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Abstract

The asymptotic behavior (as € — 0) of eigenvalues and eigenfunctions of a boundary-
value problem for the Laplace operator in a thick cascade junction with concentrated
masses is studied. This cascade junction consists of the junction’s body and a great
number 5N = O(e~!) of e-alternating thin rods belonging to two classes. One class
consists of rods of finite length and the second one consists of rods of small length of
order O(g). The mass density is of order O(e~%) on the rods from the second class and
O(1) outside of them. There exist five qualitatively different cases in the asymptotic
behavior of eigen-magnitudes as € — 0, namely the case of “light” concentrated masses
(a € (0,1)), “intermediate” concentrated masses (a = 1) and “heavy” concentrated
masses (o € (1,400)) that we divide into “slightly heavy” concentrated masses (o €
(1,2)), “moderate heavy” concentrated masses (o = 2), and “super heavy” concentrated
masses (a > 2).

In the paper we study the influence of the concentrated masses on the asymptotic
behavior of the eigen-magnitudes in the cases @ = 2 and a > 2. The leading terms of
asymptotic expansions both for the eigenvalues and eigenfunctions are constructed and
the corresponding asymptotic estimates are proved. In addition, a new kind of high-
frequency vibrations is found.
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1 Introduction

In present paper we continue our investigation of a spectral problem with concentrated masses
in a new kind of thick junctions, namely thick cascade junctions, which we have begun in [1, 2, 3,
4, 5]. Thick cascade junctions are prototypes of widely used nanotechnological, microtechnical,
modern engineering constructions (microstrip radiator, ferrite-filled rod radiator), as well as
many physical and biological systems (see examples in the papers mentioned above).

Vibrating systems with a concentration of masses on a small set of diameter O(g) have
been studied for a long time. It was experimentally established that such concentration leads
to the big reduction of the main frequencies and to the large localization of vibrations near
concentrated masses. The new impulse in this research was given by E. Sanchez-Palencia in
the paper [6], in which the effect of local vibrations was mathematically described. After this
paper, many articles appeared. The reader can find widely presented bibliography on spectral
problems with concentrated masses and problems in thick junctions in [1, 2, 3, 4, 5].

In the papers [1, 2] we have studied the cases o € (0,1) and a = 1. The cases of “heavy”
concentrated masses a € (1, +00) we have begun to study in [3, 4, 5], where the case of “slightly
heavy” (a € (1,2)) was considered and a new spatial skin-effect for eigenvibrations was found
out. As far as we know, for the first time the skin-effect for systems with many concentrated
masses near the boundary was discovered in [10].

In the present paper we continue to study the spatial skin-effect in the case of “moderate
havy” (o = 2) and “super heavy” (a > 2) concentrated masses.

It is known that for spectral problems with concentrated masses there exist other converging
sequences of eigenvalues A\, () (n(e) — 400 as € — 0); the corresponding vibrations are
usually called high frequency vibrations (see for instance [6, 7, 8, 9, 10, 11, 12]). Convergence
of eigenvalues \,(¢) as € — 0 at each fixed index n are called the low-frequency convergence of
the spectrum.

Also in [2] we proved the low- and high-frequency convergences of the spectrum of problem
(1.1) as ¢ — 0, constructed and justified the leading terms of the asymptotics both for the
eigenfunctions and eigenvalues in both cases a € (0,1) and a = 1. In addition, as in the paper
[11], we found pseudovibrations in problem (1.1), having rapidly oscillating character, and in
which different rods of the junction vibrate individually, i.e., each rod has its own frequency.

Here we will show that there is a new kind of high-frequency vibrations in problem (1.1),
so called high-frequency cell-vibrations, which appear at each case of the concentrated masses
mentioned above.

The paper is organized as follows. After the statement of the problem we describe and
compare the main results. In Section 2 we construct the leading terms of the asymptotics
both for eigenfunctions and eigenvalues in the case o € (m,m + 1), m € N, m > 2. And then
in Section 3 we justify the constructed asymptotics and prove the corresponding asymptotic
estimates. Similar investigation is done in Section 4 for the case « = m € N, m > 2. In
Section 5 we study high-frequency cell-vibrations of problem (1.1).

