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INVERSION OF THE UNBOUNDED FINITE HILBERT
TRANSFORM ON L!

GUILLERMO P. CURBERA, SUSUMU OKADA, AND WERNER J. RICKER

ABSTRACT. The finite Hilbert transform T is a classical singular integral operator
with its roots in aerodynamics, elasticity theory and image reconstruction. The
setting has always been to consider T' as acting in those rearrangement invariant
spaces X over (—1,1) which 7" maps boundedly into itself (e.g., L? for 1 < p < 00),
a setting which excludes L'. Our aim is to go beyond boundedness and to address
the case X = L'. For this, we need to consider T as an unbounded operator on
L'. Is there a “suitable” domain for T? Yes. Remarkably, for T acting on this
domain, we prove a full inversion theorem, together with refined versions of both
the Parseval and Poincaré-Bertrand formulae, which are crucial results needed
for the proof. This domain, a somewhat unusual space, turns out to be a rather
extensive subspace of L', fails to be an ideal and properly contains the Zygmund
space LlogL (which is the largest ideal of functions that 7' maps boundedly into
LY.

1. INTRODUCTION

Given f € L' := L'(—1,1) its finite Hilbert transform T(f) is the principal value

integral
TR A S N i ()
o= ([, )7

which exists for a.e. z € (—1, 1) and is a measurable function. It is denoted briefly by
FHT. Its initial study, in the 1920-30’s, was intimately related to problems arising
from mathematical physics, in particular, in aerodynamics and elasticity theory, via
the solution of the airfoil equation. That is, for g a suitable given function, find all
functions f which satisfy

(1.1) g(y) =p.v.— dr, ae.ye€(—1,1).
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In the early 1990’s a celebrated paper of Gel’fand and Graev, [8], triggered applica-
tions of the FHT to image reconstruction in tomography, thereby renewing interest
in the investigation of this operator; see [2], for example.

The study of the operator T': f — T(f) began in spaces of Holder continuous
functions. A consequence of the theorem of M. Riesz for the Hilbert transform
operator on the real line is that the FHT maps L? := LP(—1, 1) continuously into
itself, for 1 < p < oo. This allowed the development of the LP-theory for the FHT,
which was completed by the 1970’s. In particular, an inversion formula for solving
the airfoil equation (1.1) was established.

A consequence of a theorem of Boyd for the Hilbert transform on the real line
is that the FHT maps a rearrangement invariant (briefly, r.i.) space X on (—1,1)
continuously into itself if and only if X has non-trivial Boyd indices. The family
of all r.i. spaces includes many classical spaces appearing in analysis, such as the
Lorentz LP spaces, Orlicz L¥? spaces, Marcinkiewicz M., spaces, Lorentz A, spaces,
and the Zygmund LP(log L)* spaces, In particular, this family includes LP = LP?,
for 1 < p < oo. The Boyd indices of X are two parameters which measure the effect
of dilation on the space. From Boyd’s theorem the theory of the FHT in r.i. spaces
has been further developed in recent years; see [3], [4], [5]. In this development, the
results from the LP setting, for 1 < p < oo, carry over to the class of r.i. spaces with
non-trivial Boyd indices. In particular, the validity of the inversion formula was
extended. An overview of the above discussion can be found in the survey paper [7],
for example.

In the recent paper [6] a different aspect was treated, namely an investigation
was undertaken of the FHT when acting on the Zygmund space LloglL. This r.i.
space, whose Boyd indices are trivial, strictly contains all spaces LP with 1 < p < oo
and all r.i. spaces with non-trivial Boyd indices. A desirable feature is that the r.i.
space LlogL is rather extensive and, as it turned out, continuity of the FHT from
LlogL into L' is maintained. As a consequence of extrapolation theory, an inversion
formula is also available. On the down side, one loses the property that the FHT
maps the space LlogL into itself. However, this is adequately compensated for by
the following property of LlogL. Given a function f € L! satisfying T'(f) € L%,
it need not follow in general that T'(fxa) € L' for a measurable set A C (—1,1).
However, a result of Stein implies, if the previous property does hold for all such A,
then necessarily f € LlogL; see Remark 3.3(e) below. This special feature of LlogL
makes it a natural candidate to be considered as the domain space for T" when acting
in L.

In view of the previous paragraph, the novelty of the current paper is to place the
emphasis on the FHT mapping LlogL, but now interpreted as a subspace of L' (i.e.,
equip LlogL with the L'-norm rather than its usual norm || - || L1ogz.), into the ‘same
space’ L'. This is possible because T is actually defined on all of the ambient space
L', although it does not map L! into itself. This approach allows one to interpret
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the FHT as the unbounded linear operator
Ty: (LlogL, | - |l) — LY,

given by Ti(f) := T(f), with dense domain D(7T}) := LlogL in L'. In this new
context we seek to establish a comprehensive inversion formula. To achieve this
aim it is necessary to consider the closure of the operator T7, rather than T itself,
thereby extending its domain beyond Llogl. This requires identifying explicitly
both the closure of T} and its domain, which turns out to be the linear subspace

Vi={fe L' :T(f) € L',3{fu}s%, C LlogL,
(1.2) 1o = flls = O, T(fa) = T(H)llx = 0}

In contrast to the family of all r.i. spaces, V fails to be an ideal of functions in L!
(cf. Remark 3.3(e)). So, the operator to be studied (i.e., the closure of T7) is

Ty:V— L',

defined by Ty (f) :=T(f), for f € V. For the details we refer to Section 3.

There are two crucial tools required for investigating the FHT (hence, also Ty),
namely the Parseval and the Poincaré-Bertrand formulae. In this regard, recall that
the Parseval formula is a classical result stating that

(1.3) / IT(g) = - / AT(). felgel

whenever 1 < p < oo and 1/p+ 1/p’ = 1. The formula (1.3) was later extended to
functions f € X and g € X* (the dual Banach space of X'), where X is any separable
r.i. space on (—1, 1) with non-trivial Boyd indices. The validity of (1.3) was recently
further extended to the case when f € LlogL and g € L*>. The Parseval formula is
actually a version of operator duality. Indeed, if we denote T, := T': L? — LP, for
1 < p < 0o, then the Parseval formula identifies the adjoint operator 7T} L — v
of T, as Ty = —T,. Hence, (1.3) corresponds to

(Tf.g)=(f.T"g), feLP gel”.

