Mathematisches .
Forschungsinstitut ’

ObGI’WOlfaCh Association

Oberwolfach
Preprints

Number 2023-07

FERNANDO LUCATELLI NUNES AND
MATTHIJS VAKAR

Automatic Differentiation for
ML-Familiy Languages:
Correctness via Logical Relations

June 2023



Oberwolfach Preprints (OWP)

The MFO publishes the Oberwolfach Preprints (OWP) as a series which mainly contains
research results related to a longer stay in Oberwolfach, as a documentation of the
research work done at the MFO. In particular, this concerns the Oberwolfach Research
Fellows program (and the former Research in Pairs program) and the Oberwolfach Leibniz
Fellows (OWLF), but this can also include an Oberwolfach Lecture, for example.

All information about the publication process can be found at
https://www.mfo.de/scientific-programme/publications/owp

All published Oberwolfach Preprints can be found at https://publications.mfo.de
ISSN 1864-7596

License Information

This document may be downloaded, read, stored and printed for your own use within the
limits of § 53 UrhG but it may not be distributed via the internet or passed on to external
parties.

The series Oberwolfach Preprints is published by the MFO. Copyright of the content is
held by the authors.

Mathematisches Forschungsinstitut Oberwolfach gGmbH (MFO)
Schwarzwaldstrasse 9-11

77709 Oberwolfach-Walke

Germany

https://www.mfo.de

DOI 10.14760/0OWP-2023-07 @



Automatic Differentiation for ML-family languages:
correctness via logical relations

FERNANDO LUCATELLI NUNES, Utrecht University, Netherlands
MATTHIJS VAKA R, Utrecht University, Netherlands

We give a simple, direct and reusable logical relations technique for languages with recursive features and
partially defined differentiable functions. We do so by working out the case of Automatic Differentiation
(AD) correctness: namely, we present a proof of the dual numbers style AD macro correctness for realistic
functional languages in the ML-family. We also show how this macro provides us with correct forward- and
reverse-mode AD.

The starting point was to interpret a functional programming language in a suitable freely generated
categorical structure. In this setting, by the universal property of the syntactic categorical structure, the dual
numbers AD macro and the basic wCpo-semantics arise as structure preserving functors. The proof follows,
then, by a novel logical relations argument.

The key to much of our contribution is a powerful monadic logical relations technique for term recursion and
recursive types. It provides us with a semantic correctness proof based on a simple approach for denotational
semantics, making use only of the very basic concrete model of w-cpos.
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AD for ML-family languages: correctness via logical relations 3

INTRODUCTION

AD and the PL community. Automatic differentiation (AD) is a popular technique for computing
derivatives of functions implemented by a piece of code, particularly when efficiency, scaling to high
dimensions and numerical stability are important. It has been studied in the scientific computing
community for many decades and has been heavily used in machine learning for the last decade. In
the last years, the programming languages (PL) community has turned towards studying AD from
a new perspective. Much progress has been made towards giving a formulation of (forward and)
reverse mode AD that

(1) is simple and purely functional;

(2) scales to the expressive ML-family functional languages that are popular in practice;
(3) admits a simple correctness proof that shows AD computes the derivative;

(4) provably has the correct asymptotic complexity and is performant in practice;

(5) is parallelism preserving.

Our contributions. In this paper, we present a simple solution to problems (1)-(3), our first major
contribution.

We give a proof of the correctness of the reverse and forward mode dual numbers style Automatic
Differentiation (AD) in a semantically unified way, making use only of the very simple concrete
denotational model of w-cpos.

A key challenge in achieving the correctness proofs of this paper is to have sufficiently strong
categorical logical relations techniques for reasoning about partially defined differentiable functions,
and recursive types. To that end, we develop a novel monadic logical relations construction making
no use of sheaf-theoretical methods as well as a novel general logical relations technique for
recursive types, our second major contribution.

We refer to the companion paper [37] for a performant implementation of the dual numbers
reverse-mode AD technique proved correct in the present paper. It shows that it efficiently differ-
entiates most of Haskell98, contributing towards point (4). We are currently pursuing parallelism
preservation (point (5)) for this AD technique and we plan to present it in future work.

In our work, we ensure to keep all constructions sufficiently simple such that they can easily be
generalized to more advanced AD algorithms such as CHAD [26, 44, 45], which is one of our key
motivations for this work.

Why care and why is this difficult? Given the central role that AD plays in modern scientific
computing and machine learning, the ideal of differential programming has been emerging [29, 34]:
compilers for general purpose programming languages should provide built-in support for automatic
differentiation of any programs written in the language. Such general purpose programming
languages tend to include many language features, however, which we then need to be able to
differentiate. What a correct and efficient notion of derivative is of such features might not be so
straightforward as they often go beyond what is studied in traditional calculus. In this paper we
focus on the challenge posed, in particular, by partial language features: partial primitive operations,
lazy conditionals on real numbers, iteration, recursion and recursive types.

Partial primitive operations are certainly key. Indeed, even the basic operations of division and
logarithm are examples. (Lazy) conditionals on real numbers are useful in practice for pasting
together various existing smooth functions, as basic example being the ReLU function

ReLU (x) 1 if x then 0 else x = case (sign x) of {inl _ — 0 | inr _ — x},

which is a key component of many neural networks. They are also frequently used in probabilistic
programming to paste together density functions of different distributions [4]. People have long

, Vol. 1, No. 1, Article . Publication date: June 2022.



4 Fernando Lucatelli Nunes and Matthijs Vakar

studied the subtle issue of how one should algorithmically differentiate such functions with “kinks”
under the name of the if-problem in automatic differentiation [3]. Our solution is the one also
employed by [1]: to treat the functions as semantically undefined at their kinks (at x = 0 in the case
of ReLU (x)). This is justified given how coarse the semantic treatment of floating point numbers
as real numbers is already. Our semantics based on partial functions defined on real numbers is
sufficient to prove many high-level correctness properties. However, like any semantics based on
real numbers, it fails to capture many of the low-level subtleties introduced by the floating point
implementation. Our key insight that we use to prove correctness of AD of partial programs is to
construct a suitable lifting of the partiality monad to a variant of [19]’s category of R¥-indexed
logical relations used to relate programs to their derivatives. This particular monad lifting for
derivatives of partial functions can be seen as our solution to the if-problem in AD.

Similarly, iteration constructs, or while-loops, are necessary for implementing iterative algorithms
with dynamic stopping criteria. Such algorithms are frequently used in programs that AD is applied
to. For example, AD is applied to iterative differential equation solvers to perform Bayesian inference
in SIR models. This technique played a key role in modelling the Covid19-pandemic [14]. For similar
reasons, AD through iterative differential equation solvers is important for probabilistic modelling
of pharmacokinetics [42]. Other common use-cases of iterative algorithms that need to be AD’ed are
eigen-decompositions and algebraic equation solvers, such as those employed in Stan [7]. Finally,
iteration gives a convenient way of achieving numerically stable approximations to complex
functions (such as the Conway-Maxwell-Poisson density function [17]). The idea is to construct,
using iteration, a Taylor approximation that terminates once the next term in the series causes
floating-point underflow. Indeed, for a function whose i-th terms in the Taylor expansion can be
represented by a program

i:int,x : real + £(i,x) : real,
we would define the underflow-truncated Taylor series by

case x of (x1,x;) — lety = t(x1,x;) in

iterat ( . . . .
Herate | case — ¢ < y<cof{inl_ —inrx; |inr_ — inl{x; + Lxz + y)})

) from x = (0, 0),
where c is a cut-off for floating-point underflow.

Next, recursive neural networks [41] are often mentioned as a use case of AD applied to recursive
programs. While basic Child-Sum Tree-LSTMs can also be implemented with primitive recursion
(a fold) over an inductively defined tree (which can be defined as a recursive type), there are
other related models such as Top-Down-Tree-LSTMs that require an iterative or general recursive
approach [47]. In fact, [20] has shown that a recursive approach is preferable as it better exposes
the available parallelism in the model. In Appendix D, we show some Haskell code for the recursive
neural network of [39], to give an idea of how iteration and recursive types (in the form of
inductive types of labelled trees) naturally arise in a functional implementation of such neural net
architectures. We imagine that many more applications of AD applied to recursive programs with
naturally emerge as the technique made available to machine learning researchers and engineers.
Finally, we speculate that coinductive types like streams of real numbers, which can be encoded
using recursive types as pa.1 — (real * «), provide a useful API for on-line machine learning
applications [36], where data is processed in real time as it becomes available. Recursion and more
notably recursive types introduce one final challenge into the correctness proof of AD of such
expressive functional programs: the required logical relations arguments are notoriously technical,
limiting the audience of any work using them and frustrating application to more complicated AD
algorithms like CHAD. To mend this problem, we introduce a novel, simple but powerful logical
relations technique for open semantic logical relations for recursive types.
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AD for ML-family languages: correctness via logical relations 5

1 KEY IDEAS

In this paper, we consider how to perform forward and reverse mode numbers automatic dif-
ferentiation on a functional language with expressive partial features, by using a dual numbers
technique.

Language
We consider an idealised functional language with product types 7 X o, sum types 7 U o, function
types T — o generated by

e a primitive type real of real numbers (in practice, implemented as floating point numbers);

e constants I ¢ : real for c € R;

o sets (Op,,)nen of n-ary primitive operations op, for which we include computations
x1 : real,...,x, : real F op(xy,...,x,) : real; we think of these as implementing partial
functions R” — R with open domain of definition, on which they are differentiable; for
example, we can include mathematical operations log, exp € Op, and (+), (), (/) € Op,;

e a construct x : real + sign(x) : 1U1 that computes the sign of a real number and is
undefined at 0; we can use it to define a lazy conditional on real numbers if r then ¢ else s def
casesignrof {_ —t | _ — r} of the kind that is often used in AD libraries like Stan [7].

Next, we include two more standard mechanisms for defining partial functions:

o (purely functional) iteration: given a computation I', x : 7 + t : 7Ll o to iterate and a starting
value T + s : 7, we have a computation iterate t from x = s : o which repeatedly calls ¢,
starting from the value of s until the result lies in o;

e recursion: given a computationI',x : 7 — o+t : 7 — o, we have a program I' + ux.t : 7 > o
that recursively computes to let x = px.tint.

Dual numbers forward AD code transform

Let us assume that we have programs d;op(x, . . ., X, ) that compute the i-th partial derivative of each
n-ary primitive operation op. For example, we can define d; () (x1, x2) = x2 and 92 () (x1, x2) = x1.
Then, we can define a very straightforward forward mode AD code transformation O by replacing
o . def .
all primitive types real by a pair O (real) = real x real of reals and by replacing all constants c,
n-ary primitive operations op and sign function sign in the program as!
def

() = (c.0)
D(op(ri,...,r)) &ef case D (ry) of (x1,x]) — ... = case D(r,) of (x,,x;,) —

(op(x1, ..., Xp), x] % 010p(X1, ..., Xp) + ... + X, % Jg0p(Xy, ..., Xp))
D(signr) def sign (fst D (r)).

We extend D to all other types and programs in the unique homomorphic (structure preserving

. . def def
way), by using structural recursion. So, for example, D(z — o) = 9(1) - (o), D(x) = x,

D(letx = tins) = letx = D(t)inD(s) and D(ts) = D(t) D(s). We like to think of D as a
structure preserving functor O : Syn — Syn on the syntax.

Semantics

To formulate correctness of the AD transformation D, we need to assign a formal denotational
semantics [—] to our language. We use the standard interpretation of types 7 as w-cpos [[7]

! Actually, while our definition for © (signr) given here is correct, there exist more efficient implementation techniques, as
we discuss in Appx. B.
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6 Fernando Lucatelli Nunes and Matthijs Vakar

(partially ordered sets with suprema of countable chains) and programs x; : 71,...,x, : Ty bt : O

as monotone w-continuous partial functions [[t] : [r1] X -+ X [[zo] = [o]l. We interpret real

def def .
as the flat w-cpo [real] = R of real numbers, ¢ as the constant [[c] = ¢ € R, op as the partial

differentiable function [Jop(xi,...,x,)] : R* — R that it is intended to implement and sign as the
partial function [[sign (x)]] : R — 1 U 1 that sends r < 0 to the left copy of 1, r > 0 to the right
copy and is undefined for r = 0. Having fixed these definitions, the rest of the semantics is entirely
compositional and standard. In particular, we interpret iteration and recursion using Kleene’s
Fixpoint Theorem. We think of this semantics as a structure preserving functor [[-] : Syn — wCpo
from the syntax to the category of w-cpos and monotone w-continuous functions.

Correctness statement
Having defined a semantics, we can phrase what it means for D to be correct. We prove the

following, showing that D (t) implements the usual calculus derivative D[[¢] of [¢].

THEOREM 1.1 (FORWARD AD CORRECTNESS, THEOREM 7.1 WITH k = 1 IN MAIN TEXT). For any
programx : T+ t : o fort = real’, o = real’ (where we write real” for the type real x - -- X real of
length n tuples of reals), we have that

[[D(t)]] ((X], Z)1)’ ceey (Xk, Z)k)) =
(ﬂl([[t]] et s30T (DIE] (X - s x8), 0o 00)))s s
mp (el G, - x)), m (D[t ((xq, - - - xx), (01, - - - vk))))

for any (xi, . .., xx) in the domain of definition of [t] and any tangent vector (vy, ..., vx) to [[7] at x.

In fact, we also establish the theorem above for general types 7 and ¢ not containing function
types, but its phrasing requires slight bookkeeping that might distract from the simplicity of the
theorem. Importantly, the program ¢ might use higher-order functions, iteration, recursion, etc..

A proof via logical relations

The proof of the correctness theorem follows a logical relations argument that we found using
categorical methods, but which can be phrased entirely in elementary terms. Let us fix some n € N.
We define for all types 7 of our language, by induction, relations T* € (R" — [z]) X (R"xR") —
[D(2)]) and P! € (R* — [[z]) X (R" xR™) — [D(7)]) that relate a (partial) n-curve to its
derivative n-curve:

Tn

real

def {(y,v") | y is differentiable and y" = (x,v) — (y(x), Dy(x,v))}

" (x> (11(x), 12(2)), (%,0) = (7 (x,0), 74(x,0)) | (y1,v}) € T" and (v, v}) € T2}

T C{noynnoy) | () € TP U{(noynioy) | (vl € T2}
T € {1 y) | V(8,8) € TV .(x - y(x)(8(x)), (x,0) > ¥/ (x,0)(8'(x,0))) € P2}
pr {(y, ¥ 1y ([ x R = "' ([2(r)]) is open and for all differentiable
§:R" — y~'([]) we have (y 0 8, (x,0) — (y(8(x)),y'(D5(x,0)))) € T;’}-

We then prove the following “fundamental lemma”, using induction on the typing derivation of #:
Ifx;:7,...,xp s Ty b t:oand, for 1 <i<n,(f,,f/) €T}, then

(x = [t](Ax), ..., fa(x)), (x,0) = [D (O] (f) (x,0), ..., f(x,0))) € Pg.

, Vol. 1, No. 1, Article . Publication date: June 2022.



AD for ML-family languages: correctness via logical relations 7

For example, we use that, by assumption, [[9;op(xy, ..., x,)] equals the i-th partial derivative of
[op(x1,...,x,)]] combined with the chain-rule, to show that primitive operations op respect the
logical relations.

As T’Zak contains, in particular, (id, ((x, ..., xx), (v1,...,0k)) — ((x1,01), ..., (xn, 0x))), our
theorem follows.

Extending to recursive types via a novel categorical logical relations technique

Next, we extend our language with ML-style polymorphism and recursive types. That is, we allow
the formation of types r with free type variables a and we include a type variable binder ua.r,
which binds « in 7. We extend our AD transformation homomorphically on terms and types. For
example, on types, we define

D(a) o D (ua.t) def pa.D (7).

A type 7 with n free type variables gets interpreted in our w-cpo-semantics as an n-ary mixed-
variance endofunctor [[7] on the category of w-cpos and partial morphisms that restricts to that
of w-cpos and total morphisms. Programs with types that have free variables get interpreted as
(extra)natural transformations. As the category of w-cpos and partial morphisms has the structure
to interpret recursive types of that of w-cpos and total morphisms, we have a canonical minimal
invariant

roll : [] (ullz], pliz]) = pli<l

for the mixed-variance endofunctors [[7]] on wCpo that types 7 denote [23]. We interpret [ua.7] def
pll.

