. G�erard)

We 
onsider a spin system intera
ting with a Fermion system. The free and perturbed

dynami
s is given by a one-parameter group �

0

t

, �

P

t

of automorphisms on a C

�

-algebra

U of observables of the 
oupled system. P is the perturbation and it is a bounded even

operator in U . In this framework we explore the validity of 
ertain dynami
al and statisti
al

properties of the model. We prove the asymptoti
 
ompleteness for the Hamiltonian of

the system in the Fo
k spa
e representation. We show the non-existen
e of the M�ller

morphisms (i.e., lim

t!�1

�

P

t

Æ �

0

�t

in U). In parti
ular, the property of L

1

-asymptoti


abelianness, i.e.,

1

Z

�1







[A; �

0

t

(B)℄







dt < 1 ; for all A;B 2 U ;

does not hold.

Nonlinear Equations with Criti
al Sobolev Exponent

Rafael Benguria

(joint work with C. Bandle, J. Dolbeault and M. J. Esteban)

We 
onsider the Br�ezis-Nirenberg problem on a geodesi
 ball on S

3

: ��u = u

5

+ � u on

D � S

3

, u = 0 on �D. Here D is a geodesi
 ball 
ontained in S

3

of geodesi
 radius �

1

. We

determine the range of values of � and �

1

for whi
h this equation has a non-trivial, positive,

bounded solution. For �

1

>

�

2

, i.e. for geodesi
 balls that ex
eed the hemisphere of S

3

there are two bran
hes of positive solutions. This is in 
ontrast with the situation of the

Br�ezis-Nirenberg problem on R

3

. We also 
onsider the Br�ezis-Nirenberg problem on a unit

ball of R

n

, n � 3, and 
lassify all radial solutions for the equation ��u = juj

p�1

u + � u

on B

1

, u = 0 on �B

1

, as a fun
tion of the exponent p.

Return to Equilibrium for Pauli-Fierz Systems

Jan Derezi

�

nski

(joint work with V. Jak�si�
)

I present re
ent work of V. Jak�si�
 and myself based on the ideas of V. Jak�si�
 and C. A. Pillet

about Pauli-Fierz systems at temperature T � 0. Pauli-Fierz systems des
ribe the inter-

a
tion of a small quantum system with a bosoni
 �eld. W

�

-algebrai
 formalism is used.

Ergodi
 properties are studied by 
onsidering spe
tral properties of the 
orresponding Li-

ouvillean. Using the assumption of the di�erentiability w.r.t. the generator of translations,

return to equilibrium is proven under some relatively weak generi
 assumptions, uniformly

in the temperature.
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Linear Boltzmann Equation as the Long Time Dynami
s of an Ele
tron

Weakly Coupled to a Phonon Field

Laszlo Erd

�

os

We 
onsider the long time evolution of a quantum parti
le (ele
tron) weakly intera
ting

with a phonon �eld. We show that in the weak 
oupling limit the Wigner distribution of the

ele
tron density matrix 
onverges to the solution of the linear Boltzmann equation globally

in time. The 
ollision kernel is identi�ed as the sum of an emission and an absorption term

that depend on the equilibrium distribution of the free phonon modes.

On the S
attering Theory of Massless Nelson Models

Christian G

�

erard

We 
onsider the Nelson model des
ribing an atom intera
ting with a quantized �eld of

massless s
alar bosons. We assume for simpli
ity that the atom is 
on�ned by a potential

well. The Nelson Hamiltonian has the form:

H = ��

x

+ V +

Z

!a

�

a +

P

X

j=1

1

p

2

Z

�

v

j

(k)e

ik�x

j

a

�

(k) + �v

j

(k)e

�ik�x

j

a(k)

�

dk;

where x = (x

1

; : : : ;x

P

) 2 R

3P

are the ele
tron positions, !(k) = jkj, and v(k) is a form-

fa
tor of 
ompa
t support. H a
ts on the Hilbert spa
e H = L

2

(R

3P

; dx)
 �(L

2

(R

3

; dk)).

