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The meeting was organized by Bert Gerards (Amsterdam), Andras Sebo (Grenoble), and
Robert Weismantel (Magdeburg). The goal of the conference was to bring together the
communities of different, but related fields of mathematics: Combinatorial Optimization,
Discrete and Convex Geometry, and Graph Theory. The meeting was attended by more
than 40 participants from various countries.

The scientific program was started on Monday by Lészlé Lovasz, who gave a tutorial on
lattices. Twenty-eight talks were given during the eight morning and afternoon sessions.

A highlight of the conference was the purported proof of the Strong Perfect Graph
Conjecture by Paul Seymour and his group. It was the topic of three regular talks and an
extra, informal session on Thursday evening. There also was a special session with three
talks on the topic of Path Matching on Thursday morning.

On Wednesday evening, a problem session was held. A. Frank, L. Lovasz, P. Seymour,
S. Onn, M. Laurent, and A. Schrijver presented interesting problems from their current
research and some of their favourite conjectures.

The abstracts of the talks are given below (in alphabetical order).



Abstracts

Knapsacks, the Frobenius number, and Lattices
KAREN AARDAL
(joint work with Arjen K. Lenstra)

We consider the following integer feasibility problem: “Given positive integer numbers
ag, a1, - - ., 4y, with ged(aq,...,a,) =1 and a = (a4, ..., a,), does there exist a vector x €
7, satisfying ax = ay?” Some instances of this type have been found to be extremely hard
to solve by standard methods such as branch-and-bound, even if the number of variables
is as small as ten. We observe that not only the sizes of the numbers ag, aq,...,a,, but
also their structure, have a large impact on the difficulty of the instances. This particular
structure enables us to derive a strong lower bound on the Frobenius number for these
instances. Moreover, we demonstrate that the characteristics that make the instances so
difficult to solve by branch-and-bound make the solution of a certain reformulation of the
problem almost trivial. We accompany our results by a small computational study.

The minimum area convex lattice n-gon
IMRE BARANY
(joint work with Norihide Tokushige)

Let A(n) be the minimum area of convex lattice n-gons. (Here lattice is the usual lattice
of integer points in R?.) G. E. Andrews proved in 1963 that A(n) > cn? for a suitable
positive ¢. We show here that lim A(n)/n® exists. Our computations suggest that the
value of the limit is very close to 0.0185067 . ... It turns out further that the convex lattice
n-gon P, with area A(n) has elongated shape: After a suitable lattice preserving affine
transformation P, is very close to the ellipsoid 22/A? + y?/B? = 1 with A = 0.00357n?
and B = 1.656n.

Robust Discrete Optimization
DIMITRIS BERTSIMAS
(joint work with Melvyn Sim)

We propose an approach to address data uncertainty for discrete optimization problems
that allows controlling the degree of conservatism of the solution, and is computationally
tractable both practically and theoretically. In particular, when both the cost coefficients
and the data in the constraints of a mixed integer programming problem are subject
to uncertainty, we propose a robust mixed IP of moderately larger size that allows to
control the degree of conservatism of the solution in terms of probabilistic bounds on
constraint violation. When only the cost coefficients are subject to uncertainty and the
problem is a 0/11P on n variables, then we solve the robust counterpart by solving n + 1
instances of the original problem with different objective functions. Thus, the robust
counterpart of a polynomially solvable 0/1 IP remains polynomially solvable. In particular,
robust matching, spanning tree, shortest path, matroid intersection, etc. are polynomially
solvable. Moreover, we show that the robust counterpart of an N’P-hard a-approximable
0/11P remains a-approximable.



Path-Matchings and Even Factors
B CUNNINGHAM
(joint work with Jim Geelen)

An even factor of a digraph is the edge-set of a collection of vertex-disjoint dipaths and
even dicircuits. The problem of finding a maximum size even factor is N’P-hard in general,
but solvable in polynomial time when the digraph is weakly symmetric, meaning that
every strong component is symmetric. We show this result, and also solvability results for
a weighted version, and a version in which matroid structure is imposed on the end vertices
of the dipaths. These problems generalize corresponding problems in path-matchings, and
thus generalize (weighted) matching and (weighted) matroid intersection. Main tools are
the Tutte matrix of the digraph, a generalization of Geelen’s matching algorithm, and
Murota’s valuated matroid intersection algorithm.

On the stable b-matching polytope
TAMAS FLEINER

We characterize the bipartite stable b-matching polytope in terms of linear constraints.
The stable b-matching polytope is the convex hull of the characteristic vectors of stable
b-matchings, that is, of stable assignments of a two-sided multiple partner matching model.
Our proof uses the comparability theorem of Roth and Sotomayor and follows a similar
line as Rothblum did for the stable matching polytope.