To extend the correctness proof to this larger language, we would like to define the logical
relation

T, & {rollo yroll o ') | (1) € Tl } -
That is, we would like to be able to define relations using type recursion. If we can do so, then
extending the proof of the fundamental lemma is straightforward. We can then establish the
correctness theorem also for 7 and o that involve recursive types.

The traditional method is to follow the technical recipes of [33]. Instead, we develop a powerful
new logical relations technique for recursive types, which we believe to be more conceptually clear
and easier to use in situations like ours. To be precise, we prove a general result saying that under
mild conditions, that we can interpret recursive types in the category of logical relations over a
category that models recursive types itself. For simplicity, we state an important special case that
we need for our application here.

Given any right adjoint wCpo-enriched functor G : @Cpo” — wCpo, consider the category
SScone of logical relations, which has objects (X, P), where X € wCpo” and P is a chain-closed
subset of GX, and morphisms (X,P) — (X’,P’) are @Cpo™-morphisms f : X — X’ such that
y € P implies Gf(y) € P'.

THEOREM 1.2 (LOGICAL RELATIONS FOR RECURSIVE TYPES, SPECIAL CASE OF THEOREM 8.13 IN MAIN
TEXT). Let T be a strong monad on SScone that lifts the usual partiality monad (-), on wCpo”
along the projection functor SScone — wCpo”. We assume that T takes the initial object to the
terminal one, and the square in wCpo induced by each component of the unit of T is a pullback. Then,
SScone < SSconer is a model for recursive types.

In particular, we can define the relations T, . using type recursion, as desired.

, Vol. 1, No. 1, Article . Publication date: June 2022.



8 Fernando Lucatelli Nunes and Matthijs Vakar

Dual numbers reverse AD
Similarly to dual numbers forward AD D, we can define a reverse AD code transformation D: we

def
define D (real) = real x vect and

def

D(c) = (c,0%)

D(op(ty,...,tn)) def case D () of (x1,x]) — ...case D(t,) of (x,,x,) —

(op(x1, ..., xpn), X1 *V 10p(X1, ..., X))+ ...+ X, %Y Ipop(x1,...,%n))

D(signt) < sign (fst D(1)).

and extend homomorphically to all other type and term formers, as we did before. In fact, this
algorithm is exactly the same as dual numbers forward AD in code with the only differences being
that

(1) the type real of real numbers for tangents has been replaced with a new type vect, which
we think of as representing (dynamically sized) cotangent vectors to the global input of the
program;

(2) the zero 0 and addition (+) of type real have been replaced by the zero 0¥ and addition (+V)
of cotangents of type vect;

(3) the multiplication (*) : real Xxreal — real has been replaced by the operation ( V) :
vect X real — vect: (v %" r) is the rescaling of a cotangent v by the scalar r.

We write e; for program representing the i-th canonical basis vector e; of type vect and we write

Wrap, (x) def casex of (xy,...,xs) = ({x1,€1),..., (x5, €5)). (1.1)

We define [[vect] def goo def DI R as the infinite (vector space) coproduct of k-dimensional real

vector spaces. That is, we interpret vect as the type of dynamically sized real vectors?. We show
that D (t) implements the transposed derivative D[[#]* of [¢] in the following sense.

THEOREM 1.3 (REVERSE AD CORRECTNESS, THEOREM 7.1 WITH k = 0o IN MAIN TEXT). For any
programx : T+ t : o fort = real’, o = real’,

[letx = Wrap, (x) in D (t)] (x1, . .., %) =
(Cr AN, DI (et o)) (] G o)) DI (Gen ) )
for any (x1, . ..,xs) in the domain of definition of [t].

We prove this theorem again using a similar logical relations argument, defining T C (R” —
[7]) x (R* x (R*®)") — [D(7)]) and P* € (R" — [[z])) x (R" X (R®)") — [D(7)])) as before

2Note that, in practice, [37] actually implements vect as a type of ASTs of simple expressions computing a dynamically
sized vector. This allows us to first build up the expression during execution of the program (the forward pass) and to
only evaluate this cotangent expression later (in a reverse pass) making clever use of a distributivity law of addition and
multiplication (also known as the linear factoring rule in [6]) to achieve the correct computational complexity of reverse AD.
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AD for ML-family languages: correctness via logical relations 9

for all types 7 of language, setting

n  def

T" . = {(r.v)) | v is differentiable and y" = (x,L) — (y(x),L(Dy’(x,e1)))}

real

o € {(x = (n(0).12(0), (6. L) - (0L, (. L)) | (y1.y}) € T and (v2.5) € T2'}

df !’ ’ ’ ’
e S {woynuoy) | (ruy) € TP U{(zoyazoy) | (vavs) € T2}

T, {(1y) V(6.8 € T2 (x = y(x)(8(x)), (x.L) - y'(x, L)(8' (x, 1)) € P2}

def , ,
Tﬁa.f = {(roll oy,rolloy’) | (y,7) € TT"[W,%J}
P! def {(y, ¥) 1y U ([e]) x (R®)™ = y" ' ([D(r)]) is open and for all differentiable

§:R" — y ' ([[z]) we have (y 0 &, (x,L) = y'(8(x),L o D&"(x,-))) € TT"},

where we consider (R*)" as a type of linear transformations from R” to R*. We then prove the
following “fundamental lemma”, using induction on the typing derivation of ¢:

Ifxi:r,...,xp:tpkrt:oand for1 <i<n,(f;f) €T}, then
(x = (1A, fu(20). (x,L) = [DOT(F (x L), ..., f(x. L)) € PP

As T® ¢ contains, in particular,
real

(d, (Grrs - - o5 X5), (L, -+ o5 Lg)) > ((x1, Lyen), - ., (x5, Lses))),

our theorem follows.

Extending to arrays

AD tends to be applied to programs that manipulate large arrays of reals. Seeing that such arrays
are denotationally equivalent to lists par.1 Ll @ X real, while only the computational complexity of
operations differs, our correctness result also applies to functional languages with arrays. We thus
differentiate array types 7[] with elements of type 7 in the obvious structure preserving way, e.g.
D(r[]) =) (0] D (generate) def generate O (map) def map D (foldr) «f foldr

and similarly for dual numbers reverse AD.

2 CATEGORICAL MODELS FOR CBV LANGUAGES: CBV PAIRS AND MODELS

The aim of this section is to establish a class of models for call-by-value (CBV) languages, and,
then, add free recursion and iteration. We assume some familiarity with basic category theory
(see, for instance, [11]). Whenever we talk about strict preservation of some structure (like products,
coproducts or exponentials), we are assuming that we have chosen structures (chosen products,
coproducts or exponentials) and the preservation is on the nose, that is to say, the canonical
comparison is the identity.

Given a cartesian closed category V, we can see it as a ‘V-enriched category w.r.t. the cartesian
structure. Recall that a strong monad 7~ on a cartesian closed category V is the same as a V-monad
on V. More precisely, it is a triple

‘T:(T:(V—>q/,m:T2—>T,1]:id(y—>T), (2.1)

where T is a V-endofunctor and m,  are V-natural transformations, satisfying the usual associa-
tivity and identity equations, that is to say, m - (mT) = m - (Tm) and m - (yT) = idr = m - (Tn).3

3See [11, pag. 60] for the classical enriched case. For the general case of monads in 2-categories, see [40, pag. 150] or, for
instance, [27, Section 3].
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10 Fernando Lucatelli Nunes and Matthijs Vakar

Let 7 = (T,m,n) and 7’ = (T’,m’, ") be monads on V and V"’ respectively. Recall that an
oplax morphism (or a monad op-functor) between 7 and 7’ is a pair
(H:V—>YV',¢:HT - T'H), (2.2)
where H is a functor and ¢ is a natural transformation, such that
¢-(Hn)=(m'H)  and  (m'H)-(T'¢)- (¢T) =¢ - (Hm). (2.3)
By the universal property of Kleisli categories, denoting by / : ¥V — C and J : V' — C’ the
universal Kleisli functors, the oplax morphims (2.2) correspond bijectively with pairs of functors
(H V>V H:C— C’) such that the diagram (2.5) commutes.

Definition 2.1 (CBV pair). A CBV pair is a pair (V, 7)) where V is bicartesian closed category
and 7 is a ‘V-monad on V. We further require that V' has chosen finite products, coproducts and
exponentials.

A CBV pair morphism between the CBV pairs (V,7") and (V’, 7”) is a strictly bicartesian closed
functor H such that HT = T’H and (H, id) defines a monad op-functor (2.2). This defines a category
of CBV pairs and CBV pair morphisms, denoted herein by €.

Remark 2.2. If (V,T") is a CBV pair, since 7 is V-enriched, we get a V-enriched Kleisli category
C. We denote by

Cl--] =(— =k —) .CPXC >V (2.4)

the V-enriched hom functor. It should be noted that, if we denote by (X = Y) = V [X, Y] the
exponential in V, we have that C [X, Y] = (X =k Y) = (X = TY) which is the so called Kleisli
exponential and corresponds to the function types for our language.

Denoting by C and C’ the respective Kleisli categories, each morphism
H:(V.T)—> (V.7
of CBV pairs gives rise to a commutative square

H

C C’
I Ay (2.5)
% v’
H

where J and J’ are, respectively, the universal Kleisli functors of 7~ and 7. In this case, H strictly
preserves Kleisli exponentials, finite coproducts and the action of V' on C. That is to say, (H, ﬁ)

strictly preserves the distributive closed Freyd-categorical structure®.

2.1 CBV models: term recursion and iteration

In order to interpret our language defined in Section 4, we need an additional support for term
recursion and iteration. Since we do not impose further equations for the iteration or recursion
constructs in our language, the following definitions establish our class of models for term recursion
and iteration.

Definition 2.3 (Free Recursion and Iteration). Let (V,7") be a CBV pair and C the corresponding
V-enriched Kleisli category.

4 Although this level of generality is not needed in our work, the interested reader can find more about Freyd-categorical
structures and basic aspects of the modelling of call-by-value languages in [24]
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o A free recursion for (V,7) is a family of morphisms

w,Y
= o w,Y w,Y w,Y 2.6
p= (Y vicwy.cwyl —cw) o (26)
inV.
o A free iteration for (V,7T") is a family of morphisms
itt = (ittW’Y .C[W,WUY] — C[W, Y]) @.7)
(W.Y)eCxC

inV.

Definition 2.4 (CBV model). A CBV model is a quadruple (V, T, p, itt) in which (V,7) isa CBV
pair, p is a free recursion, and itt is a free iteration for (V, 7).

A CBV model morphism between the CBV models (V, T, p, itt) and (V’, 7, i/, itt’) is a morphism
H between the underlying CBV pairs such that H (u""Y) = p/HW-HY and H (itt""') = itt’HW-HY,
for any (W,Y) € V x V. This defines a category of CBV models, denoted herein by €z .

It should be noted that € g has finite products. Given CBV models (V, 7, 1o, itto) and (V'y, 71, py, itty),
the product is given by
(Vo X V1, T X T1, (po, 1) » (itto, itty)) (2.8)

where (1o X ,ul)(w’w/)’(y’yl) = ,u(‘)/V’Y X ,u}/V/’Y/ and (itty X itt;) (W>W(HY) = (ittgv’y X ittYW’Y’).

3 CONCRETE MODELS

The aim of this section is to establish a class of concrete CBV pairs and models. We denote by
wCpo the usual category of w-cpos. The objects of wCpo are the partially ordered sets with
colimits of w-chains, while the morphisms are functors preserving these colimits. An w-cpo is
called pointed if it has a least element, denoted herein by L. We say that f € @Cpo (W,Y) is a
pointed wCpo-morphism if W is pointed and f preserves the least element.

It is well known that wCpo is bicartesian closed. We consider wCpo-enriched categories w.r.t.
the cartesian structure. Henceforth, if V' is an wCpo-enriched category and W, Y are objects of V,
we denote by V (W, Y) the wCpo-enriched hom, that is to say, the w-cpo of morphisms between
WandY.

An wCpo-category V is wCpo-cartesian closed if V has finite @Cpo-products and, moreover, for
each object Z € V, the wCpo-functor (Z X —) : ¥V — V has aright @Cpo-adjoint V [Z, ], called,
herein, the wCpo-exponential of Z. An wCpo-functor H : V — V' is strictly @wCpo-cartesian
closed if it strictly preserves the wCpo-products and the induced comparison H o V [—, -] —
V' [H(-), H(-)] is the identity.

Let V be wCpo-cartesian closed. For any Z € V, since the hom-functor V (Z,-) : V — wCpo
is cartesian, it induces the change of enriching base 2-functors

®q/(z-) : V-Cat = wCpo-Cat (3.1)

between the 2-categories of enriched categories w.r.t. the cartesian structures. Therefore, taking
Z =1 (the terminal object of V), we get that every V-category (V-functor/V-monad) has a suitable
underlying @ CPO-category (wCpo-functor/@Cpo-monad), given by its image by ®gcpo = O (1-).

Definition 3.1 (CBV wCpo-pair). A CBV wCpo-pairisa CBV pair (V, 7") in which V is an @Cpo-
bicartesian closed category, such that V (W, TY) is a pointed w-cpo for any (W,Y) € V x V.

A CBV wCpo-pair morphism between (V,7) and (V’,7"’) is an wCpo-functor H : V —
V'’ whose underlying functor yields a morphism between the CBV pairs, and such that H :
VW, TY) — V (HW,HTY) is a pointed @wCpo-morphism for any (W, Y) € obV x ob“V. This
defines a category of CBV wCpo-pairs, denoted herein by wCPO-€ gy .
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12 Fernando Lucatelli Nunes and Matthijs Vakar

There is, then, an obvious forgetful functor U, : wCPO-Cgy — €.

3.1 Fixpoints: term recursion and iteration

Recall that, if A is pointed and g : A — A is an endomorphism in @wCpo, then q has a least fixed
point given by the colimit of the chain

Lmg(u) = =gt (1) = (32)

by Kleene’s Fixpoint Theorem. Given such an endomorphism, we denote by Ifp (g) its least fixed
point.

Henceforth, let (V,7") be a CBV wCpo-pair, and J : V — C the corresponding V-enriched
universal Kleisli functor. We denote by — ® — : V X C — C the V-tensor product in C, also called
the V-copower, which, in this case, correspond to the usual action of V on C.

By hypothesis, for any W,Y,Z € V, the w-cpo V (Z,C [W,Y]) = C(Z ® W,Y) is pointed.
Therefore we can define

Y V(EZxCIW,Y],CIW,Y]) — V(Z,C[W,Y]) (3.3)
f —Up(h> fo(Zxh)ody)

ity C(ZeW,WuY) S C(ZoW,Y) (3.4)
f — Ifp (h > (h ] (ny)) o (Z ® f) o (diag, ® idw))

where 97 = (idz,idz) : Z — Z X Z is the diagonal morphism, and diag,, = J (idz,idz) : Z —» Z® Z.
Since the morphisms above are @Cpo-natural in Z € V, they give rise to the families of morphisms

— (WY def  (—wy
s (’u“’ )(W,Y)erC - (ﬂ(V[C[W,Y],C[W,Y]] (evalc[W’Y]’C[W’Y]))(W,Y)erC (33)

. (awy def —W)Y
o = ('t“’ )(W,Y)erC - (It(V[W’T(W“Y)] (7 (evaIW’T(W”Y))))(w,y)erc (3.6)

by the Yoneda Lemma, where evals g : V [A, B] X A — B is the evaluation morphism given by the
cartesian closed structure.

LEmMMA 3.2 (UNDERLYING CBV MODEL). There is a forgetful functor Ug : oCPO-Cgy — Cgqp
defined by Ugy (V,T) = (V, T, o, it,), taking every morphism H to its underlying morphism of
CBV models.