Adopting this viewpoint, to establish the Parseval formula in the L'-setting requires
identifying the adjoint operator 75 of Ty and its domain. Somewhat unexpectedly,
for the linear subspace
W:=L*NT '(L®)={ge L™ :T(g) € L™},
it turns out that 7y is precisely the closed, unbounded operator
—Tyw: W — LOO,

where Tw(f) := T(f), for f € W. This allows us to establish the Parseval formula
for the operator duality between 7y and 7y and between the pair of “dual spaces”
V and W (cf. Theorem 4.1). The apparent simplicity of W is somewhat misleading;
see Section 4.
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The other crucial tool for studying the FHT, in addition to Parseval’s identity, is
the Poincaré-Bertrand formula (which Tricomi calls the convolution theorem for the
FHT), namely

(1.4) T(fT(9) +gT(f)) =T(/)T(9) — fg, awe.
This identity was first shown to be valid whenever f € LP' and g € LP?* with
1/p1+1/ps < 1. In 1977, E. R. Love extended (1.4) in an essential way by allowing
1/p1+1/pe = 1. This result for LP-spaces was extended to pairs of functions f € X
and g € X', where X is any r.i. space on (—1,1) with non-trivial Boyd indices and
X' is the associate space of X; see [3]. Its validity was recently extended to the
case when f € LlogL and g € L, [6]. Surprisingly, the a priori unlikely aim of
being able to establish the validity of the Poincaré-Bertrand formula (1.4) for pairs
of functions f € V and g € W is actually achieved (by the use of Plemelj’s formula)
in Theorem 5.3.

Proving the Inveision Theorem for the FHT operator Ty: V. — L' requires an
auxiliary operator T': L' — L° given by
(1.5) T(f):= %T(wf), feL'
where

(1.6) w(z) =v1—2a2 xe(-11).

The operator T has the property that T: LlogL — L* is bounded. As explained
previously for T, we also need to consider the operator Ti: (LlogL,| - ||;) — L*
and its closure, namely the closed, unbounded operator T: V — L' defined by
T5(9) == T(g), for g € V; see (3.4) below. The proof of the Inversion Theorem is
based on fundamental properties of Ty and T% on their respective domains V and

V. These are studied in detail in Theorem 6.1.
With the above mentioned results in hand, we can now state (and prove in Section
6) the inversion formula for the operator Tyy: V — L', which is the highlight of the

paper.

Inversion Theorem. Let g € V. All solutions f €YV of the airfoil equation (1.1)
are of the form T(g) + ¢/w, that is,

—1 c
=—T — e in(—1,1
f= T+, ae in(-1,1)
with ¢ € C arbitrary.

2. PRELIMINARIES

The setting of this paper is the measure space (—1, 1) equipped with its Borel o-
algebra B and Lebesgue measure m (restricted to B). Denote by L° := L%(—1,1) the
space (of equivalence classes) of all C-valued measurable functions, endowed with
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the topology of convergence in measure. The space weak-L!, denoted by L'>® =
L1*°(—1,1), is a quasi-Banach space satisfying L' C L'* C L° with both inclusions
continuous.

A rearrangement invariant space X on (—1,1) is a Banach space X C L° satisfy-
ing the property that if ¢* < f* with f € X, then g € X and ||g||x < ||f||x. Here,
given a function h: (—1,1) — C, its decreasing rearrangement h*: [0,2] — [0, o0
is the right continuous inverse of its distribution function A\ — m({t € (—1,1) :
|h(t)| > A}) for A > 0. The Boyd indices of a r.i. space consist of two parameters in
[0, 1], [1, Definition II1.5.12]. They are said to be non-trivial when both lie in (0, 1).

The Zygmund space LlogL := LlogL(—1,1) consists of all functions f € L° for
which either one of the following two equivalent conditions hold:

/11 | f(2)|log™ | f(x)] dz < oo, /02 F4(t) log (%) &t < oo

According to [1, §IV.6], it is a r.i. space for the norm given by

z 2e
s = [ (00105 () db, € LlogL.
0

It is appropriate to indicate some relevant references for results cited in the In-
troduction. For the Hilbert transform operator on the real line and Kolmogorov’s
theorem, [1, Theorem I11.4.9(b)]; M. Riesz’ theorem, [1, Theorem II1.4.9(a)], Boyd’s
theorem, [1, Theorem II1.5.18] and [16, pp.170-171]. For the theory of the FHT on
Holder spaces, see [19]. Concerning the LP-theory for the FHT, see [9], [13], [14],
[18], [20], [22]. Regarding the theory of the FHT in r.i. spaces, see the survey paper
[7]. For facts about r.i. spaces we refer to [1], [16], for example.

3. UNBOUNDED EXTENSION OF THE FHT
For the densely defined, unbounded operator
Ty: (LlogL, || - ly) — L',

whose domain LlogL is now endowed with the L'-norm, we are in the desirable
situation of being able to invoke the classical spectral theory for closed/closable
operators.

Let us recall some terminology. The setting is a linear operator S acting in a
Banach space Y, whose domain D(S) is equipped with the norm from Y, and taking
values in Y. If its graph G(S5) := {(y,S(y)) € Y x Y : y € D(S)} happens to be
a closed linear subspace of Y X Y, then S is said to be closed. In the event that
S itself is not closed but, there exists a closed linear extension of S, still Y-valued,
then S is said to be closable. In this case, there exists a smallest closed extension S

of S with G(S5) = G(S5), where the closure G(S) of G(S) is taken in YV x Y, having
the property that any other closed extension of S is also an extension of S. The
operator S is called the closure of S. In particular, D(S) C D(S) and Sy = Sy for
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all y € D(S). For those aspects of this theory used in the present section we refer
to [10, Ch.IL, §2] and [12, Ch.3, §5], for example.

When dealing with 77 and its closed extension we rely on a particular feature of
the FHT, namely that it is defined on all of the ambient space L. It turns out that
Ty is not a closed operator. To establish this fact one has to search for points in
the closure of the graph of 77 which are not in the graph itself. How to find such
points? We take advantage of the fact that the auxiliary operator T does not map
LlogL into itself, [6]. This assures the existence of functions g € LlogL satisfying
f(g) ¢ LlogL, which then generate the required point.

Proposition 3.1. The unbounded, densely defined operator Ty : LlogL — L' is not
closed.

Proof. Recall that T is defined in (1.5). Fix g € LlogL such that f(g) ¢ LloglL,
[6, Proposition 4.12(iv)], and define f := T(g) € L'\ LlogL, [6, Theorem 4.10(ii)].
Then (f,T(f)) & G(T1).

