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SHARP CONSTANTS IN THE CLASSICAL WEAK FORM
OF THE JOHN-NIRENBERG INEQUALITY

VASILY VASYUNIN AND ALEXANDER VOLBERG

ABSTRACT. The sharp constants in the classical John—Nirenberg in-
equality are found by using Bellman function approach.

1. INTRODUCTION

Bellman function method in Harmonic Analysis was introduced by Burk-
holder for finding the norm in LP of the martingale transform. Later it
became clear that the scope of the method is quite wide. After Burkholder
a lot of papers followed this method (see, e.g., [11], [9], [10], [22], [17], [14]
and the references section of the present article). It became clear that magic
Burkholder function from [1] is a natural dweller of the area called stochastic
optimal control. Many harmonic analysis problems have their analog of the
stochastic optimal control Bellman function, which is a solution of a certain
partial differential equation (Bellman equation).

In the present paper we solve an extremal problem related to the famous
John—Nirenberg inequality. This is the situation when the Bellman equation
turns out to be the degenerated Monge-Ampere equation. The Bellman
function of the corresponding extremal problem (the definition see below) is
found explicitly. This function carries all the information about the problem:
not only the sharp constants, but, for example, a construction of extremal
test functions (extremizers).

Now we start the formal description of the problem.

For an interval I and a real-valued function ¢ € L'(I), let (o), be the

average of ¢ over I, i.e.,
1
@i = [
Loy

where |I| stands for Lebesgue measure of I. For 1 < p < oo, let

BMO(J) = {p € L'(J): (| — (¢),I"), < CP < o0, VI C J} (1.1)
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with the best (smallest) such C being the corresponding “norm” of ¢. For
€ >0, let
BMO.(J) = { € BMO(J): ||| < e}.

The classical definition of John and Nirenberg uses p = 1; it is known that
the norms are equivalent for different p. A crucial property of elements
of BMO-space, the exponential decay of their distribution function, was
established in the classical paper [4]; it is known as the John—Nirenberg
inequality. For every ¢ € BMO(J) and every A € R the classical John—
Nirenberg inequality consists in the following assertion.

Theorem (John, Nirenberg; weak form)
1

N {s € J: |p(s) — <‘P>J| >\ < cre~2Mllellemocs) | (1.2)

We refer to this statement as to the weak form of the John—Nirenberg
inequality to distinguish it from the following equivalent assertion.

Theorem (John, Nirenberg; integral form) There exists g > 0 such that
for every e, 0 < & < &g, there is C(g) > 0 such that for any function o,
» € BMO,(J), the following inequality holds

(), < Cle)e .

The sharp constants in the integral form were found in [17] and [14]. In
the second paper the dyadic analog BMO? is considered as well, for which
every subinterval I of J in definition (1.1) is an element of the dyadic lattice
rooted in J. It appears that the constants in the dyadic case and the usual
one are different.

The Bellman function corresponding to the integral John—Nirenberg in-
equality was found by solving the boundary value problem for the Bellman
equation. In that case the Bellman equation was a second order partial
differential equation with two variables, and due to a natural homogeneity
of the problem, the Bellman partial differential equation was reduced to
an ordinary differential equation, which was successfully solved. The corre-
sponding Bellman equation for the week John—Nirenberg inequality has an
additional parameter A\ preventing a similar reduction of the Bellman partial
differential equation to an ordinary differential equation.

The Bellman equations for all these problems are in fact special cases of
the Monge—Ampere equation. After finding possibility to solve this type of
equation explicitly (see [13], [19]) we are able to find the Bellman function
(and therefore, the sharp constants) for the weak John—Nirenberg inequality
as well (]20]).

We work with L?-based BMO-norm, i.e., p = 2 is chosen in (1.1). For
the classical case p = 1, Korenovskii [5] established the exact value ca =
2/e using the equimeasurable rearrangements of the test function and the
“sunrise lemma”. But to apply the Bellman function method the L?-based
BMO-norm is more appropriate. Some Bellman-type function (so-called
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supersolution) for the weak John—Nirenberg inequality was proposed by Tao
in [16], where there was no attempt to find true Bellman function and sharp
constants. In the present paper it will be proved that for p = 2 the sharp
constant are c; = ;% and ¢y = 1.