Proor. Since H is a wCpo-functor and, for any (W,Y) € obV x obV,

H:V W, TY) - V' (HW,T'HY)

is a pointed @Cpo-morphism, we get that, indeed, H respects the free iteration and free recursion
as defined in (3.5) and (3.6). )

It should be noted that, given CBV wCpo-pairs (V,, Tp) and (V1, 77),
((V(), 76) X ((Vb 7;) = ((VO X (Vls 76 X 7‘1‘) (37)
is the product in @CPO-C€ g. Moreover, Ug preserves finite products.

4 AUTOMATIC DIFFERENTIATION FOR TERM RECURSION AND ITERATION

For our purpose, we could define our macro in terms of total derivatives. However, we choose to
present it in terms of partial derivatives, in order to keep our treatment as close as possible to the
starting point of the efficient implementation of the reverse mode given in [37].

Following this choice of presentation, it is particularly convenient to establish our AD macro
D as a program transformation between a source language and a target language (see 4.4). The
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main point of this distinction is to keep track of the difference between the types corresponding to
manifolds (cartesian spaces) and the (co)tangents (vector spaces) in the target language (see [37]).

4.1 Source language as a standard call-by-value language with iteration and recursion

We consider a standard (coarse-grain) call-by-value language over a ground type real, certain real
constants ¢ € Op,, certain primitive operations op € Op,, for each nonzero natural number n € N,

and sign . We denote Op := U Op,,.

neN

As it is clear from the semantics defined in 5.3, real intends to implement the real numbers.
Moreover, for each n € N, the operations in Op,, intend to implement partially defined functions
R™ — R. Finally, sign intends to implement the partially defined function R — R defined in
R~ UR* which takes R™ to —1 and R* to 1.

Although it is straightforward to consider more general settings, we also add the assumption
that the primitive operations implement differentiable functions (see 5.6).

We treat this operations in a schematic way as this reflects the reality of practical Automatic
Differentiation libraries, which are constantly being expanded with new primitive operations.

The types 7, o, p, values v, w, u, and computations t, s, r of our language are as follows.

T,0,p u= types | 1] X products
| real numbers | >0 function
| 0]rUo sums
o, W, u = values | O | (o,w) tuples
| xvy,z variables | Ax.t abstractions
| ¢ constants | px.t term recursion
| inlo | inro sum inclusions
t,s,r u= computations | () | {t,s) tuples
| x4z variables | casesof (x,y) »t product match
| lett= xins sequencing | Ax.t abstractions
| ¢ constant | ts function app.
| op(ty,...,tn) operation | iterateffromx =s iteration
| casetof {} sum match | px.t term recursion
| inlt |inrt sum inclusions | sign¢ sign function

inlx — ¢t
| caserof{ . } sum match
|inry — s

. def . def
We use sugar if rthentelses = case signrof {_ — ¢ | _—r}, fstt = casetof (x, ) — x,

def def
sndt = casetof ( ,x) — x and letrec f(x) = tins = letf = uf.Ax.tins. In fact, we can

consider iteration as syntactic sugar as well:

iterate t fromx = s = (pz.Ax.casetof {inlx’ — zx’ | inrx” — x"})s.

The computations are typed according to the rules of Fig. 4.1 and Fig. 4.2, where R C R is a fixed
set of real numbers containing 0. For now, the reader may ignore the kinding contexts A. They will
serve to support our treatment of ML-style polymorphism later.

We consider the standard CBV fn-equational theory of [30] for our language, which we list in
Fig. 4.3. We could impose further equations for the iteration construct as is done in [5, 16] as well as
for the basic operations op and the sign function sign . However, such equations are unnecessary
for our development.
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14 Fernando Lucatelli Nunes and Matthijs Vakar

((x:1)eTl) A|Tl'rt:oc A|l,x:0bs:T (c €R)
A|lTrx:T A|Trletx=tins: 7T A|TFc:real
{A|TFt:real};, (opeOp,) A|TrEt:0 A|Trt:T
A|TFop(ty,...,t,) : real A|Trcasetof {}:7 A|Trinlt: U0
A|Trt:T A|lTrr:oulp A|T,x:0rt:7 A|T,y:prs:t
A|Trinrt:tUo A|T+rcaserof {inlx » ¢t |inry > s} :7 A|Tr():1

A|lTrt:z A|Tks:oc A|Trr:oxp A|l,x:0y:prt:7 A|lT,x:ort:T

A|T+(ts):TXo A|T Fcaserof (x,y) > t:T A|TrAxt:o—>r1
A|Trt:oc—>1 A|Tltrs:o A|T+r:real
A|Trts:T A|TFsignr:101

Fig. 4.1. Typing rules for a basic source language with real conditionals, where R C R is a fixed set of real
numbers containing 0.

A|lTl,x:ort:oUr A|Trr:o A|Tl,x:7trt:T

T=0-p)

A | T+ iteratet fromx =7 : 7 A|TFpxt:t

Fig. 4.2. Typing rules for term recursion and iteration.

letx = vint = t[Y] lety = (letx = tins)inr =letx = tin(lety = sinr)
. X X e o) 1 #5Y inlx — t[ml"/z]

caseinlvof {inlx — t |inry — s} =¢t[%] t[%] = casevof { linry — ¢["rY)] }

caseinroof {inlx — t |inry — s} = s[%,]

case (v, w) of (x,y) — t = t[%." /4] t[%:] ey casevof (x,y) — YA

(Ax.t) o = t[%] 0% dxox

. . . . #X.Xp .o .
Fig. 4.3. Basic fy-equational theory for our language. We write """ to indicate that the variables are

fresh in the left hand side. In the top right rule, x may not be free in r. Equations hold on pairs of computations
of the same type.

4.2 Target language

We define our target language by extending the source language adding the following syntax, with
the typing rules of Fig. 4.4.
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T,0,p u=  types | wvect (co)tangent
| ... as before
o,W, U = values | © Zero
| & i-th canonical element | t+s addition of vectors
| ... as before | txs scalar multiplication
|

bt proj. handler

| o Zero
t,s,r ==  computations | t+s addition of vectors
| ... as before | txs scalar multiplication
| & canonical element | Bt proj. handler
(i e N¥) A|Trt:vect A|TFs:vect
A|T Fe;:vect A|TFO:vect A|TFt+s:vect

A|Trt:vect A|TFs:real (ieN") A|Trt:vect
A|TFts*s:vect A | T + b;t : real’

Fig. 4.4. Extratyping rules for the target language with iteration and recursion, where we denote N* := N—{0},
real' := real and real’*! = real’ x real.

The operational semantics of the target language depends on the intended behavior for the AD
macro D defined in 4.4. In our context, we want vect to implement a vector space (playing the role
of the (co)tangent), with the respective operations and the usual laws between the operations such
as distributivity of the scalar multiplication over the vector addition (which is particularly useful
for efficient implementations [37]).

The terms bt are irrelevant for the definition and correctness of the macro D, but it is particularly
useful to illustrate the expected types in 7.6 and 7.7. Although this perspective is negligible to our
correctness statement, vect can be seen as a type encompassing a linear effect with handlers given
by the terms b;t.

We are particularly interested in the case that (Vect, +, *, 6) implements the vector space (Rk S 0),

for some k € N U {c0},> where &; implements the i-th element ef € R¥ of the canonical basis if
k = coorifi < k, and 0 € R¥ otherwise. In this case, b;t is supposed to implement

proi : R > R, (4.5)
which denotes the canonical projection if i < k and the coprojection otherwise.
For short, we say that vect implements the vector space R¥ to refer to the case above. It corre-
sponds to the k-semantics for the target language defined in 5.4.
4.3 The CBV models (Synv, Syng,Syn,, Synit) and (Syng, Syntsr, SynLr, Synittr)

As discussed in Appendix A, we can translate our coarse-grain languages to fine-grain call-by-value
languages. The fine-grain languages corresponding to the source and target languages correspond

SR is the vector space freely generated by the infinite set {e FER NS N*}. In other words, it is the infinity coproduct of R?
(i € N*). In order to implement it, one can use lists/arrays and pattern matching for the vector addition.
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16 Fernando Lucatelli Nunes and Matthijs Vakar

to the CBV models
(Synv, Syng,Syn,, Synit) and (Syng, Syng, Syn:f, Synj; ) (4.6)
with the following universal properties.

THEOREM 4.1 (UNIVERSAL PROPERTY OF CBV MODELS (4.6)). Let (V, T, , itt) be a CBV model.
Assume that Fig. 4.7 and Fig. 4.8 are given consistent assignments.

(1) There is a unique CBV model morphism H : (Synv, Syng,Syn,,, Synit) — (V, T, p,itt) re-
specting the assignment of Fig. 4.7.

(2) There is a unique CBV model morphism H : (Synt‘f, Syng, Syn', Synittr) — (V, T, p, itt) that
extends H and respects the assignment of Fig. 4.8.

For each primitive operation op € Op,, (n € N) and each constant ¢ € R:
H(real) e obV; H(sign) € C (H(real),1 1) =V (H(real), T (1U1));
H(c) € V (1,H(real)); H(op) € C (H(real)", H(real)) =V (H(real)", TH(real)) .

Fig. 4.7. Assignment that gives the universal property of the source language.

H(vect) € obV; H(0) € V (1, H (vect)); H (h;) € V (7{ (vect), H (real)i) (for each i € N*);
H(+) eV (W(Vect)z, TH(vect)); H(x) €V (H(vect) x H (real), TH (vect)).

Fig. 4.8. Assignment that gives the universal property of the target language.

4.4 Dual numbers AD transformation for term recursion and iteration

Let us fix, for all n € N, for all op € Op,, for all 1 < i < n, computations x; : real,...,x, :
real  9;0p(xy, ..., x,) : real, which represent the partial derivatives of op. Using these terms for
representing partial derivatives, we define, in Fig. 4.9, a structure preserving macro O on the types
and computations of our language for performing AD.

def . .
We extend D to contexts: D ({x1:71, ... Xn:Tn}) = {x1:D(11), ..., xn:D (7,) }. This turns D into a
well-typed, functorial macro in the following sense.

LEMMA 4.2 (FUNCTORIAL MACRO). Our macro respects typing, substitution, and pn-equality:

o [fT+t:7,thenD(T) F D(t) : D(1).
e D(letx = tins) =letx = D(t) inD(s).

o it s, theno(t) 2 p(s).

Our macro D can be seen as a class of macros, since it depends on the target language. More
precisely, it depends on what vect implements (see 4.2).
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D(real)  realxvect 0(0) % 0 o(ru0) ¥ o(r)un(o)
n(1) ¥ Dt —0) ¥ p(r) 5 0(0) Drxo)E o(r)xn(0)
D(x) e D(letx = tins) © et x = D(t)in D(s)

D(caserof {}) def case D(r)of { }
inlx — ¢t | def

p(inlt) ¥ inl o (1) D(caser of { linry — s D=

o (inrt) def inr (1) case D (r) of { | iﬁiz : 2((?) }

() E ()

2 s)) E (1), D(5)) D(caserof (x,y) — 1) = case D (r) of (x,y) — D(t)
p(Axt) < Ax.o (1) o(tr) € o) (r)

def
D (iterate t fromx = r) =

iterate O (t) from x = D (r)

D (px.t) def pux.D(t)

D(e) = (c,0)

D(op(ry,...,r)) Gt case D (ry) of (x1,x]) — ... — case D(r,) of (xp, x;,) —
lety = op(xy,...,x,)in
letz; = d10p(xy,...,x,)in ...letz, = d,0p(xy,...,x,)in
(Y, x] * 21+ ...+ Xp % Zp)

D (signr) def sign (fst D (r))

Fig. 4.9. AD macro D (—) defined on types and computations. All newly introduced variables are chosen to be
fresh. We provide a more efficient way of differentiating sign in Appx. B.

D(real) 4« real x vect € ob Syny, D(c) def (c.0) € Syn(} (1, real x vect),
D(op) def AyrA... .Ayn._d>op (Y1, ..., yn) € Synis ((real X vect)”, Syn (real X vect)),
D(sign) def (sign o ;) € Syn; (real x vect, Syng (1L 1)),

for each primitive operation op € Op,, (n € N) and each constant ¢ € R, where

—d>0p (Y1, -5 Yn) € case yy of (x1,x]) — ... — caseyy of (xp,x;,) —
lety’ = op(xy,...,x,)in
letz; = dj0op(xy,...,x,)in ... letz, = d,op(xy,...,x,)in

(Y, x{xz1+...+ X % zp).

Fig. 4.11. AD assignment.
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4.5 AD transformation as a CBV model morphism

By the universal property of (Synv, Syng, Syn,, Synit) established in Theorem 4.1, the assignment
defined in Fig. 4.11 induces a unique CBV model morphism

D: (SynV, Syng, Syn,, Synit) - (Syng, Syng, Syn:f, Syn{ ) . (4.10)

The macro O defined in Fig. 4.9 is encompassed by (4.10).

5 SEMANTICS FOR THE AD TRANSFORMATION

We establish basic facts about the semantics of the automatic differentiation.

5.1 Basic concrete model

The most fundamental example of a CBV wCpo-pair is given by (wCpo, (—),) where (—), is
the lax idempotent monad that freely adds an initial object L to each w-cpo. Indeed, of course,
wCpo (W, (Y) ) is pointed for any pair (W,Y) € ob @wCpo X ob @Cpo.
We consider the product (wCpo, (-),) X (wCpo, (-),) = (wCpo X wCpo, (-), ), where, by
abuse of language, ((C,C")), = ((C),,(C"),). By Lemma 3.2, Ug+y (wCpo, (—) ;) and
Ugy (@Cpo X wCpo, (-) ) = Usy (0Cpo, (—),) X Ugy (@Cpo, (—),)

are CBV models.

5.2 Differentiable functions and interleaved derivatives

Henceforth, unless stated otherwise, the cartesian spaces R" and its subspaces are endowed with the
respective discrete wCpo-structures.

Definition 5.1 (Interleaving function). For each (n, k) € N X (N U {co}), denoting by I, the set
{1,...,n}, we define the isomorphism (in @wCpo with the respective discrete wCpo-structures)

buk:  RIX(RA)" S (R x Rk) G.1)
(Cep)jer,s (ijer,) = (3.95) e, -
For each open subset U € R”, we denote by (jﬁk :U X (Rk)n — Pk (U X (Rk)") the isomorphism
obtained from restricting ¢, k.

In Def. 5.2, Remark 5.3 and Lemma 5.4, letg : U — U V; be a map where U is an open subset of
jeL
R”, and, for each i € L, V; is an open subset of R™.
Definition 5.2 (Derivative). The map g is differentiable if, for any i € L, g~' (V;) = W is open in
R" and the restriction gy, : W; — V; is differentiable w.r.t the submanifold structures W; € R” and
V; € R™i, In this case, for each k € (N U {c0}), we define the function:

g fur (Ux @) = [ ] (dmr (vix (7)) (5.2)
jeL
z > U, © ¢Xi]k (9(x),w - g'(x)"), whenever qS;}( (2) = (x,w) € W; X (Rk)n

in which W is the linear transformation R” — R¥ corresponding to the vector w, - is the composition
of linear transformations, t,, is the obvious ith-coprojection of the coproduct (in the category
@Cpo), and ¢g’(x)" is the transpose of the derivative g’(x) : R® — R™ of g|ly. : W; > V;atx € U.

, Vol. 1, No. 1, Article . Publication date: June 2022.



AD for ML-family languages: correctness via logical relations 19

Remark 5.3. It should be noted that, in Def. 5.2, W; might be empty for some i € L. In this case,
glw, : Wi — V; is trivially differentiable. Analogously, U might be empty. In this case, the function
g is differentiable and DX g is the unique morphism with domain O and codomain as in (5.2).

LEMMA 5.4. Let § be a function with domain as in (5.2). The map g is differentiable and § = D¥g if,
and only if, g o a is differentiable and g o D*a = D*(g o @) for any differentiable map a : R" — U.

Definition 5.5 (Differentiable partial maps). Let h : U R" — U R™
rek J€EL n
wCpo. We say that h is differentiable if, for each i € K, the component h; := ho; : R" —

L[z~

jeL

be a morphism in

satisfies the following two conditions:

L

HES
jeL
o the corresponding total function (5.3) is differentiable.

