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Domain-scaled regular variation:
Mathematical foundations for a new tail process

Kirstin Strokorb; Marco Oesting,T and Raphaél de Fondeville¥

February 1, 2026

Abstract

Threshold exceedances of stochastic processes in space and time often appear to be more localized the
more extreme they are. While classical regularly varying stochastic processes cannot model this effect, we
introduce an adapted version of regular variation, where a suitable domain-scaling can be incorporated to
accommodate this behaviour. Our theory is inspired by the triangular array convergence of domain-scaled
maxima of Gaussian processes to a Brown-Resnick process and turns out to be natural in this context. We
study key properties of the resulting tail approximating process and demonstrate its ability to approximate
conditional exceedance probabilities of Gaussian processes. Mathematical convenience arises from the re-
cently rediscovered concept of vague convergence based on boundedness.
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1 Introduction

The concept of regular variation, introduced by [Karamatal (1930) and widely popularized through [Feller| (1971),
has a long history in probability and statistics, including textbook treatments spanning, e.g., Seneta| (1976),
Resnick| (2008), Bingham et al[(1989), de Haan and Ferreiral (2006), or, more recently, Kulik and Soulier| (2020)
and Mikosch and Wintenberger| (2024) for time series. The theory of regularly varying spatial stochastic
processes has been scattered across the literature for some time (de Haan and Lin| {2001; Hult and Lindskog,
2005; Davis and Mikoschl [2008; [Ferreira and de Haan| |2014) culminating in the unified presentation of Dombry]
and Ribatet|(2015). Part of the mathematical appeal stems from the equivalence of multiple characterizations of
regular variation, which in turn can be exploited for statistical inference and tail extrapolation. Generally, if
X is a stochastic process on a compact domain S C RY, there is equivalence of (i) regular variation of X, (ii)
weak convergence of the collection of renormalized independent copies of X to a Poisson point process, (iii)
weak convergence of renormalized pointwise maxima of independent copies of X to a max-stable process, and
(iv) weak convergence of renormalized threshold exceedances of X to a generalized Pareto process.

On the other hand, the asymptotic stability properties of a regularly varying process are rather rigid and
are appropriate only for the modelling of the tail behaviour of so-called asymptotically dependent stochastic
processes, i.e., loosely speaking, those X, where it is not unlikely that a high threshold exceedance of X at some
location s necessitates threshold exceedances of X of a similar order of magnitude across the entire domain
of X. Instead, empirical evidence suggests that spatial extremes often exhibit weakening of dependence that
is not compatible with pure asymptotic dependence, that is, they become more localized as the conditioning
threshold increases (Wadsworth and Tawn, [2022; Huser and Wadsworth| 2022} Huser et al.||2025). The present
manuscript introduces a refined notion of regular variation that overcomes this limitation via domain-scaling.

This idea has been inspired, amongst others, by the works of Kabluchko et al{(2009) and Dombry and Ribatet
(2015, as the former establishes the convergence of maxima of Gaussian processes to Brown-Resnick processes,
while the latter provides the road map for the (yet) unexplored counterparts that complement the maxima
convergence. At a first glance, the maxima convergence from Kabluchko et al.|(2009) may seem contradictory,
since Gaussian processes exhibit asymptotic independence, while the max-stable Brown-Resnick processes
are asymptotically dependent. However, the key feature of this convergence is the consideration of triangular
arrays instead of sequences through the introduction of a spatial scaling in the underlying Gaussian processes,
cf. also Brown and Resnick| (1977), [Hisler and Reiss| (1989) or Hsing et al.| (1996). We shall see below that
this modification can conveniently be incorporated into the theory of regular variation for spatial stochastic
processes to make it more flexible and better reflect empirical evidence.

Definitions of regular variation of random vectors or stochastic processes are based on concepts of vague
convergence as treated in classical textbooks such as|Daley and Vere-Jones|(1988) and Kallenberg|(2017). This
was, for instance, advocated early by [Resnick|(2008) for random vectors to facilitate establishing connections
to related point processes. However, the characterization of regular variation from [Resnick| (2008) via vague
convergence is based on relative compactness and, thus, comes at the price of technical completion arguments
that permeate the extremes literature to date. In spatial settings, these technicalities appear for instance
in|de Haan and Ferreira (2006) and |Dombry and Ribatet (2015), and also Hult and Lindskog| (2005), which
includes to the best of our knowledge the first definition of regular variation for spatial stochastic processes.
Subsequently, the same authors discovered that this completion is in fact unnecessary (Hult and Lindskog,
2006), and that their earlier definition via @ convergence for continuous stochastic processes on compact
domains is equivalent to a formulation based on sets bounded away from the origin, cf. also|Segers et al. (2017)
and |[Dombry et al|(2018) and references therein. More recently, new light has been shed on the matter by
Basrak and Planinic|(2019) who show that all such definitions can be framed as vague convergence based on
boundedness (Hul [1949}[1966), which brings mathematical convenience to the theory of regular variation. The
textbook by |Kulik and Soulier|(2020) makes this new viewpoint available for a range of broad settings, although
predominantly with time series analysis in view. Here, we make the theory for continuous stochastic processes
on convex domains in R% explicit in this framework, cf. also|Soulier| (2022) and Bladt et al{(2022) for extensions
to cadlag processes.

Thereby, this manuscript has two aims: In Section[2] we lay the foundations for the needed triangular array
convergences for continuous stochastic processes in light of the new convergence framework. Thereafter, we
introduce the new concept of domain-scaled regular variation in Section[3|and, in Section[4] study its associated
tail approximating process. The Gaussian case arising from the maxima convergence to a Brown—Resnick
process is detailed in Section [5} Statistical inference based on these new tail approximating processes is left for
future research.



Notation

The following standard notation and conventions will be used throughout this manuscript. We write 1{condition}
for the indicator function, which takes the value 1 if the condition is fulfilled and 0 else. The cumulative distribu-
tion function F of a standard Pareto distribution is F'(¢) = (1—¢~1)1{t > 1}; for a standard Fréchet distribution
itis F(t) = exp(—t~1)1{t > 0}, and for a standard Gumbel distribution we have F(t) = exp(— exp(—t))
for t € R.If F is standard Fréchet and o > 0, we call F(-/0) a unit Fréchet distribution. The standard GEV
distribution with extreme value index £ € R\ {0} is given by F(t) = exp(—[(1 + &)1{1 + &t > 0}]71/¢);
for £ = 0 it coincides with the standard Gumbel distribution. The standard exponential distribution is
F(t) = (1 — exp(—t))1{t > 0}. We denote the cumulative distribution function of a standard normal distri-
bution by ®; its density is () = (271) ~'/2 exp(—t?/2) for t € R. For a > 0, let v, be the Borel measure on
(0, 00) given by
Vo((t,00)) =t~ t>0.

The law of a random object X will be denoted by £(X). The density of a random vector X will be denoted
by fx.If F is a cumulative distribution function, we write F =1 — F for its survival function. We will use
throughout the text that the law of a standard Pareto variable P is given by v restricted to the interval [1, 00).
Moreover, we recall its threshold stability property that L(P | P > t) = L(tP) for t > 1, as follows from the
(—1)-homogeneity of vy, i.e. for a Borel subset A C R

(ANt oc0)N[l,00)) _ v (ANt o0))
vi([t, 00) N1, 00)) vi([t, 00))

P{Pc A|P>t}= =1t AN[l,00)) = P{tP € A}.

2 Triangular array convergence

The theory of regular variation for continuous stochastic processes (de Haan and Lin, [2001; Hult and Lindskog}
2005} [de Haan and Ferreira, 2006; Davis and Mikoschl [2008; Dombry and Ribatet, 2015) is very technical. In this
section, we simplify its exposition making use of the rediscovered vague convergence (Basrak and Planinic|
2019), which seems naturally suited to describe regular variation in this context. We need to do so while
considering triangular arrays instead of sequences in order to introduce the domain-scaled regular variation
presented in Section 3] As we simplify and generalize previously known regular variation arguments, we
try to keep this section as self-contained as possible by including many proofs explicitly. We do not claim
complete originality in such arguments. But to the best of our knowledge the reinterpretation of the regular
variation of continuous stochastic processes as in Dombry and Ribatet|(2015) in view of the vague convergence
from Basrak and Planinic|(2019) cannot be found explicitly in the literature otherwise, and the arguments are
typically derived for sequences instead of triangular arrays. The formulation presented in this section has
several advantages, for example, it also provides a shorter proof for the continuity of Brown-Resnick processes
than in Kabluchko et al.| (2009).

2.1 Technical background

We proceed similarly to Chapter 7 and Appendix B in Kulik and Soulier|(2020), which are largely based onBasrak
and Planinic|(2019), to simplify and unify the convergence concepts relevant for typical limiting arguments in
the theory of regular variation. This setup is based on the concept of boundedness (Hul [1949,1966).

First, we introduce the relevant spaces and their properties. Let S be a compact subset of R? for some
dimension d > 1. We consider the following spaces of functions; some of them being complete separable
metric spaces (c.s.m.s.):

« C(S) = C(S,R), the space of real-valued continuous functions on S, equipped with with supremum
norm || f| s = sup,cs|f(s)|, a Banach space, hence c.s.m.s.,

« C>(85) = C(S,]0,00)), a closed subset of C(S), hence c.s.m.s.,

« C4(S) = C(S,(0,00)), an open subset of C>(S) C C(S5),
« Co(5) = C=(5)\ {0}

A subset B C Cy(5) is called bounded away from 0 if inf{|| f||lc : f € B} > 0. As explained in Kulik and
Soulier| (2020, Example B.1.4), the metric

i

1
d =(If -9l e Tiglloe
o(f.9) = (If = gl Al>V’||f|oo gl



induces the trace topology of C'(S) on Cy(.S), whilst (Co(S), dp) is complete and B C Cy(.S) is bounded away
from 0 if and only if it is bounded for dj.

The sequence of subsets Uy = {f € Co(S) : ||f]lec >k}, k € N, is properly localizing Cy(S), i.e.,
each Uy, is open and bounded, while Uy contains the closure of Uy, and the union of all Uy, k € N, recovers
Co(S) (Kulik and Soulier; 2020} Definition B.1.1). Hence, C(S) is a properly localized Polish space. Let

S={feCx(9) : Ifle=1}

be the unit sphere in C>(S) C C(S), which is again a closed subset of C>(S) and hence a c.s.m.s. The
multiplication map

m:(0,00) xS — Co(S),  mf(t, f)=tf 1)
is a homeomorphism between (0, 00) X S and Cy(S), with inverse

m™!: Co(S) = (0,00) xS, mTH(f) = (I flloos £/11flloc), @)

usually known as polar decomposition. By M (Cy(.S)) we denote the space of all dy-boundedly finite Borel
measures p on Cy(5), i.e., measures satisfying 1(B) < 0 for do-bounded Borel sets B C Cy(S), endowed
with the v#-topology, i.e.,

n LA p ifand only if p,(B) — p(B) for all dg-bounded Borel sets B with u(0B) = 0,

which turns M (Cy(.S)) into a Polish space (Kulik and Soulier} [2020, Theorem B.1.20).

Now we are in a position to introduce all limiting objects for the triangular array convergences in Section[2.2]
To begin with, since M (Cy(.5)) is a Polish space, we may consider random measures and (Poisson) point
processes on Cy(S) in a natural way (Kulik and Soulier; 2020, Theorem 7.1.11). The following example of a
Poisson point process with (—1)-homogeneous mean measure will accompany us throughout this text as the
basis for an associated max-stable process, which we define subsequently. Here, a measure 1 € M (Cy(S)) is

called (—1)-homogeneous if p(cB) = ¢~ u(B) for all ¢ > 0 and all dy-bounded Borel sets B C Cy(9).
Lemma 2.1. (a) A non-zero Borel measure A on Cy(S) is do-boundedly finite and (—1)-homogeneous if
and only if it can be represented as
A= ®60c)om !, (3)

for a probability measure o on'S and a constant 6 > 0, i.e.
AB) = (1 0 80)m ™ (B) =6 | o({f €8 tf € B m(dt) @
0
for Borel sets B C Cy(S). The pair (0, o) is uniquely identified from A via

0=A({f €Co(5) : [fllc >1}), o(B)= %A({f €Co(S) : Iflee > 1, f/Ifllc € B})
()

for Borel sets B C S.

(b) Suppose A is of the form (3). The associated Poisson point process PPP(A) on Cy(S) with mean measure
A can be represented as the sum of random point masses

o0
> oy (6)
i=1

where (T';);cn are the arrival times of a renewal process on (0, 00) with standard exponential interarrival
times, and independently, (V;);cn are independent copies of V' distributed according to the measure o
onS, i.e. P{V € B} = o(B) for all Borel sets B C S.

Proof. (a) Suppose a measure A is of the form (3). Then it is necessarily dy-boundedly finite and (—1)-
homogeneous. In addition, since m and m ! are inverse to each other, A o m = v; ® o (where we mean



by m the preimage function of the inverse of m, which coincides here with the image of m). This gives
A{fe€Co(S) : |Ifllso >t, f/IIfllc € B}) = 0t"*o(B) for Borel sets B C S and ¢ > 0, hence (3.
Conversely, suppose A is dy-boundedly finite and (—1)-homogeneous. Define # and o as in (5), which
is possible with 6 € (0, 00), since A is dg-boundedly finite (so that § < co) and A is non-zero and (—1)-
homogeneous (so that § > 0). Then it suffices to note that (v; ® #c) o m~! and A coincide on a Dynkin
system that is closed under intersections and generates the Borel o-algebra on Cyy(S). Such a system is given
by sets of the form m((¢, 0c0) x B) fort > 0 and Borel sets B C S. Since m((¢, 00) x B) = tm((1, 00) x B),
we have with the (—1)-homogeneity of A that

A(m((t,oo) X B)) =t"'A(m((1,00) x B)) =t '90(B) = v1((t,0))0c(B),
as desired.

(b) The result is a direct application of the solution to Problem 7.2 in |[Kulik and Soulier| (2020) from the
transformation of points for Poisson processes, cf. Kulik and Soulier| (2020, Proposition 7.1.12). O

Lemma 2.2. Let A = (v; ® Oc) om ™" and V ~ o be given as in Lemma Letr : C>(S) — [0,00)
be continuous and 1-homogeneous, i.e. r(cf) = cr(f) forall f € C=(S) and ¢ > 0. Then the set {f €
Co(S) : r(f) > ro} is a continuity set of A for any ro > 0 and

A(S € Co(8) : 7(f) > o)) = %van

is finite.

Proof. It suffices to consider g = 1, as /7 has the same properties as r. By continuity of r in 0 € C> (S) and
its homogeneity, there exists @ > 0 such that r(f) < a for all f € S, and thereby P{r(V) > a} = 0. Thus,

asecus) > =a({reas (=) > -}
"y /;O ]P’{r(V) > 1}ul(dt) _ 9 /Oa]P’{r(V) > z}de = E[r(V)] < oo.

Similarly,

A{feCo(S) : r(f)=1}) =96 /Oa P{r(V)=a}dz =0.

The last equality follows, since a random variable (V') may have at most countably many atoms, i.e. the
integrand can be non-zero at most on a set of Lebesgue-measure zero. By continuity of 7, the sets 71 ((1, 00))
and r~1((0, 1)) are open in Co(S). Hence, the boundary of r~1((1,00)) = {f € Co(S) : r(f) > 1} must be
included in the A-null set =1 ({1}) = {f € Co(9) : r(f) = 1}. O

Lemma 2.3. Let A = (1, ® Oo) om~! and V ~ o be given as in Lemma Let P be a standard Pareto
variable independent of V' and a > 0. Then the measure

AC N{f € Co(S) : [[fllo > a})
A{f € Co(S) : fllec > a})

coindices with the law of the product a PV on C>(S).

Proof. Let B be a Borel set in C> (.5). Then

P{aPV € B} = /100 P{atV € B}P{P € dt} = /1000({{ cfea B, ||flloe = t})ul(dt)

_ A BN{f € Co(9) : [Iflle >1}) _ aA(BNO{f € Co(S) : [Ifllc > a})
0 A{f € Co(S) « [Ifllee > 1})
_AB{f € G(S) : |Ifllec > a})
A{f € Co(S) : [Ifllec >a})

where we have used the homogeneity property of A in the last steps. O




The process PV is often called a Pareto process associated with the (—1)-homogeneous measure A. We
may also associate to A a semi-simple max-stable process; a stochastic process Z with realizations in C> (.9) is
called semi-simple max-stable if for each n € N the law of the normalized pointwise maximum process

v
i=1

coincides with the law of Z, when Z3,..., Z,, are independent copies of Z. In particular, each marginal
distribution £(Z(s)), s € S, is either degenerate at 0 or a unit Fréchet distribution. If, in addition, Z has
standard Fréchet marginal distributions, we call Z simple max-stable. The term semi-simple max-stable has
been used in this way, for instance, in Molchanov|(2008) for random vectors.