A typi
al assumption on v(k) is v(k) = jkj

�

�(jkj), � 2 C

1

0

(R), � > 0.

Results:

� We 
onstru
t the asymptoti
 Weyl operators,

W

�

(f) = s� lim

t!�1

e

itH

e

i�(f

t

)

e

�itH

;

where f 2 h

0

, h

0

= D(!

�1=2

), f

t

= e

�it!

f .

� We 
onstru
t, for ea
h 0 < 
 < 1, non-trivial H-invariant spa
es H

�





ontaining a

�nite number of parti
les in fjxj � 
tg.

� We show that the spa
es H

�




are invariant under the asymptoti
 Weyl operators

W

�

(f), and that the CCR representation is of Fo
k type on H

�




.

� We give a geometri
 des
ription of the asymptoti
 va
ua inH

�




, denoted by K

�




, whi
h

says that u 2 K

�




, e

�itH

u = �(f(f

jxj

t

� 
 + "g)) e

�itH

u+ o(1) 8" > 0, where f is a

smoothed 
hara
teristi
 fun
tion of the set indi
ated in its argument.

� Assuming that a Mourre estimate holds in an energy interval 4 � �(H), we show

using this des
ription that 1

4

(H)K

�




= 1

4

(H)H

pp

(H), for 
 < 


0

, i.e. the asymptoti


va
ua in K

+





oin
ide with the bound states.

A Generalization of the Ele
tromagneti
 Field Leading to Lo
al Relativisti


Quantum Field Theories with Inde�nite Metri
 and Non-Trivial S
attering

Hanno Gotts
halk

(joint work with S. Albeverio and J.-L. Wu)

The free ele
tromagneti
 ve
tor potential in the Eu
lidean spa
e-time (d = 4) 
an be

obtained as the solution of the sto
hasti
 partial di�erential equation �A = �, where �

is a suitable, ve
tor-valued, 
ovariant and stationary Gaussian noise �eld, and � is the

quaternioni
 Cau
hy-Riemann di�erential operator. Generalizing this equation to noise
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�elds with also Poisson 
omponent, one obtains new Eu
lidean models. The S
hwinger

fun
tions (moments) 
an be 
al
ulated expli
itly and 
an also be 
ontinued analyti
ally to

real, relativisti
 times (Wightman fun
tions). All Wightman axioms are ful�lled with the

ex
eption of positivity. The Wightman fun
tions 
an however be represented as va
uum

expe
tation values of a quantum �eld theory with inde�nite metri
 in the sense of Mar
hio

and Stra

hi. One 
an 
onstru
t asymptoti
 �elds and states su
h that the LSZ asymptoti



ondition is ful�lled. The S-matrix is 
al
ulated expli
itly and found to be non-trivial.

The theory only permits an asymptoti
 gauge yielding H

in

phys

and H

out

phys

with positive semi-

de�nite inner produ
t. Formally, H

in

phys

is mapped into H

out

phys

by the S-matrix, whi
h thus

exhibits gauge invarian
e.

Quantum Pumps

Gian Mi
hele Graf

(joint work with J. Avron, A. Elgart and L. Sadun)

Quantum pumps are time dependent s
atterers operating between di�erent reservoirs hav-

ing 
ommon temperature and 
hemi
al potential. As a result of the operation 
harge and

energy is transported between the reservoirs and noise and entropy are produ
ed. These

phenomena 
an be des
ribed in terms of the energy shift - a dual to Wigner's time delay

- whi
h is in turn determined by the (stati
) s
attering matrix and its 
hange. Optimal

pump operations 
an be 
hara
terized either by the property of transporting a 
urrent

with minimal dissipation or by the absen
e of noise or entropy produ
tion. In a geometri


des
ription, where the pump operation is represented as a path in a distinguished �bre

bundle, optimality o

urs if the path is along a �bre. In this 
ase, the 
harge transported

along a 
y
le is quantized.

