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Generating finite Coxeter groups with elements of the
same order

Sarah Hart, Veronica Kelsey and Peter Rowley

Abstract

Supposing G is a group and k a natural number, di(G) is defined to be the
minimal number of elements of G of order k which generate G (setting di(G) = 0
if G has no such generating sets). This paper investigates di(G) when G is a finite
Coxeter group either of type B, or D,, or of exceptional type. Together with
Garzoni [3] and Yu [10], this determines di(G) for all finite irreducible Coxeter
groups G when 2 < k < rank(G) (rank(G) + 1 when G is of type 4,).

1 Introduction

There is a substantial and varied literature devoted to the question of which groups can
be generated by two elements. That the symmetric group of degree n can be generated
by an n-cycle and a transposition is already documented in Jordan’s Traité [6] (though
probably known earlier to Cauchy). At the beginning of the 20" century, Miller [8] showed
that, except for some small cases, the alternating group of degree n can be generated by
an element of order two and an element of order three, and he later obtained similar
results for symmetric groups in [9]. A common feature of many of the familiar generating
sets for the symmetric group of degree n is that either the number of generators, or the
order of the elements, grows as n does. This led Lanier [7] to investigate ways in which
symmetric groups and alternating groups can be generated by elements which all have
the same order. For a group G and a positive integer k, let di(G) denote the smallest
number of elements of G of order k which generate GG, with the convention that dy(G) = 0
if there are no such generating sets. Also, we denote the symmetric group (respectively
the alternating group) of degree n, by Sym(n) (respectively Alt(n)). In [7], Lanier proved
that for 3 < k < n, di(Sym(n)) < 3 if k is even, and d(Alt(n)) < 3 if k is odd. Further,
he showed that if 3 < k < n — 2, with k even, then di(Alt(n)) < 4. Earlier results on
generating Sym(n) and Alt(n) using k-cycles were obtained by Annin and Maglione [1].

Recently, Garzoni [3] extended the results of Lanier to show that, for 3 < k < n, with
specified exceptions, di(Sym(n)) = dip(Alt(n)) = 2 when k is even, and di(Alt(n)) = 2
when £ is odd. We will state the main results from [3] in Section 2 in more detail, as they
have a bearing on our main theorem. As is well known, Sym(n) is the Coxeter group of
type A,_1, and so this raises the question finding dy(G) for the other finite irreducible
Coxeter groups. In fact, the case when k& = 2 has already been settled by Yu in [10]. Our
main result, which we now state, answers this question for Coxeter groups of types B,
and D,,, and 3 < k <n.

Theorem 1.1. Suppose 3 < k < n and G is a Coxeter group of type either B, or D,.
Then the following hold.



(i) Suppose k is odd. If n = 2k — 1 and k is prime, or if n = 4 and k = 3, then
dp(G) =0 and di(G") = 3. In all other cases, dp(G) =0 and di(G') = 2.

(i1) If k is even, then di(G) = 2.

In the rest of this section, we outline the structure of this paper. In Section 2, we
begin by setting up the notation that we will use. Elements of groups of types B, and
D,, can be thought of as signed permutations in a way that will be explained in Section
2, where we also give some basic information about these groups that we will need. The
proof in [3] that di(Sym(n)) = 2 for even k, and that d(Alt(n)) = 2 for odd k, is split
into several subcases depending on k£ and n, defining a pair a and b of order k in each
case that generate Sym(n) or Alt(n). The definitions of these a and b are given at the
end of Section 2. The reason for giving this detailed description is that, in many cases,
it is possible, by a careful addition of signs to the appropriate a and b, to find signed
permutations x and y of order k that generate groups of type B,, and D,, (or their derived
subgroups). There is, however, a significant minority of cases in which this is not possible.
For example, suppose that k divides n. Then, usually, the given a and b are products
of k-cycles. Adding an odd number of minus signs to a k-cycle results in an element of
order 2k, so we cannot do this. But if we add an even number of minus signs to each
cycle, then the resulting elements x and y will themselves contain an even number of
minus signs, meaning that we cannot generate the whole of a group of type B, in this
way. Therefore, we are forced to use different elements, which requires us additionally
to show, for the elements we use, that the underlying pair of permutations in Sym(n) do
still generate Sym(n) (or Alt(n), as appropriate). In particular, it is not possible to use
the elements given in [3] in the following cases (where we write n = tk+j with t > 1 and
0<j<k):

(i) k even, t even, k >4, j = 1;

(i
(iii) n > 2k, k even, t odd, j # k — 1;

k even, t even, j odd, j ¢ {1,k — 1};

i)
)
(iv) n > 2k, k=2 mod 4, j = 2;
(v) n =2k —1; and

i) n

(v

When £ is odd, di(G) = di(G) = 0. This is because G’ has index 4 in G, and index 2 in
G™, and so every element of odd order in G is contained in G’. The proof of Theorem
1.1 is split into two sections. Section 3 deals with the case n > 2k, and Section 4 with
the case n < 2k. For completeness, in Section 5, we determine dy(G) when 3 < k < n
and G is an irreducible exceptional finite Coxeter group.
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2 Background and basic results

Let n € N with n > 3. We use W(B,,) and W(D,,) to denote, respectively, the Cox-
eter groups of type B, and D,. In our proof of Theorem 1.1 we shall view W(B,)
as the group of signed permutations of the set Q@ = {1,2,...,n}. That is, setting
) = {1,2,...,n,—1,-2,...,—n}, the group W(B,) is the subgroup of Sym(Q) con-
sisting of those permutations o of € for which (—a)? = —a“ for all a € Q. Thus we may
describe an element of W(B,,) by giving it as a permutation of €, equipped with a plus

— + .
or minus sign above each element of €. So, for example, o = (1,2,3) € W(B,) is the
permutation 17 = =2, 27 =3, 37 = —1, (1) = 2, (—2)° = —3 and (—3)? = 1. We note
here that we will write our permutations on the right (of elements of €2) and so multiply
permutations from left to right. For a permutation 7 of Sym(n), we will write 7 to mean
the signed permutation obtained by adding a plus sign above each number. For example,

if 7= (1,2,3), thenT—(l 3 3)

For 0 € W(B,) we may express ¢ as a product of pairwise disjoint signed cycles. A
signed cycle is said to be positive if there are an even number of minus signs above the
elements of the cycle and negative if there are an odd number of minus signs. For exam-

+ + = - =
ple (1,3,2) is a negative 3-cycle and (4,5) is a positive 2-cycle. Now, W(B,) contains
a subgroup of index 2 which consists of all those signed permutations of €2 with an even
number of minus signs. This subgroup is isomorphic to W(D,,), and we will use this

version of W(D,,) in our later calculations. Thus, for example, (1 2 3)( ) € W(Ds).
For an element 0 € W(B,), ¢ is the permutation of Sym(2) = Sym( ) obtalned by re-

— + — —_ =
moving all the signs from o. As an example, if o = (1, 2, 3)(4,5), then 6 = (1,2, 3)(4,5).

We remark that if o (when expressed in disjoint signed cycle form) contains the cycle

m m Em
(511, o ng), where a; € Q and g; € {+, —}, then o~! contains the cycle (al, ' ,512).

Now put G = W(B,,) and let G be all the signed permutations in G with an even
number of minus signs. So GT = W(D,). We briefly discuss some of the structural
features of G and G. Letting N denote the subgroup of G consisting of all o for which &
is the identity permutation of {2, we have that N is a normal elementary abelian subgroup
of G of order 2". Also let N be the set of elements in N with an even number of minus
signs. Then N has order 2”71 and is a normal subgroup of both G and G*. We have
that G/N = Sym(n) = G*/N*. Also G', the derived subgroup of G, has index 4 in G,
with G <G, G'’NN = NT and G'/N* = Alt(n). Note that (GT)' = G'. Let z be the
element of N sending o to —a for all a € Q. Then Z(G) = (z). Note that Z(GT) = (z)
when n is even and Z(G") = 1 when n is odd. For details on the above, see [4].

