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GLOBAL SOLUTIONS TO STOCHASTIC WAVE EQUATIONS WITH
SUPERLINEAR COEFFICIENTS

ANNIE MILLET AND MARTA SANZ-SOLE

ABSTRACT. We prove existence and uniqueness of a random field solution (u(t, z); (¢,x) €
[0, T] x R?) to a stochastic wave equation in dimensions d = 1,2, 3 with diffusion and drift
coefficients of the form |z|(Iny(|z|))* for some a > 0. The proof relies on a sharp analysis
of moment estimates of time and space increments of the corresponding stochastic wave
equation with globally Lipschitz coefficients. We give examples of spatially correlated
Gaussian driving noises where the results apply.

1. INTRODUCTION

In this paper, we study the stochastic wave equation in spatial dimension d € {1, 2, 3},
with a multiplicative noise W,

2 .
ﬁu(t,w) — Agu(t,z) = b(u(t,x)) + o(u(t,x))W(t,x), t € (0,T],
u(0, ) = up(z), %U(O, x) = vo(x), (1.1)

x € R%,

The choice of W depends on the dimension d. First, we consider the case d = 1 with
space-time white noise. Then, we consider simultaneously the dimensions d = 2,3 with a
noise white in time and coloured in space, that is, with a non trivial spatial covariance.
The initial conditions ug and vg are real-valued functions. The coefficients b,0 : R — R
are locally Lipschitz functions such that, for |z| — oo,

b(x)] < 01 + Osf| (In[2])°, |o(x)| < 01+ o2la] (In]z])", (1.2)

where 0;,0; € Ry, i =1,2, 02,00 >0, §,a > 0.
We are interested in proving global existence of a random field solution to (1.1), which
means the existence of a stochastic process (u(t,z), (t,z) € [0,T] x R?) satisfying

u(t, z) = [G(t) * vol(x) + ;[G(t) *ug| (z) + /0 ds [G(s) xb(u(t — s,-))](x)

+ /t G(t—s,x —y)o(u(s,y))W(ds,dy), (1.3)
0 JRrd

for all (¢,x) € [0,T] x R? a.s. Here, G(t), t > 0, is the fundamental solution to the partial
differential operator 3722 — A, the notation “x” denotes the convolution with respect to the
space variable, and the last integral on the right-hand side is the stochastic convolution
(or infinite dimensional stochastic integral) defined for example in [6].

2010 Mathematics Subject Classification. Primary: 60H15, 60G60 Secondary: 35R60, 60G17 .
Key words and phrases. Stochastic wave equation, super-linear coefficients, global well-posedness.
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2 A. MILLET AND M. SANZ-SOLE

When ¢ and b are globally Lipschitz functions, therefore having linear growth, results on
global existence of random field solutions to (1.1) have been established for different type
of noises (see e.g. [29], [6]). However, for superlinear coefficients blow-up may occur. This
is a well-known and extensively studied phenomenon in PDEs (see for instance the survey
paper [13] for parabolic equations, and [3], [15], [24][Section X.13, p. 293] for hyperbolic

equations).
Our research is motivated by [11]. This paper studies the parabolic SPDE
0 0? .
au(t,x) - Wu(t,x) = b(u(t,z)) + o(u(t,z))W(t,z), t € (0,T], z € (0,1),
x
u(0,z) = up(z), = € [0,1], (1.4)

with Dirichlet boundary conditions u(t,0) = u(¢,1) = 0, and locally Lipschitz coefficients
such that, as |z| — oo,

b(@)| = O(le|(n |z])), |o(2)] = o (Jal(n]2])/*) . (1.5)

Assuming that the initial value ug is Holder continuous, one of the main results in [11]
is the existence of a unique global random field solution to (1.4) on C(R4 x [0,1]). This
solution satisfies

sup lu(t,z)| < oo, a.s., for any T' > 0.
(t,2)€[0,T]x[0,1]

If in equation (1.4), o is constant and |b(x)| > |z|(In|z|)*** when |z| — oo, with ¢
arbitrarily close to zero, Bonder and Groisman ([2]) prove that blow-up occurs in finite
time ¢ > 0. From [11], one concludes that this condition on b is sharp. Notice that
the assumption on b is related to the classical Osgood’s condition in ordinary differential
equations.

There are many papers devoted to the study of blow-up phenomena for parabolic
SPDEs. We refer the reader to references given in [11] for a representative sample. There
are however less results for stochastic wave equations. To the best of our knowledge, ex-
istence or absence of blow-up has been studied so far in the setting of functional-valued
solutions, rather than for random field solutions. Some important contributions to the
problem are given in [5] (see also other papers by P.-L. Chow) and [23]. These are for
wave equations whose coefficients have polynomial growth and for noises white in time
and with strong conditions on the space covariance. More general noises are considered
in [21], where a stochastic wave equation with d = 2 and b(z) = —|z|”z, for some value of
p > 0, is shown to have a global weak functional-valued solution. Observe that the minus
sign in b has the effect of bringing the solution back to the origin, rather than pushing
it away to infinity, as may happen with positive nonlinearities. A quite general setting is
considered in [19], where, for a bounded spatial domain, the authors study a wave equation
with a maximal monotone graph b driven by a martingale noise, and existence (but not
uniqueness) of functional-valued global solution is proved.

The main results of this paper are Theorem 3.4 and Theorem 4.14, relative to the two
noise type scenarios considered in the paper. Briefly stated, we prove that, if the initial
conditions satisfy some Hoélder properties, and the coefficients are such that a superlinear
growth as described in (1.2) holds (see condition (Cs) in Section 3), then, if b dominates
o (see conditions (C1), (Cd) in Sections 3 and 4, respectively), then a global random
field solution to (1.3) exists.
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Our approach follows a L> method, as in [11], except that we do not use comparison
theorems, since they do not hold for the wave equation. The main work consists in

establishing qualitative sharp upper bounds on E (sup(wﬂ)E K |lu(t, ) |p), for some p > 1,

where (u(t,r)) ) is the random field solution to (1.3) with globally Lipschitz coefficients,
and K is a compact subset of Ry x RZ Such upper bounds are expressed in terms
of the value at the origin and the Lipschitz constants of the coefficients b and o (see
Propositions 3.3 and 4.13, and the notation (2.12) below). They are obtained from LP
estimates of increments in time and in space of the process (u(t,))(, . (see Propositions
3.2 and 4.12) via a version of Kolmogorov’s theorem ([10][Theorem A.3.1]). Why is this
important? Existence of solution to differential equations with locally Lipschitz coefficients
is often proved by transforming the coefficients into globally Lipschitz functions, by means
of truncation. With a classical sequential stopping argument, involving an increasing
sequence of stopping times (7n)n, if 73 1 00 a.s., then existence of global solution follows.
In our case, a sufficient condition for 7 1 oo to hold (a.s.) is

E((til)ng]uN(t, x)\p) = o(NP), (1.6)

where uy denotes the random field solution to (1.3) with the truncated (by N) coefficients
bN, oV (see (3.26)).

We prove (1.6) for equation (1.3) in two different situations, thereby deducing absence
of blow-up. This is done throughout the sections that we now describe. In Section 3, we
consider the case d = 1 and space-time white noise. The simple setting allows to better
highlight the details of the method. In Section 4, we consider equation (1.3) with d = 2, 3.
Since we are interested in random field solutions, in contrast with the case d = 1, we cannot
take a space-time white noise. Instead, we consider a class of Gaussian noises white in time
and with a spatial covariance measure absolutely continuous with respect to the Lebesgue
measure for which a well developed stochastic integral theory in any dimension d exists
(see e.g. [6], [10]). In comparison with Section 3, the arguments and computations are
more difficult; they are inspired by the approach to sample path regularity of the random
field solution of (1.3) for d = 3 given in [8] and [14]. The statements of Section 4 introduce
several conditions on the spatial covariance density. Section 5 is devoted to prove that
they are satisfied on several examples namely, the Bessel and Riesz kernels and densities
of fractional type.

We end this introduction with some remarks.

Consider the case where b and o are globally Lipschitz functions. From the first state-
ment of Proposition 4.12 (see (4.78)), we deduce the existence of a version of the process
(u(t,))(,z) with locally Lipschitz continuous sample paths, jointly in (¢,z), with expo-
nents vy, vy, respectively. Thus, for the class of spatial covariances considered in Section 4,
this provides a unified approach to sample path regularity of the stochastic wave equation
when d = 2, 3. Related results are in [20] for d = 2, and [8], [14] for d = 3.

Without much additional technical effort, the results of this paper can be extended
to the stochastic wave equation (1.3) with coefficients b and o depending also on (¢, x)
(with suitable assumptions), that is, replacing b(u(t,x)) and o(u(t,x)) by b(t,x,u(t,z))
and o(t,z,u(t, x)) respectively.
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2. PRELIMINARIES AND NOTATIONS

We recall that for d = 1,2 and for any fixed ¢ > 0, the fundamental solution G(t) to

the partial differential operator % — A,, is a function. More precisely,
1
3 Ljz|<t} r €R,
Glt,z) =34 "1 2 (2.1)
{znwl{lxkt}a T e R
while for d = 3,
1
G(t,dx) = ypn or(dz), = € R3, (2.2)

where o4(dx) denotes the uniform surface measure on the sphere centred at zero and with
radius ¢, (see e.g. [12][Ch. 5]). By integration, we see that

G(t,dx) =t, (2.3)
Rd
where, for d = 1,2, G(t,dz) := G(t,z)dz. Observe that G(t) is symmetric in x.
The fundamental solution G(t) satisfies the scaling property

G(t,dz) =t G(1,dz), t > 0. (2.4)

This follows easily by changing the variable = into tz in (2.1) and (2.2). Also, for any
continuous function f defined on R%, d =1,2,3, and any s,t > 0,

Gls,dz) f() =2 | Glt.dz) [ (52), (2.5)
R4 t Rd t
as can be checked by applying the change of variable u — gu This property will be used
in the proof of Proposition 4.6.

We recall also that, for any d > 1, the Fourier transform of G(t, -) is

FG(t,)(0) = [ () do = D

(2.6)

(see [28][p. 49]).

Throughout the paper, we will write G(t,z — dy) to denote the translation by —z of the
measure G(t,dy) in the distribution sense (see e.g. [25][p. 55]).

Let B(0; p) denote the Euclidean ball centred at 0 and with radius p > 0. Because of
the special form of the support of the fundamental solution G, if the initial values wuy,
vo have compact support included in B(0; p) for some p > 0, the support of the solution
(u(t,z); (t,z) € [0,T] x R?) is included in [0,T] x B(0;p + T). This fact will be used in
several computations.

Throughout the article, we will often write (1.3) in the compact form

2

u(t,z) = Ii(t,z), te€[0,T], z €RY, (2.7)
i=0
where
Iy(t, z) =[G (t) * vo](x) + %[G(t) * ug| (2),

h(t.) = [ ds[G(s)blu(t = 5.))),
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t
Bito) = [ [ 6= sa - dyotu(s,y)Wids,dy). (2.8)
0 JR4

In some proofs, the following facts will be used.
For any v >0, k > 1,

sup (tk efvt) = kFy ke ™k, (2.9)
t>0

Since the function t — 1 — e (1 + ~t) is increasing,

—~t T R o
igg[l—e7(1+’yt)]—tlggo[1 e M(1+t)] =1.

This implies

t
sup (/ s 6_73d3> =y Zsup [l —e (1 +t)] =772 (2.10)
t>0 \Jo >0
Integrating by parts twice, we obtain,
t
/ s?e M ds = 273 [1 — e (1 + 4t + 4% /2)] . (2.11)
0

Notations

For a Lipschitz continuous function g : R — R, we set ¢(g) = |g(0)| and denote by L(g)
its Lipschitz constant. Thus,

l9(2)] < e(g) + L(g)|z], = € R, (2.12)
For fixed a > 0, p € [2,00), and any jointly measurable random field
:Qx[0,7] x R - R,

we define the family of seminorms

Nap(®) = sup sup e~ (t, z)|l,, (2.13)
t>0 gzcRd
where || - ||, denotes the norm in LP(€2).

For ¢ : R — R, set [|§lcc = sup,cp [¢(2)| and, for R > 0, [|¢]|s0,r = sup|y < |¢(x)]. For
v € (0,1), we define
|9(z) — o(y)]
I6ll, = sup AL —CW
TH#Y |:E - y|
We denote by CSO(Rk;R) the space of real-valued, infinitely differentiable functions
with compact support. As usual, except if specified otherwise, C,C,C,¢, ... are positive

constants that may change throughout the paper, and C(a),C(a), etc., denote positive
constants depending on the parameter a.

: (2.14)

3. THE STOCHASTIC WAVE EQUATION IN DIMENSION ONE WITH SPACE-TIME WHITE
NOISE

In this section, we consider the stochastic wave equation (1.3) for d = 1, with a space-
time white noise W, and coefficients satisfying the superlinear growth condition (1.2). The
goal is to prove the existence of a global random field solution. The study goes through
several steps developed in the next subsections.
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3.1. Qualitative moment estimates. We assume that the coefficients of (1.3), b and
o, are globally Lipschitz continuous functions. According to (2.12), we have

b(2)] < c(b) + L(b)|z|,  [o(x)] < c(o) + L(o)|x], z € R. (3.1)

The goal is to obtain upper bounds on sup,cp [|u(t, z)||, in terms of the constants ¢(b),
c(o), L(b), L(o) for some range of values of p. This will be done using the approach of
[16][Chapter 5] for the stochastic heat equation (see also [11]).

