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Abstract

Threshold exceedances of stochastic processes in space and time often appear to be more localized the
more extreme they are. While classical regularly varying stochastic processes cannot model this e�ect, we
introduce an adapted version of regular variation, where a suitable domain-scaling can be incorporated to
accommodate this behaviour. Our theory is inspired by the triangular array convergence of domain-scaled
maxima of Gaussian processes to a Brown–Resnick process and turns out to be natural in this context. We
study key properties of the resulting tail approximating process and demonstrate its ability to approximate
conditional exceedance probabilities of Gaussian processes. Mathematical convenience arises from the re-
cently rediscovered concept of vague convergence based on boundedness.
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1 Introduction
The concept of regular variation, introduced by Karamata (1930) and widely popularized through Feller (1971),
has a long history in probability and statistics, including textbook treatments spanning, e.g., Seneta (1976),
Resnick (2008), Bingham et al. (1989), de Haan and Ferreira (2006), or, more recently, Kulik and Soulier (2020)
and Mikosch and Wintenberger (2024) for time series. The theory of regularly varying spatial stochastic
processes has been scattered across the literature for some time (de Haan and Lin, 2001; Hult and Lindskog,
2005; Davis and Mikosch, 2008; Ferreira and de Haan, 2014) culminating in the uni�ed presentation of Dombry
and Ribatet (2015). Part of the mathematical appeal stems from the equivalence of multiple characterizations of
regular variation, which in turn can be exploited for statistical inference and tail extrapolation. Generally, if
X is a stochastic process on a compact domain S ⊂ Rd, there is equivalence of (i) regular variation of X , (ii)
weak convergence of the collection of renormalized independent copies of X to a Poisson point process, (iii)
weak convergence of renormalized pointwise maxima of independent copies of X to a max-stable process, and
(iv) weak convergence of renormalized threshold exceedances of X to a generalized Pareto process.

On the other hand, the asymptotic stability properties of a regularly varying process are rather rigid and
are appropriate only for the modelling of the tail behaviour of so-called asymptotically dependent stochastic
processes, i.e., loosely speaking, thoseX , where it is not unlikely that a high threshold exceedance ofX at some
location s0 necessitates threshold exceedances of X of a similar order of magnitude across the entire domain
of X . Instead, empirical evidence suggests that spatial extremes often exhibit weakening of dependence that
is not compatible with pure asymptotic dependence, that is, they become more localized as the conditioning
threshold increases (Wadsworth and Tawn, 2022; Huser and Wadsworth, 2022; Huser et al., 2025). The present
manuscript introduces a re�ned notion of regular variation that overcomes this limitation via domain-scaling.

This idea has been inspired, amongst others, by the works of Kabluchko et al. (2009) and Dombry and Ribatet
(2015), as the former establishes the convergence of maxima of Gaussian processes to Brown–Resnick processes,
while the latter provides the road map for the (yet) unexplored counterparts that complement the maxima
convergence. At a �rst glance, the maxima convergence from Kabluchko et al. (2009) may seem contradictory,
since Gaussian processes exhibit asymptotic independence, while the max-stable Brown–Resnick processes
are asymptotically dependent. However, the key feature of this convergence is the consideration of triangular
arrays instead of sequences through the introduction of a spatial scaling in the underlying Gaussian processes,
cf. also Brown and Resnick (1977), Hüsler and Reiss (1989) or Hsing et al. (1996). We shall see below that
this modi�cation can conveniently be incorporated into the theory of regular variation for spatial stochastic
processes to make it more �exible and better re�ect empirical evidence.

De�nitions of regular variation of random vectors or stochastic processes are based on concepts of vague
convergence as treated in classical textbooks such as Daley and Vere-Jones (1988) and Kallenberg (2017). This
was, for instance, advocated early by Resnick (2008) for random vectors to facilitate establishing connections
to related point processes. However, the characterization of regular variation from Resnick (2008) via vague
convergence is based on relative compactness and, thus, comes at the price of technical completion arguments
that permeate the extremes literature to date. In spatial settings, these technicalities appear for instance
in de Haan and Ferreira (2006) and Dombry and Ribatet (2015), and also Hult and Lindskog (2005), which
includes to the best of our knowledge the �rst de�nition of regular variation for spatial stochastic processes.
Subsequently, the same authors discovered that this completion is in fact unnecessary (Hult and Lindskog,
2006), and that their earlier de�nition via ŵ convergence for continuous stochastic processes on compact
domains is equivalent to a formulation based on sets bounded away from the origin, cf. also Segers et al. (2017)
and Dombry et al. (2018) and references therein. More recently, new light has been shed on the matter by
Basrak and Planinić (2019) who show that all such de�nitions can be framed as vague convergence based on
boundedness (Hu, 1949, 1966), which brings mathematical convenience to the theory of regular variation. The
textbook by Kulik and Soulier (2020) makes this new viewpoint available for a range of broad settings, although
predominantly with time series analysis in view. Here, we make the theory for continuous stochastic processes
on convex domains in Rd explicit in this framework, cf. also Soulier (2022) and Bladt et al. (2022) for extensions
to càdlàg processes.

Thereby, this manuscript has two aims: In Section 2, we lay the foundations for the needed triangular array
convergences for continuous stochastic processes in light of the new convergence framework. Thereafter, we
introduce the new concept of domain-scaled regular variation in Section 3 and, in Section 4, study its associated
tail approximating process. The Gaussian case arising from the maxima convergence to a Brown–Resnick
process is detailed in Section 5. Statistical inference based on these new tail approximating processes is left for
future research.

2



Notation
The following standard notation and conventions will be used throughout this manuscript. We write1{condition}
for the indicator function, which takes the value 1 if the condition is ful�lled and 0 else. The cumulative distribu-
tion functionF of a standard Pareto distribution isF (t) = (1−t−1)1{t ≥ 1}; for a standard Fréchet distribution
it is F (t) = exp(−t−1)1{t > 0}, and for a standard Gumbel distribution we have F (t) = exp(− exp(−t))
for t ∈ R. If F is standard Fréchet and σ > 0, we call F (·/σ) a unit Fréchet distribution. The standard GEV
distribution with extreme value index ξ ∈ R \ {0} is given by F (t) = exp(−[(1 + ξt)1{1 + ξt > 0}]−1/ξ);
for ξ = 0 it coincides with the standard Gumbel distribution. The standard exponential distribution is
F (t) = (1− exp(−t))1{t ≥ 0}. We denote the cumulative distribution function of a standard normal distri-
bution by Φ; its density is ϕ(t) = (2π)−1/2 exp(−t2/2) for t ∈ R. For α > 0, let να be the Borel measure on
(0,∞) given by

να((t,∞)) = t−α, t > 0.

The law of a random object X will be denoted by L(X). The density of a random vector X will be denoted
by fX . If F is a cumulative distribution function, we write F = 1− F for its survival function. We will use
throughout the text that the law of a standard Pareto variable P is given by ν1 restricted to the interval [1,∞).
Moreover, we recall its threshold stability property that L(P |P > t) = L(tP ) for t ≥ 1, as follows from the
(−1)-homogeneity of ν1, i.e. for a Borel subset A ⊂ R

P{P ∈ A |P > t} =
ν1(A ∩ [t,∞) ∩ [1,∞))

ν1([t,∞) ∩ [1,∞))
=
ν1(A ∩ [t,∞))

ν1([t,∞))
= ν1(t−1A ∩ [1,∞)) = P{tP ∈ A}.

2 Triangular array convergence
The theory of regular variation for continuous stochastic processes (de Haan and Lin, 2001; Hult and Lindskog,
2005; de Haan and Ferreira, 2006; Davis and Mikosch, 2008; Dombry and Ribatet, 2015) is very technical. In this
section, we simplify its exposition making use of the rediscovered vague convergence (Basrak and Planinić,
2019), which seems naturally suited to describe regular variation in this context. We need to do so while
considering triangular arrays instead of sequences in order to introduce the domain-scaled regular variation
presented in Section 3. As we simplify and generalize previously known regular variation arguments, we
try to keep this section as self-contained as possible by including many proofs explicitly. We do not claim
complete originality in such arguments. But to the best of our knowledge the reinterpretation of the regular
variation of continuous stochastic processes as in Dombry and Ribatet (2015) in view of the vague convergence
from Basrak and Planinić (2019) cannot be found explicitly in the literature otherwise, and the arguments are
typically derived for sequences instead of triangular arrays. The formulation presented in this section has
several advantages, for example, it also provides a shorter proof for the continuity of Brown–Resnick processes
than in Kabluchko et al. (2009).

2.1 Technical background
We proceed similarly to Chapter 7 and Appendix B in Kulik and Soulier (2020), which are largely based on Basrak
and Planinić (2019), to simplify and unify the convergence concepts relevant for typical limiting arguments in
the theory of regular variation. This setup is based on the concept of boundedness (Hu, 1949, 1966).

First, we introduce the relevant spaces and their properties. Let S be a compact subset of Rd for some
dimension d ≥ 1. We consider the following spaces of functions; some of them being complete separable
metric spaces (c.s.m.s.):

• C(S) = C(S,R), the space of real-valued continuous functions on S, equipped with with supremum
norm ‖f‖∞ = sups∈S |f(s)|, a Banach space, hence c.s.m.s.,

• C≥(S) = C(S, [0,∞)), a closed subset of C(S), hence c.s.m.s.,

• C+(S) = C(S, (0,∞)), an open subset of C≥(S) ⊂ C(S),

• C0(S) = C≥(S) \ {0}.

A subset B ⊂ C0(S) is called bounded away from 0 if inf{‖f‖∞ : f ∈ B} > 0. As explained in Kulik and
Soulier (2020, Example B.1.4), the metric

d0(f, g) = (‖f − g‖∞ ∧ 1) ∨
∣∣∣∣ 1

‖f‖∞
− 1

‖g‖∞

∣∣∣∣
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induces the trace topology of C(S) on C0(S), whilst (C0(S), d0) is complete and B ⊂ C0(S) is bounded away
from 0 if and only if it is bounded for d0.

The sequence of subsets Uk = {f ∈ C0(S) : ‖f‖∞ > k−1}, k ∈ N, is properly localizing C0(S), i.e.,
each Uk is open and bounded, while Uk+1 contains the closure of Uk , and the union of all Uk , k ∈ N, recovers
C0(S) (Kulik and Soulier, 2020, De�nition B.1.1). Hence, C0(S) is a properly localized Polish space. Let

S = {f ∈ C≥(S) : ‖f‖∞ = 1}

be the unit sphere in C≥(S) ⊂ C(S), which is again a closed subset of C≥(S) and hence a c.s.m.s. The
multiplication map

m : (0,∞)× S→ C0(S), m(t, f) = tf (1)

is a homeomorphism between (0,∞)× S and C0(S), with inverse

m−1 : C0(S)→ (0,∞)× S, m−1(f) = (‖f‖∞, f/‖f‖∞), (2)

usually known as polar decomposition. By M(C0(S)) we denote the space of all d0-boundedly �nite Borel
measures µ on C0(S), i.e., measures satisfying µ(B) < 0 for d0-bounded Borel sets B ⊂ C0(S), endowed
with the v#-topology, i.e.,

µn
v#−→ µ if and only if µn(B)→ µ(B) for all d0-bounded Borel sets B with µ(∂B) = 0,

which turns M(C0(S)) into a Polish space (Kulik and Soulier, 2020, Theorem B.1.20).
Now we are in a position to introduce all limiting objects for the triangular array convergences in Section 2.2.

To begin with, since M(C0(S)) is a Polish space, we may consider random measures and (Poisson) point
processes on C0(S) in a natural way (Kulik and Soulier, 2020, Theorem 7.1.11). The following example of a
Poisson point process with (−1)-homogeneous mean measure will accompany us throughout this text as the
basis for an associated max-stable process, which we de�ne subsequently. Here, a measure µ ∈M(C0(S)) is
called (−1)-homogeneous if µ(cB) = c−1µ(B) for all c > 0 and all d0-bounded Borel sets B ⊂ C0(S).

Lemma 2.1. (a) A non-zero Borel measure Λ on C0(S) is d0-boundedly �nite and (−1)-homogeneous if
and only if it can be represented as

Λ = (ν1 ⊗ θσ) ◦m−1, (3)

for a probability measure σ on S and a constant θ > 0, i.e.

Λ(B) = (ν1 ⊗ θσ)(m−1(B)) = θ

∫ ∞
0

σ({f ∈ S : tf ∈ B}) ν1(dt) (4)

for Borel sets B ⊂ C0(S). The pair (θ, σ) is uniquely identi�ed from Λ via

θ = Λ({f ∈ C0(S) : ‖f‖∞ > 1}), σ(B) =
1

θ
Λ
({
f ∈ C0(S) : ‖f‖∞ > 1 , f/‖f‖∞ ∈ B

})
(5)

for Borel sets B ⊂ S.

(b) Suppose Λ is of the form (3). The associated Poisson point process PPP(Λ) onC0(S) with mean measure
Λ can be represented as the sum of random point masses

∞∑
i=1

εθΓ−1
i Vi

, (6)

where (Γi)i∈N are the arrival times of a renewal process on (0,∞) with standard exponential interarrival
times, and independently, (Vi)i∈N are independent copies of V distributed according to the measure σ
on S, i.e. P{V ∈ B} = σ(B) for all Borel sets B ⊂ S.

Proof. (a) Suppose a measure Λ is of the form (3). Then it is necessarily d0-boundedly �nite and (−1)-
homogeneous. In addition, since m and m−1 are inverse to each other, Λ ◦m = ν1 ⊗ θσ (where we mean
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by m the preimage function of the inverse of m, which coincides here with the image of m). This gives
Λ
({
f ∈ C0(S) : ‖f‖∞ > t , f/‖f‖∞ ∈ B

})
= θt−1σ(B) for Borel sets B ⊂ S and t > 0, hence (5).

Conversely, suppose Λ is d0-boundedly �nite and (−1)-homogeneous. De�ne θ and σ as in (5), which
is possible with θ ∈ (0,∞), since Λ is d0-boundedly �nite (so that θ <∞) and Λ is non-zero and (−1)-
homogeneous (so that θ > 0). Then it su�ces to note that (ν1 ⊗ θσ) ◦m−1 and Λ coincide on a Dynkin
system that is closed under intersections and generates the Borel σ-algebra onC0(S). Such a system is given
by sets of the formm((t,∞)×B) for t > 0 and Borel setsB ⊂ S. Sincem((t,∞)×B) = tm((1,∞)×B),
we have with the (−1)-homogeneity of Λ that

Λ
(
m((t,∞)×B)

)
= t−1Λ(m((1,∞)×B)) = t−1θσ(B) = ν1((t,∞))θσ(B),

as desired.

(b) The result is a direct application of the solution to Problem 7.2 in Kulik and Soulier (2020) from the
transformation of points for Poisson processes, cf. Kulik and Soulier (2020, Proposition 7.1.12).

Lemma 2.2. Let Λ = (ν1 ⊗ θσ) ◦m−1 and V ∼ σ be given as in Lemma 2.1. Let r : C≥(S) → [0,∞)
be continuous and 1-homogeneous, i.e. r(cf) = cr(f) for all f ∈ C≥(S) and c > 0. Then the set {f ∈
C0(S) : r(f) > r0} is a continuity set of Λ for any r0 > 0 and

Λ({f ∈ C0(S) : r(f) > r0}) =
θ

r0
E[r(V )]

is �nite.

Proof. It su�ces to consider r0 = 1, as r/r0 has the same properties as r. By continuity of r in 0 ∈ C≥(S) and
its homogeneity, there exists a > 0 such that r(f) ≤ a for all f ∈ S, and thereby P{r(V ) > a} = 0. Thus,

Λ({f ∈ C0(S) : r(f) > 1}) = Λ

({
f ∈ C0(S) : r

(
f

‖f‖∞

)
>

1

‖f‖∞

})
= θ

∫ ∞
1/a

P
{
r(V ) >

1

t

}
ν1(dt) = θ

∫ a

0

P
{
r(V ) > x

}
dx = θE[r(V )] <∞.

Similarly,

Λ({f ∈ C0(S) : r(f) = 1}) = θ

∫ a

0

P
{
r(V ) = x

}
dx = 0.

The last equality follows, since a random variable r(V ) may have at most countably many atoms, i.e. the
integrand can be non-zero at most on a set of Lebesgue-measure zero. By continuity of r, the sets r−1((1,∞))
and r−1((0, 1)) are open in C0(S). Hence, the boundary of r−1((1,∞)) = {f ∈ C0(S) : r(f) > 1} must be
included in the Λ-null set r−1({1}) = {f ∈ C0(S) : r(f) = 1}.

Lemma 2.3. Let Λ = (ν1 ⊗ θσ) ◦m−1 and V ∼ σ be given as in Lemma 2.1. Let P be a standard Pareto
variable independent of V and a > 0. Then the measure

Λ( · ∩ {f ∈ C0(S) : ‖f‖∞ > a})
Λ({f ∈ C0(S) : ‖f‖∞ > a})

coindices with the law of the product aPV on C≥(S).

Proof. Let B be a Borel set in C≥(S). Then

P{aPV ∈ B} =

∫ ∞
1

P{atV ∈ B}P{P ∈ dt} =

∫ ∞
1

σ

({
f

t
: f ∈ a−1B, ‖f‖∞ = t

})
ν1(dt)

=
Λ(a−1B ∩ {f ∈ C0(S) : ‖f‖∞ > 1})

θ
=
aΛ(B ∩ {f ∈ C0(S) : ‖f‖∞ > a})

Λ({f ∈ C0(S) : ‖f‖∞ > 1})

=
Λ(B ∩ {f ∈ C0(S) : ‖f‖∞ > a})

Λ({f ∈ C0(S) : ‖f‖∞ > a})
,

where we have used the homogeneity property of Λ in the last steps.

5



The process PV is often called a Pareto process associated with the (−1)-homogeneous measure Λ. We
may also associate to Λ a semi-simple max-stable process; a stochastic process Z with realizations in C≥(S) is
called semi-simple max-stable if for each n ∈ N the law of the normalized pointwise maximum process

1

n

n∨
i=1

Zi

coincides with the law of Z , when Z1, . . . , Zn are independent copies of Z . In particular, each marginal
distribution L(Z(s)), s ∈ S, is either degenerate at 0 or a unit Fréchet distribution. If, in addition, Z has
standard Fréchet marginal distributions, we call Z simple max-stable. The term semi-simple max-stable has
been used in this way, for instance, in Molchanov (2008) for random vectors.

Lemma 2.4. Let Λ = (ν1⊗θσ)◦m−1 and the point process
∑∞
i=1 εθΓ−1

i Vi
be given as in Lemma 2.1. Then

the pointwise maximum process

Z = θ

∞∨
i=1

Γ−1
i Vi, (7)

is a semi-simple max-stable process in C≥(S) with

P{r(Z) ≤ t} = exp

(
− θE[r(V )]

t

)
, t > 0, (8)

for any continuous and 1-homogeneous r : C≥(S)→ [0,∞), where V ∼ σ. Moreover, the positive constant
θ and the probability measure σ on S, i.e., the law of V , are both identi�ed from the law of Z .

Proof. Since Λ is d0-boundedly �nite, we have that for each n ∈ N almost surely only �nitely many θΓ−1
i Vi

lie in m([1/n,∞)× S) = {f ∈ C0(S) : ‖f‖∞ ≥ 1/n}, so that Z ∨ n−1 is continuous almost surely, since it
arises as the maximum of �nitely many continuous functions. It follows that Z ∨ n−1 is continuous for all
n ∈ N almost surely, and hence Z ∈ C≥(S) almost surely.

The max-stability of Z is then a direct consequence of the homogeneity of Λ = (ν1 ⊗ θσ) ◦m−1, which
implies that the superposition of n independent copies of the Poisson point processes (6), each with mean
measure Λ, is a Poisson point process with mean measure nΛ = (ν1 ⊗ (nθ)σ) ◦m−1. So, if Z1, . . . , Zn are
independent copies of Z ,

L
( n∨
i=1

Zi

)
= L

(
(nθ)

∞∨
i=1

Γ−1
i Vi

)
= L

(
nZ
)
.