Lemma 2.1. (i) Suppose that H < G (respectively H < G') and HONN € Z(G)UN™
(respectively HN N £ Z(G)). Set G = G/N (respectively G' = G'/N*). If H =G
(respectively H = G'), then H = G (respectively H = G').

(ii) Suppose that H < G* with HN N* £ Z(G*), and set G+ = GY/N*. If H = G+,
then H = GT.

Proof. (i) We begin by recalling that the only non-trivial proper normal subgroups of
G contained in N are Z(G) and NT. Suppose that H = G. Then G = HN. Since



HNN is normal in H and N is abelian, H N N is a normal subgroup of G. Because
HNN ¢ Z(G)U N by assumption, H NN = N, whence H = G. A similar
argument applies when H < G’.

(ii) The proof is similar to part (i). O

In order to write down permutations in an efficient way, we introduce the following
arrow notation.

Definition 2.2. Let o, 5 € €2 and r € N, where § = o + rs. Then
(..,a2B,...)=0(..,a0 fa+rs,...)
describes the permutation
(.o, +r,a+2r . a+Ts, .. ).
When r = 1, we omit the subscript ». We analogously have the notations », and “\.

As an example of the arrow notation we have (1,2 4 6,7) = (1,2,4,6,7) and
(1,7\,3) =(1,7,6,5,4,3). Later, we shall encounter such cycles as (1,2, k+3 " 2k—1),
which we take to mean (1,2) if k& = 3, whereas, for example, it is (1,2,8,9) if £ = 5. In
other words o« 3 is null if a > f.

Following [3], we now define, for £k > 3, elements a,b of Sym(n) that generate
Alt(n) when k is odd, and Sym(n) when k is even, except in some small exceptional
cases. Specifically, the elements given do not generate these groups when (n, k) is one of
(6,3),(6,4),(7,3),(8,3). Throughout, we require that 3 < k < n and we write n = tk+j,
where 0 < 7 < k and t > 1. We begin by listing, in Definition 2.3, the different a and
b that are used in Theorem 2.5. Then, in Definition 2.4, we will explain which of these
different a and b are selected for each value of k and n. We note that the context in which
each choice of a and b are used ensures that they are indeed elements of Sym(n), that
they each have order k, and that the expressions given are in disjoint cycle form. For
example, the element a; given in Definition 2.3 contains the transposition (tk+1,tk+2),
but this is not an issue because, as will be seen in Definition 2.4, it is only chosen for the
element a in a case when k is even and j > 1.

Definition 2.3. Suppose k is a positive integer with 3 < k£ < n. We write n = tk + j,
where 0 < j < k and ¢t > 1, and define the following permutations ay, ..., as of Sym(n).
Note that as is only required when £ is even.

(1 k) (k+1 7 2k) - ((t — D)k+1 S tk);

(1 7 k) (k+1 7 2K) - ((t — Dk+1 A th)(th+1,tk+2);

(L k) ((t=2)k+1 2 (t=1)k)((t—1Dk+1 2 (t—Dk+E)((t—1)k+5+1 7 th);
(

(

1,2,3,4)(5,6,7,8) -+ (4t—7,4t—6,4t—5, 4t —4) (4t —3, 4t —2) (4t —1, 4t);
1,k).

Qo
aq
a2
as
Q4



Next, we define permutations by, ..., by of Sym(n). Note that b, is only used when £k is
even.

bo=(k /2k=1)---((t — 1)k S tk—1)(tk /' n);
by = (k—2,k—1)(k /2k—=1)---((t = )k " tk—1)(tk / n);
by =(k,k+2,k+1,k+3 "2k—1)2k /3k—1)---((t— 1)k Stk —1)
(th S n, 1 S k—j—1);
by = (k—2,k—1)(k,k+2,k+1,k+3 " 2k—1)(2k /3k—1)---((t—1)k S tk—1)-
(th Sl Sk j—1);
by = (k,k+2,k+1,k+3 " 2k—1)(2k / 3k—1)---((t—1)k S thk—1)-
(tk /1 == (55 S k—j—1);
bs = (1,2)(4,5,6,7)(8,9,10,11) - - - (4t —4,4t—3,4t—2,4t—1)(n—1,n);
by = (1 7 k—j,k+1 7 n);
b = (1,3 /' n,2).
For each of the possible configurations of n, k, t and j, we next assign the relevant a
and b from the list given in Definition 2.3.

Definition 2.4. Suppose k is a positive integer with 3 < k£ < n. We write n = tk + j,
where 0 < j < k, and t > 1. If n > 2k, then a and b are as shown in Table 1. If
k <n <2k, then set a = a4 and b = bg. Finally, if n = k, then set a« = a4 and b = by.

a b

j=k—1 kodd ag  bo
k even todd ao by

t even ar b

j#k—1 kodd ag by
k even t odd ag  bo

teven j ¢ {0,1} a; bs

Jj=0 az by

J=LEk#4 ay by
j:17k3:4 as b5

Table 1: Choice of @ and b when n > 2k

We note that, in all cases, it is quick to check that a and b each have order k.
Theorem 2.5 (see [3]). Let k be a positive integer with 3 < k < n.

(i) Suppose k is odd. If k =3 and n € {6,7,8}, then d3(Alt(n)) = 2. In all other cases,
if @ and b are as given in Definition 2.4, then (a,b) = Alt(n). Hence, dip(Alt(n)) = 2
(unless n = k = 3 in which case d3(Alt(3)) =1).

(i1) Suppose k is even. If k =4 and n = 6, then dy(Sym(n)) = 2. In all other cases, if a
and b are as given in Definition 2.4, then (a,b) = Sym(n). Hence, di(Sym(n)) = 2.

We remark that Garzoni [3] additionally proves that dg(Alt(n)) = 2 whenever k is
even and 4 < k < n.



3 The case n > 2k

In this section, and in Section 4, G = W(B,) and G = W(D,,) where n > 3, and
3 <k <n. Also, we write n = kt + j where 0 < j < k. We first examine the case k = 3.

Lemma 3.1. Suppose k =3 and n > 6. Then d3(G") = 2 and d3(G) = d3(G™) = 0.

Proof. When 6 < n < 11, it can easily be checked using MAGMA [2] that G’ can be
generated by two elements of order 3. Hence, we now assume that n > 12, so we have
n =3t + 5 for some t > 4 and 0 < 5 < 3. Suppose first that n = 3¢, and define x and y
as follows.

o+ + o+ ++ + + + - + -
x=(1,2,3)(4,5,6)---(3t—5,3t—4,3t—3)(3t—2,3t—1, 3t);
++ 4+ o+ + + + + + o+ o+
y=(3,5,4)(6,7,8) - (3t—3,3t—2,3t—1)(3¢, 1, 2).
Note that z,y € G'. Let a =2, b = ¢. Then a = ag and b = by, following the notation of

Definition 2.3. Hence (a,b) = Alt(n), by Theorem 2.5. That is, writing H = (z,y), we
have H = G’ = Alt(n). We now use Lemma 2.1 to show that H = G'. Calculation gives

++ + - + - - 4+ -
)(4,6,5)--- (3t—5,3t—3,3t—4)(3t—2,3t,3t—1) and

+ + + - -
t7ly =(1,5,3,3t % 6,4 43t—5,3t—2)(3t—1).

Thus, 21y consists of one negative cycle of length 2t 4+ 1, one negative 1-cycle, and
t — 2 fixed points. Since t > 4, this means there are at least two fixed points. Hence
(z7'y)** € HN N\ Z(G). Therefore, by Lemma 2.1, we have (z,y) = G'.