Using the definition of Iy(¢,x) and G given in (2.8) and (2.1), respectively, we have

T+t
Iy(t, ) :% /t vo(y)dy + %(uo(az —t) +uo(x +1)). (3.2)

From this equality, we deduce

sup |Io(t, z)| < t]|volloc + [[uol|oo- (3.3)
rzeR

Clearly, if ug, vy are bounded functions, the right-hand side of (3.3) is finite. Assuming
this fact, from Proposition I1.3 in [4] we know that (1.3) has a unique random field solution
(u(t, x); (t,x) € [0,T] x R), and for any p € [1,00), this solution satisfies

sup  lu(t, x)|, < oo.
(t,x)€[0,T] xR

Proposition 3.1. Let uy and vy be Borel functions satisfying ||uolleo + [|vollec < o0.
Suppose that L(b) > 8L(c)%. Then, there exists a universal constant C > 0 such that, for

any p € [2, %},

cb) (o)
N, i, < To+ C[W 1) ] (3.4)
where .
e " ||volloo
To=—F7——+2 oo~ 3.5
5= 2l 5)
Thus,
D 2pt+/ L(b) @ C(U) :| }p
iléEE(|u(t,x)| )<e {76 +C [L(b) + (o) , te€0,T]. (3.6)
Proof. Fix ae > 0 and p € [2,+00). From (3.3) and (2.9) with k£ = 1, we obtain
-1
Nop(To) < —[lvolloo + [1o]lcc- (3.7)

By applying Minkowski’s inequality, and then (3.1), we have
t
Il < [ ds [ dy Gt = 5.0 = )lbtuts ),

t
< [ s [y Gt = s =) elb) + LO)fuls. ).
Using (2.3), along with (2.10) and (2.9) with k& = 2, we deduce

Nop(I1) = sup supe™|| 11 (t, z)||,
>0 z€R

2 t
< ¢(b) sup <te°‘t> + L(b) Nop(u) Sup/ (t — s)e =) s
0

>0 \ 2 >0
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22 1
< Ze(b) + 5 L(B) Ny (1)

IN

3 [elb) + LW ()] (38)

Using first the version of Burkholder-Davies-Gundy’s inequality given in [16][Theorem
B1, p. 97], and then Minkowski’s inequality, we obtain

Hb(t,l‘)Hg = H / G(t — s,z —y)o(u(s,y))W(ds, dy)”i

ol

<ap | ]//Gzt_”_> 2(u(s, ) dsdy

— 4p H/O /RGz(t—s,x—y)UQ(U(S,y))

¢
< 4dp / /GQ(t—S,JU—y)Hcr?(u(s,y))Hgdsdy.

o Jr

By (3.1), this is bounded above by

t
sp{ [[as [ ay G2t sia =) felo) + Lo Pluts ) ]}
Since G2(t,x) = $G(t, z), the inequalities (2.9) with k = 1 and (2.10) imply

Nap(I2) = sup supe™ || I(t, 2)]l,
t>0 zeR

< sup sup e_“t{2p0(0)2t2
t>0 xeR

vspro? [ as [ ay G2<t—s,m—y>||u<87y>>lli}”2
< \/2pc(o) )sup (te ) +V/8pL(o)

1/2
X </ ds/ dy G*(t — s,z — y)e2°‘(t5)>

< \F )+ /8pL(0) (/0 %(s*(3*20‘5d5>5

< \/> +\f L(o)Nap(u)

< %[ (0) + Lo Nopl)] (39)
The inequalities (3.7), (3.8) and (3.9) imply

671 1 D
Nap(u) < THUOHOO + ||uo|loo + ?c(b) + %C(O‘)

+ 2max (I;Eg), \/ﬁL(U))/\/’mp(u). (3.10)

(07

Fix a? = 4L(b); since L(b) > 8L(c)?, the interval [2, %} is nonempty. Observe

that for any p € [2, %}, VPL(o) < 7”2(1)) = ¢, and that the choice of a implies
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max (%@, \/ﬁi(a)) = 1, and % < ﬁw). Hence, from (3.10) we deduce (3.4). The

estimate (3.6) is an immediate consequence of the definition of N, ,(u) for a = 2,/L(b).
U

Remarks on Proposition 3.1

(1) Assume that L(b) > kL(c?), for some x > 4. Then, with the same proof as above, we
obtain

N, () ST()+C[Z<(Z;))+ Z({?)} (3.11)

and thus,

sup E((u(t, z)|?) < V5> {75 e [Z(b) 4 o) ] }p, tel0. 7], (312)

z€R

for any p € [2, %]

Observe that, in comparison with Proposition 3.1, the constraint on the Lipschitz con-
stants L(b), L(o) is weaker and the set of values of p for which the uniform L estimate
(3.12) holds is larger. However, for the use of Proposition 3.1 we make in this article, this
improvement does not seem to be relevant.

(2) The proof of Proposition 3.1 uses the inequalities (3.1) on the coefficients but not really
the fact that L(b), L(o) are the Lipschitz constants of b and o, respectively. Thus, the
assumption L(b) > 8L(c)? could be removed by replacing L(b) by some other constant
L(b) satisfying L(b) > max(L(b),8L(c)?). By doing so, the estimates (3.4), (3.6) should
be changed accordingly. If, for example, L(b) is a constant multiple of L(b), this will not
have any consequence in the subsequent results of the paper.

3.2. Uniform bounds on moments. In this section, we still assume that the coefficients
of (1.3) are globally Lipschitz continuous functions, thereby satisfying (3.1). We prove an
upper bound for

E | sup sup |u(t,z)? |, (3.13)
te[0,T] |z|<R

for any R > 0, and for a specific range of values of p that depend on the initial values ug,

vo, and the constants ¢(b), ¢(o), L(b), L(c). This will be a consequence of the following

proposition relative to estimates on moments of space and time increments of the random

field (u(t,z); (t,z) € [0,T] x RY).

Proposition 3.2. We assume that the initial condition ug is Holder continuous with
exponent y1 € (0,1] and vo is continuous. Set vy = y1 A %, and fix T,R > 0. Then, for
any p € [2,00), there exists a positive constant C(p,T, R) such that, for any t,t € [0,T],

z,z € [-R,R] and a > 0,

lut, z) — u(t, 2)| o
(=t +e—a) = (TR M+ M Nay(w)], (3.14)

where

My = |ug|ly, + l|volloo,reT + ¢(b) + /D c(7),
Ms = L(b) + /p L(o). (3.15)
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Moreover, if L(b) > 8L(c)? then for any p € [2, %} ,

Jutt,2) = wlt, Dl _ T (4 €O) | €lo)
Tl <O TR M eV (T S04 F8) @10

with To given in (3.5).

Proof. Since g is y1-Holder continuous, we clearly have
|uo(z — ) + UO(l‘ + 1) = (uo(Z — 1) + uo(2 + 1)) < 2fuolly, (|l — 2™ + [t —[™).

The function Vy(z fo vo(y) dy is continuously differentiable; hence,

T4+t T+t
/ " voly) dy - / vo(y) dy
r—t r—t

Consequently, from the expression (3.2) we obtain,
[Lo(t, x) = Io(t,2)| < C(T, R) ([luolly, + lvolleo,r+r) (l2 — 2™ + [t = ¢[™).  (3.17)

for some C(T,R) > 0

In the next arguments, we will use the following properties on increments of the funda-
mental solution to the one-dimensional wave equation, whose proofs are straightforward.
For all 0 < ¢,t <T, z,T € R, there exists a constant C(T") such that

T
/ ds/dy Gt — 8,2 —y) — G(E— 5,7 — )|
0

<2 [[volloc,rer (| — Z[ + [t = 1]).

—2/ ds/dy Gt —s,2—y)— G —s,z—1y)]
Yt =t + |z — ). (3.18)
As in the proof of Proposition 3.1, Minkovski’s inequality along with (3.1) imply

T
It 2)—L(E, 7)), < / ds /R dy |Gt — 5,2 — ) — G(E — 5,7 — 1)|[[bu(5, )l

/ ds/dy G(t — 5,2 — ) — G(E — 5,7 — )| [e(®) + LB)|u(s,9)],)
b) + L(B)e T Nop()] (|t — ] + & — ), (3.19)

for any a > 0.

Bounds from above of increments of Is, are also obtained following the arguments
in the proof of Proposition 3.1, based on the Burkholder-Davies-Gundy and Minkowski
inequalities. More precisely,

T
Ia(t.) = 1a02) < 4 [ ds [ ay Gt — 5.0 9) = GlE— 5.5 = )P0,
T
<ap [ s [y 16 - 5.0 -0) - G- 5.7 - ol )

< 8p/ dS/ dy |G(t = 5,2 —y) = G(t = 5,7 — y)P’[l[c(0)* + L(0)?[[us, y)II}]
< 8p O(T)[c(0)* + L(0)** T Nap(u)?] (|t — ] + |z — @) ,
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for any a > 0. Consequently,

|La(t,2) — Io(E. @) < 20/2C) VB [elo) + L) Nop()] (1 ~ 1] + [z - )
Let v = 71 A 3; the inequalities (3.17), (3. 19) and (3.20) imply (3.14).
Let a = 24/L(b) and p € [2, 4L() } from (3.4) we obtain (3.16). The proof of the

(@) ]
proposition is complete. O

N

. (3.20)

Combining Proposition 3.2 and the version of Kolmogorov’s continuity lemma given in
[10][Theorem A.3.1] (see also [16][Theorem C.6]) leads to an upper bound for uniform L?
moments in (3.13). The precise statement is as follows.

Proposition 3.3. Let the initial values ug, vy be as in Proposition 3.2. Let v =7 /\% and
suppose that L(b) > %L(O’)2. Then w has a Hélder continuous version, jointly in (t,z),

2 _L(@
v 4L(0)?

still denoted be u, with exponent n € (0,7v), and for any p € (
constant C(p, T, R) such that,

], there exists a

B sup sup Ju(t,a)l” | <277 fuol?, p+Clp, T, B) [ M+ MEMEHTVED] | (3.21)
t€[0,T] |z|<R ’

where My, My are defined in (3.15), and

e volloo,r I
Mz = L8 4 9llug|loe,p + C | 7k +
3 L(b) || OH R -L(b) L(O')

with C' the universal constant in the right-hand side of (3.4).
Proof. For any s,t € [0,T], z,y € [-R, R], set
Alt,a35,9) = [t — s + 2 — "
Proposition 3.2 implies that
E(lu(t, x) —u(s, y)|") < K(A(t, z;5,9))",

with
K := C(p, T, R) [M} + MBe®PT N, p(u)?] (3.22)
for any a > 0.
Apply [10][Theorem A.3.1] with k = 1, ay = ag = v, [ = [0,T], J = [-R,R], p €
2

7,oo), to infer the existence of a version of u (that we still denote by u) with jointly
Holder continuous sample paths of exponent 7 € (0,7). Moreover, since by (1.1),

Ci:=F ( sup \u(O,x)|p> H“OHOO R’

lz|<R

we deduce from [10][Equation(2.8.50)],

E| sup sup |u(t,z)]P | <2 Huo|” pr +Clp, T, R)K, (3.23)
te[0,T) |z|<R ’

with K is defined in (3.22). Observe that K depends on a.
Choose a = 24/L(b). Then (3.23) and (3.22) yield

E|( sup sup [u(t,z)” | < 2P uoll?, 4
te[0,T) |z|<R ’
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P D 2pT+\/L(b) P
+ C(p, T, R) Ml + M26 ./\/'2\/@4)(10 . (324)

Notice that, since v < 1/2, the condition L(b) > %L(O’)Q implies that the hypotheses of
Proposition 3.1 are satisfied. Hence, using (3.4) to upper estimate NQ\/mp(u) on the

right-hand side of (3.24), and since we are considering || < R, we obtain (3.21). O

3.3. Existence and uniqueness of global solution. In this section, we consider the
equation (1.3) with coefficients having superlinear growth. More precisely, we introduce
the following hypothesis that implies (1.2).

(Cs) The functions b,0 : R — R are locally Lipschitz and are such that:
(1) 16(0)] <6y and |o(0)| < o1, for some 01,01 € Ry;

(2) as [x], |y[ — oo,

)

[b(z) = b(y)| < b2]lz — y| Iy (Jz = y[)]°, |o(x) — o(y)| < 02|z — y| [Iny(Jz — y[)],

where 05, 09, € (0,00), §,a > 0, and Iny(z) =In(z V e) for z > 0.
We also assume that the coefficient b dominates o, in the way formulated by the following

assumption.
(C1) The parameters §, a in (1.2) satisfy one of the properties:

(1) 6 > 2a,

(2) 0 = 2a and the constants f2 and o are such that 6y > 703, for some 7 > 0.

The next theorem proves existence and uniqueness of global random field solution to
Equation (1.3).

Theorem 3.4. Assume that the initial conditions ug, vy are functions with compact sup-
port included in [—p, p|, for some p > 0, that ug is Hélder continuous with exponent 1
and vy s continuous. Set vy =y A %; let the coefficients b and o satisfy (Cs) and (C1)
with § < 2 and y = 8y~ L.

Then, there exists a random field solution (u(t,xz); (t,z) € [0,T] x R) to (1.3). This
solution is unique and satisfies

sup  |u(t,x)| < oo, a.s. (3.25)
(t,x)€[0,T] xR

Proof. We notice that because of the properties of the initial values, if a solution to (1.3)
exists, it should have its support on [0,7] x [-R, R], where R = p + T. Hence, (3.25) is
equivalent to

sup lu(t, z)| < oo, a.s.
(t,2)€[0,T]x [~ (p+T),p+T]

Solution for truncated Lipschitz continuous coefficients.
For a locally Lipschitz function g : R — R and N > 1, we define a globally Lipschitz
function gy by
gn (@) = 9(@) 1z <y + 9(N)Laany + 9(=N) e Ny (3.26)

Using this definition for o and b, we consider (1.1) with coefficients oy, by, and denote
by uy = (un(t,x); (t,z) € [0,7] x R) its unique random field solution (see the first part



12 A. MILLET AND M. SANZ-SOLE

of Section 3.1 for details). From (Cs) we see that if N > 2, o, by satisfy the conditions
(3.1) with

c(by) =01, clon) =01, L(by)=0(In(2N))?, L(on) = o2(In(2N))*.  (3.27)

Therefore, Proposition 3.2 applies and by Kolmogorov’s continuity criterion, there is a
version of uy with jointly Holder continuous sample paths of exponent 7 € (0,+) in both
variables. In the sequel we will consider this version that we will still denote by uxy.

Bounds for LP moments of uy.

Assume that condition (C1) (1) holds. Then, for N large enough, we have L(by) >
%L(O’N)Z. On the other hand, if condition (C1) (2) is satisfied, then L(byn) > %L(O’N)Z
holds for any N > 2. We can therefore apply Proposition 3.3 to see that for any p €

(2 02 (In(2N))?

5 W}’ R >0, N large enough (if necessary).
0'2 n

B swp sup [un(t,2)") <27 ol
te[0,T] |z|<R ’

+ C(p, T, R) | M + ME(N) ME(N) #TVEE] (3.5
where

My =[luolly, + llvollco,r+1 + 61 + /P 01,
Ma(N) =L(bn) + /P L(on),

M;3(N) :% + 2||uo|oo.r + C [ 2 T ] . (3.29)
L(by) ’ L(by) ~ L(on)
Ezistence and uniqueness of global solution
For any N > 2, set
TN = inf {t >0 : sup |un(t,x)| > N} AT. (3.30)

lz|<R

The uniqueness of the solution and the local property of stochastic integrals imply that
un(t,z) = un41(t,z) as. for ¢ < 7n. Hence, almost surely, (7n)y>, is an increasing
sequence, bounded by T'. -

Assume that supy 7y = T, a.s., and thus {t <7n} T Q, a.s. On {t < 7n}, define
(u(t,x),(t,z) € [0,T)xR) by u(t,x) = un(t, z); then u(t,x) = ups (¢, x), for every M > N.
The random variable u(t,z) is well-defined and moreover, for any (¢,x),(1.3) holds a.s.
Indeed, on {t < 7x}, by definition,

u(t,x)z[o(t,x)—i-/o ds/Rdy G(t—s,x —y)bn(un(s,y))

+/0 /RG(t—S,x—y)UN(UN(S,y))W(dSvdy)'

But on {t < 7x}, by (un (s, y)) = b(un(s,y)) = b(u(s,y)) and on (un (s, y)) = o(un(s,y)) =
o(u(s,y)). Since {t < 7n} T Q a.s., we conclude that (u(t,z),(¢t,z) € [0,T) x R) satisfies

(1.3). Notice that, in this case, the stochastic integral in (1.3) is not defined in L?(f2), but

using instead an extension defined a.s. (see e.g. [10]).
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The last part of the proof is devoted to check that indeed, supy 7nv = 71" a.s. This will
follow from the property

lim P(rny <T) =0, (3.31)
N—o00

that we now establish.
Let C(p,T, R, N) denote the right-hand side of (3.28). To emphasise the terms that
depend on N, we write

C(p,T,R,N)=Ci(p,T,R) + Cao(p, T,R,N), (3.32)
with
Ci(p, T, R) = 2" Yuo%, r + C(p, T, R)M?,
Ca(p, T, R, N) = Ca(p, T, R)ME(N) ME(N) 2 TVEON),
62 (In(2N))?