Finally, we may express P{r(Z) ≤ t} as the probability that the Poisson point process (6) has no points
in {f ∈ C0(S) : r(f) > t} and it remains to note that Λ({f ∈ C0(S) : r(f) > t}) = θE[r(V )]/t,
cf. Lemma 2.2.

To recover θ from the law of Z , let r be the supremum-norm ‖·‖∞ and observe that

θ = − logP{‖Z‖∞ ≤ 1}. (9)

Moreover, any non-negative continuous function b : S → [0,∞) can be obtained as the restriction of a
continuous and 1-homogeneous r : C≥(S)→ [0,∞) to S by setting r(0) = 0 and r(f) = ‖f‖∞b(f/‖f‖∞)
for f ∈ C0(S), hence E[b(V )] = − logP{r(Z) ≤ 1}/θ by (8), which identi�es the law of V by allowing b to
vary.

Remark 2.5 (Stable tail dependence functional). Setting the functional r(f) = sups∈S w(s)f(s) in
Lemma 2.4 for an upper semicontinuous weight function w : S → [0,∞) retrieves the stable tail
dependence functional `(w) = θE sups∈S [w(s)V (s)] as the scaling coe�cient in the Fréchet law (8),
cf. e.g. Molchanov and Strokorb (2016). In particular, choosing w =

∨m
i=1 wi1{s = si} for wi ∈ (0,∞)

and mutually distinct si ∈ S, i = 1, . . . ,m, retrieves the �nite dimensional distributions of Z .

In particular, the process Z in Lemma 2.4 is simple max-stable if and only if E[V (s)] = 1/θ for all s ∈ S.
Conversely, any simple max-stable process can be represented in this form — a result that dates back to the
very fundamental contributions of de Haan (1984), Vatan (1985), de Haan and Pickands (1986), Norberg (1986)
and Giné et al. (1990).
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Theorem 2.6 (de Haan and Ferreira (2006) Theorem 9.4.1; Giné et al. (1990) Proposition 3.2 and Corol-
lary 3.4). Let Z be a simple max-stable process with realizations in C≥(S). Then the following holds:

(a) P{Z ∈ C+(S)} = 1.

(b) There exists a probability measure σ on S and θ > 0, such that the law of Z equals the law of

θ

∞∨
i=1

Γ−1
i Vi, (10)

where (Γi)i∈N and (Vi)i∈N are as in Lemma 2.1, and E[V (s)] = 1/θ for all s ∈ S.

The measure Λ of the form (3), its associated Poisson point process (6), its associated max-stable process (7)
and its associated Pareto processes from Lemma 2.3 are now well-de�ned and we may proceed to consider
triangular arrays that give rise to convergence to such limiting objects.

2.2 Triangular array setup
In what follows, we consider the following triangular array:

• (Xorig
n )n∈N – a sequence of pathwise continuous stochastic processes on S with identical continuous

marginal distributions F orig,

• Xorig
n,i – independent copies of Xorig

n for 1 ≤ i ≤ n,

• Morig
n (s) = max

{
Xorig
n,1 (s), . . . , Xorig

n,n (s)
}

, s ∈ S,

Its marginally transformed version is given as follows:

• Xn(s) = 1/(1− F orig(Xorig
n (s))) for s ∈ S, so that each Xn(s) has standard Pareto margins,

• Xn,i – independent copies of Xn for 1 ≤ i ≤ n,

• Mn(s) = max
{
Xn,1(s), . . . , Xn,n(s)

}
, s ∈ S.

The following lemma links the convergence of the original and transformed maxima processes. Although
we consider a triangular array here, the proof is very similar to the well-documented sequence case.

Lemma 2.7. Let an > 0 and bn ∈ R for n ∈ N. Let Zorig be a sample-continuous stochastic process on S
with standard GEV marginal distribution Gorig for some extreme value index ξ ∈ R. Consider

Z(s) =

{
(1 + ξZorig(s))1/ξ, s ∈ S, ξ 6= 0,

exp(Zorig), s ∈ S, ξ = 0,

so that each Z(s) has standard Fréchet margins. The following two statements are equivalent:

(i) a−1
n (Morig

n − bn)→ Zorig weakly in C(S).

(ii) The distribution (F orig)n(an · +bn) converges weakly to the distribution Gorig and n−1Mn → Z
weakly in C≥(S) ⊂ C(S).

Proof. The result can be deduced along the same lines as de Haan and Ferreira (2006, Theorem 9.2.1). First
note that Z = f(Zorig) for f(t) = (1 + ξt)1/ξ1{1 + ξt > 0} and n−1Mn = fn(a−1

n (Morig
n − bn)) for

fn(t) = n−1(1 − F orig(ant + bn))−1. Now, (i) implies the marginal convergence of (F orig)n(an · +bn) to
Gorig as well as the convergence of fn(t) to f(t) locally uniformly for all t with 1 + ξt > 0, hence we obtain
(ii). Conversely, if (ii) holds, the marginal convergence of (F orig)n(an ·+bn) to Gorig implies also the locally
uniform convergence of the generalized inverse of fn to the inverse of f on (0,∞). Hence, we retrieve (i) from
the weak convergence of f−1

n (n−1Mn) to f−1(Z).

Without additional assumption on the limiting process Z , the latter is necessarily max-in�nitely divisible
(Norberg, 1986, Theorem 5.2.). For our purposes we will even impose max-stability from here. As in the
sequence formulation, the convergence of the maxima process n−1Mn to Z is closely linked to the theory
of regular variation. To make this explicit, we extend the notion of regular variation to triangular arrays as
follows.
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De�nition 2.8. We call a sequence (Xn)n∈N of pathwise continuous stochastic processes on S regularly
varying with index α > 0 and spectral process V in the triangular array sense if V ∈ S almost surely, and
for all t > 0 and Borel sets B ⊂ S with P{V ∈ ∂B} = 0

1

P{‖Xn‖∞ > n}
P
{

Xn

‖Xn‖∞
∈ B , ‖Xn‖∞

n
> t

}
→ P{V ∈ B} t−α as n→∞.

Remark 2.9. Consider the setting of De�nition 2.8 with α = 1. Since P{V ∈ S} = 1, we have ‖V ‖∞ = 1
almost surely, and so E[‖V ‖∞] = 1 and E[V (s)] ∈ [0, 1] for all s ∈ S. By pathwise continuity of V , there
is at least one s0 ∈ S such that E[V (s0)] > 0. For any such s0 we obtain from the continuous mapping
theorem

lim
n→∞

P{Xn(s0) > n}
P{‖Xn‖∞ > n}

=

∫ ∞
0

P
{
V (s0) >

1

t

}
ν1(dt) =

∫ ∞
0

P
{
V (s0) > x

}
dx = E[V (s0)] ∈ (0, 1].

If each process Xn has identical marginal distributions, then this implies also E[V (s)] = E[V (s0)] for all
s ∈ S. In the case of standard Pareto margins, we obtain

lim
n→∞

nP{‖Xn‖∞ > n} =
1

E[V (s)]
∈ [1,∞), s ∈ S.

We now provide a similar collection of equivalent characterizations as in Dombry and Ribatet (2015,
Theorem 1). The main di�erences are that we consider triangular arrays instead of independent copies of
processes and the slightly more convenient topological setup inspired by Basrak and Planinić (2019) and Kulik
and Soulier (2020). Standardization to unit Pareto margins simpli�es the scaling constants compared to Dombry
and Ribatet (2015). A subtlety that may be easily overlooked is that, with triangular arrays, establishing the
equivalence with characterization (v) requires considering the statement for all scaling constants a > 0, while,
in the original formulation, the result follows from the case a = 1, which implies equivalence for all a > 0.

Theorem 2.10. Let {Xn,i, 1 ≤ i ≤ n, n ∈ N} be the triangular array of pathwise continuous stochastic
processes with standard Pareto margins as speci�ed above, where each row consists of independent copies of
Xn, and Mn is the corresponding sequence of pointwise row-maxima. Let Z be a simple max-stable process
with spectral representation (10) as in Theorem 2.6, which is speci�ed via a law σ on S and θ > 0. Let
Λ = (ν1 ⊗ θσ) ◦m−1, where m is the multiplication map (1). Let V be distributed according to σ on S and
P a standard Pareto variable independent of V .

The following statements are equivalent:

(i) n−1Mn → Z weakly in C+(S);

(ii) nP{n−1Xn ∈ ·}
v#−→ Λ in M(C0(S));

(iii)
∑n
i=1 εn−1Xn,i

→
∑∞
i=1 εθΓ−1

i Vi
∼ PPP(Λ) weakly in M(C0(S));

(iv) (Xn)n∈N is regularly varying with index 1 and spectral process V in the triangular array sense;

(v) L
(
n−1Xn | ‖Xn‖∞ > an)→ L(aPV ) weakly in C≥(S) for all a > 0.

Proof. The equivalence of (i) and (ii) follows exactly in the same manner as de Haan and Ferreira (2006,
Theorem 9.3.1) except that we are dealing here with triangular arrays instead of i.i.d. sequences, cf. also the
proof of the equivalence of (2a) and (2b) of Theorem 9.5.1 therein on page 312. The convergence of measures
considered therein is indeed equivalent to the v#-convergence considered here, cf. also de Haan and Ferreira
(2006, Remark 9.3.3). The equivalence of (ii) and (iii) is an immediate consequence of Kulik and Soulier (2020,
Theorem 7.1.21), since the null-array condition therein amounts to limn→∞ P{n−1Xn ∈ B} = 0 for all
d0-bounded Borel sets B ⊂ C0(S). This shows that (i), (ii) and (iii) are equivalent. The remaining equivalences
can be deduced as follows: Recall that m is a homeomorphism between (0,∞)× S and C0(S) with inverse the
polar decomposition m−1 from (2).
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(ii) implies (iv) For t > 0 and B ⊂ S Borel with P{V ∈ ∂B} = 0

1

P{‖Xn‖∞ > n}
P
{

Xn

‖Xn‖∞
∈ B , ‖Xn‖∞

n
> t

}
=
nP{n−1Xn ∈ m((t,∞)×B)}
nP{n−1Xn ∈ m((1,∞)× S)}

,

and by (ii) the latter converges to θt−1σ(B)/θ = P{V ∈ B}t−1.

(iv) implies (ii) First, we observe from (iv) as in Remark 2.9 that

nP{‖Xn‖∞ > n} → 1/E[V (s)] = θ, s ∈ S,

where the last equality follows from the speci�cation of V and θ in this theorem, cf. Theorem 2.6. Since
the limiting measure in (ii) has the product representation Λ = (ν1 ⊗ θσ) ◦ m−1, it is su�cient to
consider test sets of the form m((t,∞)×B), where t > 0 and B ⊂ S is a Borel set with σ(∂B) = 0, in
order to establish the convergence of (ii). Indeed, we obtain

nP{n−1Xn ∈ m((t,∞)×B)}

= nP{‖Xn‖∞ > n} 1

P{‖Xn‖∞ > n}
P
{

Xn

‖Xn‖∞
∈ B , ‖Xn‖∞

n
> t

}
converges to θ P{V ∈ B}t−1 = θσ(B)t−1 = Λ(m((t,∞))×B) by (iv), hence we have (ii).

(ii) implies (v) Let A = {f ∈ C0(S) : ‖f‖∞ > a}. For the limiting distribution in (v) we have P{aPV ∈
A} = 1 and as for Λ there is no mass on the boundary of A, cf. Lemma 2.3 and Lemma 2.2. So let B ⊂ A
be a continuity set of P{aPV ∈ ·}, then it is also a continuity set for Λ by Lemma 2.3. In addition, A
and B are d0-bounded. Hence, by (ii)

P{n−1Xn ∈ B | ‖Xn‖∞ > an} =
nP{n−1Xn ∈ B ∩A}
nP{n−1Xn ∈ A}

→ Λ(B ∩A)

Λ(A)
= P{aPV ∈ B},

where the last equality follows directly from Lemma 2.3.

(v) implies (iv) Let t > 0. First we show that (v) implies

P{‖Xn‖∞ > nt}
P{‖Xn‖∞ > n}

= t−1.

Indeed, if t ≥ 1, the left-hand side may be written as conditional probability

P{n−1Xn ∈ {f ∈ C0(S) : ‖f‖∞ > t} | ‖Xn‖∞ > n},

which converges by (v), Lemma 2.3 and the homogeneity property of Λ to

P{PV ∈ {f ∈ C0(S) : ‖f‖∞ > t}} =
Λ({f ∈ C0(S) : ‖f‖∞ > t})
Λ({f ∈ C0(S) : ‖f‖∞ > 1})

=
θt−1

θ
= t−1.

If t < 1, the left-hand side may be written as

1/P{n−1Xn ∈ {f ∈ C0(S) : ‖f‖∞ > 1} | ‖Xn‖∞ > nt},

which converges instead to

1

P{tPV ∈ {f ∈ C0(S) : ‖f‖∞ > 1}}
=

Λ({f ∈ C0(S) : ‖f‖∞ > 1})
Λ({f ∈ C0(S) : ‖f‖∞ > t−1})

=
θ

θt
= t−1.

In order to establish (iv), let in addition B ⊂ S be a continuity set for the law of V . Then

1

P{‖Xn‖∞ > n}
P
{

Xn

‖Xn‖∞
∈ B , ‖Xn‖∞

n
> t

}
=
P{‖Xn‖∞ > nt}
P{‖Xn‖∞ > n}

P
{
n−1Xn ∈

{
f ∈ C0(S) :

f

‖f‖∞
∈ B

} ∣∣∣∣ ‖Xn‖∞ > nt

}
.

We have seen that the �rst factor converges to t−1. The second factor converges by (v) to

P{tPV ∈ {f ∈ C0(S) : f/‖f‖∞ ∈ B}}

=
Λ({f ∈ C0(S) : f/‖f‖∞ ∈ B, ‖f‖∞ > t})

Λ({f ∈ C0(S) : ‖f‖∞ > t})
=
θt−1σ(B)

θt−1
= σ(B).

Taken together, this shows (iv).

This �nishes the proof.
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Remark 2.11. Under the setup of Theorem 2.10 the constant θ satis�es

θ = lim
n→∞

nP{‖Xn‖∞ > n},

and θ ≥ 1, cf. Remark 2.9 and Theorem 2.6. It is typically called the extremal coe�cient of Z , since
‖Z‖∞/θ follows a standard Fréchet distribution, cf. (9). If the processes Xn in the triangular array were
distributed according to an identical process X for all n ∈ N, i.e., if we are in the framework of classical
regular variation, the constant θ is also understood as the extremal coe�cient of X .

A trivial example for the equivalent conditions of Theorem 2.10 to hold arises from the max-stable limit
itself, since a max-stable Z lies in its own domain of attraction.

Example 2.12. [Regular variation of max-stable processes] LetXorig
n,i = Zn,i, whereZn,i are independent

copies of a simple max-stable process Z ∈ C≥(S), so that Xn,i = T (Zn,i), where T (x) = 1/(1 −
exp(−x−1)) is the transformation from standard Fréchet to standard Pareto margins. By the max-stability
ofZ , we have the distributional identityL(n−1Morig

n ) = L(Z) for all n ∈ N. Hence, in view of Lemma 2.7,
n−1Mn converges weakly to Z , so that statement (i) from Theorem 2.10 holds and the others follow by
equivalence.

2.3 Risk functionals
Rather than conditioning on the norm being large, we consider a more general notion of exceedance in this
section. To this end, let

r : C≥(S)→ [0,∞)

be a continuous and 1-homogeneous functional, i.e. r(cf) = cr(f) for all f ∈ C≥(S) and c > 0. In particular,
r(0) = 0 by continuity. We call such a functional a risk functional. Common examples are an Lp(S, µ)-norm
for a �nite measure µ on S or a weighted in�mum or supremum over S for a bounded non-negative weight
function. The point evaluation risk functional , f 7→ f(s0) for an s0 ∈ S, will also be key to the rest of the
paper. Similarly to Section 2.1, we �rst review relevant spaces and distances. Let

Nr(S) = {f ∈ C≥(S) : r(f) = 0} and Cr(S) = {f ∈ C≥(S) : r(f) ∈ (0,∞)},

so that C≥(S) is the disjoint union of Nr(S) and Cr(S). In particular, 0 ∈ Nr(S) and Cr(S) is a subset of
C0(S). Suppose that r is not identically zero, so that Cr(S) 6= ∅. Denote the distance of a function f ∈ Cr(S)
to Nr(S) by

d(f,Nr(S)) = inf{‖f − g‖∞ : g ∈ Nr(S)}.

A subset B ⊂ Cr(S) is called bounded away from Nr(S) if inf{d(f,Nr(S)) : f ∈ B} > 0. The metric

dr(f, g) =
(
‖f − g‖∞ ∧ 1

)
∨
∣∣∣∣ 1

d(f,Nr(S))
− 1

d(g,Nr(S))

∣∣∣∣
induces the trace topology of C(S) on Cr(S), while (Cr(S), dr) is complete and B ⊂ Cr(S) is bounded away
from Nr(S) if and only if B is bounded for dr , cf. Kulik and Soulier (2020, Example B.1.6). The sequence of
subsets {f ∈ Cr(S) : d(f,Nr(S)) > k−1}, k ∈ N, is properly localizing Cr(S). Hence, Cr(S) is a properly
localized Polish space.

The following lemma implies that all sets of the form {f ∈ Cr(S) : r(f) > t}, where t > 0, are bounded
away from Nr(S) if r is uniformly continuous or if Nr(S) is compact.

Remark 2.13. The condition that r is uniformly continuous is not very restrictive in practice. For instance,
supremum or in�mum over S or point evaluation at some s0 ∈ S are even Lipschitz continuous with
constant 1, while the constant will need to be adapted for weighted versions. An integral over S has
Lipschitz constant equal to the total mass of the integrating measure.
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Lemma 2.14. Suppose that the risk functional r is uniformly continuous or that Nr(S) is compact. Then
there exists a constant κ ∈ (0,∞), such that

κ r(f) ≤ d(f,Nr(S)) (11)

for all f ∈ Cr(S).

Proof. By the de�nition of Cr(S) we have that f ∈ Cr(S) satis�es r(f) ∈ (0,∞). Hence,

d(f,Nr(S)) = inf{‖f − g‖∞ : g ∈ Nr(S)}
= r(f) inf{‖f/r(f)− g/r(f)‖∞ : r(g) = 0}
= r(f) inf{‖f/r(f)− g′‖∞ : r(g′) = 0}
≥ r(f) inf{‖f ′ − g′‖∞ : r(f ′) = 1 and r(g′) = 0}.

If r is uniformly continuous or Nr(S) is compact (and r possibly just continuous, not necessarily uniformly
continuous), then we have that r−1({0}) and r−1({1}) are disjoint closed subsets with a positive distance. So,
setting κ = inf{‖f ′ − g′‖∞ : r(f ′) = 1 and r(g′) = 0} gives the assertion.

Remark 2.15. A situation, in which a bound κ as in (11) does not exist, arises, for instance, when we
consider the risk functional r(f) = (f(s1)f(s2))1/2, where S contains at least two distinct points s1 6= s2.
Consider then a sequence of continuous functions with fn(s1) = n and fn(s2) = 1/n, so that r(fn) = 1.
But then we also have that gn = max(fn−1/n, 0) satis�es gn ∈ Nr(S) with ‖fn−gn‖∞ ≤ 1/n. Hence,
d(fn, Nr(S))→ 0.

Even, if we are in a situation, where (11) does hold, conversely, d(·, Nr(S)) need not be bounded by a
multiple of r. Consider, for instance, S = [0, 1] and r the integral over S. Then Nr(S) = {0}, and so
d(f,Nr(S)) = ‖f‖∞. One may easily construct a sequence of functions fn, n ≥ 1, on S, whose integrals
r(fn) are bounded, whilst their supremum norms ‖fn‖∞ are unbounded.

On the other hand, if r is either the supremum over S, the in�mum over S or the point evaluation at
some s0 ∈ S, it is easily seen that we even have d(f,Nr(S)) = r(f), cf. Lemma A.1. Weighted versions
of supremum, in�mum and point evaluation with a non-trivial non-negative bounded weight function
satisfy that d(f,Nr(S)) ≤ Kr(f) for a constant K ∈ (0,∞).