Asymptoti
 Completeness for Rayleigh S
attering

Mar
el Griesemer

(joint work with J. Fr�ohli
h and B. S
hlein)

It is expe
ted that the state of an isolated atom or mole
ule, initially put into an exited

state with energy below the ionization threshold, relaxes to a ground state by spontaneous

emission of photons whi
h propagate to spatial in�nity. I explain how this pi
ture is

established for a large 
lass of models of non-relativisti
 atoms and mole
ules 
oupled to

quantized radiation �eld, but with the simplifying feature that an (arbitrary tiny, but

positive) infrared 
uto� is imposed on the intera
tion Hamiltonian. This result relies

on a proof of asymptoti
 
ompleteness for Rayleigh s
attering of light on an atom. We

establish asymptoti
 
ompleteness for a 
lass of model Hamiltonians with the features

that the atomi
 Hamiltonian has point spe
trum 
oexisting with absolutely 
ontinuous

spe
trum, and that either an infrared 
uto� is imposed on the intera
tion Hamiltonian

or the photons are treated as massive parti
les. We show that, for models of massless

photons, the spe
trum of the Hamiltonian stri
tly below the ionization threshold is purely


ontinuous, ex
ept for the ground state energy.
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Stability of a Model of Relativisti
 Quantum Ele
trodynami
s

Elliott Lieb

(joint work with M. Loss)

We investigate the Hamiltonian for N ele
trons, H

N

=

P

N

i=1

D

i

+ �V

C

+ H

f

, where

D

i

(A) = � � p

i

+ � �A(x

i

) +m� is the Dira
 operator, � � 1=137, V

C

is the Coulomb

potential for N ele
trons and K nu
lei of 
harge Z, H

f

is the �eld energy for the quantized

ele
tromagneti
 �eld, H

f

=

P

2

�=1

R

jkj a

y

k;�

a

k;�

dk, andA(x) is the ultraviolet 
uto� ve
tor

potential,

A(x) =

2

X

�=1

Z

jkj<�

1

p

jkj

"

k;�

�

a

k;�

e

ik�x

+ a

y

k;�

e

�ik�x

�

dk :

We show that this model is stable of the se
ond kind, H

N

� 
onst (N +K), when Z � 42,

when restri
ted to fun
tions that lie in the positive spe
tral subspa
e of the Dira
 operator

D

i

(A), for all i, and not D

i

(0) (whi
h is unstable).

Ground States in Non-Relativisti
 QED

Mi
hael Loss

(joint work with M. Griesemer and E. Lieb)

We 
onsider a model of 
harged parti
les intera
ting with the ultraviolet 
uto� radiation

�eld and an external potential (due, e.g. to the nu
lei �xed in spa
e). The parameters of

the model are the �nestru
ture 
onstant �, the gyromagneti
 fa
tor g and the ultraviolet


uto� �. We show that for any 
hoi
e of these parameters a ground state exists in this

model. The main ingredients are a binding 
ondition and a new infrared bound.

Existen
e of Ground States for the Brown-Ravenhall Model Coupled to the

Quantized Ele
tromagneti
 Field

Oliver Matte

(joint work with V. Ba
h)

In their mathemati
al study of the standard model of non-relativisti
 QED, Ba
h, Fr�ohli
h

and Sigal proved the existen
e of a ground state of the 
orresponding Hamiltonian. In

this talk, we present an extension of this result to a semi-relativisti
 setting, the so 
alled

Brown-Ravenhall model 
oupled to the quantized radiation �eld. Our Hamiltonian has the

form

H = �

+


 1

�

D

0

� V + d�(jkj) + gW

�

�

+


 1 ; �

+

= 1

[0;1)

(D

0

) :