Next, suppose n = 3t + 1. We keep the same x as for the case n = 3t, but now choose

+ 4+ + + + + + + + o+ o+ 4+
y=(3,5,4)(6,7,8) - (3t—3,3t—2,3t—1)(3t, 3t+1,1).

As in the case n = 3t, we have & = ag and §j = by. Thus, by Theorem 2.5, H = (2,9) = G".
Now,
. N - Tt + - + -
ey =(1,5,3,2,3t ) 6,4 3 3t—5,3t—2,3t+1)(3t—1).
This time we have a negative cycle of length 2t + 3, a negative 1-cycle, and t — 3 fixed
points. Therefore, since ¢t > 3, we see that (x7'y)?"3 € HNNT\ Z(G), and hence again
H=G".

Finally, when n = 3t 4+ 2, we set

+ 4+ + -+ -+ ++ + + o+
7,8,9)---(3t—2,3t—1,3t) and

8

I
~—
SN~—
—
L
ot
D
~—
—

+ + + F + +
= (3,4,5) -+ (3t—3,3t—2,3t—1)(3t,3t+1, 3t +2).

Here, because we are in the ‘j = k' — 1’ case of Table 1, the required elements to generate
Alt(n) are ap and by. Since & = ag and § = by, Theorem 2.5 implies that H = (z,79) = G'.
Now,



In this case, z~ 'y has a negative (2t + 3)-cycle, a negative 1-cycle, and ¢t — 2 fixed points.
Thus, (z71y)**3 consists of 2t+4 negative 1-cycles and ¢ —2 fixed points. Therefore, since
t > 3, we have (z7'y)*™ € HN N*\ Z(G), and hence again H = G, thus completing
the proof of Lemma 3.1. O

Lemma 3.2. Suppose k > 3 and n > 2k, with j = k — 1. If k is odd, then di(G) =
dp(GT) =0, but di,(G') = 2. If k is even and t is odd, then dp(G) = di(GT) = 2.

Proof. We set

+ o+ -+ + = + + + +
v = (1 AR (k1 k2 A 2k =1, 2k) 2k 41 7 3k) - (£ — 1)k+1 7 tk) and
y=(k A2 1) (tk /).

Now & = ag and § = by, as in Table 1. Writing H = (z,y), we therefore have that
H = Alt(n) when k is odd, and H = Sym(n) when k is even and t is odd by Theorem 2.5.
We note also that z,y € GT. Now

+ 4+ + - - + + + +
ot = (kN 1)(2k \ k+3,k+2,k+1)(3k N\, 2k+1) -+ - (tk N\  (t — 1)k+1) and

. + - + + + L+ o+ + + -
oy = (1,k+1,2k+1 Fth+1,tk+2 /" n itk )k, k=1 2)(k+2).

Observe that 71y has a negative cycle of length 2t + 2k — 3, a negative 1-cycle, and
at least one fixed point, namely k + 3. Thus, h = (z7'y)?**%)=3 has 2(t + k — 1) nega-
tive 1-cycles and n — 2(¢t + k — 1) fixed points. This means that h € (H N NT)\ Z(G).
Therefore, by Lemma 2.1, H = G’ when k is odd, and H = G* when k is even and ¢ is odd.

It remains to show that, when k is even and ¢ is odd, we have di(G) = 2. Let
Te = .CB(tk‘tl— 1) and set H, = (x.,y). Then &, = & = ag, so H, = {(i.,9) = Sym(n). We
have 21 = 2~ !(tk + 1), and thus

. + - + + - + L - + o+ + -
v,y = (1, k+1,2k+1 4 (t—Dk+1,tk+1,tk+2 S n,tk 3 k, k=1 2)(k+2).

This time, z_'y has a positive cycle of length 2(¢t + k) — 3, a negative 1-cycle, and a
number of fixed points (possibly zero). Therefore h = (7 'y)?**#)=3 consists of exactly
one negative 1-cycle and n—1 fixed points. Hence h € (H.NN)\ (NTUZ(G)). Therefore,
by Lemma 2.1, H, = G. [

Lemma 3.3. Suppose k is even and n > 2k. Ift is even and j = k — 1, then
dp(G) = dp(GT) = 2.
Proof. Let a; and by be as in Table 1. Then (aj,b;) = Sym(n), by Theorem 2.5. Let

—+ - -+
T =dy,y = (1)by, and y. = (k—2)(k—1)by, setting H = (x,y) and H, = (x,y.). Note
that x,y. € GT, whereas y € G\ G™. For example,

+ _+ o+ + + + + +
e=(1k)k+1 2Kk)...((t—Dk+1 A tk)(th+1,tk +2) and

+ + o+ + + + + 4
y=)(k—=2k—1)(k *2k—1)2k /3k—1)...(tk /n),



so that
I + + + 4 + o+ + -
xy =1 S k=3k—1 4tk —1,n\ thk+ 2tk ¥ 2k, k).
Therefore, zy~! is a negative cycle of length 2(¢ + k) — 5. The number of fixed points is
—2t+k)=b)=kt+(k—1)—2t—2k+5=(k—2)t—-1)+2>4.

Hence (zy~') € (HN N)\ (Nt U Z(G)). Therefore H = G. On the other hand,

4 + — + + i + + +
vy, =1 S k—4k—3,k—1 Fth—1,n\ th+2th i k)(k—2),

an element consisting of a negative cycle of length 2(t + k) — 5, one negative 1-cycle, and
at least three fixed points. Consequently, (zy; ')+ =5 ¢ (H,NN*)\ Z(G). Therefore
H. = G*. Thus di(G") = 2. O

Lemma 3.4. Suppose k =4, t is even, j =1 and n > 2k. Then d4(G) = dy(GT) = 2.

Proof. We have n = 4t + 1 for some even ¢t. From Definition 2.4 and Theorem 2.5, if we
have elements z,y of G such that & = a3 and § = bs, and setting H = (x,y) as usual,
then H = Sym(n). With this in mind, let

+ + + + + + + + + 4+
J6,7,8) - (4—7,4t—6,4t—5, 4t —4) (4t —3, 4t —2)(4t—1,4t) and

+ + - + - + o+ o+
)(8,9,10,11) - - - (At —4, 4t—3, 46— 2, 4t —1)(4¢, 4t +1),

where ¢ € {+,—}. Then H = Sym(n). Moreover,
e e e - - + o+
= (4,3,2,1)(8,7,6,5) - (4t 4,45, 416, 4t T (41 -3, 4t —2) (4t — 1, 4¢) and
+ + +
vy = (1 443,40 1,4 11,48 2 4,3)(2).

If ¢ = +, then (x~1y)?*3 consists of 2t + 3 negative 1-cycles (an odd number) and 2t — 2
fixed points. Hence (z7'y)**3 € (HNN)\(NTUZ(QG)). Therefore, by Lemma 2.1, H = G.

On the other hand, if ¢ = —, then x and y are elements of G, and (x~'y)?™3 consists
of 2t + 4 negative 1-cycles and 2t — 3 fixed points. Thus (z71y)*™ € HNNT\ Z(G"),
which implies that H = G™. ]

Lemma 3.5. Suppose k and t are even, with k > 4, and let n = kt + 1, with n > 2k.
Then the elements a and b given by

a=(1 k) (t=2)k+1 2 t=Dk)((t-Dk+1 2 (t=Dk+E)((t-Dh+E+1 7 tk),
b= (k,k+2,k+1,k+3 7 2k—1)(2k /S 3k—1)---(t—1)k S th—1)
(th,n,2 A E-1)(5 M k-1)

generate Sym(n).