2. DEFINITIONS AND STATEMENTS OF THE MAIN RESULTS

2.1. Bellman functions. Now the main subject of the paper will be intro-
duced, the Bellman function corresponding to the John—Nirenberg inequal-
ity. First of all we define the following set of test functions

Ss(f) = S(ﬂjl,xg;g) =
{p € BMO(): {9), = o1, (¢%), = w2, (lp — (9}, %), <2 VIC T} (21)

For any test function ¢ the point z = (z1,22) = ({¢) ,, (4,02>J) belongs to
the parabolic strip

Q. = {z = (z1,22): 27 < a9 <27 4%}, (2.2)

Indeed, the left inequality 23 < xy is simply the Cauchy inequality, but the
right one xo < 2?2 + €2 follows from the fact that ¢ € BMO.(J):

2y —x1 = (p%); —{0) = le — (), 1%, < 2.
Now we define the Bellman B function corresponding to the weak John—
Nirenberg inequality:

def def 1
B(z;\) = B(z; )\, 6) = msup {{s € I:|p(s)] = A}: g€ S(2)}. (2.3)
This function is defined on €2 and it supplies us with the sharp estimate
of the distribution function

1
m!{s € J:lp(s) = (@) ;| > A} < sup B(0,§0) Vo € BMO.. (24)
£€[0,e?]

To check this, we consider a new function ¢ def o +c If ¢ € S.(x), then
¢ € S:(Z), where #1 = x1 + ¢ and T3 = 29 + 2cx1 + 2. Therefore, by
definition (2.3), we have

1

7l{s € T 18] = M < B@:A).

If we take now ¢ = —<<,0>J = —x1, we get &1 = 0, T2 = 2o — 22, and the

latter inequality turns into

1
|J

So, to find the sharp constants in the weak John—Nirenberg inequality we
prove the following theorem.

s € 75 1es) = ()| Z M S B3 d) < sup B0
€€[0,62]
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92

FIGURE 1

Theorem 1. For 0 < X\ < e split Q in three subdomains (see Fig. 1):

le{er:l'QZ/\Q},
QQZ{JJGQZM%HS%QS/\Q},
Q3 ={x € Q: zy < A|x1|},

then
( 1, T €O,
€2
B(;\,¢) = N T €, (2.5)

2

i) _xl
, € Qg.
ZE2+)\2—2>\’$1| v 3

For e < X < 2¢ split Q in four subdomains (see Fig. 2):

O ={z€Q: x| >\ and 22 <2\ +&)|z1| — A% — 2e) for |21 < A+ ¢, },
D ={recQ:\—c<|r1| <A+e, x> max{2\|zy| — A+ 2e(|z1| — N},
Q3 ={x € Q: zg < \|x1|},

Q= {x € Q: 29 > Nay| and x5 < 2(\ — €)|z1|=A24-2eX for |z1| > X — €},
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A
CUQZCL'%
2 2
_ T2 =] +¢
Q iy
Qy Q7
Q4
. Q37 - NQf . ~
—e—A - =\ A—¢ A A e
FIGURE 2
then
]., erla
2(\2 — 2 — (A= A(2e2 4 el — N2
(2 =]~ —ap $ AL +AN) o
By 2e\?
(J:a 78)_ J:Q—x% cq
T
562+)\2—2)\|561|’ 3
1)
ﬁ, $€Q4.
(2.6)

For \ > 2 split Q in five subdomains (see Fig. 3):

O ={z€Q: x| > X and 22 <2\ +&)|z1| — A% = 2e) for |21 < A+ ¢, },
Qo ={recQ:X—c<|r1] <M, z2 > max{2\z1| — A2 £ 2e(|z1| — M) }},
Q3 ={2€Q: 29 <20\ —&)|z1] — A\* + 2},

Qi ={2€Q: 29 >20\ —&)|z1]| — A\ + 2e\ and 2o < 2¢|21] for |z1] < €},
Qs = {z € Q: z9 > 2e|a1|},
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Q;\L f ‘/Qf
: xg :z%
T2 :xf—t—sQ
2 f
o - Lo
SO S
—e—A Y e—A 2€_)\—5 € N 9e A—¢ \ Ate
FIGURE 3
then
( 17 .’L'te,
_ 2
L2 2()\+£)8]J;21|+)\ +25)\7 v,
€
2
T2 —Jfl
) z €N s
B(z; M\, ¢) = Ty + A2 — 2|24 3
2 2
e To—X r1|—A To—X
2(1 1— =2 1>exp{|£|_:+ 1- = 1}, x ey,
A
f;eXp{Z—E}, x € Q5.
(2.7)
Corollary. If ¢ € BMO.(I), then
(1, if 0<\<e,
1 g2
ml{sef: lp(s) = (p) I =AM <933 if e <A< 2,
o2

and this bound is sharp.