Let
Sr = {f ∈ C≥(S) : r(f) = 1},

which is again a closed subset of C≥(S) (hence c.s.m.s.). Then the multiplication map

mr : (0,∞)× Sr → Cr(S), mr(t, f) = tf (12)

is a homeomorphism between (0,∞)× Sr and Cr(S) with inverse

m−1
r : Cr(S)→ (0,∞)× Sr, m−1

r (f) = (r(f), f/r(f)),

also known as pseudo-polar decomposition. By M(Cr(S)) we denote the space of all dr-boundedly �nite Borel
measures µ on Cr(S), i.e. measures satisfying µ(B) < 0 for dr-bounded Borel sets B ⊂ C0(S). Endowed with
the v#

r -topology, i.e.

µn
v#r−→ µ if and only if µn(B)→ µ(B) for all dr-bounded Borel sets B with µ(∂B) = 0,

M(Cr(S)) is a Polish space (Kulik and Soulier, 2020, Theorem B.1.20). Lemma 2.16 is an immediate consequence
of the circumstance that a set B ⊂ Cr(S) ⊂ C0(S) bounded away from Nr(S) is also bounded away from 0.

Lemma 2.16. Let µ, µn ∈M(C0(S)), n ∈ N. Then their restrictions to Cr(S) ⊂ C0(S) are dr-boundedly
�nite, and we have the implication

µn
v#−→ µ =⇒ µn

∣∣
Cr(S)

v#r−→ µ
∣∣
Cr(S)

.
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Remark 2.17 (Completeness and preservation of boundedness). The product topology on (0,∞)× Sr is
also induced by the metric

d̃r
(
(t1, f1), (t2, f2)

)
=
(
|t1 − t2| ∧ 1

)
∨
∣∣∣∣ 1

t1
− 1

t2

∣∣∣∣ ∨ (‖f1 − f2‖∞ ∧ 1
)
.

In particular, (0,∞) × Sr is complete with metric d̃r . However, the homeomorphism m−1
r need not

necessarily preserve boundedness. For instance, m−1
r ({f ∈ Cr(S) : d(f,Nr(S)) > k−1}) is unbounded

for d̃r if S = [0, 1] and r is the integral over S, cf. Remark 2.15. On the other hand, m−1
r does preserve

boundedness if there exists a K ∈ (0,∞) such that d(f,Nr(S)) ≤ Kr(f) as is the case for (weighted)
supremum, in�mum or point evaluation. For such risk functionals, the sequence of subsets {f ∈ Cr(S) :
r(f) > k−1}, k ∈ N, is also properly localizing Cr(S).

2.4 Homogeneous measures, risk functionals and triangular arrays
Let us consider again a measure

Λ = (ν1 ⊗ θσ) ◦m−1

as given in Lemma 2.1, where σ is a probability measure on S and θ > 0. By construction, Λ is (−1)-
homogeneous, d0-boundedly �nite, and Λ does not vanish on C0(S). The restriction of Λ to Cr(S),

Λr = Λ
∣∣
Cr(S)

, (13)

is also (−1)-homogeneous and necessarily dr-boundedly �nite, cf. Lemma 2.16. If Λ has no mass on Nr(S),
we can even retrieve Λ from Λr . In many cases, e.g., when the risk functional r is a point evaluation, it is
however possible that Λ might have mass on Nr(S). Lemma 2.18 gives the necessary and su�cient conditions
on V ∼ σ, which ensure that Λr is not a zero measure or, even more, that no mass ist lost by restricting Λ to
Cr(S).

Lemma 2.18. Let V ∼ σ. Then

Λ(Cr(S)) 6= 0 ⇐⇒ P{r(V ) > 0} > 0,

Λ(Nr(S)) = 0 ⇐⇒ P{r(V ) > 0} = 1.

Proof. Recall that we can express Λ(B) by the de�nition of Λ as (4). For B = Cr(S), the integrand on the
right-hand-side in (4) equals

σ({f ∈ S : tf ∈ Cr(S)}) = P{r(tV ) > 0} = P{tr(V ) > 0} = P{r(V ) > 0}.

for all t ∈ (0,∞), while for B = Nr(S) the integrand equals

σ({f ∈ S : tf ∈ Nr(S)}) = P{r(tV ) = 0} = P{tr(V ) = 0} = P{r(V ) = 0}

for all t ∈ (0,∞). Hence, if P{r(V ) > 0} > 0 or r(V ) > 0 almost surely, we see that Λ(Cr(S)) 6= 0 or
Λ(Nr(S)) = 0, respectively. Conversely, if Λ(Cr(S)) 6= 0, the integrand σ({f ∈ S : tf ∈ Cr(S)}) needs to
be positive on a set of positive ν1-measure, hence P{r(V ) > 0} > 0. And if Λ(Nr(S)) = 0, the integrand
σ({f ∈ S : tf ∈ Nr(S)}) can only be positive on a ν1-null set, hence P{r(V ) = 0} = 0.

The condition P{r(V ) > 0} > 0 means that r does not vanish σ-almost everywhere. We assume henceforth
that it is satis�ed, so that Λr is not a zero measure.

Lemma 2.19. Suppose that P{r(V ) > 0} > 0. Then we may represent Λr as

Λr = (ν1 ⊗ θrσr) ◦m−1
r , (14)

that is,

Λr(B) = (ν1 ⊗ θrσr)(m−1
r (B)) = θr

∫ ∞
0

σr({f ∈ Sr : tf ∈ B}) ν1(dt)
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for Borel sets B ⊂ Cr(S), where

θr = Λr({f ∈ Cr(S) : r(f) > 1} = Λ({f ∈ C0(S) : r(f) > 1}) = θE[r(V )] ∈ (0,∞), (15)

and σr is the probability measure on Sr given by

σr(B) =
1

θr
Λr({f ∈ Cr(S) : f/r(f) ∈ B, r(f) > 1}) =

1

θr
Λ({f ∈ C0(S) : f/r(f) ∈ B, r(f) > 1})

(16)

for Borel sets B ⊂ Sr .

Proof. The condition P{r(V ) > 0} > 0 ensures that Λr is not a zero measure, cf. Lemma 2.18, and so, by
Lemma 2.2,

θr = Λr({f ∈ Cr(S) : r(f) > 1} = Λ({f ∈ C0(S) : r(f) > 1}) = θE[r(V )] ∈ (0,∞).

Therefore, we may de�ne a probability measure σr on Sr by (16). By the homogeneity of Λ and Λr , we have

θr σr(B) t−1 = Λr
({
f ∈ Cr(S) : r(f) > t , f/r(f) ∈ B

})
= Λ

({
f ∈ C0(S) : r(f) > t , f/r(f) ∈ B

})
for Borel sets B ⊂ Sr and t > 0. Thus (by a similar Dynkin system argument as in Lemma 2.1), we may
represent Λr as Λr = (ν1 ⊗ θrσr) ◦m−1

r .

The measure σr in (16) can be obtained directly from σ as follows, cf. also Dombry and Ribatet (2015,
Theorem 3).

Lemma 2.20. The measure σr from (16) can be obtained from σ via

σr(B) =
1

E[r(V )]

∫
S
r(f)1{f ∈ r(f)B}σ(df) (17)

for Borel sets B ⊂ Sr . If r′ : C≥(S)→ [0,∞) is measurable and homogeneous and V r ∼ σr , then

E
[
r′(V r)

]
=

E[r′(V )1{r(V ) > 0}]
E[r(V )]

.

In particular, E[r′(V r)] is �nite if r′ is another risk functional, and

E
[
‖V r‖∞

]
=

P{r(V ) > 0}
E[r(V )]

∈ (0,∞).

Proof. By de�nition of σr , we have

σr(B) =
1

θE[r(V )]
Λ({f ∈ C0(S) : f/r(f) ∈ B, r(f) > 1}).

Recall from the proof of Lemma 2.2 that there exists a > 0 such that P{r(V ) > a} = 0. Hence, an application
of Fubini’s theorem yields

σr(B) =
1

θE[r(V )]

∫
C0(S)

1{f/r(f) ∈ B, r(f) > 1}Λ(df)

=
θ

θE[r(V )]

∫ ∞
1/a

∫
S
1{tf/r(tf) ∈ B, r(tf) > 1}σ(df) ν1(dt)

=
1

E[r(V )]

∫
S

∫ ∞
1/a

1{r(f) > t−1} ν1(dt)1{f/r(f) ∈ B}σ(df)

=
1

E[r(V )]

∫
S
r(f)1{f ∈ r(f)B}σ(df),

13



which shows the claimed relation (17) between σ and σr . By this relation, we obtain further

E[r′(V r)] =

∫ ∞
0

P{r′(V r) > t}dt =

∫ ∞
0

σr({f ∈ Sr : r′(f) > t}) dt

=

∫ ∞
0

1

E[r(V )]

∫
S
r(f)1{r′(f) > r(f)t}σ(df) dt

=
1

E[r(V )]

∫
S
1{r(f) > 0}

∫ ∞
0

1{r′(f)/r(f) > t} dt r(f)σ(df) =
E[r′(V )1{r(V ) > 0}]

E[r(V )]
.

We know already that the denominator lies in (0,∞). If r′ is another risk functional, the enumerator is bounded
by E[r′(V )] <∞, cf. Lemma 2.2. Choosing r′ = ‖·‖∞ yields the last assertion.

Remark 2.21. Similarly to (17), if r′ and r are two risk functionals and σr and σr′ are both derived from
Λ as in (16), while P{r(V ) > 0} > 0 and P{r′(V ) > 0} = 1, i.e., Λ has no mass on Nr′(S), then

σr(B) =
1

E[r(V r′)]

∫
Sr′
r(f)1{f ∈ r(f)B}σr′(df), (18)

cf. also Dombry and Ribatet (2015, Proposition 2).

The following lemma is analogous to Lemma 2.3 with almost identical proof except for replacing the norm
‖·‖∞ by the general risk functional r(·) and the constant θ by the constant θr .

Lemma 2.22. Let V r be distributed according to the probability measure σr from (16). Let P be a standard
Pareto variable independent of V r and let a > 0. Then the measure

Λ( · ∩ {f ∈ C0(S) : r(f) > a})
Λ({f ∈ C0(S) : r(f) > a})

=
Λr( · ∩ {f ∈ Cr(S) : r(f) > a})

Λr({f ∈ Cr(S) : r(f) > a})

coindices with the law of the product aPV r on C≥(S).

Next, we consider consequences from the triangular array convergence from Theorem 2.10 when condition-
ing on an exceedance of a risk functional. The result is analogous to Dombry and Ribatet (2015, Theorem 3).

Proposition 2.23. Consider the setup of Theorem 2.10, and assume that one of the statements (i)-(v) in
Theorem 2.10 (hence any) holds true. In addition, let r : C≥(S) → [0,∞) be a risk functional, such that
P{r(V ) > 0} > 0, and let V r and P be as in Lemma 2.22. Then we have the following implications:

(a) For all t > 0 and Borel sets B ⊂ Sr with P{V r ∈ ∂B} = 0

1

P{r(Xn) > n}
P
{

Xn

r(Xn)
∈ B , r(Xn)

n
> t

}
→ P{V r ∈ B} t−1 as n→∞.

(b) L
(
n−1Xn | r(Xn) > an

)
→ L

(
aPV r

)
weakly in C≥(S) for all a > 0.

Proof. Let t > 0 and A ⊂ Sr be Borel. Then, by the continuity of r, any f in the closure of mr((t,∞)×A) in
C0(S) satis�es that r(f) ≥ t and that f/r(f) is in the closure of A. Therefore,

∂mr((t,∞)×A) ⊂ mr(({t} ×A) ∪ ([t,∞)× ∂A)) = mr({t} ×A) ∪mr([t,∞)× ∂A) ⊂ Cr(S). (19)

(a) The left-hand side in (a) equals

nP{n−1Xn ∈ mr((t,∞)×B)}
nP{n−1Xn ∈ mr((1,∞)× Sr)}

.

By Equation (19), the boundaries of the sets mr((t,∞)×B)) ⊂ Cr(S) and mr((1,∞)× Sr)) ⊂ Cr(S) in
C0(S) are contained inmr({t}×B)∪mr([t,∞)×∂B) ⊂ Cr(S) andmr({1}×Sr) ⊂ Cr(S), respectively,
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all of which are null-sets for Λ
∣∣
Cr(S)

= Λr , cf. (13) and (14). Moreover, continuity and homogeneity of r
ensure that both sets are d0-bounded and, consequently, by (ii) of Theorem 2.10, the left-hand side in (a)
convergences to

Λr({f ∈ Cr(S) : f/r(f) ∈ B, r(f) > t})
Λr({f ∈ Cr(S) : r(f) > 1})

=
θrσr(B)t−1

θr
= P{V r ∈ B} t−1.

(b) Let Ar = {f ∈ C0(S) : r(f) > a} ⊂ Cr(S). For the limiting distribution we have the property
P{aPV r ∈ Ar} = 1 and as for Λ there is no mass on the boundary of Ar , cf. Lemma 2.22 and Lemma 2.2.
So let B ⊂ Ar be a continuity set of P{aPV r ∈ ·}, then it is also a continuity set for Λ by Lemma 2.22. In
addition, Ar and B are bounded away from {0}. Hence, by (ii) of Theorem 2.10,

P{n−1Xn ∈ B | r(Xn) > an} =
nP{n−1Xn ∈ B ∩Ar}
nP{n−1Xn ∈ Ar}

→ Λ(B ∩Ar)
Λ(Ar)

= P{aPV r ∈ B},

where the last equality follows directly from Lemma 2.22.

Remark 2.24. If we evaluate Theorem 2.10 (ii) on the continuity set {f ∈ C0(S) : r(f) > 1}, we obtain
with (15) that

θr = θE[r(V )] = Λ
(
{f ∈ C0(S) : r(f) > 1}

)
= lim
n→∞

nP{r(Xn) > n},

cf. also Remark 2.9. This shows how the constant θr can be directly obtained from the law L(Xn) of each
row in the triangular array from Theorem 2.10.

Instead of considering a d0-boundedly �nite (−1)-homogeneous measure Λ on C0(S) and investigating
properties of its restriction to Cr(S), suppose for a moment that we are only given a non-vanishing (−1)-
homogeneous measure Λr of the form

Λr = (ν1 ⊗ θrσr) ◦m−1
r

on Cr(S) for a constant θr ∈ (0,∞) and a probability measure σr on Sr . The motivation for doing so is as
follows. We have seen already in Lemma 2.4 that the LePage representation (7), i.e., the pointwise maximum
process

Z = θ

∞∨
i=1

Γ−1
i Vi,

derived from the measure Λ is a semi-simple max-stable process in C≥(S). This respresentation of Z is
supremum-normalized, since ‖Vi‖∞ = 1 almost surely, as each Vi is a copy of V ∼ σ with support on S.
Naturally, we may ask when a process of the form

Zr = θr

∞∨
i=1

Γ−1
i V ri , (20)

where θr ∈ (0,∞), (Γi)i∈N are the arrival times of a renewal process on (0,∞) with standard exponential
interarrival times, and independently, (V ri )i∈N are independent copies of a stochastic process V r distributed
according to a probability measure σr on Sr , is semi-simple max-stable in C≥(S). This would imply that the
max-series on the right-hand side of (20) is an r-normalized representation of an almost surely continuous semi-
simple max-stable process Zr . It turns out that the key to this question lies in the d0-boundedly �niteness of the
extension of Λr toC0(S) via zero mass onC0(S)\Cr(S) = Nr(S)\{0}. Lemma 2.25 gives the characterization
of this property in terms of V r ∼ σr . Note that in general a measure Λr of the form Λr = (ν1 ⊗ θrσr) ◦m−1

r

need not even be dr-boundedly �nite, cf. Remark 2.15 and Remark 2.17, let alone d0-boundedly �nite.
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Lemma 2.25. Let θr ∈ (0,∞) and let σr be a probability measure on Sr and V r ∼ σr . Let Λ be the
extension of Λr = (ν1 ⊗ θrσr) ◦m−1

r to C0(S) by zero mass on C0(S) \ Cr(S) = Nr(S) \ {0}.

(a) Then Λ is d0-boundedly �nite if and only if

E
[
‖V r‖∞

]
= E

[
sup
s∈S

V r(s)
]
<∞. (21)

(b) If (21) is met, then Λ = (ν1 ⊗ θσ) ◦m−1, where

θ = Λr({f ∈ Cr(S) : ‖f‖∞ > 1}) = θr E[‖V r‖∞] ∈ (0,∞), (22)

and

σ(B) =
1

θ
Λr
({
f ∈ Cr(S) : ‖f‖∞ > 1 , f/‖f‖∞ ∈ B

})
(23)

for Borel sets B ⊂ S.

(c) If (21) is met, then the associated Poisson point process PPP(Λ) on C0(S) with mean measure Λ can
be represented as the sum of random point masses

∞∑
i=1

εθrΓ−1
i V r

i
, (24)

where (Γi)i∈N are the arrival times of a renewal process on (0,∞) with standard exponential interarrival
times, and independently, (V ri )i∈N are independent copies of V r .

Proof. (a) By de�nition of Λ, we have that Λ(B) = Λr(B∩Cr(S)) for Borel setsB ⊂ C0(S). So, the extension
Λ is d0-boundedly �nite if and only if Λr({f ∈ C0(S) : ‖f‖∞ > a} ∩ Cr(S)) is �nite for all a > 0. By
de�nition of Λr , we have for a > 0

Λr({f ∈ Cr(S) : ‖f‖∞ > a}) = θr

∫ ∞
0

σr({f ∈ Sr : ‖tf‖∞ > a}) ν1(dt)

= θr

∫ ∞
0

∫
Sr
1{‖f‖∞ > a/t})σr(df)ν1(dt),

which may be �nite or in�nite. By Tonelli’s theorem we may rewrite this expression as

θr

∫
Sr

∫ ∞
0

1{‖f‖∞ > a/t}) ν1(dt)σr(df) = θr E
∫ ∞

0

1{‖V r‖∞/a > x}) dx =
θr
a
E
[
‖V r‖∞

]
,

hence the �rst assertion.

(b) If (21) is met, then Λr is the restriction of Λ to Cr(S), while Λ is non-vanishing, d0-boundedly �nite
and (−1)-homogeneous. Hence, we may represent Λ as in Lemma 2.1 as (ν1 ⊗ θσ) ◦m−1, where in this
situation Λ has no mass onNr(S), so that (22) and (23) follow from Lemma 2.1 and the previous calculation
from the proof of part (a).

(c) Since Λ has no mass on Nr(S) and the restriction of Λ to the set Cr(S) = C0(S) \ Nr(S) is Λr =
(ν1 ⊗ θrσr) ◦m−1

r , the result follows similarly as the solution to Problem 7.2 in Kulik and Soulier (2020)
from the transformation of points for Poisson processes, cf. Kulik and Soulier (2020, Proposition 7.1.12).

The decisive requirement in Lemma 2.25 is condition (21), which can be found in the literature in the context
of simple max-stable processes in de Haan and Ferreira (2006, Corollary 9.4.5). In other words, condition (21)
ensures that almost surely no points of the Poisson point process in (24) accumulate in proximity of Nr(S)
unless the accumulation point is 0 ∈ C≥(S), where we mean proximity with respect to the original supremum
norm. In particular, a continuous max-stable processes can be constructed from the spectral processes V ri that
are almost surely in Sr , i.e. r(V ri ) = 1 almost surely, rather than being con�ned to supremum-normalized
processes Vi with Vi ∈ S almost surely as in Lemma 2.4.
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Corollary 2.26. Let Λr = (ν1 ⊗ θrσr) ◦m−1
r be as in Lemma 2.25, such that V r ∼ σr satis�es condition

(21). Furthermore, let
∑∞
i=1 εθrΓ−1

i V r
i

be the point process as in Lemma 2.25 part (c). Then the pointwise
maximum process

Zr = θr

∞∨
i=1

Γ−1
i V ri ,

is a semi-simple max-stable process in C≥(S) with

P{r′(Zr) ≤ t} = exp

(
− θr E[r′(V r)]

t

)
, t > 0, (25)

for any continuous and 1-homogeneous r′ : C≥(S) → [0,∞). Moreover, the positive constant θr and the
probability measure σr on Sr , i.e. the law of V r , are both uniquely identi�ed from the distribution of Zr .