On the geometric rank of relaxations
PETER GRITZMANN
(joint work with Andreas Brieden)

We introduce the geometric rank as a measure for the quality of relaxations of certain
combinatorial optimization problems in the realm of polyhedral combinatorics. This notion
leads in particular to sharp inapproximability bounds for largely restricted classes of the
general polynomial programming problem. We also relate the geometric rank of a relaxation
of the stable set polytope to the question whether the separation problem for the relaxation
can be solved in polynomial time.

Packing T-joins and edge colouring
BERTRAND (GUENIN

Let (G,T) be a planar graft for which there exists a T-cut with at most 5 edges and
where all T-cuts have the same parity. We show that in that case the cardinality of the
minimum 7T-cut equals the maximum number of pairwise disjoint T-joins. As a corollary
we obtain that k-regular planar graphs G (where k& < 5) have chromatic index k iff VX C
V(G), [6(X)| > k when |X| odd. The case k = 4 was conjectured by Seymour in 1979, it
is a strict generalization of the 4-colour theorem.



Representation of polyhedra by polynomial inequalities
MARTIN HENK
(joint work with Martin Grétschel)

A beautiful result of Brocker and Scheiderer on the stability index of basic closed semi-
algebraic sets implies, as a very special case, that every n-dimensional polyhedron admits
a representation as the set of solutions of at most n(n+1)/2 polynomial inequalities. Even
in this polyhedral case, however, no constructive proof is known, even if the quadratic
upper bound is replaced by any bound depending only on the dimension.

Here we give, for simple polytopes, an explicit construction of polynomials describing
such a polytope. The number of used polynomials is exponential in the dimension, but in
the 2- and 3-dimensional case we get the expected number n(n + 1)/2.

Hilbert Bases, Gomory Integer Programs and Supernormal Vector
Configurations

SERKAN HOSTEN

We study the hierarchy of normal configurations (those configurations of vectors which
form a Hilbert basis of the cone they generate) from the point of view of covering prop-
erties of the monoid of lattice points in the cone that the configuration defines, as well
as from the integer programming point of view. We introduce 2 new classes of configura-
tion namely A.-normal configurations and supernormal configurations. These are general-
izations of configurations with unimodular triangulations and unimodular configurations,
respectively.

A Faster Scaling Algorithm for Minimizing Submodular Functions
SATORU IwATA

A set function f on a finite set V' is submodular if it satisfies
fX)+f(Y)>f(XNY)+ f(XUY), VX, Y CV.

Submodular functions are discrete analogues of convex functions.

Recently, combinatorial strongly polynomial algorithms for minimizing submodular func-
tions have been developed by Iwata, Fleischer, and Fujishige (IFF) and by Schrijver.
The IFF algorithm employs a scaling scheme for submodular functions, whereas Schri-
jver achieves a strongly polynomial bound by introducing a novel subroutine in a lexico-
graphic augmentation framework. Subsequently, Fleischer and Iwata have been described
a push/relabel framework that uses this subroutine to improve the running time bound.

In this talk, we combine these two streams of techniques to yield a faster combinatorial
algorithm for submodular function minimization. The resulting algorithm improves over
the previously best known bound by an almost linear factor in the size of the underlying
ground set.



Primal (Mixed) Integer Programming
MATTHIAS KOPPE
(joint work with Utz-Uwe Haus and Robert Weismantel)

We review the “classic” primal Integer Programming algorithms by R. D. Young and
others. The known weaknesses of these methods and the lack of an algorithm of this type for
mixed integer programs provide the motivation for the study of new primal-type algorithms
that are based on “linear reformulations”, rather than integer pivoting. We present such
an algorithm, the Integral Basis Method, for which we present computational results both
on proving optimality of given optimal solutions and augmenting suboptimal points, for
hard 0/1 integer programs from the MIPLIB. Finally we present a recent extension of our
algorithm to mixed integer programs.