1.1 Statement of the problem

Let a, by, ba, hy, ho be positive numbers such that

1 h h h h
O<b1<b2<§, 0<b1—?1, b1+?l<b2_717 b2+31<

>

2

N | —
0|



These inequalities mean that the intervals

hy hy hy hy 1—hy 1+ hs
<b1—?,b1+7)7 <b2_?7b2+7)7 ( 5 ' 9 )7

h h h h
(1—b2—?1,1—b2+—1>, (1—b1——1,1—b1+—1>

2 2 2

are disjoint and they are subintervals of (0, 1).

Let €y be a bounded domain in R? with the Lipschitz boundary 9Qy and €y C {x :=
(z1,79) € R?: x3 > 0}. Let 08 contains the segment Iy = {z : z; € [0,a], x5 =0}. We also
assume that there exists a positive number dy such that Qo N{z: 0 <z <} ={z: x; €
(0,&), To € (0,50)}

Let us divide the segment [0, a] into N equal segments [ej,e(j+1)], 7 =0,..., N — 1. Here
N is a big positive integer, hence the value € = a/N is a small discrete parameter.

A model thick cascade junction Q. (see Fig. 1) consists of the junction’s body 2 and a
large number of thin rods

h
G (dy, ) = {xER2: 2y — e (j 4 di)| < % xge(—gzl,()]}, k=1,...,4,

1 h
626 = fre® s fn—clirpl< B me (b0}, j=01 N -1,

where dy = by, dy = by, ds =1 — by, dy =1 — by, thatis Q. =QUGY UG?, where
N—-1 4 N—-1
¢ = J (U ), ¢ = 6P
j=0 k=1 Jj=0

Thus the number of the thin rods is equal to 5/V; the thin rods are divided into two classes Ggl)
and G subject to their length and thickness. The length and thickness of the rods from the
first class are equal to €ly and eh; respectively, and these magnitudes are equal to I, and ehsy for
the rods from the second class. In addition, the thin rods from each classes are e-periodically
alternated along the segment I.

In Q. we consider the following spectral problem

Ay u(e,z) = Ae) pe(x)u(e, x), x € Qg
u(e,x) = 0, x el
—O,u(e,x) = 0, x €00\ I'y; (1.1)
[u]‘mzo = [8x2u]‘x2:0 =0, 1 € Q..

Here 0, = 0/0v is the outward normal derivative; the brackets denote the jump of the enclosed
quantities; I'; is a curve on 0, located in {x : z3 > dp}; the density

1, 2eQuUGY.
ps(:C) :{ 0

e € Ggl);

the parameter o € R (if @ > 0, then concentrated masses are presented on the thin rods from
the first class GV); Q. = QM UQY, QY = GY n {x:2y=0}, i=1,2.

4
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Figure 1: The thick cascade junction f)..

Obviously, that for each fixed value of € there is a sequence of eigenvalues
0<Me)<X(e)<...<A\(e) <= +o0 as n— 0, (1.2)

of problem (1.1). The corresponding eigenfunctions {u,(¢, -) }nen, which belong to H., can be
orthonormalized as follows

(U, uk)LQ(Qoung)) + e (uy, 'U/]C)LQ(GS:U) =0nk, {n, k} €N. (1.3)

Here and below 4, is the Kronecker delta, #H. is the Sobolev space {u € Hl(QE) culp, =0
in sense of the trace} with the scalar product

(u,v)3. == | Vu-Vovdr Yu,veH..
Qe

Our aim is to study the asymptotic behavior of the eigenvalues {\, (&) }nen and the eigen-
functions {u, (e, )}nen as € — 0, i.e., when the number of the attached thin rods from each
class infinitely increases and their thickness decreases to zero.

It should be noted that the limit process is accompanied by the influence of the concentrated
masses on the rods from the first class. In fact, we have two kinds of perturbations for problem
(1.1): the domain perturbation and the density perturbation. We are going to study the
influence of both these factors on the asymptotic behavior of the eigenvalues and eigenfunctions
as well.

1.2 The outline of results

We establish five qualitatively different cases in the asymptotic behavior of eigenvalues and
eigenfunctions of problem (1.1) as ¢ — 0, namely the case of “light” concentrated masses
(a € (0,1)), “intermediate” concentrated masses (o = 1), and “heavy” concentrated masses



(v € (1, +00)) that we divide into “slightly heavy” concentrated masses (a € (1,2)), “moderate
heavy” concentrated masses (o = 2), and “super heavy” concentrated masses (a > 2).

In the cases of “light” and “intermediate” concentrated masses (see [1, 2]) the perturbation
of domain plays the leading role in the asymptotic behavior.