S|

Lemma 2.4. Let A = (11 ®00) om ™! and the point process Y ;o €401y, be given as in Lemma Then
the pointwise maximum process '

Z=0\/T;'V, 7)
i=1
is a semi-simple max-stable process in C> (S) with
E
Pr(2) < th=ew (- L) e, ®

for any continuous and 1-homogeneousr : C>(S) — [0, 00), where V' ~ . Moreover, the positive constant
0 and the probability measure o on S, i.e., the law of V, are both identified from the law of Z.

Proof. Since A is dy-boundedly finite, we have that for each n € N almost surely only finitely many 61", v
lie in m([1/n,00) x S) = {f € Co(S) : ||f]lec = 1/n}, so that Z V n~! is continuous almost surely, since it
arises as the maximum of finitely many continuous functions. It follows that Z V n~! is continuous for all
n € N almost surely, and hence Z € Cx(.S) almost surely.

The max-stability of Z is then a direct consequence of the homogeneity of A = (v; ® o) o m~!, which

implies that the superposition of n independent copies of the Poisson point processes (6), each with mean

measure A, is a Poisson point process with mean measure nA = (11 ® (nf)o) o m=1. So, if Z1,. .., Z, are
independent copies of Z,
c( \V} Zi) = £<(n0) \ rilvg-) =L(nZ).
i=1 i=1

Finally, we may express P{r(Z) < t} as the probability that the Poisson point process (6) has no points
in {f € Cy(S) : r(f) > t} and it remains to note that A({f € Co(S) : r(f) > t}) = OE[r(V)]/t,
cf. Lemma[2.2]

To recover 6 from the law of Z, let r be the supremum-norm ||| and observe that

0 = —logP{||Z]|cc <1}. ©)

Moreover, any non-negative continuous function b : S — [0, 00) can be obtained as the restriction of a
continuous and 1-homogeneous r : C>(S) — [0, 00) to S by setting r(0) = 0 and r(f) = || f|lccb(f /|| f]l )
for f € Cy(S), hence E[b(V')] = —logP{r(Z) < 1}/6 by (8), which identifies the law of V by allowing b to
vary. O

Remark 2.5 (Stable tail dependence functional). Setting the functional 7(f) = sup,cgw(s)f(s) in
Lemma for an upper semicontinuous weight function w : S — [0, 00) retrieves the stable tail
dependence functional {(w) = @ Esup,.g[w(s)V(s)] as the scaling coefficient in the Fréchet law (g),
cf. e.g. Molchanov and Strokorb| (2016). In particular, choosing w = \/!"; w;1{s = s;} for w; € (0, c0)
and mutually distinct s; € S, 7 =1, ..., m, retrieves the finite dimensional distributions of Z.

In particular, the process Z in Lemma [2.4]is simple max-stable if and only if E[V/(s)] = 1/6 forall s € S.
Conversely, any simple max-stable process can be represented in this form — a result that dates back to the
very fundamental contributions of |de Haanl! (1984), [Vatan|(1985), de Haan and Pickands| (1986, Norberg|(1986)
and|Giné et al.|(1990).



Theorem 2.6 (de Haan and Ferreiral (2006) Theorem 9.4.1;Giné et al.|(1990) Proposition 3.2 and Corol-
lary 3.4). Let Z be a simple max-stable process with realizations in C>(S). Then the following holds:

(@) P{Z € C+(5)} = 1.
(b) There exists a probability measure o on'S and 6 > 0, such that the law of Z equals the law of
0\ T;'V;, (10)
i=1

where (I';);en and (V;)ien are as in Lemmal[2.1, and E[V (s)] = 1/0 foralls € S.

The measure A of the form (3), its associated Poisson point process (6), its associated max-stable process
and its associated Pareto processes from Lemma [2.3|are now well-defined and we may proceed to consider
triangular arrays that give rise to convergence to such limiting objects.

2.2 Triangular array setup

In what follows, we consider the following triangular array:

« (X218),,cn — a sequence of pathwise continuous stochastic processes on S with identical continuous
marginal distributions F°"'8,

orig . . io .
. Xmi - independent copies of X8 for 1 <14 < n,
« MZUE(s) = max { X5 (s), ..., XUE(s)}, s € S,

Its marginally transformed version is given as follows:
e Xn(s) =1/(1 — Forig(X°Hie(s))) for s € S, so that each X,,(s) has standard Pareto margins,

+ X, ; - independent copies of X, for1 <i <n,
e My (s) =max {Xpn1(s),..., Xnn(s)}, s €8S.

The following lemma links the convergence of the original and transformed maxima processes. Although
we consider a triangular array here, the proof is very similar to the well-documented sequence case.

Lemma 2.7. Let a,, > 0 and b,, € R forn € N. Let Z°"'& be a sample-continuous stochastic process on S
with standard GEV marginal distribution G°™'¢ for some extreme value index £ € R. Consider

Z(s) = (1+&2°M8(s))Me, s€ S, €#0,
) exp(Z°7ig), s€l, €£=0,

so that each Z(s) has standard Fréchet margins. The following two statements are equivalent:
(i) a;(M2e —b,) — Z°"' weakly in C(S).

(ii) The distribution (F°"'8)"(a,, - +b,) converges weakly to the distribution G°'¢ and n=' M, — Z
weakly in C>(S) C C(S).

Proof. The result can be deduced along the same lines as|de Haan and Ferreira| (2006, Theorem 9.2.1). First
note that Z = f(Z°"®) for f(t) = (1 + &O)YVE1{1 + & > 0} and n™'M,, = fo(a; (M — b,,)) for
fn(t) = n~Y(1 — F°"i8(a,t + b,)) . Now, (i) implies the marginal convergence of (F°8)"(a,, - +b,) to
G°"¢ as well as the convergence of f,,(t) to f(t) locally uniformly for all ¢ with 1 + ¢ > 0, hence we obtain
(ii). Conversely, if (ii) holds, the marginal convergence of (F°'8)"(a,, - +b,,) to G°"'¢ implies also the locally
uniform convergence of the generalized inverse of f,, to the inverse of f on (0, 00). Hence, we retrieve (i) from

the weak convergence of f, 1(n=1M,) to f~1(2). O

Without additional assumption on the limiting process Z, the latter is necessarily max-infinitely divisible
(Norberg| 1986, Theorem 5.2.). For our purposes we will even impose max-stability from here. As in the
sequence formulation, the convergence of the maxima process n~' M, to Z is closely linked to the theory
of regular variation. To make this explicit, we extend the notion of regular variation to triangular arrays as
follows.



Definition 2.8. We call a sequence (X, )nen of pathwise continuous stochastic processes on S regularly
varying with index o > 0 and spectral process V' in the triangular array senseif V' € S almost surely, and

for all ¢ > 0 and Borel sets B C S with P{V € 9B} =0

L pf o cp, Ll
P{[| Xnlloo > n} | Xl oo ’

>t}%IP’{V€B}t“ as m — oo.

Remark 2.9. Consider the setting of Definition[2.8|with o = 1. Since P{V € S} = 1, we have ||V[|oc = 1
almost surely, and so E[|V'||o] = 1 and E[V(s)] € [0,1] for all s € S. By pathwise continuity of V, there

is at least one sy € S such that E[V(sg)] > 0. For any such sg we obtain from the continuous mapping
theorem

. P{Xu(s0) >n} [~ s B _ [ s zlde = s
nh_}n;o —]P){”XnHoo ~ n} _/0 ]P){V( 0) > t} 1(dt) /O P{V( 0) > }d E[V( 0)] € (O, 1]

If each process X, has identical marginal distributions, then this implies also E[V (s)] = E[V (s¢)] for all
s € S. In the case of standard Pareto margins, we obtain

Jim nP{[|Xnlleo >} = grr

We now provide a similar collection of equivalent characterizations as in Dombry and Ribatet| (2015}
Theorem 1). The main differences are that we consider triangular arrays instead of independent copies of
processes and the slightly more convenient topological setup inspired by Basrak and Planini¢| (2019) and Kulik
and Soulier|(2020). Standardization to unit Pareto margins simplifies the scaling constants compared to Dombry|
and Ribatet| (2015). A subtlety that may be easily overlooked is that, with triangular arrays, establishing the
equivalence with characterization (v) requires considering the statement for all scaling constants a > 0, while,
in the original formulation, the result follows from the case ¢ = 1, which implies equivalence for all ¢ > 0.

Theorem 2.10. Let {X,, ;, 1 < i < n, n € N} be the triangular array of pathwise continuous stochastic
processes with standard Pareto margins as specified above, where each row consists of independent copies of
X, and M, is the corresponding sequence of pointwise row-maxima. Let Z be a simple max-stable process
with spectral representation as in Theorem|[2.6, which is specified via a law o on'S and 6 > 0. Let

A = (11 ® 00) om™!, where m is the multiplication map (1). Let V be distributed according to o on'S and
P a standard Pareto variable independent of V.

The following statements are equivalent:
(i) n=*M,, — Z weakly in C'(S);
o#
(ii) nP{n=1X,, € -} — A in M(Co(9));
(iii) Y i q €n-1x,, = Diuy €gr—1y, ~ PPP(A) weakly in M (Co(S));
(iv) (X)) nen is regularly varying with index 1 and spectral process V' in the triangular array sense;

W) L(n7' X, || Xnlle > an) — L(aPV) weakly in C>(S) foralla > 0.

Proof. The equivalence of (i) and (ii) follows exactly in the same manner as|de Haan and Ferreiral (2006}
Theorem 9.3.1) except that we are dealing here with triangular arrays instead of i.i.d. sequences, cf. also the
proof of the equivalence of (2a) and (2b) of Theorem 9.5.1 therein on page 312. The convergence of measures
considered therein is indeed equivalent to the v#-convergence considered here, cf. also|de Haan and Ferreira
(2006, Remark 9.3.3). The equivalence of (ii) and (iii) is an immediate consequence of Kulik and Soulier| (2020}
Theorem 7.1.21), since the null-array condition therein amounts to lim,, IP’{Tlen € B} = 0 for all
dp-bounded Borel sets B C Cy(S). This shows that (i), (ii) and (iii) are equivalent. The remaining equivalences
can be deduced as follows: Recall that m is a homeomorphism between (0, c0) x S and Cy(S) with inverse the
polar decomposition m ™! from (2).



(ii) implies (iv) For¢ > 0 and B C S Borel with P{V € 9B} =0

1 X, 11X lloo _ nP{n~'X, € m((t,o0) x B)}
P{[ X[l > n} hmnmeB >*_nMn%m€m«MMXSF

and by (ii) the latter converges to 0t 1o (B)/0 = P{V € B}t~ L.

(iv) implies (ii) First, we observe from (iv) as in Remark [2.9] that
nP{| Xnllo >n} = 1/E[V(s)] =6, seS,

where the last equality follows from the specification of V' and ¢ in this theorem, cf. Theorem 2.6 Since
the limiting measure in (ii) has the product representation A = (v; ® fo) o m™1, it is sufficient to
consider test sets of the form m((t,00) x B), where ¢t > 0 and B C S is a Borel set with ¢(0B) = 0, in
order to establish the convergence of (ii). Indeed, we obtain

nP{n"'X, € m((t,o0) x B)}

1 X Xl
=nP{||X P B t
FS > P e < e

converges to 0 P{V € B}t~! = o(B)t~! = A(m((t,)) x B) by (iv), hence we have (ii).

(ii) implies (v) Let A = {f € Co(S) : ||fllco > a}. For the limiting distribution in (v) we have P{aPV €
A} = 1 and as for A there is no mass on the boundary of A, cf. Lemma [2.3/and Lemma[2.2} So let B C A
be a continuity set of P{aPV € -}, then it is also a continuity set for A by Lemma In addition, A
and B are dy-bounded. Hence, by (ii)

nP{n~1X, € BN A} . A(BNA)
nP{n-1X, € A} A(A)

where the last equality follows directly from Lemma

P{n !X, € B|||Xp|eo > an} = =P{aPV € B},

(v) implies (iv) Lett > 0. First we show that (v) implies

P{ Xalloo >t} _ s
P{[Xallc >}

Indeed, if t > 1, the left-hand side may be written as conditional probability
P{n~ X, € {f € Co(S) : [Ifllc >t} Xnllc > n},
which converges by (v), Lemma2.3|and the homogeneity property of A to

A(S € Co(S) : Il > 1)) _ 017!
AAFECo(S)  Iflw>1y) 0

PPV e {f € Co(5) : [[fllec > t}} = =t

If t < 1, the left-hand side may be written as
1/P{n"' X, € {f € Co(S) : Iflloc > 1} [ Xnlleo > nt},

which converges instead to

1 M) =1 0
P{tPV € {f € Co(S) : Ifllec > 1}}  A{Sf € Co(S) : [flle >t71}) Ot
In order to establish (iv), let in addition B C S be a continuity set for the law of V. Then

P € B, >t
P{HXnHoo > n} {HXnoo n
P{||Xn|[oc > nt} { 1 { } ’
=—Usnlee 7 P ply-1x, e feCy(S €B || Xnlloo > nt
P{[Xn oo > 1} &) 7 |

We have seen that the first factor converges to ¢ ~!. The second factor converges by (v) to

P{tPV e {f € Co(S) : f/lIfllc € B}}

A{f € Co(S) = f/Iflls € B, I fllc >t}) _ 0t~ 0 (B)
A{f € Co(S) : Iflle > t}) ot

Taken together, this shows (iv).
This finishes the proof. O

=o(B).



Remark 2.11. Under the setup of Theorem 2.10|the constant 6 satisfies
0= lim nP{||X,|lcc > n},
n—oo

and 6 > 1, cf. Remark [2.9|and Theorem It is typically called the extremal coefficient of Z, since
| Z]| s /6 follows a standard Fréchet distribution, cf. (9). If the processes X, in the triangular array were
distributed according to an identical process X for all n € N, i.e., if we are in the framework of classical
regular variation, the constant 6 is also understood as the extremal coefficient of X.

A trivial example for the equivalent conditions of Theorem to hold arises from the max-stable limit
itself, since a max-stable Z lies in its own domain of attraction.

Example 2.12. [Regular variation of max-stable processes] Let X Zr;g = Zy, ;, where Z,, ; are independent
copies of a simple max-stable process Z € Cx(S), so that X,,; = T(Z,,;), where T'(z) = 1/(1 —
exp(—x 1)) is the transformation from standard Fréchet to standard Pareto margins. By the max-stability
of Z, we have the distributional identity £(n =1 M2&) = £(Z) foralln € N. Hence, in view of Lemma
n~'M,, converges weakly to Z, so that statement (i) from Theoremholds and the others follow by
equivalence.

2.3 Risk functionals

Rather than conditioning on the norm being large, we consider a more general notion of exceedance in this
section. To this end, let
r:C>(S) = [0,00)

be a continuous and 1-homogeneous functional, i.e. r(cf) = cr(f) for all f € C>(S) and ¢ > 0. In particular,
r(0) = 0 by continuity. We call such a functional a risk functional. Common examples are an £ (S, y)-norm
for a finite measure £ on S or a weighted infimum or supremum over S for a bounded non-negative weight
function. The point evaluation risk functional , f — f(s¢) for an s¢ € S, will also be key to the rest of the
paper. Similarly to Section 2.1} we first review relevant spaces and distances. Let

Np(8) ={f€C=(5) : r(f) =0} and  C(5) ={f € C>(5) : r(f) € (0,00)},

so that C>(S) is the disjoint union of N,.(S) and C,.(S). In particular, 0 € N,.(S) and C,.(S) is a subset of
Co(S). Suppose that  is not identically zero, so that C,.(S) # ). Denote the distance of a function f € C,.(S)
to N,.(S) by

d(f, Nr(5)) = inf{|[f = gl : g € N:(5)}-

A subset B C C,.(S) is called bounded away from N,.(S) if inf{d(f, N,.(S)) : f € B} > 0. The metric

1 1
(f,N:(S))  d(g,N.(S))

induces the trace topology of C'(S) on C,.(S), while (C,(5), d,) is complete and B C C,-(S) is bounded away
from N,.(S) if and only if B is bounded for d,., cf. Kulik and Soulier|(2020, Example B.1.6). The sequence of
subsets {f € C,.(S) : d(f, N,.(S)) > k=1}, k € N, is properly localizing C,.(.S). Hence, C,.(S) is a properly
localized Polish space.