7€—>\/a

if 2e <A,
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A—2¢ A—¢ A Ate A+2¢e

FIGURE 4

Proof. According to formula (2.4) it is sufficient to calculate

sup B(0,& \,e).
£€[0,6?]
Since B(0, 2:2; \, ) is an increasing function in z9, this supremum is just the
value B(0,¢2%; )\, ¢), what yields the stated formula. O

Before we start to prove Theorem 1, where the Bellman function has two
singularities on the boundary at the points z = (£, A?), let us consider the
simplest possible extremal problem with one singularity. We shall consider
two extremal problems simultaneously: one estimate from above and the
second estimate from below. So, we define two Bellman functions: Byax

and Bmin-

det 1

Bnax(z; A, €) = msup{|{s €l:p(s) > A}H: peS(a)},
ef 1 .

Buin (75 A, €) de mmf {|{s e€l:p(s)>A}H:p€ Sg(a:)},

For these function the following formula will be proved:

Theorem 2. Split Q in the following five subdomains (see Fig. 4):
D ={reQz>N+e x> 2()\+6):U1—)\2—25)\},
Qo ={zx € Q:xa <2(A+¢e)x; —)\2—25/\},
W={reWA—c<z1<A+te¢, x 22)\301—)\24-28]381—/\\},
Qu={2€Q:ag <2\ —e)r; — A2 +2e)\},
D={xeQ:z <A—¢g, 29 22()\—5)1171—)\2—1—25)\}.
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Then
. 1, $691U92a
_9 242
1 (A+e)z + A"+ 5)" x € Qs
8e?
Bmax(xS )\75) = Lﬁ7 €T € 94,
$2+)\2—2)\$1
2 A —a?
Sl 1B epd 2 122 p e s,
\2 g2 € e?
(2.8)
and
0’ $€Q5UQ47
— 9\ — A2 —2e)
zo —2(A —g)x1 + S r € Qg,
8e2
Bmin ;)‘7 = —
(3 A.€) P Rk S z €y,
To + A2 —2\x;
— 2 A— —?
1- S (1412200 ) exp D1-2500 e,
\ 5 -2 c g2
(2.9)

3. HOw DO WE PROCEED?

The consideration of the theorems above can be split to four parts.

e [. In the first part one observes that just by definition Bellman func-
tions B satisfy a certain concavity condition in their domain of def-
inition and boundary conditions on (part of) the boundary of this
domain.

e II. In the second part one considers all function satisfying these con-
cavity and boundary conditions. We denote this class by V. And
one makes the following supposition: as b belongs to V and is the
“best” such function, it has to satisfy not only the concavity con-
dition but also this concavity should become degenerate, i.e., the
inequality has to turns into equality along some vector field on our
domain 2. This brings to the picture the Monge-Ampere equation.
One solves it using the boundary conditions mentioned above. The
result is a function B € V. Function B carries an interesting geo-
metric information to be used later.

These two steps are in fact not necessary for the proof of the results,
they are needed only to finding a function B, a candidate for a role of the
Bellman function B. For example, in the series of excellent papers [6, 7, 8]
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very complicated Bellman functions appear as deus exr machina. As we
shall see the analysis of Monge—Ampere equation not only supplies us with
a candidate, but it helps in the next two steps as well, namely, in the prove
that the found candidate really is the desired Bellman function.

e III. The third part consists of proving that B > B. In convex do-
mains of definition this is usually not difficult. Otherwise it may
require a non-trivial proof, see [14] and Section 6 below.

e IV. The fourth part consists of proving B < B. This is achieved by
presenting the extremal functions or extremal sequences of functions.
In its turn, such functions are found from the geometric structure of
B (mentioned above in II).

4. HEURISTIC FOR, THE MONGE-AMPRE EQUATION.
BOUNDARY CONDITION

If in (2.3) we would take the supremum over functions lying only in dyadic
BMO?, then we would get quite easily that the corresponding dyadic Bell-
man function B¢ would satisfy the following inequality

Notice first, the local concavity of the function B:

Bl(z") +BY27)), ar>0, ar+a_ =1, (41)

for any pair 2% € ). such that the middle point z = (2~ +2*) is in Q..
In fact, the definition of B¢ does not depend on the dyadic interval I. This
is just the scale invariance of the problem. Therefore, let us choose an almost
best (up to an error 1) function ¢+ € BMO%(I,) for data 2+ € Q, (and for
fixed A, ¢), and let us do the same for 2, we call a corresponding almost
best (again up to an error i) function ¢~ € BMO?(I_). Consider function
¢ equal to T on I. correspondingly. We can check that ¢ € BMOd(I ). In

fact one should only check that (©?), — <g0>? < 2. This easily follows from
1
2
be the extremal function for the data z € Q. The supremum given by B%(x)
is not less than ﬁ|{t € I:p(t) > A}. But

the requirement that x = 5(x~ + 27) is in Q.. The function ¢ competes to

) 1/ 1 1
ltter: o020 = (el o020+ el o 2A})
_ ;(u1+|{tef+: et (2 + Il_,l{t61= SCE)E

which is at least 1(B%(z4) 4+ B%(z)) —n. We get (4.1) by choosing 7 as
small as we wish.