Choose any sequence {g, }°°, from L> which converges to ¢ in the norm of LlogL
(possible as L10g£/ has absolutely continuous norm, [1, pp.247-248]). For each n €

N observe that T'(g,) € LlogL because f(gn) € f(LP) C LP C LlogL for any

~

1 <p<2,[9, Theorem 1.4.2]. Define f, := T(g,), for each n € N. Then {f,}5°, C

LlogL converges to T(g) = f in L' because g, — ¢ in LlogL and T: LlogL — L
is bounded, [6, Proposition 4.5]. Moreover, T(T(g,)) = gn, for each n € N, [6,
Theorem 4.10(ii)]. Since T'(f,) = T(T(gn)) = gn converges to g in the norm of

LlogL, the sequence T(f,) — T(T(g)) = g in L' as n — oo. Since the sequence
(fn, T(fn)) € G(Ty), for n € N, and converges to (f, T(f)) in L' x L', it follows that

(f.T(f)) € G(T1).
Thus, (f,T(f)) € G(T1)\ G(T}). This proves that T;: LlogL — L' is not a closed
operator. O

Note that the proof of Proposition 3.1 shows, in fact, that all functions g € LlogL
satisfying T'(g) & LlogL generate a point (7'(g),¢) in G(71) which is not in G(77).

The fact that T): LlogL — L' fails to be closed is not actually a disadvantage
but, is a part of the inspiration for this paper. Consider the linear subspace V of L!
given in (1.2) and define the linear operator

Ty:V— L',
by Ty (f) := T(f), for f € V. The distinct advantage that Ty has over 77 is made
clear in the following result together with Remark 3.3(a).

Proposition 3.2. The unbounded, densely defined operator Ty : V — L' is a closed
linear extension of Ty: LlogL — L*.

Proof. Since LlogL C V it is clear that V is dense in L. Moreover, Ty : V — L' is
an extension of Ty: LlogL — L' since LlogL C V and Ty (f) = Ti(f) = T(f), for
f € LlogL.
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In order to show that G(Ty) is closed in L' x L', fix any sequence {(f,, T(f,))}52, €
G(Ty) which converges to (f,g) € L' x L' in the norm of L' x L'. For each n € N,
since f, € V, there exists a sequence {f,;}32, C LlogL such that f,; — f, in Lt
as j — oo and T(f,;) — T(f,) in L' as j — co. Via a diagonal-type procedure
we can choose a sequence {h,}°2,; C LlogL with the property that h, — f in L'
and T'(h,) — g in L'. The continuity of the operator T: L' — L° (due to Kol-
mogorov’s theorem) implies that T'(h,) — T(f) in L°. On the other hand, since
T(h,) — g in L', the continuous inclusion L' C L° implies that also T'(h,) — ¢
in L. Hence, g = T(f) in LY. But, g € L' and so T(f) € L'. Consequently, the
sequence {h, }>2, C LlogL satisfies h,, — f in L' and T'(h,) — T(f) in L'. Thus,
feVandso (f,g) = (f,T(f)) € G(Ty). We have thereby proved that G(T¥y) is
closed. U

Remark 3.3. (a) The definition of the subspace V in (1.2) is somewhat involved.
However, V corresponds exactly, in the abstract setting, to the domain space D(S)
of the closure S of a closable Banach space-valued operator S: D(S) C Y — Y see
12, p.166].

(b) Using the facts that L™ is dense in LlogL, that the inclusion LlogL C L' is
continuous and that T': LlogL — L! is bounded, we may assume in (1.2) that the
sequence {f,}52, C L.

(c) Recall that LlogL C V. However, Llogl # V, which follows from fact that
the operator 77 (with domain LlogL) is not closed, whereas its closure Ty (with
domain V) is a closed operator. Moreover, V is a proper subspace of L', since the
L'-function h(t) := 1/(t(logt)?)x(0,1/2)(t) does not belong to V as T'(h) ¢ L', [15,
Theorem 1(b)]).

(d) It follows from LlogL C V that V contains all spaces L? for p > 1, as well as
all r.i. spaces over (—1, 1) with non-trivial Boyd indices.

(e) Tt is relevant to observe that V is not an ideal of functions. That is, f € V
does not necessarily imply that fx4 € V, for all A € B. Indeed, as a consequence
of a result of Stein for the space LlogL, [21, Theorem 3(b)], a function f € L'
satisfies fxa € V for every A € B precisely when f € LlogL; see [6, Remark 5.7].
Accordingly, LlogL is the largest r.i. space (in fact, the largest Banach function
space) contained in V.

(f) A consequence of (e) is that r.i. spaces such as, for example, L(logL)® for
0 < a < 1 (cf. [1, Definition IV.2.12]), which satisfy LlogL C L(logL)® C L', are
not contained in V.

Despite the fact that, given f € V, we cannot assure that fy, € V for A € B
(cf. Remark 3.3(e)), the following result shows, nevertheless, that V is stable under
multiplication by Lipschitz functions. This important stability property is crucial
for deducing the Poincaré-Bertrand formula (cf. Theorem 5.3) from the more general
Poincaré-Bertrand formula for functions on R (cf. Theorem 5.1). This requires, via
the classical Plemelj formula, the use of Lipschitz functions of the form s — 1/(s—z)

n (—1,1) for z € C with I(2) > 0.
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Proposition 3.4. Let ¢: (—1,1) — C be a Lipschitz function. For every f € V the
function fo € V.

Proof. Since ¢ is bounded and f € L', their product f¢ € L'. To show that
T(f¢) € L', fix any x € (—1,1) such that T(f)(z) exists. Then

T(f6)(@) = pov. AOLOESIOLOPS

-1 y—x
1 _ bz 1
(3.1) = p.v. / f(y)M dy + ¢(x) p.v. / S dy.
-1 y—z -1Yy—z
For the integrand in the first integral, with K > 0 being a Lipschitz constant for ¢,

we have

=2 < ae ye (1),

So, the first integral in (3.1) is non-singular and bounded in absolute value by K || f||;.
Consequently,

(3.2) I T(fo)(@)| < (K/m)fllx + 1]l | T(f) ().
The previous inequality implies (as T'(f) € L') that T(f¢) € L'.