The following lemma implies that all sets of the form {f € C,.(S) : r(f) > t}, where ¢ > 0, are bounded
away from N,.(S) if r is uniformly continuous or if N,.(S5) is compact.

dr(fvg) = (”f_gHOO /\1) N d

Remark 2.13. The condition that 7 is uniformly continuous is not very restrictive in practice. For instance,
supremum or infimum over S or point evaluation at some sy € S are even Lipschitz continuous with
constant 1, while the constant will need to be adapted for weighted versions. An integral over S has
Lipschitz constant equal to the total mass of the integrating measure.
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Lemma 2.14. Suppose that the risk functional r is uniformly continuous or that N,.(S) is compact. Then
there exists a constant k € (0, 00), such that

kr(f) < d(f, Ne(5)) (11)
forall f € C.(S).

Proof. By the definition of C,.(S) we have that f € C,.(S) satisfies r(f) € (0, c0). Hence,

d(f, N (5)) = nf{|[f — gl : g € No(5)}
= r(f)nf{[[f/r(f) = g/r(f)llec : 7(g9) =0}
=r(f)inf{|[f/r(f) = g'llsc = 7(g") = 0}
> r(f)nf{[lf" = g'llec : (') = Land r(g) = 0}.

If r is uniformly continuous or N,.(S) is compact (and 7 possibly just continuous, not necessarily uniformly
continuous), then we have that 7~1({0}) and r ({1} are disjoint closed subsets with a positive distance. So,
setting k = Inf{||f' — ¢'||cc : 7(f") = Land r(¢g’) = 0} gives the assertion. O

Remark 2.15. A situation, in which a bound « as in does not exist, arises, for instance, when we
consider the risk functional 7(f) = (f(s1)f(s2))'/?, where S contains at least two distinct points s; # ss.
Consider then a sequence of continuous functions with f,,(s1) = n and f,,(s2) = 1/n, so that r(f,,) = 1.
But then we also have that g, = max(f, —1/n, 0) satisfies g,, € N,-(S) with || fr, — gn|lcc < 1/n. Hence,
d(fn, Nr(5)) = 0.

Even, if we are in a situation, where does hold, conversely, d(-, N;-(S)) need not be bounded by a
multiple of r. Consider, for instance, S = [0, 1] and r the integral over S. Then N,.(S) = {0}, and so
d(f, N-(S)) = || f|lco- One may easily construct a sequence of functions f,, n > 1, on S, whose integrals
r(f.) are bounded, whilst their supremum norms || f;,||cc are unbounded.

On the other hand, if r is either the supremum over S, the infimum over .S or the point evaluation at
some sy € S, it is easily seen that we even have d(f, N,(S)) = 7(f), cf. Lemma[A.1] Weighted versions
of supremum, infimum and point evaluation with a non-trivial non-negative bounded weight function

satisfy that d(f, N,-(S)) < Kr(f) for a constant K € (0, c0).

Let
Sr ={f € Cx(5) : r(f) =1},
which is again a closed subset of C(.S) (hence c.s.m.s.). Then the multiplication map
my : (0,00) x S, = C.(5), my(t, f) =1tf (12)
is a homeomorphism between (0, 00) x S, and C,.(S) with inverse
my ' Cr(S) = (0,00) xSy, m(f) = (r(f), £/r(f)),

also known as pseudo-polar decomposition. By M (C,.(S)) we denote the space of all d,.-boundedly finite Borel
measures p on C,.(5), i.e. measures satisfying p(B) < 0 for d,.-bounded Borel sets B C Cy(.S). Endowed with
the v -topology, i.e.

o
pn, — p ifand only if  p,(B) — u(B) for all d,-bounded Borel sets B with u(0B) = 0,

M (C..(S)) is a Polish space (Kulik and Soulier] 2020 Theorem B.1.20). Lemmal2.16is an immediate consequence
of the circumstance that a set B C C,.(S) C Cy(S) bounded away from N,.(S) is also bounded away from 0.

Lemma 2.16. Let i, i, € M(Co(S)), n € N. Then their restrictions to C.(S) C Cy(S) are d,-boundedly
finite, and we have the implication

v# U?
M —> b == Un — M

‘CT(S) Cr(8)"
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Remark 2.17 (Completeness and preservation of boundedness). The product topology on (0, c0) X S, is
also induced by the metric

Jr((tlafl)’(t%f?)) = ([t —t2| A1) V ’tll - tt' V (IIf1 — falleo A 1).

In particular, (0,00) x S, is complete with metric d,.. However, the homeomorphism m; ! need not
necessarily preserve boundedness. For instance, m 1 ({f € C,.(S) : d(f, N,(S)) > k=1}) is unbounded
for d, if § = [0,1] and r is the integral over S, cf. Remark On the other hand, m.. ! does preserve
boundedness if there exists a K € (0, 00) such that d(f, N,.(S)) < Kr(f) as is the case for (weighted)
supremum, infimum or point evaluation. For such risk functionals, the sequence of subsets {f € C,.(S) :
r(f) > k=1}, k € N, is also properly localizing C,.(S).

2.4 Homogeneous measures, risk functionals and triangular arrays

Let us consider again a measure
A= ®00)om™!

as given in Lemma where o is a probability measure on S and § > 0. By construction, A is (—1)-
homogeneous, dy-boundedly finite, and A does not vanish on Cy(.S). The restriction of A to C,.(5),

AT‘ :A|C7V(S)7 (13)

is also (—1)-homogeneous and necessarily d,-boundedly finite, cf. Lemma [2.16] If A has no mass on N,.(5),
we can even retrieve A from A,. In many cases, e.g., when the risk functional r is a point evaluation, it is
however possible that A might have mass on N,.(S). Lemmal|2.18| gives the necessary and sufficient conditions
on V ~ ¢, which ensure that A, is not a zero measure or, even more, that no mass ist lost by restricting A to

C\(S).

Lemma 2.18. Let V ~ o. Then

AC(S) A0 < P{r(V) >0} >0,
ANA(S)) =0 <= P{r(V)>0}=1.

Proof. Recall that we can express A(B) by the definition of A as (). For B = C,.(S), the integrand on the
right-hand-side in (4) equals

oc{feS:tfeC.(S)}) =P{rtV) >0} =P{tr(V) > 0} = P{r(V) > 0}.
for all £ € (0, 00), while for B = N,.(5) the integrand equals

o{feS:tf e N(S}) =P{rtV) =0} =P{tr(V) =0} =P{r(V) =0}

for all t € (0,00). Hence, if P{r(V) > 0} > 0 or r(V) > 0 almost surely, we see that A(C,.(S)) # 0 or
A(N,(S)) = 0, respectively. Conversely, if A(C.(S)) # 0, the integrand o({f € S : tf € C.(S)}) needs to
be positive on a set of positive v1-measure, hence P{r(V) > 0} > 0. And if A(N,-(S)) = 0, the integrand
o({f €S : tf € N.(5)}) can only be positive on a v;-null set, hence P{r(V) = 0} = 0. O

The condition P{r(V') > 0} > 0 means that r does not vanish o-almost everywhere. We assume henceforth
that it is satisfied, so that A, is not a zero measure.

Lemma 2.19. Suppose that P{r(V') > 0} > 0. Then we may represent A, as
A= (11 ®0,0,)om;t, (14)

that is,

A (B) = (v1 ® 0,0,)(m;*(B)) = 6, /000 o-({f €S, : tf € B})vi(dt)
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for Borel sets B C C,.(S), where
0. = A ({f € Cr(S) : 7(f) > 1} = A({f € Co(S) : 7(f) > 1}) = 0E[r(V)] € (0,00),  (15)
and o, is the probability measure on S, given by
52(B) = 5-Arl{f € Cn(8) = F/r(f) € B, () > 1)) = - A(F € Co(8) : f/r(f) € B, #(f) > 1))
(16)

for Borel sets B C S,.

Proof. The condition P{r(V) > 0} > 0 ensures that A, is not a zero measure, cf. Lemma [2.18] and so, by
Lemma

O0r = Ar({f € Cr(S) = r(f) > 1} = A({f € Co(S) : r(f) > 1}) = 0E[r(V)] € (0, 00).
Therefore, we may define a probability measure o, on S, by (16). By the homogeneity of A and A, we have
erJT(B)t_ler<{f€Cr(S) ( )>t f/?" EB}) ({fGC()(S) : ( )>t f/’l’ GB})

for Borel sets B C S, and ¢ > 0. Thus (by a similar Dynkin system argument as in Lemma [2.1), we may
represent A, as A, = (v; ® 0,.0,) om, L. O

The measure o, in (16) can be obtained directly from o as follows, cf. also [ Dombry and Ribatet| (2015|
Theorem 3).

Lemma 2.20. The measure o, from can be obtained from o via

1
UTBzi/Tf]leTfBa‘df (17)
(B) = gy L)1 € r()BY o)
for Borel sets B C S,.. If ' : C>(S) — [0, 00) is measurable and homogeneous and V" ~ o,., then

Ef'(V)1{r(V) > 0}]
E[r(V)] '

E[r'(V")] =
In particular, E[r' (V")) is finite if ' is another risk functional, and

P{r(V) > 0}

E[”VT”OO] = E[r(V)]

€ (0, 00).

Proof. By definition of o,., we have

7:(B) = gamr AU € Cols) « /(1) € B.r(h) > 1)),

Recall from the proof of Lemmathat there exists @ > 0 such that P{r(V) > a} = 0. Hence, an application
of Fubini’s theorem yields

1
7HB) = GER] fo g M) € B () > 1 AS)

- Q]E[f/j:/]l{tf/r(tf) € B, r(tf) > 1} o(df) va(dt)

r}V /// L{r(f) > £~} o (dt) 1{f /r(f) € B} o(df)
= g Lr T € By a(an).
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which shows the claimed relation between o and o,.. By this relation, we obtain further

B[ (V)] :/oo P/ (V) > £ dt = /OOO o ({f €Sn s 1'(f) > 1)) dt

0
o0 1 ,
= | sy [ronen > v sapar

V)
1 ) i Aot~ EFOOL{(V) > 0}
= g0 L100) >0 [ 1) > 0 e et =0l

We know already that the denominator lies in (0, 0o). If 7/ is another risk functional, the enumerator is bounded
by E[r' (V)] < oo, cf. Lemma|[2.2] Choosing 1’ = ||-||oc yields the last assertion. O

Remark 2.21. Similarly to , if v and r are two risk functionals and o, and o, are both derived from
A as in (I6), while P{r(V) > 0} > 0 and P{+'(V') > 0} = 1, i.e, A has no mass on N, (S), then

1

7:(B) = gy [, TN €U BY (), (13

.

cf. also Dombry and Ribatet| (2015, Proposition 2).

The following lemma is analogous to Lemma [2.3| with almost identical proof except for replacing the norm
|I|lco by the general risk functional r(-) and the constant 6 by the constant 0,..

Lemma 2.22. Let V" be distributed according to the probability measure o, from (16). Let P be a standard
Pareto variable independent of V" and let a > 0. Then the measure

ACN{feCo(S) : r(f) >a}) _ A(- 0 {f € Cr(S) : 7(f) > a})

A{fe€Co(S) : r(f)>a}) — A({feCS) : r(f) >a})
coindices with the law of the product aPV" on C(S).

Next, we consider consequences from the triangular array convergence from Theorem when condition-
ing on an exceedance of a risk functional. The result is analogous to Dombry and Ribatet| (2015, Theorem 3).

Proposition 2.23. Consider the setup of Theorem and assume that one of the statements (i)-(v) in
Theorem (hence any) holds true. In addition, let r : C>(S) — [0,00) be a risk functional, such that
P{r(V) > 0} > 0, and let V" and P be as in Lemma(2.23 Then we have the following implications:

(a) Forallt > 0 and Borel sets B C S, withP{V" € 0B} =0

1 X, r(Xn,)
P{r(X,) > ) P{rm) =

>t}—>IP’{VT€B}t_1 as n— oo.

(b) L(n7' X, |r(X,) > an) — L(aPV") weakly in C>(S) for alla > 0.

Proof. Lett > 0and A C S, be Borel. Then, by the continuity of 7, any f in the closure of m,.((¢,00) x A) in
Co(9) satisfies that r(f) > ¢ and that f/r(f) is in the closure of A. Therefore,

om,.((t,00) x A) C m,(({t} x A) U ([t,00) x OA)) = m,-({t} x A) Um,([t,00) x 0A) C Cr-(S). (19)
(a) The left-hand side in (a) equals

nP{n"'X, € m.((t,00) x B)}
nP{n=1X, € m,((1,00) x S;)}"

By Equation (19), the boundaries of the sets m,.((¢,00) x B)) C C,(S) and m,((1,00) x S,)) C C;(S) in
Co(S) are contained in m,.({t} x B)Um,.([t,00) xB) C C,-(S) and m,.({1} xS,.) C C,(S), respectively,
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all of which are null-sets for A| cus) = A,, cf. and (14). Moreover, continuity and homogeneity of r

ensure that both sets are do-bounded and, consequently, by (ii) of Theorem[2.10] the left-hand side in (a)
convergences to

A({f €Cr(S) « f/r(f) € B, r(f) >t}) _ bron(B)t!
Ar({f € Cu(S) = r(f) > 1}) 0,

=P{V" e B}t .

(b) Let A, = {f € Co(S) : r(f) > a} C C.(S). For the limiting distribution we have the property
P{aPV" € A,} = 1 and as for A there is no mass on the boundary of A,, cf. Lemma and Lemma
Solet B C A, be a continuity set of P{aPV" € -}, then it is also a continuity set for A by Lemma In
addition, A, and B are bounded away from {0}. Hence, by (ii) of Theorem

nP{n 1X, e BNA,} A(BNA,)

B{n'Xn € BIr(Xo) > an} = = 5r Sy 7 T A4

=P{aPV" € B},

where the last equality follows directly from Lemma[2.22]

Remark 2.24. If we evaluate Theorem |2.10](ii) on the continuity set {f € Co(S) : 7(f) > 1}, we obtain
with (15) that

6, = OE[r(V)] = A({f € Co(8) : 7(f) > 1}) = lim nP{r(X,) > n},

cf. also Remark This shows how the constant 6,. can be directly obtained from the law £(X,,) of each
row in the triangular array from Theorem[2.10]

Instead of considering a dp-boundedly finite (—1)-homogeneous measure A on Cy(S) and investigating
properties of its restriction to C,-(5), suppose for a moment that we are only given a non-vanishing (—1)-
homogeneous measure A,. of the form

A= (1 ®0,0,)om !
on C,.(S) for a constant 6, € (0, 00) and a probability measure o, on S,.. The motivation for doing so is as
follows. We have seen already in Lemma 2.4 that the LePage representation (7), i.e., the pointwise maximum

process

Z:0\7Fi‘1Vi,

=1

derived from the measure A is a semi-simple max-stable process in C(.S). This respresentation of Z is
supremum-normalized, since ||V;||cc = 1 almost surely, as each V; is a copy of V' ~ & with support on S.
Naturally, we may ask when a process of the form

zZ" =0, \/ TV, (20)

i=1

where 0, € (0,00), (T';);en are the arrival times of a renewal process on (0, c0) with standard exponential
interarrival times, and independently, (V);cn are independent copies of a stochastic process V" distributed
according to a probability measure o, on S,, is semi-simple max-stable in C'> (.S). This would imply that the
max-series on the right-hand side of is an r-normalized representation of an almost surely continuous semi-
simple max-stable process Z". It turns out that the key to this question lies in the dy-boundedly finiteness of the
extension of A, to C(S) via zero mass on C(S)\ C\-(S) = N,.(S)\{0}. Lemmal[2.25|gives the characterization
of this property in terms of V" ~ ¢,.. Note that in general a measure A, of the form A, = (11 ® ,.0,.) om,

need not even be d,-boundedly finite, cf. Remark [2.15|and Remark 2.17] let alone dy-boundedly finite.
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Lemma 2.25. Let 0, € (0,00) and let o, be a probability measure on S, and V" ~ o,. Let A be the
extension of A, = (v1 ® 0,.0,) om_ ! to Cy(S) by zero mass on Co(S) \ C-(S) = N,.(9) \ {0}.

(a) Then A is dy-boundedly finite if and only if

E[[V7 o] = E{sup vr(s)] < . @1)
sES

(b) If is met, then A = (11 ® 6o) o m™*, where

0=A({f € Co(S) : [[flloc > 1}) = 0-E[ V"] € (0, 00), (22)
and
o(B) = 5 Ar({F € Oo(S) : fllao > 1, F/Ifll € BY) 3

for Borel sets B C S.

(c) If is met, then the associated Poisson point process PPP(A) on Cy(S) with mean measure A can

be represented as the sum of random point masses

o0
Z €9, vy (24)
=1

where (I';);cn are the arrival times of a renewal process on (0, 00) with standard exponential interarrival
times, and independently, (V.");cn are independent copies of V.