The same consideration for B instead of B? hits the following difficulty:
we cannot readily say that ¢ built of two functions ¢* is in BMO(I) and has
norm at most €. To do that we would need to check the too many intervals,
namely, all intervals containing the center of interval I inside them.
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Our function B does not satisfy (4.1) for all three points z* and = =
$(zT +27) lying in Q.. However (4.1) is true for B if the entire straight line
segment [z, 27| is in Q.. This means that our function is locally concave,
i.e., it is concave in every convex subset of ().. Even though there is no
formal justification of this property, we will see that this is exactly what
happens. For the smooth enough functions, the concavity condition can be
rewritten in the differential form:

dQB def Bx1x1 Bm1x2
—_— = <0, Ve e Q, 4.2
d$2 <Bz2m1 T2X2 - v ( )
’B
where by B,.... we denote the partial derivatives .
v 81‘18:6]
Proposition (Boundary condition).
1 9 > A
B(ay,af)={. 47=N (43)
0 ifxy <.

This is obvious, because at every point of the boundary, where zo = 22, we
can have inly one test function, and this test function is a constant function
o(t) = 1.

If we look for a sharp estimate we need to choose the minimal possible
function from the class of concave functions satisfying this boundary condi-
tion, which must be the Bellman function B. This function, “a candidate
in the true Bellman function” will be denoted by the usual letter B. For
every point x €  there exists an extremal function ¢ (or “almost extremal”
function ¢y, i.e., a sequence of functions) realizing the supremum in the def-
inition (2.3). The usual procedure of using the Bellman function consists in
the consecutive application of (6.1), when splitting the interval I, where a
test function is defined. For the extremal test function there has to be no
loss in such procedure, therefore, for the Bellman function the equality has
to occur at least for one splitting the point  into a pair {z*, x~}. For a
concave function this means that it is linear at some direction. If we have
almost extremal functions, i.e., an extremal sequence, then we must have
“almost equality” in (6.1), at least up to the terms of second order. In any
case this means that the Hessian matrix (4.2) has to be degenerated. Thus,
we are looking for the “best” B, on the top of this condition of negativity
of Hessian we will impose the following degeneration condition:

9 d*B
Vo € Q 30(z) € R?\ {0} (7@)@(:5), @(x)) ~0. (4.4)
dx?
Since the matrix 657? is negatively defined, we conclude from (4.4) the

following degeneration condition on the Hessian:
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B B
det e 12 =0, Vee. 4.5
¢ <B:c2x1 szm) N ( )

5. FOLIATION

Our heuristic tells us that to find B we need to guess the right foliations
of . Actually this is rather difficult. Originaly it was made “by hand”
using some heuristic arguments. But now it is clear how to build such a
foliation for almost arbitrary boundary condition. Explanation how to do
this and a general approach to this geometric problem can be found in [2],
[3]. In these papers quite general ruling surfaces with given boundary curve
are built.

6. PROOFS OF THE THEOREMS

Let us show that it is sufficient to prove Theorem 2 only for By, then
we get the lower Bellman function automatically. Indeed, since Bpax i
a continuous function in A\ for any fixed x except one point on the lower
boundary (i.e. xa > z7), for any such z and any n > 0 we have:

{sel:p(s) = A+n} < [{s€l:o(s)> A <{sel:p(s)>A},
which yields
B(z;A+1n) <sup{[{s € I: p(s) > A\}|: p € Sc(z)} < B(z;\).

Therefore, the Bellman function for the strict inequality in the definition is
the same as the Bellman function for the non strict inequality, except one
point on the boundary x = (), A\?), where we know the Bellman function
from the beginning, because for the points of the lower boundary the set
S:(x) consists of only the constant test function p = z1 = A.

At the point z = (), A\?), where both Bellman function are equal to 1,
Bax () = Bmin(z) = 1. At all other points we have the following relation

Boin(z1,22; A) = 1 — Biax(—21, 22; — ).