Fix p € (%, W}. Applying Chebychev’s inequality and then (3.28), we have

P(ry <T)<P| sup sup |un(t,z)| >N
te[0,T] |z|<R

<N°PE < sup sup |un(t, x)\p)

t€0,T] |z|<R
< N PC(p,T,R,N)=N"?P[Cy(p,T,R) + Co(p, T,R,N)]. (3.33)

Assume that
Ca(p, T,R,N) = o(NP). (3.34)

Then, from (3.33), we clearly obtain (3.31).

For the proof of (3.34), we first write the expressions of Ms(N) and M3(N) in (3.29),
substituting L(by) and L(on) by their respective values given in (3.27). Because of the
property suppyso M3(N) < C, we obtain

Ca(p. T, B, N) = Co(p, T, R) exp (p(0 v @) In[In(2N)] + 2076, *[In(2N) |2 .

This implies (3.34), because § < 2. The proof of the theorem is complete. O

4. THE STOCHASTIC WAVE EQUATION IN DIMENSIONS d = 2,3 WITH COLOURED NOISE

The aim of this section is to discuss the same questions as in Section 3 in the setting of
a noise W white in time and spatially correlated, with d = 2,3. It is well-known that for
dimensions d > 2, if W is a space-time white noise, the stochastic convolution in (1.3) fails
to be a well-defined random variable in L?(Q), for almost any (¢,z) € [0,T] x R%. This
is the case even if o is constant. However, we can still obtain a random field solution of
(1.3) by taking a smoother noise in the spatial variable (see e.g. [29]). This leads to the
introduction in the next subsection 4.1 of a new class of Gaussian noises that are white in
time and correlated in space.
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4.1. Spatially homogeneous Gaussian noise and stochastic integrals. Let A be a
non-negative definite distribution in S’(R?). By the Bochner-Schwartz theorem (see e.g.
[25][Chap. VII, Thoerem XVIII]), A is the Fourier transform of a non-negative, tempered,
symmetric measure p on R? called the spectral measure of A. In particular, A is also a
tempered distribution.

On a complete probability space (£2,.4, P), we consider a Gaussian process {W (), p €
Co(R¥+1}, indexed by the set of Schwartz test functions, with mean zero and covariance

E (W ()W (1)) = /0 T [ ) (95900 @), (4.1)

where “x” denotes the convolution operator in the spatial variable and 1; means reflection
in the spatial variable too.
We will consider spatial covariances A satisfying the following hypothesis ([6]):

(h0) The spectral measure = F 1A is such that

p(dg)
/Rdl_i_|<|2<oo. (4.2)

Using (2.6), this is seen to be equivalent to
T
|t [ utao) 1 FGo @) < oc.
0 R4
Consider a jointly measurable adapted process Z = (Z(t,z),(t,z) € [0,T] x R?) such

that sup( g)cpo,rxre E(|Z (¢, 2[P) < oo, for some p € [2,00), and assume (h0). Then, the
stochastic integral

(GZ) - W)(t,z) ;:/0 [ Gt 50— 0)2(s.) Wids.d)

is a well-defined random variable. Moreover, for any = € R%, the process ((GZ)-W)(t,z),t €
[0,7]) is a martingale with respect to the natural filtration generated by W and, by
Burholder’s inequality ([16][Theorem B.1]), the moment estimate

t £
2y Wil < vy ([ as [ waoiFaor)

< [ s <s;§dE<\Z<s7x>|p>> | @ Fee) 0P, (4.3)
holds (see [10], [22]).

In this paper, we will consider the particular class of covariances A described in (h1)
below.

(h1) A is an absolutely continuous measure, A(dx) = f(z)dx, f > 0. Its spectral measure
pu = F~ LA is such that, for all signed measures ® and ¥ with finite total variation,

/ / B(dr) U(dy)f(z —y) = C / w(d0)FO(()FE(C), (4.4)
R JRR4 Rd

for some positive and finite constant C.

Observe that (4.4) is a generalized version of Parseval’s identity.
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Remark 4.1 Assume fy j(dQ)|F(B]) () < 00, fya 1(dQ)|F(T])(C)[? < 00, where here
the notation | - | stands here for the total variation. Suppose also that f : R — [0, +o0]
is lower semi-continuous. Then if & = W, [18][Corollary 3.4] implies the validity of (4.4)
(with C = (2m)~?). By a polarity argument, the result can be extended to ® # W,

Assume (hO0) and (h1). Since for any t > 0, G(¢,dx) is a non-negative finite measure
with compact support, the identity (4.4) applied to ® = G(t,dx) and ¥ = G(s,dy), s,t > 0
yields

1 I
L, [ 6tan) Gls.an - = g [ wd0FGUAOFCEIQ.  (@45)

In particular,
0= [ [ cance.dnr—2:) = g [ wdOIFCHQF @)

Using (2.6), we have

2 2(1+t?)
2<% 21 <=2 .
FEOEOF < 7a M=y +# Lygen < 37z >0
Therefore,
J(t) <21+ 3)C,, (4.7)
with
1 p(dg)
o= Tyt o TGP < -

which implies, sup,¢(o 77 J(t) < o0.

Assuming (h0) and (h1), the stochastic integral ((GZ) - W)(t, z) satisfies the sharper
estimate (in comparison with (4.3)),

1(G2) - W)(t, )l < (2v/p)°

< E (/Ot ds /R [ Gl sz =Gt — 5.0 )y - z)Z(s,y)Z(s,z)) C(4.9)

(see e.g. [10], [22]). This fact will be used repeatedly throughout the article.

We end this section with a technical lemma related with the identity (4.4). It will be
applied at several points in the next proofs.

SIS

Lemma 4.2. Letd > 1, t > 0 and G(t) be the fundamental solution of the wave operator
on R Let ¢, 1 be bounded Borel measurable functions defined on R:. Let A be a sym-
metric measure satisfying (h1), with corresponding spectral measure yu = F LA satisfying
(h0). Then, for any s,t >0 and z € RY, we have

/Rd /Rd o(x)G(t,dx)(y)G (s, dy) f(z —y + 2)
1 T (G (s)) (&) e %
= Gt [, F 060 OF UG @ = uae). (@10)

Proof. By applying the translation 7,z = x + z, the left-hand side of (4.10) equals

/ / o (7—s2)7_2 Gt de)p(y)Cls, dy) f (72 — y) = / f(w — ) (duw)¥(dy),
R? JR4 Rd JRd
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where ®(dw) = p(7_,w)T_,G(t,dw) and ¥ = ¢(y)G(s,dy). We recall that 7_,G(t, dw)
stands for the translation of the measure G(¢,dw) by —z in the distribution sense (see e.g.
25][p. 55)).

Because of the assumptions on ¢ and 1, the measures ®(dw) and ¥(dy) are signed
measures with finite total variation. We can therefore apply (4.4) to deduce

L[5t = e = oo [ FroF@@Fme d.

(2m)? Ja

Using the identities
F®)(€) = F (720 )7_-G(1, ) (©
= [ e Gl de) = T F (96 ) ),
we obtain (4.10). 0

Remark 4.3. Lemma 6.5 in [14] gives a proof of (4.10) for d = 3 by using the particular
expression of G(t) in this dimension.

4.2. Qualitative moment estimates. We introduce a set of assumptions that ensure
the existence and uniqueness of a random field solution to (1.3).

(he)

(i) The coefficients b and o are Lipschitz continuous functions, therefore satisfying (2.12)
with g 1= b, 0.

(ii) W is a spatially homogeneous noise as described in Section 4.1. Its covariance and
spectral measures (A and pu, respectively) satisfy (h0) and (h1).

(iii) The initial values ug, vy are such that the function (¢, z) — Io(¢,x) defined in (2.8) is
continuous and

sup |Io(t, z)| < oo. (4.11)
(t,2)€[0,T]xRd

Theorem 4.4. Assume that (he) is satisfied. Then there exists a random field solution
(u(t,z), (t,z) € [0,T] x RY) to (1.3), and for any p € [1,00),

sup lu(t, z)|, < oco. (4.12)
(t,2)€[0,T] x R4

This solution is unique in the class of jointly measurable, adapted processes u satisfying
(4.12) with p = 2.

In the case ug = vg = 0, this follows from Theorem 13 [6] applied to the wave operator.
For non-null initial conditions, this follows from [7][Theorem 4.3].

Estimates of Nop(u) for covariances A satisfying (h0) and (hl)

Proposition 4.5. In addition to (he), we assume that the initial values ug, vy, satisfy
the following conditions:

(1) for d = 2, ug is a continuous, bounded, continuous differentiable function with
bounded partial derivatives; vy is continuous and bounded;

(2) for d = 3, ug is a continuous, bounded, twice continuous differentiable function
with bounded second order partial derivatives; vy is continuous and bounded.
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We also suppose that the covariance measure A satisfies (hl), and the Lipschitz constants
L(b), L(o) are such that L(b) > (2'%32 CZ (0)4) v 1, where C,, is given in (4.8). Then,

\/L(b
for any p € |2, 2536%%] we have

c(b c(o
NQ\/@JD(U) <C [76 L((b)) L((a))] : (4.13)

where C is a universal constant and

[[uolloo + W(HWOHooJrHvoHoo) if d=2,

To = | (4.14)
[[uolloo + [ Auollco + T(b) [volles, —if d=3.
VI®)
As a consequence, we deduce that for t € [0,T] and p € [ ) 5530, L(o 2],
V c(b) | c(o)]”
sup E(|u(t, z)|P) < CP %! L(b) [ + 4.15
sup (lu(t, z)[") "+t Im T I (4.15)

Proof. We will consider the contributions to N, , of each of the terms [;(¢,z) in (2.8)
separately.
Estimates of Nup(Io)

Let d = 2; using [20][(1.11), (1.12)], we have for ¢t > 0 and = € R?

0

|[G() * vol ()| < t][volloo '&[G(t)*w] ()] < C{lluolloo +t[[Vuolloo} -

Hence, using (2.9) with £ = 1 we deduce that for any a > 0 and p € |2, 00),

-1
Noplto) < € [l + - (ool + [ V0])| (116

Let d = 3. Using (2.2) and (2.3), we obtain, for t > 0 and = € R3,

[G(t) * vo] (z)| = V vo(z —y) G(t,dy)| < [lvollos y G(t,dy) = t]|volloo-
y|=t yl=t
By applying the formula
d 1 1
el == — A .
dt(G(t)*uo) t(G(t)*uo) + o /{|y|<1}( ug) (. + ty)dy

(see [26]), we have

% (G(t) * uo) (z)

Therefore, using (2.9) with £ = 1 we deduce,

1
< Juolloo + 51 Ao o

e 1 1
Nap(lo) < —[volloo + lluolloo + 5 AU |oo- (4.17)
« 3

Estimates of Nop(I1)
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Use the expresion of I1(t,z) given in (2.8) and then Minkovski’s inequality along with
(2.12) with g := b and (2.3) to obtain

el = | [ as [ 60— sanpats.— )

p

< [Las [ Gt san)puts.z =),

< [Cas [ 6= s.) [et) + £ uts.a —

2 t
< t(ib)4—l&b)j€ ds sup [[u(s, )|, /&d(?@-—s,dy)

2 zcRd
2

t t
= —c(b) +L(b)/ ds (t—s) | sup [[u(s,z)], | -
2 0 z€RC

From the above estimates, using an argument similar to that used to prove (3.8), we
deduce,

Nop(l) = sup e ™[|Li(t,2)]|,
(t,z)€[0,T]x R4

t2 —at
< ¢(b) sup Z¢€

>0
t
+ L(b) sup / ds(t — s)e (=) sup e lu(s,x)lp
t€[0,7] /0 (s,x)€[0,T)xR?
22 1
¢ (b) + =5 L(O)Nap (), (4.18)

where we have used (2.9) with £ = 2 and (2.10).

