Oberwolfach Ao tion

Mathematisches Member of the
Forschungsinstitut ’ é

Oberwolfach
Preprints

OWP 2020 - 04
CLEONICE F. BRACCIALI AND TERESA E. PEREZ

Multivariate Hybrid Orthogonal Functions

Mathematisches Forschungsinstitut Oberwolfach gGmbH
Oberwolfach Preprints (OWP) ISSN 1864-7596



Oberwolfach Preprints (OWP)

The MFO publishes a preprint series Oberwolfach Preprints (OWP), ISSN 1864-7596, which
mainly contains research results related to a longer stay in Oberwolfach, as a documentation of the
research work done at the MFO. In particular, this concerns the Research in Pairs-Programme (RiP)
and the Oberwolfach-Leibniz-Fellows (OWLF), but this can also include an Oberwolfach Lecture, for
example.

A preprint can have a size from 1 - 200 pages, and the MFO will publish it on its website as well as
by hard copy. Every RiP group or Oberwolfach-Leibniz-Fellow may receive on request 30 free hard
copies (DIN A4, black and white copy) by surface mail.

The full copyright is left to the authors. With the submission of a manuscript, the authors warrant
that they are the creators of the work, including all graphics. The authors grant the MFO a
perpetual, non-exclusive right to publish it on the MFQ's institutional repository.

In case of interest, please send a pdf file of your preprint by email to rip@mfo.de or owlf@mfo.de,
respectively. The file should be sent to the MFO within 12 months after your stay as RiP or OWLF at
the MFO.

There are no requirements for the format of the preprint, except that the introduction should
contain a short appreciation and that the paper size (respectively format) should be DIN A4,
"letter" or "article".

On the front page of the hard copies, which contains the logo of the MFO, title and authors, we
shall add a running number (20XX - XX). Additionally, each preprint will get a Digital Object
Identifier (DOI).

We cordially invite the researchers within the RiP or OWLF programme to make use of this offer
and would like to thank you in advance for your cooperation.

Imprint:

Mathematisches Forschungsinstitut Oberwolfach gGmbH (MFO)
Schwarzwaldstrasse 9-11

77709 Oberwolfach-Walke

Germany

Tel +49 7834 979 50
Fax +49 7834 979 55
Email admin@mfo.de
URL www.mfo.de

The Oberwolfach Preprints (OWP, ISSN 1864-7596) are published by the MFO.
Copyright of the content is held by the authors.

DOI 10.14760/0WP-2020-04



MULTIVARIATE HYBRID ORTHOGONAL FUNCTIONS

CLEONICE F. BRACCIALI AND TERESA E. PEREZ

ABSTRACT. We consider multivariate orthogonal functions satisfying hybrid
orthogonality conditions with respect to a moment functional. This kind of
orthogonality means that the product of functions of different parity order is
computed by means of the moment functional, and the product of elements
of the same parity order is computed by a modification of the original mo-
ment functional. Results about existence conditions, three term relations with
matrix coefficients, a Favard type theorem for this kind of hybrid orthogo-
nal functions are proved. In addition, a method to construct bivariate hybrid
orthogonal functions from univariate orthogonal polynomials and univariate
orthogonal functions is presented. Finally, we give a complete description of a
sequence of hybrid orthogonal functions on the unit disk on R2, that includes,
as particular case, the classical orthogonal polynomials on the disk.

1. INTRODUCTION

In [2] a class of orthogonal functions defined on the interval [—1,1] has been
studied. These functions can be defined as

wp(x) = pp(z) + V1 —22¢p—1(z), n =0,

where p,(z) and ¢,—1(x) are real polynomials of respective degrees n and n — 1,
and SatiSfy pn(_x) = (_1)npn(x)a Qn—l(_x) = (_1)n_1Qn—1(m)-

Sequences of functions that have some orthogonality properties defined using a
positive measure ¢ on the interval [—1,1] was also considered in [2]. Namely, the
sequence of functions {wy, },>0 satisfies

1
/ Wan+1(2) W21 1(7) V1 — 22dp(x) = hant1 Onm, 1=0,1,
-1
. (1.1)
/ Wap+1(2) warm () dp(x) = 0,
-1

for n,m =0,1,2,..., with hopyy #0, dp;m =0, if n # m and 4y, = 1, if n = m.
We refer to the functions {wy, },>0 satisfying (1.1) as hybrid orthogonal functions
in one variable.
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A function w,, which satisfies the hybrid orthogonality properties (1.1), has ex-
actly n simple zeros on the interval (—1,1), see [2, 5]. Hybrid orthogonal functions
in one variable were introduced in [4], as a special example, and in [5], where an
interesting connection with orthogonal polynomials on the unit circle was estab-
lished.

In this paper we extend results obtained in both papers [2, 5] in two directions.
On one hand, we consider hybrid orthogonality associated to moment functionals,
and then, as occurs in one variable ([3, Chapter 1]) new questions about existence
and a Favad type theorem arise in an natural way. On the other hand, we intro-
duce the multivariate version of the hybrid orthogonality that has allowed us to
give a common frame for this kind of hybrid orthogonality. In this way, a non
trivial extension of univariate hybrid orthogonal functions associated with moment
functionals to several variables is given. We work on B = {x € R? : ||x|| < 1}, the
unit ball of R?, for d > 1, the natural extension of the interval [—1, 1].

The paper is structured as follows. Section 2 is devoted to recall and establish
the basic facts about multivariate sets. Also, in this section, we define the func-
tional systems that we deal with and the multivariate orthogonal functions systems
satisfying hybrid orthogonality conditions with respect to a moment functional.

In Section 3 we give conditions for the existence of such type of hybrid orthog-
onal functions for a given moment functional. We prove three term relations with
matrix coefficients, and a Favard type theorem that allows to recover the hybrid
orthogonality from the three term relations.

A method to construct bivariate hybrid orthogonal functions system based in the
well known Koornwinder’s method ([6], [10]) is developed in Section 4. To construct
systems of bivariate hybrid orthogonal functions we use both univariate hybrid
orthogonal functions and univariate orthogonal polynomials. Also, the explicit
expressions of the entries of the matrix coefficients of the three term relations are
given.

In the last section we give two examples. The first example is a complete de-
scription of a sequence of hybrid orthogonal functions on the unit disk on R? that
extends a family studied in [2] to the bivariate case. This description includes, as
particular case, the classical orthogonal ball polynomials ([6]). In the second ex-
ample we connect univariate hybrid orthogonal functions with bivariate orthogonal
polynomials on the bivariate semisphere H! = {(z1,22) € R? : 22 +23 = 1, 25 > 0}.

2. DEFINITIONS AND FIRST PROPERTIES

In this Section, we introduce the main tools that we need for the rest of the
paper. We will work in any dimension d > 1, and then, the results given in [2]
can be deduced as a particular case of our study. Sometimes, we particularize our
results for the univariate case.

Let d > 1 be the number of variables. As usual, the Euclidean norm for x € R¢
will be denoted by ||x|| = \/2? + 22 + --- + 22, and the unit ball in R? by

B = {x e R : ||x||2 < 1}

Along this paper, we work on the unit ball B¢, that is, we suppose that [|x||? < 1,
for every x = (x1,a,...,24). When d = 1, we are working on the interval [—1, 1],
as in [2].
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We denote by a = (ai,as,...,a4) € N¢ a multi-index, and we define |a| =
a1 +as+- - -+ag. We order the multi-indexes by means of the graded lexicographical
order, that is, a < f if and only if |a| < |3|, and in the case |a| = |3], the first
entry of 8 — « different from zero is positive.

Given x = (21, Z2,...,24) and a = (a1, Q9, . .., aq) € N&, we say that
x% = x(lll 1,32 . xgd
is a monomial of total degree |a] = a; + @y + -+ + a4. A real polynomial in d

variables of total degree n is defined by a linear combination of monomials such as
p(x) = Z an X%, an €R.
lor| <
We denote by
P = span{x® : |a| = n},

the linear space of homogeneous polynomials of exact degree n with real coefficients.
We must observe that

d—1
rd = dim P? = #{x%: |a| =n} = <lelr_1 ), n = 0.

That is, 7% express the number of different monomials for a fixed degree n > 0. In
addition, we define the linear spaces of multivariate real polynomials

= J PL, and 1= (] 10,

m<n n=0

such that
n
d_ qood _ (ntd d
sn:dlmHn:( d ): Zrm.
m=0

Observe that, for d = 1 we get 71 = 1, sL = n+ 1, P = span{z"}, and II} =
span{l,x,...,z"}. Therefore, we include the univariate case ([2]) as a part of our
study.

A useful tool along this paper is the canonical basis of TI¢, formed as a sequence
of column vectors of increasing size 74, {X,,},,>0, whose entries are all monomials
of total degree n ordered by using the reverse graded lexicographical order

Xn = (Xa)|a|:n7 n = 0.
For instance, for d = 3, the first elements of this basis are given by
XO = (1)5 Xl = (x17x27x3)T; XQ = (I%,I1IE2,I1I3,z%,mgl’g,.’ljg)T,...

where the superscript T' means, as usual, the transpose.

We must observe that the set of entries of {Xg,Xj,...,X,} is a basis of I1¢, and
by extension, we say that the set {X,,}",_, form a basis of I1¢.