Indeed,
Boin (21, 79: \) — ’}]'mf{\{s € J: o(s) > A}: g € S:(2))
=1 s {[{s € 1 o(e) < A}J: p € S:(a)}
—1— —sup{[{s € J: —p(s) > -A}|: p € Sulx))

/]
=1~ Bmax(_xla Z2; _)‘> .
Using this relation we obtain (2.9) from (2.8).
When proving Theorem 1 we denote by B the function from the right-

hand side of either (2.5), or (2.6), or (2.7), depending on the relation between
A and €, and B will be the function from the right-hand side of (2.8) in the
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proof of Theorem 2. In any case B will be a candidate for the role of the
Bellman function, and to prove the theorem we need in each case to check
two inequalities for the corresponding pair B and B: B(x) < B(z) and
B(z) > B(x) for every point x € (..

To prove the upper estimate, we need, first, the local concavity of the
function B:

Blayzt+a_z7)>ayB@")+a_-B(z7), a+>0, ar+a_=1, (6.1)

for any pair 2% € Q. such that the whole straight line segment [z, 2] is
in Q., and, second, the following splitting lemma that can be found in [17]
or [14]:

Lemma 3 (Splitting lemma). Fiz two positive numbers €,0, with € < 4.
For an arbitrary interval I and any function ¢ € BMO.(I), there exists a
splitting I = I, U I_ such that the whole straight line segment [x'-, x'+] is

inside Q5. Moreover, the parameters of splitting oy &f |I+|/|I| are separated
form 0 and 1 by constants depending on € and § only, i.e. uniformly with
respect to the choice of I and .

Here the following notation was used: for a function ¢ € BMO.(J) and

a subinterval I C J we define a Bellman point 2! % (@), (¢?),) in the
domain €.
Using this lemma we prove the following result.

Lemma 4. Let G be a locally concave bounded function on Qs, § > €, and
continuous at almost every point of the lower boundary of Q. Let E be a
measurable subset of R. If the function G satisfies the following boundary

condition
1, 1 € F;
G(z1,27) = A (6.2)
07 fol ¢ E7

then 1
m\{sr p(s) € E}| < G(z)

for all ¢ € S:(x).

We will use this lemma to prove the theorem putting G(z) = B(z; A, 6)
and then, using continuity of B(z;\,d) in d, we pass to the limit 6 — €. In
such a way we get the upper estimate

B(z; A, e) < B(z; A €).

Proof of Lemma 4. Procedure of the proof is standard, as in [17] or [14]:
we apply repeatedly main inequality (6.1) each time splitting the interval
according to Lemma 3.

Fix a function ¢ € S.(x). By the splitting lemma we can split every
subinterval I C J, in such a way that the segment [z/-,z/+] is inside .
Since G is locally concave, we have (we drop temporarily parameter ¢)

[11G(2") 2 [14|G(a") + [I-|G(a")
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for any such splitting. Repeating this procedure n times we get 2™ subinter-
vals of n-th generation (this set of intervals we denote by D,,). So, we can
write the following chain of inequalities:

[J1G(a”) = [J4|G(a”*) + |J-|G(a") = ) |[1G(a /JG(:E(")(S))CIS

1€D,

where 2" (s) = 2!, when s € I, I € D,,. By the Lebesgue differentiation
theorem we have z(™ (s) — ((s), ©*(s)) almost everywhere. (We have used
here the fact that we split the intervals so that all coefficients a4+ are uni-
formly separated from 0 and 1, and, therefore, max{|I|: I € D,} — 0 as
n — 00.) Since G is bounded, we can pass to the limit in this inequal-
ity by the Lebesgue dominated convergence theorem. Using the boundary
condition (6.2) we obtain:

|J|G(z /G (s))ds = ds = |{s: p(s) € E}|.
{s: p(s)EE}

Dividing the obtained inequality by |J|, we come to the desired inequality.
O

To complete proving the upper estimate B < B both in Theorems 1 and 2
we need to check local concavity of the functions B defined by (2.5), (2.6),
(2.7), and (2.8).

Let us check the most difficult case (2.7). In all other cases the consider-
ation is analogous.

07 .’IJGQl;
A
gsignml, T € Qo
2(z2 = Az )(A = [21]) .
OB 2 1 Wi
v gnxy, x € Q3
D1 = (.%'2—1—)\2 —2)\]331|)2
N Y/ e —\ — 23
¢ e-lml|=vel—aatay exp &—F 1- 220 b signay, z e,
B 22 € g2
0, T € Q5
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0, T €O,
_é, T € o,
gj _ (1‘2 +|§12|—_2AA|m1|)2’ e D, (6.3)
Z2
4;exp{x1|e_)\+ 1_%25—25{?%}’ x € Qy,
\ 4iQeXp{2—j}, x €.