(2

Proof. (a) By definition of A, we have that A(B) = A,.(BNC,.(S)) for Borel sets B C Cy(.5). So, the extension

(b)

A is dg-boundedly finite if and only if A, ({f € Co(S) : ||fllcc > a} N C,-(S)) is finite for all @ > 0. By
definition of A,., we have for a > 0

AT ECS) s k> ) =0, [ T ({7 €S ¢ ]l > ) (d)
—o, [ N [ 1Sl > afhon@pim ),

which may be finite or infinite. By Tonelli’s theorem we may rewrite this expression as
o 0
0

0, /S/O W[l lloe > a/t}) vi(dt)or(df) = m&/ L{[V7[lo/a > a}) dz = ZE[[|V"[|uo]

hence the first assertion.

If is met, then A, is the restriction of A to C,.(S), while A is non-vanishing, dy-boundedly finite
and (—1)-homogeneous. Hence, we may represent A as in Lemmaas (v1 ® B0) o m~!, where in this
situation A has no mass on N,.(.5), so that and follow from Lemmaand the previous calculation
from the proof of part (a).

Since A has no mass on N,.(S) and the restriction of A to the set C,.(S) = Cy(S) \ N,-(S) is A, =

(n ® 0.0,) om,. L the result follows similarly as the solution to Problem 7.2 in |Kulik and Soulier|(2020)

from the transformation of points for Poisson processes, cf. Kulik and Soulier| (2020}, Proposition 7.1.12).
O

The decisive requirement in Lemma is condition (21), which can be found in the literature in the context

of simple max-stable processes in|de Haan and Ferreira| (2006, Corollary 9.4.5). In other words, condition (21)
ensures that almost surely no points of the Poisson point process in accumulate in proximity of N,.(S)
unless the accumulation point is 0 € C'> (5), where we mean proximity with respect to the original supremum
norm. In particular, a continuous max-stable processes can be constructed from the spectral processes V" that
are almost surely in S;, i.e. 7(V;") = 1 almost surely, rather than being confined to supremum-normalized
processes V; with V; € S almost surely as in Lemma[2.4]

16



Corollary 2.26. Let A, = (11 ® 0,.0,.) om, ! be as in Lemma- 2.25 such that V" ~ o, satisfies condition
. Furthermore, let Y .2, €, 01y be the point process as in Lemmanpart (c). Then the pointwise
maximum process

o0
Zr =6, \/ v,
=1

is a semi-simple max-stable process in C> (S) with

P{r'(Z") <t} = exp (— W), t>0, (25)

for any continuous and 1-homogeneous r’ : C>(S) — [0, 00). Moreover, the positive constant 0, and the
probability measure o, on'S,, i.e. the law of V", are both uniquely identified from the distribution of Z".

Proof. Let A be the zero mass extension of AT as in Lemma2.25] Then, by Lemma[2.25] A is do-boundedly finite
and can be represented as (14 ® 6o) o m™!, where 6 is as in (22) and o as in (23). Moreover, the point process
Sy €9, 071y is in fact a Poisson point process with mean measure A. Therefore, the law of Z" coincides in
fact with the law of the semi- simple max-stable process Z from Lemma [2.4]if the measure A therein coincides
with A here. Sample continuity and max-stability of Z" follow. Moreover,

P{r'(Z") <t} =P{r'(Z) < t} = exp < — QE[T;(V)]) t>0,

where V' ~ 0. Since A is the zero mass extension of A, to C(S), we have by Lemma[2.18] that r(V) > 0
almost surely. Hence, by applying Lemma 2.20]twice and finally (22), we arrive at

0
OE[' (V)] = 0E[r(V)IE[' (V)] = WE[V(VU] = 0,E['(V")],
as desired.
To identify 6, from the law of Z”, we use Equation with 7/ = r. Recall that E[r(V")] = 1 since
V" € S, almost surely, hence 8, = —logP{r(Z") < 1}. Moreover, any non-negative bounded continuous

function b : S, — [0, 00) arises as the restriction to S, for a continuous and 1-homogeneous ' : C>(S) —
[0, 00) by setting r'(f) = 0 for f € N,.(S) and r'(f) = r(f)b(f/r(f)) for f € C,-(S), hence E[b(V")] =
—logP{r'(Z") < 1} /0., which identifies the law of V" by allowing b to vary. O

Remark 2.27. The proof of Corollary also reveals that the law of Z" coincides with the law of Z
from Lemmaif A therein is the zero mass extension of A, to Cy(S). Moreover, we have for V" ~ o,
and V ~ o with o as in (23) and 6 as in (22) that

0.E[V'(s)] =0E[V(s)], seS.

So the process Z" is simple max-stable if and only if E [V’(s)} =1/, for all s € S. If r is the point
evaluation at sg € S and we denote 0 =0, and V" = V() then V ~ o satisfies V(s0) > 0 almost
surely, so that with Lemma-E s0)(s)] = B[V (s)]/E[V (s0)] = (1/0)/(1/8) = 1 for s € S, and the
condition E[V(%0)(s)] = 1/6,, means that we have necessarily 6, = 1.

3 Domain-scaled regular variation

If in all rows of the triangular array setup of Section the processes X, ; on the compact domain S C R?
are independent copies a stochastic process X with unit Pareto margins, irrespective of the row index n,
then Theorem [2.10|retrieves classical regular variation results and the process X is called regularly varying,
cf. Dombry and Ribatet|(2015). However, Theorem also extends this framework and covers, for instance,
the maxima convergence of suitably rescaled Gaussian processes to a Brown-Resnick process, cf. Section [}
In this case, a triangular array arises from scaling of the underlying domain, which motivates the following
definition.
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3.1 Definition for processes on compact domains

We start by defining domain-scaled regular variation for processes on compact convex domains S C R<.

Definition 3.1. Let s € R? and S C R? compact and convex such that sy € S. Let X be a pathwise
continuous stochastic process on S with standard Pareto margins. We call X domain-scaled regularly
varying on S with respect to s if there exists a scaling sequence §, € [1,00), such that there exists
a simple max-stable process Z with spectral representation as in Theorem and accordingly
A= (11 ®05)om™,V ~ oand P as in Theorem such that one (hence any) of the equivalent
conditions of Theoremis satisfied when we set X,,(s) therein equal to

X(0)(g) = X(so +2 = 50), s€s, (26)

and accordingly X, ;(s) equal to

X5 (s) :Xi(50+ 5550), s€S,

where X;, 1 <4 < n, are independent copies of X.

Remark 3.2 (Convexity of the domain). In principle, one might define domain-scaled regular variation on
star-shaped domains that are star-shaped with respect to the reference point sy rather than convex ones.
This condition is necessary to ensure that so + (S — s¢)/d,, remains within S for all n > 1. Convexity of
S C R? ensures that S is star-shaped with respect to any reference point sy € S. Starting from Section
we consider different reference points sy € .S, so that the convexity of the domain S becomes relevant.

If X isregularly varying on S in the classical sense, it is domain-scaled regularly varying with the constant
scaling sequence d,, = 1. Trivial examples arise, for instance, from max-stable processes, cf. Example The

point evaluation at sq,

Tso(f) = f(80)7 (27)
applied to the triangular array always returns the same random variable
oo (X5)) = X5 (50) = X (50) = 7y (X),

i.e., the scaling operation in does not change the outcome of r,,, which is simply X (s¢). Consequently,

the term 7, (X y(f") ), which appears in Proposition in the conditioning part as (X, ), depends only on X
and s, and not on n € N, so that Corollary [3.3]is a direct consequence of Proposition if we plug in as risk

functional r the point evaluation r,,. In what follows, we use the following suggestive notation when r = r,:

980 = 9’[‘) USO = UT7 SSO = ST and V(SO) == VT7
and we call V(%) the point-spectral process of X with respect to sg € S.

Corollary 3.3. Let X be a stochastic process with standard Pareto margins that is domain-scaled regularly

varying on a compact convex S C R with respect to sq € S and let X,(LSO) be as in (26). Let P be a standard
Pareto variable independent of V(*0). Then we have the following implications:

(a) Forallt > 0 and Borel sets B C S(*0) with P{V(50) € 9B} =0

X7(150)
n]P’{ € B, X(s0) > nt} —P{VE) e B}t as n— oo
X (s0)

() L(n X5 | X(s9) > na) — L(aPV0)) weakly in C(S) for all a > 0.
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Part (a) and (b) of Corollary [3.3are equivalent to the weak convergences

(s0) (s0)
X X

n (s0) n
£( C(s0) ‘X(so) > nt) — L(V*))  and c( -

X(s0) > nt) — E(PV(SO)), (28)

respectively, as n — oco. By definition, the point-spectral process V (50) satisfies V(*0)(s4) = 1 almost surely,
and

050 = A({f € Co(S) = f(s0) > 1}) = OE[V(s0)] = 1,
where the last equality is due to the marginal standardization in Theorems|2.6|or respectively. Further,

Lemma [2.20| gives that
E[V(s)1{V(s0) > 0}]

E[V (s0)] ’
which simplifies to E[V(*0) (5)] = 1if V(s9) > 0 almost surely.

B[V 0] =

s €S,

3.2 Consequences under stationarity

The following lemma summarises a few consequences when the domain-scaling process X is stationary on .S,
i.e. when the distribution of

{X(sl + h)}h6(5751)ﬂ(5752) and {X(82 t h)}he(sfsl)m(sfsﬂ
coincide for any s1,$2 € S.

Lemma 3.4. Let X be as in Corollary and assume that X is stationary on S. Let sg, 51,52 € S with
s1 # Sy. Let P be a standard Pareto variable independent of V*1) and V'(52). Then the following holds:

(a) We have the distributional equality

5({‘/(51)(51 + h)}he(s—sl)n(s—SQ)) = £<{V(52)(32 + h)}hE(S—sl)ﬂ(S—SQ))‘ (29)
For s1,s9 € S and anyt > 0
P{PVV)(s5) > t} =t P{PV)(s1) > t7}, (30)
and
E[VED (s)] = P{V(*2)(s1) > 0}. (31)
Foranyty,ty > 1

P{PVV(s1) > t1, PVED (85) > to} = P{PVD(51) > t1, PVED (55) >t} (32)

(b) Suppose that, additionally, all the bivariate distributions of X are symmetric, i.e. L(X (s), X (s)) =
L(X(s"),X(s)) foralls,s’ € S. Then foranyh € (S — so9) N (=S + sp)

L(VE) (sg + ) = LV (50 — h)). (33)
For anyt > 0
P{PV)(s5) > t} = P{PVD(s) > t}, (34)
and
E[V)(s5)] = P{V)(s5) > 0. (35)

Foranyt;,ty > 1

P{PV(Sl)(Sl) > tl,PV(sl)(Sg) > tQ} = P{PV(S2)(81) > tQ,PV(Sz)(Sg) > tl}. (36)
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Proof. (a) The distributional equality (29) follows directly from (28) and the stationarity of X. By Lemma|2.22]
and Lemma the set {f € Co(S) : f(si) > u} is a continuity set of PV (%) for any v > 0 and

(i,5) € {(1,2),(2,1)}. So Corollary 3.3| (b) gives
P{PV)(s5) > t} = lim_ P{X ") (s2) > nt| X(s1) > n}

= lim nP{X(sl+ S2_Sl) >nt, X(s1) >n}

n—oo 5n

=t! lim nt}P’{X(sl) >n, X<81 + 2 _sl) > nt}

n—oo On

Since X is stationary,

P{PV(SI)(SQ) > t} =¢t! lim ntP{X(Sl +h)>mn, X<51 - 52(; . * h) ~ nt}

n—oo n

for any h such that sy + h and 1 + (s2 — $1)/d, + hliein S, e.g. for h = (1 —1/8,,)(s2 — s1), which gives

P{PV(S1)(52) >t =t"" lim ntP X<52 + 2 52> >n, X(s2) > nt}

n—roo 6774
=t~ lim P{X[)(s1) > n | X(s2) > nt} = 7 P{tPV 2 (s1) > 1},

where the last identity is again implied by Corollary [3.3](b). This shows (30).
Using (with exchanged roles for s; and s3) and Lemma|A.2| we obtain

B[V (s)] = lim P{PV () (s1) > t} = P{PV?)(s1) > 0},
hence with P > 1 almost surely.
The identity means in fact
]P){P > tl,PV(Sl)(SQ) > t2} = ]P){PV(SQ)(Sl) > tl,P > tz}, (37)

since V(*)(s) = 1 for all s € S almost surely by definition. Using the threshold-stability of P, the
left-hand-side of (37) equals

P{P > t1, PV (s5) > to} = t7 'P{PV(s3) > to | P > t1} = 17 ' P{ts PV (50) > 1o},

and the same calculation means the right-hand side of equals 5 1]P’{t2PV(S2) (s1) >t } so that their
equality follows directly from (30).

(b) The distributional equality (33) follows directly from (28) together with the stationarity and symmetry of
X'; more precisely we employ in (28) that

ﬁ(X(S() + h/(sn),X(So)) = ﬂ(X(So),X(SO — h/&n)) = ﬂ(X(So — h/(sn),X<So))
In order to show , we use again

S2 — 81

P{PV(Sl)(SZ) >t} = lim nIP’{X(sl + > >nt, X(s1) > n},
n—oo

n

where due to X’s bivariate symmetry and stationarity

IP’{PV(Sl)(SQ) >t} = lim nIP’{X(sl) > nt, X(31 +2_ Sl> > n}

n—oo

§1 — S2

n—oQ n

= lim n]P’{X<52 + ) >nt, X(s2) > n} =P{PV2)(s1) > t}.

In this situation, the equality extends to ¢ = 0, so that follows from (31).
As for (3), recall that

P{P > 11, PV (s5) > to} = t7'P{PVE) (50) > to | P > t1} = t7 ' P{t1 PV (55) > 1o},
Likewise, IE”{P > tq, PV(Sz)(sl) > tg} = tfl]P’{thV(”)(sl) > tg}. So gives
P{P > t;, PV (s3) >t} = P{P > t;, PV (s1) > 1o},
hence (36). O
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3.3 Definition for processes on R¢

So far, we have only considered stochastic processes defined on a fixed compact subset S C R?. In what
follows, we will need to revert the domain-scaling and work with stochastic processes on R? in order to define
an appropriate tail approximating process for a domain-scaled regularly varying process. We start by explicitly
stating how the set-specific domain-scaled regular variation is compatible with restrictions to a smaller subset.

Lemma 3.5. Let X be a pathwise continuous stochastic process on a compact convex S C R? with standard
Pareto margins that is domain-scaled regularly varying with respect to so € S for the scaling sequence
8n € [1,00). Let V(50) be the corresponding point-spectral process on S. Let S’ C S be a compact convex
subset with sg € S’. Then the restriction of X to S’ is domain-scaled regularly varying on S’ with respect to
Sq for the same scaling sequence d,, € [1,00), and the corresponding point-spectral process for the restriction
of X to S’ is the restriction of V(50) to S’

Proof. That the restriction of X to S’ is domain-scaled regularly varying as stated follows from Definition 3.1]
and the characterization of this property via part (i) of Theorem[2.10] The second implication follows then

from Corollary [3.3] cf. also (28). O

The following definition extends the concept of domain-scaled regular variation to processes on R<.

Definition 3.6. Let X be a pathwise continuous stochastic process on R? with standard Pareto margins.
We call X domain-scaled regularly varying with respect to so € R? for the scaling sequence &,, € [1,00) if
it is domain-scaled regularly varying on S with respect to sq for the scaling sequence §,, for any compact
convex S C R¥ such that 5o € S.

Remark 3.7. In particular, if a stationary stochastic process X on R is domain-scaled regularly varying
with respect to some so € R?, then it is domain-scaled regularly varying with respect to any sg € R

sequence 0, € [1,00) as in Definition Then there exists a pathwise continuous stochastic process V (50)

Lemma 3.8. Let X be domain-scaled regularly varying on R? with respect to s € R? for the scaling
on R, such that the restriction of V(*0) to S is the point-spectral process of the restriction of X to S.

Proof. Let S1 C Sy C ... be a series of compact convex subsets of R? with UkeN Sr = R%and sy € S;.
Foreach k € N, let Vk(so) be the point-spectral process of the restriction of X to Si, which exists due to the
domain-scaled regular variation of X on R%. Due to Lemmawe have that for k£ < n the law of the process
VkFS“) is the law of the restriction of VTSSO) to Si. The existence of the law of V(%0) is then ensured as the
projective limit of the respective probability measures of Vk(so), k € N, cf. Corollary 6.15 of Kallenberg (2002).

It necessarily satisfies all the stated properties, since for any compact convex S C R? with sy € S, we can find
an index k € N, such that S C Sk, so that we may apply Lemma 3.5|again. O

Hence, if X is domain-scaled regularly varying on R? with respect to a reference point so € R?, then
there exists a global point-spectral process V' (*0) on R for X that is compatible with respect to restrictions to
compact convex subsets containing so. When no ambiguity arises, we may omit the term global. In particular,
V(50)(s0) = 1 almost surely. If, in addition, X is stationary, then Lemmaimplies that for any sy € R?