Proof. Let Λ be the zero mass extension of Λr as in Lemma 2.25. Then, by Lemma 2.25, Λ is d0-boundedly �nite
and can be represented as (ν1 ⊗ θσ) ◦m−1, where θ is as in (22) and σ as in (23). Moreover, the point process∑∞
i=1 εθrΓ−1

i V r
i

is in fact a Poisson point process with mean measure Λ. Therefore, the law of Zr coincides in
fact with the law of the semi-simple max-stable process Z from Lemma 2.4 if the measure Λ therein coincides
with Λ here. Sample continuity and max-stability of Zr follow. Moreover,

P{r′(Zr) ≤ t} = P{r′(Z) ≤ t} = exp

(
− θE[r′(V )]

t

)
, t > 0,

where V ∼ σ. Since Λ is the zero mass extension of Λr to C0(S), we have by Lemma 2.18 that r(V ) > 0
almost surely. Hence, by applying Lemma 2.20 twice and �nally (22), we arrive at

θE[r′(V )] = θE[r(V )]E[r′(V r)] =
θ

E[‖V r‖∞]
E[r′(V r)] = θrE[r′(V r)],

as desired.
To identify θr from the law of Zr , we use Equation (25) with r′ = r. Recall that E[r(V r)] = 1 since

V r ∈ Sr almost surely, hence θr = − logP{r(Zr) ≤ 1}. Moreover, any non-negative bounded continuous
function b : Sr → [0,∞) arises as the restriction to Sr for a continuous and 1-homogeneous r′ : C≥(S)→
[0,∞) by setting r′(f) = 0 for f ∈ Nr(S) and r′(f) = r(f)b(f/r(f)) for f ∈ Cr(S), hence E[b(V r)] =
− logP{r′(Zr) ≤ 1}/θr , which identi�es the law of V r by allowing b to vary.

Remark 2.27. The proof of Corollary 2.26 also reveals that the law of Zr coincides with the law of Z
from Lemma 2.4 if Λ therein is the zero mass extension of Λr to C0(S). Moreover, we have for V r ∼ σr
and V ∼ σ with σ as in (23) and θ as in (22) that

θr E
[
V r(s)

]
= θE

[
V (s)

]
, s ∈ S.

So the process Zr is simple max-stable if and only if E
[
V r(s)

]
= 1/θr for all s ∈ S. If r is the point

evaluation at s0 ∈ S and we denote θr = θs0 and V r = V (s0), then V ∼ σ satis�es V (s0) > 0 almost
surely, so that with Lemma 2.20 E[V (s0)(s)] = E[V (s)]/E[V (s0)] = (1/θ)/(1/θ) = 1 for s ∈ S, and the
condition E[V (s0)(s)] = 1/θs0 means that we have necessarily θs0 = 1.

3 Domain-scaled regular variation
If in all rows of the triangular array setup of Section 2, the processes Xn,i on the compact domain S ⊂ Rd
are independent copies a stochastic process X with unit Pareto margins, irrespective of the row index n,
then Theorem 2.10 retrieves classical regular variation results and the process X is called regularly varying,
cf. Dombry and Ribatet (2015). However, Theorem 2.10 also extends this framework and covers, for instance,
the maxima convergence of suitably rescaled Gaussian processes to a Brown–Resnick process, cf. Section 5.
In this case, a triangular array arises from scaling of the underlying domain, which motivates the following
de�nition.
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3.1 De�nition for processes on compact domains
We start by de�ning domain-scaled regular variation for processes on compact convex domains S ⊂ Rd.

De�nition 3.1. Let s0 ∈ Rd and S ⊂ Rd compact and convex such that s0 ∈ S. Let X be a pathwise
continuous stochastic process on S with standard Pareto margins. We call X domain-scaled regularly
varying on S with respect to s0 if there exists a scaling sequence δn ∈ [1,∞), such that there exists
a simple max-stable process Z with spectral representation (10) as in Theorem 2.6, and accordingly
Λ = (ν1 ⊗ θσ) ◦m−1, V ∼ σ and P as in Theorem 2.10, such that one (hence any) of the equivalent
conditions of Theorem 2.10 is satis�ed when we set Xn(s) therein equal to

X(s0)
n (s) = X

(
s0 +

s− s0

δn

)
, s ∈ S, (26)

and accordingly Xn,i(s) equal to

X
(s0)
n,i (s) = Xi

(
s0 +

s− s0

δn

)
, s ∈ S,

where Xi, 1 ≤ i ≤ n, are independent copies of X .

Remark 3.2 (Convexity of the domain). In principle, one might de�ne domain-scaled regular variation on
star-shaped domains that are star-shaped with respect to the reference point s0 rather than convex ones.
This condition is necessary to ensure that s0 + (S − s0)/δn remains within S for all n ≥ 1. Convexity of
S ⊂ Rd ensures that S is star-shaped with respect to any reference point s0 ∈ S. Starting from Section
3.2, we consider di�erent reference points s0 ∈ S, so that the convexity of the domain S becomes relevant.

If X is regularly varying on S in the classical sense, it is domain-scaled regularly varying with the constant
scaling sequence δn ≡ 1. Trivial examples arise, for instance, from max-stable processes, cf. Example 2.12. The
point evaluation at s0,

rs0(f) = f(s0), (27)

applied to the triangular array (26) always returns the same random variable

rs0
(
X(s0)
n

)
= X(s0)

n (s0) = X(s0) = rs0(X),

i.e., the scaling operation in (26) does not change the outcome of rs0 , which is simply X(s0). Consequently,
the term rs0

(
X

(s0)
n

)
, which appears in Proposition 2.23 in the conditioning part as r(Xn), depends only on X

and s0, and not on n ∈ N, so that Corollary 3.3 is a direct consequence of Proposition 2.23 if we plug in as risk
functional r the point evaluation rs0 . In what follows, we use the following suggestive notation when r = rs0 :

θs0 = θr, σs0 = σr, Ss0 = Sr and V (s0) = V r,

and we call V (s0) the point-spectral process of X with respect to s0 ∈ S.

Corollary 3.3. Let X be a stochastic process with standard Pareto margins that is domain-scaled regularly
varying on a compact convex S ⊂ Rd with respect to s0 ∈ S and letX(s0)

n be as in (26). Let P be a standard
Pareto variable independent of V (s0). Then we have the following implications:

(a) For all t > 0 and Borel sets B ⊂ S(s0) with P{V (s0) ∈ ∂B} = 0

nP
{
X

(s0)
n

X(s0)
∈ B , X(s0) > nt

}
→ P

{
V (s0) ∈ B

}
t−1 as n→∞.

(b) L
(
n−1X

(s0)
n

∣∣X(s0) > na
)
→ L

(
aPV (s0)

)
weakly in C≥(S) for all a > 0.
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Part (a) and (b) of Corollary 3.3 are equivalent to the weak convergences

L
(
X

(s0)
n

X(s0)

∣∣∣∣X(s0) > nt

)
→ L

(
V (s0)

)
and L

(
X

(s0)
n

nt

∣∣∣∣X(s0) > nt

)
→ L

(
PV (s0)

)
, (28)

respectively, as n→∞. By de�nition, the point-spectral process V (s0) satis�es V (s0)(s0) = 1 almost surely,
and

θs0 = Λ({f ∈ C0(S) : f(s0) > 1}) = θE[V (s0)] = 1,

where the last equality is due to the marginal standardization in Theorems 2.6 or 2.10, respectively. Further,
Lemma 2.20 gives that

E
[
V (s0)(s)

]
=

E[V (s)1{V (s0) > 0}]
E[V (s0)]

, s ∈ S,

which simpli�es to E[V (s0)(s)] = 1 if V (s0) > 0 almost surely.

3.2 Consequences under stationarity
The following lemma summarises a few consequences when the domain-scaling process X is stationary on S,
i.e. when the distribution of{

X(s1 + h)
}
h∈(S−s1)∩(S−s2)

and
{
X(s2 + h)

}
h∈(S−s1)∩(S−s2)

coincide for any s1, s2 ∈ S.

Lemma 3.4. Let X be as in Corollary 3.3 and assume that X is stationary on S. Let s0, s1, s2 ∈ S with
s1 6= s2. Let P be a standard Pareto variable independent of V (s1) and V (s2). Then the following holds:

(a) We have the distributional equality

L
({
V (s1)(s1 + h)

}
h∈(S−s1)∩(S−s2)

)
= L

({
V (s2)(s2 + h)

}
h∈(S−s1)∩(S−s2)

)
. (29)

For s1, s2 ∈ S and any t > 0

P
{
PV (s1)(s2) > t

}
= t−1 P

{
PV (s2)(s1) > t−1

}
, (30)

and

E
[
V (s1)(s2)

]
= P

{
V (s2)(s1) > 0

}
. (31)

For any t1, t2 ≥ 1

P
{
PV (s1)(s1) > t1, PV

(s1)(s2) > t2
}

= P
{
PV (s2)(s1) > t1, PV

(s2)(s2) > t2
}
. (32)

(b) Suppose that, additionally, all the bivariate distributions of X are symmetric, i.e. L(X(s), X(s′)) =
L(X(s′), X(s)) for all s, s′ ∈ S. Then for any h ∈ (S − s0) ∩ (−S + s0)

L
(
V (s0)(s0 + h)

)
= L

(
V (s0)(s0 − h)

)
. (33)

For any t ≥ 0

P
{
PV (s1)(s2) > t

}
= P

{
PV (s2)(s1) > t

}
, (34)

and

E
[
V (s1)(s2)

]
= P

{
V (s1)(s2) > 0

}
. (35)

For any t1, t2 ≥ 1

P
{
PV (s1)(s1) > t1, PV

(s1)(s2) > t2
}

= P
{
PV (s2)(s1) > t2, PV

(s2)(s2) > t1
}
. (36)

19



Proof. (a) The distributional equality (29) follows directly from (28) and the stationarity of X . By Lemma 2.22
and Lemma 2.2, the set {f ∈ C0(S) : f(si) > u} is a continuity set of PV (sj) for any u > 0 and
(i, j) ∈ {(1, 2), (2, 1)}. So Corollary 3.3 (b) gives

P
{
PV (s1)(s2) > t

}
= lim
n→∞

P
{
X(s1)
n (s2) > nt

∣∣X(s1) > n
}

= lim
n→∞

nP
{
X

(
s1 +

s2 − s1

δn

)
> nt , X(s1) > n

}
= t−1 lim

n→∞
ntP

{
X(s1) > n , X

(
s1 +

s2 − s1

δn

)
> nt

}
Since X is stationary,

P
{
PV (s1)(s2) > t

}
= t−1 lim

n→∞
ntP

{
X(s1 + h) > n , X

(
s1 +

s2 − s1

δn
+ h

)
> nt

}
for any h such that s1 +h and s1 + (s2 − s1)/δn+h lie in S, e.g. for h = (1−1/δn)(s2− s1), which gives

P
{
PV (s1)(s2) > t

}
= t−1 lim

n→∞
ntP

{
X

(
s2 +

s1 − s2

δn

)
> n , X(s2) > nt

}
= t−1 lim

n→∞
P
{
X(s2)
n (s1) > n

∣∣X(s2) > nt
}

= t−1P
{
tPV (s2)(s1) > 1

}
,

where the last identity is again implied by Corollary 3.3 (b). This shows (30).

Using (30) (with exchanged roles for s1 and s2) and Lemma A.2 we obtain

E
[
V (s1)(s2)

]
= lim
t→0

P
{
PV (s2)(s1) > t

}
= P

{
PV (s2)(s1) > 0

}
,

hence (31) with P ≥ 1 almost surely.

The identity (32) means in fact

P
{
P > t1, PV

(s1)(s2) > t2
}

= P
{
PV (s2)(s1) > t1, P > t2

}
, (37)

since V (s)(s) = 1 for all s ∈ S almost surely by de�nition. Using the threshold-stability of P , the
left-hand-side of (37) equals

P
{
P > t1, PV

(s1)(s2) > t2
}

= t−1
1 P

{
PV (s1)(s2) > t2 |P > t1

}
= t−1

1 P
{
t1PV

(s1)(s2) > t2
}
,

and the same calculation means the right-hand side of (37) equals t−1
2 P

{
t2PV

(s2)(s1) > t1
}

, so that their
equality follows directly from (30).

(b) The distributional equality (33) follows directly from (28) together with the stationarity and symmetry of
X ; more precisely we employ in (28) that

L
(
X(s0 + h/δn), X(s0)

)
= L

(
X(s0), X(s0 − h/δn)

)
= L

(
X(s0 − h/δn), X(s0)

)
.

In order to show (34), we use again

P
{
PV (s1)(s2) > t

}
= lim
n→∞

nP
{
X

(
s1 +

s2 − s1

δn

)
> nt , X(s1) > n

}
,

where due to X’s bivariate symmetry and stationarity

P
{
PV (s1)(s2) > t

}
= lim
n→∞

nP
{
X(s1) > nt , X

(
s1 +

s2 − s1

δn

)
> n

}
= lim
n→∞

nP
{
X

(
s2 +

s1 − s2

δn

)
> nt , X(s2) > n

}
= P

{
PV (s2)(s1) > t

}
.

In this situation, the equality extends to t = 0, so that (35) follows from (31).

As for (36), recall that

P
{
P > t1, PV

(s1)(s2) > t2
}

= t−1
1 P

{
PV (s1)(s2) > t2 |P > t1

}
= t−1

1 P
{
t1PV

(s1)(s2) > t2
}
.

Likewise, P
{
P > t1, PV

(s2)(s1) > t2
}

= t−1
1 P

{
t1PV

(s2)(s1) > t2
}
. So (34) gives

P
{
P > t1, PV

(s1)(s2) > t2
}

= P
{
P > t1, PV

(s2)(s1) > t2
}
,

hence (36).
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3.3 De�nition for processes on Rd

So far, we have only considered stochastic processes de�ned on a �xed compact subset S ⊂ Rd. In what
follows, we will need to revert the domain-scaling and work with stochastic processes on Rd in order to de�ne
an appropriate tail approximating process for a domain-scaled regularly varying process. We start by explicitly
stating how the set-speci�c domain-scaled regular variation is compatible with restrictions to a smaller subset.

Lemma 3.5. LetX be a pathwise continuous stochastic process on a compact convex S ⊂ Rd with standard
Pareto margins that is domain-scaled regularly varying with respect to s0 ∈ S for the scaling sequence
δn ∈ [1,∞). Let V (s0) be the corresponding point-spectral process on S. Let S′ ⊂ S be a compact convex
subset with s0 ∈ S′. Then the restriction ofX to S′ is domain-scaled regularly varying on S′ with respect to
s0 for the same scaling sequence δn ∈ [1,∞), and the corresponding point-spectral process for the restriction
of X to S′ is the restriction of V (s0) to S′.

Proof. That the restriction of X to S′ is domain-scaled regularly varying as stated follows from De�nition 3.1
and the characterization of this property via part (i) of Theorem 2.10. The second implication follows then
from Corollary 3.3, cf. also (28).

The following de�nition extends the concept of domain-scaled regular variation to processes on Rd.

De�nition 3.6. Let X be a pathwise continuous stochastic process on Rd with standard Pareto margins.
We call X domain-scaled regularly varying with respect to s0 ∈ Rd for the scaling sequence δn ∈ [1,∞) if
it is domain-scaled regularly varying on S with respect to s0 for the scaling sequence δn for any compact
convex S ⊂ Rd such that s0 ∈ S.

Remark 3.7. In particular, if a stationary stochastic process X on Rd is domain-scaled regularly varying
with respect to some s0 ∈ Rd, then it is domain-scaled regularly varying with respect to any s0 ∈ Rd.

Lemma 3.8. Let X be domain-scaled regularly varying on Rd with respect to s0 ∈ Rd for the scaling
sequence δn ∈ [1,∞) as in De�nition 3.6. Then there exists a pathwise continuous stochastic process V (s0)

on Rd, such that the restriction of V (s0) to S is the point-spectral process of the restriction of X to S.

Proof. Let S1 ⊂ S2 ⊂ . . . be a series of compact convex subsets of Rd with
⋃
k∈N Sk = Rd and s0 ∈ S1.

For each k ∈ N, let V (s0)
k be the point-spectral process of the restriction of X to Sk, which exists due to the

domain-scaled regular variation of X on Rd. Due to Lemma 3.5 we have that for k ≤ n the law of the process
V

(s0)
k is the law of the restriction of V (s0)

n to Sk. The existence of the law of V (s0) is then ensured as the
projective limit of the respective probability measures of V (s0)

k , k ∈ N, cf. Corollary 6.15 of Kallenberg (2002).
It necessarily satis�es all the stated properties, since for any compact convex S ⊂ Rd with s0 ∈ S, we can �nd
an index k ∈ N, such that S ⊂ Sk , so that we may apply Lemma 3.5 again.

Hence, if X is domain-scaled regularly varying on Rd with respect to a reference point s0 ∈ Rd, then
there exists a global point-spectral process V (s0) on Rd for X that is compatible with respect to restrictions to
compact convex subsets containing s0. When no ambiguity arises, we may omit the term global. In particular,
V (s0)(s0) = 1 almost surely. If, in addition, X is stationary, then Lemma 3.4 implies that for any s0 ∈ Rd

L
({
V (s0)(s0 + h)

}
h∈Rd

)
= L

({
V (0)(h)

}
h∈Rd

)
, (38)

and so the distribution of any point-spectral processes V (s0) can be recovered from the point spectral process
V (0) with reference point the origin 0 ∈ Rd. If, furthermore, the bivariate distributions of X are symmetric,
Lemma 3.4 implies that

L
(
V (0)(h)

)
= L

(
V (0)(−h)

)
, h ∈ Rd. (39)

21



Remark 3.9 (Connection to Basrak et al. (2025)). Let C≥(Rd) be the space of continuous non-negative
function on Rd equipped with the topology of uniform convergence on compact sets, and let S(s0)(Rd) =
{f ∈ C≥(Rd) : f(s0) = 1}. De�ne the multiplication map

ms0 : (0,∞)× S(s0)(Rd)→ C≥(Rd), ms0(t, f) = tf.

Then, a pathwise continuous stochastic process X on Rd with standard Pareto margins is domain-scaled
regularly varying with respect to s0 ∈ Rd for the scaling sequence δn (as in De�nition 3.6) if and only if
there exists a continuous stochastic process V (s0) on Rd with V (s0)(s0) = 1 almost surely, such that the
sequence of measures

nP
{
n−1X

(
s0 +

· − s0

δn

)
∈ ·
}

converges vaguely to
(
ν1 ⊗ L

(
V (s0)

))
◦m−1

s0

in the sense of Section 4.4.4. of Basrak et al. (2025). More precisely, this means that the convergence holds
for continuity sets of the limit from the metric exclusion ideal of the zero function with respect to the
Fréchet metric induced by the supremum norms of a sequence of compact subsets S1 ⊂ S2 ⊂ . . . with⋃
k∈N Sk = Rd and s0 ∈ S1. If this is the case, the law of V (s0) coincides necessarily with the law of the

global point-spectral process from Lemma 3.8.
However, note that domain-scaled regular variation is usually not a form of regular variation in the

sense of De�nition 3.14 of Basrak et al. (2025), as the operation

Tt(f) = tf(s0 + δ(t)(· − s0))

usually does not satisfy the semigroup property Ts ◦ Tt = Tst, unless δsδt = δst. In what follows, this
requirement is only met for the exceptional case δ ≡ 1, see Assumption 4.3.

4 A domain-scaled tail approximating process
Classical regular variation motivates a widely known tail process, the Pareto process PV (s0), that is used
in order to approximate the behaviour of a regularly varying process X around s0 when X(s0) is large.
Corollary 3.3 enables to extend this class by inversion of the inner domain-scaling, such that the rescaled
Pareto process mimics again locally the original process X around s0. To do so, we replace scaling sequences
by scaling functions: a function δ : [1,∞)→ [1,∞) interpolates a sequence δn, n ∈ N, if δ(u) ∈ [δbuc, δdue]
for u ∈ [1,∞). In particular, δ(n) = δn for n ∈ N.