Since f € V, by Remark 3.3(b) there exists a sequence {f,}>2, C L* such that
fo— fin L' and T(f,) — T(f) in L'. Then f,¢ — f¢ in L', as ¢ € L. Apply
(3.2) to (f — fn) in place of f, to obtain

T((f = f)o)(@)| < (K/mf = falli + [0lloo| T(f = fa)(2)],
for a.e. x € (—1,1). Integrating over (—1,1) yields
IT(f¢) = T(fud)llr < QE/m)If = fulli + 1l T(f) = T(fu)ll1,
which implies that T'(f,¢) — T(f¢) in L*. So, f¢ € V. O

In the sequel we will require the projection P: L' — L' given by

(3.3) = f fydr), fer

which satisfies | Pz = 2|1, = 1.
The linear operator T defined in (1.5) has the property that T: Llogl — L' is
bounded, [6, Proposition 4.5]. As done previously for T', we consider the operator

Ty: (LlogL, | - |h) — L',

whose domain D(f 1) := LlogL is equipped with the L'-norm. In this way, ﬁ is a
non-closed, densely defined operator from L' into itself. However, this time, showing
that G(T}) is not closed in L' x L' is achieved by exhibiting a function g € LlogL
satisfying T'(g) ¢ LlogL, [6].

Proposition 3.5. The unbounded, densely defined operator ﬁ: LlogL — L' is not
closed.
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Proof. Select g € LlogL such that T(g) ¢ LlogL, [6, Proposition 4.12(iii)], and
define f:=T(g) € Ll\LlogL Then (f,T(f)) & G(T}).

Choose any sequence {g,}>° ; from L* which converges to g in the norm of LlogL.
For each n € N observe that T(gn) € LlogL because T'(g,) € T(L?) C L? C LlogL
for any 1 < p < co. Define f, := T(gn), for each n € N. Then {f,}°°, C LlogL
converges to f = T(g) in L' because g, — ¢ in LlogL and T: Llogl. — L' is
bounded, [6, Theorem 2.1]. Then T(f,) = T(T(g,)) = gn — P(gy) for each n €
N, [6, Theorem 4. lO(iv)} But, g, — P(g,) converges to g — P(g) in the norm of
LlogL and hence, T(fn) — g — P(g) in L' as n — oo, [6, Proposition 4.5]. Since,
g—P(g) = T(T(g)) = T(f) it follows that T'(f,) — T(f) in L* as n — oo. So, the
sequence (fn, T(/f, T(f.)) € G(T}), for n € N, converges in L' x L' to (f,T(f)), that is,

(£, T(f)) € G(Th).

Thus, (f,T(f)) € G(T1) \ G(T1). This proves that T : LlogL — L' is not closed.
U

As done before with 77, we take advantage of the fact that ﬁ : LlogL — L' is not
closed. Consider the linear subspace of L! given by

Vi={felL':T(f) e L',3{f.}>2, C LlogL,
(3.4) I fu = Fll = O, |T(fa) = T(f)]l1 — 0}

and the unbounded operator
f@: i\’ — Ll

defined by j%,(g) = f(g), for g € V. Since LlogL C V it is clear that V is dense

in L'. The proof of the next result concerning T follows by suitably adapting the
proof of Proposition 3.2 for T'; the details are omitted.

Proposition 3.6. The unbounded, densely defined operator f@: V — L' is a closed
extension of Ty : LlogL — L.

Remark 3.7. (a) The same argument as in Remark 3.3(a) shows that the operator
f@ is precisely the closure of T 1.
(b) By arguing as in Remark 3.3(b), we may assume in (3.4) that {f,};2, C L>.
(c) Since T, is not closed, we can conclude (argue as in Remark 3.3(c)) that

LlogL C 2 Moreover, Visa proper subspace of L. To see this, let g := h/w,
where & is the functlon h(t) = (tlogt) *x(0,1/2)(t) appearing in Remark 3.3(c).

Then g € L' (as x(0,1/2)/w is bounded) and T'(g) = (—1/w)T'(h) does not belong to
V as T(h) & L'
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4. THE PARSEVAL FORMULA

The aim of this section is to establish a Parseval formula for the FHT operator
Ty: V — L'. For this we need to identify the domain D(73) C L™ of the unbounded
adjoint operator T3 : D(T5) — L.

Given a Banach space Y and a linear operator S: D(S) — Y with dense domain
D(S) C Y, the adjoint of S is the operator S*: D(5*) C Y* — Y™, whose domain
is the subspace of Y* given by

D(5*):={y* € Y*:y e D(S) — (S(y),y") € C is continuous}.

The adjoint operator S* is then defined by y* € D(S*) — y*S, where y*S denotes
the extension to all of Y of the continuous linear functional y € D(S) — (S(y), y*) €
C. This extension exists and is unique because D(S) is dense in Y. Equivalently,
D(S*) consists of all y* € Y* for which there exists u* € Y*, necessarily unique,
satisfying

(4.1) (Sy,y") = (y,u*), yeD(S),

in which case S*(y*) = y*S = u*. For those aspects of this theory used in the
current section we refer to [10, Ch.II, §2], [11, §2.11] and [12, Ch.3, §5], for instance.

The previous abstract scheme applied to Ty: V — L' yields that D(T3) = {g €
L>: gTy € L™} C L™, that the adjoint operator T3 : D(Ty) — L™ is defined by
Ti(g) = gTy for g € D(Ty), and that it satisfies

/_19T(f):/_ZQTV(J”)I/_ZTQ(Q)J”, fev, geD(Ty).

1

To identify D(T%) more concretely we consider the subspace of L™ given by
W:=L>*NT ' (L>)={ge L*:T(g) € L™}

and equip it with the L>-norm. Note, since T' does not map L into itself (actually,
T: L® — Le, boundedly, [5, (2.4)]), the requirement on g that T'(g) € L™ is a
restrictive one in the definition of W. The restriction of 7" to the normed space W
generates the unbounded linear operator

Ty : W — L™
defined by Tw(g) :=T'(g), for g € W.

The following result establishes the Parseval formula alluded to above which, in
turn, leads to an unexpected identification of D(T5).

Theorem 4.1. The following Parseval formula is valid, namely

(4.2) T(g) = — / AT, fEV, gewW.