Proof. Let H = {(a,b). Clearly, H is a transitive group. We claim that H is a primitive
group. Assume, by way of a contradiction, that H preserves a non-trivial block system B
of Q. Let A € B be the block containing n. Then A* = A, because n is a fixed point of a.
For any other point A € A, A is therefore contained in A. If X is in the first cycle of a,
then 2 € A. Hence A’ = A since n® = 2. Thus, A” = A, contradicting the transitivity



of H. If X is in the last cycle of a, then A contains tk. Hence A” = A, because (tk)® = n.
Thus A” = A, again contradicting the transitivity of H. Therefore, A must be in a cycle
of a other than the first and last cycle, meaning that A contains ¢k + 1 and ik + 2 for
some i with 2 <7 <t—1. Since (ik+1)” = ik + 2 it follows that A® = A. Thus A? = A,
another contradiction. Hence, A C Q\supp(a), which means that |A| = 1, contradicting
the fact that A is a non-trivial block. Therefore, H is primitive.

Observe that a='b is the product of a (¢ + 5)-cycle and a (¢ + 1)-cycle. Specifically,

a b= (1, k+2,k+3,k+1 £ (t—1k+1,t—1)k+5+1,n,2)(5, th ¥ k).

Therefore (a='b)'™ is a (¢t + 1)-cycle, hence, by [5], Alt(n) < H. Finally, because a €
Sym(n)\Alt(n), we find H = Sym(n). O

Lemma 3.6. Suppose k and t are even withn > 2k. If k> 6 and j =1, orif k > 4 and

Proof. Suppose first that £ > 4 and 7 = 0. Let

o= (L 28 (= DL 7 (= DR = D1 7 (= DR+ 5) (- Db b1 7 1),

+ o+ o+ 4 + o+ + + +
Y= (o k2, kb1, k43 7 2k—1)(2k A 3k—1)--- ((t—1)k S n—1)-

where ¢ € {+,—}, and set H = (x,y). Then & = ay, § = by, and so H = Sym(n) by
Theorem 2.5. When either ¢t > 2 or k > 4, we have

2 = (N D) e (= 1) N (= D+ 1)((F = Db N (= Dk1)-
-(t+k \, (t—1)li+§+1) and

1 + + + + + - S + €
vy = (1,k4+2,k+3,k+1 £ (t—1Dk+1, t—Dk+5+1)(%, n 2k, k).

Thus, since t43 and ¢ +1 are odd, and hence coprime, we see that (z~y)*3) ¢+ consists
of t+3 negative 1-cycles and ¢(k —1) — 3 fixed points when € = +, and of 2(t+2) negative

1-cycles and 2t — 3 fixed points when € = —. Meanwhile, if £ = 4 and t = 2, we have
L + 4+ ++ + 4+ ++
r 7 =(4,3,2,1)(5,6)(7,8),
+ 4+ ++ — 4+ + ¢
y=(4,6,5,7)(8,1)(2,3) and
+ + -+ + €
a7y =(1,6,7)(2,8,4)

Hence, (z7'y)? consists of three negative 1-cycles and five fixed points when € = +, and
of six negative 1-cycles and two fixed points when ¢ = —. Therefore, when ¢ = + we

have (HNN) € NT U Z(G), meaning H = G. On the other hand, when € = — we have
H<G"and HNNT £ Z(G*), meaning H = G. Thus di(G) = dp(GT) = 2.

Next, we consider the case £ > 6 and 7 = 1. We use the same = as the case 7 = 0,
but this time replace y with y., where

+

t

+
Dk A th—1)-
+ + o+ + €

+ o+ + + + + +
e = (k, k+2,k+1,k+3 A 2k—1)(2k /3k—1)---(

~—~



and let H = (x,y.). Since = a and g, = b, where a and b are the elements given in
Lemma 3.5, we see that H = Sym(n). Moreover,

. + + + + + - Lo+ Z + + ¢
T Ye = (L, k+2,k4+3,k+1 £ (t—1)k+1, (t—1)k+5+1,n,2)(5,tk W 2k, k).
When € = +, we see that 7'y, has a negative (¢ + 5)-cycle and a positive (¢ + 1)-cycle.
Thus, (z71y.) 2D ¢ (HNN)\ (N* U Z(G)), meaning that, once more, H = G. If
e = —, then H < GF, and (z71y.) D ¢ (H N N*)\ Z(G), which implies H = G*.
Thus, dk(G) = dk(G+) = 2. ]

Lemma 3.7. Suppose n > 2k, that k = 2 mod 4, and that j = 2. Then the following
elements a and b generate Sym(n).

a=(1,2)(% 7 k=1)(k+1 72k) - (t—1)k+1 S th)(tk+1,tk+2)

b= (k—2,k—1)(k /2k—=1)---((t—1)k S tk—1)(tk, tk+1,tk+2,1 /" k—3)
Proof. Let H = (a,b). Since & < k — 3 it follows that H is a transitive group. We
now show that H is primitive. Assume, by way of a contradiction, that H preserves a
non-trivial block system B, and let A be the block containing k. Then A* = A. For any
A€ A, M9 C A, Note that each cycle (other than fixed points) of a contains at least
one point  with the property that u® = u’. Therefore, if is not a fixed point of a, then
there is some  in A such that p® is also contained in A(®. Therefore A® = A and so
AP = A contradicting the transitivity of H. Hence, A C Q\supp( )=1{3,.... 5 -1k}
and so |A| < £ —2.If k = 6, this implies |A| = 1, contradicting the fact that A is a non-
trivial block. So assume that k& > 6. If A € {3,... ,g — 2}, then A’ contains \* = \ + 1,
which is ﬁxed by a, meaning that (A®)® = Ab. But k + 1 = k® € A’. Hence A’ contains
(k+ 1) ={k+1,...,2k}. Thus |A’| >k + 1, contradicting the fact that |A] < & —2.

Therefore, A = {’ﬁ 5 —1} and so A" = {2k — 1,5 — 2} and (AP)" = {2k, & — 2},
another contradiction. Consequently, H is a primitive group.
Consider

a b= (1,3 M E k—=2,th W k,k+1 Jth+1)

which is a single cycle of length 2t +£. Hence a™'b fixes kt +2—2t— % = (k—2)(t—1)+1
points. Since t > 2 and k > 6 the cycle a™'b fixes at least seven points. Thus, by [5],
Alt(n) < H. Finally, as a € Sym(n)\Alt(n), we conclude that H = Sym(n). O

Lemma 3.8. Suppose n > 2k, that k and t are even, and that j ¢ {0,1,k — 1}. Then
dp(G) = dp(GT) = 2.

Proof. Suppose n > 2k, k and ¢ are even, and j ¢ {0,1,k — 1}. Then the appropriate
elements in Table 1 that generate Sym(n) are a; and bs. We have that

t + o+ o+ ¥ + + T +
a; by = (1,k+2,k+3,k+1 4 tk+1,tk+3 7 n)(tk w k, k—2\ k—7).

+ + + + + + + - + 4+
Note that if j = 2, this reduces to a;'bs = (1,k+2,k+3,k+1 7 th+1)(tk ¥ k, k—2).

- +
Let 21 = al(k;)(l) and y; = bs. Both 1 and y; are then elements of G*, and

-+

-1 1. 0t
ry oy = (k)(1)a; b3
-+ + + + + Lo+ + - 4+ +
= (1,k+2,k+3,k+1 Fth+1,tk+3 7 n)(tk » 2k, k, k=2 k—7).
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Thus z; 'y, is a product of a negative (¢ + j + 1)-cycle and a negative (¢ + j — 1)-cycle.
Hence hy = (z7 'y )01 consists of 2(t + j) negative 1-cycles and n — 2(t + 7)
fixed points. Now n =tk + j, and we also know that k£ > 4 and ¢t > 2. So

n—2t+j)=(k—2t—j>2%—4—j>k—j>0.

Therefore, hy € N*\ Z(G), and so (z1,y1) = G, whence d(GT) = 2.