L({VE 50+ M} yepa ) = L({V OB} e (39)

and so the distribution of any point-spectral processes V' (*0) can be recovered from the point spectral process
V(9 with reference point the origin 0 € R?. If, furthermore, the bivariate distributions of X are symmetric,
Lemma [3.4]implies that

LVO(h) =L(VO(=h)), heR™. (39)

21



Remark 3.9 (Connection to Basrak et al{(2025)). Let C> (R?) be the space of continuous non-negative
function on R? equipped with the topology of uniform convergence on compact sets, and let S(*0) (R%) =

{f € O=(R?) : f(sp) = 1}. Define the multiplication map
M, 1 (0,00) x SCORY) = C>(RY),  my, (t, f) = tf.

Then, a pathwise continuous stochastic process X on R? with standard Pareto margins is domain-scaled
regularly varying with respect to s € R? for the scaling sequence &, (as in Deﬁnition if and only if
there exists a continuous stochastic process V(*0) on R? with V(50) (s5) = 1 almost surely, such that the
sequence of measures

nP{an <50 + - ; SO) € } converges vaguely to (1/1 ® C(V(SO))) ) m;ol
n

in the sense of Section 4.4.4. of Basrak et al.|(2025). More precisely, this means that the convergence holds
for continuity sets of the limit from the metric exclusion ideal of the zero function with respect to the
Fréchet metric induced by the supremum norms of a sequence of compact subsets S; C Sy C ... with
UkGN S, = R% and s € S;. If this is the case, the law of V' (59) coincides necessarily with the law of the
global point-spectral process from Lemma (3.8

However, note that domain-scaled regular variation is usually not a form of regular variation in the
sense of Definition 3.14 of Basrak et al.|(2025), as the operation

Ti(f) = tf(so+ d(t)(- — s0))

usually does not satisfy the semigroup property 7 o T; = Ty, unless d:0; = d5;. In what follows, this
requirement is only met for the exceptional case § = 1, see Assumption

4 A domain-scaled tail approximating process

Classical regular variation motivates a widely known tail process, the Pareto process PV (%0), that is used
in order to approximate the behaviour of a regularly varying process X around sy when X (sq) is large.
Corollary [3.3| enables to extend this class by inversion of the inner domain-scaling, such that the rescaled
Pareto process mimics again locally the original process X around sg. To do so, we replace scaling sequences
by scaling functions: a function § : [1,00) — [1,00) interpolates a sequence d,,, n € N, if §(u) € [6] 4], Ou1]
for u € [1, 00). In particular, 6(n) = J,, forn € N.

Definition 4.1. Let X be domain-scaled regularly varying on R? with respect to sq € R¢ for the scaling
sequence d,, and with global point-spectral process V(*0) on R%. Let § : [1,00) — [1,00) be a function
that interpolates the sequence ¢,,. And let P be a standard Pareto random variable independent from
V(50) Based on these quantities, we define the (domain-scaled) tail approximating process Y *0) for X at

sp as follows:
Y (s) = PV (50 + §(P)(s — s0)), s€R?

At the reference point sy, the tail approximating process Y (*0) is standard Pareto, i.e. Y (50)(sy) = P.
Otherwise, for (P-almost all) u > 1, the law of the tail approximating process Y (*¢) conditional on this value
is given by

ﬁ(Y(So) ‘ Y(So)(SO) = u) = ﬂ({uV(SO)(so +0(u)(s — 80))}seRd)' (40)

P> u>
s€R4

-y ({uP y(s0) (so +6(uP)(s — so)) }SGR). (41)

Conditioning on being larger than a threshold u > 1 leads instead to

£ [ Y0 s0) > 0) = £({ PV (30 43P~ 50) |
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Since §(1) = 1 and Y () (s) is standard Pareto,
LY yto)(s) =1) = £(VE))  and LY | V) (59) > 1) = £(V ).

Figures|l]and [2|illustrate the localizing effect that the domain-scaling can have on a tail approximating process
Y (50) when the conditioning threshold increases. Flgureldlsplays sample paths of (40) when the influence of
the domain-scaling becomes significant, while Figure [2[serves as reference and displays the exact same samples
with the classical tail process PV (%0),

4.1 Stability properties

By definition, the tail approximating process Y (%0) satisfies a range of stability properties. The following
stability relations are an immediate consequence of (40) and (41), respectively.

Lemma 4.2. Let ug > 1 and uw > 1. Then the conditional laws on(SO) conditioned on either Y(SD)(S()) =
ug or Y(50) (sq) = u are related as follows

LY0) | 7(#0) (50) = ug) = £<{7“;° y (s0) <so + 65((7”3) (s — 80)) }SeRd

while the relation between conditioning on either Y (*0) (s0) > ug or Y (50)(s) > u reads as

Ug (So
(s0) | 37 (s0) _ U0 -(s0) 5(u ) _
L(y o) |yleo (so)>u0)—£<{u yteo (so—i- ST ) (s —so) .

Y(s")(so) = u),

Y (50) (50) > u)

In particular, for u = 1,
L0 | Y s0) = o) = £( {0 ¥ (s + 5u0)(5 — 50)) g | Y09 50) = 1),

L(YE) | Y60 (50) > ug) = L({uo y (o) (So + W(S - 80)) }sem)

For 0 = 1, when we have no scaling of the domain, the stability relations from Lemmasimplify to classical
identities for standard tail processes

LY |y o) (sg) =ug) = ﬁ(lz) y (s0)

Y(so)(SO) — u) = [,(u()Y(SO) | Y(So)(so) = 1)7

LY |y o) (sg) > ug) = 5(1;0 y (s0)

Y0 (50) > u> = L(ug Y)).

4.2 Domain-scaled regular variation of the tail approximating process

Henceforth, we will often assume the following regular behaviour of the scaling function J:

Assumption 4.3. The scaling function § : [1,00) — [1,00) is normalized with 6(1) = 1, and it is non-
decreasing and slowly varying, i.e.
d(nu)
lim

— =1 .
n—oo §(n)  B>0

In particular, this gives

lim d(u) = sup d(u) € [1, 0.

U0 u€[1,00)

Assumptionensures that, apart from marginal standardization, the tail approximating process Y (*0) is
domain-scaled regularly varying. Let S C R? be compact convex with sy € S and recall that S¢*0) = {f ¢
C(S,[0,00)) : f(s0) = 1}. Denote the restriction of V(*0) to S by V (s0) |S. Similarly to (26), let

vy (s0) — y(s0) S50 RY.
n (3) So + 5(%) ) s €
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Figure 1: Each plot contains one sample path from a conditioned tail approximating process Y (*) | Y©(0) =u
from (40), where the underlying point-spectral process V() is of log-Gaussian type as in based on the
semi-variogram «y(h) = |h|® for € {0.5,1, 1.5} (from left to right), and the scaling function ¢ is chosen as
in (61). The conditioning threshold u ranges from 1 to 1000 (99.99%-quantile of the Pareto variable Y (©)(0)).
Each sample path passes through the level « at 0, as indicated by a red dot in the background. Red dashed
lines illustrate the multiplicative trends given by h +— wexp(—~(d(u)h)). The extreme events around the
conditioning location 0 become more localized as u increases — contrasting classical tail process behaviour
without domain-scaling, cf. Figure
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Figure 2: Each plot contains one sample path from a conditioned classical tail process Y () | Y (©(0) = u from
without domain-scaling, where the underlying point-spectral process V(?) is of log-Gaussian type as in
based on the semi-variogram y(h) = || for o € {0.5,1, 1.5} (from left to right). The conditioning threshold
u ranges from 1 to 1000 (99.99%-quantile of the Pareto variable Y'(°)(0)). Each sample path passes through the
level w at 0, as indicated by a red dot in the background. Red dashed lines illustrate the multiplicative trends
given by h — wexp(—y(h)). The probabilistic behaviour of extreme events around the conditioning location
0 does not change as u increases — contrasting the localization when we consider domain-scaling, cf. Figure i}
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In particular, the value at the reference point does not change through this inner scaling operation, i.e.

Y,(50) (50) = Y50 (sp).

The following result is analogous to Corollary 3.3}

Proposition 4.4. Under Assumption the tail approximating process Y (*0) satisfies:
(a) Forallt > 0 and Borel sets B C S(*0) with ]P’{V(SO)‘S €0B} =0

(s0)
Yo
”P{Wo)(h) € B, Y50 (5) > nt} > P{v)| e B}t™!  as n— oo

(b) L(n‘lY,SSO) |S | Y (50)(50) > na) — E(aPV(S°)|S) weakly for all a > 0.

Proof. (a) Consider n large enough such that nt > 1. Then

(b)

Y(so)| (o) 00 Y(so)| -
_n 1s s _ n o ls s o
n# gty € 27w >t = [ TP g s € B[y ) = ufan

e’} Y(SO)‘ (s0)
_ n S s _
- /t [P’{ Yo (50) cB ’ Y50l (g9) = nu}yl(du)

Oo d(nu)
= P V(SO)<S + §s—s )} EB}V du).
[ e (o T )} e mpnian
Now, for any s € S we have that

Ms—s =s o) _ s—s
ot Gt = (G0 1) e,

where the norm of s — s is bounded by the diameter of S and é(nu)/d(n) — 1 converges to 0 since J is

slowly varying. Hence,
d(nu)
(s0) -
V (So-l- 3(n) ( 80)>

converges almost surely to V(*0) on S. In particular,

s 2 {v (s0+ S0 )} e} —p{(r) g B} B € B

By dominated convergence, we obtain

. Y"’ESO)’ S S -
n1Ln;onP{M € B, Y (50) > nt} =P{VC)| € B} ([t.0)) =P{V)| e B}t
as desired.

Let B be a continuity set of the law of a PV (*0)| _, then it is necessarily also a continuity set for auV/ (*0) }S
for v1-almost all v > 1. Similarly, to part (a) we may deduce

P{nilY,Ss") s EB | Y (50) (50) > na} = na]P’{nilYn(,s“ws € B, Y0 (s5) > na}

=na / P{n‘lYé‘g")’S €B ’ Y (50)(59) = u> v1(du)

a

= / ]P’{n_lYTESO)|S € B| Y (50) (50) = nau jvy (du)
1

_ /100 p{{au V(s0) <SO N 5%’;21;) (s — 80)> }SES c B}yl(du).

By the same argument as in part (a), the integrand convergences for v;-almost all © > 1 to

P{{auV(SU)(S)}Ses € B} = P{auV(SU)|S € B}.
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By dominated convergence, this gives

lim P{n~'V,*)| € B|Y)(s0) > na} = /1 P{au V)| € B} (du) = P{aP V)| € B},

n—oo

as desired.

O

Remark 4.5. Let m, be the multiplication map m,. from (12) for r being the point evaluation (27) and
recall 0, = 1 in our setup. Part (a) of Proposition [4.4]implies the vague convergence

ot
nIP’{n_lY,SSO)’S €} = (V1 ® E(V(S°)|S)> omy!

S0 ?

which resembles .
nP{n X ()| €} 25 (n @ LV g)) omy)
(the latter follows from Theorem Lemma and (14)). However, note that Y, need not have

standard Pareto margins everywhere, but only at the reference point sg. A similar argument as in the
proof of Lemma [2.2|ensures that

nP{Y,*)(s) > n} — 0, E[V)(s)] = E[V)(s)],

which recovers the classical Pareto-like tail asymptotics of the marginal distributions of the tail process
without domain-scaling, i.e., when Y,SW (s) = Y(SU)(s) foralln € N.

Remark 4.6. Proposition[4.4)and Corollary [3.3]yield identical distributional limits

y;(s0)

iz | ¥ 0> )

n—oo X (so) n— 00

e
lim z:( ’X(so) > nt) = L(VF9)) = lim L(

and

(s0)
lim £ <Xn
nt

n—r oo

(s0)
X (s0) >nt) = L(PV)) = lim /:( p ‘Y(so) >nt)

n—oo

in the sense of uniform convergence on compact sets for all ¢ > 0. This translates into the modelling
paradigm of approximating X|X (sg) > ug by Y (50)|Y(50) (53) > wq for some sufficiently high threshold
uo > 1 around sy € R

4.3 Joint and conditional exceedance probabilities

A priori, we know for the (bivariate) joint exceedance probability of the tail approximating process Y (50) at
s € R% that for v > 0 and uy > 1

IP{Y(SO)(S) > u, Y0 (50) > U} = uy P{Y(SO)(S) >u ’ Y (50) (50) > up }
= ugy '"P{uoP V(o) (50 4+ 8(uoP)(s — so)) > u}. (42)

We denote the conditional exceedance probability of Y (*0) and its asymptotic version by
Xg,s“)(s;u) = IP’{Y(S")(S) > u Y (50) (50) > u} and ngo)(s) = lim ngo)(s;u), s € R (43)
Setting u = up, we obtain from that foru > 1
Xg/s")(s; u) =P{P V(s")(so + 8(uP)(s — so)) > 1}

= /loo P{ V) (s + d(ut)(s — s0)) >t~ b (dt), (44)

27



which depends on u via its appearance in the domain scaling §(ut) in the previous term.

Under Assumption we find ourselves always in one of the following two cases: Either (i) lim,,_, o 0 (u) =
¢ for some constant ¢ € [1, 00), where the case ¢ = 1 implies that the function ¢ is identically 1 (§ = 1), or (ii)
lim,, o, 6(u) = o0; the latter case corresponds to ¢ being unbounded. Accordingly, different behaviours of the
conditional exceedance probabilities are possible.

Proposition 4.7. Let Y (*0) be the tail approximating process for a domain-scaled regularly varying process
X on R? with point-spectral process V*0). Let s € R% and
Xgﬁ())(s) = uler;o P{X(s) > u|X(s0) > u}.
Then:
(a) Iflim, o0 6(u) = ¢ € [1,00), then
ngo)(s) =P{P Vv (0) (s0+c(s—s0)) > 1} = XSO)(S>.

If additionally ¢ = 1, then Xg,s(’) (s;u) is constant inu > 1.

(b) Iflim, o 8(u) = 00 and lim,_, V) (sg + r(s — s9)) = 0 in probability, then
(Sg) 1 i]“S = 807
S) =
Xy (9) {0 if's € R4\ {so}.
If additionally there exists 7o > 0 and ug > 1, such that
P{X (s0 +7(s — 50)) > u| X(s0) > u} = uP{X(so + r(s — 50)) > u, X(s0) > u} (45)

is non-increasing in 1 > rq for allu > g, then also Xg/so)(s) = XSO)(S).

Proof. We will use in each case that we can rewrite

n— oo

(s0) : . X5 (s)
Xx (s) :nILIEOP{X(s) >n|X(so) >n}= lim P — >1|X(so)>n

for s, = so + 0(n)(s — so).

(a) Since lim, o 0(u) = ¢ € (0,00), we also have lim,,_,o, §(ut) = ¢ € (0,00) for any ¢ > 1, and there
exists a compact convex set S C R?, such that so + 6(ut)(s — sg) € Sforallt > landallu > 1. In
particular, also s. = sg + ¢(s — s9) € S. Now, {f € C(S,[0,00)) : f(sc) > 1} is a continuity set of the
law of PV (s0) ’ s (by an almost identical argument as presented in the proof of Lemma . Therefore,
the almost sure convergence of V (s0) (30 + o(ut)(s — so)) to V(s0) (so + (s — so)) on S implies that
the integrand in converges pointwise to ]P’{ V (s0) (50 + c(s — 30)) > t‘l), so that the assertion

Xg,so) (s) =P{P V(o) (s,) > 1} follows by dominated convergence.
When 0 = 1, the assertion Xg/s[))(s; u) = ng") (s) = P{PV(0)(s) > 1} follows directly from (44).
Further, recall that the restrictions of n‘leLs°)|X (sg) > n and PV o) 1o S obey the distributional

convergence (28). Let 7, and 7 be random elements in C(S, [0,00)) whose laws are given by those

restrictions, i.e. 77,, has the same law as n_lXT(LSO) | X (s9) > n restricted to S, and 7 the law of Py (s0)
restricted to S, so that 1,, — 7 in distribution. In addition, PV (*0) (s,) # 1 almost surely, i.e. 7(s.) # 1
almost surely. Moreover, consider the maps M,,, M : C(S,[0,00)) — {0, 1} that are given by

My (f) =1{f(sn) > 1} and  M(f) =1{f(sc) > 1}.