De�nition 4.1. Let X be domain-scaled regularly varying on Rd with respect to s0 ∈ Rd for the scaling
sequence δn and with global point-spectral process V (s0) on Rd. Let δ : [1,∞)→ [1,∞) be a function
that interpolates the sequence δn. And let P be a standard Pareto random variable independent from
V (s0). Based on these quantities, we de�ne the (domain-scaled) tail approximating process Y (s0) for X at
s0 as follows:

Y (s0)(s) = P V (s0)
(
s0 + δ(P )(s− s0)

)
, s ∈ Rd.

At the reference point s0, the tail approximating process Y (s0) is standard Pareto, i.e. Y (s0)(s0) = P .
Otherwise, for (P -almost all) u ≥ 1, the law of the tail approximating process Y (s0) conditional on this value
is given by

L
(
Y (s0)

∣∣Y (s0)(s0) = u
)

= L
({
uV (s0)

(
s0 + δ(u)(s− s0)

)}
s∈Rd

)
. (40)

Conditioning on being larger than a threshold u ≥ 1 leads instead to

L
(
Y (s0)

∣∣Y (s0)(s0) > u
)

= L
({

P V (s0)
(
s0 + δ(P )(s− s0)

)}
s∈Rd

∣∣∣∣P > u

)
= L

({
uP V (s0)

(
s0 + δ(uP )(s− s0)

)}
s∈Rd

)
. (41)
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Since δ(1) = 1 and Y (s0)(s0) is standard Pareto,

L
(
Y (s0)

∣∣Y (s0)(s0) = 1
)

= L
(
V (s0)

)
and L

(
Y (s0)

∣∣Y (s0)(s0) > 1
)

= L
(
Y (s0)

)
.

Figures 1 and 2 illustrate the localizing e�ect that the domain-scaling can have on a tail approximating process
Y (s0) when the conditioning threshold increases. Figure 1 displays sample paths of (40) when the in�uence of
the domain-scaling becomes signi�cant, while Figure 2 serves as reference and displays the exact same samples
with the classical tail process PV (s0).

4.1 Stability properties
By de�nition, the tail approximating process Y (s0) satis�es a range of stability properties. The following
stability relations are an immediate consequence of (40) and (41), respectively.

Lemma 4.2. Let u0 ≥ 1 and u ≥ 1. Then the conditional laws of Y (s0) conditioned on either Y (s0)(s0) =
u0 or Y (s0)(s0) = u are related as follows

L
(
Y (s0)

∣∣Y (s0)(s0) = u0

)
= L

({
u0

u
Y (s0)

(
s0 +

δ(u0)

δ(u)
(s− s0)

)}
s∈Rd

∣∣∣∣Y (s0)(s0) = u

)
,

while the relation between conditioning on either Y (s0)(s0) > u0 or Y (s0)(s0) > u reads as

L
(
Y (s0)

∣∣Y (s0)(s0) > u0

)
= L

({
u0

u
Y (s0)

(
s0 +

δ
(
u0

u Y
(s0)(s0)

)
δ
(
Y (s0)(s0)

) (s− s0)

)}
s∈Rd

∣∣∣∣Y (s0)(s0) > u

)
.

In particular, for u = 1,

L
(
Y (s0)

∣∣Y (s0)(s0) = u0

)
= L

({
u0 Y

(s0)
(
s0 + δ(u0)(s− s0)

)}
s∈Rd

∣∣Y (s0)(s0) = 1
)
,

L
(
Y (s0)

∣∣Y (s0)(s0) > u0

)
= L

({
u0 Y

(s0)

(
s0 +

δ
(
u0Y

(s0)(s0)
)

δ
(
Y (s0)(s0)

) (s− s0)

)}
s∈Rd

)
.

For δ ≡ 1, when we have no scaling of the domain, the stability relations from Lemma 4.2 simplify to classical
identities for standard tail processes

L
(
Y (s0)

∣∣Y (s0)(s0) = u0

)
= L

(
u0

u
Y (s0)

∣∣∣∣Y (s0)(s0) = u

)
= L

(
u0 Y

(s0)
∣∣Y (s0)(s0) = 1

)
,

L
(
Y (s0)

∣∣Y (s0)(s0) > u0

)
= L

(
u0

u
Y (s0)

∣∣∣∣Y (s0)(s0) > u

)
= L

(
u0 Y

(s0)
)
.

4.2 Domain-scaled regular variation of the tail approximating process
Henceforth, we will often assume the following regular behaviour of the scaling function δ:

Assumption 4.3. The scaling function δ : [1,∞) → [1,∞) is normalized with δ(1) = 1, and it is non-
decreasing and slowly varying, i.e.

lim
n→∞

δ(nu)

δ(n)
= 1, u > 0.

In particular, this gives

lim
u→∞

δ(u) = sup
u∈[1,∞)

δ(u) ∈ [1,∞].

Assumption 4.3 ensures that, apart from marginal standardization, the tail approximating process Y (s0) is
domain-scaled regularly varying. Let S ⊂ Rd be compact convex with s0 ∈ S and recall that S(s0) = {f ∈
C(S, [0,∞)) : f(s0) = 1}. Denote the restriction of V (s0) to S by V (s0)

∣∣
S

. Similarly to (26), let

Y (s0)
n (s) = Y (s0)

(
s0 +

s− s0

δ(n)

)
, s ∈ Rd.
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α = 0.5 α = 1 α = 1.5

Figure 1: Each plot contains one sample path from a conditioned tail approximating process Y (0)
∣∣Y (0)(0) = u

from (40), where the underlying point-spectral process V (0) is of log-Gaussian type as in (57) based on the
semi-variogram γ(h) = |h|α for α ∈ {0.5, 1, 1.5} (from left to right), and the scaling function δ is chosen as
in (61). The conditioning threshold u ranges from 1 to 1000 (99.99%-quantile of the Pareto variable Y (0)(0)).
Each sample path passes through the level u at 0, as indicated by a red dot in the background. Red dashed
lines illustrate the multiplicative trends given by h 7→ u exp(−γ(δ(u)h)). The extreme events around the
conditioning location 0 become more localized as u increases — contrasting classical tail process behaviour
without domain-scaling, cf. Figure 2.
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α = 0.5 α = 1 α = 1.5

Figure 2: Each plot contains one sample path from a conditioned classical tail process Y (0)
∣∣Y (0)(0) = u from

(40) without domain-scaling, where the underlying point-spectral process V (0) is of log-Gaussian type as in (57)
based on the semi-variogram γ(h) = |h|α for α ∈ {0.5, 1, 1.5} (from left to right). The conditioning threshold
u ranges from 1 to 1000 (99.99%-quantile of the Pareto variable Y (0)(0)). Each sample path passes through the
level u at 0, as indicated by a red dot in the background. Red dashed lines illustrate the multiplicative trends
given by h 7→ u exp(−γ(h)). The probabilistic behaviour of extreme events around the conditioning location
0 does not change as u increases — contrasting the localization when we consider domain-scaling, cf. Figure 1.
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In particular, the value at the reference point does not change through this inner scaling operation, i.e.

Y (s0)
n (s0) = Y (s0)(s0).

The following result is analogous to Corollary 3.3.

Proposition 4.4. Under Assumption 4.3 the tail approximating process Y (s0) satis�es:

(a) For all t > 0 and Borel sets B ⊂ S(s0) with P{V (s0)
∣∣
S
∈ ∂B} = 0

nP
{
Y

(s0)
n

∣∣
S

Y (s0)(s0)
∈ B , Y (s0)(s0) > nt

}
→ P

{
V (s0)

∣∣
S
∈ B

}
t−1 as n→∞.

(b) L
(
n−1Y

(s0)
n

∣∣
S

∣∣Y (s0)(s0) > na
)
→ L

(
aPV (s0)

∣∣
S

)
weakly for all a > 0.

Proof. (a) Consider n large enough such that nt ≥ 1. Then

nP
{
Y

(s0)
n

∣∣
S

Y (s0)(s0)
∈ B , Y (s0)(s0) > nt

}
= n

∫ ∞
nt

P
{
Y

(s0)
n

∣∣
S

Y (s0)(s0)
∈ B

∣∣∣∣Y (s0)(s0) = u

}
ν1(du)

=

∫ ∞
t

P
{
Y

(s0)
n

∣∣
S

Y (s0)(s0)
∈ B

∣∣∣∣Y (s0)(s0) = nu

}
ν1(du)

=

∫ ∞
t

P
{{

V (s0)

(
s0 +

δ(nu)

δ(n)
(s− s0)

)}
s∈S
∈ B

}
ν1(du).

Now, for any s ∈ S we have that

s0 +
δ(nu)

δ(n)
(s− s0) = s+

(
δ(nu)

δ(n)
− 1

)
(s− s0),

where the norm of s− s0 is bounded by the diameter of S and δ(nu)/δ(n)− 1 converges to 0 since δ is
slowly varying. Hence,

V (s0)

(
s0 +

δ(nu)

δ(n)
(· − s0)

)
converges almost surely to V (s0) on S. In particular,

lim
n→∞

P
{{

V (s0)

(
s0 +

δ(nu)

δ(n)
(s− s0)

)}
s∈S
∈ B

}
= P

{{
V (s0)(s)

}
s∈S ∈ B

}
= P

{
V (s0)

∣∣
S
∈ B

}
.

By dominated convergence, we obtain

lim
n→∞

nP
{
Y

(s0)
n

∣∣
S

Y (s0)(s0)
∈ B , Y (s0)(s0) > nt

}
= P

{
V (s0)

∣∣
S
∈ B

}
ν1

(
[t,∞)

)
= P

{
V (s0)

∣∣
S
∈ B

}
t−1,

as desired.

(b) Let B be a continuity set of the law of aPV (s0)
∣∣
S

, then it is necessarily also a continuity set for auV (s0)
∣∣
S

for ν1-almost all u > 1. Similarly, to part (a) we may deduce

P
{
n−1Y (s0)

n

∣∣
S
∈ B

∣∣Y (s0)(s0) > na
}

= naP
{
n−1Y (s0)

n

∣∣
S
∈ B , Y (s0)(s0) > na

}
= na

∫ ∞
na

P
{
n−1Y (s0)

n

∣∣
S
∈ B

∣∣Y (s0)(s0) = u

)
ν1(du)

=

∫ ∞
1

P
{
n−1Y (s0)

n

∣∣
S
∈ B

∣∣Y (s0)(s0) = nau
}
ν1(du)

=

∫ ∞
1

P
{{

auV (s0)

(
s0 +

δ(nau)

δ(n)
(s− s0)

)}
s∈S
∈ B

}
ν1(du).

By the same argument as in part (a), the integrand convergences for ν1-almost all u > 1 to

P
{{
auV (s0)(s)

}
s∈S ∈ B

}
= P

{
auV (s0)

∣∣
S
∈ B

}
.
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By dominated convergence, this gives

lim
n→∞

P
{
n−1Y (s0)

n

∣∣
S
∈ B

∣∣Y (s0)(s0) > na
}

=

∫ ∞
1

P
{
auV (s0)

∣∣
S
∈ B

}
ν1(du) = P

{
aP V (s0)

∣∣
S
∈ B

}
,

as desired.

Remark 4.5. Let ms0 be the multiplication map mr from (12) for r being the point evaluation (27) and
recall θs0 = 1 in our setup. Part (a) of Proposition 4.4 implies the vague convergence

nP
{
n−1Y (s0)

n

∣∣
S
∈ ·
} v#s0−→

(
ν1 ⊗ L

(
V (s0)

∣∣
S

))
◦m−1

s0 ,

which resembles

nP
{
n−1X(s0)

n

∣∣
S
∈ ·
} v#s0−→

(
ν1 ⊗ L

(
V (s0)

∣∣
S

))
◦m−1

s0

(the latter follows from Theorem 2.10, Lemma 2.16 and (14)). However, note that Y (s0)
n need not have

standard Pareto margins everywhere, but only at the reference point s0. A similar argument as in the
proof of Lemma 2.2 ensures that

nP
{
Y (s0)
n (s) > n

}
→ θs0E

[
V (s0)(s)

]
= E

[
V (s0)(s)

]
,

which recovers the classical Pareto-like tail asymptotics of the marginal distributions of the tail process
without domain-scaling, i.e., when Y (s0)

n (s) = Y (s0)(s) for all n ∈ N.

Remark 4.6. Proposition 4.4 and Corollary 3.3 yield identical distributional limits

lim
n→∞

L
(
X

(s0)
n

X(s0)

∣∣∣∣X(s0) > nt

)
= L

(
V (s0)

)
= lim

n→∞
L
(
Y

(s0)
n

Y (s0)

∣∣∣∣Y (s0) > nt

)
and

lim
n→∞

L
(
X

(s0)
n

nt

∣∣∣∣X(s0) > nt

)
= L

(
PV (s0)

)
= lim

n→∞
L
(
Y

(s0)
n

nt

∣∣∣∣Y (s0) > nt

)
in the sense of uniform convergence on compact sets for all t > 0. This translates into the modelling
paradigm of approximating X|X(s0) > u0 by Y (s0)|Y (s0)(s0) > u0 for some su�ciently high threshold
u0 ≥ 1 around s0 ∈ Rd.

4.3 Joint and conditional exceedance probabilities
A priori, we know for the (bivariate) joint exceedance probability of the tail approximating process Y (s0) at
s ∈ Rd that for u > 0 and u0 ≥ 1

P
{
Y (s0)(s) > u, Y (s0)(s0) > u0

}
= u−1

0 P
{
Y (s0)(s) > u

∣∣Y (s0)(s0) > u0

}
= u−1

0 P
{
u0P V

(s0)
(
s0 + δ(u0P )(s− s0)

)
> u

}
. (42)

We denote the conditional exceedance probability of Y (s0) and its asymptotic version by

χ
(s0)
Y (s;u) = P

{
Y (s0)(s) > u

∣∣Y (s0)(s0) > u
}

and χ
(s0)
Y (s) = lim

u→∞
χ

(s0)
Y (s;u), s ∈ Rd. (43)

Setting u = u0, we obtain from (42) that for u ≥ 1

χ
(s0)
Y (s;u) = P

{
P V (s0)

(
s0 + δ(uP )(s− s0)

)
> 1
}

=

∫ ∞
1

P
{
V (s0)

(
s0 + δ(ut)(s− s0)

)
> t−1

}
ν1(dt), (44)
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which depends on u via its appearance in the domain scaling δ(ut) in the previous term.
Under Assumption 4.3, we �nd ourselves always in one of the following two cases: Either (i) limu→∞ δ(u) =

c for some constant c ∈ [1,∞), where the case c = 1 implies that the function δ is identically 1 (δ ≡ 1), or (ii)
limu→∞ δ(u) =∞; the latter case corresponds to δ being unbounded. Accordingly, di�erent behaviours of the
conditional exceedance probabilities are possible.

Proposition 4.7. Let Y (s0) be the tail approximating process for a domain-scaled regularly varying process
X on Rd with point-spectral process V (s0). Let s ∈ Rd and

χ
(s0)
X (s) = lim

u→∞
P
{
X(s) > u

∣∣X(s0) > u
}
.

Then:

(a) If limu→∞ δ(u) = c ∈ [1,∞), then

χ
(s0)
Y (s) = P

{
P V (s0)

(
s0 + c(s− s0)

)
> 1
}

= χ
(s0)
X (s).

If additionally c = 1, then χ(s0)
Y (s;u) is constant in u ≥ 1.

(b) If limu→∞ δ(u) =∞ and limr→∞ V (s0)
(
s0 + r(s− s0)

)
= 0 in probability, then

χ
(s0)
Y (s) =

{
1 if s = s0,

0 if s ∈ Rd \ {s0}.

If additionally there exists r0 > 0 and u0 > 1, such that

P
{
X(s0 + r(s− s0)) > u

∣∣X(s0) > u
}

= uP
{
X(s0 + r(s− s0)) > u , X(s0) > u

}
(45)

is non-increasing in r > r0 for all u ≥ u0, then also χ(s0)
Y (s) = χ

(s0)
X (s).

Proof. We will use in each case that we can rewrite

χ
(s0)
X (s) = lim

n→∞
P
{
X(s) > n

∣∣X(s0) > n
}

= lim
n→∞

P
{
X

(s0)
n (sn)

n
> 1

∣∣∣∣X(s0) > n

}
for sn = s0 + δ(n)(s− s0).

(a) Since limu→∞ δ(u) = c ∈ (0,∞), we also have limu→∞ δ(ut) = c ∈ (0,∞) for any t ≥ 1, and there
exists a compact convex set S ⊂ Rd, such that s0 + δ(ut)(s − s0) ∈ S for all t ≥ 1 and all u ≥ 1. In
particular, also sc = s0 + c(s− s0) ∈ S. Now, {f ∈ C(S, [0,∞)) : f(sc) > 1} is a continuity set of the
law of PV (s0)

∣∣
S

(by an almost identical argument as presented in the proof of Lemma 2.2). Therefore,
the almost sure convergence of V (s0)

(
s0 + δ(ut)(s − s0)

)
to V (s0)

(
s0 + c(s − s0)

)
on S implies that

the integrand in (44) converges pointwise to P
{
V (s0)

(
s0 + c(s − s0)

)
> t−1

)
, so that the assertion

χ
(s0)
Y (s) = P

{
P V (s0)(sc) > 1

}
follows by dominated convergence.

When δ ≡ 1, the assertion χ(s0)
Y (s;u) ≡ χ(s0)

Y (s) = P
{
P V (s0)(s) > 1

}
follows directly from (44).

Further, recall that the restrictions of n−1X
(s0)
n |X(s0) > n and PV (s0) to S obey the distributional

convergence (28). Let ηn and η be random elements in C(S, [0,∞)) whose laws are given by those
restrictions, i.e. ηn has the same law as n−1X

(s0)
n |X(s0) > n restricted to S, and η the law of PV (s0)

restricted to S, so that ηn → η in distribution. In addition, PV (s0)(sc) 6= 1 almost surely, i.e. η(sc) 6= 1
almost surely. Moreover, consider the maps Mn,M : C(S, [0,∞))→ {0, 1} that are given by

Mn(f) = 1{f(sn) > 1} and M(f) = 1{f(sc) > 1}.

According to Lemma A.3, we know that Mn(fn) → M(f) if fn → f in C(S, [0,∞)) and f(sc) 6= 1.
So, we may conclude by an extended continuous mapping theorem (Theorem 4.27 in Kallenberg (2002))
that Mn(ηn) converges in distribution to M(η) as random variables. Since these variables have binary
outcomes in {0, 1} only, this implies that P{Mn(ηn) = 1} converges to P{M(η) = 1}. Finally, note that
by construction

L
(
Mn

(
ηn
))

= L
(
1
{
n−1X(s0)

n (sn) > 1
}∣∣X(s0) > n

)
and L

(
M(η)

)
= L

(
1
{
PV (s0)(sc) > 1

})
.
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Hence,
χ

(s0)
X (s) = lim

n→∞
P
{
n−1X(s0)

n (sn) > 1
∣∣X(s0) > n

}
= P

{
PV (s0)(sc) > 1

}
,

as desired.

(b) It su�ces to consider s 6= s0. The integrand in (44) converges pointwise to 0 as u → ∞, and so the
assertion that χ(s0)

Y (s) = 0 follows by dominated convergence. Further, the monotonicity condition (45)
gives that, for su�cently large c > 0 and su�ciently large n ∈ N,

P
{
n−1X(s0)

n (sn) > 1
∣∣X(s0) > n

}
≤ P

{
n−1X(s0)

n (s0 + min(δ(n), c)(s− s0)) > 1
∣∣X(s0) > n

}
.

Similarly to (b), the right-hand side converges to

P
{
PV (s0)(sc) > 1

}
= P

{
PV (s0)(s0 + c(s− s0)) > 1

}
as n→∞. Hence,

lim sup
n→∞

P
{
n−1X(s0)

n (sn) > 1
∣∣X(s0) > n

}
≤ lim inf

c→∞
P
{
PV (s0)(s0 + c(s− s0)) > 1

}
= 0,

where the last identity follows from limr→∞ V (s0)
(
s0 + r(s− s0)

)
= 0 in probability.