Estimates of N p(I2)

By applying (4.9) with Z(s,y) := o(u(s,y)), then Minkowski’s inequality and (2.12)
with ¢ := o, we obtain

t
ol < e [as [ [ 6 so-aci-so- a2

auls,potuts, )] |
4p/0tds /

f
4p/0tds d/RdGt—s,x—dy)G(t—s,:v—dz)f(y—z)

c(o) + L(o)[[u(s,y)p] [e(o) + L(o)[[u(s, 2) ]

IN

Gt —s,x—dy)G(t — 5,0 — dz) f(y — 2)[|o(u(s, y))o(uls, 2))|z

d d

(
) / G(t — s,z —dy)G(t — s,z — dz) f(y — 2)||lo(uls, y))lpllo(uls, 2))l
(

=
=

AN
W
QL

P

d

=
=

IN
=

X

—
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Thus, the inequality 2ab < a? + b%, valid for any a,b € R implies

| 12(¢, x)”i < 4p/0 ds /]Rd y G(t—s,z—dy)G(t— s,z —dz)f(y — 2)
x [e(o) + L(o)uls,9),)°
§8p/0 ds /]Rd RdG(t—s,:c—dy)G(t—s,x—dz)f(y—z)

x [e(0)? + L(o)?|Ju(s, y)II7] (4.19)
Using the notation introduced in (4.6), we can rewrite (4.19) as follows
t ¢
| a(t, 2) 2 < 8p 0(0)2/ ds J(t —s) + L(U)Q/ ds J(t — ) sup Ju(s. 2] . (4.20)
0 0 y€ERd
From here, using the change of varables s — t — s, we have,

Nap(I2) = sup sup e || L(t, )|,
te[0,T) zeR4

< +/8pvi(a)c(o) + /8pra(a) L(o) Ny p(u), (4.21)

where

1
i 2
v1(a) :== sup <e_2o‘t/ dsJ(s)> < 00,
0

t€[0,T]
t 3
vo(a) :== sup (/ ds 6_20‘5J(s)> < 0. (4.22)
tef0,7] \Jo

Thus, owing to (4.18), (4.21), we have

o2
Naplt) < Nagll) + “5-c(6) + v/Spelo) ()

+ 2 max [LOES), V8 L(0) Vg(a):| Nap(u). (4.23)

Using (4.7), (2.9) with & = 1,3 we obtain

‘:Ql\ﬂ)—\

t 1
v(a) < sup <e_20‘t/ 2(1+ s?) ds) ’
t€[0,7) 0

1 el 96_3%
<Ci (G +i)

(4.24)

where C), is defined in (4.8). Furthermore, the inequalities (4.7) and (2.11) imply

1

1 t 1
vo(a) < CfF  sup (/ 2(1+ 32)e’2mds)2
t€[0,T] 0
1 1 1 1 —2at 3
<Cp [———‘M — = —— (1420t 22t2}
<SG sup |~ ——e 4 ooy 2@3(+a+a )

t€[0,T

11 1 \3
<Cp (7 + ﬁ) 2, (4.25)
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Thus, (4.23) — (4.25) yield

2¢~2

1 el 9e3\?
Nap() < Nay(To) + =15-c(b) + V/8pe(o) G (au o >

+ 2max igﬁ,v@pL@jCé< -%1)%]A@mWJ (4.26)

a  2a3
Choose a? = 4L(b). Since by assumption L(b) > 1, we have a > 1, which yields

el 9e3 13 1

AN T

o +4043 ~ 8e (b)~2,
1 1 3
— 4+ —— < =L(b)" 2.
a+2a3_4 (b)

D=

Moreover, using once more the assumption L(b) > [2'232C L(0)*] Vv 1. we see that for
2 _ vV L(b)
a” = 4L(b) and for any p € |:2, 253QLLL(O')2:| s

1

29 B L(o) ( -+21){lS]naxli,vﬁml(a)Cé<iLaﬂé>%]::i.

VL)

W, we deduce

Hence, from (4.26), taking the upper bound p <

Ny i) S 2o i o) + 7 C(u))) (3623)22223

b)
<a%+@r(+ J]
L(b) (o
with 7o defined in (4.14), and we have used (4.16) and (4.17).
This completes the proof of (4.13). The mequahty (4.15) follows from (4.13) using the

definition of Ny ,(u). O

4.3. Uniform bounds on moments. In this section, we address the problems of Sec-
tion 3.2 in the setting of a noise W white in time and coloured in space, and dimensions
d = 2,3. The main task is to prove the analogue of Proposition 3.2 on moment estimates
of increments in time and in space for the solution to equation (1.3) with globally Lipschitz
coefficients. Since in comparison with the case d = 1 and space-time white noise, compu-
tations are much more intricate, for the sake of clarity, we divide the study of increments
into several parts.

Increments of Iy(t, z) in time and space.

Proposition 4.6. Let Iy(t,z), (t,z) € [0,T] x R? be as in (2.8) and R > 0 be fived.

(1) Let d = 2. Assume that ug is C', Vug is Hélder continuous with exponent v1 €
(0,1], and vg is Hélder continuous with exponent vo € (0,1]. Then, there exists a
positive constant C(T, R) such that, for any t,t € [0,T], and any z,T € B(0; R),

[Zo(t, z) — Io(t, )| < C(T', R) ([volloo,r+1 + llvolle + [[Vuolloo,rar + [ Vuolly,)
x (|t = 172 4 @ — 212) (4.27)
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(2) Let d = 3. Assume that ug is C?, Aug is Holder continuous with exponent v, €
(0,1], and vg is Hélder continuous with exponent vo € (0,1]. Then, there exists a
positive constant C(T, R) such that, for any t,t € [0,T], and any z,T € B(0; R),

Io(t,2)~To(F, 2)] < C(T, B)[[[volls +[[Vtollow, s+ Aol ] ([t = H772 4 i = 2272)
(4.28)

Proof. (2). Let 0 <t <¢<T and z € B(0; R) be fixed. Using (2.5), we have

1G(t) = GD)] * vo(w)| = /R , G dy) (’”O@ ¥ - <”“" B iy) i> ‘

t t
< [ 6t fwte - - (2= 1)
R2 t
t
+\1—\/ Gt dy) ool — ).
t| Jr2

Applying (2.3), we deduce

! / G(t, dy)
t R2

t _
1= 4] [ Gt e = )1 < ool e - .
R

t _
(e =)= (2= 1) | < Tlholh, e 27

Consequently,

|S|11<13%|[G(t) — G(®)] xvo(z)| < C(T) ([volloc,r+1 + l[vollo) [t — 7.

According to the computations in [20][p. 812-813], we have

0 _ _
sup [ 5 1G) + uo(o) = 6(0) » (@)]| < OOVl st =11+ Vol )t = 27
z|<R
Thus,

‘Slup [To(t, z) — Io(t, )| < C(T)([[volloo, R + [[V0]lz + (Vo lloo, mat + ([ Vol ) [t =772
z|<R

(4.29)
Let now 0 <t < T and x,z € B(0, R) be fixed; then
[(G(t*vo)(x) — (G(t *vo)(Z)] < /R2 G(t,y)|vo(z — y) — vo(Z — y)| dy
< lunlholo o ([ Gte) ay)
R2
= tl|vol|y.|z — 27 < Tllvolly, |z — 2|72, (4.30)

where in the last inequality we have used (2.3).
According to the computations in [20][p. 815-816], we have
0 _ _ _
|5 G0 xuo(@) = (1) xuo(@)]| < C(IVuolloe,rsrle =]+ Vol Jo—2), ¢ € (0.7
Therefore,

SupTIIo(t, z) — Io(t,2)] < C(T, R)(lvolly, + Vo lloor+r + | Vuolly, ) [ — 272, (4.31)
0<t<

From the estimates (4.29)—(4.31), we deduce (4.27).



22 A. MILLET AND M. SANZ-SOLE

(3). Let 0 <t <t¢<T and z € B(0,R) be fixed. According to [8][Lemma 4.9, p. 43], we
have

o
sup || o7 (G() xuo) (z)|| < C([[Vuolloo,rer + [[Auoll,)
<R || O "

sup [ (G() * vo) (2)[l, < Cllvoll,
lz|<R

where C > 0 is a universal constant. Consequently,

‘S|up [Io(t, ) — Io(t,z)| < C(T, R)([|Vuolloo,rrr + | Auo |l + [[voll ) [t — 7772, (4.32)
z|<R

Let 0 <t < T and z,z € B(0,R) be fixed. Observe that the computations in (4.30)
also hold in dimension d = 3, therefore yielding

sup [(G(t xvo)(2) — (G(t + vo)(Z)] < Tllvolly, |z — 2.
0<t<T
Using the computations in [14][p. 362] (see also [8][Chapter 4]), we have
0 _ _
sup |- [G(1) % uo(w) = G(t) x uo(®)] | < C (| Vatow,rer + | Auolo,) 2 = 3.
0<t<T

Hence,

Sup |[To(t, ) = Io(t, 7)| < C(T, B) (| Vuolloo,rer + | Aviolly, + [[vo]l, ) |2 — 27772, (4.33)
<t<

The proof of (4.28) is a consequence of (4.32) and (4.33). O
Remark 4.7. In comparison with the assumptions (1) and (2) in Proposition 4.5, in

Proposition 4.6 we restrict the space variable to a bounded set, therefore having the bound-
edness hypotheses satisfied.

Increments of I, (t, x) in time and space.

Proposition 4.8. Let I1(t,), (t,x) € [0,T] x R? be as in (2.8).
1. Assume that the hypotheses (he) are satisfied. Then there exists a positive constant
C(T) depending on T such that for any (t,x), (t,Z) € [0,T] x R? and for any p € [2,00),

[1L(t,x) = Lt 2)]l,,

|z1—22|=|z—7| |21 —22|<|t—1|

} . (4.34)

2. Assume the hypotheses of Proposition 4.5. Then there exists a positive constant C(T)

depending on T such that for any p € [2, 536 L (a2 %] and any (t,x), (t,z) € [0,T] x RY,

SC(T){L(b)/Od8< sup |lu(s, z1) —ul(s, 22)[lp +  sup HU(S,Zl)—U(S,@)\Ip)

+[t =] {e(b) + L(b) sup [Ju(t, z)lp

(t,z) xR

1 (t, @) = Lt D),

<C(T) {L(b) /Ods< sup llu(s, z1) — u(s, 22)|lp + sup lu(s, z1) — U(S,ZQ)HP>

|21 —z2|=|z—7| |21 —22|<|t—1]
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[t =] [e(b) + L) VION, s ()]} (4.35)
wzth./\/'\/f (u) satisfying (4.13).

Proof. 1. Fixt € [0,T] and z,Z € R?. The Minkoswki inequality, the Lipschitz continuity
property of b and (2.3) yield

It 2) = it 2)l, = | | ds | Gt = s dy)b(uls,z =) = bluls,  —y))]

Rd

<re) [ ds [ Gl s futs.o =)~ ulsa =),
L(b ds (t —s su u(s, 21) —u(s, 2
<z [ ds )Ll_zﬂﬁx_ﬂ Ju(s, 1) — u 2>up]
§L(b)T/ ds sup [u(s, z1) — u(s, 22)]],, - (4.36)
0 |21 —z2|=|z—Z|

Let 0 <t <t <T. By the triangular inequality
||Il(t_,flf) - Il(t7$)Hp S Tl(p7t7t_7x) + TQ(pvtvt_7 .’L'),
with

1(ps t,t, ) ds G(t —s,dy) — G(t — s,dy)|b(u(s,z — y))

)

p

Rd

To(p;t,t,z) =
Rd

ds G(t — s,dy)b(u(s, m—y))H .

By the scaling property (2.4) of the fundamental solution G(t),
Tl (pa tv Ea $)

ds 9 G(1,dz) [(t — s)b(u(s,z — (t — s)z)) — (t — s)b(u(s,z — (t — 5)2))]

P
Apply Minkowski’s inequality to deduce

Tl (pv ta Ea 'I)

t
< / ds [ G(L,dz)[[(t = s)b(u(s,x — (t = 5)z)) — (L = s)b(u(s, z — (t — 5)2))|,
0 R
<L) /0 ds /R G2t~ 5) luls,w — (= 5)2)) — uls,x — (= )2)]],
+ [t — 1| / ds [ G(1,dz)[c(b) + L()|u(s,z — (£ — 5)2))|Ip], (4.37)
0 R

where we have used the Lipschitz continuity property of b and (2.12) with g = b.
Since the support of G(1,dz) is included in the closed ball B(0,1), we have

/ds (t—s)/ G(1,d2) [u(s, — (t - 5)2)) — u(s,z — (F— 5)2))]|,
0 R4

t
§T/ ds | G(l,dz) sup |lu(s,21) —u(s, z2)|,
Rd

|21—Z2|§|t—ﬂ
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t
:T/ ds  sup luls, z1) — u(s, 2)ll,.
0

|21 —z2| <[t~

As for the last term in (4.37), the identity (2.3) shows that it is bounded from above by

It — ﬂ{Tc(b) + L(b) /0 ds sup [lu(s, )1, } (4.38)

Thus,
_ t
Ti(pit F2) <T [ L(b) / sup [[u(s, 21) — u(s, )|, ds
0

|21 —22|<[t—1]

It — t_]{c(b) +LO)  sup Hu(t,x)Hp} . (4.39)
(t,)€[0,T] xRY
With the same kind of arguments as for T4 (p;t,t,z), we deduce the following upper

bounds for Ty (p; t,t, x):

t
Dpitita) < [ ds [ GlE=sdy) bulsa =),
t

t t
gc(b)/ ds G(t—s,dy)—i—L(b)/ ds(i — 5) sup [lu(s, 2)||,
t Rd t z€RA

z€R4

t—t t—t
< c(b)/ s ds+ L(b)/ ds s sup |lu(t - s,2)l|,
0 0
(4.40)

t—1t)? t—1t)?
WS i S s,
(t,2)€[0,T]xRd

From (4.36), (4.39) and (4.40), we obtain (4.34).
Assume now the hypotheses of Proposition 4.5. The term defined in (4.38) is bounded

2.
by

B t

o= 8{Te(v) + L) [ ds sup Juls. o), |
0 zeR4
t
7 2s4/ L(b)
<Ot t|{Tc(b)+L(b)/0 ds 2V szp(u)}
< OTlt — 1] {c(b) + L) TVION, m’p(u)} :

Therefore,

T (pit,F, ) §T<L(b)/0 sup [lus, z1) — uls, )|,

|21 —22|<[t—1]

n 27/L(b
-1 {c(b) + L(b) 2TV wwm’p(u)} ) (4.41)
As for Ty(p;t,t,x), concatenating with the last line in (4.40), we obtain,
(4.42)

F_£\2
EZ () + L) PTVION, ).

TQ(p7 tv t_a I’) S
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From (4.36), (4.41) and (4.42), we obtain (4.35).

Space increments of Ix(t, )

While keeping assumption (h1), we consider a strengthening of (h0), by adding con-
dition (¢’) in [14][p. 367] relative to the spectral measure u. More precisely, we introduce
the following hypothesis:

(h2) There exists v € (0,1) such that the Fourier transform of the tempered measure
|¢[*1(dC) is a non negative locally integrable function g, and moreover,

p(dq)
/Rd TP =%

(v ._ 1 p(dq)
cy) = @) /Rd TR (4.43)

Proposition 4.9. Let Ir(t,x), (t,z) € [0,T] x R? be as in (2.8).
1. Assume that the hypotheses (he), (h1) and (h2) are satisfied. Then, for any p € [2,00)
and t € [0,T], there exists a positive constant C such that, for every x,T € R?, t e 0,77,

Set

112(t,2) — Lo (¢, 2) |5 < Cp (1 +T%)CpL(0)? </O ds  sup IU(S,Z1)—U(8722)H§>

|21 —22|=|z—7|

2
+COp(T+T%CP | — 2?7 |e(o) + L(o)  sup ||u<s,y>||p] . (4.44)

(s,9)€[0,T)x R4

where C,,, C’,(]) are defined in (4.8), (4.43), respectively.
2. Assume that the hypotheses of Proposition 4.5 hold. Then, for any p € [2, 2530552‘)2] ,

there exists a positive constant C such that, for every x, T € R%, t € 0,77,
t
I2(t, ) = L(t,2)[; < Cp (1 + T?)CuL(0)? </ ds‘ sap |IU(8,Z1)—U(S,22)H§>
0 z1—2z2|=|lz—T
2
+ Cp (T +TCD a7 [e(0) + L(@)eXVEON, o ()], (4.45)
where C,, C’l(;’) are defined in (4.8), (4.43), respectively, with N\/W (u) satisfying
(4.13).