According to Lemma [A.3] we know that M, (f,) — M(f) if f, — f in C(S,[0,00)) and f(s.) # 1.
So, we may conclude by an extended continuous mapping theorem (Theorem 4.27 in Kallenberg| (2002))
that M,,(n,,) converges in distribution to M () as random variables. Since these variables have binary
outcomes in {0, 1} only, this implies that P{M,,(n,,) = 1} converges to P{M(n) = 1}. Finally, note that
by construction

L(M, () = E(]l{n_lX,(fO)(sn) > 1}‘X(so) >n) and L(M(n)) = E(]I{PV(SO)(SC) > 1}).
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Hence,
X5 (s) = lim P{n~ X[ (s,) > 1| X(s0) > n} = P{PV)(s.) > 1},

n—oo

as desired.

(b) It suffices to consider s # sp. The integrand in converges pointwise to 0 as u — 00, and so the
assertion that ng 0) (s) = 0 follows by dominated convergence. Further, the monotonicity condition

gives that, for sufficently large ¢ > 0 and sufficiently large n € N,
P{n_lefO)(sn) >1|X(so) >n} < P{n_lX,(f“)(so +min(d(n),c)(s — so)) > 1| X(s0) > n}.
Similarly to (b), the right-hand side converges to
P{PV0)(s,) > 1} = P{PV) (sq + c(s — s9)) > 1}
as n — 0o. Hence,

limsupP{n_lX,(f")(sn) > 1| X(so) >n} < liminf]P’{PV(sO)(so +c(s —s9)) > 1} =0,
c— 00

n—oo

where the last identity follows from lim,_, ., V (*0) (30 +r(s— 30)) = 0 in probability. O

Remark 4.8. The monotonicity condition on conditional exceedance probabilities is natural in
practice: It means that the joint exceedance of a large level u > ug at sp and sg + (s — sg) is at least not
more likely, the further these two points are apart, i.e. the larger r is. For example, considering a process
with Gaussian dependence structure, condition holds under a mild monotonicity condition on its
correlation function, cf. Lemma In spatial statistics, this condition could be akin to the First Law of
Geography, “everything is related to everything else, but near things are more related than distant things”
(Tobler, [1970).

Suppose now that the process V(50 arises as the global point-spectral process of a stationary(!) domain-
scaled regularly varying process X on R?. Then simplifies to

X (s1u) = P{P VO (5(uP)(s — 50)) > 1} = /loo P{VO (5(ut)(s — s0)) >t~ v (de), (46)

such that ng“)(s; u) depends only on the difference s — sg. In case § = 1, Xg/sl) (s2;u) is always symmetric in

the pair (s1, s2), i.e.
6 (s2i0) =37 (52) = X3 (1) = X3 (s1;0)
for any s1, 50 € R?, as we can see from with ¢ = 1 therein. Otherwise, the symmetry

XS (s95u) = X2 (513 )

would be guaranteed, for instance, if we had £L(V(®)(h)) = L£(V () (=h)) for h € R?, as is the case when
the bivariate distributions of the underlying process X are symmetric, cf. Lemma Similarly, the joint
exceedance probabilities exhibit the following symmetries, when derived from a point-spectral process.

Lemma 4.9. Let Y°0) be the tail approximating process of a stationary domain-scaled regularly varying
process X on R? with global point-spectral process V(*0). Lett,,ty > 1. Then

P{Y(Sl)(sl) > 1y, Y(Sl)(SQ) > tz} = P{Y(O)(O) > 1y, Y(O) (82 = 81) > tg}.
(a) If, in addition, 0 = 1, then

P{Y(Sl)(s1) > tq, Y(Sl)(82) > t2} = IP’{Y(SZ)(Sl) > tq, Y(SQ)(SQ) > t2}.

(b) If, in addition, the bivariate distributions of X are symmetric (but not necessarily § = 1), then

P{Y(sl)(sl) > tl, Y(Sl)(SQ) > tg} = P{Y(éz)(sl) > to, Y(SQ)(SQ) > tl}.
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Proof. Stationarity of X implies via that

P{Y(Sl)(51) > tl, Y(Sl)(SQ) > tg} = tl_l]P’{thV(Sl)(sl + 5(t1p)($2 — 81)) > tQ}
=t '"P{tPVO (5(t1P)(s2 — 51)) > t2}
= P{Y(O)(O) > 1, Y(O)(Sz — 81) > t2}.
(a) When § = 1 the assertion is a direct consequence of (32).

(b) Similarly, as above, P{Y (*2)(51) > t5, Y(52)(s5) > t1} = tfllP’{th VO (5(t1P)(s1 — s2)) > to}, and
hence the assertion follows from the symmetry of X via (33). O

Remark 4.10. In either of the situations (a) and (b) in Lemma [4.9] we have, for ¢ > 1,
P{Y(Sl)(51) >, Y(sl)(SQ) > t} = P{Y(SQ)(Sl) >, Y(SQ)(SQ) > t}. (47)

In other words, we may choose the reference point to be either of the evaluation points, the joint
exceedance probability depends only on s, — 51 € RY rather than the pair (s1,s2) € R? x R?, and the
expression is symmetric in s; and ss.

5 Application to Gaussian processes

A prominent example of a triangular array as in Theorem arises from the convergence of maxima of
suitably rescaled and domain-scaled Gaussian processes to a Brown—-Resnick process (Kabluchko et al.,[2009),
cf. Theorem 5.4 below. First, we recall the definition of the max-stable limiting process.

Definition 5.1 (Brown—Resnick process on standard Fréchet scale). Let W be a pathwise continuous
zero-mean Gaussian process on R? with semi-variogram

(51, 52) = %]E[(W(sl) CW(s2))?], s1,80 € RY.

Then the stochastic process
v 1
Z(s) = \/ I texp (WZ(S) = 2Var(V[Q(s))), s € RY,
i=1

where (T';);cn are the arrival times of a renewal process on (0, 00) with standard exponential interarrival
times, and independently, (W} );cn are independent copies of W, is called Brown—Resnick process associated
to the semi-variogram ~y.

The Brown—Resnick process associated to the semi-variogram + is well-defined, as it has been established
in|[Kabluchko et al.|(2009) and Kabluchko|(2011) that the law of Z in Deﬁnition depends indeed only on its
associated semi-variogram . Conversely the law of Z is identified from -, i.e. two different semi-variograms -y
give rise to two different laws of Brown—Resnick processes. Note that the sample continuity of W implies the
continuity of 7, cf. e.g.|Adler and Taylor| (2007} Section 1.3). While the law of Z is uniquely identified from ~,
the same cannot be said for the law of the underlying Gaussian process W in its construction. For instance,
we may modify a given W by subtracting W (sg) everywhere for some sy € R¢ to obtain the random field
W) = W — W (sq). Then W(%0) has the same semi-variogram as W, but satisfies in addition the constraint
W) (s9) = 0 almost surely. This results in the representation of the law of Z as the law of the LePage series

(s0) — 7 —1y,(s0)
269 =\ TV,

i=1
where Vi(so) are independent copies of

V0 (5) = exp (W(SU)(S) —(s,0)), se€R (48)
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Since 1 is continuous, the variance of W (*°) is bounded on any compact S C R?. Taking into account general
tail asymptotics for the supremum of a Gaussian process on a compact domain, cf. e.g. Debicki et al.| (2010}
(1.2)) and references therein, we may conclude that

E{sup V(SO)(S)} <o (49)
seS

for any compact S C R?. So, the condition with r being the point evaluation at s is met for any compact
S C RY, while at the same time E [V("'O)(S)] = 1 for s € R%. This confirms that Z(*0) is a simple max-stable
process with continuous sample paths, cf. Corollary [2.26|and Remark [2.27] This argument also abbreviates the
deduction of sample-continuity of Z(*°) provided in Kabluchko et al|(2009, Proposition 13), which underlines
the importance of condition in Lemma2.25]

Before we get to the prominent triangular array convergence, it is worth remembering that the Brown—
Resnick process itself yields an example of a domain-scaled regularly varying stochastic process in the sense of
Deﬁnition albeit a trivial one, as in this instance no inner domain scaling is needed, i.e. 4, = 1, n € N. For
ease of reference, we state this example here explicitly.

Lemma 5.2. Let Z be a Brown—Resnick process with semi-variogram y. Then the corresponding Brown—
Resnick copula process with standard Pareto margins,

B 1
~ 1—exp(=1/Z(s))’

is domain-scaled regularly varying with respect to any sy € R® for the identical scaling sequence §,, = 1
(in the sense of Deﬁnition@), The associated point-spectral process V(*0) is given by (@8).

X(s) s € RY,

Proof. Each restriction of X to a compact S is regularly varying as explained in Example which confirms
the stated regular variation. Now fix a compact convex S C R? with sy € S. Since the process V' (*0) from
satisfies and V (50)(s) = 1 almost surely, its restriction to S coincides with the point-spectral process for
X when restricted to .S, cf. Corollary [2.26]for r being the point evaluation at s¢. Since this is true for any such
S C R, this identifies the point spectral process for X as V (%0) from (@8), cf. Section O

Let us review some elementary properties of the point-spectral process (48). While V(*0) (sq) = 1 almost
surely, the multivariate log-normal marginal distributions of V (0) are given by

log(V(*0) (1)) 50 (s1) N0l (s, s1)  BE(s1,85) ... BE) (s s,)

log(V(0) (s5)) N 11050 (s2) 200 (s9,81) B0 (sg,85) ... B0 (sq,5,)

log(V(SO)(sm)) ,u(sﬂ)(sm) E(SU)(sm, s1) E(SO)(sm, S2) ... E(SO)(sm, Sm)
where

150 (s;) = —(s4, 50),
500) (54, 85) = (s, 50) + (55, 50) — V(si, 55)

forsi,stRd,lgi,jgm,mEN.

Lemma 5.3. Let V(*0) be the point-spectral process from (48). Thenlim,, o V(50)(s,,) = 0 in probability
if and only iflim,, o Y(sn, So) = 0.

Proof. Abbreviate v, = Y(sn, 50). If 7, = 0 for some n € N, then V(%0)(s,,) = 1 almost surely, and so we
may assume without loss of generality that eventually 7, > 0. Let € > 0 and assume, again without loss of
generality, that ¢ < 1, so that A = —log(e) > 0. Then

P{V()(s,) > e} = P{—log(V(*)(s,)) < A} = @(A\/;TZ”> = <1><\/’2% - \/?)

If ,, — 00, then it follows readily that P{V'(*0)(s,,) > ¢} — 0. Otherwise, there exists a subsequence of ,,,
which is bounded and therefore has an accumulation point in [0, o). In particular, P{V(*0)(s,,) > ¢} does not
converge to 0. O
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By slight abuse of notation, we write (s — s2) = 7(s1, $2) if 7(s1, s2) depends on s; and s9 only via
the difference s; — sy € R? This is precisely the case, when the corresponding Brown-Resnick process
Z is stationary, or, equivalently, the underlying W in its definition is intrinsically stationary, i.e., the law
of {W(s + sg) — W(so) : s € R%} does not depend on sy € R? The family of point spectral processes
{V(s0) . 55 € R?} satisfies then both and (39). In particular,

}E[V(SO)(S)] _ [P’{V(SO)(S) > 0} =1, s, 80 € RY, (50)

cf. (35).

5.1 Domain-scaled regular variation of the Gaussian copula process

In Kabluchko et al{(2009) the Brown-Resnick process is considered on a Gumbel scale, which is the natural
scale for convergence of maxima of Gaussian random variables, i.e., one considers log(Z) instead of Z as
the limiting process. As for the marginal convergence, we recall that " (a,, - +b,,) converges weakly to the
standard Gumbel distribution if a,, ~ 1/b,, and b,, = b(n), where b is, for instance, one of the following
functions b € {6, b2 b3}, each of which is well-defined for sufficiently large u:

bV (u) = &1 <1 - 1) or b (u)=+/2logu —

u

1

or b is a function satisfying b (u) = up(b® (u)), cf. e.g. Resnick| (2008).

Theorem 5.4 (Convergence of maxima of triangular array of domain-scaled Gaussian processes; con-
sequence of Theorems 17 and 20 of Kabluchko et al|(2009)). Let G be a pathwise continuous zero-mean
variance-one Gaussian process on R?, whose covariance function p(s1,52) = E(G(es1)G(es2)) satisfies
for all compact S C R? that

1 —
lim sup | PELE%2) s sl =0 (52)
e—0 51,52€8 ex
for a continuous and a-homogeneous function y(?) : R¢ — [0, 00), where a € (0,2]. Then ) is a semi-
variogram. Further, let (G;);en be independent copies of G, and let a,, > 0 and b,, € R be such that the
marginal convergence of ®" (a,, - +b,,) to a standard Gumbel law holds. Let 6,, > 0 be a sequence, such that

On

nh—>nolo biﬁ =c € (0,00). (53)
Then
{on? (i Gits/6) =0.) § = flog(Z(6) s )
= EISS)

weakly in C(S,R) asn — oo for any compact set S C R?, where Z is the Brown—Resnick process associated
to the semi-variogram v = c—afy(P),

Remark 5.5. The sequence 9,, from is necessarily slowly varying. In fact, a function ¢ that satisfies

o(u)

uggo b(u)Q/a

€ (0, 00),

for some « € (0, 2] is necessarily slowly varying, as slow variation is closed under asymptotic equiv-
alence and the respective b from is slowly varying. Assumption |[4.3is satisfied if we set §(u) =
max(1, b(u)?/®). Setting 6, = max(1,b(n)%*) gives c = 1 in (53).
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Example 5.6. Let the Gaussian process G in Theorem 5.4 be stationary, so that we may write by a slight
abuse of notation p(s; — s2) = p(s1, $2). Suppose, G is additionally isotropic and that

p(h) =1—=C|hl|* +o(IR*) as ] =0,

for some o € (0,2] and ¢’ > 0, for instance, p(h) = exp(—c/||h||*). Assume further that the inner

domain scaling sequence is chosen as d,, ~ cbi/ “, then the convergence holds true with Z being the
Brown-Resnick process associated to the power semi-variogram

v(h) =P (h) = e=*||h||%, heR%

Theorem [5.4] provides sufficient conditions for convergence of the pointwise maxima of a triangular array
of domain-scaled Gaussian processes to a Brown-Resnick process on the Gumbel scale. This result translates
into domain-scaled regular variation of the associated Gaussian copula process as follows.

Theorem 5.7. Let G be a Gaussian process on R? and 6,, a scaling sequence, both as in Theorem Then
the corresponding Gaussian copula process with standard Pareto margins,

1

X(s) = ————— R¢ 55
is domain-scaled regularly varying with respect to the origin 0 € R for the scaling sequence 3,, (in the
sense of Definition|3.6). The associated point-spectral process V0 is given by

VO(s) = exp (WO (s) - 1(s)), s €RY, (56)

where W(©) is a zero-mean Gaussian process with semi-variogram v = c¢~*y(#) as in Theorem|5.4 and
W©)(0) = 0 almost surely.

