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The workshop was organised by D. Brydges (British Columbia), H. Kn�orrer (ETH) and

M. Salmhofer (Leipzig). 46 s
ientists from 8 
ountries attended. Amongst these were 10

from departments of theoreti
al physi
s. There were 15 le
tures given by 13 speakers, 2

organised dis
ussion sessions and several well-attended, spontaneous, disorganised dis
us-

sion sessions. The workshop 
on
luded with an after-dinner piano 
on
ert on Friday June

14.

The Renormalization Group is a set of prin
iples used in the analysis of problems with

many degrees of freedom asso
iated with length s
ales. Su
h problems arise in many


ontexts in
luding probability, statisti
al me
hani
s, quantum �eld theory and partial dif-

ferential equations. The 
ommon theme is to 
lassify examples into \universality 
lasses"

with 
anoni
al representatives obtained by \s
aling limits". A beginning example is pro-

vided by the Donsker Invarian
e Prin
iple. Here we start with random walk (without

drift). The standard deviation of the step distribution is the smallest length s
ale, while

an entire in�nite traje
tory has stru
ture on all larger length s
ales. The s
aling limit

is equivalent to viewing the walk from far away so that only long distan
e stru
ture is

retained. The viewer will see the path of Brownian motion. This means that the random

walk is in the universality 
lass whose 
anoni
al representative is Brownian motion. In a

similar way models in statisti
al me
hani
s are in universality 
lasses labelled by quantum

�eld theories.

The implementation of this theme varies a

ording to the 
ore dis
ipline: the 
ontext

is operators and Hilbert spa
es for quantum �eld theory, mi
rolo
al analysis for PDE

and 
ombinatori
 expansions for statisti
al me
hani
s. The workshop allows both ideas

and s
ientists to migrate between these sub
ommunities. The whole enterprise has some

grandeur, but it is hard for the younger s
ientists to see the rami�
ations without this

type of meeting. The Oberwolfa
h traditions worked well and the meeting gave us all new

optimism and a sense of the gathering power to prove analyti
 results in the domain of

mathemati
al physi
s.
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Abstra
ts

Operator{valued Renormalization Group Flow

V. Ba
h

(joint work with Th. Chen, J. Fr�ohli
h and I.M. Sigal )

We present an improved version of the RG 
ow built on the Feshba
h proje
tion method.

The new RG method is based on a generalization of the Feshba
h proje
tion method 
alled

the \Smooth Feshba
h Map". It uses smooth 
uto� fun
tions � rather than proje
tions,

and it maps a given Hamiltonian H on a Hilbert spa
e H to an e�e
tive Hamiltonian

F

�

(H) on a (smaller) Hilbert spa
e Ran� � H. The important feature of this map is its

isospe
trality: H is invertible i� F

�

(H) is invertible.

As a main appli
ation, we 
onstru
t a 
onvergent RG 
ow on a subspa
e W � B(H)

of operators on H � F

b

�

L

2

(R

d

)

�

whi
h represent Hamiltonians in quantum �eld theory.

Thanks to the smoothness of the 
uto� fun
tion �, the 
onvergen
e proof is mu
h simpli�ed,

and the norm requirements de�ningW (as a Bana
h spa
e) are weaker (and more natural)

than before, using proje
tions.

QED on the 3{torus

J. Dimo
k

We 
onsider quantum ele
trodynami
s on a three dimensional torus. We start with

the latti
e gauge theory and attempt to 
ontrol the singularities as the latti
e spa
ing is

taken to zero. This is a

omplished by following the 
ow of the renormalization group

transformations. The method is similar to that of T. Balaban for s
alar ele
trodynami
s.

Intera
ting Fermions in 3d at �nite temperature

M. Disertori

(joint work with J. Magnen and V. Rivasseau)

It is believed that a system of weakly intera
ting Fermions in 2 or 3 dimensions, with

a rotation invariant Fermi surfa
e, is a Fermi liquid (in the sense of Salmhofer) above

the 
riti
al temperature T




= e

�

k

j�j

, where k is a 
onstant and � is the strength of the

intera
tion.