° hi_1 = U; is open in R™;

L (5.4)

E =hly,:U; — Uij (53) oF (h) : U (R X Rk)nr -
rek

]_l (Rx®k)™

1
In this case, for each k € N U {co}, we define (5.4) to be the morphism induced by (d* (h,)),cx

where, for each i € K, d* (h;) is defined by (5.5), which is just the corresponding canonical extension
of the map Dh;.

oF (b)) : (RxRM)™ — (]_[ (R X R")mj (5.5)
jeL n
. [P @), iz € g (Ui x (RY)™) € (RX R
1, otherwise.

5.3 The semantics for the source language

We give a concrete semantics for our language, interpreting it in the CBV wCpo-pair (wCpo, (-) ).
We denote by R the discrete w-cpo of real numbers, and we define sign : R — (11 1), by (5.7),
where 11,1, : 1 — 1 U 1 are the two coprojections of the coproduct.

1, ifx=0
[-1: (Synv, Syng, Syn,,, Synit) — Ugy (0Cpo, (-)1)  sign(x) = {1,(%), ifx <0 (5.7)
(5.6) (%), ifx>0

By the universal property of (SynV, Syng, Syn,,, Synit), there is only one CBV model morphism
(5.6) consistent with the assignment of Fig. 5.8 where c is the constant that ¢ intends to implement,
and, for each op € Op,,, fop is the partial map that op intends to implement.

[real] “ R ecob wCpo; [Lcll e oCpo (LR);
Lopl & fip € @Cpo (R™, (R),); [sign] < sign € wCpo (R, (1L1),).

Fig. 5.8. Semantics’ assignment for each primitive operation op € Op,, (n € N) and each constant ¢ € R.
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The CBV model morphism (5.6) (or, more precisely, the underlying functor of the CBV morphism
[-1) gives the semantics for the source language. Although our work holds for more general
contexts, we consider the following assumption over the semantics of our language.

Assumption 5.6. For each n € N and op € Op,,, [[op] = fop : R* — (R), is differentiable.

5.4 The k-semantics for the target language

For each k € NU {0}, we define the k-semantics for the target language by interpreting vect as the
vector space R¥. Namely, we extend the semantics [—] of the source language into a k-semantics
of the target language. More precisely, by Theorem 4.1, there is a unique CBV model morphism
(5.9) that extends [—] and is consistent with the assignment given by the vector structure (5.10)
together with the projection (coprojection) [B;]lx : R¥ — R¥if i < k (i > k), for each i € N*,

[Tk : (Syny, Synts, synfSynt] - Usw (@Cpo, (<)) (5.9)
(Iveetle [+1 [+1 [01) = (R¥+50) (5.10)

5.5 Prim-op-correct macro

Definition 5.7 (Sound for primitives). A macro O as defined in Fig. 4.9 and its corresponding
CBYV model morphism D as defined in (4.10) are sound for primitives if, for any primitive op € Op,

(2 (op)1x = d* ([op]) for any k.

For each j € I, given a differentiable function f : R” — (R),, we denote by d; (f) : R" —
(R xR), the function defined by d; (f) (x1,...,xn) = D' (f) © Pn1 ((xl, ce o Xn), e;.’), where e;? the
Jj-th vector of the canonical basis of R".

LEmMMA 5.8. The macro O defined in Fig. 4.9 is sound for primitives provided that
[{op(y1,- - ->yn), 9j0p(y1, - .., yn)) ] = 1 ([lop]) , (5.11)

for any primitive operation op € Op,, of the source language.

6 ENRICHED SCONE AND SUBSCONE

Given an wCpo-functor G : 8 — D, the comma wCpo-category D | G of the identity along G in
wCpo-Cat is defined as follows.
— The objects of D | G are triples (D € D,C € B, j : D — G(C)) in which j is a morphism of
D;
— a morphism (D, C, j) — (D’,C’, h) between objects of D | G is a pair (6.1) making (6.2)
commutative in D;

D D’
a=(ay:D— D' ay:C—C) (6.1) 7 Vh (6.2)
G(0) G(C)

G(a1)
-ifa=(a:D—>D,ay:C—>C),f=(po:D—>D",p:C—C"):(DC,j)— (D,C,h),
are two morphisms of D | G, we have that a < Sifag < fpin D and a; < f; in B.
Following the approach of [26, Section 9], we have:
THEOREM 6.1. Let G : B — D be a right ®Cpo-adjoint functor. Assuming that D has finite
wCpo-products and B has finite wCpo-coproducts, the wCpo-functor

L:D]G—-DxB, (6.3)
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defined by (D € D,C € B,j: D — G(C)) — (D, C), is @Cpo-comonadic and wCpo-monadic. This
implies, in particular, that L creates (and strictly preserves) @wCpo-limits and colimits.

By Theorem 6.1 and the enriched adjoint triangle theorem®, we have:

COROLLARY 6.2. Let G : B — D be a right oCpo-adjoint functor between wCpo-bicartesian
closed categories. In this case, D | G is an wCpo-bicartesian closed category. Moreover, if D X B is
wCpo-cocomplete, sois D | G.

Theorem 6.1 and Corollary 6.2 are @wCpo-enriched versions of the fundamental results of [26,
Section 9]. The details and proofs are presented in Appx. C.

6.1 Subscone
Henceforth, we assume that Sub (D | G) is a full reflective and replete @Cpo-subcategory of D | G.
We denote, herein, by X, the idempotent wCpo-monad induced by the wCpo-adjuntion.

Recall that a morphism q in @Cpo is full if its underlying functor is full. In this case, the underlying
functor is also faithful and injective on objects. Moreover, a morphism j in an @Cpo-category B is
full if B (B, j) is full in wCpo for any B € B.

Furthermore, recall that an wCpo-functor H : ‘W — Z is locally full if, for any (X, W) €
ob W x ob W, the morphism H : W (X, W) — Z (HX, HW) is a full oCpo-morphism. It should
be noted that the 2-functor underlying a locally full @wCpo-functor is locally fully faithful. Moreover,
since every full morphism in wCpo is injective on objects, every locally full wCpo-functor is faithful
(locally injective on objects).

Assumption 6.3. We require that:

(Sub.1) whenever (D € D,C € 8B, j) € Sub (D | G), j is a full morphism in B;

(Sub.2) G : B — D is a right wCpo-adjoint functor between wCpo-bicartesian closed categories;
(Sub.3) T, strictly preserves wCpo-products;

(Sub.4) Diag. (6.5) commutes.

DG plG
= g 64 L L (69
Sub(D|G)—=D]|G—DXxB—8 . .
DxB ? B ? DxB
We denote by L : Sub (D | G) — 8B the wCpo-functor given by the composition (6.4) where the

unlabeled arrow is the full inclusion.

THEOREM 6.4. The full inclusion Sub (D | G) — D | G creates (and strictly preserves) wCpo-
limits and @Cpo-exponentials. Moreover, if D | G is @Cpo-cocomplete, so is Sub (D | G).

Proor. Sub (D | G) —» D | G is wCpo-monadic and, hence, it creates wCpo-limits.

By (Sub.3) of 6.3, Ty, is commutative and, hence, Sub (D | G) — D | G creates wCpo-
exponentials.

Since T, is idempotent, Sub (D | G) is @Cpo-cocomplete whenever D | G is. O

COROLLARY 6.5. Sub (D | G) is an wCpo-bicartesian closed category. Moreover, if D X B is wCpo-
cocomplete, so is Sub (D | G).

Proor. It follows from Theorem 6.4 and Corollary 6.2. O

%See [10] for the original adjoint triangle theorem, and [25, Section 1] for the enriched version.
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THEOREM 6.6. The wCpo-functor L : Sub (D | G) — 8 is strictly (bi)cartesian closed and locally
full (hence, faithful). Moreover, L strictly preserves @Cpo-colimits.

Proor. The wCpo-functors L : D | G —» D X B and ng : D X B — B strictly preserve
wCpo-weighted limits and colimits. Since Ty, is idempotent and (6.5) commutes, this implies that
L strictly preserves wCpo-limits and colimits.

The composition g o L has a left @Cpo-adjoint given by C +— (0,C, ip). Since the counit of
this @wCpo-adjunction is the identity and g o L strictly preserves wCpo-products, we get that
this wCpo-adjunction strictly satisfies the Frobenius reciprocity condition. This implies that zg o £
strictly preserves wCpo-exponentials.

Since T, strictly preserves wCpo-products, we get that Sub (D | G) — D | G strictly
preserves wCpo-exponentials as well. Therefore, L strictly preserves wCpo-exponentials.

The locally fully faithfulness (and, hence, faithfulness) of £ follows from (Sub.1) of 6.3. )

Remark 6.7. Condition (Sub.1) of 6.3 ensures that our subscone indeed gives us a proof-irrelevant
approach: in particular, as stressed above, it implies that £ is faithful. Given objects (D, C, j), (D', C’, j’)
and a morphism f : C — C’in 8, if thereis a : (D, C, j) — (D’,C’, j’) satisfying L(a) = f, then a
is unique with this property. In this case, we say that f defines a morphism (D, C, j) — (D’,C’, j')
inSub (D | G).

7 CORRECTNESS OF DUAL NUMBERS AD

In this section, we show that, as long as the macro O defined in Fig. 4.9 is sound for primitives and
vect implements R, D is correct according to the k-specification below. More precisely, we prove
that:

THEOREM 7.1. Assume that vect implements the vector space R¥, for some k € N U {co}. For any
program x : T + t : 0 where T, o are data types, we have that [[t] is differentiable and, moreover,

[o(t)]x = o* ([[]) (7.1)
provided that D is sound for primitives.
In 7.7 and 7.6, we show how we can correctly get the derivative and the transpose derivative out

of Theorem 7.1. In other words, we get forward and reverse AD out of our correct macro, provided
that vect implements a suitable vector space R¥.

7.1 Basic setting

Henceforth, we follow the notation and definitions established in Section 5. In particular, unless stated
otherwise, the cartesian spaces R" and its subspaces are endowed with the discrete @wCpo-structure.

For each (n, k) € Nx (N U {co}), we define the @Cpo-functor (7.2). We consider the full reflective
wCpo-subcategory Sub (wCpo | G, x) of @Cpo | G, whose objects are triples (7.3) such that j is
full (and, hence, injective on objects).

n
Gnk &f wCpo X wCpo ((R", (R X Rk) ) , (=, —)) : wCpo X wCpo — wCpo (7.2)
(D € wCpo, (C,C") € wCpo X wCpo, (j : D — Gui (C,C’)) € wCpo) (7.3)
The wCpo-functor G,k together with Sub (wCpo | G,x) satisfies 6.3. Therefore:

THEOREM 7.2. Sub (wCpo | G, x) is a cocomplete wCpo-cartesian closed category. Moreover, the
forgetful wCpo-functor L _, : Sub (wCpo | G,x) — @Cpo X wCpo is locally full and strictly
cartesian closed. Furthermore, it strictly preserves @wCpo-colimits.

Proor. It follows from Corollary 6.5 and Theorem 6.6. O
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7.2 The monad

Let (n,k) € Nx (N U {co0}). In order to get a categorical model of our language, we need to define
a partiality monad for Sub (wCpo | Gyx).
We denote by D, the set of proper open non-empty subsets of the cartesian space R". For each
U € O,, we define
Diff (7 n.1) def ({(g :R" > U, bkg) 1gis differentiable} , (U, Pk (U X (Rk) )) ,incl.)
€ Sub (pro ! Gn,k) .

We define the Sub (wCpo | G, x)-monad Py (), on Sub (wCpo | G,x) by

Paic (D,(C.C), ), & (Puk (D (C.C). 1), (€)1, (C)), 3x) (74)

where Py, (D, (C,C’), j), is the union
{L} UGk (C.CH U ( U Sub (wCpo | Guk) (Diff ( n i), (D, (C,C") ,j))) (7.5)

UeD,

with the full @Cpo-substructure of G, x ((C) |, (C’) ) induced by the inclusion jx which is defined
by the following components:

e the inclusion {L} — G,k ((C),,(C’),) of the least morphism L : (R", (R x Rk)n) -

((€)1,(C1),) in wCpo x @Cpo (R, (R x RY)") ((C),..(€)));
o the inclusion of the total functions G,k (7¢c,nc) : Gug (C,C") = Gpi ((C) 1, (C") 1)

e foreachU € Oy, the injection Sub (wCpo | G i) (Diff (1 nk), (D, (C.C"), j)) = Gni ((C),,(C),)
defined by

(a0, = (B0 : U = C 1 < s (U (Rk)") =) (B R > (O B (Rka)" - (C),).

where 5y and f; are the respective corresponding canonical extensions.

For each (C,C’) € @wCpo X wCpo, the component (m¢, m¢) and (7¢, ne) of the multiplication
and the unit of the monad (—), on wCpo X wCpo define morphisms

M) i Pk (Prk (D, (C.C).J)), — Puk (D.(C.C), ), (7.6)
ﬁ(D,(C,C’),j) : (Da (Cs C,) ’.]) - Pn,k (Ds (Ca Cl) > ])J_ . (77)

in Sub (wCpo | G,x). Therefore, m and 7 define the multiplication and the unit for P, (-),,
completing the definition of our monad. Analogously, we lift, as morphisms of Sub (wCpo | Gx),
the strength of (-),, making P, (-), into a strong monad (i.e. Sub (wCpo | G, x)-enriched
monad).

In order to finish the proof that (Sub (wCpo | G k), Puk (=), ) is a CBV wCpo-pair, it is enough
to see that, for any pair of objects (Do, (Co, C}) . jo), (D1, (C1,C}), j1) of Sub (wCpo | G x), the least
morphism L : (Co,Cj) — ((C1) 1, (C}) ), of @Cpo (Co, (C1) 1) XwCpo (Cy, (Cp) | ) defines the least
morphism (D, (Co, C}) . jo) = Pk (D1, (C1.Cy), j1) , in Sub (@wCpo | G ).

Finally, since the underlying endofunctor of the monad #,x (—),, the multiplication and the
identity are clearly lifted from (—), through J_Zn’ . as defined above, we have:

THEOREM 7.3. For each (n, k) € Nx (N U {c0}), (Sub (@Cpo | Guk), Pnx (-).) is a CBV wCpo-
pair. Moreover, L, : Sub (wCpo | Gy k) = wCpo X wCpo is a CBV wCpo-pair morphism between
(Sub (@Cpo | Gyk), Pnx (—).) and (wCpo X @Cpo, (-) ).
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Therefore, by Lemma 3.2, Ugy (én k) is a CBV model morphism between the underlying CBV
models of (Sub (wCpo | G,k), Pnx (-).) and (wCpo X @Cpo, (-) ).

7.3 Logical relations as a CBV model morphism

Henceforth, we assume that the macro D is sound for primitives (see Def. 5.5). We establish the CBV
model morphism (7.16). We start by establishing the logical relations’ assignment.
Let (n,k) € Nx (NU {co}). We define the object (7.8) in Sub (wCpo | Gy ).

Trealll, . < ({( FiR" SR, fY) : fis differentiable, f* = DF f} , (R,R x Rk) ,incl.) (7.8)

For each m € N, op € Op,, and ¢ € R, we define the morphisms (7.9), (7.10) and (7.11) in
wCpo X wCpo, in which D, [[-] and [« are the functors underlying the CBV model morphisms
respectively defined in (4.10), (5.6) and (5.9).

[[sign T def (sign, ok (sign)) = (sign, [D (sign )] ) : (R,R X Rk) - ((1ul),,Aul),) (79

e, (c, ok (c)) L(L1) — (R,R x Rk) (7.10)

Tl & (fonlat o) (27 (25)") = 0 (1 x5%) ) o

By Theorem 6.4, we have that the product [][real]H:Zk in Sub (wCpo | G, k) is given by (7.12).
Therefore, by the chain rule for derivatives, we have that (7.9), (7.10) and (7.11) respectively define
the morphisms (7.13), (7.14), and (7.15) in Sub (pro ! Gn,k), where 1 LI 1 denotes the coproduct
of the terminal 1 = (1, (1,1), id) with itself.

({(f] :R" — R,fj*) f]* is differentiable and f]* = kafj,Vj € }Im}, (]R,R X Rk)m,incl.)