Proof. To simplify the presentation, we will use the notation of [14][Theorem 3.1] that we
now recall. For s € [0,7] and z,Z,y,z € RY, set £ = 2 — % and

Ya(s,y) =o(uls,z —y)),

Laz(s,y) =o(u(s,z —y)) —o(uls, T —y)),
hi(s,y,2) =f(y — 2)Zez(5,y) S0z (s, 2),
ha(s,y,2) = [f —z2+&) — fly— Z)]Zx(s,z)zx@(s,y),
ha(s,y,2) =[f(y =2 = &) = f(y = 2)]Za(5,9) D0 a (s, 2),
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ha(s,y.2) =[2f(y—2) — fFly — 2+ &) — fly — 2 — )] Ba(s,9)Ta(s, 2).
Fix p € [2,00) and apply the Burkholder-Davies-Gundy inequality to obtain
1Ea(t,2) = I(t, )5 < 4p|Q(t; 2, 7) 5, (4.46)

where

Qt;z,z) = /0 ds /]Rd /Rd o(u(s,y) [G(t — s,z — dy) — G(t — 5,7 — dy)]
X fy—z)o(u(s,2)[G(t — s,z — dz) — G(t — s, — dz)].

Use the transfer of increments strategy introduced in [8] (used also in [14]), to deduce

4

Q(t; €L, j) = Z Qi(t; €L, j)a

i=1

where, for i =1,...,4,

t
Qi(t;x,z) = / ds/ G(t — s,dy)G(t — s,dz)hi(s,y, 2).
0 Rd JRd

Therefore,
4
1T (t,2) — Io(t, 2)[15 < 4p Y [|Qi(t; 2, 2)]| .
i=1

In the proof of Theorem 3.2 in [14] (where d = 3), bounds from above for each term
|Qi(t; x, T) Hg are established. We will here sketch the proofs of these bounds with special
attention on the value of constants that are relevant in our context. We will also check
that the arguments of the proofs hold for d = 1,2, thereby providing a unified approach
to the analysis in dimensions d = 1,2, 3.

Upper bound of HQl(t;x,ic)Hg.

Using Minkowski’s inequality, then the Cauchy-Schwarz inequality and the Lipschitz
property of o, we obtain

t
@it < [ s [ [ Gl sdpGlt =501 — ) Saals.9)anlo. 2

2 [ —s —s,dz —z
< L(o) /OdS/Rd RdG(t ,dy)G(t ,dz) f(y )

x| supfu(s,z1) s, )|
|z1—22|=|z—Z|

<20 [[asat=] s uls.z) —uls, )]

|21 —22|=|z—7|

t
< 2L(0)*(1 + T2)C'u/ ds sup llu(s, z1) — u(s, 22)”127, (4.47)
0 |21 —22|=|z—Z|

where in the last inequality we have used (4.7).

For the study of the remaining terms HQi(t;x,;T:)Hg, 1 = 2,3,4, in order to be in the
setting of Lemma 4.2, we use a truncation argument on the processes ¥ (s,y), Xz z(s,y).
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For k > 1, set $E(s,y) = So(s,¥) 15 (s.) <k} Snz(5:Y) = Sa 2 (5, 9) L{|s, 2 (s.9) <k} and

¢
QF(t;x, %) = / ds/ G(t — s,dy)G(t — s,dz)h¥(s,y,2), i = 2,3,4,
0 Re JRd

where each h¥ (s, y, 2) is defined as h;(s, y, z) by replacing ¥, (s, y) and ¥, z(s, y) by 3k (s, y)
and E';,j(s, y), respectively.
Upper bound for Hng(t,x,i‘)Hg

Apply Lemma 4.2 to the bounded functions p(z) = %F(s,2) and ¢(y) = Eljﬂ(s,y).
Then, up to the factor (27)~¢, Q5(t;z,7) is equal to

/ ds /Rd F(Zk(s, )Gt —s,.))(C) .7-"(2’;@(5, Gt —s,.))(C) [efii.C _ 1} p(do),

where £ = x — 2. Since |e ¢ — 1| < Cl£.L]Y < C€]Y|¢|Y is valid for any v € (0,1], and
2v/ab < (a +b) for a,b > 0, computations similar to that in [14][p. 368] imply

|Q5(2,2) I < C (15" 2, 2)llp + 1R (2. @)z ) (4.48)

b tsea) = e [ as [ |7
)—/Ods/Rd]-"Ek

(27lr)d /R H(dC) ¢ FG1) ()2

A shght modification in the proof of (4.7) and assumption (h2) imply that for C), ™) defined
n (4.43), J)(t) can be upper estimated as follows
2
JO(t) <21 +3)C) < oo (4.49)

Using the Plancherel identity, the Minkowski inequality with respect to the non negative
measure [G(t —s,.) *x G(t — s,.)](y)g-(y) dy ds, once more the Plancherel identity and the

equality G(s,.) = G(s,.), we deduce
1Q5" (55, ) |15

< Clz —z*

where

F(2h(s, )G 5,0) Q)] 1¢"u(d)

(5,16 - s,.>)<<>(2u<dc>.

Set
JO(t) =

/dS/Rd (SR (s, )G(t — 5,.)) * (Sk(s, )Gt — sy-))](y)gw(y)dpr

< Clo - /0 s [ [6( = 5. = Gl = 5.0 1) sup [5G0, )2y + 2] gy
Y,2€

t
<Cle—a® s [S(sy)2 / ds / H(dO)|CPFC(E — 5) (O
(s,y)€[0,T] xR 0 R4

<Cle—z2PTA+THCY  sup  [Si(s,y)ll.
(s,y)€[0,T) xR

The definition of ¥, (s, y) implies

sup — [[Za(s,y)llp < clo) + L(o)  sup  |lu(s,y)llp-
(s,9)€[0,T]xR4 (s,9)€[0,T]x R4
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Therefore,

1Q5" (t:2.2)||g < Cla —2PUT + T*)C (o) + Llo)  sup  u(s,y)l,| (4.50)

(s,y)€[0,T]x R4

for some universal positive constant C.
With similar arguments, we obtain

105 (2.2l <C [ ds[Gl=s.) =Gl =] 0)1 )

x sup |55 5(s,9) 55 5 (y + 2)|[zdy
y,2€R4

t
< [ds sup |5 ()} [ FG( - 5O (o)
0 yERd Rd
t
<o [ sup 555, I2I(E — 5)ds
0 yeRd ’
t
<C+TC, [ sup [ 405, )20,
0 yeRd
where in the last inequality, we have used (4.7).
The definition of ¥, z(s,y) and the Lipschitz property of o imply

sup | Zaez(s,9)llp < Llo)  sup  [Ju(s, 21) — u(s, 22)|[p-
y€[0,T]xRe |21 —z22|=|z—Z]
Hence, since |35 2 (s, 9)llp < [1Z2.2(s,9)[lp,

t
|52 (6 2,2) | < C(1L+T*)CLL(0)? / ds sup fu(s, ;) —u(s, )2 (451)

0 |z1—22|=|z—Z|

for some universal constant C' > 0.
Summarising, (4.48), along with (4.50) and (4.51), we have

2
Q5. 2)s < O+ THCD e — 32 [el0) + Lie) — sup (s,
(s,9)€[0,T] xR

t
+ C(l + T2>CML(U)2/ ds sSup HU(S, zl) - ’LL(S, ZQ)H]QJ: (452)

0 |z1—2z2|=|z—Z|

for some universal positive constant C.
Notice that, since |e7%¢ — 1| = |e*¢ — 1|, exchanging y and z we deduce that the upper
bound estimate in (4.52) also holds for ||Q5(¢; =, :E)||%

Upper bound of Q4 (t; 2, 2.
To upper bound ||Q%(t; x, f)”g, we use Lemma 4.2 with ¢ = ¢ = ¥ (s, .); this yields

¢
Q¥ (t;z,7)| < (27lr)d /0 ds/}Rddy [1—e ¢ +1— e |F(pG(t —s,.)) {2 w(d¢)

Since |1 — cos(£.¢)| < C(|€]|¢])? holds for « € (0,1], Plancherel’s identity implies

P

@it ) < U7 [ s [ dy on ) [(Bh(s. 06U = 5,.) = (K56l = 5.) ()
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Consider the non negative measure g, (y) [G(t —s,.) * G(t — s,.)| (y)ds dy. The Minkowski
inequality with respect to this measure, the Plancherel identity and (4.49) yield

@it < U [ s [ dy g[G5+ Gl =)0

x sup [|S5(s,y) 25 (s, y + 2)le
y,2ERY

t
< CleP / ds sup [[Sas,)]22(1 + T2)CL).
0 yERd

Thus, an argument similar to that proving (4.50) implies

2
Q5122 < O +THCD o — 2 [elo) + Lo)  sup  [uls,p)lp] - (4.53)
(s,9)€[0,T)x R4

The upper estimates (4.46), (4.47), (4.52) and (4.53) conclude the proof of (4.44).

The statement in part 2 is an immediate consequence of the definition of /\/2 \/mp(u)

and Proposition 4.5. The proof of the proposition is complete.

From Propositions 4.5-4.9, we derive estimates for space increments of the random field
solution (1.3) with d = 2,3. They will be used later on to deduce estimates for time
increments of I(t, ). To write the statement in a more compact form, we introduce some
notation. Let

[volls + IVuolloo, R + Vol d =2,

4.54
ol + IVetolloo. ez + [ Atolly, d = 3. (4.54)

Ko(ug,vo) = {

Proposition 4.10. We are assuming the following.

(1) The initial value functions ug and vy satisfy the conditions of Proposition 4.6 with
some Holder exponents v1,7v2 € (0,1].

(2) The coefficients o and b are globally Lipschitz continuous functions.

(3) The covariance measure A of the noise W satisfies (h1), and the corresponding
spectral measure p satisfies (h2).

(i) Fix T,R > 0. Then, for any p € [2,00) and o > 0, there exist positive constants
c1(T,R), co(T) and c3(T) such that if

Cl =C (T, R) Ko(U[), 1)0),

1
Cy :=co(T) (pC)? |e(o) + L(o)  sup  lu(t, ),

(t,2)€[0,T] x R4
ea(T) (pC, ) [e(0) + L(a)e Nap(w)]
T) [L(b) +pC L(o)?], (4.55)
with Cy, C’l(ﬁ , defined in (4.8), (4.43), respectively, then for any t € [0,T], and z,T €
B(0; R),

sup  [Jult, z1) — u(t, 22)||2 < exp(TCs) (CF|x — [20M2) 4 C3 |z — 7[>).  (4.56)

|21 —22|<|z—2|
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Consequently,

sup sup |u(t, 21) — u(t, 29)|l, < Clz — &, (4.57)
tel0,T] |z1—22|<|z—Z|

with v1 = min(y,7y1,72) and
C = (C} + Cy) exp(TC3/2). (4.58)

(ii) Suppose furthermore that the Lipschitz constants L(b), L(o) are such that L(b) >

(212 32 C’g L(a)4) \Y %. Then, for p € [2 L(®)

'35, Lo | We have

Gy < &(T) (pC)? [e(0) + L(o) TVEON, o (w)],
wzth./\fr (u) satisfying (4.13).

Proof. (i) Recall the decomposition u(t, z1) — u(t,z2) = Z?:o [I;(t, z1) — L;(t, z2)] (see
(2.8)); we first prove
sup [Jult, z1) —u(t, 22)|;

|z1—22|<|z—Z|

t
< 3l — zXM2) 4 G2 — 227 + C’g/ ds  sup llu(s, 21) — u(s, ZQ)H?) (4.59)

|21 —22|<|z—Z|

Indeed, the first term on the right-hand side comes from (4.31) and (4.33). The second
one comes from the last term on the right-hand side of (4.44). Finally, the very last term
is obtained by the sum of the upper bound (4.36) (in the proof of Proposition 4.8) and
the first term on the right-hand side of (4.44).

Apply the Gronwall lemma to the real valued function ¢ — sup{||u(t, z1) — u(t, 22)|3
|21 — 22| < |z — Z|} to obtain (4.56), and then (4.57).

The claim (ii) follows form the definition of N, (u) and Proposition 4.5. O

L(b),p

Time increments of Is(t, )

In order to deduce LP estimates of increments in time of the stochastic integral term
I5(t, ), additional assumptions on the covariance of the noise are needed.

(h3) The spectral measure p is such that there exists ¥ > 0 and C' > 0 for which

[ iFG@Q” na) < v (1.60)

for any ¢ € [0, 7.

(h4) The covariance density function f satisfies the following conditions (1) and (2).
(1) There exists b > 0 and C > 0 such that for any h € (0,77,

/T ds 3/ G(1,dy)G(1,dz)
0 Rd JRd
!f s(y+z2)+hy+2)) — f(s(y—l—z)—i—hz)} < Chb. (4.61)
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) There exists b > 0 and C' > 0 such that for any h € [0, 7],

/dss/ G(1,dy)G(1,dz)
R JRdA
‘f( s(y+z)+h(y+2)) — f(s (y+z)+hy)—f(s(y—i—z)—i—hz)—i—f(s(y—i—z))‘
< Ch. (4.62)

According to the discussion in Section 4.1 (see (4.6)—(4.8)), the supremum over ¢ on
a bounded interval of the left-hand side of (4.60) is finite. Assumption (h3) provides a
qualitative estimate on the way this supremum depends on t.

Up to scalings, the assumption (h4) is on estimates of one and two-dimensional incre-
ments of the covariance density in a L? type norm. We shall see later that in the particular

example of Riesz covariance densities, (h4) is a consequence from the semigroup property
of Riesz kernels (see [8]).

Proposition 4.11. Assume that the hypotheses (1)—(3) of Proposition 4.10 hold. Suppose
also that the hypotheses (h3) and (h4) on the covariance of the noise are satisfied. Then
there exists a constant C(T,v) such that for any p € [2,00), t,t € [0,T] and x € R?,

|a(t,2) — L )| < C(T, v)p (cuLw)?é?n —p

2 — _ . T o~
+ [C(U) +L(o)  sup HU(t,I)IIp} (|t — M + |t — gminC+LaY
(t,z)€[0,T]|x R4

L(@)Ce(o) + L(o)  sup fult, @)t — 2 T (4.63)
(t,z)€[0,T)x R4

where vy = min(y,y1,72), C is defined in (4.58), & = (1+v) A2 ifv # 1 and & < 2 if

v=1.

If, as in Proposition 4.5, the Lipschitz constants L(b), L(c) are such that L(b) >
(22323 L(o)*) v L, where C,, is given in (4.8), then there ezists a constant C(v,T)

such that for p € [2, 25305%}, t,t € [0,T] and = € R?,

|L(t, 2)—Lo(F, 2)|12 < Clv, Tp (C(T)CML(J)ZC'QH — g
+ [C( ) ( ) QTFN } {|7f |1+u+ ’t_ﬂmin(b+1,5,d)}
L(0)C elo) + L(@)eVEON, o (u )]|t—z|m+min<bvl>>, (4.64)

wzthNF (u) satisfying (4.13).