-1
Moreover, D(Ty) = W and the adjoint of Ty is the closed, unbounded operator
Ty = (—Tw): W — L™,
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Proof. Fix g € W. According to (1.2), for each f € V the function T'(f) € L' and
there exists a sequence { f,,}>2,; C LlogL such that f,, — f in L' and T'(f,,) — T(f)
in L'. Since g € W, both functions g,T(g) € L>®. The Parseval formula for LlogL,
[6, Corollary 3.3], implies that

[ = [imsro =i [ pr)

1 n

:_117?1/_11gT(fn) :—/1g1i7rlnT(fn) I—/_1 9T (f),

1

where we have used the fact that both f,T(g9) — fT(g) in L* and ¢T'(f,) — ¢T(f)
in L'. This establishes (4.2).
Let g € D(T%), that is, g € L*™ and

(13 [ | s sev

for some constant K > 0. Then (4.2) and the density of V in L' imply that (4.3) is
actually valid for all f € L'. Accordingly, T(g) € (L')* = L*. So, g € W and we
have established that D(7y) C W.

For the reverse inclusion let A € W, that is, both h,T(h) € L*. The Parseval
formula (4.2) shows that u* := —T'(h) € L* satisfies

(Ty(f),h) = (T(f) h) = (f,u?), [ eV=D(Tv),
and hence, (4.1) yields that h € D(T5).

The adjoint of a closed, densely defined operator is always closed, [11, Theorem
2.11.9]. O

Remark 4.2. (a) The classical Parseval formula for P with 1 < p < oo occurs in
[20, §2]. For r.i. spaces with non-trivial Boyd indices we refer to [3, Proposition 3.1]
and for LlogL, see [6, Theorem 3.1 and Corollary 3.3].

(b) A closable, densely defined operator S and its closure S have the same adjoint
operator. That is, D(5*) = D(S") and S* = S, [10, Theorem I1.2.11]. In our case,
this implies that T = Ty with common domain W.

The importance of W, which is clear from its role in the Parseval formula (4.2),
makes an examination of its properties necessary.

Proposition 4.3. The following properties of W are valid.
(i) W £ {0} and it is a proper subspace of L.
(i1) W is a non-closed, weak*-dense subspace of L* but, it is not norm-dense.
(iii) The following description of W is valid, namely
h
W = {g cL®:g=—wT (—) he L® ﬂT(L‘”)}.
w

(iv) The containment T(W) C {h € L*> : fjlg = 0} is proper.
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(v) The operator T does not map W into W.
(vi) The range space T(W) is not norm-dense in L.

Proof. (i) The function w € L* (cf. (1.6)) and T'(w)(z) = —z, which also belongs
to L. Hence, w € W, [14, (12A.8) Appendix 1, p.519] (note that the FHT used in
[14] is =T).

For —1 < a < b < 1, direct computation shows that T'(x@p)(z) = = log‘ |
which is unbounded on (—1,1). So, X(ap) ¢ W.

(i) Since T does not map L' boundedly into itself, the closed operator Tyy: V — L*
is not continuous on all of L' and hence, the subspace W = D(T%) is not closed in
L>, [10, Corollary 11.4.8].

That W is weak*-dense in L follows from Theorem 4.1 and [11, Theorem 2.11.9].

We prove that W is not norm-dense in L* by showing, for fy := x(-1,1) € L™,
that dist(fo, W) := inf {||fo — gllc : ¢ € W} > 0. Fix any ¢ € W. Then both
9,T(g) € L. Set M := ||T(g)||oc and define

A={z e (-1,1):|T(fo)(z)| > M}.
Since T': L> — Ly, is bounded and, for a.e. z € A, we have
T(fo)(x) — T(g)(ﬂf)‘ > |T(fo)(@)] = |T(g)(x)] = |T(fo)(z)| — M >0,
it follows (as T': L> — Ly, boundedly) that

1fo = 9lloc - 1Tl 1ep = [1T(fo) = T(g)

Lexp

(4.4) > (T (fo) = T(9)) Xallzew = (1T (fo)l = M) XAl ey -
Recall, for h € Ley, (cf. [1, Lemma IV.6.12]), that
(4.5) |k = sup Jo (s)ds > su ) > i P(t)

m ——’—.
Low = 2o tlog(2e/t) ~ geren log(2e/t) ~ im0+ log(2e/t)
So, from (4.4) and (4.5), we proceed to compute

Yt
(4.6) t1—1>%1+ W

for the function v := (|T(fo)| — M) xa.
Since T(fo)(z) = X log (1+x) for x € (—1,1), for each A > 0 we have that

4
erm 4+ 1°

m({z € (=1,1) : [T(fo())| > A}) =

Hence, for the decreasing rearrangement of T'(fy), direct calculation shows that

(T(fo))"(¢) = %log (%l _ 1), 0<t<2



INVERSION OF THE UNBOUNDED FHT ON L! 13

From the equimeasurability between a function and its rearrangement, it follows
that

1 4 4
m(A)zm({te(0,2).%10g<¥—1> >M}>:€Mﬂ+1.
Accordingly,
. Llog (4 —1) — M, 1f0<t< —
I M7r+1

From (4.5), (4.6) and (4.7) we can conclude, for each g € W, that
Liog (2= 1) — |T(g)ll _ 1

1fo = glloo - [IT| 2o L, = Tim =

-0 log(2e/t) T
The proof is thereby complete.
(iii) Let g € W, that is, g € L>® and h := T'(g) € L>® NT(L>). Then, for any
2 < p < oo, we have g € L and h = T'(g) € L*. Sincefllw :f1T_0 20,
Corollary 2.8], the inversion theorem for 7" on LP, [20, Corollary 2.8], implies that

g=—wT(h/w).
Conversely, let h € L>® NT(L*®). Then h = T(f) for some unique f € L™ and
_11 L = 0. Arguing as above yields f = —wT'(h/w) and so —wT(h/w) € W.
(iv) For each 2 < p < oo the range of T': LP — LP is the subspace {h € L :

L =0}, [20, Corollary 2.8]. Thus, if h € T(L*>) then, for any choice of 2 <

p < 00, the function h € T(LP) and so the condition f_llg = 0 is satisfied. Hence,
TW) C {her>: [} 1 =0}

To show that the containment is strict, consider the function h(zx) := w(x)(x(0,1)—

X(-1 0)) € L. First, it satisfies f 1% = 0. Direct computation shows that

T(hjw)(z) = T(x0.1)) (@) =T (x(-1,0)(x) = *log (=3 ) The singularities of T'(h/w)(x)
at x = 1 get cancelled when multiplying by w(z) but not the singularity at x = 0.
So, g := —wT(h/w) ¢ L* and hence, from part (iii), g ¢ W but, T'(g) = h. Since
T is injective on W, the function h ¢ T(W).