Following [6, p. 71], for n > 0, we introduce the matrices L,  of size rd x rfL_H
defined by

T Xy = Ln,k Xn+1; 1<k < d, (21)

that represent the raising operator given by the multiplication by xj expressed in
the canonical basis. The matrices L, j, for 1 < k < d and n > 0, are matrices of
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full rank r¢. We compute
d d
)2 X0 = > 22X = Lok Lotk Xngz = L Xy, (22)
k=1 k=1

defining the r¢ x ¢, matrix L = 22:1 Ly g Lyt It is easy to verify that
L%l) is a matrix of full rank rfll. Ford =1, lel) =L, =1, foralln=>0.

Now, we define the linear space of functions that we study in this work. These
new linear spaces are closely related to the linear spaces of polynomials defined
before. Observe that the case d = 1 is included as a particular case of this study.

For m > 0, let Q¢ be the linear space of functions defined on B¢ generated by
means of the basis

03, = span{Xan, /1 — [[x[ Xzn-1,. .., v/1 = [|x]> X1, Xo},

in the even case, and, in the odd case, we get the basis

an+1 = SpaH{X2n+1, vV 1-— ||XH2X27L, e 7X17 \/ 1-— ||X||2 Xo}

As before, the basis is the set of all entries of the vectors, and, for extension, we say
that the set of vectors is a basis. Notice that the dimension of QZ, is s¢,, m > 0.
Observe that a function R(x) € QZ, if it can be written in the form

R(x) = P (x) + V1 = [[x]? Qm-1(x), (2.3)

where Py, (x) € 1%, Q,,—1(x) € TI¢,_; are both symmetric polynomials, that is,

Pol=5) = (-1 Pra(x), and Quu1(—%) = (—1)" Qo1 (),
with —x = (—x1, —%2, ..., —4).

This means that, if R € Q%, then P»,(x) is an even polynomial of degree at
most 2n, and Qa,—1(x) is an odd polynomial of degree at most 2n — 1. Likewise,
if R € Q4,,; then Ps,41(x) is an odd polynomial of degree at most 2n + 1, and
Q2n(x) is an even polynomial of degree at most 2n.

2.1. Functional Systems. For n > 0, we define the following vector of functions

of increasing size r¢

d
Tn

W, =W, (x) = (Wf(x),WQ”(x),...,W” (x))T,

where W (x) € Q4 for 1 < m < r
vector representation, it is clear that
L3 L5
W, = G2 Xn—2i + V1 — [x[]? Z GZ—(21'+1) Xn—(2it1)s (2.4)
i=0

i=0

4 and takes the form as in (2.3). Using the

n?

—

n d d 3 fhaa (N n . 3
where G7,_; are rj, X7y _; real matrices. The matrices G, and G7,_; are respectively

called the first and the second leading coefficients of the vector of functions W,,.

Since all entries W (x) are in Q% for 0 < m < r¢, then by extension we write
that W,, € Q‘fl, for n > 0.

We say that W, is of degree n if the matrix G]. have full rank, that is, it is
invertible. If W,, is of degree n, then, its entries W (x), for 1 < m < rd, are
independent functions, and the entries of two vectors W,, and W,,, of respective
degrees n and m, n # m, are independent functions as well.
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Observe that, if G}, is an invertible matrix, then we can define a monic vector
of functions from (2.4) in the form

W, (x) :(Gn)_lwn(x)

=X +ZG Xn— 2l+m Z G —(2i4+1) Xn—(2i+1)s

where G, = (G™)~'G™ are % x % real matrices. Obviously, if W, (x) € Q¢, then
W, (x) € Qd

Next Lemma collects some basic properties that we will use later.

Lemma 2.1. Let W,, be a vector of functions defined as in (2.4). Then,
(i) V1= Ix[2Wa(x) € Q7 ,4,

(ii) v, Wy(x) € Qd,,, 1<k<d,

(iii) zp/1— [x[PW,(x) € Qd.,, 1<k<d,

(iv) (1~ [[%]|%) Wa(x) € Q.

Proof. (i) Computing directly in (2.4), using (2.2), and arranging it, we get

L]
n n 1
V1= [x[]PWa(x) = Z [Gn—(Qi—l) - Gn—(2i+1)L7(13(21+1)] Xnt1-2i
i=0

L

L=xl1? > Gh_0i Xpnj1-(2ig1)-
i=0

NE
—

Now, we define

n+1 (1) n+1
Gnil 21 Gn (2¢—1) — G (21+1)L —(2i+1)° 0 <1< |_ ) J7
(2.5)
GZE (2i41) = = Gp_2> 0<:1< L§J,

such as G| = G", = G}, are considered as zero matrices of appropriate sizes.
Then, we can write

L=
1—[|x[|> W (x) = Z Gl o Xng1-2i
i=0

5]
+ \% 1- HXH2 Z GZI}_(2i+1)Xn+17(2i+1)7

and therefore \/1 — [|x[[2 W, (x) € Q4 ,. Observe that G are matrices of sizes
rﬁxrﬂ,forOémgn—l—l.

(ii) Again, using (2.1) in (2.4), we deduce
[5] not
n+1,k n+1,k
T Wy (x) = E Gt E X1 + /1 — [x2 E Gnil (2i41)n+1-(2i+1)5

=0
(2.6)
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where
An+1,k , n
Griile; = Gu_gi Lu—2ik, 0<i< LEJ
én+1,k —an I 0<i< n—1
nt1-2i41) = Gn-@i+1)bn—i+1)k U STS | 5 IE

and G™FLF are matrices of respective sizes rd x rd,. Hence, we see that z;, W, (x) €

Qd,, for 1 <k <d
Finally, (iii) and (iv) can be obtained by iterating (i) and (ii). O

Now, we can study a basis of the linear spaces 2.

Lemma 2.2. Let {W,},,>0 be a sequence defined as in (2.4). Forn =0, we define
Lo = GY, and, for n > 0, we define the square ré + rle_l matrices

ar —ar_ L

I ( nl n—ann—1 > , n > 0.
G2+ Gn+1

Denote p,, = detT'y,, for n > 0. Then,

(i) the set of vector functions

{Won, V1 = ||%[|PWan_1, Wap_o, /1 — [|x]|2Wap_3,..., /1 — [|x||2W, Wy},

is a basis of Q%, if and only if [[i—, pei # 0.
(i) The set

{W2n+17 \V 1-—- ||X||2W2n7w2n717 V 1- ||XH2W27’L727 e 7W1» V 1- ||XH2WO}7
is a basis of Q3,1 if and only if [[i— p2it+1 # 0.

Proof. We consider only the even case since the odd case is similar.
We prove the result by studding the matrix of change of basis. For n > 0, we
construct the column vector of the original basis of Qg

Xon = (X3, V1 = =[P X7, V1= =[P X3, 1, X3,)7,
of size s¢, x 1. Let define the s, x 1 vector containing the set of functions
Wan = (W5, V1= [[x[PWT, - /1= [lx[P W3, W3,)".
Then, there exists a square matrix B, of size s, such that

B2n XQn = W2n7 n = 0.

We construct that matrix and study its non-singularity. For n = 0, since Wy =
G9Xo # 0, it is clear that the 1 x 1 matrix By = (GY) is non-singular.
For n =1, using (2.4) and Lemma 2.1, we get

Wy = GoXo
V1= [x]PW; = G2Xo + G2/1 — ||%[12X1 4 G2X,

Wy = G2Xo + G3/1 — ||x]2X4 + G2X,
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where GO is a constant, G2 are matrlces of size r{ x rd, and G? are matrices of size

rd x rd, for i = 0,1,2. Then, the sd-size block matrix BQ reads as

GS o0 o0
B.=| G} G} G3 |,
@ @ @
and the determinant of Bs is given by
G? G3 i ey
detBy =G| "} "2 | = . R
Gi G; Gi G3

by using the explicit expressions of G2 given in (2.5).
For n > 1, it can be checked that Bs, is a lower triangular block matrix such
that its first block is the non-zero constant G, and the successive square diagonal
blocks are
~ - —1501
( Gim_, i ) _ ( GomZl —GamZiLs s
G2m 1 G%% G2m 1 G%m

of size 74, + T2m+1. Then, det B2, = po p2 - - - pan, and the result follows. O

>F2ma 1<m<n7

An interesting consequence is the following result.

Proposition 2.3. If {W,, /1 — ||x]|2W,_1, W, _2, /1 — ||x||PW,,_3,...}, is a ba-

sis of Q2 then, the following square matrices
T =G G L (G T e (2.7)
i1 = Gift + GRAN G GR_ LY (2:8)

are non-singular, and its respective inverses are given by

wt =@ - e e LA Lt e

~ n n n n 1 n —

Tt = (@D = @D e G Ly (G
Proof. Using Lemma 2.2, p,, = detI',, # 0, for n > 0. Using the well know formulas
for the determinant of a bock matrix, we deduce that

| = detlG] detl G+ G @) T G L)
n n+1

= det[G7 1] det[GR + Gr_ L' (Grihy~iant).