({( £:R" - R™ f*): fis differentiable, f* = DX f} : (R”‘, (R x Rk)m) ,incl.) . (7112)

J€lm

IR

[Isign I, : Mrealll, , — Pn (T L I)l (7.13) ﬂ[_g]ﬂn,k :1— [[real]],, x (7.14)

Mop,. : Mrealll — P (Trealllc) (7.15)
By the universal property of the CBV model (SynV, Syng,Syn,, Synit), we get:
THEOREM 7.4. For each (n,k) € N x (N U {co}), there is only one CBV model morphism

M1z : (Synt‘;, Syng, Syn}f, Synit{) — Ugy (Sub (@Cpo | Guk), Pui (-) 1) (7.16)

that is consistent with the assignment given by (7.8), (7.13), (7.15), and (7.14). Moreover, Diag. (7.17)
commutes.

idD
(Synv, Syng, Syn,,, Synit) Wy (SynV, Syng, Syn,,, Synit) X (Syng,Syng,Syn",Synittr )

T-Tax¥ § [-1x -1k
Usy (Sub (wCpo | Gpk), Pri () 1) Ugvy (wCpo X wCpo, (—) )

Ugy(L,,)
(7.17)
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Proor. Both ([-] x [-]x) o (id x D) and Ugy (L k) o [, yield CBV model morphisms

=n

that are consistent with the assignment given by the object (R, R x ]Rk) together with (7.9), (7.10)
and (7.11). O
7.4 AD Logical Relations for Data Types

As a consequence of Theorem 7.4, we establish a fundamental result on the logical relations [, «
for data types in our setting: namely, Theorem 7.6. We start by establishing Lemma 7.5 about our
logical relations and the coproducts in Sub (wCpo | Gpx).

LEmMA 7.5. Let (n,k) € N x (NU{co}). If (¢9,9) € ]_[ ﬂ[real]]],f’k, theng : R" — ]_[le is
JeL jeL
differentiable and g = D*g.
Proo¥. By Theorem 7.2, Sub (wCpo | G, k) has coproducts. Moreover, we can conclude that

(9.9) € U [[real]] , , implies that, for some r € L, we have a pair
jeL

(g:R" - RF, Dby s (Rx R - (RXR")IV) (7.18)

such that (g, g) = (ler © G L gyt © Dkg). Following Def. 5.2, this completes our proof. o

THEOREM 7.6. Let (n,k) € N X (NU {c0}). If (9,9) € Pni (U ﬂ[real]]]ff’k) , theng : R" —

jeL n
[ [

jeL

is differentiable and g = d* (g).

L
Proor. Indeed, by the definition of ,,x (—),, we have one of the following situations.
s1. g and g are the least morphisms, that is to say, they are constantly equal to L;

—
s2. the pair (g, §) come from a pair of total functions (g, g’) € U [[real] ,{)k;

jeL
U RY
jeL
sponding total functions, we have that (7.20) holds for any differentiable map « : R* — W.

Ry

jeL
If (s1.) holds, following Def. 5.5, we get that g is differentiable and g = d* (g) by Remark 5.3.
In case of (s2.), we get g is differentiable and § = D¥g by Lemma 7.5. Hence g is differentiable
and g = d* (¢).
Finally, in case of (s3.), by Lemma 7.5, we get that, for any differentiable « : R — W, go a is

3. g ! = W is open. Moreover, denoting by (7.19) the pair consisting of the corre-

(7.19) (2 oa go bk“) e | | Mreatl V. (7.20)
jeL

differentiable and ¢ o D« is well defined and equal to D* (g o 0(). By Lemma 5.4, this implies that
g is differentiable and D¥g = ¢. Following Def. 5.5, this completes the proof that g is differentiable
and g = d* (g). O
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CoROLLARY 7.7. Let k € N U {oo}. If, for each i € &, the morphism (g,g) in ®Cpo X wCpo

defines the morphism (7.21) in Sub (wCpo | G;, k), then g : U RS — U RY | s differentiable

reg jeL n
and § = d* (g).
I — I —_—s; P
g: U [[realll;,  — Ps.k ]_[ [realll, .| (7.21) [[real], , — ]_l [[reallls, . (7.22)
reg jeL N rek

Proor. From the hypothesis, for each i € £, we conclude that the pair (7.23) defines the morphism
(7.24), since ([Rsi, l(Rka)si) defines the coprojection (7.22) in Sub (wCpo | G, ).

def T i =
(91‘ i g o Igsi, §i = go [(RXRk)Si) (7.23) & T &°h: Mrealll,x — sk (!?l ﬂ[real]]]si,k)
(7.24)
Since idgs: : R% — RS is differentiable, and D¥(idgs) is given by the identity (R x Rk)si -
(R x RF )Si, we conclude that

(gis gl) € ps,—,k

U [[[real]]]zsk) . (7.25)

jeL

By Theorem?7.6, (7.25) proves that g; is differentiable and g; = d* (g;). Since this result holds for any
i € £, we conclude that g is differentiable and ¢ = d* (g). O

7.5 Fundamental AD correctness theorem

We prove Theorem 7.8, which completes the proof of Theorem 7.1.

THEOREM 7.8. Let t : Ureals’ — Syng (U reallf) be a morphism in Syn,,. We have that

reg
[t] - URSV — URIJ'

reg J€eL

jeL

is differentiable and, for any k € (N'U {co}), [D (t)]x = d* ([t]).

1

ProoF. We assume that we have t as above. For each i € £, the pair (7.26) is in the image of
(I-1 % [-Tx) o (idxD) = Ugey (és k) o [[-1ls, k- This implies that (7.26) defines the morphism

(7.27) in Sub (wCpo | G, x). Therefore, by Corollary 7.7, we conclude that [¢] is differentiable and
[D(6)1x = d* ([t]).

([], [2(OT%) (7.26) Msi,k : U ﬂ[real]]]:’k - gDs,-,k (U [[[reallllg,k) (7.27)

rekK JjeL

7.6 Correctness of the dual numbers forward AD

We assume that vect implements the vector space R. It is straightforward to see that we get forward
mode AD out of our macro »: namely, for a program x : 7  t : o (where 7 and ¢ are data types) in
the source language, we get a program x : D(7) + D(t) : D (o) in the target language, which, by
Theorem 7.1, satisfies the following properties.

o [t] : L,ex R™ — (Ll R™), is differentiable as in Def. 5.5;
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e ify e R" N [[t]™' (R™) = W, for some i € K and j € L, we have that, for any w € R™,
denoting z := ¢y, 1 (v, w),

[2 11 (Pn1 (v, w)) ' ([t (2) = D' [thlw; (2) = fmyn (] (), - [£]" (1))
P (L] (), [’ () (w) (7.28)

where [[¢]"(y) : R" — R™ is the derivative of [[¢]||w, : W; — R™ aty.

7.7 Correctness of the dual numbers reverse AD

We assume that vect implements the vector space R¥, for some fixed k € N U {co}. We consider
the respective (co)projections pi_,; for each s € N U {co}, as defined in (4.5) . The following shows

how our macro encompasses reverse mode AD.
. . def —
For each s € N* with s < k, we can define the morphism wrap, = (ﬂj,ej)jeﬂ‘ : real’ —
(real x vect)® in Syn{;, which corresponds to the wrapper defined in (1.1) in the target language.

We denote wrap, def [wrap,Jlx. By the definition of the k-semantics, it is clear that wrap, (y) =

bsk (v, ek, ..., k).
For a program x : real® r ¢ : real’ (where s,I € N*), we have that, for any y € [t]~! (R!) C R*,

[D(t) o wrap Ik (y) = d* ([t]) o wrap, (y) = DF[[t] o wrap, (y)
DF[[e] o P (y, ek ..., ef)
¢l,k ([[t]] (y) > ps—»k[[t]]/(y)t)

by Theorem 7.1. This gives the transpose derivative p,_ [t]’(y)* as something of the type vect. This

should be good enough whenever k = s, since, in this case, [vect']x = (Rs)l and Ps_x = Pr_k = id.
In case of s < k, if needed, the type can be fixed by using the handler b;. More precisely, we can
define the morphism

bis &ef (id, Bs) ey, ¢ (real X vect)! — (real x reals)l

and, by the definition of k-semantics, we conclude that
[b1s o D(t) o wrap [« (v) (0051 © dui ([21 (), Ps—ic (21" (1))

¢l,k ([[t]] (y) > Pk—s © ps%kﬂ.t]ll(y)t)
dui ([E1 (), 121" (m)'),

since Pr_s © Ps_k = id whenever s < k.

Again, by Theorem 7.1, it is straightforward to generalize the correctness statements above to
more general data types o. Furthermore, it should be noted that, for k = oo (representing the case of
a type of dynamically sized array of cotangents), the above shows that our macro gives the reverse
mode AD for any program x : 7  t : o for data types 7 and o. This choice of k = oo is the easiest
route to take for a practical implementation of this form of dual-numbers reverse AD, as it leads to
a single type of cotangent vectors that works for any program.

8 AD FOR RECURSIVE TYPES AND ML-POLYMORPHISM
8.1 Syntax

We extend both our source and target languages of 4.1 and 4.2 with ML-style polymorphism and
type recursion in the sense of FPC [13]. That is, we extend types, values and computations for each
of the two languages as
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T,0,p u=  types | o py type variables
| ... as before | pa.r recursive type

L, W, U = values | rollo recursive intro
| ... as before

t,s,r ==  computations | rollt recursive intro
| ... as before | casetofrollx — s recursive elim

The new values and computations according to the rules in Fig. 8.1.

A|Trt:o[F*,] A|Trtipaoc A|T,x:0F*]Fs:t
A|T Frollt: pa.c A|T +casetofrollx —»s: 1

Fig. 8.1. Typing rules for the recursive types extension.

Here, kinding contexts A are lists of type variables ay, . . ., a,. We consider judgements A | T+ ¢ : 7,
where the types in I and 7 may contain free type variables from A. They should be read as specifying
that ¢ is a program of type 7, with free variables typed according to I', that is polymorphic in the
type variables of A.

We use the fn-rules of Fig. 8.2.

caserolloof rollx — ¢ = t[%] t[%] 2 casevof rollx — ¢[*1%/]

Fig. 8.2. The standard fn-equational theory for recursive types in CBV.

Once a language has recursive types, it is already expressive enough to get term recursion and,
hence, iteration. Namely, we can now consider term recursion at type 7 = ¢ — p as syntactic sugar.

Namely, we first define y « pe. (@ — 1) and then:
def
unrollt = casetof rollx — x

ux : .t et body: y > 7= (Ady: y.Az:oletx : = unrolly y in ¢t z) in body(roll body).
(8.3)

The semantics of the language is, of course, expected to be consistent — meaning that term
recursion should be compatible with the definition above. Alternatively, we can consider that the
source language is given by the basic language with the typing rules given by Fig. 4.1 with the
corresponding grammar plus the recursive types established above, while the target language is
the source language plus the extension given by the grammar and typing rules defined in 4.2.

8.2 Categorical models for recursive types: r*CBV models

Here, we establish the basic categorical model for the syntax of call-by-value languages with
recursive types. Let (V,7") be a CBV pairand J : V — C the corresponding universal Kleisli functor.
Moreover, let Cat (2,V-Cat) be the category of morphisms of V-Cat.

For eachn € N, an n-variable (V, T")-parametric type (or a (V, T )-parametric type of degree n) is
amorphism E : (J°P X J)" — Jin Cat (2, V-Cat). In other words, it consists of a pair E = (E«, E¢)
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of V-enriched functors such that (8.4) commutes. A (V, T")-parametric type of degree 0 (8.6) can be
identified with the corresponding object V.

(CPxC)" L C
(]“pXJ)"T TJ (8.4)
(VP X V) ——= Y
Ey

We denote by Param (V, 7) the collection of all (V, 7")-parametric types E = (E«, E¢) of any
degree n € N. As the terminology indicates, the objects of Param (V,7") play the role of the
parametric types in our language. However, the parametric types in the actual language could
be a bit more restrictive. They usually are those constructed out of the primitive type formers.
Namely, in our case, tupling (finite products), cotupling (finite coproducts), exponetiation (Kleisli
exponential) and type recursion.

Definition 8.1 (Free type recursion). A free decreasing degree type operator (fddt operator) for
(V,T) is a function (8.5) identity on parametric types of degree 0 which takes each (n+1)-variable
(V,T)-parametric type E = (E«, E¢) to a (V, T)-parametric type vE = (vEq, vE¢) of degree n,
provided that n € N.

v:Param (V,7) — Param(V,7) (8.5)
c®xemt —X ¢ c®xc)r —2
(J“PXJ)"“T TJ — (J""XJ)"T TI
(VP x V) =V (VEXV)" — >V

A rolling for (8.5) is a collection (8.7) of natural transformations such that (8.8) is invertible for any

E = (Ey, E¢), that is to say, J (roIIE) is a natural isomorphism.

(id,vE$,vav)

((Vop X (V)n ((Vop X (V)n+1
((‘V"P X V)’ >V, (CP xC)’ — c) (8.6) o, L
Ey
roll = (roIIE) (8.7) vEy
- E=(Evy,Ec)€Param(V,T) C gV
J
(8.8)

A free type recursion for (V,T") is a pair v = (v, roll) where v is an fddt operator and roll is a rolling
for v.

Definition 8.2 (H-compatible). Let H be a CBV pair morphism between CBV pairs (V,7") and
(V’,T"). A pair (E,E’) € Param (V,T) x Param (V’,7”) of parametric types is H-compatible if
they have the same degree n and the diagram (8.9) commutes. In particular, if n = 0, the pair (E, E’)
is H-compatible if H (Ey) = E’«y.

(VP x V)" B v
(H"PXH)"\L iH (8.9)
((Vrop X (v/)n - (Vl
Elq
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Definition 8.3 (rCBV models). An rCBV model is a triple (V, 7", v) where (V,T) is a CBV pair
and v is a free type recursion for (V, 7).

An rCBV model morphism between the rCBV models (V,7,v) and (V’,7”,v’) consists of a
CBYV pair morphism between (V,7") and (V’, 7’) such that, for every H-compatible pair (E,E’) €
Param (V,7T) x Param (V’,7) of n-variable parametric types, (VE, vE') is H-compatible and, if

n > 0, (8.10) holds, that is to say, H (roIIE) = roIIfHOP - The rCBV models and rCBV model

morphisms define a category, denoted herein by €z gy .

op n-1 (id’VE?‘g’VE(V) op n 10] ’ n—l(id’VE/?Vp"VE/(w) 10] nn
(VR L (Rt (R ) (V7P x V)
E _ ,
Lo g, = (HoPxH)™! roll” £y
VE(V VE’rv/
% o v (rvop % (v)n—l P

(8.10)
There is, then, an obvious forgetful functor U, : Crgy — €.

Remark 8.4. We do not use this fact in our work, but every rCBV model has an underlying CBV
model. More precisely, free term iteration can be defined out of the free term recursion, while the
latter can be defined out of the free type recursion (see (8.3)). This defines a forgetful functor

R:Crgy — Cgy. (8.11)

8.3 The rCBV models (SynV, SynS, Vsyn) and (synRtr Syngtr _gryn)

We consider the yCBV model generated by each syntax, that is to say, the free rCBV models coming
from the fine-grain CBV translations of the source and target languages. This provides us with the
rCBV models

(Syns, Syng, Vsy n) and (SynRtr Syngtr _gry n) (8.12)

with the universal property described in Theorem 8.5.

THEOREM 8.5 (UNIVERSAL PROPERTY OF THE rCBV MODELS (8.12)). Let (V,T,v) be an rCBV
model. Assume that Fig. 4.7 and Fig. 4.8 are given consistent assignments.

(1) There is a unique rCBV model morphism H : (Syns, Synf\;,gsyn) — (V,T,v) respecting the
assignment of Fig. 4.7.

(2) There is a unique rCBV model morphism H : (SynRtr SynR', vsyn) — (V,T,v) that extends
H and respects the assignment of Fig. 4.8.

Remark 8.6. By Theorem 4.1, we have (unique) CBV model morphisms s : (SynV, Syng,Syn,, Synit) -

R (Syns, Synf, gsyn) and st : (Synt‘f, Syn, Syny;, Synittr) - R (SynRtr SynR', vsy n) that are iden-
tity on the primitive operations and types.