In the 2d 
ase we proved this behaviour (in a work with V. Rivasseau), using a Fermioni


expansion and angular analysis in momentum spa
e. Due to the di�eren
e between 2d and

3d geometry, this proof 
annot be generalized dire
tly to the 3d 
ase.

In a re
ent work with J. Magnen and V. Rivasseau we 
ompleted the �rst step of the

proof, namely the uniform bound on 
ompletely 
onvergent 
ontributions. The analysis

relies on a dire
t spa
e de
omposition of the propagator, on a bosoni
 multi-s
ale 
luster

expansion and on a Hadamard inequality.
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Lo
al Aspe
ts of Renormalization II: Gauge Theories

M. Duets
h

(joint work with K. Fredenhagen and F-M. Boas)

A lo
al formulation enables a 
onsistent perturbative treatment of massless Yang-Mills

theories. Su
h a 
onstru
tion requires the validity of BRST-symmetry in a suitable form.

A suÆ
ient renormalization 
ondition is the 'Master BRST-Identity'. To �nd its pre
ise

form we start with 
lassi
al �eld theory. We formulate the most general identity whi
h 
an


lassi
ally be derived from the �eld equation: this is the 'Master Ward Identity'. Then we

quantize by the prin
iple that we want to maintain as mu
h as possible of the algebrai


stru
ture of the perturbative 
lassi
al �elds. In parti
ular we require the Master Ward

Identity as a renormalization 
ondition. Its appli
ation to the BRST-
urrent yields the

(wanted) Master BRST-Identity.

Constru
tion of a 2{d Fermi Liquid

J. Feldman

(joint work with H. Kn�orrer and E. Trubowitz)

I dis
uss the main ideas behind a proof that the temperature zero renormalized perturba-

tion expansions of a 
lass of intera
ting many{fermion models in two spa
e dimensions have

nonzero radius of 
onvergen
e. The models have \asymmetri
" Fermi surfa
es and short

range intera
tions. One 
onsequen
e of the 
onvergen
e of the perturbation expansions is

the existen
e of a dis
ontinuity in the parti
le number density at the Fermi surfa
e.

The proof uses a multis
ale analysis, dis
rete renormalization group 
ow and renor-

malization of the Fermi surfa
e. Generalized parti
le{parti
le and parti
le{hole ladder

diagrams require spe
ial treatment. Parti
le{parti
le ladders have improved power 
ount-

ing due to the assumed asymmetry of the Fermi surfa
e, suppressing the Cooper 
hannel.

A sign 
an
ellation between s
ales is used to 
ontrol parti
le{hole ladders.

Lo
al Aspe
ts of Renormalization I: Renormalization of Quantum Field

Theory on 
urved Spa
etime

K. Fredenhagen

(joint work with R. Brunetti, M. D�uts
h, R. Ver
h)

In 
ontrast to 
lassi
al �eld theory, the standard formulation of quantum �eld theory


ontains many nonlo
al elements whi
h have no obvious generalization to 
urved spa
etime.

Among them are the use of the Fouriertransform whi
h relies on translation invarian
e,

the 
on
ept of a va
uum state and of parti
les, the 
hoi
e of a distinguished Hilbert spa
e

of states and of a Feynman propagator. Also the Eu
lidean formulation of quantum �eld

theory makes not mu
h sense on a 
urved spa
etime sin
e the generi
 spa
etime with a

Lorentzian metri
 has no analyti
 
ontinuation 
ontaining a Riemannian spa
e. Neverthe-

less, the ultraviolet problem of quantum �eld theory admits, at least at a lo
al level, a

satisfa
tory treatment, in agreement with the equivalen
e prin
iple. The infrared problem,

on the other hand, whose general treatment on 
urved spa
etime seems to be hopeless, 
an

be 
ompletely separated. The te
hnique used is the algebrai
 formulation of �eld theory


ombined with methods from mi
rolo
al analysis. One �rst enlarges the algebra of the free

�eld su
h that it also 
ontains Wi
k produ
ts. One then analyses the Dyson series for a
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Lagrangian with a spa
etime 
uto� des
ribed by a test fun
tion with 
ompa
t support.