Therefore, v, and 7,41 defined in (2.7) and (2.8), are non-singular. Using the
Sherman-Morrison-Woodbury identity (see [7]), we get the expressions for the re-
spective inverses. O

Definition 2.4. A functional system (FS) is a sequence of vectors of functions
{W,}n>o defined as (2.4), such that the set

{an V 1- ||X||2W’nflvw’n727 V 1- ||X||2Wn737 . '};

are linearly independent.
Moreover, we say that it is a monic functional system (MFS) if the matriz leading
coefficient G is the identity matriz of size r¢, for n > 0.
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2.2. Hybrid Orthogonality. Given a sequence of real numbers {uq : || = n,n >
0}, we define the functional
u: ¢ — R
x* = (u,x%) = g
extended by linearity to all polynomials as
(wpx) =D aalux®)= Y dapa, for p(x)= )  a.x".
lal<n lal<n lal<n

In this case, uo = (u,x%), are called moments, and we say that u is a moment
functional.
Let A = (am» (X)):”L be a matrix of multivariate polynomials. Then, the action

of u over a matrix is given by
n,m
<ua A> = (<ua Qj, 5 (X)>)i,j:1’

m

and then, if A= (ai7j(x))j;:
that

1 and B = (biﬁj)?n,h

", is a matrix of constants, we get
i,j=1’ ’

(u,AB) = (u,A)B,

is a n x h matrix with real entries, and, on the contrary, if A = (a;;)

n,m .
. 1S a
3,j=1

matrix of constants, and B = (bi,j (x))m " is a matrix of polynomials, then

ij=1

(u,AB) = A{u, B).

We introduce the moment functional u;/, as the following perturbation of u
(wi/2,pq) = (V1—[x[IPu,pg) = (u, /1 [x[I>pqg). (2.9)
Now, we define the hybrid orthogonality property for a functional system.

Definition 2.5. A F'S{W, },,>0 is a hybrid orthogonal functional system (HOFS)
with respect to a moment functional u if satisfies the hybrid orthogonality conditions

<ll, W2m+1 W§n> =0, Vn,m,
<111/2,W2m+l Wgn+l> = 0, n 7é m, l = 0, 17 (210)
<u1/25W2n+l Wgn+l> = H2n+la nz= Oa l= 07 17

where Hapqy is a 19, ¥ Tgn_H symmetric and non-singular matriz, and 0 denotes
the zero matriz of appropriate size.

If Hyp,y; is a diagonal matrix, then the system is said to be a mutually hybrid
orthogonal functional system.

A moment functional u is called quasi-definite if there exists a HOFS associated
with u. Moreover, u is positive definite if it is quasi-definite, and the non-singular
matrices Ha,4; are positive definite for n > 0, and [ =0, 1.

From (2.10), since Wy is a non-zero constant, we deduce that
<uaW2m+1> =0, m 2 0,

(ur/2, Wop) = (u, /1 = [|x||*W3,,) =0, m > 1.

We prove that hybrid orthogonality for a sequence of functions as (2.4) implies
the linear independence.
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Proposition 2.6. Let u be a moment functional, and let {W, },,>0 be a sequence
of functions defined as in (2.4) satisfying the hybrid orthogonal conditions (2.10).

Then, the set
{Wo, V1= [[x][2 W1, Wi—o, /1 — [|]|* Wis, ..,

is a basis of Q%.

Proof. We only prove the result for the even case because the odd case is analogous.
We construct the following linear combination

al Wo+af /T x|2W; +---+al,_ 1\/1—||x|2W2n,1+a2TnW2n:O, (2.11)

where a; are vectors of real constants of respective sizes rd x 1, for 0 < i < 2n.
First, we multiply (2.11) by WT and apply the moment functlonal u to obtain
ap (1 < W0WT + CL1 u,\/1- HX”leW% +
+ad _(u,\/1— x| |2W2n_1WT )+ al (u, Wy, WT) =
Then, by using (2.10), we deduce that, for 1 < j <n —1,

(u, /1 — [[x]?Wq; 1 WT) = <u1/2,W2j+1W1T> =0,
and (u,+/1 — ||x]|2W;WT) = ul/g,W1WT> = H;. Also, because of the different
parity order, (u, Wo;W?) =0, for 0 < j < n. In this way, we get
ay H1 = 07

since H is an invertible matrix, we have a; = 0.
Similarly, multiplying (2.11) by sz 1, for 2 < j < n, and applying the moment
functional u, we get azj—1 =0, for 2 < j < n. Then, equation (2.11) becomes

ag WO + Clg WZ + e + agn_2 WQn—Q + a‘g’n, WQn = O

Now, we multiply last equation by W{ and apply the moment functional u; /2 to
get

af (w2, WoW§) + a3 (uy /2, Wo W) +

+ a3, 5 (12 Wan oW() + a3, (g /0, Wo, WG ) =
Again, by (2.10), we know that (ul/g,ngWT) =0, for 1 < m < n. Then,
a%(ul/Q,WOW()) =ag THy =0,
therefore ap = 0. In a similar way, we show that az; = 0, for 1 < 7 < n. We
conclude that a; = 0 in (2.11), for 0 < ¢ < 2n, which completes the proof. O

Next Lemma brings some consequences of the hybrid orthogonality.

Lemma 2.7. Let {W,},>0 be a HOFS associated with the moment functional u.
Then, for n > 1, the following statements hold

(i) For any function F(x) € Q4 < [ 251, then

n—(2i+1)’
(u, F(x)W,,
(ii) For any function F(x) € Q¢_,,,

(a2, F(x)Wy) =
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(iii) For 1 <k <dand1<i<|%], we get
<11, kan_giW3;> =0.

(iv) ForlgkzgdandlgigL"T_lj,weget

<u1/23kan—(2i+1)WZ;> =0.

(v) For 0 <i< [n/2] and0<j< [(n+1)/2], i # j, we get
<u1/2, 1- HX”2WH*21’W7{+172]'> =0.
Proof. (i) Since F(x) € ©,,_(2i41), using the basis given in Lemma 2.2, there exist

vectors of real constants of respective sizes rd x 1, such that F(x) can be expressed
in terms of that basis in the form

F(x) =} (9i41) Wn—(2i41) T 52512 V1 = %2 Wi _2i12)
+ sz(zwrs) Wi (2i43) + -
Therefore,
(0, FW7) = (2511) (W, Wo— 241y W) + 65 (2142 (W72, Wi (2012 W3)
+ CZ—(2¢+3) (0, W,,_ 213y Wh) +--- =0,
by using the hybrid orthogonality conditions (2.10).

(ii) As above, since F(x) € €,_g;, using the basis given in Lemma 2.2, there exist
vectors of real constants of respective sizes r¢ x 1, such that F(x) can be expressed
in terms of that basis as

F(x) =¢ip_; Wyo2i + sz(ziﬂ) V1= [x]P Wy (2541
+ sz(2i+2) Wi ity + -
Therefore,
(g0, F)W3) =cf i (a1, W o WE) + ¢l g0y (w, (1= [|%[|*)Wy— (2041 W)
+ e (aira) (W12, Wh_ 2y WE) 4+ =0,
by using the hybrid orthogonality conditions (2.10).
(iii) and (iv) can be deduced directly from (i) and (ii) because 2 W, _9; € Q¢ _,, .,
and Ikwn,(2i+1) S Qi_%.

(v) We know that (1 — |[x||?) W,_2; € Q% 5,5, 0 < i < | %], thus we can express
it in terms of a basis as
(1= ||x[|>) Wy_o; =Er=2H 3 W, _giso + ELZ3020 /1 — ||x]|2W,,_ 0541
+E S W, g4

where E"~2 are matrices of real constants of sizes 7¢_,. x rd . Therefore,

<111/2,\/ 1- ||X‘|2Wn72iwz+l—2j> = (u, (1 - HX||2) Wn72iW§+1—2j>
= EZ:SZ:[QQW, Wn—2i+2WZ+1—2j> + Ez:gfiﬂul/% Wn—2i+1w;€+1—2j>

+ B3 a, Wy oW o)+ =0,

n—21
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for 0 < j < |™H ], i # j, because of the hybrid orthogonality conditions (2.10). O

The definition of hybrid orthogonality can be given in terms of the canonical
basis {X,, }n>0, as we show in the next result.

Theorem 2.8. Let u be a moment functional, and let {W,},>0 be a FS. Then,
{W,,}n>0 is @ HOFS associated with u if, and only if

(W, X, _2i41) WE) =0, 0<i< |25,
<U1/2,Xn,274‘ W£> = 07 1 < Z < L%J7 (212)
<u1/27Xn W;z;> - Sna n 2 07

where S, is a square non-singular real matriz of size rl.
Proof. The first two conditions are clear, since X,,, € Q% for m > 0.

Reciprocally, suppose that hybrid orthogonality condltlons (2.12) hold. Then,
without loss of generality we consider n > m, use expression (2.4), and compute

L2"L2+1J
(U, Wap 1 W3,) = Z Gom i (w, Xomp1—2,W3,)
i=0
2]
+ Z GomT 3 (a1 /2, Xom—2iW5,) = 0,
that vanishes because 2m + 1 — 2i < 2n and the change of parity in the first

summation, and 2m — 2i < 2n and the use of u; /5, in the second one.
Moreover, for n > m, and [ = 0, 1,

[ 2t
T _ 2m+ T
<u1/27W2m+lW2n+l> = E G2m+l 21<u1/2aX2m+l—2iW2n+l>
=0

L2m~gl—lj
+Y G iy (W (1= [P Xamgi— 2i41) W) = O,
by using (2.2).