Here, D

0

denotes the free one-parti
le Dira
 operator, V is the potential of a stati
 nu
leus,

and g is a 
oupling parameter for the intera
tion W . The main new problem is posed by

the non-lo
ality of �

+

in the derivation of exponential lo
alization of spe
tral subspa
es


orresponding to the bottom of �(H), whi
h is required to prove the existen
e of a ground

state of H. We show how to over
ome this problem by using an expli
it integral kernel

representation of �

+

. We obtain our results for small values of g, employing an ultraviolet


uto� and a mild infrared regularization in the intera
tion.
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Positive Commutators and Return to Equilibrium

Mar
o Merkli

We show that a system of an atom 
oupled to the quantized ele
tromagneti
 �eld exhibits

the property of return to equilibrium. This property says that if the system is slightly

perturbed from its equilibrium state, then it 
onverges ba
k to it as time goes to in�n-

ity (asymptoti
 stability). We ta
kle the problem by developing the method of positive


ommutators in the framework of non-equilibrium quantum statisti
al me
hani
s.

General Properties of Non-Equilibrium Steady States in QSM

Claude-Alain Pillet

(joint work with V. Jak�si�
)

The framework of C

�

-dynami
al systems has been extremely su

essful in our understand-

ing of the stru
ture of equilibrium states in quantum statisti
al me
hani
s. In my talk I

will report on the results of re
ent works with V. Jak�si�
 on non-equilibrium steady states of

C

�

-dynami
al systems. Some basi
 properties of NESS, in
luding entropy produ
tion will

be dis
ussed. I will also explain how one 
an hope to obtain a spe
tral 
hara
terization

of NESS, and present the results of a study of a simple model where this 
hara
teriza-

tion 
an a
tually be proved rigorously: a quantum spin 
oupled to two fermioni
 �elds at

equilibrium at di�erent temperatures.

One-Parti
le (Improper) States in Nelson's Massless Model

Alessandro Pizzo

In the one-parti
le se
tor of Nelson's massless model, with an ultraviolet 
uto� and no

infrared regularization, one-parti
le states are 
onstru
ted. They are obtained by iterating

the analyti
 perturbation of isolated eigenvalues.

Migdal's World

Manfred Salmhofer

In this talk I dis
uss several versions of Migdal's theorem, whi
h at present has the status

of a 
onje
ture, about vertex 
orre
tions in the ele
tron-phonon system. This quantum

�eld theory is the standard model for the des
ription of ordinary super
ondu
tors. The

model with a
ousti
 phonons 
ontains a small parameter, the velo
ity of sound,


 s

r

ele
tron mass

ion mass

:

Migdal's theorem states that the vertex fun
tion �(p; q), whi
h des
ribes the irredu
ible

intera
tion of an ele
tron with momentum p and a phonon with momentum q, satis�es

j�(p; q)� g j � 
onst 
 ;

even if the bare 
oupling 
onstant g is not small. This smallness of the vertex 
orre
tion

is the basis of the Migdal-Eliashberg theory of super
ondu
tors. I dis
uss the reasons why

this is expe
ted to hold and sket
h a proof of a weaker bound, by 
onst 


1�"

, for any " > 0,

to all orders in an expansion in g.
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General De
omposition of Radial Fun
tions on R

n

and Infrared Conditions for

Positive De�niteness

Robert Seiringer

(joint work with Ch. Hainzl)

We present a generalization of the Fe�erman-de la Llave de
omposition of the Coulomb

potential to quite arbitrary radial fun
tions V on R

n

going to zero at in�nity. That is, we

show that

V (x� y) =

Z

R

n

dz

1

Z

0

dr g(r)�

�;z

(x)�

�;z

(y) ;

where �

�;z

is the 
hara
teristi
 fun
tion of a ball of radius � 
entered at z, and g(r) is some

weight fun
tion related to the

�

n

2

�

+ 2 'nd derivative of V . As a byprodu
t, we see from

this de
omposition that V is positive de�nite if the 
orresponding g(r) is positive, yielding


onditions on V whi
h are less restri
tive than the ones obtained before by Askey.