If & € (0,1), then the spectrum of the homogenized problem coincides with the spectrum
of the problem in domain without concentrated masses (see for instance the papers [8, 13, 14,
15, 16, 17], where it was discovered a remarkable peculiarity in the geometric structure of the
spectrum (the presence of lacunas)). The concentrated masses influence only to the second
term of the asymptotic expansion, in particular the asymptotic expansion for an eigenvalue
An(€) of problem (1.1) is as follows

)\(8) ~ )\0 + 51_(1)\170[ + 5)\1 + 52_0[)\27@ + ... (14)

Here we omit the index n.

The concentrated masses are revealed in the corresponding homogenized spectral problem in
the case @ = 1. This influence appears through the following additional term 4h;l; Ao vy (21, 0)
with the spectral parameter A in the jump of the derivatives in the joint, i.e.

Oy (21,0) — hoOy,vg (11,0) = —4hili Ao vy (21,0), z1 € (0, a). (1.5)

This term shows also the influence of the geometrical structure of thin rectangles from the first
class on the asymptotics. In this case the asymptotic expansion for an eigenvalue has the form

Ae) = Ao +er+... (1.6)

It turned out that we cannot directly substitute a = 1 in (1.4) to obtain (1.6).
If « > 1, then the concentrated masses begin to play the leading role in the asymptotic
behavior of the eigenvalues and the eigenfunctions. The principal differences between this and

previous cases are the following: all eigenvalues {\,(¢)} converge to zero with the rate e*~*,

ie., forany n € N
An(e) ~ e A as e 0.

This fact was proved in the following lemma.

Lemma 1.1 (see [5]). If a > 1, then for any fized n € N there exist constants Cy, Cy and g
such that for all value of € from the interval (0,eq) the following estimates hold

0< M(e) € Coe®™t, |l < Cre"z .
In addition, there is a positive constant ¢y (depending neither on € nor on n) such that
0<coe ' < \(e) (1.7)
for alln € N and ¢ € (0,¢).

In [3, 4, 5] the problem (1.1) was completely studied for & € (1, 2). There we have proved
that the eigenvibrations {u,(g,)}neny have a new type of the skin effect which we call spatial
skin-effect. It means that vibrations of the thin rods from the second class repeat the shape of
vibrations of the joint zone in the first term of the asymptotics. This first term is equal to

_ va_<x)’ T < QO’
vole) = { vy (71) = vi (11,0), € Dy=(0,a) x (—Ils,0), 9

6



and it and the corresponding number )y are solutions of the following Steklov problem:

A, vi(z) = 0, x € Qp
o, vg(z) = 0, x € Iy,
vy (z) = 0, x eIy, (1.9)
33521)8'(%, O) = —4h1l1/\0 UJ(CL’h O), T € (07 CL).
The number )q is the first term in the asymptotic expansion
Ae) 0! <>\0 b+ ) (1.10)

for eigenvalues of problem (1.1). The second term in (1.10) depends on the geometrical char-

acteristics both of the thin rods from the first class Ggl) and the thin rods from the second
class G¥ and the domain Qp. It is equal to

Ao +12
= — . 1.11
Aa—1 il <h2lz+/(%) dx) (1.11)

Qo

The corresponding second term v__; in the asymptotics for eigenfunctions in Dy depends also
on the geometrical parameters ho and l; and in addition on the variable x5, which does not
take place for the first term v, (see (1.8)).

fa€e (m,m+1), meN, m>2 then we will show that the asymptotic expansion for
an eigenvalue of problem (1.1) is as follows:

Ae) et ()\0 + T N A EM AT N ) , (1.12)

where ) is an eigenvalue of problem (1.9) and the second term

1
Aaem = ——— / vy (21, 0) Opyvg (21,0) da. (1.13)
4hqly

The second term in (1.12) depends only on the geometrical characteristics of the thin rods
from the first class G where the concentrated masses are presented. This means the growing
influence of concentrated masses on the asymptotics of the eigenvalues of problem (1.1).

As concerns the corresponding eigenfunctions, we observe the enhancement of the spatial
skin-effect. This means that both the first and second terms of the asymptotics are independent
of x9 in Dy, namely the first term is the same as vy for a € (1,2) (see (1.8)) and the second
one has the similar form

Vam(z) = {

U;r_m<x>, T € Qo, (114)

Moreover, the « is the nearest to m, the more terms are between e*~"\,_,, and €)\; in
(1.12). Therefore, hereinafter we have written down “...” between €* "\,_,, and €);. This
means that for integer a we cannot use (1.12) at a = m and it is necessary to reapply a formal
procedure for this case.