Now, we study <u1/2,X WT) and (uy /o, W,, WI'). Since /1 — [[x[?X,, € Q¢_,,
then there exist ¢ x r¢ matrices F"t1 such that

VI 2Ky = B W + /T [IPW, + B W,y -

Then, using the hybrid orthogonality conditions (2.10) as well as the linearity, we
directly compute

(U9, X, W1 =(u, /1 — [|x]2X, W)
fpgg% W WY 4+ Frt (/1 — %] 2W,WT)
+ﬁgj11<uawn—lwf> +

=F"t'H,.
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Now, we wish to compute the matrix F"*!. Using expression (2.4) and Lemma
2.1, we get

V1—]z|?X, fFr?jr"ll G X1 + G — (22X, + P Xy + -]

+ EPUG X + GPHT — [)PX, 4] +
Adjusting leading coefficients, and using again Lemma 2.1, we get the matrix
linear system

Eien - Frren LY, =o,

F:Lz;i-ll Gn+1 Fn+1 Gn _ 7'11 ;

with matrix unknowns Fr?jrrll and F) Frtl. Observe that this linear system can be
written as a )

- Gn _Gn L

(Ifrﬁa O) = (}4—':"1‘17 F:Llrll) < il n1+1 > y
Gﬁ GnJrl
where the coefficient matrix is the non singular square 7% +r?_ | matrix I', 1 defined
in Lemma 2.2. Then, the system has unique solution. Since GZE is non singular,
then
1 n+1 1 1y—1
Fifi =BG L (G

Substituting this expression in the second equation, we get
Ey G + G L (G T Gt = Ly

Using Proposition 2.3 we know that v, = GI' + G? lL(l) (GIED)~rGRH! s invert-
ible, and then

=t
In this way,

<u1/2’ an£> = 77:1<u1/27 WHW,};%

or equivalently,

Sp =t Hy.
Then, S, is non-singular if and only if H, is non-singular. That completes the
proof. ([l

3. EXISTENCE, THREE TERM RELATIONS AND FAVARD TYPE THEOREM

First, we need to discuss the existence of a HOFS in terms of a given moment
functional u.

3.1. Existence. To simplify the notation we define G’7 := (G%,)T. We also con-
sider the moment matrices

M) = (X, X]) and N\ = (uy,X,X]), (3.1)
of respective sizes rd x rd,.
From (2.4) and 0 < j < |

d
" 1
%5=], we can write
L5

<U,Xn,(2j+1) WZ) = < X (25+1) Xn 21>Gn 2i

[

-
Il
=]
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L=5*)
T T
+ (uy /2, X, —(2j+1) Xn7(2i+1)>sz(2i+1)’
i=0
where G are constant matrices of respective sizes rd,
in the expression (2.4).

Therefore, from Lemma 2.7 and using (3.1) we get

L5

n—(2 +1 (2j+1) ~n, T —
Mn 21] n 2z + Z (23—}-1) Gn (2i4+1) — 0, (32)
i=0

for 0 < j < |(n—1)/2]. Also, using notation (3.1), we deduce
J

xrg, for 0 < m < n given

,7
N3

(W12, Xnmo) WEY = (a2, X2y X2 o)) G2,

Ng

«
Il
— o

nflj
+ (u, (1= [|x[*) Xn—2; er;f(2i+1)>GZLT(2i+1)
3]

_ n—25 ~n,T n—27j n,T
- Nn 2 Gn 2 T 2 : J —(2i+1) Gn (2¢+1)

N‘

,i
(=)

i=0
n—2j n—2 (1 n+2—275
for 0 < 7 < [n/2], where Jn—(2]i+1) = Mn—(2J¢+1) Ln227Mn—(2i+J1)' Then, from
Lemma 2.7, we get
n—2 n,T n—2
ZN Sdamt, + Z J" gZH) o (ml) =0, (3.3)

for 1 < j < |n/2], and for j =0,
L L5+
n, T
n 22Gn 21+ Z J, —(27.+1)G (2i+1) — S n (34)
i=0 i=0
where S, = (uy5,X,, WI).
Considering the matrix equations (3.2), (3.3) and (3.4), we get a linear sys-

tem of s& = >" 7 ors ¢ equations which solution is the column vector of the matrix
coefficients of W,,, in the form

[NB
—

Msg gsﬁ = SS%’

where

(el 0
ot 0

G = S, =

Sn . ) S’n. b
T

Gy 0
GZ’T Sn

d d

are column vectors of matrices of total size sf, x r5. The coeflicient matrix is a

square block matrix of size s¢ x s¢ whose structure depends on the parity of n in
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the form
Mg=h NPTEOMGTHONZTh e NpTE Mt
MNP M NPT NG Mg
My Ny My Ny oo Ny, M
Msz: n n n n n n ’
NO ‘]1 N2 ‘]3 n—1 Nn
NgTP P ONgTR O gnr Np?
Ne X Ny Jg e T N
for n even, and for n odd,
NpTEOMPTU NPT annd Npsh g
NTE MO ONPTS o Mpsg NpIE M
Ng o MY N3 o Mp, Njyoo M
Mo =
! Jo NY Jyoo- Ny, Jp, Ny
REONITE T N N
Jo N Ty o Nap Jiy N,

Then, we have the following result.

Theorem 3.1. Let u be a moment functional. Then a hybrid orthogonal functional
system associated with u exists if and only if Mga is a non singular matriz, for
n > 0.

3.2. Three term relations. In the following, we use the definition of joint matriz
(see [6, p. 71]). Given n x m matrices My, Ma, ..., My, we define their joint matric
as
M = (M1717M2,I‘?"'7M;11—‘)T7
of size dn x m.
In the next theorem we deduce matrix three term relations for a HOFS {W,, },,>0.

Theorem 3.2. Let {W,,},>0 be a HOFS associated with the moment functional u.
Then, forn =0 and 1 < k < d, there exist matrices Ay ki, By i, Cn i of respective
sizes 18 xrd  rd xrd and rd x rd_, such that

2 Wi (x) = An gk Wig1(x) + Brk V1 = [[x]12 Wi (x) + Ch o W1 (x), (3.5)
with W_1(x) = 0 and Wy(x) = 1.

In addition,

Ane = [(ur)2, 2 Wo Wiy) = Brg (a2, /1 = [[x[PW, WL )] HZ,
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Ty 77-1
B, = (u,z; W, W: ) H

CnJc = [<u1/2akan W71;71> - Bn,k<u1/27 V 1- HX||2W’I’L W71;71>] Hﬁ_

Proof. For 1 < k < d, and Lemma 2.1, we know that x;W,, € QZH, and it can be
express in terms of the basis given in Lemma 2.2. Then,

L2)
n+1,k n+1,k
W, Z B Wi g + /1 — ||X|2ZERL_(%H)W“H,(%H), (3.6)

where the coefficients E%F1* are real matrices of size 7%
From part (i) of Lemma 2.7, we know that
(u, 2 W Wi o) = (0, W (2xWo2j)") =0, 1< < [n/2],

for 1 < j < |n/2],

xrd.

since 2 W,,_2; € Q,11-2;. Then, we multiply (3.6) by W1
and apply the moment functional u to obtain

n—2j°

L 242 ]

0= (u,2xW, Wy _5;) Z By (0, Wo g1 oy WE o)

5]

n+1,k
+ ZEn+1 (2@+1) 1= [1%[1> Wyp1—(2i41) Wn 25)-

By using the hybrid orthogonality (2.10), the first summation vanishes, and all
terms in the second summation vanishes except for ¢ = j. Therefore,

+1,k T +1,k
O_E:Ll-'rl (2]+1)<u1/27Wn—2jWn—23> E 2j Hn—2;,

hence E:LH;J]C =0, for 1 < j < [n/2]. Then, (3.6) can be written as

123
DWa(x) = D Bty Wosioai) + B VT [WPWa(x). (37)
i=0
Now, zx;W,11-2; € Q,4+2_2;, and applying part (ii) of Lemma 2.7, we deduce that
(o, e W, Wl o) = (urye, Wa(2xWay19j)") =0, 2<j < [(n+1)/2].
In this way, we multiply relation (3.7) by Wl,, ,., for 2 <j < [(n+1)/2], apply
the moment functional u; /5, and we get

L5 ]

T n+1,k T
0= (uyo, W, W) | o) = E Bl (e, Whpa0i Wiy o)

+En+1k u1/27 V 1- ||X|2W Wn+1 2j>

From the hybrid orthogonality conditions (2.10), only the term corresponding to
i = j in the first summation is different from zero, and using part (v) of Lemma
7, (uyy, /1 — [[x[[2W, W, ;) = 0. Hence,

+1 +1,k
0= EZH 2 (12, Wip1_9; W£+1—2j> = EZ+172an+1—2j7
and EZJ: kQJ =0,for2<j<|(n+1)/ 2J Then, (3.6) becomes the three term

relation (3.5), defining A,, , = EZI% ok By = ElUE and €, = EID ok
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Now, we compute the matrix coefficients. To get B, ;, we multiply relation (3.5)
by WI apply the moment functional u, deducing
(u, 2 W, W) = Ay, (0, Wy i WE) + By, (g j2, W, WE) + Ch g (0, W, W),
and, from the hybrid orthogonality (2.10), we obtain
B, 1 H, = (u, oW, W),

Similarly, to obtain A,, 1, we multiply by WZ 11, and apply the moment functional
uy /2, obtaining

(g2, 2k W W) = A (o, Wo d W) + Br(uy o, /1 — [[x[PW, W)
+ Cpop(uy o, Wyt W),
and
AppHpg1 = (w2, e W, WE 1) — By k(g o, /1 — [|x]2W,WE ).