Proof. For 0 <t <t < T and z € R?, set

bt ) = /t [ Gl =sa = dy)a(uts,) Wids.dy).
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By applying Burkholder-Davis-Gundy’s inequality, and then the Minkowski and Cauchy-
Schwarz inequalities, we deduce

t
\|I271(t,t;1:)||12)§4pH/t ds/Rd y Gt —s,x—dy)G(t — s,z —dz)f(y — 2)

< oluls, o (uls,2)

<4p/ ds/Rd Rth—s yx—dy)G(t — s,x —dz)f(y — 2)
x |lo(u(s,y))o(u(s, 2)||z

< 4p / dsJ (I — 5) sup [lo(u(s, y))|2

yeRd
2

c(o) +L(e)  sup  |u(s,y)llp| -
(s,9)€[0,T]x R4

where J is defined in (4.6), and the last upper estimate is deduced from (h3) (see (4.60)).
Let

< p C|t o t‘|1+u

Lot B ) = /O /R (GE— 2 — dy) — Gt — 5,2 — dy)] o(u(s,y)) W(ds,dy). (4.65)

We study the L, norm of this term following the proof of [14][Theorem 4.1]. This uses
the transfer of increments trick introduced in [8][Section 3.2]. Applying the Burkholder-
Davies-Gundy inequality, we obtain

4
— 2 —
22t G2)l; < 4p ) | Rilt, E2)|z
=1

where, letting h:=t —t and O 4(s,y) = o(u(t — s,z — y)), we set

Rittia) = [ds [ ] GG+ (G54 By = (s 1))
X [@m(s, (s +h)y) —Oru(s, sy)} [@t,x(s, (s +h)z) — Oru(s, sz)],
Ry(t,t; x) :/0 dS/Rd y G(1,dy)G(1,dz)
X [(s+h)2f((s+h)y— (s +h)z) —s(s+ k) f(sy — (s + h)z)]
X [O14(s, (s + h)z) — Ora(s, $2)] Ot (s, sy),
Rs3(t,t; ) —/0 ds/}Rd y G(1,dy)G(1,dz)
x [(s+h)?f((s+h)y—(s+h)z) —s(s+h)f((s+h)y—sz)]
X [O1a(s, (s + h)y) — O (s, 5y)]Ora(s, s2),

4(t,t;x) /ds/Rd RdGldy G(1,dz)
[(s+h)?f((s+h)y—(s+h)z) —s(s+h)f(sy— (s +h)z)

) -
—s(s+h)f((s+h)y —sz) + s*f(sy — s2)]
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X O2(5,5Y)O (s, 52).

Notice that the linear growth and Lipschitz continuity assumptions on ¢ imply that for
any p € [2,00), every s,t € [0,7] and z,y, z € R?,

1©¢,2(s:9)llp < c(o) + Lo)[u(t = 5,2 = y)|p,

10t.2(s,y) — Ora(s, 2)llp < L(o)[ult — s,z —y) —ult — 5,2 — 2)|. (4.66)
Therefore,
sup 1©te(s,y)llp < (o) + L(o)  sup  Jju(t,z)|,, (4.67)
0<s<t<T;(z,y)R? (t,z)€[0,T] xR

and by applying (4.57), we deduce that for every r > 0,

sup [©t2(5,y) = Oru(s,2)llp < L(o)  sup  [lult,y) —ult, 2)|,p
0<s<t<T;(z,y,2) R, |y—z|<r t€[0,T],ly—z|<r

< L(o)Cr, (4.68)
where C' is defined in (4.58).
Upper bound of ||R1(t,t; a:)||g

We apply the Minkowski and Cauchy-Schwarz inequalities. Then, since the support
of the measure G(1,dy) is included in the closed ball B(0;1), and because of (4.68), we
obtain

IR (B 2)lls < L(0)*C2Jt — 12

x/tds/ G(1,dy)G(1,d=)(s + h)*f ((s + )y — (s + h)z). (4.69)
0 Rd JRd

Consider the change of variables ((s + h)y, (s + h)z) — (y, 2); using (2.4), (4.6) and (4.7),
we deduce

/Rd [ GG da)s+ WP (54 Wy = s+ 1)2)
- / Gls + h, dy)G(s + h, d=) f(y — )
R JRd

= (2m)~1 y [FG(s + ) Q)7 u(d) < 2(1 + (27)%))Cp- (4.70)
Hence, (4.69), (4.70) imply
IR (¢, 5 2) |2 < 2 [1+ (27)°] CuL(a)?*C?Jt — 1>, (4.71)
where C' is defined in (4.58).
Upper bound of || Ra(t, t; )|z and | Rs (¢, t; )|z

We will only consider || Ra(t, ; )|z, since | Rs(t,t; )|z is similar.
Set

¢
R2,1(t,t_;m):/ ds/ G(1,dy)G(1,dz)
0 Ré JRd

x s(s+h)[f((s+h)y—(s+h)z) — f(sy— (s + N)z)]
X [Oz(s, (s + h)z) — O (s,52)] O (s, 5Y),



34 A. MILLET AND M. SANZ-SOLE

Apply the change of variable z — —z along with the Minkowski and Cauchy-Schwarz
inequalities to obtain

HRQ,I (ta t_7 .T,') Hg

< sup (19t,2(s,21) — Ora(s, 22) 1) sup (1©12(s:y)lp)
0<s<t<T;(z,21,22)€RY, |21 — 22| <h 0<s<t<T;(z,y)€R?

X /t ds/ / G(1,dy)G(1,dz)s(s + h)|f((s(y + 2) + h(y + 2)) — f(s(y + z) + hz)|
0 Re JRA

< CTL()Ct =1 [e(0) + L(o)  sup [u(t, @)y, (4.72)
(t,x)€[0,T] xRd

where we have used (4.67), (4.68) and assumption (h4) (see (4.61)).
Define
t
Rao(t, t;x) = / ds/ G(1,dy)G(1,dz)h(s + h) f((s + h)y — (s + h)z)
0 Rd JRY
X [@t’z(s, (s +h)z) — Opu(s, sz)] O (s, 5Y),

A computation similar to that used to upper estimate || Rz (¢, t; x)||, implies
[Rop(t, ;)|

< sup (1812(s, 21) = Ora(s, 22)|lp) sup ([B,2(s,y) )
0<s<t<T;(w,21,22)ERY |21 — 22| <h 0<s<t<T;(z,y)eR?

x/ ds/ G(1,dy)G(1, d=)h(s + )| £ ((s(y + 2) + h(y + 2))]
0 Rd JRd

< CL@)CIt =1 [e(0) + o) swp lu(t, @)l
(t,z)€[0,T] xRd

t
X /0 ds /Rd /]Rd G(1,dy)G(1,dz)h(s + h)| f((s + h)y — (s + h)z)|.
Using the change of variables ((s+h)y, (s+h)z) — (y, 2), (2.4), (4.6) and (h3), we obtain

/ ds/ G(1, dy)G(1, d=)h(s + ) [F((s + h)y — (s + h)2)]
0 Rd JRd

t
—h/ ds / Gls + b, dy)G(s + h, d=) f(y — 2)
0 S+h R4 JRE

=enn [ S [ waoFee - noF

SC’h/ ds (s+h)"" 1 <CT" h.
0

Thus,
|Roa(t,E2)y < CT'L(o)CIt— 0 [e(o) + L(o)  sup lu(t,@)l,].  (4.73)
? (t.)€[0,T] xR4
Since Ro(t,t;x) = Ra1(t,t; ) + Raa(t, t;x), from (4.72) and (4.73), we deduce,
|Ra(tB)lly < C(T +T*) L(@)Clt = 800 (o) 4 Lio) — sup [ult, 2)]]y].

(t,z)€[0,T)|xR4
(4.74)



STOCHASTIC WAVE EQUATIONS WITH SUPERLINEAR COEFFICIENTS 35

Upper bound of ||R4(t,t; a:)||%

Applying Minkowski’s inequality and using (4.67), we obtain

_ 2
|Ra(t, B)lly < [el0) + Do) sup  ult )] 1(t,h),
(t,z)€[0,T]xRd

where

I(t,h) :/0 ds/Rd RdG(l,dy)G(l,dz)‘(s—{—h)2f((8+h)(y—z))

—s(s—l—h)f(sy— (s—|—h)z) —s(s—}—h)f((s—i—h)y—sz) —i—SQf(s(y—z))‘.

Use the change of variable z — —z to see that I(t,h) = Z?:l I;(t, h), with

fl(t,h):/otds/Rd » G(1,dy)G(1, dz)s

< |f((s+h)(y+2)) — f(sy+ (s+h)z) — f((s+Rh)y +s2) + f(s(y+2))],
i2(t,h):/0tds/w [ GLaG(.de) sh

x [f((s+Rh)y+(s+h)z)) — f(sy— (s+ h)z)
fg(t,h):/otds/Rd » G(1,dy)G(1,dz) sh

x |f((s+Rh)y+(s+h)z) — f((s+ h)y+ sz)|,
f4(t,h)—/0tds/Rd [ GOLAG(L.d2) 12| ((s+ By + (5-+ 1)2)

The hypothesis (h4) implies j1(t, h) < C hY and Ly(t, h)+1I5(t, h) < C h¥+, (see (4.62) and
(4.61), respectively). As for I4(t, h), we apply the change of variables ((s+h)y, (s+h)z) —
(y,2), (2.4), (4.6) and (h3); this yields

~ t d
I(t, h) :/D G +Sh>2h2 /Rd » G(s+ h,dy)G(s + h,dz) f(y — 2)

)

ds

= Cry e [ s [ dOIFGE + O

t
< C’h2/ (5 + h)"2 ds.
0

This yields for h € (0,T]

2TV v >1,
Lt,h) <C xSt <,
Th?~¢, v=1,

where € > 0 is arbitrarily small.

Summarising the estimates above, we obtain

12t ) — I(t, 2) |12 < 2 (|21 (8, G 2)|17 + | L22(8, T, 2) |1 7)
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2 _
<Cpl [elo)+Lo)  sup ut,@)l,] |-
(t,z)€[0,T]x R4

+ O L(0)2C2t — £

+ (T +T")L(o)C [c(a) + L(o) sup u(t, z) ”p] It — t“l/1+min(b,1)
(t,z)€[0,T] x R4

~ 2 . - .
P D[d) +Lio)  sup  [uto)l,] e - AonEa ), (ws)
(t,z)€[0,T]|x R4

where @ = (14+v)A2if v # 1, while @ < 2 if v = 1, and C(v,T) is a positive constant.
This completes the proof of (4.63).

From (4.63), using Proposition 4.5, we deduce (4.64). This concludes the proof of the
proposition. ]

From Propositions 4.6-4.11 we deduce Theorem 4.12 below, which is the main ingredient
towards obtaining uniform bounds on moments.
In the next Theorem,

1 1+ub+1§g
2 7 2 72792

vi = min(y,7,72), v2 = min <V1, 51 +min(b, 1)], (4.76)
We recall that ~1, 72, are the Hélder exponents of the initial values (see Proposition 4.6),
~ is the parameter in the assumption (h2), v is defined in (h3), b and b in (h4), and &
in the last part of the proof of Proposition 4.11.

Let

o) — {nvonw + IVl ror + [ Vol +lolbonir, d=2 o

K
[volls + [Vuolloo, R + | At d=3.
Comparing this definition with (4.54), we see that Ko(ug,vo) < Ko(uo,v0)-

Theorem 4.12. 1. Suppose that the hypotheses (1)-(3) of Proposition 4.10 hold, and that
the conditions (h3) and (h4) on the covariance of the noise are satisfied. Fiz T, R > 0.
Then, for any p € [2,00), there exists a constant C(p, T, R) such that, for any t,t € [0,T],
z,Z € B(0; R) and a > 0,

”u(tvx) _ U(t_@)np Ta
- < .
e SO TR [ M1+ My + My TNy ()] (4.78)

where

My = Ko(uo, vo) {1 + [L(b) + /P (1 + \/07) L(a)} exp <T203> } ,
Ma = c(b) + /pe(0) {1 +(C)H2 [L(b) +/p (1 + ch) L(o—)] exp <T2C3> } ,
Ms = [L(b) + /P (1 + @) L(a)] {1 + (pCO) 2L (o) exp (TQC?’) } , (4.79)

with Ko(ug,vo) and Cs given in (4.77) and (4.55), respectively.
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2. In addition to the assumptions of part 1., suppose that L(b) > (21232CﬁL(0)4) \% %.

L(b) }

Then, for any p € |2, 535107 |,

lu(t, z) — u(t, Z)llp 27 \/L(5) b) | clo)
|.%'—£Z’|V1+|t—ﬂl’2§0(p7T7R) M1+M2+M36 76+L(b)+L(O') )
(4.80)

with To defined in (4.14).

Proof. Fix x € B(0; R) and consider the time increment |ju(t,z) — u(t, z)||p, with ¢,¢ €
[0,T]. Using the estimates (4.29), (4.32) for the increments of Iy in dimension d = 2,3,
respectively, then (4.41), (4.42) with « instead of 2,/L(b) for the increments of I;, and
finally (4.64) and (4.58) for the increments of I, we obtain

Ju(t, ) — u(t, )l < CT, R Kofuo, vo)t = 177 4 [e(b) + LD)e" “Novp ()] |t~ 1
C([ +f\ﬁL ] — & + /pL(o)|t — |%[V1+mm<b1>}>
+ /P [e(0) + L(0)e" Nap(u)]

X [|t — t|§[ul+mln(b,1)] =1 Lt

- ﬂ%min(bﬂ,ad)} }, (4.81)
where we have applied the inequality vV AB < (A + B) to the product of constants
A:=CL(s) and B:= [c(a) + L(U)eTa./\/'a’p(u)}

appearing in the last line of (4.64) with « instead of 21/ L(b).

Since by (4.57) we have sup;cjo p) [lu(t, z) — u(t, Z)|, < Clz — z|" for 2,7 € B(0; R),
we deduce that the LP norm or space-time increment ||u(t, z) — u(t, Z)||, is bounded from
above by the sum of the left-hand side of (4.81) and C|z — Z|**. Using the definition of C
(see (4.58)) and grouping terms, we obtain the inequality (4.78).

The assertion of part 2. follows from Proposition 4.5 (see in particular (4.13)). This
concludes the proof of the Proposition. O

From statement 2. of Proposition 4.12, in a similar way as in Section 3, we apply
the version of the Kolmogorov continuity lemma given in [10] [Theorem A.3.1] to deduce
uniform LP moments estimates. Such estimates, stated in the following Proposition, are
the key ingredient in the proof of existence and uniqueness of global random field solution

o (1.3).