Bases, Reorientations and Linear Programming
in Graphs, Hyperplane Arrangements, and Oriented Matroids

MICHEL LAS VERGNAS
(joint work with Emeric Gioan)

The present work pursues a series of results originating in a theorem of R. Stanley
(1973) on the number of acyclic orientations of a graph. First generalizations of this result
are given by theorems of T. Zaslavsky (1975) on the number of regions of an hyperplane
arrangement, and of M. Las Vergnas (1975) on the number of acyclic reorientations of an
oriented matroid, or equivalently, the number of regions of its topological representation. A
further generalization is a state model for the Tutte polynomial of an oriented matroid on a
linearly ordered set in terms of orientation activities (M. Las Vergnas 1982). Comparing the
classical state model of the Tutte polynomial in terms of basis activities (W.T. Tutte 1954)
to the state model in terms of orientation activities yields a remarkable relation between the
numbers of bases and reorientations with given activities in an oriented matroid — namely
2%7b;; = 0;;. We present here a bijective proof of this relation. Our construction consists in
first decomposing activities, then establishing a bijection between bases and reorientations
by means of two dual algorithms. The resulting active correspondence, which preserves
active partitions, is closely related to oriented matroid programming.

Semidefinite relaxation for 0/1 polytopes
Application to Max-Cut

MONIQUE LAURENT

Several methods for constructing linear and/or semidefinite relaxations of 0/1 poly-
topes have been proposed; in particular, the lift-and-project method (Balas, Ceria and
Cornuéjols), the iterative matrix-cut method (Lovdsz and Schrijver), the RLT method
(Sherali and Adams), and some algebraic methods based on representations of polynomi-
als as sums of squares and the dual theory of moments (Lasserre, Parrilo, Shor). We show
that the tightest relaxations are obtained when applying the algebraic construction and
give a simple combinatorial interpretation in the 0/1 case.

We study in detail the application to the maximum cut problem. Several results are
presented, including a linear lower bound on the number of iterations needed for finding
the cut polytope, and a geometric result on the set of moment matrices.



Multi-index Transportation Polytopes
JESUS ANTONIO DE LOERA

A d-way table of size (ny,...,ng) is an array v = v;, _;, of nonnegative integers with
1 <i; <nj. For 0 <m < d, an m-marginal of v;, _;, is any of the (:L) possible m-tables
obtained by summing the entries of v;, _;, over all but m indices. For instance, if v; ;
is a 3-table of size (n,n,n) then its 0-marginal is vy 4 = D0 D70 Y70 vk, its 1-
marginals are v; ; = Z?Zl S Vigk A multi-index transportation polytope associated
to some marginals is the set of tables whose marginals are exactly as those specified. Such
polytopes appear often in Statistical analysis. Two theorems were presented about these
polytopes:

e In joint work with S. Onn, we provided an integer preserving affine isomorphism
between transportation polytopes of 3-tables with given 1-marginals and upper
bounds on entries on one hand, transportation polytopes of 3-tables with given
2-marginals (and no upper bounds) on the other hand. It can be used to systemat-
ically obtain “empty” transportation polytopes — that are rationally nonempty yet
contain no integer lattice point.

e In joint work with M. Ahmed and R. Hemmecke, we use a new implementation of
Barvinok’s algorithm for counting lattice points to derive explicit formulae for the
Ehrhart quasi-polynomials of several transportation of 3-tables.

Harmonic and analytic functions on graphs
LAszLO LovAsz
(joint work with Ttai Benjamini)

Harmonic and analytic functions have natural discrete analogues. Harmonic functions
can be defined on every graph, while analytic functions (or, more precisely, holomorphic
forms) can be defined on graphs embedded in orientable surfaces. Many important prop-
erties of the “true” harmonic and analytic functions can be carried over to the discrete
setting. We prove that a nonzero analytic function can vanish only on a very small con-
nected piece.

As an application, we describe a simple local random process on embedded graphs,
which have the property that observing them in a small neighborhood of a node through
a polynomial time, we can infer the genus of the surface.

Discrete Convex Functions
KaAzuo MuUroTA

Discrete convex analysis is a theory of M-convex and L-convex functions, aiming at a
discrete analogue of convex analysis for nonlinear discrete optimization. Technically it is a
nonlinear generalizations of matroid /submodular function theory. This talk consists of two
parts. The first part points out a connection of discrete convex analysis to the results of
D. Gale and T. Politof (Substitutes and complements in network flow problems, Discrete
Applied Mathematics, Vol. 3 (1981), pp. 175-186). The submodularity of the maximum
cost with respect to weights and capacities on parallel arcs is a consequence of the following
fact: The maximum cost of a feasible circulation is Li-convex as a function in weights on
parallel arcs, and is M?-concave as a function in capacities on parallel arcs. The second
part of the talk explains fundamental results in discrete convex analysis, with emphasis on
conjugacy and duality.



A Polynomial Time Algorithm for Universal Grobner Bases
SHMUEL ONN

We provide a polynomial time algorithm for computing the universal Grobner basis of
any polynomial ideal having a finite set of common zeros in fixed number of variables.
One ingredient of our algorithm is an effective construction of the state polyhedron of any
member of the Hilbert scheme of n-long d-variate ideals, enabled by introducing the Hilbert
zonotope and showing that it simultaneously refines all state polyhedra of ideals on the
Hilbert scheme.