Theorem 8.5 states that H - R (H) o s and H + R (H) o s* give the bijections (8.13) and (8.14),
respectively.

Crgy ((Syn‘R,,SynE.,lsyn) R ((V,Tz)) = QCgy ((SynV,SynS,Synﬂ,Synit) R ((V,'T,g)) (8.13)
Crzy ((Synft synf™, vir, ). (V.To)) = €y ((Syn}, Synd, Synts, synif) R (V. 7)) (8.14)
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8.4 Automatic differentiation for languages with recursive types

We extend our definition of AD to recursive types in Fig. 8.15. We note that our extension is
compatible with our previous definitions if we view term recursion (and iteration) as syntactic
sugar.

LEMMA 8.7 (TYPE PRESERVATION). IfA | T+ t: 7, then A | D(T) + D(t) : D(1).

() ¥ a D(pat) E pa.o(z)

D(rollt) «f oll o (1) D(casetof rollx — s) «f case » (t) of rollx — D(s)

Fig. 8.15. The definitions of AD on recursive types.

8.5 AD transformation as an rCBV model morphism
By Theorem 8.5, the assignment defined in Fig. 4.11 induces a unique rCBV model morphism (8.16),
which encompasses the macro O defined by Fig. 4.9 and extended in Fig. 8.15.

D : (Syns, Synf%, zsyn) - (Synﬁ“,SynE",z;’yn) : (8.16)

8.6 Concrete models: r*CBV wCpo-pairs

Although the setting of bilimit compact expansions is the usual reasonable basic framework for
solving recursive domain equations, we do not need this level of generality. Instead, we consider a
subclass of concrete models, the rCBV wCpo-pairs established in Def. 8.8.

We are back again to the setting of @Cpo-enriched categories. Recall that an embedding-projection-
pair (ep-pair) u : A < B in an wCpo-category C is a pair u = (u¢, u”) consisting of a C-morphism
u : A — B, the embedding, and a C-morphism u” : B — A, the projection, such that u€ o u? < id
and u?f o u® =id.

It should be noted that, when considering the underlying 2-category of the wCpo-category,
an ep-pair consists of an adjunction® whose unit is the identity. In this context, it is also called
a lari adjunction (left adjoint right-inverse), see [8, Sect. 1]. In particular, as in the case of any
adjunction, an embedding u® : A — B uniquely determines the associated projection u? : B — A
and vice-versa.

A zero object’ © in an wCpo-category C is an ep-zero object if, for any object A, the pair
1a=0f:0 —> AP : A— D) consisting of the unique morphisms is an ep-pair.

Definition 8.8 (rCBV wCpo-pair). An rCBV wCpo-pair is a CBV pair (V, 7") such that, denoting

by J : ¥V — C the corresponding universal Kleisli ‘V-functor,

rw.1 V is a cocomplete wCpo-cartesian closed categoryw;

rw.2 the unit of 7 is pointwise a full morphism (hence, J is a locally full @wCpo-functor);

r®.3 C has an ep-zero object O = J (0), where 0 is initial in V;

rw.4 whenever u : J(A) < J(B) is an ep-pair in C, there is one morphism i : A — B in V such

that J (2) = u®.
"See [23, 4.2.2] or [43, Sect. 8] for the general setting of bilimit compact expansions.
8See, for instance, [21, Sect. 2] or [27, 3.10] for adjunctions in 2-categories.

Recall that a zero object is an object that is both initial and terminal.
10y is, hence, wCpo-cocomplete as well.
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An rCBV wCpo-pair morphism from (V,7) into (V’,7”) is an wCpo-functor H : V — V'’
that strictly preserves wCpo-colimits, and whose underlying functor is a morphism between the
CBYV pairs. This defines a category of rCBV wCpo-pairs, denoted herein by wCPO-€, g .

Every rCBV wCpo-pair (V,7) has an underlying wCpo-pair, and this extends to a forgetful
functor @CPO-C, gy — @wCPO-Egq,. More importantly to our work, we have the following.

8.6.1 rCBV wCpo-pairs are rCBV models. Let (V,7T") be an rCBV wCpo-pair. It is clear that we
have an underlying CBV pair which, by abuse of language, we denote by (V, 7") as well. Hence,
we can consider (V, T")-parametric types.

Let n € N* and (8.4) be an n-variable (V, 7")-parametric type. For each A € (VP x V)",

we get an 1-variable (V, 7")-parametric type E4 = (EQ‘,,E/C‘) where E‘(“V (W,Y) def Ey (A W,Y)

and E‘é, (W, Y") &ef Ec (J(A),W’,Y’). Let 8£ be the diagram (8.18) in C given by the chain of

morphisms (af : Wy, — Wp41) oy Where (an) e is the chain of ep-pairs inductively defined by
(8.17).

a0 d;f (,E;DHE‘é(D,D),I‘DtEé(D,D)—UD) Dg%g%i%‘g... (8.18)
def
a1 = (Eé (aﬁ,a,‘;) JEA (afl, aﬁ)) 617) o % ¥, i% ﬁ% & (8.19)

There is a unique diagram &% such that J o E& = &L by (rw.4) of Def. 8.8. Since V has wCpo-
colimits, we conclude that the conical @Cpo-colimit of Sf; exists and is preserved by J — hence, 85\
has a conical wCpo-colimit in C as well.

By the celebrated limit-colimit coincidence [38], since (8.18) is the chain of embeddings of a chain
of ep-pairs, the colimit gives us the wCpo-limit of the associated chain (aﬁ)n oy of projections (8.19),
denoted herein by Pﬁ . This bilimit of ep-pairs is absolute — this means that any wCpo-functor
H : C — C’ preserves the conical @Cpo-colimit (and wCpo-limit) of 8}2 (respectively, Pf).

Since the conical wCpo-colimit of 8£ is absolute, the diagram (8.4) commutes, and J strictly
preserves wCpo-colimits, we have the invertible morphism (8.20) given by the composition of the
respective canonical comparison morphisms.

J o E}

o im (&' ,coli ;) = o i % ) ,coli 4 = i A i>]c01im(8£)

(8.20)

It should be noted that, for each f : (J° x )" ' (A) — (J°* x J)" 7' (B) in (C® x C)"!, we
have an induced ‘V-natural transformation 8? : Sﬁ - 85 . This association extends to a V-functor
EE from (C°P x C)"™! into the V-category of chains in C. The association A > 825‘ also extends to

a V-functor EE from (VP x V)" ! into the V-category of chains by the V-faithfulness of J, .
We define the fddt operator v,, as follows. For each n € N*, given a (V, T )-parametric type
E = (E, Ec), we define:

VoE = (VoEy, voEc) & (colim o EE, colim o 8E) (8.21)

where, by abuse of language, colim is the V-functor from the V-category of chains in V (respec-
tively, in C) into the “V-category V (respectively, C).
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Since every isomorphism is an embedding, there is only one wrollﬁ inV such that J (a)rollﬁ)

is equal to (8.20). The morphisms wrollf = (wrollﬁ) gives a V-natural transfor-

Ae(Vorxy)n1
. . . . def
mation Eq (1d, vwE?‘l,), vwE(v) — V,Eq such that J (wroIIE) is invertible. Therefore roll | e

. . . def
(wroIIE ) is a rolling for v,, and we can define the (free) type recursion v = (v, roll ).
EeParam(V, =~

THEOREM 8.9 (UNDERLYING rCBV MODEL). There is a forgetful functor U,g : ®CPO-C, gy —
Crpy defined by Upgy (V.T) = (V,T,v,,), that takes every morphism H to its underlying
morphism of CBV models.

Proor. From the definition of v and the fact that H strictly preserves V-colimits, we conclude
that, indeed, H respects the condition of rCBV model morphism described in Def. 8.3. O

Remark 8.10. The product of rCBV wCpo-pairs is given by (Vo, To)X(V 1, T1) = (Vo X V1, T X T7).
Moreover, it is clear that U, g preserves finite products.

8.7 Concrete semantics
The CBV pair (wCpo, (), ) as in 5.1 clearly satisfies the conditions of Def. 8.8 and, hence, it is also
an rCBV wCpo-pair. By Theorem 8.5, for each k € N U {oo}, we have unique rCBV model mor-
phisms (8.22) and (8.23) respecting the assignments of Fig. 5.8 and (5.10). In other words, following
Remark 8.6, we have only one extension of the semantics (5.6) and (5.9) to the respective languages
with recursive types.

Rtr Rtr _tr

1 (Syn8 5yn8 ) — Uy (aCpo,(-1,) (82 L0k (S 5yn 160 = T <‘*’CP°5(‘>?8)23)

Moreover, by Remark 8.10, we have that the product (wCpo X wCpo, (=), ) asin 5.1 is an rCBV
wCpo-pair.

8.8 Subscone for rCBV wCpo-pairs

The first step for our logical relations proof is to verify that, for each (n, k) € N x (N U {oo}), the
CBV wCpo-pair (Sub (wCpo | Guk), Pnx (—).) as in Theorem 7.3 yields an rCBV wCpo-pair. In
order to do that, we rely on Theorem 8.12 about lifting the rCBV wCpo-pair structure.

Definition 8.11 (Impurity preserving/purity reflecting). Let (V,7) and (V’,7’) be CBV pairs.
A CBV pair morphism H : V — V' is impurity preserving (or, purity reflecting) if, whenever
H(f) = ny o g, there is f in V such that ny o f = f.

THEOREM 8.12. Let (V',T’) be an rCBV wCpo-pair, and (V,7") a CBV pair such thatV is a
cocomplete wCpo-cartesian closed category and T(0) is terminal.

IfH : V — V'’ is a locally full oCpo-functor that yields an impurity preserving CBV pair
morphism (V,T) = Urp (V',T"), then (V,T") is an rCBV wCpo-pair. If, furthermore, H strictly
preserves wCpo-colimits, then H yields an rCBV wCpo-pair morphism.

Proor. We prove that (V, 7") yields an rCBV wCpo-pair. By hypothesis, (V, T) satisfies (rw.1).
We prove the remaining conditions of Def. 8.8 below.
(rw.2) Let n and n’ be respectively the unit of 7~ and 7. Since H is locally full, it reflects full
morphisms. This implies that, for any C € V, 5¢ is full since r];{( o=H (n¢) is full.
(rw.3) Since T(0) is terminal, J (0) is a zero object. Thus, for each A € C, we have the pair (8.24) of
unique morphisms in C.
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Since H preserves initial objects and (V’, 7”) is an rCBV wCpo-pair, we have that (8.25) is
the ep-pair of the unique morphisms. Finally, since H is a locally full @Cpo-functor, it reflects
ep-pairs and, hence, (8.24) is an ep-pair.

(,A JO0) > AA AT (0)) (8.24) (H (10), H (,A) H(A) — D) (8.25)

(rw.4) Given an ep-pair u : J(A) = J(B) in C, the image H(u) : HJ(A) < HJ(B) by H is an ep-pair.

Since (V’,7”) is an rCBV wCpo-pair, there is one morphism H (u) : H(A) — H(B) in V’

such that J’ (ﬁ (u)) = H (u®). Since the CBV pair morphism H : (V,7) — U (V',T) is
impurity preserving, we conclude that there is & : A — B such that J (4) = u°.

O

As a consequence, in the setting of subscones satisfying Assumption 6.3, we get:

THEOREM 8.13. Let (V,T") be an rCBV wCpo-pair, and (8.26) the forgetful oCpo-functor coming
from a pair (G : V — D, Typ) satisfying Assumption 6.3.

If D is cocomplete and T = (T, m, ﬁ) is a strong monad that is a lifting of the monad T along

(8.26) such that (¢.1) and (c.2) hold, then (Sub (D] G) ‘7_') is an rCBV wCpo-pair and L yields an
rCBV wCpo-pair morphism (8.27).
c.1 T takes the initial to the terminal object;
¢.2 for any (D,C, j) € Sub (D | G), denoting T (D,C, j) = (? (D,C, j),T(D),@), Diag (3.28)
induced by the unit 7 is a pullback in D.

D——> 7 (D,GC,j)
L:Sub(D]G) =V (8.26) L l
= _ j Ti (8.28)
(sub (D] G),‘]') S (V. T) (8.27)

G(O) 5oz 6T ()

Proor. By Corollary 6.5, Sub (D | G) is cocomplete wCpo-cartesian closed. Moreover, £ is
locally full, strict wCpo-cartesian closed, and @Cpo-colimit preserving by Theorem 6.6. Therefore,
the fact that 7" is a lifting of 7~ through £ implies that it yields a CBV pair morphism (8.27).

(¢.2) implies that the CBV pair morphism (8.27) is purity reflecting. Assuming (c.1), this implies
that (Sub (D16) ,?) is indeed an rCBV wCpo-pair morphism and £ yields an (8.27) is an rCBV
wCpo-pair morphism by Theorem 8.12. O

In the particular case of interest, we conclude:

THEOREM 8.14. For each (n,k) € N x (N U {c0}), (Sub (0Cpo | Gu), Pk (<), ) is an rCBV
@Cpo-pair. Moreover, L , : Sub (wCpo | Gnx) — wCpo X wCpo yields an rCBV wCpo-pair
morphism

(Sub (wCpo | Gui), Puik (-),) = (wCpo X @Cpo, (-),) . (8.29)

Proor. In fact, we already know that £ , comes from a pair that satisfies Assumption 6.3.
Moreover, (wCpo X wCpo, (—) ) is an rCBV wCpo-pair and P, x (), is a lifting of (—), along
L, . satisfying the conditions of Theorem 8.13.

O

By Theorems 8.14 and 8.9, we get:
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CoroLLARY 8.15. L yields an rCBV model morphism
Uy gy (Sub (@Cpo | Gui), Prk (=) ) = Urgy (wCpo X ©Cpo, (=) ) .

8.9 Logical relations as an rCBV model morphism
Let (n, k) € NX(N U {co}), and let’s assume that O is sound for primitives (see 5.7). By the universal
property of the rCBV model (Syns, Syng, KSyn) and the chain rule for derivatives, there is only

one rCBV model morphism

M=, (Synﬁ, synk, Zsyn) — Uy gy (Sub (@Cpo | Gur) . Puk (),) (8.30)
that is consistent with the assignment given by (7.8), (7.13), (7.15), and (7.14).

LEmMMA 8.16. For any (n, k) € N x (N U {co}), Diag. (8.31) commutes.

(id,ID)
(Syns, Syng,zsyn) (Syns, Syng,zsyn) X (Synstr’syngtr,ztsry n)
T-Toi ¥ y I-Ix0-1k

U,y (SUb (wCPO l Gn,k) » Pk (_)_J_) U, gv (wCpo X wCpo, (-) )

Uyrgy (£n7k>
(8.31)

Proor. Both ([[-] X [—]lx)o(id X ID) and U, gy (én k) o[[~1l,.x yield rCBV model morphisms

that are consistent with the assignment given by the object (R, R x Rk) and the morphisms (7.9),

(7.10) and (7.11). Therefore, by the universal property of (Syns, Syng,gsyn), we conclude that
Diag. (8.31) indeed commutes. O

8.10 AD correctness theorem for non-recursive data types

The correctness theorem for non-recursive data types follows from Lemma 8.16 and Corollary 7.7.
That is to say, we have:

THEOREM 8.17. Let t : U real” — Syn?S (U reallf') be a morphism in Syn@. We have that

reg
[:] : URS’ - URIJ'

reg JEL

jeL

is differentiable and, for any k € (N U {co}), [ID (£)]x = d* ([¢]).

1

8.11 AD on recursive data types

The LR argument we presented provides us with an easy way to compute the logical relations of
general recursive types: namely, since (Sub (@Cpo | G,k), Ppi (=) ) is an rCBV wCpo-pair, the
recursive types will be computed out of suitable colimits. This gives us useful information about
the semantics of D (t) for a program x : 7 + ¢ : o where 7 and o are recursive types. In particular,
we can extend the correctness result 8.17 to any data type, including those involving recursion.

We denote by Syng the Kleisli Syns-category associated with (Syng, Syng). Moreover, we
respectively denote by (8.32) and (8.33) the coproduct, product and n-diagonal functors.