To simplify the notation, set

b
K(c(b), c(0), L(b), L(0)) = My + Ma + Mz VEO) [ 75 + ab) | da) ) (4.82)
L(b) ~ L(o)
where M, j =1,2,3 and 7y are defined in (4.79) and (4.14), respectively. Observe that,
up to a constant factor depending on T', K(c(b), (o), L(b), L(0)) equals the right-hand
side of (4.80).

Proposition 4.13. Suppose that the hypotheses (1)—(3) of Proposition 4.10 hold. and
also that the hypotheses (h3) and (h4) on the covariance of the noise are satisfied. Let
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v1 and vo be the parameters defined in (4.76). Suppose that the Lipschitz coefficients L(b)
and L(o) satisfy L(b) > (2123203L(0)4) v 1 and

1
L(b) 1 d

—Y - > 4+ — d=1,2,3. 4.

253C,L(0)? ” 2 + vy 2,3 (4.83)
Then, for any p € (V% + V%, 25305%} , there exists positive constants C1 and Co(p, T, R)
such that

B s quta)P) <2700+ Golp, T RK(), elo), L), L)), (4:84)
(t,x)€[0,T]x B(0;R)

with K(c(b),c(o), L(b), L(0)) defined in (4.82).
The proof is analogous to that of Proposition 3.3 and is omitted.

4.4. Existence and uniqueness of a global solution. In this section, we consider the
equation (1.3) in spatial dimension d = 2,3. We assume that the coefficients b and o
satisfy the hypothesis (Cs) of Section 3.3, thereby having superlinear growth. We also
assume that b dominates o, meaning condition (Cd) below.

(Cd) The parameters ¢ and a in (1.2) satisfy one of the properties:

(1) 6 > 4a,

(2) 0 = 4a and 6 and o, are such that 6y > 212326’30‘21(1%1 + %)2, d=2,3,
where C), is defined in (4.8) and v1, vy are given in (4.76).

The next theorem, which states existence and uniqueness of a global random field
solution to (1.3) for d = 2, 3, is the main result of this section.

Theorem 4.14. The hypothesis are as follows.

(1) The initial values ug and vy are functions with compact support included in B(0; p)
for some p > 0, and satisfy the hypotheses of Proposition 4.6 with some Holder
exponents v1,v2 € (0,1).

(2) The coefficients b and o satisfy (Cs) and (Cd) with § < 3.

(3) The covariance of the noise satisfies conditions (h1l), (h2), (h3) and (h4).

Then, there exists a random field solution (u(t,z), (t,z) € [0,T] x R?) to (1.3). This so-
lution is unique and is such that
sup lu((t, )| < oo, a.s.
(t,z)€[0,T]xRd

Proof. We use the same approach as in the proof of Theorem 3.4. First, for ¢ = b, 0,
we consider the truncated globally Lipschitz functions by, oy, defined in (3.26). The
assumption (Cs) imply that (3.27) holds. Moreover, by (Cd), we see that the Lipschitz
coefficients L(by), L(on) satisfy the hypotheses of Proposition 4.13.

Let uy = (un(t, z),(t,z) € [0,T] x R?) be the unique global random field solution to
(1.3) with coefficients by, on. Under the standing hypotheses, we can apply Proposition

4.13 to the stochastic process uy to deduce that, for any p € (% + l%, DT AL % (and N
I

large enough if necessary), there exist positive constants C and Ca(p, T, R), not depending
on N, such that

B( swp Juy(t@)P) <2710+ Calp, T, RIK(e(by), (on), L(bx ), L(ow)).
(t,x)€[0,T] x B(0;R)

(4.85)
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Here, K(c(bn),c(on), L(bn), L(on)) is given by (4.82), with ¢(b), c¢(o), L(b), L(o) replaced
by ¢(bn), c(on), L(bn), L(on). Recall that
C(bN) = 91, C(UN) =01, L(bN) = 92(111(2N))57 L(O’N) = 0'2(111(2]\7))(1,
(see (3.27)). Because of (Cd), and since max(a, ) = § < 3, we have
K(c(bn),c(on), L(bn), L(on)) = o(NP). (4.86)

Consider the sequence of increasing stopping times defined in (3.30). Using (4.86), we
see that supy 7v = T, a.s. By the standard localization argument (see the details of the
proof of Theorem 3.4), we finish the proof. O

5. EXAMPLES OF COVARIANCE DENSITIES

In this section, we give three examples of spatial covariances which satisfy the assump-
tions of section 4. For d = 3, the same covariances are studied in [14].

5.1. Riesz kernels. For 3 € (0,d), let f5: R — [0, +00] be defined by fs(x) = |z|~# for
z € R\ {0}, and f5(0) = +o00. The inverse Fourier transform, is
)

r
(‘F_lf) (C) = Cd,,de—,B(C) dC, Cd.B = 2’3+d/2<<

sy

; (5.1)

o | N

N——

r

where I' denotes the Euler Gamma function (see [27][Chapter V]).
Let A be the non-negative definite tempered distribution given by A(dz) = fs(z) dx
According to (5.1), its spectral measure is pug(d¢) = cqpfa—pg(¢) d¢. Observe that the

integral [gq 1+|C|CQ) converges if and only if 5 € (0,2 A d).
In the remaining of this section, we consider the dimensions d = 2, 3, and assume that
B € (0,2). From the previous discussion, we obtain that pg satisfies condition (h0). Since

[ is a lower semi-continuous function, from Remark 4.1 we see that it satisfies (h1).
Let v € (0,1). Using polar coordinates if d = 2 and spherical coordinates if d = 3, we

have
11(dC) /°° pPi=1
R A S — dp.
/le 14 [¢]2= Cod o 1+p2

The integral on the right-hand side is finite if and only if v < (2— ) /2. Since |C|2“/u5(dq)
ca5|¢|~@F=21d¢, and the Fourier transform of this measure is g, (z) = &8, d)|z|~(6+27)
(for some positive constant ¢(53,d)), if f + 27y < d, the function ]CPHw(dC) is locally
integrable. Therefore, g satisfies the condition (h2) for any v € (0, (2 — 3)/2).

Apply the change of variable n = t{ to deduce
sin?(t/¢]) sin®(|n])
FGH)(O)P np(de) = sin( B¢ = t”/ d.
| FGOOF ms(de) = cas [ 40 = cag e [ Sl

R
Since the integral Igg = [pa fllf; +C|Z7|) dn is finite, pg satisfies the condition (h3) with

v=2-— ,8 and C' := Cd,p Idﬂ.

The function fg satisfies the condition (h4)(1) for any b € (0, min(2 — ,1)). Indeed,
the proof relies on [8][Lemma 2.6, p. 10] (which holds in any dimension d > 1) as follows.
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Choose b > 0 satisfying 0 < 8+ b < d. Letting a := d — (5 + b), we have a + b € (0,d).
Then, by applying Lemma 2.6 (a) in [8], we have

fe(s(y+2)+h(y+2)— fa(s(y+2) + hz) = \h|b/Rd dw|s(y + z) + hz — hw|_(5+b)

X |Jw+ y| 0 — |0

Consequenly, (h4)(1) will be established if we prove

/OT ds S/Rd /Rd G(1,dy)G(1, dz)

X / dw|s(y + z) + hz — hw‘_(ﬁer) ‘|w 4y 40 \w|_(d_b)} <oo. (5.2)
R4

A small modification of the proof of Lemma 6.4 in [8] shows that (5.2) holds for d = 2,3,
and for any b such that b € (0,min(2 — 3,1)). We refer also to [14][Proposition 5.3, p.
383-385] for a proof of (5.2) in dimension d = 3. Going through the details of the proof
of this proposition, we see that it can be extended to d = 2, thanks to Lemma 4.2. This
completes the proof of the validity of (h4)(1) for fz, with b € (0, min(2 — 3,1)).

Finally, we prove that fg, satisfies the condition (h4)(2) for any b € (0,2 — 8). The
proof relies on [8][Lemma 2.6, p. 10]. As in the proof of (h4)(1), we choose b > 0 satisfying
0< pB+b<d. Lettinga:=d— (8+b), we have a + b € (0,d). Then, Lemma 2.6 (e) in
[8] implies

fa(s(y+z) +h(y+2)) — fa(s(y+ z) + hy) — fa(s(y+ z) + hz) + fa(s(y + 2))
< |h|b/ dw |y — hz|_(6+5)
R

x [lw -+ By + ] =@ — | "D oo 4 he| @) o] D]
Consequently, (h4)(2) will follow from

T -
/ ds 32/ G(l,dy)G(l,dz)/ dwly — hz| =B+
0 Rd JRd Rd

X ’]w + hy + hz]’(dfg) — |lw+ hy]’(d*l_’) — |lw+ hz]*(dfg) + ]w|7(d’l_’)’ < o00. (5.3)

With a slight modification (and simplification) of the proof of Lemma 6.5 in [8], we can
check that (5.3) holds for d = 2,3 and for any b € (0,2 — ). Using ideas introduced in
the proof of this lemma, [14]|[Proposition 5.3, p. 385-386] provides also a proof of (5.3)
in dimension d = 3 with b € (0,2 — 3). Going through the details of the proof of this
proposition, we see that it can be extended to d = 2, thanks once more to Lemma 4.2.
Therefore, fg satisfies (h4)(2) with b € (0,2 — 3).

Conclusion. Let d = 2,3 and § € (0,2). For spatially homogeneous Gaussian noises with
covariance function given by (4.1) with A(dz) = fg(z) dx, the parameters v, v2 in (4.76)
are vy = vo = min(y,v1,72), with v < %

Observe that, as a by-product, from (4.78) we deduce that, almost all sample paths
of the solution to (1.3) are locally Holder continuous, jointly in (¢,x), with exponent
0 €]0,min((2 — 8)/2,v1,72[. For d = 3, this is [8][Theorem 4.11, p. 48]. Moreover, the

critical exponent min((2 — 3)/2,71,72) is sharp in both dimensions, d = 2,3 (see [8], [9]).
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5.2. Bessel kernels. For any x > 0, the Bessel kernel is the function defined by fﬁ(x) =

K—d—2

z|? ~ ~
JoSw e~ve~ ' dw for z € R \ {0}, f:(0) = 0 if 0 < k < d, and f.(0) = c(d, k)
if kK > d, where 0 < ¢(d,k) < oo (see [27|[Chapter V]) and [1]). The inverse Fourier
transform is

(F7'7) (O = Can(1+1¢) 2. (5.4)

Let A be the measure defined by A(dz) = f.(x) dz. From (5.4), we have that the corre-
sponding spectral measure is fi,(d¢) = Ca (1 +(¢]?) 2 dC.

Throughout this section, we consider the case d = 2,3, and we assume k > d — 2. Our
aim is to prove that hypotheses (h0)-(h4) are satisfied.

The function f, is lower-semi continuous, and Remark 4.1 implies that condition (h1)
holds.

Fix v > 0. Using polar coordinates for d = 2 and spherical coordinates for d = 3, we

obtain
fie(dC) /OO a1 1 3 1
/Rd ez ~ G o (3 +r2) R

The integral on the right-hand side is finite if and only if 2y < Kk — d + 2. Take v =0
to deduce that (h0) holds. Furthermore, for v € (O,min (”%‘”2, 1)), the constant Céz)
defined in (4.43) is finite and therefore, (h2) holds.

We next check (h3). For any ¢ > 0 we have

2 - _osi?(e) A > apsin’(tr) -5
[ PGP0 = Cu [t s de = Ca [ 0 (10%)

Splitting the last integral, for any ¢ € (0,7] we obtain

o] i 02 1 T 00
t _r
/ rdflism gr) (1 +T2) 2dr g/ tQledr—i—/t tzrdl"dr—i-/ e S
0 r 0 1 z
12 T 2 d-1-r 1 t N\ K—d+2
<= i —— ()
=qt /1 " "t e dt2\T
T
Furthermore, by setting I(t) := [,* t2r¢~1=*dr, we have
d—kK
(5 it d—2<k<d,
I(t) < t2ln(%>, it k=d,
. if d<r.

This implies
[ IFCO©Fade) < Cldon,T) ', 1€ 0.T)
Rd
where C(d, k,T) is some positive constant and v < min(2,x — d + 2). Therefore, (h3)
holds with v < min(2,x —d + 2).

For d = 3, the validity of (h4) is proved in [14][Section 5.3]. Going through the argu-
ments of this reference, we see that they also hold for d = 2. For the sake of completeness
we give some details.
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Let us first focus on (h4)(1). Set

T
L —/ ds s/ G(l,dy)G(l,dz)‘fm((s +h)(y+2)) — fﬁ((s + h)z + sy)|.
0 R? JRA

Fix 5,z € R, s,h € [0,7] and b € (0,1). By writing the inequality in [14][p. 390, line 3]
with z := (s 4+ h)z + sy and £ := y, we see that

_ s +h) (yt2)|? _ (sth)z+sy|?
[ 4w — e 4w

b o1
h [(s+h)z—(s+Ah)y|? [(s+h) (y+2)[2 [(s+h)z+sy|?
<C <\/> / d\ | e Sw +e 4w +e” dw .
w 0

Hence, by the definition of fm

1 00
‘f,.;((s +h)(y+2))—fe((s+h)z+ sy)‘ < Chb/ d/\/ dww=7 e
0 0
< _ L(sth)z—(s+AR)y|? _ st (2|2 _ |(s+h>z+sy|2>
X e 8w + e 4w +e 4w ,
and therefore,
o0 —b-d—2 3
IlgChb/ dwow 2 e_wZTi(w),
0 i=1

where

1 ’ S z—(s 2
_/ d)\/ sds/ G(laGlfU)G(l,dz)e_W7
R4 JR4

Ls+h) (y+2)[2

/ sds/ G(1,dy)G(1,dz)e”  aw ,
Rd JRd
S Z1S 2
:/ sds/ G(l,dy)G(l,dz)e_l( B Ty
0 Rd JRd

Apply the change of variables © = (s + h)z, Z = (s + Ah)y, and then Parseval’s identity,
to deduce
/ G(1, dy)G(1, dz)e e
Rd JRA
- ! Gls + h, dz)G(s + Ah, dz)e "5
T G+ Ah) /Rd o G5 1 du)Gls & M, dz)e™

_ g% 1 o2l sin ((s + h)[¢]) \ [ sin ((s+ AR)[C))
) craem L < < < i
(5.5)

This yields

g —2w|¢|2 2¢—2
Ti(w) < ( ) /d)\/ o T P2, (5.6)

where in the last inequality, € € (0, 1), and we have used the estimate % <1l,a>0,
ISln(Ia\‘xl)\ < (Sm(a\wl)) < a Vgl

alz|

which implies

Since € € (0, 1), for every A € (0,1) we have fOT ds < fOT sT1T2¢ds < oo.

s
(s+h)1—€(s+Ah)1—¢
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Applying the change of variables n = /w(, we obtain

Ti(w) <C w‘zi/ e 2Inl? |22 wl—e w_gdn
Rd

< Cwl—e/ 20 p2(e—1) pd—l dp < Cwl—¢. (5.7)
0

Indeed, the last integral is finite if and only if 2¢ > 2 — d; since d = 2,3 and € > 0 this
constraint is satisfied. Similarly, for any € € (0, 1),
Ta(w) + T3(w) < Cw' ™.
Thus, for any h € [0,7] and b € (0, 1), we have proved

o0
I < C’hb/ w =T el du. (5.8)
0

By taking e arbitrarily close to zero, we see that this integral is finite if b < x — d + 2.
Consequently, (h4)(1) is satisfied for b < min(k — d + 2, 1).