Thus, for a = m, m € N, m > 2, we propose the following asymptotic ansatz for an
eigenvalue: A, (e) (next we omit the index n)

Ae) =™t <)\0 +eAi(m) +2Xg(m) + ... >, (1.15)

7



where )\ is an eigenvalue of problem (1.9); and if m = 2, then

Ao
AL = 4h1l1 (h2l2 +/( )2 d:p) 4h1l1 — $(2,0) / 121 O :L‘l, )UO (21,0) dxy

) (1.16)
Hll Ip
and if m > 3, then
A= 4h l / w121 U xla )USF(ZH,O) dxq

(1.17)

—Ao/
II

Comparing formulas for the second terms in the asymptotics for eigenvalues of problem
(1.1) (see (1.11) for a € (1,2), (1.16) for a = 2, and (1.13) and (1.17) for @ > 2), we see the
reducing of the influence of geometry of the domain €2y and the thin rods from the second class
Gg), on the asymptotic behaviour of the eigenvalues.

This and the facts mentioned above justify the separation of the “heavy” concentrated
masses into “slightly heavy” (a € (1,2)), “moderate heavy” (a = 2), and “super heavy”
concentrated masses (o« > 2).

We recall that the cases o = 2 and a > 2 are of our interest in the present paper.

2 ) d / 0 (@1,0) 0 0,0) .

Iy Io

High-frequency cell-vibrations. As for vibrations of fastened membranes with con-
centrated masses on a small set of diameter O(g) (see for instance [18, 19, 20, 21, 22, 23]
and reference therein) there exist three qualitatively different cases for such spectral problems:
a<2,a=2,a>2 It was proved in these papers that there are two kinds of eigenvibrations:
the local vibrations, for which the corresponding eigenfunctions are of order O(1) only in a
region near the concentrated masses; and the global vibrations, for which the corresponding
eigenfunctions are located on the whole membrane. The local and global vibrations can exist
only for a > 2, and the local vibrations are low-frequency vibrations. Local vibrations are
not found in the case a < 2. The associated eigenvalues for the local vibrations have the
asymptotics

An(g) = €272, + o(e*72), (1.18)

where ), is an eigenvalue of the corresponding spectral local problem. The formula (1.18)
shows the structure of the low-frequency convergence of the spectrum.

In contrast to results of papers [18, 19, 20, 21], we show that there are free-vibrations in
problem (1.1), which correspond to local vibrations of the concentrated masses; they present
at each value of the parameter a € (0,400); and they are always high-frequency vibrations
(see Sec. 5). The associated eigenvalues for these vibrations have the asymptotics

Me) = e* A+ o(e*7?), (1.19)

where A is an eigenvalue of the corresponding spectral cell-problem (see (5.1)). We see from
this formula that these eigenvalues are of order O(1) at a = 2. This is another reason to
distinguish the case a = 2 among “heavy” masses.

8



1.3 Rescaling of problem (1.1)

Keeping in mind the bounds from Lemma 1.1 for “heavy” concentrated masses we rescale the
eigenvalues and eigenfunctions as follows:

Ae) = e TA(e), u(e,x) = 50‘77121(5,;5). (1.20)

Under this rescaling the problem (1.1) becomes

([ —A, v(e,z) = £27A(e) v(e, 2), z€QUGY;
A, v(e,z) = e tA(e) v(g, 1), z e GY;
¢ —Ow(ex) = 0, z € 00\ Ty; (1.21)
v(e,z) = 0, x € l'y;
\ [U]\xgzo - [8x2v]|x2:0 =0, 1 € Qe

Let us define an operator A, : H. — H. that corresponds to problem (1.21) by the following
equality:
(Acu,v)y = (u,v),, YV u,veH,, (1.22)

where V. is the weighted space L*(€).) with the scalar product

(u,v)y, =" / uvdx—l—al/uvd:c.