We see that the function B is C''-smooth on the boundaries 25 N Qy4, where

1 A
B, =0, Bm:@exp{Q—g},

and on 24 N 3, where
A—2¢ 1

22 T g2
On the boundary of 2y the first derivatives have jumps of the needed signs
to keep concavity of B. First of all, we note that it is sufficient to consider
a jump along any direction transversal to the boundary, because along the
boundary our functions coincide and their derivatives coincide as well. (By
the way, to check C'-smoothness of B on the boundary of ), it was sufficient
to verify the continuity of any partial derivatives, another one would be
continuous automatically.) We check the value of jumps of B,,, because this
direction is transversal to the boundary for any €. According to (6.3), on 9
the derivative By, is strictly negative and on 2; and (23 it is nonnegative,
therefore B, monotonously decreases in x3, as we need. To prove local
concavity of B everywhere, it remains to check that the Hessian matrix

d27B _ (Ba:1x1 Bmxz)

B, =—

dx?

is non-positive. On €7 U Q9 U 25 the function is linear, and therefore there
is nothing to check. On 23 we have

B:chl Bxgzg

2(\% — 15)? 2002 — 29) (A — |1]) .
- sign o1
d2B (IE2—|—>\2 —2)\|ZE1|)3 (l'2+/\2 —2>\|l'1|)3 <0
dz® 2 _ _ _ 2 -
20020 -lml 2l

(T2 + A2 — 2)\|11])3

2B plHr—2 —4e%r? 2er .
— <0,
dz?  8e3./e2 — g9 + 3 2er -1/~

(T2 + A2 — 2)\|11])3

and on (4
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where r = (21| + /22 — 2y + 27).

In a similar way it is possible to check local concavity of the functions B
defined by (2.5), (2.6), and (2.8). Thus we completed the proof of the upper
estimate B < B both in Theorems 1 and 2.

To prove the converse inequality we construct extremal test functions
(extremizers) realizing supremum in the definition of the Bellman function.
Again, we restrict ourself by the consideration of the most difficult case (2.7)
only. Moreover, it is sufficient to consider only the points with z; > 0,
because if ¢ is an extremizer for a point (z1,x2), then the function —y is
an extremizer for the point (—z1,x2).

Any point of £2; can be represented as a convex combination of the points
of the boundary, where |z1| > A, i.e. B(xz) > 1. Therefore, the corresponding
extremizer can be constructed as a step function consisting of two constants.
Namely, for an arbitrary = € €3 we draw the tangent line to the upper
boundary so that the tangent point is to the right from z. First coordinates
of two points of intersection of that tangent line with the lower boundary
are ut =11 e+ /2 — 19+ x%, and the corresponding extremizer is

uT, H0<t< YT
(,O(t) - + . U+*11

By direct calculation we check that (<<,0>[0 1 <902>[0 1}) =z and ¢ > \. First
of all we note that

Therefore,
—ut—x n ut — a2
<(p>[0’1} - 2¢ tu (1 2 )
+_ -
IO et B
2¢e
_sut —x ut —
(%) gy = WP+ ) (1 - =)
+_ T
= (u*)? - (W —2)(u 2€u Y +u7) =z (ut +u) —utu

2
:2x1<x1+\/m> - (ﬂfl—i-\/m) +e2 = a,.

To prove that ¢ > A we need to check that u— > A. If z1 > XA + ¢, then
everything is trivial:

U_ >x1—€> A\



16 VASILY VASYUNIN AND ALEXANDER VOLBERG

If 71 < A + ¢, then the second coordinate of a point z from Q] satisfies the
following additional condition 2o < 2(\ + &)z1 — A2 — 2e\. Therefore,

2~z t+at >+ 2t 200+ e)r + N2+ 2eA = (N +e—11)?,

and hence,
u_>w1—e+ [A+e—x| = A

What we need more to check is the fact that the BMO-norm of our ex-
tremizer does not exceed €. In fact it is equal to e, since the BMO-norm
of any step function consisting of two steps is equal to the half of the jump
and in our case ut — u~ = 2¢. So, we have proved that B > 1 in .