To show that di(G) = 2 requires some more work. If j is even and j > 2, then let
+

_ _ T+

Ty = c{rl(n) Then, x5 'y; = (n)a;'bs. On the other hand, if j = 2 and k = 0 mod 4,
— - + +

then set xo = a+1(tk:+2). Then x5 'y, = (tk+1)a; bs. In both cases, 5 'y, consists of

one negative cycle of length ¢t 4 j 4+ 1 and one positive cycle of length ¢ 4+ j — 1. Therefore

hy = (w7 typ)EHFIE D §s contained in HN N\ (NTUZ(G)), which means (z;, ) = G.

It remains to deal with the cases where 7 = 2 and £ = 2 mod 4, and where j is
odd. Suppose first that j = 2 and £k = 2 mod 4. Let z = a and y = Jl;, where a and
b are as give in Lemma 3.7, so that (a,b) = Sym(n). Let x = 5(%) and y = JI; Then
rly = (;)aiil;;, so that

. + + J]g + o+ + - + +
vy = (1,5 /5 k=2, th w2k B k1 A th+1).
Therefore -y is a negative cycle of length 2¢ + £, which is odd. Hence (z~1y)%*2 €

29
N\ (NTUZ(G)). Therefore (z,y) = G.

Finally, we suppose k is even, t is even and j is odd. Since j ¢ {0,1,k — 1}, this
implies £ > 6 and j > 3. Choose = and y to be

+ + + + + +
J(k+1 7 2k)--- ((t—1)k+1 ~tk)(tk + 1,tk +2) and
+ + + + + + +
2,k +1,k+3 2k—1)(2k /3k—1)---((t—D)k S tk—1)
AR * -
(k0,2 Sk =g = 1)(k = ).

We first verify that @ = & and b = § generate Sym(n). We claim that H = {(a,b) is a
primitive group. Clearly H is transitive. Suppose, by way of a contradiction, that H
preserves a non-trivial block system B of €). Let A € B be the block containing n. Hence
A® = A, since a fixes n. For A € A, X C A. Note that each cycle (other than fixed
points) of a contains at least one point p with the property that pu® = u’. Therefore, if
A € supp(a), then there is some g in A such that u® is also contained in A‘». Thus A
contains both p and p®. Hence A’ = A and A = A, contradicting the transitivity of
H. Therefore A C Q\supp(a) = {tk + 3,...,n}. Consequently, |[A| < j —2 < k and
A contains a point tk + i with 3 < i < j. Thus A’ contains 2 and tk + ¢ + 1. Since
tk+i+1 ¢ supp(a) it follows that A is left invariant by a and so 2@ U {tk+i+1} C A®,
Therefore |A’| > k + 1, contradicting the bound on block size. Hence H is primitive.
By direct calculation

) + o+ o+ o+ - - Lo+ 4 - -
xy=(1,k+2,k+3,k+1 Zthk+1,tk+3 /" n,2)(k—j,tk N k k=1 k—j+2,k—j+1),
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which is a product of a (t + 7 + 2) and (¢t + j)-cycle. Thus (a='b)""7 72 is a (¢t + j)-
cycle which fixes at least 3 points. Hence by Theorem 1.3 of [5], Alt(n) < H. Since
a € Sym(n)\Alt(n) it follows that H = Sym(n).

Moreover, 1y consists of one negative cycle of length (# + j) and one positive cycle
of length (¢t + j 4+ 2). Hence (z~1y)+DEH+2) consists of ¢ + j negative 1-cycles and at
least t 4 j 4 2 fixed points and so (z~'y) )42 ¢ (HAN)\ (NT U Z(G)). Thus, by
Lemma 2.1, H = (z,y) = G. O

Lemma 3.9. Suppose n > 2k, and that k is even and t is odd, with j # k — 1.

(i) If j is odd, then the following elements a and b generate Sym(n).

a=1k)(k+1 /2k)--- ((t—1)k+1 7 tk);
b= (k k+2,k+1,k+3 2 2k—1)(2k /3k—1)---((t—1)k th—1)-
(tk /*n,2 N k—j).

(i) If j = 0 and k =2 mod 4, then the following elements ¢ and d generate Sym(n).

c=1 k) (k+1 7 2k) - ((t — Dk+1 7 th);
d=(1,2)(5 S k=1)(k /2k—=1)---((t—1)k S th—1).

Proof. (i) Suppose j is odd, let a and b be as in the statement of the lemma, and write
H = (a,b). Clearly H is transitive. We claim that H is a primitive group. Assume, by way
of a contradiction, that H preserves some non-trivial block system B of 2. Let A € B be
the block containing n. The point n is fixed by a, and so A* = A. Suppose A contains a
point A € supp(a). Then A’ C A. If A is in the first cycle of a then A contains 2, which is
n® hence A’ = A. Thus A” = A, contradicting the transitivity of H. If X is in the (i+1)*
cycle of a for 1 < i < t—1, then A contains ik+1 and ik+2. Since (ik+1)" = ik+2 when
i>1,and (k+ 1)”71 = k + 2, it follows that A® = A and so A” = A, contradicting the
transitivity of H. If A contains n— 1 then A? ' = A, again contradicting the transitivity
of H. Consequently, A C Q\(supp(a)U{n—1}) = {tk+1 " n—2,n}. Hence A contains
a point tk + i for 1 <i < j — 1. Consider A containing {n, tk +i}> = {2,tk + i+ 1}.
Since tk + i + 1 is fixed by a it follows that (A%)% = A’. Hence 2@ = {1,2,...,k} C A"
In particular, 2,3 € A’. When k —j < 3, 3* = 3 and otherwise 2° = 3. Hence (A%)b = A®
and so A" = A contradicting the transitivity of H. Therefore H is a primitive group.
By direct computation

a b= (1,k+2,k+3,k+1 4 (t—Dk+1,tk+1 7 n,2)(tk n k, k—1 N\ k—j+1).

is a product of a (t+ j +3)-cycle and a (t+j — 1)-cycle. Hence (a='0)"7*3 isa (t+j—1)-
cycle. Thus by Theorem 1.3 of [5], Alt(n) < H. Since a € Sym(n)\Alt(n) it follows that
H = Sym(n) as required.

(i) Let H = (c,d). Clearly H is a transitive group, and we now show it is a primitive
group. Assume, by way of a contradiction, that H preserves a non trivial block system B
of Q. Let A € B be a block containing n = kt. The point n is fixed by d and so A? = A.
Hence for a point A € A, X% C A. Every cycle of d contains a point y with p? = pu°.
Thus, if A € supp(d), then A\ contains two points p, u¢. Hence A° = A and A = A,
contradicting the transitivity of H. Therefore A C Q\supp(d). When k = 6 it follows
that A C {n}, hence H is primitive. And when k > 6 it follows that A C {3,...,£—1 n}.
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Suppose A € A\ {3,n}. Then A¢" contains tk — 1 and A € {3,... , % —2}. Since
A ¢ supp(d), A¢ " is left invariant by d, hence contains (tk — 1)(?. In particular,
th —2,tk —1 € A", Since (tk — 2)¢ = tk — 1 it follows that (A° ')c = A" and
AT = AT contradicting the transitivity of H. Therefore A = {3,n} and the block
size is two. Consider A® = {2,tk — 1}. However 2¢° = 2 and (tk — 1)% # tk — 1,
contradicting the deduced block size. Hence H is a primitive group.

Note that ¢™'d is a (2t + g — 2)-cycle. Specifically,

ctd=(1 7 @t=1Dk+1,tk ik, 5\ 3).

Hence ¢~'d has thk — (2t + £ — 2) = (t — 1)(k — 2) + 1 fixed points. Since ¢ > 1 and k > 6,
there are at least 3 fixed points. And so, by Theorem 1.3 of [5], H contains Alt(n). Since
¢ € Sym(n)\Alt(n) it follows, that H = Sym(n). O

Lemma 3.10. Suppose n > 2k and j # k — 1. If k is odd, then di(G") = 2. If k is even
and t is odd, then dp(G) = 2 = di(GT).