R R R P R\ R R\ rR)"
L, X : Syny; X Syn;; — Syny,  (8.32) diag, : (Syny| XSyny — ((Syny) XSyny| (8.33)
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Definition 8.18. Let R 1,0 : (Synf)” x SynR — Syn® be the constant functors which are,
respectively, equal to real, 1 and 0. We define the set PR (Syng, Syng, KSyn) inductively by (D1), (D2)

and (D3).

(D1) The functors R, I, O are in ‘Bb (Syns, Syng, 1_/syn). Moreover, the projection 7 : (Syn‘r‘,’)010 X
Syn‘R,’ - Syn"i belongs to B° (Syn‘s, Syng,zsyn).

(D2) For each n € N*, if the functors (8.34) belong to B® (Syn"}, Syng, ZSyn)’ then the functors
(8.35) and (8.36) are in P° (Syns, Syng,gsyn).

(D3) IfE = (ESyn‘R, s EynR ) € Param (Synﬁ, Syng) is such that Eg & € pUl (Syns, Syng, zsyn),
then (VSYHESynﬁ) is in P° (Syns, Syng,gsyn).

We define the set Param® (Syns, Syng, zsyn) of parametric data types by (8.37).

op n op
GG : ((Syns) X Syns) — Synfy  (8.34) Godiag, : (Syns) x Synf} — Synk  (8.35)
R\ R\ R
Xo(GxXG'),Uuo(GXG): ((Synv) X SynV) — Syny, (8.36)

Param® (Syn‘s, Syng,gsyn) = {E € Param (Syns, Syng) : Esyn5 e PP (Syns, Syng,gsyn)}
(8.37)
THEOREM 8.19. Let E be an n-variable (Syns, Syng,gsyn)—parametric data type, where n € N*.
There is a countable family of natural numbers (m(j;f))(j T)e(I,u{0}) xTree such that, for any rCBV
model morphism H : (Syns, Syng,zsyn) — Urgy (V,T) and any H-compatible pair (E, F),

we have that (8.39) holds, where the isomorphism = is induced by coprojections and projections'!.
I &
H (1) = ]_[ H (real)” (8.38) 2 (WI’ Yj)jel[n ~ U (H (real)™oD x l_[ Y‘;n(j,T)) (8.39)

jeb TeTree Jj=1
As a consequence, if T € Syns corresponds to a data type t, then there is a countable family (lj)jeL e NE

of natural numbers such that (8.38) holds for any rCBV model morphism H : (Syns, Syng,zsyn) —
Urgy (V. T).
Proor. The result follows from induction. The non-trivial part is a consequence of the following.
Let (E, I:") € Param® (Syns, Synf\;) X Param(U, gy (V,T)) be an H-compatible pair of (n + 1)-
variable parametric types where F+y is given by (8.40) for some countable family (scir) (ir) € U{0}) X2
of natural numbers. We prove below that (vsynE~, F ) is H-compatible for some F such that F«y satis-
fies Eq. (8.39). By the definition #CBV model morphism, we have that (VsynE, Vo F ) is H-compatible.

Hence, we only need to prove that v,,F, is given by (8.39).

(I) We inductively define the set Tree by the following. Let r € £: (a) if S(p+1,,) = 0, thenr € Tree;
(b) if S(p41,r) # 0, then, for any T € Tree®™*" the pair (T,r) is in Tree.

That is to say, it is just a reorganization of the involved coproducts and products.
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(I) We inductively define the family (m j,T))(j T)e(I,U{0})xTree of indices by the following. Let
r € £: (a) if s(p1) = 0, we define mg;,) = s(;, for each j; (b) if s(ps1,) # 0, given

T= (Ti)ie]g(ml'r) € Tree®™1")  we define m(; (1)) by (8.41) for each j.

n+1 S(n+1,r)
Foy (Wi Yyer,,, = | | |H (real)s“””xnyis“'r)) (840) m(;(rry =sGn+ ), MGz (4D

reg i=1 i=1

Let X = (W, Yi)ie, € (VP XV)", §x = I:“f‘(, (0,-) and ! the obvious unique morphism. The
colimit of (8.42) is isomorphic to (8.43). Hence, by the definition of the fddt operator v, of
Urgy (V,T) = (V.T.,v,,), voF« is given by the formula given in (8.39). This completes the
proof.

n
: Bx (1) 3Q H (real)™on x ymen
0—=>Fx (0 —=F (0) —=F, (0) > - -- (8.42) TE]?L( (real) B j

(8.43)
Finally, if T € Syn‘R,’ corresponds to a data type 7, then the constant parametric type t equal to 7 is

an (Syn‘s, Synf‘;)—parametric data type of degree 1. Hence, denoting by Hz the constant parametric

type equal to H (7), since (t, Ht) is H-compatible, we conclude that (8.39) holds for some (1;)

JjeL
where L is countable. m]
[RM,x = | [ Mrealll, ) (8.44) [RD =] [® (8.45)

j€EL jeL
THEOREM 8.20. Lett : T — o be a morphism in Syn‘s. If T and o correspond to data types,

[z] - URSV — URIJ

reg jeL

is differentiable and, for any k € (N U {co}), [ID (£)]x = d* ([¢]).

1

Proor. First of all, indeed, by Theorem 8.19, we have that there are countable families (s;), ¢
and (lj)jeL such that

Ml : | | Wreallly . — P

reg

U [[real]] ij,k) (8.46)

jeL

is a morphism in Sub (wCpo | G;, k), for each i € £ and any k € N U {co}.

By the commutativity of (8.31) for any (s;, k) € NX(N U {co}), we get that the pair ([[¢]], [ID(¢)]x)
defines the morphism (8.46) for each i € £. By Corollary 7.7, this implies that [[¢] is differentiable
and [ID (t)]x = d* ([]). O

Finally, as a consequence, we get:

THEOREM 8.21. Assume that vect implements the vector space R¥, for some k € N U {co}. For any
program x : T+ t : o where t, o are data types (including recursive data types), we have that [[t] is
differentiable and, moreover,

[ )1k = o* ([e]) (8.47)

provided that D is sound for primitives.

Following the considerations of 7.6 and 7.7, it follows from Theorem 8.17 that O as defined in 8.4
correctly provides us with forward and reverse AD transformations for data types.
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8.12 AD on arrays

Arrays are semantically the same as lists: in our language, if 7 is a data type, an array of 7 is given
by pa.1U 7 X a. It should be noted that, if x : pe.1UrXa + t : pa.1 U7 X 3, we have that

- | el - (]i[[[o]]) .
i=1 i=1 L

By Theorem 8.21, if 7 and ¢ are data types, we get that b ([[t]) (as defined in (5.5)) is equal to
[D(t)] k- Therefore, Theorem 8.21 already encompasses the correctness for arrays (of data types).

9 RELATED WORK

This is an improved version of the unpublished preprint [43]. In particular, we have simplified the
correctness argument to no longer depend on diffeological or sheaf-structure and to have it apply
to arbitrary differentiable (rather than merely smooth) operations. We have further simplified the
subsconing technique for recursive types.

There has recently been a flurry of work studying AD from a programming language point of
view, a lot of it focussing on functional formulations of AD and their correctness. Examples of such
papers are [1, 6, 12, 18, 19, 22, 26, 28, 32, 35, 37, 44, 45]. Of these papers, [1, 28, 32, 37] are particularly
relevant as they also consider automatic differentiation of languages with partial features. Here,
[32] considers an implementation that differentiates recursive programs and the implementation
of [37] even differentiates code that uses recursive types. They do not give correctness proofs,
however. Existing work on differential restriction categories [9] seems to give a more abstract
semantic study of the interaction between forward-mode automatic differrentiation and partiality.
We found that for our purposes, a concrete semantics in terms of w-cpos sufficed, however.

The present paper can be seen as giving a correctness proof of the techniques implemented by
[37]. [1] does give a denotational correctness proof of AD on a first-order functional language
with (first-order) recursion. The first-orderness of the language allows the proof to proceed by
plain induction rather than needing logical technique. [28] proves the correctness of basically
the same AD algorithms that we consider in this paper when restricted to PCF with a base type
of real numbers and a real conditional. Their proof relies on operational semantic techniques.
Our contribution is to give an alternative denotational argument, which we believe is simple and
systematic, and to extend it to apply to languages which, additionally, have the complex features of
recursively defined datastructures that we find in realistic ML-family languages.

Such AD for languages with expressive features such as recursion and user-defined datatypes
has been called for by the machine learning community [20, 46]. Previously, the subtlety of the
interaction of automatic differentiation and real conditionals had first been observed by [3].

Our work gives a relatively simple denotational semantics for recursive types, which can be
considered as an important special case of bilimit compact categories [23]. Bilimit compact categories
are themselves, again, an important special case of the very general semantics of recursive types in
terms of algebraically compact categories [15]. We believe that working with this special case of
the semantics significantly simplifies our presentation.

In particular, this simplified semantics of recursive types allows us to give a very simple but
powerful (open, semantic) logical technique for recursive types. It is an alternative to the two
existing techniques for logical relations for recursive types: relational properties of domains [33],
which is quite general but very technical to use, in our experience, and step-indexed logical relations
[2], which are restricted to logical relations arguments about syntax, hence not applicable to our
situation.
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Finally, we hope that our work adds to the existing body of programming languages literature
on automatic differentiation and recursion (and recursive types). In particular, we believe that it
provides a simple, principled denotational explaination of how AD and expressive partial language
features should interact. We plan to use it to generalise and prove correct the more advanced AD
technique CHAD [26, 44, 45] when applied to languages with partial features.
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A FINE GRAIN CALL-BY-VALUE AND AD

In §4, we have discussed a standard coarse-grain CBV language, also known as the Ac-calculus,
computational A-calculus [30], or, plainly, CBV. In this appendix, we discuss an alternative presen-
tation in terms of fine-grain CBV [23, 24] (also known as Moggi’s monadic metalanguage [31]).
While it is slightly more verbose, this presentation clarifies the precise universal property that is
satisfied by the syntax of our language.

A.1 Fine grain call-by-value

We consider a standard fine-grain call-by-value language (with complex values) over a ground type
real of real numbers, real constants ¢ € Op, for ¢ € R, and certain basic operations op € Op,, for
each natural number n € N.

The types t, o, p, (complex) values v, w, u, and computations £, s, 7 of our language are as follows.

T,0,p u= types | 1|mXr products
| real numbers | >0 function
| 0|r+0 sums
| casevof{ %nlx W } sum match
o, YU u= values | inry — u
| xy,z variables | () | {o,w) tuples
| ¢ constant | casevof (x,y) > w product match
| casevof{} sum match | Ax.t abstractions
| inlo | inro inclusions | px.o term recursion
t,s,r = computatlops | casevof { }nlx —t }  sum match
| ttox.s sequencing | inry — s
| returno pure comp. | casevof(x,y) —t product match
| op(vy,...,0,) operation | ow function app.
| casevof{} sum match | iteratetfromx =0 iteration
| signo sign function

We will use sugar

f
if v thent elses sign (v) tox.casexof {_ — s | _—or}

def
fsto = casevof (x, ) — x

def
sndv = casevof (_,x) = x

letrec f(x) =tins def (pf .return (Ax.t)) to f.s.

We could also define iteration as syntactic sugar:

def
iterate f fromx = v = (pz.Ax.ttoy.caseyof {inlx’ — zx’ | inrx” — returnx”'}) v.
The typing rules are in Figure A.1.

A.2 Equational theory
We consider our language up to the usual fn-equational theory for fine-grain CBV, which is
displayed in Fig. A.2.

Under the translation of coarse-grain CBV into fine-grain CBYV, this equational theory induces
precisely that of Section 4.
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F'rCt:7 I,x:7Fs:o F'rPo:7
——((x:7) €l) (ceR)
F'r’x:1 T+ ttox.s: o I+ returno:7 T+ ¢:real
T't°vy:real --- T +%o,:real F't°v:0 F't?v:0
- (op € Op,,) > -
I +¢ op(vy,...,0,) : Teal I'+%casevof {}:7 T +°casevof{}:7
F'to:1 I't°ov:0o F't°v:0Up Tx:0r’w:r Ly:ptlu:rt
IFt’inlv:rUo THinro:rUo [ +% casevof {inlx » w |inry > u}: 71
FT't?ov:oUp Tx:ot’t:t T,y:ptis:t F'rtPov:7 THFH w:o
I+ casevof {inlx —» ¢t |inry > s} : 7 T2 ():1 T+ {(v,w):TX0

Tt°ov:oxp Tx:oy:pt’w:rt TH ov:ioxp Tx:oy:ptit:t DLx:0+t:7T

[+’ casevof (x,y) > w:T [+° casevof (x,y) > t:7 Ft°Axt:0—>71

F'tv:0—>7 TH’w:oc I,x:0+rt:our T'tlo:o

F'tow:t I € iteratet fromx =v : 7
Ix:t+lo0:7 T+’ o :real
—(t=0>p) —————
F'Hopuxw:t I'+°signo: 101

Fig. A.1. Typing rules for the our fine-grain CBV language with iteration and real conditionals. We use a
typing judgement +° for values and +¢ for computations.

returnotox. t = t[%] (ttox.s)toy.r =ttox.(stoy.r)
. . - e 0y 1 Y inlx — w[/]
caseinloof {inlx » w |inry — u} =w[%] w[%] = casevof{ linry — w[irY,] }

caseinroof {inlx — w |inry — u} = u[%,]

case (0, w) of (x,y) = u = u[%."/y] u[%] "=’ casew of (x,y) — u[ VL]

: . . Lro o1 #oU inlx — [/ ]
caseinloof {inlx — ¢ | inry — s} = ¢[%] t[%,] = casevof{ | inry — H[nr 9] }
caseinroof {inlx — t |inry — s} = s[%]
case (v, w) of (x,y) — ¢ = t[%," /] t1%4] "2 casew of (x,y) — t[®¥),]

(Ax.t) v = t[%] 02 dxox
Fig. A.2. Standard fn-laws for fine-grain CBV. We write Mzo%n 46 indicate that the variables are fresh in the

left hand side. In the top right rule, x may not be free in r. Equations hold on pairs of terms of the same type.

A.3 The CBV model (Synv, Syng, Syn,,, Synit)
Our fine grain call-by-value language corresponds with a CBV model (see Def. 2.4).
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We define the category Syny, of values, which has types as objects. Syny, (7, o) consists of () fn-
equivalence classes of values x : 7 % v : g, where identities are x : 7 +° x : 0 and composition of
x:tr’v:candy: o+’ w:pisgivenby x : 7+ w[%,] : p.

LEmMMA A.1. Syny, is bicartesian closed.

Similarly, we define the category Syn. of computations, which also has types as objects. Syn(z, o)
consists of () fn-equivalence classes of computations x : 7 +° t : o, where identities are x : 7 +-°
returnx : o and compositionof x : 7+t :ocandy: o s: pisgivenby x : 7 +° ttoy.s : p.

LemMA A.2. Syn. is a Syny, -category.

We define the Syn,,-functors

Syns: Syn. < Syny Syn;: Syn;, < Syn,
T = (1-71) T >
t — A().t v — returno.

We have that Syn; 4 Syng is a (Kleisli) Syny,-adjunction Syn; 4 Syng and, hence, denoting by Syn ¢
the induced Syn;,-monad, (SynV, Syn 3) is a CBV pair, as defined in 2.1. Moreover, considering the
free recursion and free iteration

Symn;, : (x:ort:oUT) > Ay.(iteratetfromx =1v)

Syn,, : (x:7+r0:71) - uxo (t=0—p),

L
we get the CBV model (SynV, Syng,Syn,, Synit) which has the following universal property.

THEOREM A.3 (UNIVERSAL PROPERTY OF THE SYNTAX). Let (V, T, y1,) be a CBV model with chosen
finite products, coproducts and exponentials. For each consistent assignment

H(real) € ob¥V (A3)
H(c) € <V (1,H(real)) (A.g)
H(op) € C (H(real)" H(real)) =V (H(real)", TH(real)), foreachop € Op, (A.5)
H(sign) € C(H(real),1U1) =YV (H(real), T(1L1)) (A.6)

there is a unique CBV model morphism H between (SynV, Syng, Synp, Synit) and (V, T, ) respect-
ing it.