Qouc?® el

It is easy to see that the operator A, is self-adjoint, positive, and compact. In addition, problem
(1.21) is equivalent to the spectral problem A.u = A"'(¢)u in H..
Therefore, for each fixed value of € there is a sequence of eigenvalues of problem (1.21)

0<Ai(e) <My(e) <...<Ap(e) <--- = 400 as n — oo. (1.23)
The corresponding eigenfunctions {vy, (¢, ) }nen can be orthonormalized in the following way:

(Vn, V& )y, = Onpy AN, K} €N (1.24)

2 Formal asymptotics for « € (m,m+1), m € N, m > 2

2.1 Construction of asymptotics

Combining the algorithm of constructing asymptotics in thin domains with the methods of
homogenization theory, we seek the main terms of the asymptotics for the eigenvalue A, (¢)
and the eigenfunction v, (e, ) in the form (index n is omitted):

Ale) = M+ Agm + - .. (2.1)
v(e,z) = vy () +e* vl (r)+ ... in domain Q; (2.2)
x x
v(e, ) = vy (21, T2, ?1 —j)+e* M, (21, xe, ?1 —j)+... (2.3)



in the thin rectangles G;Q), €) (7=0,...,N—1; and in the junction zone of the body and thin
rectangles of both classes (which we call internal expansion) the series of the following type:

v(e,x)%var(xl,O)+5a_mv;'_m(x1,0)+---+5<Z£)( vy (21,0 +ZZ( L)y, vy x1,0)>—|—
—HQW(A&M@wmmm+dﬂw<mwuam+

2
+ X @i 21,00+ S XD (200 (s o)> R

i=1
+ ¢? ZZ vg (21,0) + ...
1B1<2
(2.4)
o IE]
We used the following standard notation: 0,, = , D = —— where § = (B4, ),
Ox; A Hx

1Bl = B1+ Ba, Bi € Zy == NU{0}.
Denote I'y := 08 \ (I'1 U Iy). Substituting (2.1) and (2.2) in problem (1.21) and collecting
terms with equal order of ¢, we get:

—A,vi(2) =0, z€Q,
o (%) " (2.5)
0 Yo (x)|$€F2 =0, Vo \T ( )’fBEFl = 0.
Collecting terms of order e*~™, we have
—A, v, (x) =0, x€Qy,
(=) N ’ (2.6)
0 Ua m( )|IEF2 = 07 Ua,m(l')bgerl =0.

To complete these problems we have to find conditions on Iy; this is done in Subsection 2.2.

2.1.1 Formal asymptotics in each thin rectangle G§-2) ()

Using Taylor series for the functions {v7 } in (2.3) in a neighborhood of the point z; = &(j + 3),
we get

v(e, x) & Wéj)(%a m) + 5a_mWo(lj) (zo,m) + -+ 5W1(j)($27771)+

+ e W (@am) + o+ W () L, (27)
where
WV(J)(xQ,m) =] ( (7 + ) To, M —j) for v € {0, —m}, (2.8)
ovZ.

W (2a,m) =05 (e + 3).@2,m — j) + (m—j — 2) f (e(G+3)22.m—j)  (29)

for v € {1, —m+ 1} and

ngj)(mﬂ?l) = Uw_(“f(j +3),mam =)+ (m—3j—3) = (£ +3) w2, = )

2 (e(j+ 1), wm —5) (2.10)




for v € {2, — m + 2}; here 7, = 2.
Substituting (2.1) and (2.7) in the problem (1.21) instead of A, (¢) and v, (e, -) respectively,
collecting terms with equal powers of €, we obtain the following boundary-value problems:

{ 8731771W’$])($27771) = 0, m€e (1 ho 1-&-2h2)’

() 1+h (2.11)
6771W’Y] (xQ’TQ) = 0,

0
. 8771 ’
From (2.11) we deduce that the solutions WV(J), v €40, —m, 1, —m+ 1}, are independent
of n;.

Then, for v € {2,3,a —m +2,a — m + 3} we get the following problems:

for v € {0, —m, 1, — m + 1}. Here the variable z, is regarded as a parameter, 0,, =

{ 821771 (3’]277’]1) = a§2$2W,5‘1)2(x2>, Ui € (1 i 1+2h2)7 (2 12)
O Wy (w2, 152) = 0.
The solvability condition for (2.12) gives us the relations
aiza?g ]2(1'2) 07 T2 € (_l270)a e {273aa_m+27a/_m+3}‘
If v =2 and a — m + 2 it is the same that
03%2@ 7_ 2( (] + %),ZL’Q) = O, To € (—ZQ,O), (213)
because of (2.8). Bearing in mind the boundary conditions of the original problem at x5 = —I5,
we should add the following condition 8,,v5_5(e(j+3), —l2) = 0 to (2.13). These two relations
mean that v, and v,_,, are independent of x,.
Similarly, but now with regard to (2.9) we get
v (G +3)m—J)+(m—7—3) Fr 0 (c(j+ 1)) = By (c(j + 1) (2.14)

if v =3, and

Pt (4 ]) = Bama(G+D) 1)