Finally, to obtain C,, j, we multiply (3.5) by WZ_, by means of the moment func-
tional uy /3, and we get

CrpHn1 = (W2, &k Wy Wi 1) — B (g2, /1 — [[x[PW, W)
Observe that
an’f—&-l,k = <U1/2,$kWnW£+1 111/2, V 1- ||X |2W W7L+1 n+1 k>

and then
An,k:Hn-‘rl + Bn,kAn = HnCZ;—Q—Lk + AnB’Zj-'rl,lC’

where A, = (w172, /T — X2 W, WI_,). =

Now, we analyse the matrix coefficient of the three term relations (3.5).

Proposition 3.3. Let {W,,},>0 be a HOFS associated with the moment functional
u, and let A, i, By, i, be the first coefficient matrices of the three term relations (3.5).
Then,

Ak =GP L + G Ly (G G LD 7L (3.8)

Bug =[Gy Lu-16 — GrLa (G ) T G, (3.9)
where
=Gr+Gn LY G lent,
%H ot artien e LY,
were defined by (2.7) and (2.8) in Proposition 2.3.

Moreover, rank A,, ,, = rd, and rank A,, = rg_H, where A,, is the respective join
matriz.

Proof. Adjusting leading coefficients in (3.5) and using Lemma 2.1, we get the linear
system

G Lk = Ay GrHE = B,k Gr_ LY

n—1

(3.10)
szanfl,k = An,kG;H_l + B”LkG:’LN
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with matrix unknowns A, y, By k. This linear system can be written as

G —an LY,
(szanfl,ka Gan,k) = (Bn,k7 An,k) ( " " " 5
oG

that is,
(Gz_an—l,kv GZLn,k:) = (Bn,ka An,k)rn-‘rla

where I', 41 is the non singular square r¢ + r¢_ ; matrix defined in Lemma 2.2.
Then, the system has unique solution, and we will compute it.
Since GZE is non singular, then first equation in (3.10) can be written up as

1 _
An,k: = [GZLn,k + Bn,kGZ—qu(m—)l](GZi%) 1'
Substituting this expression in the second equation, we get
1 _
i1 L1k = (G Lo + BukGiy L (G T Gt + BusG
Now, grouping terms in B,, ., we deduce

B i[GR+ Gr_ L (G T1G Y =GRy Ly — G Ly o (GREH) T1GRHL

Using Proposition 2.3 we know that v, = Gt + GZ?ILSL(GZE)*GZ‘H is invert-
ible, and (3.9) follows.

Returning the system (3.10), we can do the same process starting in the second
equation as

By = [GZ—anfl,k - An,sz+1](GZ)7l,
substituting in the first one
GrLn g = AngGiT} = [GhoaLnrk = Ans GG MG L,

grouping terms in A, j,

A klGRE + GG TG L) = Gl + G L (G T G LY
and using that the matrix 3,41 = GT] + GZH(GQ)_IGQ,ngzl is invertible by
Proposition 2.3, we get (3.8).

Now, we study the rank of the matrix A,, . We write (3.10) as

GiLn g + BuxGi_ LYY | = Ay G,
G L1 g — BuyGn = A, yGHL.

Observe that we can express the matrix linear system in the form

Gn el L(l)
(=Bnk, Lpa) " P ) = (A kGR, A kGth).
"\ Ghoilnoik GRLpg

This matrix linear system has unique solution, and the block matrix of coefficients
- ( G -Gl )
Gl Ln_1k Gr Ly, 1,
has full rank 2rZ. Therefore, by [12], we deduce that
2r¢ = rank T, = rank G7 + rank[G7 L, 1, + Gﬁfan,Lk(Gﬁ)_lGﬁflLS_l],

and then, since rank G” = ¢, the result follows.



18 C. F. BRACCIALI AND T. E. PEREZ

Finally, in order to get the rank of the join matrix A,, we extend the matrix
linear system (3.10) to join matrices as follows,

diag(G™)L, = A,G* — B,Gr_ LtV

diag(G?_)Ln_1 = A,G"*' + B,G",

where L,, A, and B,, are the respective join matrices. Working as above, we get
rank A, = rd ;. O

Finally, we study the expression of C, ;. We need a technical Proposition.

Proposition 3.4. Let {W,},>0 be a HOF'S associated with the moment functional
u. Then,

(i) Let ), = G1 T Lyo1 e + GEZAL Lo (G ' GRFY. Then

(w, 2p/1 — ||x[2W,,_ W) = mf}}ﬂ,len.

(ii) Let v = —Gr=ALM, + GZ:%LSzl(GZﬁ)_lGZ*‘l. Therefore,
(u, (1= [|x[*) Wy W) = 6127, H

(iii) Let £} = Gn_y L1k — G Lo o (G "Gt Thus,

(u, 2, W, WD) = &)~ L H,,.

(tv) The explicit expression of Cy, 1 is given by

- 1 - 3 _
Cly = H L 60 — k@ w v H. (3.11)

n—1

Moreover, KSL and [nﬁ}% — /1512)7;1/{;336] are full rank matrices, as well as their

respective join matrices.

Proof. (i) Since /1 — [|x[2W,_1 € Q2 ,, there exist 7¢_; x r¢ matrices of
constants E7t1F such that

wp/1 = [[]2W,_1 = EFTVEW, 0 + ERTEE /T x]PW,, + ERTRW, g -
(3.12)
Using the hybrid orthogonality, we compute

(w, 25 /1 — [[x[PW,_ W) =EMHF a, W, WD) EnLk (u) /1 — [[x]2W, W)
+ BT W, W) 4
=EMUR () 9, W, WT) = ERHURH,,.

Then, we need to compute Eﬁ*l’k. From part (iii) of Lemma 2.1, and comparing
leading coefficients of both sides of (3.12), we obtain

n—17(1) _ mmtLk mtl  Tntlkon (1)
7Gn72Ln72Ln,k = En+1 Gn+1 - Ey Gn—anflv

1 n+1,k 1 n+1,k
Grl L1 = BrfE G 4 Brtiear,
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_— . . Tnt1k
that can be seen as a matrix linear system with matrix unknowns EZLLL and

Eﬁ*‘l’k . We can express it by using again the matrix I',,41 in the form

Gr o Gl )
aittooan )
and then, there exist unique solution. Computing as above, we substitute

Bt = [ERen L)y = G Ly LGt ™

(Gr_\Ln—1p, —GRT3LY Ly p) = (EZHVF ENTLF) (

in the second equation
— ~ 1 _ 1 _ ~
GriLnoaw = (BTG LY - GRbL L LG T Gt + Ephhan,
and we obtain

BN =GR Lok + GOy Ly o L (Grf) T Gy
(1

ni

The rank condition of the matrix & L is deduced by means of a similar reasoning

as in Proposition 3.3.
(ii) Again, (1 — [|x[>)W,_1 € Q2 ,, then we express
(1= =)Wy = EF Wosy + /T = [xPWo + B Wy 4
Therefore,
(u, (1= [[x]) W, WE) = EnH (u, W a W) + B (u, /1 — [[x][PW, W)
+ B, W, WY . = EPTLH,,
As above, we compute the matrix EQH by comparing leading coefficients, obtaining

n—171) _ n+l,-n+1 n+1,m (1)
_Gn—an—l - En+1Gn+1 - En Gn—an_p

—GnobLyY, = EptiGatt + Eptan,

that has unique solution since I', 11 is again the matrix coeflicient. Working as
before, we substitute

~n -~ 1 n— 1 n _
Erel = Ertten_ LY, —ertint et

in the second equation
~Gioiyly = (BN G - GRIL(GR) TG+ BTG
we group the terms
By G+ an Ly (G T et = anin @i et - sl
and we obtain
Bt =(enin @ ent - annno
(iii) The proof is analogous.

(iv) We only need to compute

Hy 1 Cp gy = (2, ex Wit W) — (g, /1 — [[x[PW, - W) By,
= K He = W Hy ™, oW W)

= & Ly — 6Py, 6
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= k) = kP W)y .

In order to study the rank of the matrix [/@SL 145?)7; ! SL] we construct the block

matrix
(3)
( Tn Ky k )
@ @ ’
Hn,k n k

we use that -, and /15112 are full rank matrix, and we work as Proposition 3.3. O

Remark 3.5. For a fivzed 1 < k < d, we must observe that three term relation (3.5)
can not be used to compute the monic HOFS. Although we can write

An oW1 (x) = [25Tog — B /1= [RIPIW(x) — Co g W1 (x),n 2 0, (3.13)

the matrices A, are rl x Tg—&-l matrices, except for the univariate case (d = 1)
where A, 1 are non-zero constant, for n > 0. We know that, since Ay 1 is a full
rank matriz, there exists a (not unique) pseudo inverse only by the right side ([8]).