Remark 4.8. The monotonicity condition (45) on conditional exceedance probabilities is natural in
practice: It means that the joint exceedance of a large level u ≥ u0 at s0 and s0 + r(s− s0) is at least not
more likely, the further these two points are apart, i.e. the larger r is. For example, considering a process
with Gaussian dependence structure, condition (45) holds under a mild monotonicity condition on its
correlation function, cf. Lemma 5.9. In spatial statistics, this condition could be akin to the First Law of
Geography, “everything is related to everything else, but near things are more related than distant things”
(Tobler, 1970).

Suppose now that the process V (s0) arises as the global point-spectral process of a stationary(!) domain-
scaled regularly varying process X on Rd. Then (44) simpli�es to

χ
(s0)
Y (s;u) = P

{
P V (0)

(
δ(uP )(s− s0)

)
> 1
}

=

∫ ∞
1

P
{
V (0)

(
δ(ut)(s− s0)

)
> t−1

}
ν1(dt), (46)

such that χ(s0)
Y (s;u) depends only on the di�erence s− s0. In case δ ≡ 1, χ(s1)

Y (s2;u) is always symmetric in
the pair (s1, s2), i.e.

χ
(s1)
Y (s2;u) = χ

(s1)
Y (s2) = χ

(s2)
Y (s1) = χ

(s2)
Y (s1;u)

for any s1, s2 ∈ Rd, as we can see from (30) with t = 1 therein. Otherwise, the symmetry

χ
(s1)
Y (s2;u) = χ

(s2)
Y (s1;u)

would be guaranteed, for instance, if we had L(V (0)(h)) = L(V (0)(−h)) for h ∈ Rd, as is the case when
the bivariate distributions of the underlying process X are symmetric, cf. Lemma 3.4. Similarly, the joint
exceedance probabilities exhibit the following symmetries, when derived from a point-spectral process.

Lemma 4.9. Let Y (s0) be the tail approximating process of a stationary domain-scaled regularly varying
process X on Rd with global point-spectral process V (s0). Let t1, t2 ≥ 1. Then

P
{
Y (s1)(s1) > t1, Y

(s1)(s2) > t2
}

= P
{
Y (0)(0) > t1, Y

(0)(s2 − s1) > t2
}
.

(a) If, in addition, δ ≡ 1, then

P
{
Y (s1)(s1) > t1, Y

(s1)(s2) > t2
}

= P
{
Y (s2)(s1) > t1, Y

(s2)(s2) > t2
}
.

(b) If, in addition, the bivariate distributions of X are symmetric (but not necessarily δ ≡ 1), then

P
{
Y (s1)(s1) > t1, Y

(s1)(s2) > t2
}

= P
{
Y (s2)(s1) > t2, Y

(s2)(s2) > t1
}
.
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Proof. Stationarity of X implies via (29) that

P
{
Y (s1)(s1) > t1, Y

(s1)(s2) > t2
}

= t−1
1 P

{
t1P V

(s1)
(
s1 + δ(t1P )(s2 − s1)

)
> t2

}
= t−1

1 P
{
t1P V

(0)
(
δ(t1P )(s2 − s1)

)
> t2

}
= P

{
Y (0)(0) > t1, Y

(0)(s2 − s1) > t2
}
.

(a) When δ ≡ 1 the assertion is a direct consequence of (32).

(b) Similarly, as above, P
{
Y (s2)(s1) > t2, Y

(s2)(s2) > t1
}

= t−1
1 P

{
t1P V

(0)
(
δ(t1P )(s1 − s2)

)
> t2

}
, and

hence the assertion follows from the symmetry of X via (33).

Remark 4.10. In either of the situations (a) and (b) in Lemma 4.9, we have, for t ≥ 1,

P
{
Y (s1)(s1) > t, Y (s1)(s2) > t

}
= P

{
Y (s2)(s1) > t, Y (s2)(s2) > t

}
. (47)

In other words, we may choose the reference point to be either of the evaluation points, the joint
exceedance probability depends only on s2 − s1 ∈ Rd rather than the pair (s1, s2) ∈ Rd × Rd, and the
expression is symmetric in s1 and s2.

5 Application to Gaussian processes
A prominent example of a triangular array as in Theorem 2.10 arises from the convergence of maxima of
suitably rescaled and domain-scaled Gaussian processes to a Brown–Resnick process (Kabluchko et al., 2009),
cf. Theorem 5.4 below. First, we recall the de�nition of the max-stable limiting process.

De�nition 5.1 (Brown–Resnick process on standard Fréchet scale). Let W be a pathwise continuous
zero-mean Gaussian process on Rd with semi-variogram

γ(s1, s2) =
1

2
E
[
(W (s1)−W (s2))2

]
, s1, s2 ∈ Rd.

Then the stochastic process

Z(s) =

∞∨
i=1

Γ−1
i exp

(
Wi(s)−

1

2
Var(Wi(s))

)
, s ∈ Rd,

where (Γi)i∈N are the arrival times of a renewal process on (0,∞) with standard exponential interarrival
times, and independently, (Wi)i∈N are independent copies ofW , is called Brown–Resnick process associated
to the semi-variogram γ.

The Brown–Resnick process associated to the semi-variogram γ is well-de�ned, as it has been established
in Kabluchko et al. (2009) and Kabluchko (2011) that the law of Z in De�nition 5.1 depends indeed only on its
associated semi-variogram γ. Conversely the law of Z is identi�ed from γ, i.e. two di�erent semi-variograms γ
give rise to two di�erent laws of Brown–Resnick processes. Note that the sample continuity of W implies the
continuity of γ, cf. e.g. Adler and Taylor (2007, Section 1.3). While the law of Z is uniquely identi�ed from γ,
the same cannot be said for the law of the underlying Gaussian process W in its construction. For instance,
we may modify a given W by subtracting W (s0) everywhere for some s0 ∈ Rd to obtain the random �eld
W (s0) = W −W (s0). Then W (s0) has the same semi-variogram as W , but satis�es in addition the constraint
W (s0)(s0) = 0 almost surely. This results in the representation of the law of Z as the law of the LePage series

Z(s0) =

∞∨
i=1

Γ−1
i V

(s0)
i ,

where V (s0)
i are independent copies of

V (s0)(s) = exp
(
W (s0)(s)− γ(s, s0)

)
, s ∈ Rd. (48)
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Since γ is continuous, the variance of W (s0) is bounded on any compact S ⊂ Rd. Taking into account general
tail asymptotics for the supremum of a Gaussian process on a compact domain, cf. e.g. Debicki et al. (2010,
(1.2)) and references therein, we may conclude that

E
[

sup
s∈S

V (s0)(s)
]
<∞ (49)

for any compact S ⊂ Rd. So, the condition (21) with r being the point evaluation at s0 is met for any compact
S ⊂ Rd, while at the same time E

[
V (s0)(s)

]
= 1 for s ∈ Rd. This con�rms that Z(s0) is a simple max-stable

process with continuous sample paths, cf. Corollary 2.26 and Remark 2.27. This argument also abbreviates the
deduction of sample-continuity of Z(s0) provided in Kabluchko et al. (2009, Proposition 13), which underlines
the importance of condition (21) in Lemma 2.25.

Before we get to the prominent triangular array convergence, it is worth remembering that the Brown–
Resnick process itself yields an example of a domain-scaled regularly varying stochastic process in the sense of
De�nition 3.6, albeit a trivial one, as in this instance no inner domain scaling is needed, i.e. δn = 1, n ∈ N. For
ease of reference, we state this example here explicitly.

Lemma 5.2. Let Z be a Brown–Resnick process with semi-variogram γ. Then the corresponding Brown–
Resnick copula process with standard Pareto margins,

X(s) =
1

1− exp(−1/Z(s))
, s ∈ Rd,

is domain-scaled regularly varying with respect to any s0 ∈ Rd for the identical scaling sequence δn ≡ 1
(in the sense of De�nition 3.6). The associated point-spectral process V (s0) is given by (48).

Proof. Each restriction of X to a compact S is regularly varying as explained in Example 2.12, which con�rms
the stated regular variation. Now �x a compact convex S ⊂ Rd with s0 ∈ S. Since the process V (s0) from (48)
satis�es (49) and V (s0)(s0) = 1 almost surely, its restriction to S coincides with the point-spectral process for
X when restricted to S, cf. Corollary 2.26 for r being the point evaluation at s0. Since this is true for any such
S ⊂ Rd, this identi�es the point spectral process for X as V (s0) from (48), cf. Section 3.3.

Let us review some elementary properties of the point-spectral process (48). While V (s0)(s0) = 1 almost
surely, the multivariate log-normal marginal distributions of V (s0) are given by

log(V (s0)(s1))
log(V (s0)(s2))

...
log(V (s0)(sm))

 ∼ N


µ(s0)(s1)
µ(s0)(s2)

...
µ(s0)(sm)

 ,


Σ(s0)(s1, s1) Σ(s0)(s1, s2) . . . Σ(s0)(s1, sm)
Σ(s0)(s2, s1) Σ(s0)(s2, s2) . . . Σ(s0)(s2, sm)

...
...

. . .
...

Σ(s0)(sm, s1) Σ(s0)(sm, s2) . . . Σ(s0)(sm, sm)


 ,

where

µ(s0)(si) = −γ(si, s0),

Σ(s0)(si, sj) = γ(si, s0) + γ(sj , s0)− γ(si, sj)

for si, sj ∈ Rd, 1 ≤ i, j ≤ m, m ∈ N.

Lemma 5.3. Let V (s0) be the point-spectral process from (48). Then limn→∞ V (s0)(sn) = 0 in probability
if and only if limn→∞ γ(sn, s0) =∞.

Proof. Abbreviate γn = γ(sn, s0). If γn = 0 for some n ∈ N, then V (s0)(sn) = 1 almost surely, and so we
may assume without loss of generality that eventually γn > 0. Let ε > 0 and assume, again without loss of
generality, that ε < 1, so that A = − log(ε) > 0. Then

P{V (s0)(sn) > ε} = P{− log(V (s0)(sn)) < A} = Φ

(
A− γn√

2γn

)
= Φ

(
A√
2γn
−
√
γn
2

)
.

If γn →∞, then it follows readily that P{V (s0)(sn) > ε} → 0. Otherwise, there exists a subsequence of γn,
which is bounded and therefore has an accumulation point in [0,∞). In particular, P{V (s0)(sn) > ε} does not
converge to 0.
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By slight abuse of notation, we write γ(s1 − s2) = γ(s1, s2) if γ(s1, s2) depends on s1 and s2 only via
the di�erence s1 − s2 ∈ Rd. This is precisely the case, when the corresponding Brown–Resnick process
Z is stationary, or, equivalently, the underlying W in its de�nition is intrinsically stationary, i.e., the law
of {W (s + s0) −W (s0) : s ∈ Rd} does not depend on s0 ∈ Rd. The family of point spectral processes
{V (s0) : s0 ∈ Rd} satis�es then both (38) and (39). In particular,

E
[
V (s0)(s)

]
= P

{
V (s0)(s) > 0

}
= 1, s, s0 ∈ Rd, (50)

cf. (35).

5.1 Domain-scaled regular variation of the Gaussian copula process
In Kabluchko et al. (2009) the Brown–Resnick process is considered on a Gumbel scale, which is the natural
scale for convergence of maxima of Gaussian random variables, i.e., one considers log(Z) instead of Z as
the limiting process. As for the marginal convergence, we recall that Φn(an ·+bn) converges weakly to the
standard Gumbel distribution if an ∼ 1/bn and bn = b(n), where b is, for instance, one of the following
functions b ∈ {b(1), b(2), b(3)}, each of which is well-de�ned for su�ciently large u:

b(1)(u) = Φ−1

(
1− 1

u

)
or b(2)(u) =

√
2 log u− 1√

2 log u

(
1

2
log log u+ log

(
2
√
π
))

, (51)

or b(3) is a function satisfying b(3)(u) = uϕ(b(3)(u)), cf. e.g. Resnick (2008).

Theorem 5.4 (Convergence of maxima of triangular array of domain-scaled Gaussian processes; con-
sequence of Theorems 17 and 20 of Kabluchko et al. (2009)). Let G be a pathwise continuous zero-mean
variance-one Gaussian process on Rd, whose covariance function ρ(s1, s2) = E(G(εs1)G(εs2)) satis�es
for all compact S ⊂ Rd that

lim
ε→0

sup
s1,s2∈S

∣∣∣∣1− ρ(εs1, εs2)

εα
− γ(ρ)(s1 − s2)

∣∣∣∣ = 0 (52)

for a continuous and α-homogeneous function γ(ρ) : Rd → [0,∞), where α ∈ (0, 2]. Then γ(ρ) is a semi-
variogram. Further, let (Gi)i∈N be independent copies of G, and let an > 0 and bn ∈ R be such that the
marginal convergence of Φn(an ·+bn) to a standard Gumbel law holds. Let δn > 0 be a sequence, such that

lim
n→∞

δn

b
2/α
n

= c ∈ (0,∞). (53)

Then {
a−1
n

(
n

max
i=1

Gi(s/δn)− bn
)}

s∈S
→ {log(Z(s))}s∈S (54)

weakly inC(S,R) as n→∞ for any compact set S ⊂ Rd, whereZ is the Brown–Resnick process associated
to the semi-variogram γ = c−αγ(ρ).

Remark 5.5. The sequence δn from (53) is necessarily slowly varying. In fact, a function δ that satis�es

lim
u→∞

δ(u)

b(u)2/α
∈ (0,∞),

for some α ∈ (0, 2] is necessarily slowly varying, as slow variation is closed under asymptotic equiv-
alence and the respective b from (51) is slowly varying. Assumption 4.3 is satis�ed if we set δ(u) =
max(1, b(u)2/α). Setting δn = max(1, b(n)2/α) gives c = 1 in (53).
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Example 5.6. Let the Gaussian process G in Theorem 5.4 be stationary, so that we may write by a slight
abuse of notation ρ(s1 − s2) = ρ(s1, s2). Suppose, G is additionally isotropic and that

ρ(h) = 1− c′‖h‖α + o
(
‖h‖α

)
as ‖h‖ → 0,

for some α ∈ (0, 2] and c′ > 0, for instance, ρ(h) = exp(−c′‖h‖α). Assume further that the inner
domain scaling sequence is chosen as δn ∼ cb2/αn , then the convergence (54) holds true with Z being the
Brown–Resnick process associated to the power semi-variogram

γ(h) = c−αγ(ρ)(h) = c′c−α‖h‖α, h ∈ Rd.

Theorem 5.4 provides su�cient conditions for convergence of the pointwise maxima of a triangular array
of domain-scaled Gaussian processes to a Brown–Resnick process on the Gumbel scale. This result translates
into domain-scaled regular variation of the associated Gaussian copula process as follows.

Theorem 5.7. Let G be a Gaussian process on Rd and δn a scaling sequence, both as in Theorem 5.4. Then
the corresponding Gaussian copula process with standard Pareto margins,

X(s) =
1

1− Φ(G(s))
, s ∈ Rd, (55)

is domain-scaled regularly varying with respect to the origin 0 ∈ Rd for the scaling sequence δn (in the
sense of De�nition 3.6). The associated point-spectral process V (0) is given by

V (0)(s) = exp
(
W (0)(s)− γ(s)

)
, s ∈ Rd, (56)

where W (0) is a zero-mean Gaussian process with semi-variogram γ = c−αγ(ρ) as in Theorem 5.4 and
W (0)(0) = 0 almost surely.

Proof. Let S ⊂ Rd be compact and convex, such that 0 ∈ Rd. The convergence (54) implies that condition
(i) in Lemma 2.7 holds true with an and bn therein as an and bn in (54), Zorig therein as log(Z) from (54)
and Xorig

n,i (·) = Gi(·/δn), 1 ≤ i ≤ n, n ∈ N. Thus, by Lemma 2.7, the independent marginally transformed
Gaussian copula processes on standard Pareto scale

Xi(s) =
(
1− Φ(Gi(s))

)−1
, s ∈ S, i ∈ N,

satisfy {
n−1 n

max
i=1

Xi(s/δn)
}
s∈S → {Z(s)}s∈S

weakly in C = C(S,R) as n→∞. Hence, Theorem 2.10 (i) holds for the triangular array{
Xn,i(s)

}
s∈S =

{(
1− Φ(Gi(s/δn))

)−1}
s∈S , 1 ≤ i ≤ n, n ∈ N,

and Z being the Brown–Resnick process in (54) on the standard Fréchet scale. Therefore, also all the other
convergence statements of Theorem 2.10 and Proposition 2.23 apply to this situation. In other words, the
Gaussian copula process (55) is domain-scaled regularly varying in the stated sense. Further, the law of the
point spectral process V (0) when restricted to a compact convex S with 0 ∈ S is uniquely identi�ed from
the law of the limiting max-stable process Z that appears in condition (i) of Theorem 2.10, cf. Corollary 2.26.
Hence, that V (0) is given by (56) follows almost verbatim as in the proof of Lemma 5.2 with s0 = 0 therein.

In what follows, we will assume that the underlying Gaussian process G — and hence its copula process X
from (55) — is stationary. ThenX is domain-scaled regularly varying with respect to any s0 ∈ Rd, cf. Remark 3.7.
Similarly as shown above for the origin 0 ∈ Rd, the associated point-spectral process for general s0 ∈ Rd is
then given by

V (s0)(s) = exp
(
W (s0)(s)− γ(s− s0)

)
, s ∈ Rd, (57)

whereW (s0) is an intrinsically stationary zero-mean Gaussian process with semi-variogram γ andW (s0)(s0) =
0 almost surely, i.e., V (s0) coincides with the point-spectral process from (48), where no domain-scaling was
applied.
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5.2 Joint and conditional exceedance probabilities
Recall that the tail approximating process Y (s0) associated with point-spectral process V (s0) and scaling
function δ is given by

Y (s0)(s) = P V (s0)
(
s0 + δ(P )(s− s0)

)
, s ∈ Rd, (58)

where P is standard Pareto and independent from V (s0), cf. De�nition 4.1. In this section, we assume that the
point-spectral process V (s0) in (58) is log-Gaussian as in (48) and (57). For the scaling function δ : [1,∞)→
[1,∞), we distinguish again the following two cases, cf. Section 3: (i) limu→∞ δ(u) = c ∈ [1,∞) and (ii)
limu→∞ δ(u) = ∞. Case (i) includes the no scaling case δ ≡ 1 arising, for instance, if Y (s0) is the tail
approximating process of the Brown–Resnick copula process from Lemma 5.2, or more generally the tail
approximating process of a marginally standardized stochastic process in the domain of attraction of the
Brown–Resnick process. Case (ii) appears when Y (s0) is the tail approximating process of a Gaussian copula
process X in (55), cf. Theorem 5.7.

Since the family of point spectral processes {V (s0) : s0 ∈ Rd} from (57) satis�es both (38) and (39), it
satis�es the symmetry (47) in the bivariate joint exceedance probabilities. Similarly, the conditional exceedance
probabilities from (43), depend only on s− s0 and are symmetric in s and s0. Therefore, we write by slight
abuse of notation

χY (s− s0;u) = χ
(s0)
Y (s;u) and χY (s− s0) = χ

(s0)
Y (s)

for the tail dependence functions (43) of the tail approximating process Y (s0). By (46) and (57) we may express
χY (h;u) as

χY (h;u) =

∫ ∞
1

Φ

(
− log(t) + γ(δ(ut)h)√

2γ(δ(ut)h)

)
ν1(dt).

If the semi-variogram γ(rh) is monotonously increasing in r > 0 for h ∈ Rd \ {0}, as is the case when γ is
α-homogeneous and δ satis�es Assumption 4.3, it is clear from Lemma A.6 and Lemma A.5 that χY (h;u) has
the following upper bound

χY (h;u) ≤
∫ ∞

1

Φ

(
− log(t) + γ(δ(u)h)√

2γ(δ(u)h)

)
ν1(dt) = P

{
P V (0)

(
δ(u)h

)
> 1
}

= 2Φ

(√
γ(δ(u)h)

2

)
.