Lower Bounds for Covering Codes
ALAIN PLAGNE
(joint work with Laurent Habsieger)

My talk was about covering codes. The context is the following: we are given ¢ and n
two integers and study the ambiant space F', the n-th power of the finite alphabet with
q elements, which is equipped with the usual Hamming distance. Given an integer R we
define K,(n, R) to be the smallest possible number of balls with radius R which are needed
to cover the whole space. In the talk, we did show how to derive good lower bounds for
K,(n, R). The method is partly algorithmic and related with integer programming.

S-paths
ALEXANDER SCHRIJVER

An S-path is a path in a graph having two distinct end vertices in S. We explain a short
proof of Mader’s min-max relation for the maximum number of openly disjoint S-paths,
and give relations to matroid theory, including a new representation in terms of matroid
matching. We pose as problems to derive a direct, polynomial-time algorithm to find a
maximum number of openly disjoint S-paths, and to characterize the Mader matroids in
relation to linear matroids and gammoids.

Strong Perfect Graph Theorem
PAUL SEYMOUR AND MARIA CHUDNOVSKY
(joint work with Neil Robertson and Robin Thomas)

Claude Berge proposed the conjecture in 1960 that, in every graph with no odd hole
or odd antihole, the number of colours needed to properly colour the graph equals the
size of the largest complete subgraph. (A “hole” means an induced subgraph which is a
cycle of length > 4, and an “antihole” is the same in the complement graph.) This has
become one of the most well-known and popular open problems in graph theory. Most
attempts on it have been based on linear programming methods, studying the properties
of a minimal counterexample; they go a long way, but appear eventually to get stuck.
Recently, however, a new approach was initiated by Conforti and Cornuéjols, an attempt to
actually find explicit constructions for all the graphs not containing odd holes or antiholes,
and checking directly that they satisfy Berge’s conjecture. T am happy to report that this
works. In joint work with Maria Chudnovsky, Neil Robertson and Robin Thomas, we
have been able to carry out the Conforti-Cornuéjols program, and thereby prove Berge’s
conjecture. (We hope! — we only finished the proof in May, and there are two years worth
of details to check, but so far it stands up.)



A Combinatorial Algorithm for the Independent Path-Matching Problem
BIANCA SPILLE
(joint work with Robert Weismantel)

The independent path-matching problem is a common generalization of the matching
problem and the matroid intersection problem. Cunningham and Geelen proved that this
problem is solvable in polynomial time via the ellipsoid method. We present a polynomial-
time combinatorial algorithm for its unweighted version that generalizes the known com-
binatorial algorithms for the cardinality matching problem and the matroid intersection
problem.

Path-Matching and Even Factors
LAszLO SZEGO
(joint work with Andras Frank, Bianca Spille, and Gyula Pap)

Cunningham and Geelen introduced the notion of path-matchings as a common general-
ization of maximum weight matchings and maximum weight matroid intersections. They
proved that this problem can be solved in polynomial time. Here we show a simlified
min-max formula for the maximum value of a path-matching along with a combinatorial
proof (joint work with Andras Frank) and a Gallai-Edmonds-type structure theorem on
the maximum valued path-matchings (joint work with Bianca Spille).

Cunningham and Geelen generalized path-matchings further, they defined the even fac-
tor problem. This problem turned out to be A’/P-complete in general but in weakly sym-
metric graphs it is polynomial as Cunningham and Geelen showed. We give a simplified
min-max formula for the maximum cardinality of an even factor in weakly symmetric
graphs together with a structure theorem (joint work with Gyula Pap).

Valid Inequalities for MIP, Superadditivity and Submodularity
LAWRENCE WOLSEY

We consider the question of which “hard” mixed integer programming sets should be
studied so as to improve cutting plane algorithms. This leads us to reconsider the liftings
of valid inequalities. We derive general conditions for lifting sets of variables subject to
arbitrary constraints, with superadditivities playing a crucial role. Several questions are
raised concerning superadditive functions on R”, R}, RL, etc. especially related to single
node flow sets; and the structure of the corresponding lifting functions.

The second set considered is a multi-constraint extension of the single node flow model,
arising in capacitated lot-sizing. Here simultaneous lifting results are known even though
the lifting functions are not superadditive. However here the submodularity of certain fixed
charge network flows provides a different validation of the simultaneous lifting property.

Edited by Matthias Koppe and Utz-Uwe Haus
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