The Ionization Conje
ture in Hartree-Fo
k Theory

Jan-Philip Solovej

The ionization 
onje
ture for atoms states that the maximal ionization, the radius, and

ionization energy are bounded independently of the nu
lear 
harge of the atom. There

are several mathemati
al models of atoms in whi
h this 
onje
ture 
an be formulated as

a purely mathemati
al statement. In this talk we dis
uss the Thomas-Fermi model, the

Hartree-Fo
k model, and the full quantum me
hani
al S
hr�odinger model. The ionization


onje
ture is known in the Thomas-Fermi model mainly due to the work of Lieb and Simon.

Using the result in the Thomas-Fermi model we sket
h how to prove the 
onje
ture in the

mu
h more 
ompli
ated Hartree-Fo
k model. We also explain why the presented method

does not work in the full many body quantum me
hani
al theory.

Magneti
 Moment of the Ele
tron on the Basis of the Pauli-Fierz Model

Herbert Spohn

(joint work with S. Teufel)

In non-relativisti
 quantum ele
trodynami
s one 
onsiders a single ele
tron with spin min-

imally 
oupled to the quantized photon �eld in the Coulomb gauge. We are interested

in the e�e
tive motion of the ele
tron subje
t to slowly varying external potentials. This

is the spa
e-adiabati
 problem of non-relativisti
 QED. Of parti
ular interest is the spin

pre
ession and possibly higher 
orre
tions for the ba
k 
oupling to the orbit. Our prob-

lem 
an be rephrased as an adiabati
 limit for operator-valued symbols. As des
ribed in

the talk by S. Teufel we have developed a general s
heme under whi
h subspa
es 
an be

adiabati
ally de
oupled and e�e
tive Hamiltonians 
an be 
omputed, in prin
iple to any

order. Applied to the Pauli-Fierz model one has to 
he
k that the ground state band is

separated by a gap and two-fold degenerate, see F. Hiroshima, for the prin
ipal symbol.

There is also a subleading symbol whi
h together with the �rst order 
orre
tion determines

the spin motion. As a result we obtain a non-perturbative de�nition of the g-fa
tor of the

ele
tron within the Pauli-Fierz model.
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The Ground State Energy of Relativisti
 One-Ele
tron Atoms A

ording to

Jansen and He�

Edgardo Sto
kmeyer

(joint work with R. Brummelhuis and H. Siedentop)

Jansen and He� - 
orre
ting an earlier paper of Douglas and Kroll - have derived a (pseudo)-

relativisti
 energy expression whi
h is very su

essful in des
ribing heavy atoms. It is an

approximate no-pair Hamiltonian in the Furry pi
ture. We show that their energy in

the one-parti
le Coulomb 
ase, and thus the resulting self-adjoint Hamiltonian and its

spe
trum, is bounded from below for �Z � 1:006.

Adiabati
 De
oupling and E�e
tive Dynami
s for the Dira
 Equation

Stefan Teufel

(joint work with H. Spohn)

We present a general s
heme for 
onstru
ting e�e
tive Hamiltonians on almost invariant

subspa
es, whi
h are related to isolated parts of the spe
trum of the prin
ipal operator-

valued symbol of some Hamiltonian. The s
heme is applied to the Dira
 Hamiltonian with

slowly varying external potentials, i.e. to H

"

D

= 
� �(�i~r

x

�

e




A("x))+m


2

�+e V ("x)

onH = L

2

(R

3

; C

4

), where " is small. Following a 
onstru
tion of Nen
iu and Sordoni (2001)

one 
an 
onstru
t proje
tors �

"

�

su
h that �

"

+

+�

"

�

= 1 and k [H

"

D

;�

"

+

℄ k+ k [H

"

D

;�

"

�

℄ k =

O("

0

) in B(H). The subspa
es Ran�

"

�

have no simple 
hara
terization and thus a unitary

U

"

is 
onstru
ted, su
h that

U

"

�

�

"

�

U

"

= �

�

with �

�

=

�

1

2�2

0

0 0

�

:

Hen
e U

"

�

H

"

D

U

"

=: h

"

is almost blo
k diagonal and an asymptoti
 expansion h

"

�

h

0

+ " h

1

+ : : : 
an be 
omputed expli
itly. From h

0

+ " h

1

we derive the BTM-equation in

the limit "! 0.