Va1 (50 4 5)om = 5) + (m =5 = 3)

if v = a — m + 3; here the values ®; and ®,_,,11 will be defined in subsection 2.2.
Since the points {z1 = e(j +3) : j = 0,...,N — 1} form the e-net in the interval (0, a),
then we extend relations (2.14) and (2.15) to the whole of (0,a).

2.1.2 Junction-layer solutions

x
Let us pass to the “fast” variables n = — in (1.21). Under this transformation as ¢ — 0 the
3

domain 2 transforms to {n: n; > 0, i = 1,2}, the thin rectangle G(()z) (¢) to the semistrip

(1 hy 1 hy
11 —<§—?,§+?)X(—O0,0]
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.y

17

Figure 2: The cell of periodicity.

and rectangle G(()l)(dly€7 £) to the fixed rectangle

h h
I, = (dk— L), + ;) x (—Iy,0].

Taking into account the periodic structure of ). in a neighborhood of I, we take the
following cell of periodicity
=1 ull" ull,,

in which we will consider boundary-value problems for coefficients Z, X from (2.4). Here
It = (0,1) x (0,4+00), IT;, := U;‘;Zl 11, (see Fig.2). To find problems for these coefficients we
should calculate

Op,v(e,7) ~ €° (axlvm, 0) |1+ 0, 2" | + 0, 200 (21, 0) + 0y, 20,05 (a1, 0>> +
+e (a a— m+17)5r(9517 )+a Xa m-i-IU;r m<x170)+
+ azlv;;m<xlv ) |:1 + amXél)erl] + a771)(01 m+1a U—tm(xl? 0)+ (2‘16)

10,22, (1)0umdt (a1, 0>) e (Z?)(n)amvm, 0)+
2

+ Z ( )02 4 vg (21,0) + Z DBy (4, )) + O(e* ™

i=1 181<2
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and

Av(e,z) ~ et <AnZ§0) (n)vg (z1,0) + ZA Z9 ()0, N (m1,0)>+

=1

+€o¢—m—1 (A Za m+1(n)fu8_(x1’0) —|—A ZO( m+1( )812Ug<$1a0)+

2
+ A X ol (@1,0) + > AXY () vE (1, 0)) n (2.17)
i=1

(8 0 (21,0) [ 1+ 20, 28" ()] + 20, 2" ()0, 05 (1, 0)+
+20, 27 ()02 v (21,0) + Y 8,28 () DPug (x1,0)>—|—...

181<2

Keeping in mind (2.16) and (2.17), substituting the series (2.4) and (2.1) in problem (1.21)

and collecting terms with equal powers of €, we get problems for Z{ ), i=0,1,2, X i L=

0,1,2, Z i =0,2, and ZQ(B), |B] < 2. Obviously, these solutions have to be 1-periodic in

a—m+1»
71. Therefore, we demand the following periodicity conditions:

8212(0,772) = 8,212<1,772)’ 772 > O7 S = O’ 1’

i k (2.18)
aan(OaT}Q) = aan(17n2)7 N2 > 07 § = 07 ]-a

on the vertical sides of semistrip IT*. In addition, it is easy to see that all these solutions must
satisfy the Neumann conditions

a772Z(77170) = O’ (7717 ) € aH a Z(nla —l ) O (771,—11) € aH?

2.19
0pX(m,0) =0, (1,0) €M, B, X(p,~1) =0, (m,—l)eom,

on the horizontal parts of the boundary of II.

Denote by OIIj the vertical part of Ol laying in {n: 7, < 0}.