Proof. The case k = 3 was covered by Lemma 3.1. Suppose from now on that & > 3,
2k < n, and that either k is odd, or that k is even and ¢ is odd. Let

+ + - -+ + - +
r=(1/"k—2,k—1,k)(k+1 7 2k)---((t —1)k+1 7 tk) and
+ o+ + + + + + - +
y=(kk+2.k+1,k+3 22 —1)(2k A3k —1)--((t — Dk S th — 1)
+ 4 +
(tk S n,1 S k—j—1).

Then & = ag and g = by. Therefore, by Theorem 2.5, we have that (Z,y) is Alt(n) when
k is odd, and Sym(n) when k is even and ¢ is odd. Let H = (z,y). Then H < G*. We
have

- - + +  + + + +
o= (1,k k=1, 2)(2k \ k+1)--- (th \  (t — 1)k+1) and
1 -+ + + + + 4ot + - + +
oy = (1,k+2,k+3,k+1 £ (t—Dk+1,tk+1 7 n)(th 2k k k=1 k—7).

Thus 2~ !y consists of one negative cycle of length ¢ + j + 2, one negative cycle of length
t+ 7, and t(k —2) — j — 2 fixed points. In particular, 2k — 1 is fixed. Let m be the least
common multiple of ¢ +j and ¢ +j +2, and set h = (27 y)™. If m is odd, then h consists
of 2(t + j + 1) negative 1-cycles, with the remaining cycles being fixed points. If m is
even, then exactly one of ¢t + j and t 4+ j + 2 is divisible by 4, and h therefore contains
either ¢t + 7 or t + j + 2 negative 1-cycles, with the remaining cycles being fixed points.
Thus h € (HNNT)\ Z(G), which implies, when £ is odd, that H = G, and, when k is
even and ¢ is odd, that H = G*. Therefore dx(G’) = 2 when k is odd, and di(G") = 2
when £ is even and ¢ is odd.

Suppose for the rest of the proof that k is even and ¢ is odd. It remains to show that
dr(G) = 2 in this case. If j is even and j > 0, then write

vo = (1 ARl A 2K) - (= D41 2 th) ()

and set H, = (z.,y). Since &, = &, it follows from Theorem 2.5 that H, = Sym(n). Now
+ o+ o+ 4 + - I -
vty = (1,k+2,k+3,k+1 42 (t—Dk+1,tk+1 A n—1,n)(th n k k=1 \ k—j).
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Thus z_'y consists of one negative cycle of length ¢ + j + 2 and one positive cycle of
length ¢ + j. Since ¢ is odd, and j is even, z 'y +20+H) ¢ (H, N N)\ (NT U Z(Q)).
Hence H, = G.

Next, if £k is even, t is odd and j is odd, then set

+  + + + + + + + +
=(kk+2k+1,k+3 2k —1)(2k /3k—1)---((t— Dk S th—1)-
+ 4+ +
(tk /' n,2 S k—j).

Write K = (x.,y.) This time, T, = a and g, = b, where a and b are the elements defined
in Lemma 3.9(i), and so K = Sym(n). We have

+ + + + + + +  _+ + + +
vy, = (1,k+2,k+3,k+1 4 (t—Dk+1,th+1 S n—1,n,2)(th b, k=1 k—j+1).

In this case x, 'y, consists of one negative cycle of length ¢ + j + 3 and one positive cycle
of length ¢ + j — 1. Hence, since t is odd and j is odd, we see that (z'y,)++3)E+Hi—1) ¢
(KNN)\ (NtUZ(G)). Therefore K = G.

Finally, suppose k is even, t is odd and 5 = 0. That is, n = tk. We must split this last
case further, and consider first the case when £ = 2 mod 4. Redefine x and y as follows.

+

y= <,5>< SRSk 2k 1) - (- Dk k- 1)(t)

Since # = ¢ and § = d, where ¢ and d are the elements described in Lemma 3.9(ii), we
have H = (¢, d) = Sym(n). Moreover

+ + + + + +
= (1 /‘k)(k;+1 2k) - ((E = Dk+1 2 th)

+

1

1 + + + Tt
zy= 1 4 (t—-2)k+1,(t— )k—l—l tk\k’ N 3).
Thus 271y is a (2t + g —2)-cycle, which, since g is odd, is a cycle of odd length. Therefore
(z1y)@+2-2 ¢ (HNN)\ (N* U Z(G)), and so H = G.
The last subcase to consider is when k is even, t is odd, 7 = 0 and £ = 0 mod 4.
In thls case we apply Lemma 3.6, with k replaced by and t replaced by 2¢t. Note that

( )(k N )( ) = (k AW 1) Let u = af( ) and v = (k)y, where z and y are the elements

used in Lemma 3.6 for the case 7 = 0, setting ¢ = +. That is,
+ + - + + + +
=1 "k-1,k)---(t—2k+1 " (t—Dk)((t—1Dk+1 /(t — 1)k:+§)((t 1)k+ +1 tk) and
-+ + + + + + + + oot LT
v=(k,k+2,k+1,k+3 7 2k—1)(2k /S 3k—1)---((t—1)k " n—1)(tk,1 1)(% ya k—l).

Then v and v both contain a negative (%)-Cycle, and so have order k. Since & = z and

v = ¢, we have (4, 0) = Sym(n). Moreover v~ v = (i)xil(l;:)y = z~ 'y, which from the
proof of Lemma 3.6 is an element of N\ (N*TUZ(G)). Hence (u,v) = G, as required. [
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4 The case n < 2k

The work when n < 2k splits into three parts: n =2k — 1, k <n <2k —1, and n = k.
We begin with n = 2k — 1.

Lemma 4.1. Suppose n = 2k—1, with k odd, and suppose that x andy are signed k-cycles
of G such that x and y have order k and that Alt(n) = (z,9). Then (z,y) = Alt(n).

Proof. 1f |supp(z) N supp(y)| > 1, then there is at least one point fixed by both = and
y, contradicting the fact that (z,y) = Alt(n). Therefore, [supp(z) Nsupp(y)| = 1. Since
Sym(n) acts transitively on the set of pairs of k-cycles in Sym(n) intersecting in one
point, we may assume without loss of generality that we have z = (1,2,--- k) and
g=(1L,k+1,k+2,---,n). This pair of k-cycles do indeed generate Alt(n), as observed
in [3]. We may now write
€1 €2 €k
x=(1,2,--- k) and

vy Vk+1

y:(l’k_{_l’... ’l/?’j)

where, because x and y have order k, e1e9---¢, = 1 and vjvg4q - v, = 1. Then the
(x,y)-orbit of 1 is

II={1,62,61823,...,(e1...cp_1)k,v1(k+ 1), vivp1(k+2), ..., (W Vks1Vks2 " Vn1)}.
Hence (z,y) = Alt(II) = Alt(n). O

Lemma 4.2. Suppose n = 2k — 1, with k odd and k > 3. If k is composite, then the
following elements a and b of order k generate Alt(n), where p is any prime factor of k.

a=01/"k)k+1LE+2k+4 " k+p+1),
b= (1,k+1 7"n).

Proof. Let a and b be the elements given. Then a has cycle type k! -p'-1¥7P~! and b has
cycle type k' - 1¥71. Since p | k, it follows that both a and b have order k.