On the Dis
rete Spe
trum of a Two-Body Pseudo-Relativisti
 Pair Operator

Timo Weidl

(joint work with S. Wugalter)

Let

p

k

2

1

+m

2

+

p

k

2

2

+m

2

� V (x

1

� x

2

) be the pseudo-relativisti
 Hamiltonian for the

motion of two intera
ting parti
les without external �eld. Separation of variables due to

translation invarian
e yields a pair operator of the type

p

(p+ q)

2

+m

2

+

p

(p� q)

2

+m

2

�

V (y), where q is the momentum and p a
ts as parameter. We show that the number of

eigenvalues of this operator below the essential spe
trum depends on p. We give CLR and

Lieb-Thirring type bounds and 
al
ulate the spe
tral asymptoti
s as p!1.
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Mathemati
al Analysis of the Photoele
tri
 E�e
t

Heribert Zenk

(joint work with V. Ba
h and F. Klopp)

The talk reports on joint work with Volker Ba
h and Fr�ed�erik Klopp on a model of the

photoele
tri
 e�e
t. We adapt the model of Ba
h, Fr�ohli
h, Sigal of non-relativisti
 parti-


les 
oupled to the quantized ele
tromagneti
 �eld and look at a single ele
tron bound in

a potential well of depth e

0

< 0. So the Hamiltonian is of the form H

g

= H

0

+ gW , where

H

0

des
ribes the un
oupled ele
tron-photon system and g is a small 
oupling parameter

for the intera
tion W . We de�ne transported 
harges, and for photon 
louds added to

the ground state �

gs

of H

g

, we give an asymptoti
 expansion of the time evolution, whi
h

negle
ts higher orders in g. Using this expression, we show that the �rst non-vanishing

term of the transported 
harges is additive in the involved N photons. If the photon 
loud

is approa
hing the atom from large distan
e or if it is mono
hromati
ally, we prove that

Einstein's predi
tion for the photoe�e
t is 
orre
t - qualitatively and quantitatively - to

this leading order.
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Software Presentation

Visual Quantum Me
hani
s

Bernd Thaller

Visual Quantum Me
hani
s is a systemati
 e�ort to use 
omputer generated animations in

order to push the tea
hing in theoreti
al quantum me
hani
s to an even higher level. This

goal is rea
hed be
ause the visualization makes 
ompli
ated results more understandable

and motivates the in
lusion of topi
s that are often ignored or mysti�ed. Another 
onse-

quen
e of this approa
h is a shift in emphases towards the dynami
s of quantum systems.

The presented CD-ROM - a 
over CD for a book about quantum me
hani
s - 
ontains 320

Qui
kTime movies showing quantum me
hani
al wave pa
kets. The movies are presented

in a multimedia framework together with explanatory text (full do
umentation), graphi
s,

and about 16000 lines of Mathemati
a 
ode for own experiments. Complex-valued wave

fun
tions are visualized by a new method, using a 
olor for the 
omplex phase and light-

ness for the absolute value of the wave fun
tion. Some phenomena are shown for the �rst

time. The CD in
ludes spe
ial Mathemati
a pa
kages for visualization and numeri
al so-

lutions of the S
hr�odinger equation. Another part of the proje
t is a platform-independent

OpenGL-based software that is espe
ially useful for the visualization of 
omplex-valued

fun
tions in three dimensions. A large part of the presentation was devoted to relativisti


systems. Movies showing negative-energy wave pa
kets, Zitterbewegung, and transitions

to positroni
 states (Klein's paradox) were shown for the �rst time.
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