(v) Note that T'(w)(z) = —z and T'(t)(z) =
Appendix 1, p.519]. Thus, w € W whereas
so T'(w) ¢ W.

(vi) Since Ty : V — L' fails to be injective, it follows from [11, Theorem 2.11.13]
that T(W) is not weak*-dense in L> and hence, it is not norm-dense in L. U

og (152). [14, (12A.8), (12A.2)

212
T(T(w)) is unbounded on (—1,1) and

In view of the Parseval formula and the previous result it is important to have
criteria available for membership in W. The next proposition exhibits some classes
of functions within W.

Proposition 4.4. (i) For each n > 0, the n-th Chebyshev polynomial of the
second kind U, satisfies wU, € W.
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(ii) Let ¢: (—1,1) — C be a Lipschitz function. For every g € W the function
gp € W.

(iii) Let h be a Lipschitz function satisfying f (h/w) = 0. Then the function
—wT (hjw) € W.

(iv) Let « 6 (0,1] and g be a Hélder function of class o such that g(x) =
O(log (—x)) when |x| — 1. Then g € W.

Proof. (i) Clearly wU,, for each n > 0, is bounded in (—1,1). Moreover, for the n-th
Chebyshev polynomial of the first kind 7T}, it is known that T'(wU,) = —T,.1 € L™,
[22, §4.3 (23)]. Hence, wU,, € W.
(ii) Since ¢ is bounded and g € L, the function g¢ is bounded. The proof of
Proposition 3.4 can be adapted to show that also T'(g¢p) € L>°. Hence, gp € W.
(iii) Since h € L™ and 1/w € L', the function h/w € L'. Fix any point z €
(—1,1) such that T'(h/w)(x) exists. Recalling that 7'(1/w) = 0 yields

7T'(h/w)(z) = p.v./_ __hy) dy — h(z) p.v./_ S dy

L w(y)(y — o) L w(y)(y — )
:/1 hiy) = h(z) |
qwy)(y—x)

Taking absolute values and using |h(y) — h(z)| < K|y — z|, where K > 0 is a
Lipschitz constant for h, we arrive at

‘T(h/w)(x)’ < %K/ YW _

1 w(y)

|

Hence, g := —wT (h/w) is bounded.

Fix 2 < p < oco. Noting that L> C L?| it follows from Theorem 3.3 of [3] and the
assumption fjl L — 0 that T'(g) = h. Since g € L™, it follows that h € T(L*). So,
we can conclude from part (iii) of Proposition 4.3 that g € W.

(iv) Since g € L™, it suffices to show that also T'(g) € L*°. Fix any point

€ (—1,1) such that T'(g)(x) exists. Then

")) = p. [ 9w £9(@)

4 y—z
(4.8) = /_1Wdy+g(x)p.v. /_1 ycﬁ/:ﬁ

In the first integral since ¢ is of Holder class «, there exists K > 0 such that

1 _
/ )d <K/ ly = =[*
-1 y—x 1 |y—:E|
—K/ :L’— dy+K/ ﬁdy
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For o = 1 the right-side equals 2K and for 0 < a < 1 the right-side is equal to
E((1—2)*+ (1+2)%). In both cases the right-side is a bounded function.
Concerning the second integral in (4.8), the so defined function

1

x»—)g(z)p.v./ dy :g(x)log<1_$>,

Y- 1+

is also bounded because both functions are continuous in (—1, 1), the function g is
bounded and, by assumption, the product function g(x)log (t—i) is also bounded
as x| — 1. So, both g and T'(g) are bounded, that is, g € W. O

Remark 4.5. The Lipschitz condition on ¢ in Proposition 4.4(ii) cannot be replaced,
in general, by a Holder condition. Using the inequality |\/a — Vb| < |a — b|'/2,
for a,b > 0, it follows that the continuous function ¢ := w is of Holder class
a = 1/2. Moreover, recall that h := w € W. However, the bounded product
function ¢oh = w? € W as T'(w?) ¢ L>. This follows from the formulae

1)) = 7)) - 7)) = T 1og (7o) + 2 we 1,1y

see (12A.1) and (12A.3) in [14, Appendix 1, p.519].

Although it will not be needed in the sequel, we mention a further application of
the previous abstract scheme to identify the adjoint (7%)* of the auxiliary operator
T5. To achieve this we require the linear, L%-valued operator 7" defined by

fe () = —ur (L),

for all f € L' satisfying f/w € L'. This operator appears in the solution of the airfoil
equation when considering the FHT acting on LP, for 2 < p < oo, [20, Proposition
2.6], and on r.i. spaces X with Boyd indices in the interval (0,1/2), [3, Theorem

3.3]. To determine the domain of (f@)*, consider the subspace of L* given by
W= {gEL"O:wT(%> EL"O}:{gGL“:T(g)GLO‘“},

equipped with the L*-norm. We point out that W is a proper subspace of L*°.
Indeed, fi = x(@q1) € L™ but, T(fi)(z) = = log [Hv1=2= le_:”z , for z € (—1,1), is an

™

unbounded function; see the proof of Lemma 4.3 in [20].
The proof of Theorem 4.1 can be adapted to establish the next result.

Theorem 4.6. The following Parseval formula is valid, namely
v I o g R -
() == | Moo= [ fur(L), feV geW.
-1 -1 -1
Moreover, D((f@)*) — W and the adjoint of f@ is the closed, unbounded operator
(T@)* = (—Tw): W — L™,
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where T(g) :==T(g), for g € W.

5. THE POINCARE-BERTRAND FORMULA

The main result of this section is Theorem 5.3 below in which the Poincaré-
Bertrand formula (5.8) for the pair of spaces V and W is established.

We begin with the following ‘Poincaré-Bertrand type’ result. Its deviation from
the usual Poincaré-Bertrand theorem is that membership in the spaces to which the
functions belong (e.g., ¢1 € LP', ¢o € LP?) is now replaced by conditions on the
functions ¢1, ¢o themselves and their Hilbert transforms. The proof is inspired by
Love’s proof of [17, Theorem]. Let H: L'(R) — L°(R) denote the Hilbert transform
on R.

Theorem 5.1. Let ¢y, ¢o € L' (R) satisfy the following two conditions.