Following [6, p. 72|, in Proposition 3.3 we proved that the rank of the dré x rd
join matriz A, = (A} 1, AL 5, ..., AL )T is rd |, there exists a (not unique) rd, | x
drfll block matriz Dy, = (Dp1, Dn2, .., Dn.a), with D,, j, matrices of respective sizes

rﬁﬂ x e, such that

RIS
3

n,2 d
-DnAn = (Dn,laDn,Qa'“aDn,d) . = ZDn,kAn,k = Ird+1~
: k=1 '
An,d

Then, multiplying relations (3.13) by D, ,, and summing, we get

W1 (x) = [ZDn stk = B /1= Tl W (1) = Co Wi (),

for n > 0, where

U
IS

= Z Dn,an,Im an = ZDn,kOn,k~
k=1 k=1

Then, we can compute the functions recursively.

3.3. Favard type Theorem. Now we present a Favard type result for the hybrid
orthogonal functions. See [3, p. 21] for Favard’s Theorem for orthogonal polynomi-
als on the real line, and [6, p. 73] for multivariate orthogonal polynomials.

Theorem 3.6. Forn > 0 and 1 < k < d, let Ay i, Bni,Cnr be matrices of

respective sizes r& x rd ., rd x rd and rd x rfll 1 such that rank A, = 74,
rankCp = rflhl, and rank A,, = 7"n+1; rank C, rd, where A, and C, are
the respective join matrices.

Let D,, = (Dp1,Dpy, ..., Dp.a), with Dy, matrices of respective sizes er_l xrd,

be a pseudo inverse of A,,.
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Define the sequence of vector functions given by W_1(x) =0, Wo(x) =1, and
d
W1 (x) = [an,kxk — Bo/1- ||x||2] W, (x) — CoW,_1(x), n>0, (3.14)
k=1

where En = 22:1 D,, xBp i, and én = 22:1 D,, xCy i, and satisfying (3.5) for
1< k<d. Then,

(i) {Wy,}n>0 is a functional sequence (FS).
(i1) There exist a moment functional u such that {W,},>o is a HOFS associated
with u.

Proof. (i) The matrices Dy, j are full rank matrices, and then we can compute the
functions recursively.

Now, we study the coefficient matrices. From Lemma 2.1, comparing the first
and the second leading coefficients of expressions (2.6) and (3.5), we get

1
A kGt = BuwGr_ L) = G Ly,
An)sz-‘rl + Bn,kGZ = szan—l,ky
for 1 < k < d, that can be written as

n n 1
Gn 7Gn—1L£121 >

n+1 n+1
Gn Gn+1

(Bn,k7 An,k) ( - (Gz_anfl.,ka Gan,k)v

that is,

(Bn,ka An,k)rn+1 = (szanfl,k‘a Gan,k)a

where I',, 11 is the square 78 + r¢, | matrix defined in Lemma 2.2. In this way, we
can see I',, 11 as the coefficient matrix of a linear system with unique solution, then
I'y,41 is non-singular and the set

{Wa, V1= ||%[PWio1, Wiy—o, /1 = [[x[|PWy—s, ..,
is a basis of Q¢ for n > 0 by using Lemma 2.2.
(ii) We define a moment functional u by

<111/2,W0> = 1a

(w12, Wapn) = (u, /1 —[[x[2W2,) =0, n
(u,Wapp1) =0, n>0.

We prove that the functional system {W,, },,>0 defined by (3.14) satisfy the hybrid
orthogonality conditions (2.10) by an inductive reasoning.
From the definition Wy = 1, and then

(uy /9, WoW{) = 1,
(0, WoWT) = (u, W) = 0.

WV

1

)

Now, we follow the reasoning given in [6, p. 74] in order to prove the hybrid
orthogonality (2.10). In fact, let n > 0 be an integer and suppose that

<qunW3;+2i+1> =0,120,
<u1/27WnWZ+21‘> =0,1>1.
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Now, we want to prove that result for n + 1. In this way, for ¢ > 0, we use (3.14)
and induction hypothesis to compute

M&

Dy, k(u, kant+2i+2>

(u, Wn+1WZ+1+(2i+1)>

i
S ~

n <u1/2a W Wn+22+2> an (u, W,,_ 1WZ+2¢+2>

Dn k <ll, Wn (l'kWn+2i+2)T>

)

I
=
i M&
M

Dy, g [<U7WnWZ+2i+3>A£+2i+2,k

-
Il

1
T T
+ (12, W W0 0) Bryoio i
T T
+ (u, WﬂWn+2i+1>Cn+2i+2,k] =0,

and then, we have the first part of the induction. Next, we work with u;,5 and
i1,

d
<111/2, Wn+1WZ+1+2¢> = Z Dn,k<u1/27 kanWZ+1+21'>
k=1

n U.1/2, \/ - ||X |2W Wn+1+21 C <ul/2,Wn71W3;+1+2i>

U:>

Dy, 1 (uy 2, W Wi 00) — Balu, (1= [Ix])W, W2 o),

)

M-

>
Il

1

by using induction hypothesis. We know that (1 — [|x[|*)W,, € Q2 ,, and then,
there exists matrix coefficients of adequate size such that

1252 L2t
(1 - HX||2)WTL = Z E;Lig 24 n+2 2i TV 1- HX |2 Z EZI% 2% n+172i'
=0

Therefore, (u, (1 — [|x[|*)W,WZ, . ,,) =0, and then,

d
<u1/2aWn+1Wz;+1+2i> = Z Dn,k<u1/2a $kWnWZ+1+21‘>~
k=1

Substituting again the three term relation for z; W, 11492;, we get

d
(o, Woid Wiy 00) = Y Do o, Wa (2xWogi1) ") =0,
k=1

and the induction is complete.

Next, we prove that H, = <U1/2,anz> is non-singular, for n > 0. First,
Hy = (ul/g,W0W0T> =1, and then, it is invertible.

Now, we suppose that the square and symmetric matrix H,, = (u; /Q,WnWZ> is
invertible. Using expression (3.11)

“1
HnCFy o= My iyt Hng
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where M, = [I{SL - 57(12)77715;3%], we get

diag{Hna S 7Hn}C7711+1 = Mn-i-l’}/;.l,{lHn-l-l-

In this way, since H,, is invertible, diag{H,,...,H,} is also invertible, and by
hypothesis, rank C,, ;1 = 74 +1- Therefore

rank(M,L+1’Y;_~1_1H7L+1) = TZ-&-l'
Then,
rank Hy, 41 = rank(My 417,41 Hog1) 2 rank My + rank(, 1 Hog1) = 7y
=rank Hy 11,

and finally, rank H, 1 =rd, ;. O

4. A METHOD TO CONSTRUCT BIVARIATE HYBRID ORTHOGONAL FUNCTIONS

To construct bivariate hybrid orthogonal functions, we develop a similar con-
struction as the well known Koornwinder’s method ([6], [10]), used to obtain or-
thogonal polynomials in d = 2 variables from univariate orthogonal polynomials.

More precisely, let wi(z) be an even weight function in one variable defined on
the interval (—1,1). In this way, the moment functional is defined as

(vi, f) = / fa)w(o)da,

for every univariate polynomial f(x).

For m > 0, we denote by {p%m) (x)}n>0 the family of polynomials orthogonal
with respect to the even weight function (1 — 22)™*1w;(z) on (—1,1). Then, the
polynomials are even functions, that is, pﬁ,’”)(—x) = (—1)”p51m) (z), for n,m > 0
and z € (—1,1).

Let {gn(z)}n>0 be a sequence of univariate hybrid orthogonal functions in the
sense of presented in [2], satisfying univariate hybrid orthogonal conditions as in
(2.10), associated with a non symmetric weight function wy(z) on (—1,1), in the
form

1
vaf) = [ fa)en(e) da.
-1
We define the sequence of functions {W,, },,>0, where
W, = (W' (21, 32), Wi (21, 22), ..., Wi (@1, 22))", n >0, (4.1)
and

W (x1,x9) = pi™) (1) ( 1 x%) . (

x22>, o<m<n. (4.2)
11—z

It is easy to check that the function W) (x1,z2) has degree n, for 0 < m < n, and
then {W,,},,>0 defined as above is a FS.

Observe that there is an essential difference from the classical method by Koorn-
winder ([10]), apart from the fact that the second family is a hybrid orthogonal
sequence, the polynomials {p§Z" )}n>0 are orthogonal with respect to the weight
function p(z)*™ 2w, (), taking p(z) = v/1 — 22, and in the Koornwinder’s classi-
cal construction they are orthogonal with respect to p(z)*™ 1w (z).

We show the following result.
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Proposition 4.1. Let {W, },>0 be a FS defined as in (4.1)-(4.2). Then, {W,,}n>0
is a HOFS with respect to the weight function

x
w(®1, ) = wi(@1)w2 | ——— |,
1—x7
on the region R = {(z1,22) : =1 <21 < 1, —y/1 — 2% < x9 < /1 —22}.