Proof. Let S C R be compact and convex, such that 0 € R?. The convergence implies that condition
(i) in Lemma holds true with a,, and b, therein as a,, and b,, in (54), Z°"¢ therein as log(Z) from
and Xf:;g () = Gi(-/6n), 1 <i < n,n € N. Thus, by Lemma the independent marginally transformed
Gaussian copula processes on standard Pareto scale

Xi(s) = (1—®(Gi(s))) ", s€S, ieN,
satisfy
{n~! I?Zalx Xi(s/én)}ses — {Z(s)}ses
weakly in C' = C(S, R) as n — co. Hence, Theorem [2.10](i) holds for the triangular array

{Xn,i(s)}sesz {(1*@(Gi(5/5n)))71}8657 1 SZSR, TLEN,

and Z being the Brown-Resnick process in on the standard Fréchet scale. Therefore, also all the other
convergence statements of Theorem and Proposition apply to this situation. In other words, the
Gaussian copula process is domain-scaled regularly varying in the stated sense. Further, the law of the
point spectral process V(9) when restricted to a compact convex S with 0 € S is uniquely identified from
the law of the limiting max-stable process Z that appears in condition (i) of Theorem|[2.10} cf. Corollary [2.26]
Hence, that V(%) is given by follows almost verbatim as in the proof of Lemmawith so = 0 therein. [

In what follows, we will assume that the underlying Gaussian process G — and hence its copula process X
from — is stationary. Then X is domain-scaled regularly varying with respect to any s € R?, cf. Remark
Similarly as shown above for the origin 0 € R, the associated point-spectral process for general sy € R is
then given by

V(SO)(S) = exp (W(SO)(S) — (s — 50)>, seRY, (57)

where W (50) is an intrinsically stationary zero-mean Gaussian process with semi-variogram y and W (%0) (s4) =
0 almost surely, i.e., V(%) coincides with the point-spectral process from (48), where no domain-scaling was
applied.
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5.2 Joint and conditional exceedance probabilities

Recall that the tail approximating process Y (59) associated with point-spectral process V(50) and scaling
function ¢ is given by

Vo) (s) = PV (s + 5(P)(s — s0)), s €RY, (58)

where P is standard Pareto and independent from V' (s0) ¢f. Definition In this section, we assume that the
point-spectral process V (*0) in is log-Gaussian as in and (57). For the scaling function ¢ : [1,00) —
[1,00), we distinguish again the following two cases, cf. Section [3} (i) lim,—, 0(u) = ¢ € [1,00) and (ii)
lim, o 0(u) = co. Case (i) includes the no scaling case § = 1 arising, for instance, if Y(*0) is the tail
approximating process of the Brown-Resnick copula process from Lemma or more generally the tail
approximating process of a marginally standardized stochastic process in the domain of attraction of the
Brown-Resnick process. Case (ii) appears when Y (*0) is the tail approximating process of a Gaussian copula
process X in , cf. Theorem

Since the family of point spectral processes {V (%0) : 54 € R?} from satisfies both and (39), it
satisfies the symmetry in the bivariate joint exceedance probabilities. Similarly, the conditional exceedance
probabilities from (43), depend only on s — sy and are symmetric in s and sq. Therefore, we write by slight
abuse of notation

Xy (8 — so3u) = ngO)(S;U) and Xy (8 —s0) = X%?O)(S)

for the tail dependence functions of the tail approximating process Y (*0). By (46) and (57) we may express

Xy (h;u) as
[ —loB(0) 16O
v (B )_/1 @< 2 (0 (ub)h) )1((“)'

If the semi-variogram +(rh) is monotonously increasing in 7 > 0 for h € R?\ {0}, as is the case when 7 is
a-homogeneous and J satisfies Assumption it is clear from Lemma and Lemma that xy (h;u) has
the following upper bound

Yy (hsu) < / <I>(_ log(t) + 7(9(w)h) ) vi(dt) = P{P VO (5(u)h) > 1} = 2q>< W)
1 27(0(u)h) 2
If § = 1, the behaviour of xy (h;u) = xy (k) is well-studied. The general case is given in Corollary 5.8]

Corollary 5.8. Let Y (*0) be the tail approximating process with V(50) being the log-Gaussian point-
spectral process from (57).

(a) Letlim,_,o 6(u) = ¢ € [1,00). Then

xy (h) = 2@( V(Sh)> h € R%.

(b) Letlim, o 6(u) = 00 and limy, s o y(h) = co. Then

(1 ifth=o,
xr (h) = {o ifh € R4\ {0}.

Proof. Part (a) follows from Proposition[4.7)(a) and with u = 1, while part (b) follows from Proposition [4.7]
(b) and Lemma5.3} O

For ¢ = 1 (ie. § = 1), we recover the familiar tail-correlation function of a stochastic process in the domain
of attraction of a Brown-Resnick process associated to the semi-variogram . Likewise, one might have expected
part (b) at least in the situation when § is chosen as in Remark since Y (*0) is then the tail approximating
process of a Gaussian copula process X as in (55), which is known to exhibit asymptotic independence, i.e.,
xx (h) = xy (h), where xy (h) is as stated in part (b) of Corollary|[5.8] A priori, it is however not clear if these
two quantities — x x and xy — are necessarily equal or not in this case. In Proposition [4.7] we formulated
the sufficient condition (45), which guarantees that this is not merely a coincidence. Lemma [5.9] confirms
that the Gaussian copula process satisfies this condition under a mild monotonicity condition on the
correlation function. To see this, note that for X as in (55) the condition ([#5) means that P{G(sq+r(s—s¢)) >
u|G(so) > u} is eventually non-increasing in r > 0 for u > u for some ug € R.
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Lemma 5.9. Let G be a zero-mean variance-one Gaussian process on R%, whose covariance function p(s1, s3) =
E(G(s1)G(s2)) satisfies that there existsro > 0, such that p(so+7(s—50), S0) € (—1, 1) is non-increasing
inr > rg fors # so. Then

P{G(so + (s — s0)) > u | G(so) > u} = @(u)'P{G(so + (s — s0)) > u, G(sg) > u}

is also non-increasing inr > ro foru > 0 and s # so.

Proof. We abbreviate s, = sg + (s — so) and p(r) = p(so + (s — s0), So), so that

P{G(sr) > u|G(so) > u} = /OO P{G(s;) > u f G(so) =t}o(t)dt = /w@<m>gp(t) dt.

Hence, it suffices to show that (u—pt)/+/1 — p? isnon-increasingin p € (—1,1) fort > u > 1, or, equivalently,
that (a — p)/+/1 — p? is decreasing in p € (—1,1) for a € (0, 1]. The latter can be seen from

0 a—p —1+ap
I — 0
8p< 1—p2> (2P =7

hence the desired monotonicity. O

5.3 Refined conditional exceedance probabilities

A consequence from Corollary [5.8]is that when lim,,_, §(u) = oo, the conditional exceedance probability x
becomes uninformative. Instead, we consider in this section the refined conditional exceedance probabilities

IP’{Y(SO)(S) > au | Y (o) (59) = u} a>0, u>1, seR\ {s}, (59)
and investigate to what extent they are a reasonable approximation of their original non-limiting counterparts
P{X(s) > au| X (so) = u} a>0, u>1, secR\ {s}, (60)

when X is the Gaussian copula process and Y (*0) its tail approximating process.
To make this precise, we need to choose a scaling function d. As observed in Remark[5.5| we may use

6(u) = max(1,b(u))?* with b(u) = &~ <1 — i), u>1, (61)

where a € (0, 2] is the degree of homegeneity of the variogram - involved in the definition of the point-spectral
process V(*0) and its tail approximating process Y (5), respectively. This choice also ensures that v = v(*) in
Theorem|5.4and we do not need to distinguish between the two semi-variograms for this purpose, cf. also
Remark 5.5} otherwise, the linking scaling factor ¢~ would cancel out in the calculations below (as it should).
To avoid degenerate cases, we assume henceforth that

v(h) >0 and p(h) € (~1,1) for h=s—s5€ R\ {0}.

Due to and (57) we can express the conditional exceedance probabilities of interest as

) ) - () oS

and

P{X(so+h)>au|X(sp) =u} = @(W). (63)

Proposition examines the relative error made when approximating (63) by (62). Its proof is straightforward

and uses that §(u)® = b(u)? for u > 1/®(1), while employing ®(x) ~ ¢(z)/z as * — oo. The explicit
calculations are postponed to Lemma
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Proposition 5.10. For a > 0, and as u — 00, the ratio of conditional exceedance probabilities for the
Gaussian copula process X and its tail approximating process Y (*0) behave as

P{X (so + h) > au| X(so) = u}
P{Y (%) (59 + h) > au | Y (50)(sp) = u}

o g— /@ p(h)) —1/2]) [1() /1= p(R) exp (b(U)2 [v(h) 1 p(h)D
2 / 1+ p(h) 2 2 1+p(h)|)

This relation calls for taking a closer look at the special case when

v(h) _ 1=p(h)

PERET( (64)

holds for A in a compact convex neighbourhood, say S, of the origin 0 € R?. Note that is directly implied
by , if v is a-homogeneous. In this situation, as u — oo, and for h € S

P{X(so + h) >au‘X(sU) =u} Na_[l/(1+p(h)) _1/2]-

I[D{Y(So)(so +h) > au | Y (50)(s0) = u} “

For a = 1, we even have equality
P{X (so+h) > u| X(s0) =u} = IP’{Y(SO)(SO +h)>u Y (50)(59) = u}

foru>1 /5(1), i.e., from the &~ 84%-quantile of the standard Pareto law; see Lemma In Figure this
precision for a = 1 is illustrated in the top row of plots of a range of such probabilities as functions of p € (0, 1).
In addition, Figure includes plots fora = 2/3 < 1 and a = 3/2 > 1 for comparison. A priori, we know
that, as p — 1 (i.e. ¥ — 0), both and converge to 1, 1/2 and 0 in the casesa < 1,a = land a > 1,
respectively, and we find this confirmed here. But even for a # 1 and across a range of several quantiles u (we
consider 90% to 99.99%), the approximations seem surprisingly close. From (65), we see that for a # 1 we
make a relative error when approximating by (62), which disappears as p — 1. This is visible in Figure [4]
where we display such probabilities on a log-scale. A situation, in which holds, is for instance given when

1= d[n]*/2

p(h) = ¢ 1+([h]*/2
0 else.

N1/«
for ||h| < (2/&)V, (66)

General statements, in which dimensions d and for which « € (0, 2] the function constitutes a valid
covariance function in R%, are difficult to obtain. However, to give an example, it is valid for d = 1 and o = 1,
since (1 + ¢/[|h]|*/2) ! is a member of both, the Dagum and the Cauchy family for any « € (0, 2], cf. Berg
et al,(2008), while the validity of (1 — ¢/||h]|*/2)4+ for d = 1 and a = 1 goes back to|Golubov]|(1981), cf. also
Gneiting|(2002). Another standard relation between correlation function and variogram that obeys is

p(h) = exp(—=7y(h)),  heR™ (67)

Figure [3|displays and when they are linked in this way in the bottom row, while Figure [4|includes the
resulting values for on a log-scale with shorter dashes. The larger the correlation p, the closer we are to
the previously described patterns, when p and -y are linked via instead. Since is a local property of the
correlation function, this is precisely what we can expect from the tail approximating process Y (*¢) for the
Gaussian copula process X from (55), that is, to approximate X well for large values of u in a neighbourhood
of conditioning sites sg.

For comparison, let us also state the refined conditional exceedance probabilities and for a different
process X returning to a situation, when no domain-scaling is required and X is in the max-domain of attraction
of the Brown—Resnick process, cf. Deﬁnition The easiest candidate is the Brown-Resnick process itself,
albeit on the slightly modified standard Pareto scale, i.e.

X(s)=T(Z(s)), s € RY, where T(z) =1/(1 — exp(—1/2)),

cf. Lemma Lety = v(h) > 0 as above. From the well-known bivariate marginal distribution of Z, that is,

P{Z(so+h) <z, Z(s0) < 20} = exp < — {i@(l‘)g(z()\/%)%y) + ;q>(log(z/\/22%)ﬂ) })
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we obtain readily the conditional distribution

P{Z(so+ h) > z| Z(s0) = 20}

(LY g (L (el 00 Ly (i) o0y 1Y)

and hence
P{X(so+h) > au|X(s0) =u} =P{Z(so+h) > T "(au)| Z(so) =T "(u)}. (68)

On the other hand, when ¢ = 1, the conditional exceedance probability of the tail approximating process Y (*0)
of the Brown-Resnick process is simply

(69)

]P){Y(SO)(SO +h) > au ’ Y(SO)(SO) - u} - (b(bg(a)—&—y(h)>

2(h)
and does not depend on u > 1. Figures [5|and[6| are analogous to Figures [3|and[4| and display these conditional
exceedance probabilities as functions of exp(—y) € (0, 1). In this situation we have
) P{X(so+h) > au| X(so) = u}
lim =1
u=oo P{Y (50) (50 + h) > au | Y(50)(s) = u}

and any relative error is quickly absorbed for high quantiles, cf. Figure|[6]
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Figure 4: Conditional exceedance probabilities P{X (s) > au | X(so) = u} of the Gaussian copula process
from (solid, black) versus their tail approximations P{Y (*0) (s) > au | Y (50)(s9) = u} from (coloured,
dashed) as functions of the correlation p € (0, 1) (z-axis) for different values of v and a displayed on a log-scale
(y-axis); top row: u is the 99%-quantile of the conditioning variable, bottom row: v is the 99.99%-quantile. In
approximation 1 the semi-variogram - of Y (*¢) and the correlation p of X are related viay/2 = (1—p) /(14 p)
as locally in (64); in approximation 2 they are related via p = exp(—7) as in (67). In Figure these probabilities
are displayed on their original scale.
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Figure 6: Conditional exceedance probabilities P{X (s) > au | X (so) = u} of the Brown—Resnick copula
process from (solid, black) versus their tail approximations P{Y (*0)(s) > au } Y (50)(s9) = u} from
(coloured, dashed) as functions of exp(—y) € (0,1) (z-axis) for different values of u and a displayed
on a log-scale (y-axis); top row: u is the 99%-quantile of the conditioning variable, bottom row: w is the
99.99%-quantile. In Figurethese probabilities are displayed on their original scale.
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A Auxiliary results

Lemma A.1. Let S C R? be compact andr : C(S) — [0,00) be either r(f) = || flloc = supscg f(s),
r(f) = f(so) for some sg € S orr(f) = infscs f(s). Then

inf{”f —9gllee : g € C5(5), r(g) = O} =r(f)
for f € C>(8S).

Proof. When r(f) = || f|lco, the only g € C>(.S) that satisfies 7(g) = 0 is g = 0, and so the claimed identity is
immediate. Let 7(f) = f(so) for some sy € S, then

inf {[|f = glleo = g € C>(5), (g) =0} > inf {|f(s0) — g(s0)| : g € C>(S), g(s0) =0}
= f(s0) = r(f)-

On the other hand, the function g given by g(s) = (f(s)— f(s0))+ = max(f(s)— f(so0),0) satisfies g € C>(S)
and r(g) = 0, so that

inf {|f = gllo : g € C>(S), 7(g) =0} < If = (f = f(50))+lloc
= [[min(f(s0), f)llec = f(s0) = r(f).
Finally, let r(f) = infscg f(s). Then g = f — r(f) satisfies g € C>(S) and r(g) = 0, so that
inf {|f = gllo : g € C=(5), 7(9) =0} < |f = (F =r(fNllc =7(/)-

On the other hand, let g € C>(S) with r(g) = infses g(s) = 0. Then, by continuity of g, there exists so € S
such that g(sp) = 0. Hence,

1f = glloc = 1f(s0) = g(s0)lec = f(s0) = (f),

and the assertion follows. O

Lemma A.2. Consider a random variable X such that X > 0 almost surely, and P a standard Pareto
variable independent from X. Then

E[X] = uli_)rrolouIP’{PX > u} € [0,00].

Proof. Since X > 0 almost surely,

u

1
E[X] = lim i P{X > t}dt = lim u/o P{t7'X > u}dt

U— 00 —00
o0
= li_>m u/ P{tX > u} 1y (dt) = li_}rn uP{PX > u}. O
u o0 1 u oo

Lemma A.3. Let S C R? be compact. Let f,,f € C(S,[0,00)) with f,, — f. Let s,,s* € S with
Sp, — s and suppose f(s*) # 1. Then 1{f,,(sn) > 1} — 1{f(s*) > 1}.

Proof. We have either f(s*) > 1 (case 1) or f(s*) < 1 (case 2).

Case 1: Let f(s*) > 1. Thene = f(s*) — 1 > 0. In particular, there exists N1 € N, such that for alln > Ny
we have f(s,) > 1 + /2. In addition, there exists N such that for all n > Ny we have | f,,(s) — f(s)| < /2
for all s € S. So for n > max(Ny, Na)

fn(sn) = (fu(sn) = f(sn)) + f(sn) > —€/2+ (1 +¢/2) > 1.