Now, we consider a point x from Q; A similar step function consisting
of two steps will be an extremizer here. We have to draw a straight line
through the points  and (A, A\?). It intersects the lower boundary in one
more point with the first coordinate v = )‘2\51_7;?2 We take a step function
consisting of steps A and wu:

() = A, if0<t<a,
= u, ifa<t<l,

QSQ*CC%

where a = m

. By direct calculation we can check that
<90>[0,1} =Xa+u(l —a) =1,
<902>[071} = Na+u?(1 —a) = .

The fact that ¢ € BMO, is geometrically clear, because a Bellman point
corresponding to ¢ and any subinterval of [0, 1] is in Q3. However this is
easy to check formally as well. The jump is

IEQ*I‘%

A—w=)\— .
U x1+)\—x1

Since w3 < 2(\ — )1 — A2 + 2)e for x € O, we have
To — m% <(AN=—x1)(2e = A+ 11),

and hence A — u < 2e. So, we conclude that

2
B>a=——-"—+—".
=4 332—1—)\2—2)\.%'1

To consider a point z € Q; we note that this point is a convex combination
of three point A and A* on the lower boundary with the first coordinates
A and A £ 2¢ respectively. As a result we construct an extremizer as a step
function consisting of these three steps:

A—2e, if0<t<a,
o(t) = A, ifa<t<b,
A42e, ifb<t<l.
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For ¢ to be a test function corresponding the point = (i.e. for (p)
and (p?)

01 — 1

01 = x2) we need to take

2R A2 — 2 1y — 2¢e(z1 — N)
“= 82

and

Ty + A% — 2X\xq + 2e(z1 — N)

82 '

The easiest way to prove that ¢ € BMO is the following geometric consider-
ation. Take any straight line, say L, passing through x and not intersecting
the upper parabola. Note that we need to consider the oscillation of ¢ only
over intervals [a, ] containing [a,b], because in other case ¢ would have
on [a, 5] only one jump of size 2¢, but as we know the BMO-norm of such
step function is just €. Our point z is a convex combination of three Bell-
man points 2% z[®Fl and zP1. But since the points z[0 = A~ and
2B = At are above the line L, the point z[®#! has to be below this line
and therefore in {2.. This means just what we need that the oscillation over
[a, B] does not exceed ¢.

It remains to note that the measure of the set where p > A is 1 — a, i.e.
in Q9 we have

b=1

T2 + A2 — 2D\x1 — 25(131 — )\)
82 ’

To get an extremizer for a point x on the intersection of the upper
parabola with Qj we need to concatenate the logarithmic function with
the step function corresponding to the upper right corner of Qf, i.e. with
the step function consisting of two steps of equal size with the values A and
A — 2¢. For an arbitrary point = € QI we have cut the latter function from
below on the corresponding level. As a result we get the following

B>1—-a=1-

A, if0<t<a,

A — 2¢, ifa <t < 2a,
)\—25+510g27a, if 2a <t < b,
A—2e+elog?t, ifb<t<l.

p(t) =

As in the previous case, we could write down two equations () = x1 and

[0.1]
<g02>[0 5 =22 and solving them to find the appropriate value of the parame-
ters a and b. However it is easier to find a and b using other arguments and
after that simply to check that the averages have the desired values. For this
aim we consider splitting of the interval [0, 1] at the point b. In result we get
two Bellman points V = 2% and U = z[1]. The point U = (u,u?) is on the
lower boundary, it corresponds to the constant function u = A—2e+¢clog %‘L.
The point V' has to be on the on the upper boundary and the segment [U, V]
has to be a segment of the extremal line passing through z, i.e. a segment of
the tangent line to the upper parabola. (We mean here the extremal lines of
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the solution of the corresponding Monge-Ampere equation, which is lurking
behind all our considerations.) But it is easy to calculate the coordinates
of the points of intersection the tangent line to the upper parabola passing

through the point z:
u=u1x1 —e+/e2 — 2 +a?,
1 20 1+
0 =
5~ it

Furthermore, the length of the horlzontal prOJectlon of [U,V] is just e, i.e.
the splitting ratio is

b:xl—u_ / 2—:(}1
and finally
a= ¢ 1-— 17332_%% exp xl_)\+ 17M .
2 g2 5 g2

We omit verification that for this parameters a and b averages of ¢ and (2
have the prescribed values. To finish our proof of the desired estimate

B(z) > a

for any x € €4, it remains to verify that the norm of our test function ¢
does not exceed £. Again this verification will be geometric. Consider the
following curve in €2, built by using ¢ mentioned above:

Pty =2 teo,1].