If δ ≡ 1, the behaviour of χY (h;u) = χY (h) is well-studied. The general case is given in Corollary 5.8.

Corollary 5.8. Let Y (s0) be the tail approximating process (58) with V (s0) being the log-Gaussian point-
spectral process from (57).

(a) Let limu→∞ δ(u) = c ∈ [1,∞). Then

χY (h) = 2Φ

(√
γ(ch)

2

)
, h ∈ Rd.

(b) Let limu→∞ δ(u) =∞ and limh→∞ γ(h) =∞. Then

χY (h) =

{
1 if h = 0,

0 if h ∈ Rd \ {0}.

Proof. Part (a) follows from Proposition 4.7 (a) and (70) with u = 1, while part (b) follows from Proposition 4.7
(b) and Lemma 5.3.

For c = 1 (i.e. δ ≡ 1), we recover the familiar tail-correlation function of a stochastic process in the domain
of attraction of a Brown–Resnick process associated to the semi-variogram γ. Likewise, one might have expected
part (b) at least in the situation when δ is chosen as in Remark 5.5, since Y (s0) is then the tail approximating
process of a Gaussian copula process X as in (55), which is known to exhibit asymptotic independence, i.e.,
χX(h) = χY (h), where χY (h) is as stated in part (b) of Corollary 5.8. A priori, it is however not clear if these
two quantities — χX and χY — are necessarily equal or not in this case. In Proposition 4.7, we formulated
the su�cient condition (45), which guarantees that this is not merely a coincidence. Lemma 5.9 con�rms
that the Gaussian copula process (55) satis�es this condition under a mild monotonicity condition on the
correlation function. To see this, note that forX as in (55) the condition (45) means that P

{
G(s0 +r(s−s0)) >

u
∣∣G(s0) > u

}
is eventually non-increasing in r > 0 for u ≥ u0 for some u0 ∈ R.
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Lemma 5.9. LetG be a zero-mean variance-one Gaussian process onRd, whose covariance function ρ(s1, s2) =
E(G(s1)G(s2)) satis�es that there exists r0 > 0, such that ρ(s0+r(s−s0), s0) ∈ (−1, 1) is non-increasing
in r > r0 for s 6= s0. Then

P
{
G(s0 + r(s− s0)) > u

∣∣G(s0) > u
}

= Φ(u)−1P
{
G(s0 + r(s− s0)) > u , G(s0) > u

}
is also non-increasing in r > r0 for u > 0 and s 6= s0.

Proof. We abbreviate sr = s0 + r(s− s0) and ρ(r) = ρ(s0 + r(s− s0), s0), so that

P
{
G(sr) > u

∣∣G(s0) > u
}

=

∫ ∞
u

P
{
G(sr) > u

∣∣G(s0) = t
}
ϕ(t) dt =

∫ ∞
u

Φ

(
u− ρ(r)t√
1− ρ(r)2

)
ϕ(t) dt.

Hence, it su�ces to show that (u−ρt)/
√

1− ρ2 is non-increasing in ρ ∈ (−1, 1) for t ≥ u > 1, or, equivalently,
that (a− ρ)/

√
1− ρ2 is decreasing in ρ ∈ (−1, 1) for a ∈ (0, 1]. The latter can be seen from

∂

∂ρ

(
a− ρ√
1− ρ2

)
=
−1 + aρ

(1− ρ2)3/2
< 0,

hence the desired monotonicity.

5.3 Re�ned conditional exceedance probabilities
A consequence from Corollary 5.8 is that when limu→∞ δ(u) =∞, the conditional exceedance probability χ
becomes uninformative. Instead, we consider in this section the re�ned conditional exceedance probabilities

P
{
Y (s0)(s) > au

∣∣Y (s0)(s0) = u
}

a > 0, u ≥ 1, s ∈ Rd \ {s0}, (59)

and investigate to what extent they are a reasonable approximation of their original non-limiting counterparts

P
{
X(s) > au

∣∣X(s0) = u
}

a > 0, u ≥ 1, s ∈ Rd \ {s0}, (60)

when X is the Gaussian copula process (55) and Y (s0) its tail approximating process.
To make this precise, we need to choose a scaling function δ. As observed in Remark 5.5, we may use

δ(u) = max(1, b(u))2/α with b(u) = Φ−1

(
1− 1

u

)
, u ≥ 1, (61)

where α ∈ (0, 2] is the degree of homegeneity of the variogram γ involved in the de�nition of the point-spectral
process V (s0) and its tail approximating process Y (s0), respectively. This choice also ensures that γ = γ(ρ) in
Theorem 5.4 and we do not need to distinguish between the two semi-variograms for this purpose, cf. also
Remark 5.5; otherwise, the linking scaling factor c−α would cancel out in the calculations below (as it should).
To avoid degenerate cases, we assume henceforth that

γ(h) > 0 and ρ(h) ∈ (−1, 1) for h = s− s0 ∈ Rd \ {0}.

Due to (40) and (57) we can express the conditional exceedance probabilities of interest as

P
{
Y (s0)(s0 + h) > au

∣∣Y (s0)(s0) = u
}

= Φ

(
log(a) + γ(δ(u)h)√

2γ(δ(u)h)

)
= Φ

(
log(a) + δ(u)αγ(h)

δ(u)α/2
√

2γ(h)

)
(62)

and

P
{
X(s0 + h) > au

∣∣X(s0) = u
}

= Φ

(
b(au)− b(u)ρ(h)√

1− ρ(h)2

)
. (63)

Proposition 5.10 examines the relative error made when approximating (63) by (62). Its proof is straightforward
and uses that δ(u)α = b(u)2 for u ≥ 1/Φ(1), while employing Φ(x) ∼ ϕ(x)/x as x → ∞. The explicit
calculations are postponed to Lemma A.8.
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Proposition 5.10. For a > 0, and as u → ∞, the ratio of conditional exceedance probabilities for the
Gaussian copula process X and its tail approximating process Y (s0) behave as

P
{
X(s0 + h) > au

∣∣X(s0) = u
}

P
{
Y (s0)(s0 + h) > au

∣∣Y (s0)(s0) = u
}

∼ a−
[
1/(1 + ρ(h))− 1/2

]√
γ(h)

2

/1− ρ(h)

1 + ρ(h)
exp

(
b(u)2

2

[
γ(h)

2
− 1− ρ(h)

1 + ρ(h)

])
.

This relation calls for taking a closer look at the special case when

γ(h)

2
=

1− ρ(h)

1 + ρ(h)
(64)

holds for h in a compact convex neighbourhood, say S, of the origin 0 ∈ Rd. Note that (52) is directly implied
by (64), if γ is α-homogeneous. In this situation, as u→∞, and for h ∈ S

P
{
X(s0 + h) > au

∣∣X(s0) = u
}

P
{
Y (s0)(s0 + h) > au

∣∣Y (s0)(s0) = u
} ∼ a−[1/(1 + ρ(h))− 1/2

]
. (65)

For a = 1, we even have equality

P
{
X(s0 + h) > u

∣∣X(s0) = u
}

= P
{
Y (s0)(s0 + h) > u

∣∣Y (s0)(s0) = u
}

for u ≥ 1/Φ(1), i.e., from the ≈ 84%-quantile of the standard Pareto law; see Lemma A.8. In Figure 3 this
precision for a = 1 is illustrated in the top row of plots of a range of such probabilities as functions of ρ ∈ (0, 1).
In addition, Figure 3 includes plots for a = 2/3 < 1 and a = 3/2 > 1 for comparison. A priori, we know
that, as ρ → 1 (i.e. γ → 0), both (63) and (62) converge to 1, 1/2 and 0 in the cases a < 1, a = 1 and a > 1,
respectively, and we �nd this con�rmed here. But even for a 6= 1 and across a range of several quantiles u (we
consider 90% to 99.99%), the approximations seem surprisingly close. From (65), we see that for a 6= 1 we
make a relative error when approximating (63) by (62), which disappears as ρ→ 1. This is visible in Figure 4,
where we display such probabilities on a log-scale. A situation, in which (64) holds, is for instance given when

ρ(h) =


1− c′‖h‖α/2
1 + c′‖h‖α/2

for ‖h‖ ≤ (2/c′)1/α,

0 else.
(66)

General statements, in which dimensions d and for which α ∈ (0, 2] the function (66) constitutes a valid
covariance function in Rd, are di�cult to obtain. However, to give an example, it is valid for d = 1 and α = 1,
since (1 + c′‖h‖α/2)−1 is a member of both, the Dagum and the Cauchy family for any α ∈ (0, 2], cf. Berg
et al. (2008), while the validity of (1− c′‖h‖α/2)+ for d = 1 and α = 1 goes back to Golubov (1981), cf. also
Gneiting (2002). Another standard relation between correlation function and variogram that obeys (52) is

ρ(h) = exp(−γ(h)), h ∈ Rd. (67)

Figure 3 displays (63) and (62) when they are linked in this way in the bottom row, while Figure 4 includes the
resulting values for (62) on a log-scale with shorter dashes. The larger the correlation ρ, the closer we are to
the previously described patterns, when ρ and γ are linked via (64) instead. Since (52) is a local property of the
correlation function, this is precisely what we can expect from the tail approximating process Y (s0) for the
Gaussian copula process X from (55), that is, to approximate X well for large values of u in a neighbourhood
of conditioning sites s0.

For comparison, let us also state the re�ned conditional exceedance probabilities (59) and (60) for a di�erent
processX returning to a situation, when no domain-scaling is required andX is in the max-domain of attraction
of the Brown–Resnick process, cf. De�nition 5.1. The easiest candidate is the Brown–Resnick process itself,
albeit on the slightly modi�ed standard Pareto scale, i.e.

X(s) = T (Z(s)), s ∈ Rd, where T (z) = 1/
(
1− exp(−1/z)

)
,

cf. Lemma 5.2. Let γ = γ(h) > 0 as above. From the well-known bivariate marginal distribution of Z , that is,

P{Z(s0 + h) ≤ z , Z(s0) ≤ z0} = exp

(
−
{

1

z
Φ

(
log(z0/z) + γ√

2γ

)
+

1

z0
Φ

(
log(z/z0) + γ√

2γ

)})
,
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we obtain readily the conditional distribution

P
{
Z(s0 + h) > z |Z(s0) = z0

}
= 1− Φ

(
log(z/z0) + γ√

2γ

)
exp

(
−
{

1

z
Φ

(
log(z0/z) + γ√

2γ

)
+

1

z0
Φ

(
log(z/z0) + γ√

2γ

)
− 1

z0

})
,

and hence

P
{
X(s0 + h) > au |X(s0) = u

}
= P

{
Z(s0 + h) > T−1(au) |Z(s0) = T−1(u)

}
. (68)

On the other hand, when δ ≡ 1, the conditional exceedance probability of the tail approximating process Y (s0)

of the Brown–Resnick process is simply

P
{
Y (s0)(s0 + h) > au

∣∣Y (s0)(s0) = u
}

= Φ

(
log(a) + γ(h)√

2γ(h)

)
(69)

and does not depend on u ≥ 1. Figures 5 and 6 are analogous to Figures 3 and 4 and display these conditional
exceedance probabilities as functions of exp(−γ) ∈ (0, 1). In this situation we have

lim
u→∞

P
{
X(s0 + h) > au

∣∣X(s0) = u
}

P
{
Y (s0)(s0 + h) > au

∣∣Y (s0)(s0) = u
} = 1

and any relative error is quickly absorbed for high quantiles, cf. Figure 6.
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Figure 4: Conditional exceedance probabilities P{X(s) > au
∣∣X(s0) = u} of the Gaussian copula process

from (63) (solid, black) versus their tail approximations P{Y (s0)(s) > au
∣∣Y (s0)(s0) = u} from (62) (coloured,

dashed) as functions of the correlation ρ ∈ (0, 1) (x-axis) for di�erent values of u and a displayed on a log-scale
(y-axis); top row: u is the 99%-quantile of the conditioning variable, bottom row: u is the 99.99%-quantile. In
approximation 1 the semi-variogram γ of Y (s0) and the correlation ρ ofX are related via γ/2 = (1−ρ)/(1+ρ)
as locally in (64); in approximation 2 they are related via ρ = exp(−γ) as in (67). In Figure 3 these probabilities
are displayed on their original scale.
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Figure 6: Conditional exceedance probabilities P{X(s) > au
∣∣X(s0) = u} of the Brown–Resnick copula

process from (68) (solid, black) versus their tail approximations P{Y (s0)(s) > au
∣∣Y (s0)(s0) = u} from

(69) (coloured, dashed) as functions of exp(−γ) ∈ (0, 1) (x-axis) for di�erent values of u and a displayed
on a log-scale (y-axis); top row: u is the 99%-quantile of the conditioning variable, bottom row: u is the
99.99%-quantile. In Figure 5 these probabilities are displayed on their original scale.
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A Auxiliary results

Lemma A.1. Let S ⊂ Rd be compact and r : C≥(S) → [0,∞) be either r(f) = ‖f‖∞ = sups∈S f(s),
r(f) = f(s0) for some s0 ∈ S or r(f) = infs∈S f(s). Then

inf
{
‖f − g‖∞ : g ∈ C≥(S), r(g) = 0

}
= r(f)

for f ∈ C≥(S).

Proof. When r(f) = ‖f‖∞, the only g ∈ C≥(S) that satis�es r(g) = 0 is g = 0, and so the claimed identity is
immediate. Let r(f) = f(s0) for some s0 ∈ S, then

inf
{
‖f − g‖∞ : g ∈ C≥(S), r(g) = 0

}
≥ inf

{
|f(s0)− g(s0)| : g ∈ C≥(S), g(s0) = 0

}
= f(s0) = r(f).

On the other hand, the function g given by g(s) = (f(s)−f(s0))+ = max(f(s)−f(s0), 0) satis�es g ∈ C≥(S)
and r(g) = 0, so that

inf
{
‖f − g‖∞ : g ∈ C≥(S), r(g) = 0

}
≤ ‖f − (f − f(s0))+‖∞
= ‖min(f(s0), f)‖∞ = f(s0) = r(f).

Finally, let r(f) = infs∈S f(s). Then g = f − r(f) satis�es g ∈ C≥(S) and r(g) = 0, so that

inf
{
‖f − g‖∞ : g ∈ C≥(S), r(g) = 0

}
≤ ‖f − (f − r(f))‖∞ = r(f).

On the other hand, let g ∈ C≥(S) with r(g) = infs∈S g(s) = 0. Then, by continuity of g, there exists s0 ∈ S
such that g(s0) = 0. Hence,

‖f − g‖∞ ≥ |f(s0)− g(s0)|∞ = f(s0) ≥ r(f),

and the assertion follows.

Lemma A.2. Consider a random variable X such that X ≥ 0 almost surely, and P a standard Pareto
variable independent from X . Then

E[X] = lim
u→∞

uP
{
PX > u

}
∈ [0,∞].

Proof. Since X ≥ 0 almost surely,

E[X] = lim
u→∞

∫ u

0

P{X > t} dt = lim
u→∞

u

∫ 1

0

P{t−1X > u} dt

= lim
u→∞

u

∫ ∞
1

P{tX > u} ν1(dt) = lim
u→∞

uP{PX > u}.

Lemma A.3. Let S ⊂ Rd be compact. Let fn, f ∈ C(S, [0,∞)) with fn → f . Let sn, s∗ ∈ S with
sn → s∗ and suppose f(s∗) 6= 1. Then 1{fn(sn) > 1} → 1{f(s∗) > 1}.

Proof. We have either f(s∗) > 1 (case 1) or f(s∗) < 1 (case 2).
Case 1: Let f(s∗) > 1. Then ε = f(s∗)− 1 > 0. In particular, there exists N1 ∈ N, such that for all n ≥ N1

we have f(sn) > 1 + ε/2. In addition, there exists N2 such that for all n ≥ N2 we have |fn(s)− f(s)| < ε/2
for all s ∈ S. So for n ≥ max(N1, N2)

fn(sn) = (fn(sn)− f(sn)) + f(sn) > −ε/2 + (1 + ε/2) > 1.

Case 2: Similarly, f(s∗) < 1 implies that eventually fn(sn) < 1 for n ≥ N for some N ∈ N.
In either case, the assertion follows.

The following lemma is a special form of exponential tilting for Gaussian densities.
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Lemma A.4. LetN = (N1, N2, . . . , Nm)> be a non-degenerate zero-mean variance-one Gaussian random
vector with ρij = E(NiNj) for 1 ≤ i, j ≤ m. In addition, let σi > 0, i = 1, . . . ,m. Denote

σN = (σ1N1, σ2N2, . . . , σmNm)>,

σN ± σσiρi = (σ1N1 ± σ1σiρ1i, σ2N2 + σ2σiρ2i, . . . , σmNm ± σmσiρmi)>.

Then
e±tifσN (t1, . . . , tm) = eσ

2
i /2fσN±σσiρi

(t1, . . . , tm), (t1, . . . , tm)> ∈ Rm.

Proof. Without loss of generality let i = 1. Observe that ρ1 = (ρ11, ρ21, . . . , ρm1)> is the �rst column of the
correlation matrix Σ ofN , i.e. ρ1 = Σe1, where e1 = (1, 0, . . . , 0)> ∈ Rm. SinceN is non-degenerate, we
may conclude that e1 = Σ−1ρ1. Setting

y =

(
t1
σ1
, . . . ,

tm
σm

)>
,

we may rewrite

e±t1fσN (t1, . . . , tm) = e±t1fN

(
t1
σ1
, . . . ,

tm
σm

)
= (2π)−d/2 exp

(
± t1 −

1

2
y>Σ−1y

)
eσ

2
1/2fσN±σσ1ρ1

(t1, . . . , tm) = eσ
2
1/2fN

(
t1
σ1
∓ σ1ρ11, . . . ,

tm
σm
∓ σ1ρm1

)
= (2π)−d/2 exp

(
1

2
σ2

1 −
1

2
(y ∓ σ1ρ1)>Σ−1(y ∓ σ1ρ1)

)
= (2π)−d/2 exp

(
1

2
σ2

1 −
1

2
y>Σ−1y ± σ1y

>Σ−1ρ1 −
1

2
σ2

1ρ
>
1 Σ−1ρ1

)
,

= (2π)−d/2 exp

(
1

2
σ2

1 −
1

2
y>Σ−1y ± σ1y

>e1 −
1

2
σ2

1ρ
>
1 e1

)
,

= (2π)−d/2 exp

(
1

2
σ2

1 −
1

2
y>Σ−1y ± σ1

t1
σ1
− 1

2
σ2

1ρ11

)
,

and so the assertion follows with ρ11 = 1.

Lemma A.5. Let V (s0) be the point-spectral process from (57) and P an independent Pareto variable. Let
us abbreviate γ = γ(s− s0) for s ∈ Rd and assume γ > 0. Then for u > 0

P
{
PV (s0)(s) > u

}
= Φ

(
log(1/u)− γ√

2γ

)
+

1

u
Φ

(
log(u)− γ√

2γ

)
, (70)

and for u > 0, u0 ≥ 1

P
{
PV (s0)(s) > u, P > u0

}
=

1

u0
Φ

(
log(u0/u)− γ√

2γ

)
+

1

u
Φ

(
log(u/u0)− γ√

2γ

)
. (71)

Proof. Let t = log(u), σ =
√

2γ and N ∼ N (0, 1) independent of a standard exponential random variable E.
Then

P
{
PV (s0)(s) > u

}
= P{E + σN > t+ γ}
= P{σN > t+ γ}+ P{E + σN > t+ γ, σN ≤ t+ γ}

= 1− Φ

(
t+ γ

σ

)
+

∫ t+γ

−∞

∫ ∞
t+γ−x

e−yfσN (x) dy dx,

where fσN is the density of σN . Using Lemma A.4 for m = 1 and σ2 = 2γ, we obtain∫ t+γ

−∞

∫ ∞
t+γ−x

e−yfσN (x) dy dx =

∫ t+γ

−∞

∫ ∞
t+γ

e−(y−x)fσN (x) dy dx

=

∫ ∞
t+γ

e−y dy

∫ t+γ

−∞
exfσN (x) dx = e−(t+γ)

∫ t+γ

−∞
eγfσN+2γ(x) dx,
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so that

P
{
PV (s0)(s) > u

}
= 1− Φ

(
t+ γ

σ

)
+ e−t P{σN + 2γ ≤ t+ γ} = Φ

(
−t− γ
σ

)
+ e−t Φ

(
t− γ
σ

)
,

from which we obtain (70) by substituting log(u) for t and
√

2γ for σ again.
The bivariate joint exceedance probability (71) is then obtained from (42) with δ ≡ 1 as

P
{
PV (s0)(s) > u, PV (s0)(s0) > u0

}
= u−1

0 P
{
PV (s0)(s) > u/u0

}
.