THEOREM A.4 (UNIVERSAL PROPERTY OF THE SYNTAX). Let (V, T, y1,) be a CBV model with chosen
finite products, coproducts and exponentials. For each consistent assignment

H(real) € ob¥V (A7)
H(c) € <V (1,H(real)) (A.8)
H(op) € C (H(real)” H(real)) =V (H(real)",TH(real)), for eachop € Op, (A.9)
H(sign) € C(H(real),1U1) =YV (H(real), T(1L1)) (A.10)

there is a unique CBV model morphism H between (SynV, Syng, Synp, Synit) and (V, T, p,) respect-
ing it.
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A.4 A translation from coarse-grain CBV to fine-grain CBV

This translation (—)T operates on types and contexts as the identity. It faithfully translates terms
Tt : 7 of coarse-grain CBV into computations I' F¢ t' : 7 of fine-grain CBV. This translation
illustrates the main difference between coarse-grain and fine-grain CBV: in coarse-grain CBV,
values are subset of computations, while fine-grain CBV is more explicit in keeping values and
computations separate. This makes it slightly cleaner to formulate an equational theory, denotational
semantics, and logical relations arguments.

We list the translation ()" below where all newly introduced variables are chosen to be fresh.

coarse-grain CBV computation ¢ | fine-grain CBV translation ¢

x return x

letx = tins t'tox. s’

c returnc

inl ¢ t" to x. return inl x

inr¢ t" to x. return inr x

) return ()

(t, s) t"tox.s" toy. return (x, y)

Ax.t return Ax.t"

op(ty,...,tn) tf tox. ... t; tox,. op(x1,..., %)
casetof {} t" to x. case x of { }

casetof {inlx — s | inry — r} | t' toz.casezof {inlx — s" | inry — r'}
casetof (x,y) — s t"toz. casezof (x,y) — s’

Ls tTtox.sTtoy.xy

iterate t fromx = s s toy. iterate t” fromx = y

sign ¢ tTtox. sign x

pz.t pzAx.tT toy. yx

A.5 Dual numbers forward AD transformation

As before, we fix, for all n € N, for all op € Op,,, for all 1 < i < n, computations x; : real,...,x, :
real - 9;0p(xy, ..., x,) : real, which represent the partial derivatives of op. Using these terms for
representing partial derivatives, we define, in Fig. A.11, a structure preserving macro D on the
types, values, and computations of our language for performing forward-mode AD. We observe that
this induces the following AD rule for our sugar: D¢ (if v thent else s ) = case D (v) of (x, ) —
if x then D¢ (t) else D¢ (s) . In fact, by the universal property of Syn;, © is the unique structure
preserving functor on 9 that has the right definition for constants, primitive operations and sign.
It automatically follows that O respects fn-equality.

Under the translation of coarse-grain CBV into fine-grain CBV, this code transformation induces
precisely that of §4.

B A MORE EFFICIENT DERIVATIVE FOR sign
We can define by mutual induction (for both » = D, D)
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x:D(1) Fp(x):7T
x : D(real) + fst (x) : real
x:D(1)XD(0) F (p(fstx), ps(snd x)) : T X o
x:D(r)UD(o) + casexof {inly — inlp,(y) | inrz — inrp,(z)} : o
x:D(1) = D(0) + Ay.ps(x(z.(y))) : 7> 0
x : pa.D(r) F casex of rolly — rollp,(x) : pa.t

X:akFkx:a

D (real) & eal x vect D(0) “o D(rUo) def D(t)UD(0)
o(1) 1 2t —0) ¥ p(r) 5 0(0) Drxo) ™ o(r)xD(0)
Dy (x) def +

Dy (casevof{}) & case Dy (v)of {}
. def .
D (inlo) = inl D (v)

£
Dy (inro) = inr D« (v)

inlx — w || def inlx —» D (w)
D (casev of { |inry — u }) = case D (v) of { | inry — D ()

}

def

Dy(()) = ()

Dy ((0,w) E (D (0), Dy (W)

D (casevof (x,y) — u) «f case D (v) of (x,y) = Dy (u)
Dy (Axt) € Ax.oc(t)

Delttox.s) L pe(t) tox. Dels)

D¢ (returno) & return D (v)

De(casevof {}) «f case Dy (v)of {}
inlx — ¢
inry — s

inlx —» D¢c(t)
intry — De(s)

}

Dc(casevof { | 3] «f case Dy (v) of { |

Dc(casevof (x,y) — t) def case D (v) of (x,y) — D¢(1)
def

De(vw) = Dy (v) Dy (w)

D¢ (iterate ¢ from x = v) &f iterate D ¢ (t) from x = D (v)

def
De(px.t) = px.Dc(t)

def
Dy(c) = (¢, 0)
def

Dc(op(vy,...,0,)) =  case Dy (v1) of (x1,x]) — ... — case Dy (vy,) of (xp, %) —

op(xy,...,x,) toy.

o1op(xy, ..., xy) toz1. ... 0p0p(x1,...,x,) tO 2.
return (y, x; * 21 + ... + X;, * Z,)
De(signo) sign (fst D (0))

Fig. A.11. A forward-mode AD macro defined on types as D(—), values as D« (—), and computations as
D (). All newly introduced variables are chosen to be fresh.
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and
x:TFZ(x):D(1)
x :real F (x,0) : D(real)
x:7X0F(z;(fstx),z,;(sndx)) : D(1) X D(0)
x:7Uo + casexof {inly — inlz,(y) | inrz — inrz,(z)} : D(r) L D(0)
x:7T—> 0 F M.z (x(p(y))) : D(1) = D(0)
x : pa.7 + casex of rolly — rollz;(x) : pa.D(7)
X:akx:a.
Then, observe that, for any x; : 71,...,%, : 7, + ¢ : real, we have
[sign (fst D (t))] = [letx; = pr(x1)in ---letx, = p;, (x,)in - - - signt].
Therefore, we can define, for x; : 71,...,x, : T, + t : real,

D(signt) def letx; = py(x1)in - --letx, = p,, (x,)in - - -signt.

This yields more efficient definitions of the forward and reverse derivatives of sign and if then else
as we do not need to differentiate t at all.

C ENRICHED SCONE

We present straightforward generalizations (enriched versions) of the results presented in [26,
Section 9] below.

Considering the wCpo-category 2 with two objects and only one non-trivial morphism between
them, the wCpo-category 2 h D of morphisms of D can be described as the wCpo-category
wCpo-Cat [2, D] of wCpo-functors 2 — D.

Explicitly, the objects of 2 h D are morphisms f : ¥y — ¥; of D. A morphism between f and g
is a pair a = (ag, 1) : f — g such that a1 f = gay, that is to say, a (wCpo-)natural transformation.
Finally, the wCpo-structure is defined by (ag, @1) < (fo, f1) if a9 < fo and a1 < f1 in D.

Given an wCpo-functor G : C — D, the comma category D | G of the identity on D along G in
wCpo-Cat is also known as the @Cpo-scone or Artin glueing of G.It can be described as the pullback
(C.1) in wCpo-Cat, in which codom : 2 h D — D, defined by (a = (ap, a1) : f — g) > ay, is the
codomain wCpo-functor.

Projanp

DIG——2HhD
projc ‘/ ‘/codom (C1)

C D

Since codom is an isofibration, the pullback (C.1) is equivalent to the pseudo-pullback of codom
along G, which is the wCpo-category defined as follows. The objects of the pseudo-pullback are
triples

((f: Yo — Yi) €2t D,CeC E: (codomf) = G(C))

where £ is an isomorphism in 9. A morphism (f,C,¢) — (f’,C’, &) is a pair of morphisms
(a: f— f' h:C — C’) such that G(h) o £ = ¢ o codom (). Finally, the @Cpo-structure of the
homs are given pointwise. That is to say, (a, h) < (o’,h) ifa < ¢in2 h D and h < k' in C.

LemmA C.1. The forgetful wCpo-functor L : D | G — D X C, defined in (6.3), creates all absolute
(weighted) limits and colimits.
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Proor. Clearly, the wCpo-functor L reflects isomorphisms.

Let D be a diagram in D | G such that the weighted (co)limit (co)lim (W, LD) exists and is
preserved by any wCpo-functor. Since D | G is the pullback (C.1), there is a unique pair of diagrams
(Dy, D1) such that

Projonp © D =Dy, projc oD =Dy, codomo Dy =G o Dy,
hold.

Since domo Dy = np o LoD and codomo Dy = Gorre o LoD, we get that (co)lim (W, domDy) =
79 ((co)lim (W, L o D)) and (co)lim (W, codom o Dy) = G o 7¢ ((co)lim (W, L o D)). Therefore,
(co)lim (W, L o Dy) exists in 2 h D, pointwise constructed out of (co)lim (W, dom o Dy) and
(co)lim (W, codom o Dy).

Moreover, since D; = ¢ o L o D, we have that (co)lim (W, D) = ¢ ((co)lim (W, L o D)).

Therefore, the isomorphism ¢ given by

codom ((co)lim (W, Dy))

IR

(co)lim (W, codom o Dy)

G o ¢ ((co)lim (W, L o D))

G ((co)lim (W, Dy))

together with the pair ((co)lim (W, Dy), (co)lim (W, Dy)) defines, up to isomorphism, an object of

D | G, which satisfies the universal property for (co)lim (W, D) = (co)lim (W, (Do, D1)).
Moreover, by the construction above, we conclude that (co)lim (W, D) is preserved by L. In

particular:

L ((co)lim (W, Dy), (co)lim (W, D1), &) = ((co)lim (W, dom o Do) , (co)lim (W, Dy)) .
The above completes the proof that the wCpo-functor £ creates (co)lim (W, D). O

IR

R

The wCpo-functor L has a right wCpo-adjoint provided that O has binary @Cpo-products. It is
givenby (D € D,C € C) — (DX G (C),C, ng(c)). Therefore:

THEOREM C.2. The forgetful wCpo-functor L : D | G — D X C is wCpo-comonadic provided
that D has binary wCpo-products.

By duality, we get that the forgetful @Cpo-functor F | C — D x C is @Cpo-monadic provided
that C has finite @Cpo-coproducts. Therefore:

THEOREM C.3. The forgetful wCpo-functor L : D | G — D X C is wCpo-monadic whenever G
has a left wCpo-adjoint and C has finite wCpo-coproducts.

Proor. Indeed, by the @Cpo-adjunction F 4 G, we get an isomorphism D | G = F | C which
composed with the forgetful @Cpo-functor F | C - D xCisequalto L: D |G- D xC. O

As a consequence, we conclude that:

THEOREM C.4. Let G : C — D be a right @Cpo-adjoint functor between wCpo-bicartesian closed
categories. We have that the forgetful wCpo-functor L is wCpo-monadic and comonadic. In particular,
D | G is an wCpo-bicartesian closed category.
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D SOME HASKELL CODE FOR A RECURSIVE NEURAL NETWORK

-— example implementation of https :// icml. cc /2011/ papers/125_icmlpaper . pdf
-— Some of the basic datatypes we use —— we elide the implementation of some
data Tree a
= Leaf a
| Node (Tree a) (Tree a)
deriving (Eq) ——- \mub. a + (b x b), leaf a = roll (iota_1 a), node | r = roll (iota_2 (I, r))
data Vector
data Scalar
data Matrix
type ActivationVectors = [Vector]

type AdjacencyMatrix = [(Tree Int, Tree Int)]

-- Some basic data and operations that we need for the RNN
—— Again, we elide much of the implementation as it is beside the point of this example

f = Vector -> Vector —- some non-linear function, usually elementwise applied sigmoid function
f = undefined
conc :: Vector —> Vector —> Vector -- concatenate vectors

conc = undefined

mult :: Matrix —> Vector —> Vector -- matrix vector multiplication
mult = undefined

add :: Vector —> Vector —> Vector —- elementwise vector addition
add = undefined

innerprod :: Vector —> Vector —> Scalar -- vector inner product
innerprod = undefined

a = ActivationVectors
a = undefined -- input (for example, sequence of words as vectors or image segments as vectors )

adjMat :: AdjacencyMatrix

—— start with matrix that only stores (Leaf i, Leaf j) pairs in case i is a neighbour of j;
—— we later extend adjacency to parent nodes

adjMat = undefined -- input ( specify which words/image segments are neighbours )

w : Matrix
w = undefined -- parameter to learn : weights

b : Vector
b = undefined -- parameter to learn : biases

wScore :: Vector
wScore = undefined -- parameter to learn : scoring vector
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—- The implementation of the RNN
—— wversion 1, without caching
modelH ((w, b, wScore), (adjMat, globalScore )) =
let getNode (Leaf i) =a ! i
in let getNode (Nodel r) = f (w ‘mult’ conc (getNode 1) (getNoder)) ‘add’ b
in let parentsScores =
map
(\i —> (i, innerprod wScore (getNode (uncurry Node 1))))
adjMat —- compute scores for all parent nodes of neighbours;
—— super inefficient without caching getNode, but conceptually cleaner

in let ((bpl, bp2), bestScore) =
foldl
(i, s) (i°, s’) ->
if s >’
then (i, s)
else (i’, s7))

(head parentsScores)
parentsScores -- find the neighbours that have the higest score
in let globalScore2 = globalScore + bestScore
-—add the local contribution of our chosen neighbour pair to the global score
in let bestPar = Node bp1 bp2
—— actually compute our favourite parent;
—-— 1 guess we’d already done this before but it’s cheap to redo
in let mergeParH i
| i ==bpl || i ==bp2 = bestPar
in let mergeParH i
| otherwise =i
in let mergePar (i, j) =
(mergeParH i, mergeParH j)
in let adjMat2 =
filter
(/= (bestPar, bestPar))
[ mergePar (i, j)
| (i, j) <-adjMat
]
—— replace bpl and bp2 with bestPar in adjacencyMatrix,
—- but we have a convention that nodes are not neighbours
—- of themselves
in if null adjMat2
then Right globalScore2
else Left (adjMat, globalScore2)
—— if werun out of neighbours that can be merged, we are done;
—— otherwise iterate with new adjacency matrix and score

it = ((c, a) —>Either a b) -> (c, a) ->b -- functional iteration
it f (c, a) =
case f (c, a) of
Left 2’ —> it f (c, a’)
Rightb ->b

model :: ((Matrix, Vector, Vector), (AdjacencyMatrix, Scalar)) -> Scalar
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model = it modelH

-— The implementation of the RNN
—— version2, with caching of getNode
modelH2 ((w, b, wScore), (adjMat, values, globalScore)) =
let getNode (Leaf i) = look (Leaf i) values
in let getNode (Nodel r) =
let v =look 1 values
in let rv = look r values
in f (w ‘mult’ conc lv rv) ‘add® b
in let parentsValScores =
map
(\i ->
let v = getNode (uncurry Node i)
in (i, v, innerprod wScore v))
adjMat
in let ((bpl, bp2), bestVal, bestScore) =
foldl
i, v, s) (i’, v, s’) ->
if s >’
then (i, v, s)
else (i’, v’, s7))
(head parentsValScores)
parentsValScores
in let globalScore2 = globalScore + bestScore
in let bestPar = Node bp1 bp2
in let mergeParH i
| i ==bpl || i ==bp2 = bestPar
in let mergeParH i
| otherwise =i
in let mergePar (i, j) =
(mergeParH i, mergeParH j)
in let adjMat2 =
filter
(/= (bestPar, bestPar))
[ mergePar (i, j)
| (i, j) <-adjMat
]
in if null adjMat2
then Right globalScore2
else Left
( adjMat
, (bestPar, bestVal) : values
, globalScore2)

—— initial values will be zip (map Leaf [0.], a)
look :: Tree Int —> [(Tree Int, b)] ->b -- a map operation for looking up cache
look k m =
case lookup k m of
Just x —>x

model2 :: ((Matrix, Vector, Vector), (AdjacencyMatrix, Scalar)) -> Scalar
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155 model2 ((w, b, wScore), (adjMat, globalScore)) =
156 it modelH2 ((w, b, wScore), (adjMat, zip (map Leaf [0 .]) a, globalScore ))
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