The problem is then redu
ed to the de�nition of time ordered produ
ts as operator valued

distributions. In terms of them the observables of the intera
ting theory 
an be de�ned

su
h that they are, up to unitary equivalen
e, independent of the spa
etime 
uto�. The

work des
ribed was published in Comm. Math. Phys. 2000-2002.

Intera
ting sto
hasti
 systems:

Longtime behaviour and its renormalization analysis

A. Greven

We des
ribe typi
al phenomena arising in the longtime behaviour of intera
ting spatial

sto
hasti
 systems and explain how they 
an be analyzed using the te
hnique of renormal-

ization by multiple spa
e-time s
ales. We shall fo
us on models whi
h arise in population

geneti
s, in parti
ular intera
ting Feller di�usions and Fisher-Wright di�usions.

The main mathemati
al point is to give an approximate pi
ture of the spatial sto
hasti


system by passing to a large spa
e-time s
ale view. This will lead to a simpler sto
hasti


pro
ess 
alled the intera
tion 
hain. The analysis of this obje
t redu
es mainly to the

study of the orbit of iterations of a 
ertain nonlinear map in fun
tion spa
e. Properties of

this orbit 
an be derived by �nding �xed points or �xed shapes of the nonlinear map and

by showing 
onvergen
e properties of general orbits to the spe
ial ones generated by �xed

points or �xed shapes.

An important point is that this analysis allows to explain the spe
ial role of 
ertain

spe
i�
 sto
hasti
 models, whi
h 
orrespond to the �xed points and �xed shapes and

whi
h 
hara
terize a universality 
lass of longtime behaviour in a larger 
lass of models.

Finally we outline the possible appli
ations of the multi-s
ale analysis in mathemati
al

biology, in parti
ular evolution theory.

Triviality of Hierar
hi
al Ising model in Four Dimensions

T. Hara

(joint work with T. Hattori and H. Watanabe)

We 
onsider the Renormalization Group (RG) transformation for a so-
alled Hierar
hi
al

Ising model. This is a version of Ising models with spe
ially arranged hierar
hi
al spin

intera
tions. Thanks to the spe
ial fra
tal stru
ture of the intera
tions between spins, the

Renormalization Group transformation (RGT) R takes on the following very simple form:

(1) (Rh)(x) = N exp

�

�

2

x

2

�

Z

1

�1

h

�

x

p




+ y

�

h

�

x

p




� y

�

dy

where h(x) roughly denotes the Gibbs fa
tor (or a single site measure; x 
orresponds to a

spin variable), N is a normalization 
onstant, and 
 � 2

1�2=d

and � �

1




�

1

2

are parameters

whi
h depend on d. (d itself is a parameter whi
h mimi
s latti
e dimension.)

It is easy to see that

(2) h(x) = e

�x

2

=4
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is a �xed point of the above transformation R (
alled the gaussian �xed point). A natural

question would be to investigate lo
al and global stru
ture of the RGT 
ows (not ne
essarily

in the vi
inity of the gaussian �xed point).

To partially answer this question, we studied RGT 
ows starting from the Ising initial

data:

(3) h(x) = Æ(x

2

�K

2

); K > 0;

for d = 4. (In the above, K is roughly proportional to the inverse temperature.)

Our result 
an be summarized as follows:

Theorem. For d = 4, there is K




> 0, su
h that the RGT 
ow starting from the initial


ondition (3) with K = K





onverges to the gaussian �xed point, (2).

The above result, supplemented by a more detailed estimate derived in the proof, shows

that the 
ontinuum limit of this model is gaussian (i.e. triviality).

A word on the proof: The proof uses 
hara
teristi
 fun
tions and 
orrelation inequalities

(whi
h are ni
e), but is partly 
omputer-supported (whi
h is a bit disappointing, but still

is rigorous).