Case 2: Similarly, f(s*) < 1 implies that eventually f,,(s,) < 1 forn > N for some N € N.
In either case, the assertion follows. O

The following lemma is a special form of exponential tilting for Gaussian densities.
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LemmaA.4. Let N = (N1, Na, ..., N,,)" bea non-degenerate zero-mean variance-one Gaussian random
vector with p;; = E(N;N;) for1 <4,j < m. In addition, leto; > 0,4 =1,..., m. Denote

O'N = (0'1]\[1,0'2]\727 o000 O'mNm)T,
oN +o0,p; = (01N1 £ 010,p1i,09N2 + 090:piy - - -, O Nu £ Tn0ipmi) |

Then
) o2
eitlfO'N(tlv'-'7tm):e Z/2fa'Nj:0'Uipi(tla---;tm); (t].?)tm)TERm

Proof. Without loss of generality let i = 1. Observe that p1 = (p11, p21, - - - ,Pm1) | is the first column of the
correlation matrix ¥ of N, i.e. p; = Yej, where e; = (1,0,...,0)" € R™. Since N is non-degenerate, we

may conclude that e; = X1 py. Setting
131 tin !
Y=\ —-—_— ’
01 Om
we may rewrite

t tm _ 1 _
eit{f,ﬂ\](tl7 ceytm) = eitlfN (1, . ) = (2m) d/QeXp <:|:t1 - §yTZ ly)

)
g1 Om

2 2 t t
601/2f0'N:|:¢'ra'1pl (tla cee 7tm) - 6UI/QfN <0_1 + O1P11y -« O'ﬂ + Ule1>
1

m

_ 1 1 _
= (2m)"?exp <2U% - 5(’!1 Foip1) SNy F 01P1)>

1, 1 1o ) 1 .
30— 5y Sy oy N ey — Sofp(Y 191)7

1 B 1
o7 — inZ lytoy'e — 2U%P1T€1>,
_ t 1

O’%_,y—rz 1y:|:01011—20'%p11),

and so the assertion follows with p;; = 1. ]

Lemma A.5. Let V (°0) be the point-spectral process from and P an independent Pareto variable. Let
us abbreviate y = (s — sg) for s € R? and assumey > 0. Then foru > 0

P{PV0)(s) > u} = @(k’g(l/\/%”> + % @(k’g(;%”), (70)

and foru > 0, ug > 1

P{PV()(s) > u, P> up} = ;é(bg(%\//%)_”) = i@(l%(“/\;%)”). (71)

Proof. Lett =log(u), o = /2y and N ~ N(0,1) independent of a standard exponential random variable F.
Then

P{PV)(s) > u} =P{E+ 0N >t+~}
=P{oN >t+~}+P{E+ 0N >t+~,oN <t+~}

t t+y oo
_lé(ﬂ) +/ / e Y fon(z)dyde,
o —o0 t+y—x

where f,n is the density of o N. Using Lemmafor m = 1 and 02 = 2+, we obtain

t+y o] t+y o]
[ ] et@aia= [ [ e @ dyds
—0o0 t+y—x —o0 t+y

oo t+y t4y
=/ eV dZ// e’ fon () dxze*(t”)/ e foN+2y(z) dz,
t

+v —0o0 -0
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so that

t —t — t—
P{PV)(s) > u} = 1-@(”) + e tP{oN + 2y <t+7} = <I>< 7) +et¢><7),
g g g

from which we obtain by substituting log(u) for ¢ and /2 for o again.
The bivariate joint exceedance probability is then obtained from withd = 1 as

]P’{PV(S“)(S) > u, PV(SO)(S()) > uo} = uglP{PV(SO)(S) > u/uo}.

This finishes the proof.

Lemma A.6. For fixedt € R, the probability

(%)

is strictly increasing in -y fory € (0,t) and strictly decreasing in y fory € (t,00).

Proof. Denote v = 02 /2, such that

whose derivative in o equals

hence the assertion.

Lemma A.7. Let b(u) = ®~ (1 — 1/u). Then

lim b(u)(b(au) — b(u)) =log(a), a > 0.

U—» 00

) ()~ (00) ~ ) a) — 00 - 5 () 1) = Lotan? — ),
and so the assertion follows from

1 Cplbw) | bw) Bw) . lu
exp <2<b(au)2—b(U)2)) = oaw) ~ o) B(b(au)) 1 aw) —

Lemma A.8. Letb(u) = ®~1(1 — 1/u),v > 0andp € (—1,1) anda > 0. Then, as u — oo,
(te) b(u)p)‘l (st b(u)%) Ny
V1 — p? b(u)\/2v 2/ 1+p’
and

(p(b(aw - b(“)ﬂ) {@<log(a) + b(U)zv) }1 o WA+ =1/2) o <b(U)2 (’y 11— p)).

1—p2 b(u)+/2v 2 \2 1+p

In both situations, we have equality for allu > 1 whena = 1.
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Proof. We may rewrite

(b(GU) - b(u)p)_1<10g(a) +b(U)27) _ (A =p? log(a) + b(u)*y
V1—p? b(u)v/2y 2y b(u)(b(au) = b(u)) + b(u)*(1 = p)

1+ p) log(a)/y + b(u)?
1= p) b(u)(b(aw) — b(w))/(1 — p) + b(u)?’

so that the first assertion follows with Lemmaand limy, o b(u) = 0. In case a = 1 the second fraction
equals indeed 1. Further,

(N ()}
~ exp (;{ (k)g(f(J 2:) ) <b<u><b<w>b(1§%@ (1- p)) })
:exp(;{b ((7 [b(u)(b(;u)p;b(u))])

+ (log(a) - L?_—pb(u)(b(au) - b(u))) + b(u)? (; _ 1;2) })

For a = 1, we can read off the claimed equality. Else, we obtain with lim,,_,~, b(u) = co and Lemmathat

(A A) o (1 235) (G- 150))

as desired. O

B Marginal distributions of the tail approximating process

In Section[4.2] we have seen that the domain-scaled tail approximating process behaves like a domain-scaled
regularly varying process (Proposition [4.4), but without marginal standardisation. Here, we investigate the tail
behaviour of the univariate marginal distributions of the domain-scaled tail approximating process Y (*¢) from
Deﬁmtlonn 1} By definition, Y () (s¢) is standard Pareto, that is,

IP’{Y(SU)(SO) >ul=u"", u>1

For s € R%\ {0} the tail behaviour of Y (*)(s) depends on the domain-scaling. A priori we know the following,
By definition of Y (*°), we have for a standard Pareto variable P independent from the point-spectral process
V(50) that

uP{Y®0)(s) > u} = uP{PV) (5o + 6(P)(s — s0)) > u}

=u /100 P{tV(SO)(SO +8(t)(s — s0)) > uri(dt)
= /1:0 ]P’{tV(SO)(so + 8(ut)(s — s0)) > 1}wy(de)
= /Ou P{VE) (sg + d(u/x)(s — s0)) > }da. (72)

If there is no domain-scaling (§ = 1), it is immediate and well-known that Y (*0) () will be either Pareto-like
or Y (50)(5) = 0 almost surely, in other words,

lim uP{Y)(s) > u} =E[VE)(s)], seR% (73)

U—r 00

cf. also Remark If, instead, the domain-scaling becomes relevant, we distinguish again the two cases: (i)
limy 00 8(u) = ¢ € [1,00) and (ii) limy, o0 6(u) = 00, cf. Section[3]
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Lemma B.1. Let Y (*0) be a domain-scaled tail approximating process with point-spectral process V (5°) and
scaling function §, such that 0 is bounded and satisfies lim,,_, o 6(u) = ¢ € [1,00). Then
liminf u P{Y ¢ (s) > u} > E[VE) (59 + (s — 50))], s € R

U— 00

Proof. From (72) we see that
uP{Y(SO)(S) >u} > / ]P’{tV(SO)(So + 6(ut)(s — s0)) > 1}1{t > 1/u}ry(dt).
0
Hence, by Fatou’s lemma, we have that

lirginfu]P’{Y(s")(s) >u} > / lirgianF’{tV(S")(so + 6(ut)(s — s0)) > 1}1{t > 1/u}ry(dt).
u oo 0 u o0

From here, we can continue similarly to the proof of Proposition Let ¢ > 0. Since limy, 0o 0(u) = c €
[1,00), we also have lim,,_,o 0(ut) = ¢ € [1,00), and, since ¢ is bounded, there exists a compact convex set
S C RY, such that so+d(ut)(s—sg) € S forall u > 1/t. In particular, also s, = so+c(s—5¢) € S. Recall that
{f €C(S,[0,00)) : f(s.) > 1} is a continuity set of the law of PV (s0) |s (by an almost identical argument as
presented in the proof of Lemma . Therefore, the almost sure convergence of V(*0) (so + &(ut)(s — s¢)) to
V() (59 + ¢(s — 50)) on S implies that

UuU—»00

liminfu]P’{Y(SO)(s) >u} > / P{tV(S")(so + (s — s0)) > 1} (dt)
0

= /OOO P{V ) (5o + c(s — s0)) > a}dz = E[VE (5o + (s — 50))],

which gives the assertion. O

In order to gain more specific insights, we need to specify the point-spectral process V(*0). If we plug
in the Brown—Resnick point-spectral process (57), this means that we obtain again Pareto-like tails when
limy, 00 6(u) = ¢ < 0.

Proposition B.2. Let Y () be a domain-scaled tail approximating process with point-spectral process V (50)
and scaling function 6. Suppose that V(*0) is given by the Brown—Resnick point-spectral process (7). such
that the underlying semi-variogram ~y satisfies y(r(s — sg)) > 0 forr > 0, and that the scaling function §
is bounded and satisfies lim,,_, o, 0(u) = ¢ € [1,00). Then

lim uP{Y*0)(s) >u} =1, seR%

U—r 00

Proof. 1t is already clear from Lemma and that liminf,,_, UP{Y(SO)(S) > u} = 1. Moreover, we
obtain from that

WP{Y ) (5) > u) < /0°° p{v(sw(so + §(max(u/z,1))(s — s)) > x}dx. (74)

If we can find an integrable majorant for the integrand on the right-hand side, the assertion will follow via
dominated convergence, since then

limsupu]P’{Y(so)(s) >u} < /0OO lim }P’{V(SO)(SO + d(max(u/z,1))(s — so)) > :c}d:r

uU— 00 uU—00

- AOO P{V(so) (504 c(s—s0)) > x}d:z: = E[V(SU)(SO +c(s — so))} -1,

where the first equality follows by a similar argument as in the proof of Proposition
Due to our choice of point-spectral process V' (*0) as (57), the integrand on the right-hand side of (74) equals

—(log(z) + ~(8(max(u/z,1))(s — s0))
(b .
( V2v(6(max(u/z,1))(s — o)) )
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Setting " = SUD, ¢ [min 5,max ] 7(7(8 — 50)), which is possible by the boundedness of ¢ and the continuity of
v, we claim that it has the following integrable majorant

1 ifr <el,
J(@) = @ (log(z)/v/277) ifz > el

Clearly, f is a majorant. To confirm integrability, note that with ¢* = /2v* and N standard normal

/Oc flx)de = /:°¢<1°§§I>>dx < /qu)(loi(f))dm

= /000 P{exp(c*N) > z}dz = E(exp(c*N)) = exp((0¥)?/2).

This finishes the proof. ]

Lastly, let us consider the case when lim,,_,», 6(u) = co. The following lemma reduces the problem, so
that we will only have to investigate the integral from 1 to w instead of 0 to .

Lemma B.3. Let Y () be the domain-scaled tail approximating process with point-spectral processes V (50)
and scaling function §. Suppose lim,,_,~, 6(u) = oo and that lim,_, V(SO)(SO + (s — so)) =0in
probability. Then

lim [UP{Y(SO)(S) >u}— /:LIP’{V(SO)(SQ + 6(u/z)(s — s0)) >z} dz| = 0.

U—» 00

Proof. By (72), it suffices to show that

1
le IP’{V(SO)(SO + 6(u/x)(s — s0)) >z} dz = 0.
u o0 0

Hence the assertion follows by dominated convergence from lim, IP’{V(SO) (so +r(s— so)) > x} =0and
limy, 00 0(u/x) = oo for any = € (0, 1]. O

In general, the interplay between point-spectral process V (*°) and scaling function § in the domain-scaled
tail approximating process Y (%) can be quite subtle. Here, we focus again on the Brown-Resnick point spectral

process from (57).

Proposition B.4. Let Y (°0) be a domain-scaled tail approximating process with point-spectral process V (50)
and scaling function §. Suppose that V(*0) is given by the Brown—Resnick point-spectral process (7). such
that the underlying semi-variogram ~y satisfies that ~y(r(s — sg)) > 0 is non-decreasing in r > 0 and
lim, o ¥(7(s = 80)) = oo fors € R%\ {sq}, and that the scaling function § satisfies Assumption with
limy, o 6(u) = co. Then

limsupu]P’{Y(so)(s) >u} <1, s € R4\ {s0}.

U—r 00

Proof. By Lemmawe have lim, _, o, V (0) (80 +r(s — so)) = 0 in probability, so that by Lemma it
suffices to show that

lim sup /u ]P’{V(SO)(SO + 6(u/x)(s — s0)) > x}dx < 1.

u—oo J1

We abbreviate h = s — s henceforth, so that

/1“ P{V(So)(so +0(u/z)(s — s0)) >z} do = /f@(lOg(x;;z;(f/(g)/;))h))dx

For suffiently large u we have that log(u) is larger than ~(h). For such u we note that on the interval [1, u]
the function log(x) is strictly increasing from 0 to log(u), while v(d(u/z)h) is continuously decreasing from
~(d(u)h) to y(h). Hence there exits z,, € (1,u), such that

v(6(u/x)h) > log(x) for x <z,
v(0(u/z)h) <log(x) for x> xy.
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In fact, this means we even have

v(0(u/x)h) > (0 (u/zy)h) = log(z,,) > log(z) for =z < xy,
v(6(u/x)h) < v(0(u/zy)h) = log(z,) < log(z) for x> x,.
By Lemmal[A.6] we obtain
(B IC/ _ke) o))
27v(8(u/x)h) 2v(6(u/zu)h)

which entails

/1u P{V(SO)(SO +0(u/z)(s — s0)) > a}dw < /;IP’{V(SO)(SO + 0(u/wy) (s — s0)) >} da

< /OO P{V(SO)(SQ + 0(u/zu)(s — s0)) > x}dz =1,
0

cf. , and hence the assertion. O
In fact, the argument in the proof of Propositionshows that at finite levels u > ¢7(%)
1 u
u]P’{Y(“"’) > u} / < 08(2) + 1(0(u/z) )>dx, (75)
( (u/ zu)h)

where z,, is a solution to v(§(u/x, )h) = log(x,,). The following lemma can help to get more tractable upper
bounds, see Example

Lemma B.5. Let a,b € R and o0 > 0. Then

b 0
/ ‘I)(log(x) n cr) dz :/ ]P’{N c <t+log(a) 3 g, t +log(b) 0') }6t a,
o o 2 0 o 2 o 2

where N is a standard normal variable. For a = —o0 and b = oo the interval boundaries on the right-hand
side are instead —oo and oo, respectively.

Proof. Substituting x by e¥ gives

b log(b)
/1 g(b) _
/ @(Og(w)—k(j)dx:/ (I><y+a>eydy
a o 2 log(a) o 2

log(b)
:/ P{0N702>y—02/2}eydy:/
1

og(a) log(a)

log(b)
/ foN_o? (t)dt e’ dy.
y—o2/2

Using Lemma|[A.4 we see that the latter equals

log(b) log(b)—0?/2 poo
/ / fon(t)e tdt ey "/Qdy—/ fon (e~ ¥ dtdy
lo 02/2 1

og(a)—o2/2

log(b)—0c2/2 oo
= / fon(t+y)e tdt dy.
log(a)—0o2/2 JO

Finally, applying Fubini’s theorem gives

1 oo plog(b)—o?
/ ( o&() ) / / foN(t +y)dye " dt
a o 0 Jlog(a)—o? /2

0o t+log(b)— o2
A * fovyet
0 t+log(a)—o2/2

and hence the assertion. O

By Lemma [B.5|the bound (75) reads as

N -+ log(u) = 1 (Blu/e )|
P >} < [ e T ),

For further (non-asymptotic) refinements, we will need to choose the scaling function § explicitly.
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Example B.6. Suppose 7 is a-homogeneous and 6(u) = max(1,2log(u))'/*, cf. Remark Let u >
eV (M+1/2 and set
2v(h)

= oy +1

Then
Y(6(ufuPPYh) = [5(u' M) “y(h) = 2y(h)(1 — B(h)) log(u) = B(h) log(u) = log (uP™M),
so that z,, in is given by z,, = u#(") and

log(u) — v(0(u/xzy)h) _ log(u) — B(h)log(u)

2y(0(u/zy)h) 2B(h) log(u)
_ 1 1—p8(h) (e — log(u)
- 577 Ve NN DESE

which gives

log(u) > e~ tdt. (76)

U (s0) (g U = ¢
PLYH(s) > }S/o (I)(ﬁﬁ(h)log(w+\/§\/2v(h)\/2v(h)+1

Note that, by dominated convergence, the right-hand side of converges to 1 as u — oo. This reveals that the
strategy of proof applied for Propositioncannot lead to a sharper upper bound for lim sup,, . uP{Y (50)(s) >
u}, even when it might exist. Moreover, the key monotonicity argument in Proposition can also be applied
to obtain an a priori lower bound from Lemma [A.6] namely

ey ) > [ B(REELLEIN, (st 0,

u

By Lemma [B.5| we obtain

(v 5 > [ e (L o) s

t +log(zy) —y(h) t+log(u) —~y(h) —t
+ ]P’{N S < 0 , 0 )}e dt.

However, this bound does not give sufficient insight to tighten the possible limits for the left-hand side
between 0 and 1, as the right-hand side converges to 0 by dominated convergence. The observation that
liminf, o uP{Y(%0)(s) > u} > 0 is a trivial one that needs no such analysis. Overall, this demonstrates
the intricacy of the tail behaviour of the marginal distribution of the tail approximating process Y (*?), once
domain-scaling is at play. Propositionshows that the tail of Y'(*0) (s) is at least not heavier than the Pareto
tail of Y (59) () when the underlying point-spectral process is of Brown-Resnick type.

~ ||
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