Proof. We denote by u and u,/, the moment functionals respectively defined by
u,p) = fjp(xl,fz)w(ml,@)déﬂl dxo
R
and
(ui/2,p) = (u, /1 —[|x[|%p) = jfp x1,m2) /1 — 2% — 2d w(x1, 22) dy ds.
For brevity, we denote p(z) = v/1 — 22 and t = x5/1/1 — x2. Observe that

=4/1—-22V1-t2=/1—2? —23=+/1— x|

For 0 < m < nand 0 < k < h, we compute the inner product of two functions as
follows

R
=[] P P () plan) ™+ wn (1)

< dm <p(x;1)> o <p(x;1)> 2 (p(xxi)) drdez - (43)

_ / P (1) p, (1) plan )™ o (1) dir
-1

1
< [ anOatnttr,
-1
and, in the same way,

(w2, Wi W) :jf Wi (w1, w2) Wi (01, 22) /1= [xlPw(ar, w2)dwr day
:/ P (1) i (1) ) ™42 w0y (1) day (4.4)
-1

x / an(0) a0 p(0)2(t) .

To prove the hybrid orthogonality we need to split it in the following four cases:

(1) (u, Wty Wit ) =0,
(it) (w, Wi Wil,) =0,
(iii) (uy/o, Won WHHH) =0,
(iv) (uy2, Wz%ilz Wz?ﬂ) hgrl% On.h Om. ks hgzl:r)z >0
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forany 0 <m<n, 0<k<h,and [,7=0,1.
Cases (i) and (iii) are deduced from the fact that the first integral in last term in
(4.3) and (4.4) vanishes since in both cases pglni)m(a:) pgi) () is an odd polynomial,

and the function p(z)™+k+1+ly, (2) is even, for any n,m, h,k and [ = 0, 1.

For case (ii), using the fact that {g, (¢)}>0 are univariate hybrid orthogonal func-
tions, the last integral in the last term in expressions (4.3) and (4.4) vanishes for
any m, k, and then, for any n, h.

Case (iv) is deduced as case (ii), the last integral in the last term of (4.4) vanishes
except for m = k. We denote

1
/ am ()2 V1 — 2wy (t)dt = B9 > 0,
-1
and using the orthogonality of the polynomials {pglm)}n>0, we get
n+l h+1 (») (9)
(g2, ngiz W22k4: )= h2€z+l (2m+i) h2€n+z On,h Om ks

for l =0,1 and i = 0,1, where

W0 = [ ) o) ey > 0
-1
This completes the proof. 0

For bivariate hybrid orthogonal functions constructed by this method, we give
explicitly the matrices of the three term relations (3.5) for k = 1,2,

kan(x):AnkwnJrl +Bnk\/1_||x‘2w +anwn 1( )
where Ay, i, Bn k, Ch i are matrices of respective sizes (n+1) x (n+2), (n+1) x (n+1),
and (n + 1) x n, such that A, x, Cp k, A, and C,, have full rank.
To this aim, we adapt the results given in [11].
As it is well known, the symmetric univariate orthogonal polynomial sequence
{pglm)(x)},@g satisfies a three term recurrence relation ([3], [13]). Then, there exist

non zero constants a,(l ™) c%m) such that

zp(" (2) =al™ pii (@) + M pi (@), n >0, (4.5)
P (@) =0, p(x)=1, m>0.

The univariate hybrid orthogonal sequence {g,, (t) }m>0 also satisfies a three term
recurrence relation ([2])

tqm(t) = am gm1(t) + l;m 1—1t2 qm(t) + Em gm-1(t), m >0, (4.6)
q*l(t> :Oa qo(t) = 17

with a,, and ¢, non zero constants.
Moreover, we need relatlons between the symmetric adjacent families of orthog-

onal polynomials {pn }n>0 and {pn +1)}n>0 In [11] it was proved the existence
of the relations

P () = 60 i+ () + ¢ plm 3V (2), (4.7)
p(x)? p D (z) = ™ pr (@) + 95 p(™ (), (4.8)
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where 5,(lm), ,(Lm), n%m) and ﬂ;m) are constants. Observe that the symmetry of the
polynomials yields shorter relations than in the general case.

Therefore, we can give explicit expressions of the coefficient matrices for the
three term relations for the bivariate hybrid orthogonal function sequence defined
in (4.2). The matrices for the first three term relation are diagonal.

Proposition 4.2. Let {W, },>0 be a hybrid orthogonal FS constructed by means
of (4.2). The matriz coefficients in the first three term relation (3.5) are given by

Apq = diag{aﬁﬁ)m :0<m<nyLy,,

Bn,l =0,

Coa=L} 1, diag{c;@m :0<m<n—1}
where a,(:z)m and c;@m, for0 < m < n, are the coefficients in (4.5), and the matrices
L1, Ly_11 were defined in (2.1).

Proof. Multiplying (4.2) by z1, and applying relation (4.5), we obtain

m m X
x1 Wi (21, 72) :xlpgl_)m(l'l)P(ml) qm <2 >

p(x1)
m m m m m r
i 0) + s ot 0 (55 )
p(z1)
=al", Wit (wy, @) + ¢, Wi~ (@1, 22).
The result follows from the above relation for m = 0,1,2,...,n, and the vector
notation (4.1). O

In the next theorem, we prove that the matrix coefficients of the second three
term relation for {W,},>0 are tridiagonal.

Proposition 4.3. The matriz coefficients of the second three term relation (3.5)
for an orthogonal PS generated by (4.2) are given by the tridiagonal matrices

o a2 O | o
~(1) :
An72 = n-1 0 )
) ) agnfl) 0
O a” o |ad”
where
™ = ame, 0<m<n,
am o= b, 1<m<n,
0 Y O
a0
Cn,2 - 6%”72) )
n—1
O q o
0 o
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where
am = Eml, 1<m<n—1,

and By, 2 = diag{zm : 0<m< n}.
Proof. Multiplying (4.2) by x4, denoting t = xo/p(x1), and using (4.6), we get

n (m) m+1 L2 T2
o Wi (21, T2) =pp_m (@ T m
o Wi (21, 22) =p,, 5, (1) p(21) ) <p(x1)>

)m+1

= P (1) p(1 Gm1(t) (4.9)
+ b U (1) (@)™ VT = 2 g (2)
& p(a1)2 ST (1) p(a1) ™ g ().

The terms of the above sum will be studied separately. For the first term, using
(4.7), we deduce

P (@) o)™ g (1)
= [3 Bl @)+ s (@) @)™ e (1)
= 60" W (21, 0) + ¢ W (1, o).

Now, we consider the second term of (4.9). Since p(z1) V1 —t2 = /1 — 22 — 23,

the second term yields
P (@) p(21) ™ T = 12 qu(t) = P (1) pla1)™ /1 — 23 — 22 g (t)

=4/1— 2% — 22 W (21, 22).

For m > 1, last term in (4.9) is computed substituting (4.8) in the form
p1)” P (@) ()™ g (1)
= [nm P e ) + 00 D )] o)™ g (1)
= 775;2,_”1) W (21, 29) + 19571;11) W (21, 29).

Finally, replacing above expressions into (4.9), we get

xo W (x1,22) =Cm n(mfl) W;fill(xl, xa) + (52:1) W;ﬁrll (21, x2)

n—m m

+ b /1 — 22 — 22 WD (21, 22)

+ G O D W (24, ) + i () WL (24, ).

)
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5. EXAMPLES

We present some special examples of bivariate HOFS generated by sequences
of hybrid orthogonal functions of one variable satisfying univariate (2.10) and se-
quences of symmetric orthogonal polynomials.

For the first example we use the method described in Section 4.

5.1. Bivariate hybrid functions on the disk. In this example, we construct
a family of bivariate hybrid functions on the unit disk in R? as an extension of
the classical disk polynomials ([6]) by using the Koornwinder-type construction
described before. To this end, we use classical Gegenbauer polynomials as well
as the univariate hybrid functions described in Example 2 in [2]. We study the
bivariate hybrid orthogonal disk functions, and we deduce explicitly their matrix
three term relations by using a similar technique as in [11].

In this way, we denote by {C',({\)}n>0 the sequence of monic classical Gegenbauer
polynomials orthogonal on the interval [—1, 1] with respect to the weight function
wN(z) = (1 — 2212, for X > —1/2. We include some equations for monic
Gegenbauer polynomials, adapted to the monic case from relations in [1] and [13].

e Three term recurrence relation ([13, (4.7.17)])
2O (@) = O (@) +d O (),
where
I 1 n(n+2X2-1) .
" 4(n+A)n+Ar—-1)
e Relation between adjacent families I ([13, (4.7.29)])

CM(x) = COM*V (@) + ¢V XD ()

where
¢ _ 1 n(n—1)
n 4n+Nn+rx-1)

e Relation between adjacent families IT ([1, (22.7.21)])
(1= a?)CM N (2) = —Cps (@) + 00 O (@)

where
1(n+2)\)(n+2>\+1)

4 (n+MN)n+Ar+1)

In our case, we take wy(z) = (1 — 22)*~1. For m > 0, we use the monic
Gegenbauer polynomials orthogonal with respect to

9N =

( 1 — x2)2m+2 (1 _ 33‘2))\_1 — (1 _ x2)A+m — w()\+m+l/2)(x).