(i) Both of the product functions H(¢1) ¢ and ¢y H(ps) belong to L*(R).
(ii) For all z = x+iy with x € R and y > 0, the following Parseval-type formula

/_00 ¢-(s)H(¢2)(s)ds = — /_OO H(¢.)(s)p2(s) ds,

holds, where ¢,(s) == ¢1(s)/(s — z), for s € R, and both ¢, H(p2), p2H ()
belong to L*(R).

Then the following Poincaré-Bertrand formula is valid, namely

H(¢1H(¢2) + ¢2H(¢1)) = H(¢1)H(¢2) — ¢1¢02, a.e. in R.

Proof. 1t suffices to prove the result for ¢, ¢, real functions.

Fix z = x + iy with z € R and y > 0. Since ¢; € L'(R) and y > 0 imply that
p-(s) :=1/(s—2), for s € R, belongs to L*(R) N C(R), we have ¢, = ¢1p. € L'(R)
and so, its Hilbert transform H(¢,)(s) exists for a.e. s € R. Then, because both
H(¢,)(s) and H(¢1)(s ) exist simultaneously for a.e. s € R, we have

H(¢:)(s) = /¢Z dt="1p /w%dt
51 :<3_Z>;p-“/ (t1 )¢1<>

(£¢_1)£)_ e / ¢1

where the last integral is a Lebesgue integral as ¢1p, € LI(R).
The identity (5.1) and the fact that ¢oH(¢,) € L}(R) yield

| H) /HS_Z A(5) s
(s,
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where the separation into two terms in the right-side is possible because both ¢1p,
and ¢9p, belong to L'(R).
Condition (ii) and (5.2) imply that

/@ H(62)(s) ds = — / H(6.)(s)6s(s) ds
(5.3) / HS_(S bo(5) ds

z

*(% L )(/ =0}

The identity (5.3) can be rewritten as
/ ¢1(s ¢2 / H(¢ )
5 — S —2z

o i (; ¢_<>) (L[ a0,

We are now in the situation where we can apply Plemelj’s formula, [17, Theorem
92’], to each of the four integrals in (5.4).
Accordingly, for a.e. x € R, taking the limit in (5 4) when y — 07, we have

LR ey [ AT i waene),

/ HE p— 92(5) 45 s pov. / Hg)(s )¢2<>ds+iH(¢1)(x)¢2(x),

(55) M‘id — H(&)(2) + ital),
¢1 (t)

— dt — H(¢1)(z) +ipy(z).

After taking the hmlt in (5.4), we add together the terms in the right-side of (5.5)
and arrive at the identity

¢i(s H(¢ 2(8) 4
/ : s— ds TPV / s—
(2)H (¢2)(x) — ¢1(x)¢2(),
which is what was to be proved. U

For f € L° define f € L°(R) by f := fx(_1.1). Then f € L'(R) whenever f € L'

and H(f)(x) = T(f)(x), for all z € (—1,1). With these identifications we have the
following consequence of Theorem 5.1.

Corollary 5.2. Let functions f,g € L' satisfy the following two conditions.
(i) Both of the product functions gT(f) and fT(g) belong to L.
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(ii) For all z = x + iy with x € (—1,1) and y > 0 the following Parseval-type
formula

(5:6) [ LeT@E s == [ 6T

1
is valid, where f,(s) = f(s)/(s — z), for s € (=1,1), and both functions
1:T(9), gT(f.) belong to L'

Then the following Poincaré-Bertrand formula holds, namely
(5.7) T(fT(9) +gT(f)) =T(NT(9) — fg, a.e in(=1,1).

From Corollary 5.2 we can deduce the Poincaré-Bertrand formula (1.4) for the
pair of spaces V and W.

Theorem 5.3. Let f € V and g € W. Then
(5.8) T(fT(g)+gT(f)) =T(f)T(g9)— fg, ae in(—1,1).

Proof. Observe that f € V (resp. ¢ € W) implies that both f,T(f) belong to L'
(resp. both g,T(g) belong to L*). So, condition (i) of Corollary 5.2 is satisfied.

Fix 2 = o + 4y with x € (—=1,1) and y > 0. Then p.(s) = 1/(s — z), for
s € (=1,1), is a Lipschitz function. Since f € V, it follows from Proposition 3.4
that f, := gp. € V and hence, both f,,T(f.) € L', which implies that both f,T(g)
and ¢gT'(f.) belong to L'. Moreover, Theorem 4.1 for f, € V and g € W yields

/ £100) =~ [ gT(1.),

which is precisely (5.6). All the assumptions in Corollary 5.2 are satisfied and so
the formula (5.7) in Corollary 5.2 yields (5.8). O

Remark 5.4. (a) The Poincaré-Bertrand formula for ¢; € L' and ¢ € LP? with
1/p1 + 1/ps < 1 can be found in [22, §4.3 (4)]. Love’s extension to the case when
1/p1 + 1/pa = 1 occurs in [17, Corollary]. A further extension to pairs of functions
f € X and g € X', where X is any r.i. space on (—1, 1) with non-trivial Boyd indices
and associate space X', is given in [3, Proposition 3.1]. For functions f € LlogL
and g € L™ we refer to [6, Corollary 3.3].

(b) A proof of Theorem 5.3 is also possible by using Proposition 4.4(ii) for W
instead of Proposition 3.4 for V.

6. INVERSION OF THE UNBOUNDED FHT

The aim of this final section is to establish the Inversion Theorem for Ty : V — L1;
see Section 1. For this, the main tool is the following theorem which exposes, in
detail, the properties of both Ty on V and T on V. The proof will also require
various consequences derived from the Parseval and Poincaré-Bertrand formulae in
Sections 4 and 5.
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Recall that w is the function in (1.6), T is the operator in (1.5) and P is the

projection in (3.3).
Theorem 6.1. The following assertions are valid.
(i) The identity
T(T(f)=f—-Pulf), [feV,
holds, where Py:'V — 'V is the restriction of P to V.
(ii) The operator Ty : V — V is surjective.
(iii) Ker(Ty) is the I-dimensional subspace (=) of V spanned by 1/w.
(iv) The operator T maps V into V and satisfies both
T(T(9) =9, g€V,

and

(v) The operator f@ is a bijection of@' onto its range R(f@). Moreover,

R(f@)—{fev:/_llf_o}.

(vi) The following decomposition of V holds, namely,

V =R(TH) @ <%>

Proof. (i) Note, since 1/w € LlogL C V| that P(V) C V.

We follow the steps of the classical proof given by Tricomi in [22, §4.3 (1

2)]7

adapted by using the Poincaré-Bertrand formula (5.8) for V and W. Fix f € V.