Finally, we address the validity of (h4)(2), by using a similar approach as for (h4)(1).
Set

T
I :/ ds 82/ G(1,dy)G(1,dz)
0 R4 JRd

X ‘f,i((s—l—h)(y—l—z)) — fn((s+h)y~l—sz) - fn(sy~|— (s+h)z) —1—f,€(s(y+z))|.

Apply the first inequality in [14][p. 392] with z := s(y+2), £ := y and 7 := z, to see that,
for any y,z € R?% s,h € [0,T] and b € (0,2),

_IGtn) (w22 _ Is(yt2)+hy)? _ Isy+(s+h)z|? _ls(ut2)1? 7 _b
e Tw —e Tw —e Tw e” dw < Chbtw 2qpy,2(5, W),
where
1 1 2 2 2
_ 1(s+AR)y+(stuh)z| _ 1(s+h)(y+2)]| _ Is(y+2)+hy|
Qhy,-(5, W) :/ d)\/ du <e Buw +e 8w +e Tw
0 0
_ Isty+2)+hz|? _Is(ut2)|?
+e w +e  dw ) . (5.9)
Therefore,
b o0 K—b—d—2 —w T 2
I, <Ch dww 2 e ds s G(1,dy)G(1,dz)qny.-(s, w)
0 0 Rd JRd
[ b—d—2 >
= C’hb/ dww 2z e Z S;. (5.10)
0 ,
i=1

In the last expression,

1 1 T s stuh)z|?
Si :/ d)\/ du/ ds 52/ G(l,dy)G(l,dz)eJ( EARly )z 7
0 0 0 Rd JRd

and S;, ¢ = 2,...,5, are defined in a similar way, by taking each of the remaining expo-
nential terms in (5.9).
As in (5.5),

(s+AR)y+(s+ph)z|?

/ G, dy)G(1, dz)e =205
Rd JRd
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d
2)? 5 1 —2 2 —
B (TF> w2(8+Ah)1_5(3_|_uh)1—e /Rde |<| C,
implying

3 2
<|= 2 72w|§| 2e—2
1< ( ) v / d)\/ du/ s (s + Ah)t= €(‘S-F,uh) / N dc,

for any € € (0,1).

Observe the analogy between this inequality and (5.6). Arguing as in the analysis of
the right-hand side of (5.6), we obtain 1 < C(T)w!'~¢, and, with similar arguments, also
S; < C(T)w'~¢ for any i = 2,...,5. These estimates along with (5.10) yield

5 [ msbod—2 4,
Ir, < Ch w2 e ‘w dw.
0

As in (5.8), by taking e arbitrarily close to zero, we see that the last integral converges if
b < k —d+ 2, thereby proving that (h4)(2) holds with b < min(k — d + 2, 2).

Conclusion. Let d = 2,3, k > d — 2. For spatially homogeneous Gaussian noises with
covariance function given by (4.1) with A(dz) = f,.(x) dz, the parameters vy, vo defined

n (4.76) are v; = vy = min(y,v1,72), with v < min (5=5+2 d+2, 1).

Thus, we deduce that almost all sample paths of the solution to (1.3) are locally Hélder
continuous, jointly in (¢, ), with exponent 6 € ]0, min (5= d+2, 1,v1,72) [ When d = 3, we
recover the results in [14][p. 393]. Whether this Holder exponent is sharp seems to be an
open question.

5.3. Fractional kernels. Let d = 2,3 and H = (H;)1<i<q, With % < H; < 1. Let fy(z) =
Cy Hle |5 |2Hi =2 when H?:l x; # 0, where C(H) = ngl H;(2H; —1), and fg(x) = +00
otherwise. The inverse Fourier transform of fy is (F ! fy) (() = Cy Hle |G|~ 2Hi | where
C'y is some positive constant depending only on H. -

Consider the non-negative definite tempered distribution A(dz) = fu(x)dx, whose spec-

tral measure is g (¢) = Cy H?:l |¢i|*=2Hi d¢. In this section, we prove that fiy satisfies
the conditions (h0)—(h4).
Since the function fp is lower semi-continuous, condition (h1) holds, by Remark 4.1.
We next check Condition (h0). For any H as above, we have

_ [ An(do) _ ) YIS
R e M e LI

where using polar (resp. spherical) coordinates when d = 2 (resp. d = 3), we have

I(d) = / rdilrdﬁZ?ﬁHi(l + T2)71d7“,
0

and

jus

7(2) =4 / > | cos(6)] 1251 | sin(0)[--2H2p, (5.11)
0

™

1(3)=21(2) /0 " [sin(g)]] sin(@) 221 HH2)| cos ()| 1253 dg. (5.12)
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s

The change of variable u = sin(#) on the interval (0, ) and the constraints on H; imply

1 1
I1(2) = C/ w2 (1 — ) Hidy < C’/ w22 (1 — )T du < oo
0 0

Similarly, the change of variable v = sin(¢) on the interval (0, §) yields

™

4 1
/2 | sin(@)[>~2H )| cos ()7 23 dp = 2/ P32+ H2) (1 _ 2y~ Ha gy < oo
0 0

hence 1(3) < oo.

Finally, it is easy to see that I(d) < oo if and only if 2d — 1 — 22;-1:1 H; > —1 and
2d — 3 — 222(-1:1 H; < —1. Since H; < 1, the first constraint is satisfied. The second one
is equivalent to Zle H; > d — 1. Hence, if Zle H; > d — 1, condition (hO0) is satisfied.

Let us now check that condition (h2) is satisfied. Given ~ > 0, for I(d) defined by
(5.11) and (5.12) for d = 2,3, we have

fi(d¢) 2o [T a1 a2yl —2y) -1

Set .
F=Y H—(d-1). (5.13)
=1

A computation similar to that used to check (hO) shows that this last integral is finite if
and only if 2d — 3 — 2 2?21 H; + 2v < —1, that is 7 < R, where & is defined in (5.13).

To check condition (h3), we use similar arguments to deduce that for t € [0, 7], I(d)
defined as above

22 (dC) = SIn(EC) 21T |- 12t
[ el a0 —u [ A e

€l

. 00 i 2
=Cyl(d) / Td_l‘ism(tr) ‘ rd=310 Higy
0 T

e d o0 d
:C[/ t2r2d—1—22i1Hidr+/ pd—1-2+d-250  H; g,
0

t—1
= O[T pT ]

We deduce [pq |.7-"G(t)(§)‘2ﬂH(d§) < Ct?%, that is (4.60) holds with v = 2k, where & is
defined in (5.13).

The proof of (h4) is similar to that of a similar condition in [14]. We sketch it below
for the sake of completeness. We start with (h4)(1). Apply the inequality in [14][p. 395,
bottom]| to see that if d = 3,

|fr (@ + hy) — fu(@)] <Chllmy + hya P72 — 212172 ||z + hyo?2 72 s + hys|?o 72
+ |$1\2H1_2H932 + hyo| 272 — |$1|2H2_2H$3 + hys| 2372

+ ‘.%'1‘2H1_2‘.%'2‘2H2_2HJ}3 + hy3\2H3_2 _ ’$1|2H2_2

)

while for d = 2
|fr (@ + hy) — fu(@)] <Cullwy + hyy P12 — 212172 |zg + hyo 2272

+ |$1‘2H1_2“ZC2 + hy2‘2H2—2 _ ’$1|2H2—2‘.
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In both cases, we have |fy (z+ hy) — fu(z)| = Zle Fyi(x,y,h). In the sequel, we only
describe the computations in the case d = 3; the case d = 2 is easier and dealt with in a
similar way.

Using the identity (2.11) in [8] for d := 1, a = 2H; — 1 — p, b = p for some positive
p < (2R) Amin(2H; — 1;i=1,--- ,d), we deduce since a +b=2H; — 1 € (0,1),

|21 = Ay P72 — g [P :‘ / dw|zy — w2l + by [
R
—/dw[a:l —w|2H1_2_p\w|p_1‘
R
:‘ / h dw|zy — hw|M 1 =27P P~ 4 g1 |P 71
R
— / h dw|x; — thQHl_z_php_l\w]p_l‘.
R

Hence, changing y; into —y1, we have [pq [pa G(1,dy)G(1,dz)F51((s + h)z + sy,y,h) <
h? Z?Zl T1,(s, h), where

T11(s,h) —/ G(1,dy)G(1, dz)/ |(s + h)z1 + sy1 — hw\QHl*Q*p]w — yllpfl
R4J R4 {|lw|<3}
X |(s 4 h) (22 + y2) P2 72| (s + h) (23 + y3) |*5 2 dw,
T12(s, h) :/ G(1,dy)G(1, dz)/ |(s + h)z1 + syp — hw|21=27Py|P~L
R/ R4 {lw|<3}
x |(s + h) (22 + y2) P2 72| (s + h) (23 + ys) P2 2 dw,
Ti3(s,h) _/ G(l,dy)G(l,dz)/ |(s + h)z1 + syp — hw|?*H1 =277
R4JRd {|]w|>3}

x |Jw —y1 [Pt = [w]P7H (s + B) (22 + y2) 2272 (s + 1) (23 + y3) |2 2 dw.

To prove an upper estimate of T} 1(s, h), let W = w — y;; then using the scaling property
(2.4) we obtain

Tya(s,h) = / G(1,dy)G(1, d2) / (54 1) (21 + 1) — hio 22|~
R4/ R4 {|w|<4}
% (54 1) (22 + ) 222 (5 4 1) (25 + ) P55 2du,
1
:/ G(s+h,dy)G(s+h,dz)/
R4JRA

for,

(s + h)? (a<ay
c / / sin ((s +2)[C]) 12| inuwe \—2Hy+p| ~ [1=2Ha | ~ |1—2H.

= dw — | | 1Tp 2 3dc¢.

el T A e [ e el ST

Since % < Hy — § < 1, the computations made to check (h3) imply

g,H2,H3 (y + 2z — (h’d)’ 0’ 0)) ’,L’[)|p—1d,[z}

T T
/ sTh1(s,h)ds < C/ (s +h)*1lds < CO(T) < 0
0 0

for all h € [0,T].
We next upper estimate 11 2(s, h) using once more the scaling property; this yields

Tia(s, h) = / G(l,dy)G(l,dz)/ (s + h)z1 + syr — hw|* 1727 |w|P~!
RéJRd {Jw|<3}
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X [(s+ h) (22 +y2) 272 ((s + h) (25 + ) [P 2 duw,
S

od J
= G(s+ h,dy)G(s+ h,dz
(s +h)? Jpa/ra ( V)Gt ) {Jw|<3} s+h

x [(s+ h) (22 +y2) 272 (s + h) (25 + ) [P 2 duw.

2H,—2—p

z1 + y1 — hw \w]p_l

Let ¥(y) = (Hihyl, Y2, y3) and G¥(s + h) denote the image of the measure G(s + h,dy)
by %. Then Fubini’s theorem implies for s > 0

1
T s,h:/ wp—ldw/ GY(s+ h) * G(s + h)|(dz
1,2(8, h) G h)? {|w|§3}| | Rd[ ( )+ G( )] (dz)
> ’.%1‘2H1_p_2‘.%'2’2H2_2‘:L'3’2H3_2
1 .
p—1 p iQlw
< Crm /{|w|§3} ol ldw [ FIGY(s+ )« Gls + 1]l

X |G [P |G| 2 HR | g 2 s g¢

1 _ sin ((s + h)|(])
C—s P~ld
(st h)? /{|w|§3} ] w/Rd [q ‘

X |G [P G PR | g T2 s ¢

gqg+mg;@@@m‘
(557615 €2, G3) |

1
<C \w|p_1dw[/ rd_lrd”_?zg:l Hi gy
{|w|<3} 0

L s+h [ 44 drp-2-25L &, }
—_— =1,
+ G+h? s /1 ror T
These integrals are convergent since 2?21 H; < d implies 2d +p —1 — 22?:1 H; > -1,
and since p < 2k implies 2d —3+p—2 Zle H; < —1. Therefore, fOT sTh 2(s,h)ds < C(T)
for all h € [0,T].

Finally,

1
0
|Jw + yi|P7t — \w|p_1‘ < / a(|w + Ay [P dA < Clw|P~2
0

Notice that since p < 2H; —1 < 1, we have p — 2 < —1. Hence arguments similar to that
used to upper estimate T 2(s, h) imply fOT sT13(s,h)ds < C(T') < oo for all h € [0,T].
A similar computation implies

T d
/ dss/ G(1,dy)G(1,d2) > Fs((s+ h)z + sy,y, h) < Ch?.
0 Rd JRd =1

This shows that (4.61) holds with b < (28) Amin(2H; — ;i =1,--- ,d).
To prove (h4)(2), we use the inequality
\fa((s+Rh)(y+2) — fu((s+h)y+sz) = fu((s+h)z+ sy) + fu(s(y + 2))|
<|fa((s+h)(y+2) = fu((s+h)z+sy)| +|fu((s+ h)y+s2) + fu(sy + 2))|.

The first difference is estimated by (h4)(1) and the second one is dealt with in a similar
way. Therefore, (4.62) is satisfied with b < (28) A min(2H; — 1;4 = 1,--- ,d). This
completes the proof.
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Conclusion. Let d = 2,3 and H = (H;)1<i<d, where % < H; < 1. For spatially homo-
geneous Gaussian noises with covariance function given by (4.1) with A(dz) = fu(z) dx,
the parameters vy, vo in (4.76) are

d
1
V| = v = min <’yl,'yg,/%,min <Hi—2;i: 1,--- ,d>>, WithR:ZHi—(d—l).
i=1

As a consequence, from (4.78) we deduce that almost all sample paths of the solution
to (1.3) are locally Holder continuous, jointly in (¢, x), with exponent

1
GE]O,min <’yl,"}/2,/_€,mil’l (Hi—z;i—l,--- ,d)) [

For d = 3, this is [14][Theorem 6.1]. However, following [14][Theorem 6.2], the critical
exponent must be min(+y;, 72, k), and therefore the result is not optimal.
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