Thus we get the following problems (to all those problems we must add the respective
conditions (2.18) and (2.19)):

0, npelltUll”
_A Z(O) — ) 3
0 2 X, n €1l (2.20)
02 () = 0, n € Ol
-2, 2 () = 0, nell,
(i . (2.21)
OnZi’(n) = —du, nedlly, i=1,2;
0, nelltUIll”
_A Z(O) — ) )
n a—m+1(77> { Aa—m, n €T, (2.22)
8771Zg)—)m+1(77) = 0, n € Oll;
0 nelltUll-
A, 250 { ! :
. M+ Xz (), nell, (2.23)
0,0
0,27 () = 0, n € Oll;

13



10 20,, 2" (), eI+ uUll-,
—A, Zé )(77) _ 21 (1) Ui

20, 20" () + 0 Z{ (), m € 1L, (2:24)
0280 = —2"(n), 7 € Ol
0 nelltull-
A, Z8V) = 4 |
nZa () MZP(m), nell, (2.25)
0,1
025" () =0, n € Ol|;
A, 252’2’(77) = 0, nell (2.26)
amZé ’ )(77) = 0, n e 8H||;
=y 2y ) = 20, 27(),  melL (2.27)
02y () = =2 (), n € otly;
& 200 = 1+ 20,200, nell (2.25)
02y (m) = —2:"(n), 1 € Ol

The problems for {X gi)m .1} are the same as problems for {ka)}, and problem for Z(Ei)m 1
is the same as problem for Z£2). Therefore, Xgi)mH = ka), k=0,1,2, and fo_)mH = Zfz).

The existence and the main asymptotic relations for solutions of those problems can be
obtained from general results about the asymptotic behavior of solutions to elliptic problems
in domains with different exits to infinity [24, 25, 26, 27]. However, if a domain, where we
consider a boundary-value problem, has some symmetry, then we can define more exactly the
asymptotic relations and detect other properties of junction-layer solutions (see Lemma 4.1
and Corollary 4.1 from [34]). Using this approach, one can prove the following lemma.

Lemma 2.1. There exist solutions Zl(i) € Hy,.,,(I1), i = 0,1,2, of the problems (2.20), (2.21),
7 e HY,, (), |8] < 2 of the problems (2.23), (2.24), (2.25), (2.26), (2.27), (2.28) and
Zéo)m+1 € H} . (I1) of the problem (2.22), which have the following differentiable asymptotics

_ loc,n2
O(exp(—2mn2)), 7 F00,
Z0m) = ania 2
i C1” + Ofexp(rhy'ma)), 12 — —o00,
1 O(exp(—2m12)), 2 > 00,
ZV () = 1 ! 20
<_ m + §> + O(exp(mhy m2)), 12 — —00,
2) 12 + O(exp(—27n2)), g — 00,
Zy"(n) = (2.31)
Z_Z +CP + Olexp(nhy'm)), 12 — —o0,
O(exp(—2712)), R = o0,
Zg)—)m—i-l(n) = 4h1l1)\a7m (232)

T e Oy + Olexp(why ), e — —oc,
2

14



O(exp(—271)), Ny — +00,

(0,0)
Z0%0) = 3 4 -
AT 00 5, 4 o0 1 Oexp(rhy ), 1 — —00,

ha
O(exp(—2m12)), Ty — +00,
23" 0) = { api 1
221 ° 772<— m + 5) + O3 + O(exp(rhy'n)), 12 — —oo,
O(exp(—2mn)), N2 — 400,
AN = 2
2 (M) =9 A, Ju, 22 (n)dn S0D 4 6 -
I m+Cy7 7+ O(exp(mhy n2)), 12 = —00,
12 + O(exp(—2mn)), N2 — +00,
Z§072)(77) = 3\7n
h_z + P + Oexp(hy 1)), ms = —00,
O(exp(—2m12)), Ty — +00,
1,1
z$"Y () = - 1 W » (2.34)
h_2<_ m + 5) + C5 7 + O(exp(mhy "n2)), 12 — —00,
1
. —57 + O(exp(=271)), 1 — +00,
Zy () = 1 2 o) oo 1 (2.35)
g7 (m) + = =+ G+ Olexp(thy 1)), 112 = =00,
where
$(0,0) = Ao / Zfo)(n)dn, S2,0 = / (1+ 3n12f1)(77)) dn. (2.36)
I, I, I~
Moreover functions Zfl), ZQ(LO), 22(1,1) are odd in 1, with respect to %; functions Zl(o), Z§2’0),

Z}Q), ZC(:)_)erl, Zéo’o), Zéo’l), and Z2(0’2) are even in 1y with respect to %

For the proof we refer to our previous papers [1, 2].