Clearly, H is transitive. We claim that H = (a,b) is also primitive. Suppose for a
contradiction that H preserves a non-trivial block system B of 2. Let A € B be a block
containing k+3. Then A* = A since k43 is fixed by a. Suppose A contains A € supp(a).
Then M C A, If A € {1,2,...,k}, then {1,2,...,k} C Aandso |[A] > k+1 > 5, a
contradiction to the fact that |A| divides n. If A e {k+ 1,k +2,k+4,...,k+p+ 1},
then {k + 1,k +2k+4,...,k+p+ 1} C A. In particular, £ + 1,k +2 € A. Since
(k+1)® = k +2 it follows that A’ = A. Hence A¥ = A, contradicting the transitivity of
H. Hence, it follows that A C supp(b). Therefore |A| divides |supp(b)| = k and, since A
is a block, |A| divides n = 2k — 1. Thus we reach a contradiction, because k and 2k — 1
are coprime.

Hence H is a primitive group of Sym(n) containing b, a cycle of length k. Since k is
composite, k > 9, and hence b has at least eight fixed points. Hence, by Theorem 1.3 of
[5], H contains Alt(n) and therefore H = Alt(n). O

Lemma 4.3. Suppose n =2k — 1, with k odd and k > 3. If k is prime, then di(G') = 3,
whereas if k is not prime, then dp(G') = 2.
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Proof. By Lemma 4.1, G’ cannot be generated by two k-cycles. If k is prime, then these
are the only kinds of elements of order k, and therefore we cannot generate G’ with two
elements of order k. However, we can choose 3 elements of order k to generate G'. Choose
x, y and z as follows.

+
r=(1 k)

+ o+ n
y=(1,k+1 7n);
2=(1,3 /" k,kE+1)

+ - =
Write H = (z,y, 2). By Theorem 2.5, (%,9) = Alt(n). Since z7'2 = (1,k+1)(2,3) it

follows that (z712)% = (1)(2)(%)(/{:—_1-1) € (HN N.)\Z(G). Now, Lemma 2.1 implies that
H=¢

Suppose from now on that k£ is composite and let p be a prime divisor of k. Let  and
y be the following elements of G, with H = (x,y).

+ o+ - + + -
r=( Rkt 1L,kr2,k+4 Aktpk+pt1);
+ o+ N
y=(1,k+1 7"n).

By Lemma 4.2 we have that H = (a,b) = Alt(n). Hence, to show that H = G’ it suffices,
by Lemma 2.1, to find a non-trivial element of H N N*. By direct computation we find

) ++ o+ - + I -
Ty =(LEN2,k+LE+p+2 7 n)(k+3,k+4).

We see that 271y consists of a negative (2k — p — 1)-cycle, a negative 2-cycle, and some
fixed points. Let h = (z71y)?**7P~L. Then h € NT, and h contains least 2k —p—1 negative
1-cycles. Hence h is a non-identity element of H N N*. Therefore, by Lemma 2.1, we
have that H = G. O

Lemma 4.4. Suppose n = 2k — 1 with k even and k > 8. Then the following elements a
and b generate Sym(n).

a=1/"5E+1 k) (k+ 1,k +2);
b= (1,k+1 7 n)(2,k)(5, 5+1).

Proof. Let H = (a,b). Since 1@ = {1,2,....%5} and 1¥ = {1,k + L,k +2,...,n} it
follows that {1,2,...,%,/{—1—1,k+2,...,n}g1H. Also, (%)bzg—i—landso

{1,2,.... 5+ 1 k+1,k+2,... ,n} C11.

Finally, since (% + 1)@ = {g + 1,% +2,...,k}, it follows that Q C 1#. Thus H is
transitive.

We claim that H is a primitive group. Assume, by way of a contradiction, that H
preserves a non-trivial block system B of 2. Let A be the block of B which contains n.
Then A% = A, because n is fixed by a. Let A € A\ {n}, and observe that \{* C A. If
red{l,2,..., g}, then A contains g, and if \ € {§+1, §+2, ..., k}, then A contains g—l—l.
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Since % and %—1—1 are fixed by b? it follows that AY = A. Hence n”* = k+1 is contained in
A, forcing (k+1)* = k+2 € A. Therefore A® = A, because (k+1)° = k+2. Consequently,
AP = A, contradicting the transitivity of H. Therefore, A\ > k. If A € {k + 1,k + 2},
then, since A/ = A, we have {k+ 1,k +2} CA. But (k+1)> =k + 2 and so A> = A,
meaning that A7 = A, another contradiction. Hence, A C Q\supp(a) = {k+3,...,n}.
Therefore, A is a subset of the first cycle of b. Thus, |A| divides k. But, since A is a
block, |A| divides n = 2k — 1, a contradiction since k and 2k — 1 are coprime. Therefore,
H is a primitive group. The element

a b= (1,541,2k+1,k+3 /" n)3,kk—1\, £ +2,5\,4)

is a product of a (k+ 1)-cycle and a (k — 3)-cycle, and so (a~1b)*! is a single cycle fixing
at least k + 1 > 3 points. Thus, by Theorem 1.3 of [5], H contains Alt(n). Finally, as
a € Sym(n)\Alt(n), H = Sym(n). O

Lemma 4.5. Suppose n =2k — 1. If k is even, then di(G) = 2.

Proof. Let k be even, and let n = 2k — 1. A calculation in MAGMA verifies that when
k=4 or k =6, we have di(G) = di(G*) = 2. Assume from now on that k£ > 8. Let

+ + + + e+ + +
z=(1 fg—l,g)(gﬂfk;—z k—1,k)(k+1,k+2) and
+ + 4ot F
y=(1,k+1 /n)(2,k)(2,2+1)

where € € {+, —}. Write H = (r,y). Since & = a and § = b, where a and b are as given
in Lemma 4.4, we have H = Sym(n). Now

-+ + € + + + +
et =(1, E\z)(k k—1N\ 5+1)(k+1,k+2) and
e+ + + 4+
7y = (1, k+1 2 k:+1 k+3/ )(S,k,k—l\§+2,§\4).

Then z7'y contains a (k + 1)-cycle, a (k — 3)-cycle, and one fixed point. Let
h = (27 ly)*DE=3) If ¢ = 4+ then h € N\ (N* U Z(G)) and hence, by Lemma
21, H=G. Ife = —, then H < G*, and h € N*\ Z(G), which implies that H = G™,
and the proof is complete. ]

Lemma 4.6. Suppose 3 < k <n <2k —1.
(i) If k = 3, then n =4 and d3(G") = 3.

(i) If k is odd and k > 3, then di(G') = 2.
(111) If k is even, then di(G) = dp(GT) = 2.

Proof. Suppose 3 < k <n <2k —1. Then n =k + 7 where 0 < 7 < kK — 1. The relevant
elements from Definition 2.4 in this situation are

a4:(1/‘k);
bs=(1 " k—j,k+1 n).

In each case we will define elements z,y of G such that & = a4 and § = bs. Writing
(x,y) = H, Theorem 2.5 will then imply that, unless (n, k) = (6,4), we have H = Sym(n)
when k is even, and H = Alt(n) when k is odd.
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(i) If & = 3, then n = 4. A quick MAGMA calculation verifies that no two elements of
order 3 in G generate G’. In fact, the biggest subgroup of G generated by two elements
of order 3 has index 16 — it is Alt(4) x Z(G). However, G’ can be generated by three
elements of order 3. Therefore d3(G’) = 3.

(i) Suppose k is odd, with k > 3. Let
r=(1,2 /M k—1,k) and
+ + o+ N
y=0 "k=j,k+1 7 n).