Since w € W, we can apply Theorem 5.3 to obtain, for a.e. x € (—1,1), that

T(wT(f) + fT(w))(z) = T(w)(x)T(f)(z) — w(@)f(z)
(6.1) = —2T(f)(x) —w(z)f(z).

Moreover, for a.e. x € (—1,1), we have

1w = 2o [ Ea= [ i Tow [ LD
(6.2) -2 /_ F(#) dt + 2T(f) ().
It follows from (6.1) and (6.2) that

T(wT ——/f )it~ #T()() = T (f)(a) — () (@),
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that is,

T(WI(N)e) - 3 [ 1O dt = ~ula)f(o)
So, via (1.5), we can conclude that

A~

f=—2rwry+ (3 [ 1)1 =100+

1 w

(ii) Let f € V. Then both f,T(f) € L' and there exists a sequence { f,, }>2; C L*®
such that f, — f in L' and T(f,) — T(f) in L'; see Remark (3. 3)(b). Let
gn = T(fn), for n € N, and g := T(f) € L*. Then {g,}>°, C LlogL (cf. Proof
of Proposition 3.5) and g, — g € L'. Moreover, T(g,) = T(T(fs)) = fo — P(fn)
[6, Theorem 4.10(iv)], which converges to f — P(f) in L' because P: L' — L!
boundedly. But, by part (1), we have that f — P(f) = T(T(f)) = T( ). Thus,
T(g) € L' and T(gn) — T(g) in L'. These facts guarantee, via (3.4), that g € i\/,
that is, T'(f) € V and so Tv(V) C V.

Let h € V. Then both h ,T(h) € L* and there exists a sequence {h,}>>, C
L™ C LlogL such that h, — h in L' and T'(h,) — T(h) in L*: see Remark 3.7(b).
Let u, := T(hy) € LlogL and u := T'(h) € L'. That is, {u,}>, C LlogL and
up — u € L'. Moreover, T(u,) = T(T(hy)) = hn, [6, Theorem 4.10(ii)], which
converges to h in L'. Since h, — h in L' we have (via Kolmogorov’s theorem)
that T'(u,) — T(u) in L°. Thus, T(u) = h and T'(u,) — T(u) in L'. These facts
guarantee, via (1.2), that u € V and h = T'(u). Thus h € Ty(V) and so, V C Ty(V).

(iii) Let f € Ker(Ty), that is, T'(f) = 0. We can apply part (i) to deduce that
f=Pf)+T(T(f) = P(f), that is, f = (L [* f)L . Since T(1/w) = 0, we
also have the reverse inclusion (<) C Ker(Ty).

(iv) In the proof of part (ii) we showed, for h € V, that f(h) € V. Thus,
(V) C V.

Let g € V. By (3.4) both ¢,7(¢g) € L* and there exists a sequence {g,}>2, C
LlogL such that g, — ¢ in L' and T(g,) — T(g) in L'. Kolmogorov’s theorem
implies that T(f(gn)) — T(f(g)) in L°. Since T(f(gn)) = g, for all n € N| [6,
Theorem 4.10(ii)], it follows that g, — T(f(g)) in LY. Moreover, g, — ¢ in L'
implies that a subsequence of {g, }°°, converges to g a.e. Hence, T (f(g)) =g.

Since T(g,) — T(g) in L, surely fjl T(gn) — fjl T(g). But, fjl T(gn) = 0 for
all n € N, [6, Theorem 4. 10(ii)] and SO fl T(g) = 0.

(v) Part (iv) implies that TA ) C {f € V f f = 0}. Conversely, suppose
that f € V satisfies f_lf dx = 0, that is, Py(f) = 0. Then part (i) implies

that T(T(f)) = f and so f € R(YA};) since T(f) € V. The identity stated in (iv) is
thereby established.
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Part (iv) yields that TVT%, = Ig, where Ig is the identity operator on V. This
implies that T\@ is injective. So, T\@: V= f@(i}) is a linear bijection.

(vi) The identity f(T(f)) = f — P(f) in part (i) shows that each f € V has the
decomposition f = T(T(f)) + P(f) with T(T(f)) € R(f@) and P(f) € (1/w). Let
h e R(j},) N (1/w). Then h = T(g) for some g € V and h = ¢/w for some ¢ € C,
that is, T(g) = c/w. Integrating both sides of this identity over (—1, 1) and recalling
that f_ll T(g) = 0 (cf. part (iv)) shows that ¢ = 0. Hence, h = 0. O

Remark 6.2. (a) For each space LP, with 1 < p < 2, parts (i), (ii) and (iv) of
Theorem 6.1 are classical, [20, Proposition 2.4 and (2.6)]. For r.i. spaces with Boyd
indices in the interval (1/2,1) we refer to [3, Theorem 3.2] and for LlogL, see [6,
Theorem 4.10].

(b) Part (iii) of Theorem 6.1 is a classical result for f € LP, with 1 < p < oo,
[20, Lemma 2.2]. It was extended to functions f in r.i. spaces with non-trivial Boyd
indices in [3, Theorem 3.2] and to functions f € LlogL in [6, Theorem 3.4].

We can now proceed to establish the inversion formula (1.1) for Ty: V — L.
Proof of the Inversion Theorem. Given ¢ € C define
-1 c
6.3 =—T — €. in (—1,1).
(63 =T (wg) + S ae i (-11)

Since g € V and f@(@) C V (by Theorem 6.1(iv)), we have that T(g) € V. Since
f =T(g) + ¢/w with 1/w € V, it follows that f € V. But, T(1/w) = 0 and so
T(f) = T(T(g)). Theorem 6.1(iv) gives T(T(g)) = g and so T(f) = g, that is, f is
a solution of the airfoil equation.

Conversely, let f € V satisfy the airfoil equation 7'(f) = g. Theorem 6.1(i) implies
that

T(g) =T(T(f) = f = P(),
where P(f) = ¢/w with ¢ := %fjl f(t)dt. Accordingly, f has the form (6.3). O

Remark 6.3. The Inversion Theorem for the FHT is long since known to hold in
LP for 1 < p < 2, [20, Proposition 2.4 and Corollary 2.5]. The result also holds in r.i.
spaces whose Boyd indices lie in the interval (1/2,1), [3, Corollary 3.5]. Its validity
was recently extended to the case when g € T'(LlogL), [6, Theorem 4.10(iv)].
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