Referen
e: T. Hara, T. Hattori, and H. Watanabe: Commun. Math. Phys. 220 (2001)

13{40

Renormalization Group and Ward Identities in d = 2 Grassmann Integrals

V. Mastropietro

(joint work with G. Benfatto)

We present a detailed study of the 
orrelation fun
tions of the XY Z Heisenberg spin


hain and of models of 
lassi
al Ising systems in d = 2 like the eight vertex model or the

As
hkin{Teller model. The 
orrelations 
an be written in terms of Grassmann integrals

whi
h 
an be evaluated by a multis
ale analysis and Ward identities 
an be implemented

in order to prove 
an
ellations. The 
riti
al indi
es are written as a 
onvergent power

series and non{universality is found. Convergen
e is proved by bounding the determinants

appearing in the Fermi expe
tations by the Gram{Hadamard inequality. Su
h results


an be found in Benfatto, Mastropietro RMP (2001) and CMP (2002), and Mastropietro,

Preprint (2002)

Flow Equations for Hamiltonians: Appli
ations to dissipative quantum

Systems

A. Mielke

The aim of this talk is to show how 
ow equations 
an be used to diagonalize dissipative

quantum systems. Applying a 
ontinuous unitary transformation to the spin-boson model,

one obtains 
ow equations for the Hamiltonian and for observables. Depending on the

parameters, di�erent representations of the Hamiltonian are suitable. For the super-Ohmi



ase the 
ow equations are solved approximately, yielding very a

urate results. The model

with an Ohmi
 bath and a 
oupling � =

1

2


an be solved exa
tly using 
ow equations. This

approa
h 
an be used to 
onstru
t 
ontrollable approximation s
hemes for � 6=

1

2

.
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Di�usive Dynami
s in pattern forming systems

G. S
hneider

We use renormalization theory to prove di�usive behaviour in pattern forming systems.

Examples are the nonlinear stability of spatially periodi
 equilibria, as Taylor vorti
es

of spatially periodi
 B�enard rolls, the nonlinear stability of modulated fronts 
onne
ting

stable Taylor vorti
es with the Couette 
ow, et
. The proof uses renormalization theory,

Blo
h wave analysis and a �xed point argument.

Multi
hannel Nonlinear S
attering

A. Soffer

The Nonlinear S
hr�odinger equation, whi
h appears in the Hartree Fo
k approximation

and in nonlinear opti
s, is an example of a dispersive wave equation whi
h has many

di�erent asymptoti
 states depending on the initial data. Su
h time dependent equations

play a 
entral role in many re
ent s
ienti�
 advan
es,su
h as Bose-Einstein 
ondensates

and opti
al devi
es. I will dis
uss the solutions of su
h equations,in
luding the large time

behaviour. Rigorous results have shown, for the �rst time, the phenomena of ground

state sele
tion, asymptoti
 instability of the ex
ited states and more. These results are

obtained by deriving a novel Nonlinear Master equation and multitime s
ale analysis of its

properties. The talk will be general for Physi
s and Mathemati
s audien
e.

Continuous Diagonalization of Hamiltonians

F. Wegner

A method to diagonalize/blo
k-diagonalize Hamiltonians by means of a 
ontinuous uni-

tary transformation is presented (F.W., Flow Equations for Hamiltonians, Annalen der

Physik (Leipzig) 3 (1994) 77). Appli
ations are given to the problem of the elimination

of the ele
tron-phonon intera
tion (P. Lenz, F.W., Flow Equations for Ele
tron-Phonon

Intera
tions, Nu
l. Phys. B482 (1996) 693) and to symmetry breaking in the Hubbard

model (I. Grote, E. Krding, F.W., Stability Analysis of the Hubbard Model, J. Low Temp.

Phys. 126 (2002) 1385). Problems 
on
erning the asymptoti
 behaviour are indi
ated.

Edited by Horst Kn�orrer
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