Then, the family of univariate orthogonal polynomials will be taken as Gegenbauer
polynomials of varying parameter, that is, pslm)(x) = C’,(L)‘erﬂ/g)(x), for n > 0,
where C*,(l)‘+m+1/ 2)(m) denotes the nth monic Gegenbauer polynomial orthogonal
with respect to the weight function w*+7m+1/2)(z).

For the second family we use the univariate monic hybrid orthogonal functions

given in the Example 2 in [2]. This family of functions, denoted here by {Qu, }m>0
is hybrid with respect to the weight function

ef2narccos(w) (1 _ x2)/\71’ n, A E R, A > 1/2,
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and satisfy the three term recurrence relation Q_;(z) = 0, Qo(z) = 1, and

2 Qm (%) = Qi1 () + b V1 — 22 Q) + & Q1 (), m >0,

where
o n 5 _ 1 m(m+2X-1)
T mAA=1T T A mENmEA-1)
Observe that when 1 = 0, then b,, = 0, and the functions Qm () reduce to the

Gegenbauer monic orthogonal polynomials C’f,i‘ ) () orthogonal with respect to the
weight function w™ (z) = (1 —22)*~1/2 ([2)).

As it was showed in Proposition 4.1, the family of vector of functions {W, },,>0,
where

W, = (WSL(‘Tl,SCQ),W{l(Il,LL‘Q), ) Wr?(xth))Tv nz 07

= m " )
Wi (@1, 22) = OO (ay) (vl - wf) Qm (/7 ,
1—2?

is a mutually HOF'S associated with the weight function

w(z1,22) = wi(T1)ws < = ) = gmtmmemmse/ V=D (1- I% - 1’2))‘71.

and

2
1—x7

Now, we compute the three term relation for these bivariate hybrid orthogonal
functions.

From Proposition 4.2, and the fact that we are using monic Gegenbauer orthog-
onal polynomials, we get

21 Wy (21, 22) = Lyt Wypi (21, 22) + Cr i Wyq (21, 22),

where
. 1 (n—m)(n+m+2X\)
. :LT d —
Cna=Lu-1. lag{4(n+A+1/2)(n+A—1/2)

The matrix coefficients of the second three term relation

2o Wy (21, 22) = Ap o Whyi (21, 22) + Bng /1 — af — 23 Wy, (21, 22)

+ Cn,2 anl(xlamQ)v

are given in Proposition 4.3, and, in this case, we get

,0<m<n—l}.

am, = 1, 0<m<n,
~(m) 1 mim+2X-1)

== - 1< < )
On—m Am+N(m+r—1) s
~(m) 1 (n—m)(n—m-1)

= — 0< < _27
Cn—m At A+ 1/2)(n+A—1/2) s
E{nnl)m _ im(m—i—2)\—1)(n—|—m—i—2/\—1)(n—|—m—|—2)\)7 l<m<n_1,

16 (m+AN)(m+A-1)n+A-1/2)(n+A+1/2)

and By, 2 = diag{gm : 0<m< n}.

Then we have done a complete description of a sequence of hybrid orthogonal
functions on the unit ball on R? that extends a family studied in [2] to the bivari-
ate case. This description includes as particular case the classical orthogonal ball
polynomials ([6]) in the case n = 0.
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5.2. Univariate hybrid orthogonal functions and bivariate polynomials.
Now, we relate univariate hybrid functions, introduced in [2] for the positive-definite
case and extended as particular case of our results for d = 1, and bivariate orthog-
onal polynomials on the unit sphere.

For d =1 and —1 < z; < 1, we consider functions that its explicit expression is
given by (2.4)

n—1
125

—2i / —(2i+1
wy (1) = In—2: T1 2t 1—af Z QZ—(21‘+1) ) & )a n =0,
i=0

=0

,_
w3
i

where gp_; are real numbers, 0 < j < n, and suppose that they satisfy a hybrid
orthogonality with respect to a moment functional v as was given in (2.10).

Now, we take x5 = 4/1 — 2%, and then, we work in the hemisphere H' =
{(z1,29) €ER? 122 + 23 =1, 22 > 0}.

Then, we study the bivariate polynomial

L%] 254 )

_ n n—21 n
W21, 22) = In—2i 21 + § In—(2i+1) L1
i=0 i=0

—(2i+1) z9, 1 >0.

That polynomial can be expressed in terms of the vector canonical basis {X,,}n>0
as

xt x?fz
x'f_lxg 1';1_3332
Wn(xlax2) = (92792_170,“-,0) +(g'z—2’gz—3507"'70) +ee
r1xYy 1 T2y 3
xy x;“Q
)
= GZ_% X7L—2i7
=0
where G?_,; = (9n—2i>9n—(2i41): 05 - - -, 0) are real row vectors of size n — 2i + 1.

Observe that for every bivariate polynomial W), (z1, z2) obtained as above we only
use the first two entries of each element of the canonical basis {X,, }n>0.

Moreover, the can study the orthogonality properties for this new family of
polynomials. First, we can define a moment functional u over polynomials W,, of
different parity order as

(u, Wap 1 Wap) = (V, Wan41 W) = 0.

The moment functional u;/, defined as (2.9) belongs to the zero functional, since

V1—|x[[2 =0, for x € H'.

However, polynomials of the same parity order satisfy the following orthogonality
property

(A, Won 11 Wamt) = (W, 2aWaps i Wompi) = (0,4/1 — 23 Want i Wom 1)

= <V7 \/ 1-—- x%w2n+lw2m+l> = <V1/2aw2n+lw2m+l> = h2n+l6n,ma
for [ = 0,1, where ho,1; # 0.
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Therefore, the linear space of hybrid orthogonal functions L can be seen as a
linear subspace of I12 (H') with a special properties of orthogonality.

REFERENCES

[1] M. Abramowitz, I. A. Stegun, Handbook of Mathematical Functions, 9th printing. Dover,
New York, 1972.

[2] C. F. Bracciali, J. H. McCabe, T. E. Pérez, A. Sri Ranga, A class of orthogonal functions
giwen by a three term recurrence formula, Mathematics of Computation, 85 (2016), 1837-
1859.

[3] T. S. Chihara, An Introduction to Orthogonal Polynomials, Mathematics and its Applica-
tions, vol. 13, Gordon and Breach, New York, 1978.

[4] D. K. Dimitrov, M. E. H. Ismail, A. Sri Ranga, A class of hypergeometric polynomials with ze-
ros on the unit circle: Extremal and orthogonal properties and quadrature formulas, Applied
Numerical Mathematics, 65 (2013), 41-52.

[5] D. K. Dimitrov, A. Sri Ranga, Zeros of a family of hypergeometric para-orthogonal polyno-
mials on the unit circle, Mathematische Nachrichten, 286 (2013), 177-1791.

[6] C. F. Dunkl, Y. Xu, Orthogonal Polynomials of Several Variables, 2nd edition, Encyclopedia
of Mathematics and its Applications, vol. 155, Cambridge Univ. Press, Cambridge, 2014.

[7] G. H. Golub, C. F. Van Loan, Matriz Computations, 4th edition, Johns Hopkins Studies in
the Mathematical Sciences, Johns Hopkins Univ. Press, Baltimore, MD, 2013.

[8] R. A. Horn, C. R. Johnson, Matriz Analysis, 2nd edition, Cambridge Univ. Press, Cambridge,
2013.

[9] M. E. H. Ismail, Classical and Quantum Orthogonal Polynomials in One Variable, Cambridge
Univ. Press, Cambridge, 2005.

[10] T. H. Koornwinder, Two variable analogues of the classical orthogonal polynomials. In R.
Askey (ed.) Theory and Application of Special Functions, pp. 435-495. Academic Press, New
York, 1975.

[11] M. Marriaga, T. E. Pérez, M. A. Pinar, Three term relations for a class of bivariate orthogonal
polynomials, Mediterranean Journal of Mathematics, 14(2) (2017), Art. 54, 26 pp.

[12] G. Marsaglia, G. P. H. Styan, FEqualities and inequalities for ranks of matrices, Linear and
Multilinear Algebra, 2 (1974), 269-292.

[13] G. Szegd, Orthogonal Polynomials, 4th ed., Amer. Math. Soc. Colloq. Publ. 23, Amer Math
Soc. Providence RI, 1978.

(C. F. Bracciali) DEPARTAMENTO DE MATEMATICA, IBILCE, UNESP - UNIVERSIDADE ESTAD-
UAL PAULISTA, 15054-000, SA0 JosE DO Rio PRETO, SP, BRAZIL.
E-mail address: cleonice.bracciali@unesp.br

(T. E. Pérez) INSTITUTO DE MATEMATICAS IEMATH - GR & DEPARTAMENTO DE MATEMATICA
APLICADA, FACULTAD DE CIENCIAS. UNIVERSIDAD DE GRANADA, SPAIN.
E-mail address: tperez@ugr.es



	OWP2020_04_Deckblatt
	OWP 2020 - 04
	Cleonice F. Bracciali and Teresa E. Pérez
	Multivariate Hybrid Orthogonal Functions

	OWP2020_04_Deckblatt_verso
	OWP2020_04_Bracciali