This �nishes the proof.

Lemma A.6. For �xed t ∈ R, the probability

Φ

(
t+ γ√

2γ

)
is strictly increasing in γ for γ ∈ (0, t) and strictly decreasing in γ for γ ∈ (t,∞).

Proof. Denote γ = σ2/2, such that

Φ

(
t+ γ√

2γ

)
= Φ

(
t

σ
+
σ

2

)
,

whose derivative in σ equals
1

σ2
ϕ

(
t

σ
+
σ

2

)
(t− γ),

hence the assertion.

Lemma A.7. Let b(u) = Φ−1(1− 1/u). Then

lim
u→∞

b(u)
(
b(au)− b(u)

)
= log(a), a > 0.

Proof. Recall that b is slowly varying. Hence limu→∞ b(au)/b(u) = 1. So,

b(u)
(
b(au)− b(u)

)
∼ b(u)

(
b(au)− b(u)

)
· 1

2

(
b(au)

b(u)
+ 1

)
=

1

2

(
b(au)2 − b(u)2

)
,

and so the assertion follows from

exp

(
1

2

(
b(au)2 − b(u)2

))
=

ϕ(b(u))

ϕ(b(au))
∼ b(u)

b(au)
· Φ(b(u))

Φ(b(au))
∼ 1 · 1/u

1/(au)
= a.

Lemma A.8. Let b(u) = Φ−1(1− 1/u), γ > 0 and ρ ∈ (−1, 1) and a > 0. Then, as u→∞,(
b(au)− b(u)ρ√

1− ρ2

)−1(
log(a) + b(u)2γ

b(u)
√

2γ

)
∼
√
γ

2

/1− ρ
1 + ρ

,

and

ϕ

(
b(au)− b(u)ρ√

1− ρ2

){
ϕ

(
log(a) + b(u)2γ

b(u)
√

2γ

)}−1

∼ a−
[
1/(1 + ρ)− 1/2

]
exp

(
b(u)2

2

(
γ

2
− 1− ρ

1 + ρ

))
.

In both situations, we have equality for all u > 1 when a = 1.
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Proof. We may rewrite(
b(au)− b(u)ρ√

1− ρ2

)−1(
log(a) + b(u)2γ

b(u)
√

2γ

)
=

√
(1− ρ2)

2γ

log(a) + b(u)2γ

b(u)(b(au)− b(u)) + b(u)2(1− ρ)

=

√
γ(1 + ρ)

2(1− ρ)

log(a)/γ + b(u)2

b(u)(b(au)− b(u))/(1− ρ) + b(u)2
,

so that the �rst assertion follows with Lemma A.7 and limu→∞ b(u) =∞. In case a = 1 the second fraction
equals indeed 1. Further,

ϕ

(
b(au)− b(u)ρ√

1− ρ2

){
ϕ

(
log(a) + b(u)2γ

b(u)
√

2γ

)}−1

= exp

(
1

2

{(
log(a) + b(u)2γ

b(u)
√

2γ

)2

−
(
b(u)(b(au)− b(u)) + b(u)2(1− ρ)

b(u)
√

1− ρ2

)2})
= exp

(
1

2

{
1

b(u)2

(
log(a)2

2γ
− [b(u)(b(au)− b(u))]2

1− ρ2

)
+

(
log(a)− 2

1 + ρ
b(u)(b(au)− b(u))

)
+ b(u)2

(
γ

2
− 1− ρ

1 + ρ

)})
.

For a = 1, we can read o� the claimed equality. Else, we obtain with limu→∞ b(u) =∞ and Lemma A.7 that

ϕ

(
b(au)− b(u)ρ√

1− ρ2

){
ϕ

(
log(a) + b(u)2γ

b(u)
√

2γ

)}−1

∼ exp

(
1

2

{
log(a)

(
1− 2

1 + ρ

)
+ b(u)2

(
γ

2
− 1− ρ

1 + ρ

)})
,

as desired.

B Marginal distributions of the tail approximating process
In Section 4.2 we have seen that the domain-scaled tail approximating process behaves like a domain-scaled
regularly varying process (Proposition 4.4), but without marginal standardisation. Here, we investigate the tail
behaviour of the univariate marginal distributions of the domain-scaled tail approximating process Y (s0) from
De�nition 4.1. By de�nition, Y (s0)(s0) is standard Pareto, that is,

P
{
Y (s0)(s0) > u

}
= u−1, u ≥ 1.

For s ∈ Rd\{s0} the tail behaviour of Y (s0)(s) depends on the domain-scaling. A priori we know the following.
By de�nition of Y (s0), we have for a standard Pareto variable P independent from the point-spectral process
V (s0) that

uP
{
Y (s0)(s) > u

}
= uP

{
PV (s0)(s0 + δ(P )(s− s0)) > u

}
= u

∫ ∞
1

P
{
tV (s0)(s0 + δ(t)(s− s0)) > u

}
ν1(dt)

=

∫ ∞
1/u

P
{
tV (s0)(s0 + δ(ut)(s− s0)) > 1

}
ν1(dt)

=

∫ u

0

P
{
V (s0)(s0 + δ(u/x)(s− s0)) > x

}
dx. (72)

If there is no domain-scaling (δ ≡ 1), it is immediate and well-known that Y (s0)(s) will be either Pareto-like
or Y (s0)(s) = 0 almost surely, in other words,

lim
u→∞

uP
{
Y (s0)(s) > u

}
= E

[
V (s0)(s)

]
, s ∈ Rd, (73)

cf. also Remark 4.5. If, instead, the domain-scaling becomes relevant, we distinguish again the two cases: (i)
limu→∞ δ(u) = c ∈ [1,∞) and (ii) limu→∞ δ(u) =∞, cf. Section 3.
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Lemma B.1. Let Y (s0) be a domain-scaled tail approximating process with point-spectral process V (s0) and
scaling function δ, such that δ is bounded and satis�es limu→∞ δ(u) = c ∈ [1,∞). Then

lim inf
u→∞

uP
{
Y (s0)(s) > u

}
≥ E

[
V (s0)(s0 + c(s− s0))

]
, s ∈ Rd.

Proof. From (72) we see that

uP
{
Y (s0)(s) > u

}
≥
∫ ∞

0

P
{
tV (s0)(s0 + δ(ut)(s− s0)) > 1

}
1{t > 1/u}ν1(dt).

Hence, by Fatou’s lemma, we have that

lim inf
u→∞

uP
{
Y (s0)(s) > u

}
≥
∫ ∞

0

lim inf
u→∞

P
{
tV (s0)(s0 + δ(ut)(s− s0)) > 1

}
1{t > 1/u}ν1(dt).

From here, we can continue similarly to the proof of Proposition 4.7. Let t > 0. Since limu→∞ δ(u) = c ∈
[1,∞), we also have limu→∞ δ(ut) = c ∈ [1,∞), and, since δ is bounded, there exists a compact convex set
S ⊂ Rd, such that s0 +δ(ut)(s−s0) ∈ S for all u > 1/t. In particular, also sc = s0 +c(s−s0) ∈ S. Recall that
{f ∈ C(S, [0,∞)) : f(sc) > 1} is a continuity set of the law of PV (s0)

∣∣
S

(by an almost identical argument as
presented in the proof of Lemma 2.2). Therefore, the almost sure convergence of V (s0)

(
s0 + δ(ut)(s− s0)

)
to

V (s0)
(
s0 + c(s− s0)

)
on S implies that

lim inf
u→∞

uP
{
Y (s0)(s) > u

}
≥
∫ ∞

0

P
{
tV (s0)(s0 + c(s− s0)) > 1

}
ν1(dt)

=

∫ ∞
0

P
{
V (s0)(s0 + c(s− s0)) > x

}
dx = E

[
V (s0)(s0 + c(s− s0))

]
,

which gives the assertion.

In order to gain more speci�c insights, we need to specify the point-spectral process V (s0). If we plug
in the Brown–Resnick point-spectral process (57), this means that we obtain again Pareto-like tails when
limu→∞ δ(u) = c <∞.

Proposition B.2. Let Y (s0) be a domain-scaled tail approximating process with point-spectral process V (s0)

and scaling function δ. Suppose that V (s0) is given by the Brown–Resnick point-spectral process (57), such
that the underlying semi-variogram γ satis�es γ(r(s− s0)) > 0 for r > 0, and that the scaling function δ
is bounded and satis�es limu→∞ δ(u) = c ∈ [1,∞). Then

lim
u→∞

uP
{
Y (s0)(s) > u

}
= 1, s ∈ Rd.

Proof. It is already clear from Lemma B.1 and (50) that lim infu→∞ uP
{
Y (s0)(s) > u

}
= 1. Moreover, we

obtain from (72) that

uP
{
Y (s0)(s) > u

}
≤
∫ ∞

0

P
{
V (s0)

(
s0 + δ(max(u/x, 1))(s− s0)

)
> x

}
dx. (74)

If we can �nd an integrable majorant for the integrand on the right-hand side, the assertion will follow via
dominated convergence, since then

lim sup
u→∞

uP
{
Y (s0)(s) > u

}
≤
∫ ∞

0

lim
u→∞

P
{
V (s0)

(
s0 + δ(max(u/x, 1))(s− s0)

)
> x

}
dx

=

∫ ∞
0

P
{
V (s0)

(
s0 + c(s− s0)

)
> x

}
dx = E

[
V (s0)

(
s0 + c(s− s0)

)]
= 1,

where the �rst equality follows by a similar argument as in the proof of Proposition 4.7.
Due to our choice of point-spectral process V (s0) as (57), the integrand on the right-hand side of (74) equals

Φ

(
log(x) + γ(δ(max(u/x, 1))(s− s0))√

2γ(δ(max(u/x, 1))(s− s0))

)
.
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Setting γ∗ = supr∈[min δ,max δ] γ(r(s− s0)), which is possible by the boundedness of δ and the continuity of
γ, we claim that it has the following integrable majorant

f(x) =

{
1 if x ≤ e1,

Φ
(
log(x)/

√
2γ∗
)

if x > e1.

Clearly, f is a majorant. To con�rm integrability, note that with σ∗ =
√

2γ∗ and N standard normal∫ ∞
e1

f(x)dx =

∫ ∞
e1

Φ

(
log(x)

σ∗

)
dx ≤

∫ ∞
0

Φ

(
log(x)

σ∗

)
dx

=

∫ ∞
0

P
{

exp(σ∗N) > x
}

dx = E
(

exp(σ∗N)
)

= exp((σ∗)2/2).

This �nishes the proof.

Lastly, let us consider the case when limu→∞ δ(u) =∞. The following lemma reduces the problem, so
that we will only have to investigate the integral (72) from 1 to u instead of 0 to u.

Lemma B.3. Let Y (s0) be the domain-scaled tail approximating process with point-spectral processes V (s0)

and scaling function δ. Suppose limu→∞ δ(u) = ∞ and that limr→∞ V (s0)
(
s0 + r(s − s0)

)
= 0 in

probability. Then

lim
u→∞

[
uP
{
Y (s0)(s) > u

}
−
∫ u

1

P
{
V (s0)(s0 + δ(u/x)(s− s0)) > x

}
dx

]
= 0.

Proof. By (72), it su�ces to show that

lim
u→∞

∫ 1

0

P
{
V (s0)(s0 + δ(u/x)(s− s0)) > x

}
dx = 0.

Hence the assertion follows by dominated convergence from limr→∞ P
{
V (s0)

(
s0 + r(s− s0)

)
> x

}
= 0 and

limu→∞ δ(u/x) =∞ for any x ∈ (0, 1].

In general, the interplay between point-spectral process V (s0) and scaling function δ in the domain-scaled
tail approximating process Y (s0) can be quite subtle. Here, we focus again on the Brown–Resnick point spectral
process from (57).

Proposition B.4. Let Y (s0) be a domain-scaled tail approximating process with point-spectral process V (s0)

and scaling function δ. Suppose that V (s0) is given by the Brown–Resnick point-spectral process (57), such
that the underlying semi-variogram γ satis�es that γ(r(s − s0)) > 0 is non-decreasing in r > 0 and
limr→∞ γ(r(s− s0)) =∞ for s ∈ Rd \ {s0}, and that the scaling function δ satis�es Assumption 4.3 with
limu→∞ δ(u) =∞. Then

lim sup
u→∞

uP
{
Y (s0)(s) > u

}
≤ 1, s ∈ Rd \ {s0}.

Proof. By Lemma 5.3 we have limr→∞ V (s0)
(
s0 + r(s − s0)

)
= 0 in probability, so that by Lemma B.3 it

su�ces to show that

lim sup
u→∞

∫ u

1

P
{
V (s0)(s0 + δ(u/x)(s− s0)) > x

}
dx ≤ 1.

We abbreviate h = s− s0 henceforth, so that∫ u

1

P
{
V (s0)(s0 + δ(u/x)(s− s0)) > x

}
dx =

∫ u

1

Φ

(
log(x) + γ(δ(u/x)h)√

2γ(δ(u/x)h)

)
dx

For su�ently large u we have that log(u) is larger than γ(h). For such u we note that on the interval [1, u]
the function log(x) is strictly increasing from 0 to log(u), while γ(δ(u/x)h) is continuously decreasing from
γ(δ(u)h) to γ(h). Hence there exits xu ∈ (1, u), such that

γ(δ(u/x)h) ≥ log(x) for x ≤ xu,
γ(δ(u/x)h) ≤ log(x) for x ≥ xu.
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In fact, this means we even have

γ(δ(u/x)h) ≥ γ(δ(u/xu)h) = log(xu) > log(x) for x < xu,

γ(δ(u/x)h) ≤ γ(δ(u/xu)h) = log(xu) < log(x) for x > xu.

By Lemma A.6, we obtain

Φ

(
log(x) + γ(δ(u/x)h)√

2γ(δ(u/x)h)

)
≤ Φ

(
log(x) + γ(δ(u/xu)h)√

2γ(δ(u/xu)h)

)
,

which entails∫ u

1

P
{
V (s0)(s0 + δ(u/x)(s− s0)) > x

}
dx ≤

∫ u

1

P
{
V (s0)(s0 + δ(u/xu)(s− s0)) > x

}
dx

<

∫ ∞
0

P
{
V (s0)(s0 + δ(u/xu)(s− s0)) > x

}
dx = 1,

cf. (50), and hence the assertion.

In fact, the argument in the proof of Proposition B.4 shows that at �nite levels u > eγ(h)

uP
{
Y (s0)(s) > u

}
≤
∫ u

0

Φ

(
log(x) + γ(δ(u/xu)h)√

2γ(δ(u/xu)h)

)
dx, (75)

where xu is a solution to γ(δ(u/xu)h) = log(xu). The following lemma can help to get more tractable upper
bounds, see Example B.6.

Lemma B.5. Let a, b ∈ R and σ > 0. Then∫ b

a

Φ

(
log(x)

σ
+
σ

2

)
dx =

∫ ∞
0

P
{
N ∈

(
t+ log(a)

σ
− σ

2
,
t+ log(b)

σ
− σ

2

)}
e−t dt,

where N is a standard normal variable. For a = −∞ and b =∞ the interval boundaries on the right-hand
side are instead −∞ and∞, respectively.

Proof. Substituting x by ey gives∫ b

a

Φ

(
log(x)

σ
+
σ

2

)
dx =

∫ log(b)

log(a)

Φ

(
y

σ
+
σ

2

)
ey dy

=

∫ log(b)

log(a)

P
{
σN − σ2 > y − σ2/2

}
ey dy =

∫ log(b)

log(a)

∫ ∞
y−σ2/2

fσN−σ2(t)dt ey dy.

Using Lemma A.4 we see that the latter equals∫ log(b)

log(a)

∫ ∞
y−σ2/2

fσN (t)e−tdt ey−σ
2/2 dy =

∫ log(b)−σ2/2

log(a)−σ2/2

∫ ∞
y

fσN (t)e−(t−y)dt dy

=

∫ log(b)−σ2/2

log(a)−σ2/2

∫ ∞
0

fσN (t+ y)e−tdtdy.

Finally, applying Fubini’s theorem gives∫ b

a

Φ

(
log(x)

σ
+
σ

2

)
dx =

∫ ∞
0

∫ log(b)−σ2/2

log(a)−σ2/2

fσN (t+ y)dy e−t dt

=

∫ ∞
0

∫ t+log(b)−σ2/2

t+log(a)−σ2/2

fσN (y)dy e−t dt

and hence the assertion.

By Lemma B.5 the bound (75) reads as

uP
{
Y (s0)(s) > u

}
≤
∫ ∞

0

Φ

(
t+ log(u)− γ(δ(u/xu)h)√

2γ(δ(u/xu)h)

)
e−t dt.

For further (non-asymptotic) re�nements, we will need to choose the scaling function δ explicitly.
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Example B.6. Suppose γ is α-homogeneous and δ(u) = max(1, 2 log(u))1/α, cf. Remark 5.5. Let u >
eγ(h)+1/2 and set

β(h) =
2γ(h)

2γ(h) + 1
.

Then

γ
(
δ(u/uβ(h))h

)
=
[
δ(u1−β(h))

]α
γ(h) = 2γ(h)(1− β(h)) log(u) = β(h) log(u) = log

(
uβ(h)

)
,

so that xu in (75) is given by xu = uβ(h) and

log(u)− γ(δ(u/xu)h)√
2γ(δ(u/xu)h)

=
log(u)− β(h) log(u)√

2β(h) log(u)

=
1√
2

(
1− β(h)√

β(h)

)√
log(u) =

√
log(u)

√
2
√

2γ(h)
√

2γ(h) + 1
,

which gives

uP
{
Y (s0)(s) > u

}
≤
∫ ∞

0

Φ

(
t√

2β(h) log(u)
+

√
log(u)

√
2
√

2γ(h)
√

2γ(h) + 1

)
e−t dt. (76)

Note that, by dominated convergence, the right-hand side of (76) converges to 1 as u→∞. This reveals that the
strategy of proof applied for Proposition B.4 cannot lead to a sharper upper bound for lim supu→∞ uP{Y (s0)(s) >
u}, even when it might exist. Moreover, the key monotonicity argument in Proposition B.4 can also be applied
to obtain an a priori lower bound from Lemma A.6, namely

uP
{
Y (s0)(s) > u

}
≥
∫ xu

1

Φ

(
log(x) + γ(δ(u)h)√

2γ(δ(u)h)

)
dx+

∫ u

xu

Φ

(
log(x) + γ(h)√

2γ(h)

)
dx.

By Lemma B.5 we obtain

uP
{
Y (s0)(s) > u

}
≥
∫ ∞

0

P
{
N ∈

(
t− γ(δ(u)h)√

2γ(δ(u)h)
,
t+ log(xu)− γ(δ(u)h)√

2γ(δ(u)h)

)}
+ P

{
N ∈

(
t+ log(xu)− γ(h)√

2γ(h)
,
t+ log(u)− γ(h)√

2γ(h)

)}
e−t dt.

However, this bound does not give su�cient insight to tighten the possible limits for the left-hand side
between 0 and 1, as the right-hand side converges to 0 by dominated convergence. The observation that
lim infu→∞ uP{Y (s0)(s) > u} ≥ 0 is a trivial one that needs no such analysis. Overall, this demonstrates
the intricacy of the tail behaviour of the marginal distribution of the tail approximating process Y (s0), once
domain-scaling is at play. Proposition B.4 shows that the tail of Y (s0)(s) is at least not heavier than the Pareto
tail of Y (s0)(s0) when the underlying point-spectral process is of Brown–Resnick type.
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