For t € [0,a] the point (t) stands at A = (A, A\?). At the moment t = a it
starts to move to the left along the tangent line to the upper boundary. At
the moment ¢ = 2a it reaches the upper parabola and continue its movement
along this upper boundary till the point V. It reaches V' at the moment ¢t = b
and then continues along [U,V]. The destination point is (1) = x. Note
that this curve is convex. Take now an arbitrary subinterval [a, ] C [0, 1]
and draw a straight line L passing through () and tangent to our curve 1
(i.e. tangent to the upper parabola). Since v is concave, the point ¥(a) =
z1%] is above L (more precisely, not below L). And we conclude that the
point /P! has to be below L (more precisely, not above L), because the
point ¥ () (on L) is a convex combination of the point ¥ (a) (above L) and
z[®Pl Therefore, the latter point is in Q, i.e. the oscillation of o over this
interval does not exceed .

Finally, we have to consider the most difficult case x € Q5. We shall
proceed as in the triangle domain 5. Arbitrary point of Q5 is a convex
combination of three points: the origin and E* = (+¢,2¢?). Since B+ € QF,
we already know the extremizers for these points, but for the origin there is
the only test function, namely, the constant zero function. We concatenate

whence
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these three function in the proper order (to get a monotonous function in
result). This will be the desired extremizer:

=, ifo<t<a_,
-+ 2¢, ifa_ <t<2a_,
5logﬁ—)\+2&‘, if 2a_ <t <b_,
p(t) = 0, ifb_ <t<1-—by,
elog 20t 4 N —2e, if1—by <t<1-2a,,
A — 2¢, ifl—2a4 <t<1l—ay,
A, ifl—ay <t<l

The continuity of ¢ at the points ¢t = b_ and t =1 — by yields
Qibi:;;r:exp(i\—@.
From the representation
r=b_E" +b.ET +(1—b_—b,)0
we get two equations for b4:
x1 = —eb_ +¢eby,

Ty = 2e%b_ + 2e%b,,

whence
b — i) + 251‘1
=T
and therefore,
1 A To + 2exq A
at+ — 5bieXp (2— g) = Texp (2 — g) .
Again we omit verification that (4,0)[071} = x1 and <g02>[071] = x9, we only say

few words how to check that the norm of ¢ does not exceed . We shall
proceed as in the triangle domain Q; . Take any straight line L passing
through x and not intersecting the upper parabola. Note that we need to
consider the oscillation of ¢ only over intervals [a, 8] containing [b_, 1 — b ],
because in other case ¢ on [«, ] is a part of test function considered for the
domain 4. Our point x is a convex combination of three Bellman points
zl0el gl and 2P, Tt is clear that the points z[%? and /%1 are above
the line L (they are somewhere on the left and right curves considered for
the points from Q4). Therefore, the point 218 has to be below the line
L, i.e. in Q.. This means just what we need that the oscillation over [a, f]
does not exceed ¢.

It remains to note that the measure of the set where ¢ > A is a4 and the
measure of the set where ¢ < —Ais a_, i.e. in {25 we have

Bza_—i—a_,r:%exp@—g).
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This completes the proof of formula (2.7). Extremizers for all other cases
of Theorem 1 and Theorem 2 are absolutely similar to those just built. [

7. HOwW TO FIND THE EXPRESSION FOR THE BELLMAN FUNCTION
AND FORMULAS FOR EXTREMIZERS

The theorems presented in this paper were proved in 2006, when the
problem of finding a Bellman function was a kind of art. Using some heuristic
arguments the whole domain was splitting in several subdomains, thereafter
the corresponding boundary value problem for the homogeneous Monge—
Ampere equation was solved. The solutions were glued together continuously
to get a locally convex function in the entire domain. After that, using
known foliation of the domain by the extremal lines of the solution of the
Monge—Ampre equation, the extremizers were constructed for every point of
the domain. We refer the reader to two papers [2] and [15] for explanation
of methods of solving Monge-Ampere equation in the parabolic strip, and
to [19] for more general cases.

The same can be said about finding extremal test functions and especially
about the proof that the found function has the desired BMO-norm. The
geometric method of proving that the BMO-norm of the extremizers does not
exceed ¢ first appeared in [15] for some special cases and then was generalized
in [2], where the notion of delivery curves appeared. Traces of this notion
the reader can see in the presented proof. We have to say that this part of
the proof is modernized, not the original one. The calculation of the BMO-
norms of extremizers in 2006 was made by the straightforward calculation.
These were awful calculations, enormous amount of calculations. There were
impossible to place them in any paper. That was one of the reasons why
this result is prepared for publication six years after it was proved.
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