Since & = a4 and § = bg, we have H = Alt(n). Now,

. - + -+ + o+ " -+ + + 4o =
ry=(1,kN\3,2)(1 Mk—j,k+1 "n)= 1,k k—j+1,k+1 7" n)(2).
Therefore, =1y consists of one negative cycle of length 25 + 1, along with one negative
l-cycle and k — j — 2 fixed points. Consequently, (z7'y)**! consists of negative 1-cycles
along with at least one fixed point, as long as 7 < k — 2. Hence, when j < k — 2, we have
that (z7'y)¥* € (HNNT)\ Z(G). Therefore, when j < k — 2, Lemma 2.1 implies that
H=G".
It remains to deal with j = k — 2. We can keep the same x and y, so that
-+ + - ++ + "
$:<1,2/‘]€—1,k), y:(1727k+1/ln>7

and H = Alt(n). We have

e R S s + - + - -
[,y = '2¥ = (1,k \(3,2)(2,k+1,3 M k—1,k) = (1,2)(3,k+1).
Therefore, since k > 3, we see that [z,y]> € HN N\ Z(G). Hence, H = G'.

(#i) Suppose k is even. A quick check in MAGMA confirms that if n = 6 and k = 4,
then dy(G) = dy(GT) = 2. Assume then that (n, k) # (6,4). To generate G, the same
x, y used in the case k odd have the property that (z,9) = Sym(n), but since z and y
are both contained in G*, and (HNN') £ Z(G), we have that H = G* by Lemma 2.1.
Thus, dip(G1) = 2. It only remains to prove that di(G) = 2 in this case. To that end, set

+ o+
r=(1_k)(n) and

+ + o+ N
y=(1 k—j,k+1 7 n).

_ + o+
Then & = a4 and § = bg. Hence, H = Sym(n). Now z7! = (k N\, 1)(n). Hence
+ + + + +
vy =(1LEN k—j+1,k+1 ~n—1n).
So, ™1y consists of one negative (2j + 1)-cycle and (k — 1) — j fixed points. As j < k—1,
this means (z71y)*¥*! consists of 2j + 1 negative 1-cycles, along with at least one fixed
point. Thus, (z7'y)¥* € (HNN)\ (NTUZ(G)). Hence, by Lemma 2.1, H =G. [

When n = k, if we were to choose z and y to be k-cycles, then they would have to
be positive k-cycles, or else the orders of x and y would be 2k, but then (z,y) < G™.
Therefore, in order to generate all of G when k is even, we must use elements other than
k-cycles.
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Lemma 4.7. Ifn =k and k =2 mod 4, then di(G) = 2.

Proof. Let # = (2 /4 n) and y = (J{,JQF,E,JBF,E Ve ﬁ), with H = (x,y). Write a = &
and b = ¢, so that H = (a,b). We begin by showing that H = Sym(n). This is easy
to check for n = 6, so we assume n > 10. We claim first that H is primitive. If not,
then H preserves a non-trivial block system B of 2. Let A € B be the block containing
1. Then A® = A. Thus, if A € A, then M@ C A. If X\ were even, this would imply
that [A| > % 4 1, a contradiction. Hence, A contains only odd numbers. If A = 3, then
AP = A since 1" = 3. Hence 3” € A. But 3*" = 10, contradicting the fact that A
contains only odd numbers. Hence, A contains 1 and at least one odd number \ with
A > 3. Now consider the block AY, which contains 1% = 4 along with A", Since \”* is
odd, it follows that AP is left invariant by a. Hence, 4@ U A" C AY. But this forces
|Ab2| > %+ 1, a contradiction.

Thus H is primitive group. The fact that H contains a (which is a cycle that fixes
at least 3 points) now implies, by [5], that Alt(n) < H. As b € Sym(n)\Alt(n) it follows
that A = Sym(n). Now, the element 22 of H is a product of 2 negative 1-cycles, an odd
number. Thus, 2 € (HN N)\ (N* U Z(G)). Hence (z,y) = G. O

Lemma 4.8. Suppose n = k > 3. If k is odd, then di(G') = 2. If k is even, then
dp(G) = dp(GT) = 2.

Proof. Suppose n = k. Let

(Jlr/‘n 2,n—1,n),
+ + +
= (1,3 /' n,2),

and write H = (z,y). Since & = a4 and § = by, we have, by Theorem 2.5, that H = Alt(n)
when k is odd, and H = Sym(n) when k is even. We also note that (x,y) < G™. If k > 3,
then

. 4+ -+ 4+ _
rly=(1,n, —1\(2)(1,3/‘71,2) =(1,2,3)(n),

3) = (2)(3), and

— - 4
so that (z7'y)® € (HNNT)\ Z(G). If k = 3, then zy = (1,2, 3)(1, 3,
when £ is odd, and

zy € (HNNT)\ Z(G). Therefore Lemma 2.1 implies that H = G’
that H = G when k is even, as required.

Next we suppose that k is even. It remains to show that dip(G) = 2. When k = 2
mod 4, this is just Lemma 4.7. So, suppose £k = 0 mod 4, and write £ = 4m. Assume
k> 12. Let

+ + - + + + + "
r=(1,/"m=2m—1,m 7 2m)2m+1 7 3m)B3m+1 7 n),

+ + + + + - i+ + 4 + -
y = (2m,2m+2,2m+1,2m+3 /*n—-2,n—1)(n,1 /S m—1)(m /2m—2,2m—1),

and set H = (x,y). Since z and y both contain a negative g—cycle, each of these elements
has order k. However, & and g are elements of order 2m. Thus, since 2m > 2, we may use
Definitions 2.3 and 2.4 to find an appropriate a and b of order 2m that generate Sym(n).
The relevant elements from Table 1 are then as and by (where we are using 2m instead
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of k). One can check that indeed # = ay and § = by. Therefore H = Sym(n). Now

. + + o+ o+ + 4 +
r=0C2mN\ym+1,mm—1,1)3m N\, 2m+1)(n \,3m+1), so
. + o+ + + + -
Yy = (1,2m+2,2m+3,2m~+1,3m+1)(m, n, 2m).

Therefore (z7'y)® € (HNN)\ (NTUZ(G)). Hence, H = G whenever k > 12. We have
checked using MAGMA that di(G) = 2 when n = k € {4,8}. Therefore, whenever k =0
mod 4, we have di(G) = 2. O

Proof of Theorem 1.1 The case k = 3 is resolved by Lemma 3.1. So we now assume
that £ > 3. For the case n > 2k we have the subdivision j = k — 1 and j # k — 1. The
former case is dealt with in Lemmas 3.2 and 3.3. Lemma 3.2 examines the subcase k
odd, or k even and ¢ odd, while Lemma 3.3 considers the situation of k£ and ¢ both being
even. For the subdivision j # k — 1, the case when either k is odd, or k is even and t is
odd, is covered by Lemma 3.10. Then the remaining case of k and ¢ both being even is
analysed in Lemmas 3.4, 3.6 and 3.8. This deals with the case n > 2k. Moving onto the
case where n < 2k, we use Lemmas 4.3, 4.7 and 4.8 to settle the cases n = 2k — 1 and
n = k. Finally, the case when n < 2k with 3 < k < 2k — 1 is dealt with in Lemma 4.6,
so completing the proof of the theorem. n
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5 Exceptional Groups

Obviously, I5(m) cannot be generated with two elements of order k with £ > 3. That
leaves Eg, Er, Eg, Fy, H3 and H,, the results for which are shown in Table 2.

G | dy

B

values of k

4,6,8,10,12

3,5,9

3

4,5,6,9,12

8,10

4,6,8,10,12, 14, 18, 30
3,5,7,9,15
3,4,5,6,7,8,9,10,12,15
14,18, 30

4,6,8,10,12, 14, 18, 20, 24, 30
3,5,7,9,15
3,4,5,6,7,8,9,10,12,14, 15, 18, 20, 24, 30
4

6

3,8,12

3,6,12

4,8

6,10

3,5

3,5

6,10

4,6,10

3,5,12,15, 20, 30

4

3,6

5,10,12, 15, 20, 30

Es

H

=
N W OO NI N O NI DO N WINI O NI N[O NN D wo

Table 2: Values of di(G) and d(G’) for Exceptional Groups
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