2.2 Homogenized problem and correctors

We have formally constructed the leading terms of the asymptotic expansions (2.2), (2.3), (2.4)
in three different parts of the junction €2.. Now we apply the method of matching of asymptotic
expansions, proposed firstly by I'in A.M. (see [28, 29, 30] and also [31]), to complete the
constructions. Following this method, the asymptotics of the external expansions (2.2) and
(2.3) as k9 — £0 have to coincide with the corresponding asymptotics of the internal expansion
(2.4) as no — £o00 respectively.

Writing down the Taylor series for vy and v}_,, with respect to z» in a neighborhood of
the point (x1,0), where z; € (0,a), and passing to the variables 1y = e 'z, we derive

v(e,z) = v (21,0) +* v}, (21,0) + -+ + en20p,vg (21,0)+
+ ey Opyvt L (21,0) + ...

2 Ya—m

(2.37)
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Bearing in mind the asymptotics of the functions Z{k), Xé@m+1, (k =0,1,2), Z(()éo)m+17 Zéﬁ)
(18] < 2), as my — +o0 (see (2.29)—(2.35)), we write down the asymptotics
'U(E,Q?) = Ug(xh O) _'_ 605 mvi m(xl? O) + e + 57728$2Uar<x17 O)+ (2 38)

+ e 0, vt (21,0) ...

T2 Ya—m

Thus, the leading terms in (2.37) and (2.38) coincide at €°, ™™, & and g™+,
To match (2.3) and (2.4) we write down the asymptotics of (2.3) as zo — —0 and pass to
the fast variables; as a result we get

v(ere) = v (1) + s (@) + - ( (@) + <m>ax1vo<x1>)+
(2.39)

+5a_m+1 ((I)a m—l—l(xl) +T(Th 1 ; m )

Keeping in mind the asymptotics of the functions Z( ) Xak ma1s (B =0,1,2), Zé(?mﬂ and
72)

a—m-+

L as ny — —oo, we find the following asymptotics of (2.4):

v(e, ) = vg (11,0) +* "t m(xl,O) +ot

+ €<T(771)8zlvo+(:c1, 0) + h 2 Oy, vf (21, )—i—\C’fQ) O, (71,0) +

2 '

A\

Ahil\ N
+ 0 v (21, 0) + C v (24, 0) >+sa—m+1<(”2 + O )&Ezvo*(:m,OH (2.40)
N——

hg h2
4h1l1)\a m 4hlll)\O 0
+ <h—2 2+Ca m+1)v8—(1‘1,0)+< Iy C( )> (:El,())—f‘
+ 72
+ T(n1>a’ﬁlva—m($17 O) + (h + C )83621}04 m(xl? O)) +...
2

where T(n1) = —m1 + 3 + [m] and [n] is the entire part of the number 7.
Equating the corresponding coefficients in (2.39) and (2.40) at €% and €™, we get

vy (21,0) = vy (11), vt (21,0) =0, . (1), z1 € (0,a). (2.41)
The same procedure at ! brings us the following relations:
Opovy (21,0) + dhyli Ao v (71,0) =0, 1 € (0,a), (2.42)
for the over-braced terms, and
&1 (z1) = CP0, 08 (11,0) + C Vv (21,0), 21 € (0,0), (2.43)
for the under-braced terms. Moreover, taking (2.14) into account, we have
vy (w1, 8) = Oy (1) + T(2) 9,05 (21, 0), r eGP, (2.44)
In analogous way

Pomi1(1) = CP0ayvl (21, 0) + CLV0f (21,0) + C1 00,07 (21, 0) + L2,y (21, 0),
(2.45)
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Moreover, taking (2.15) into account, we have

Vg1 (21, “;—1) = O, pii(z1) + T(%) g vt (21,0), T € Gf). (2.46)

Finally,
8xzvof_m+l (1'1, O) = —4h1l1>\0 U$—m<$17 O) — 4h1l1)\a7m 'U0+<£L'1, O) — 8332 ’Uar(ajl, O) (247)

Relation (2.42) completes problem (2.5). Thus, for vf and the number \g we have the
following Steklov problem:

AI var(x) = 07 T € QO
0, Uar(l’) = 0, x € Iy,
vy (r) = 0, r ey, (248)
83321}8_(?[71, O) = —4h1l1/\0 U;(I’l, O), T € (0, a),

which called homogenized spectral problem for problem (1.21).

Recall that the number ) is called an eigenvalue of problem (2.48) if there exists a function
vo € Ho := {u € HY(Qo) : ulr, = 0}, vy # 0, which is called an eigenfunction corresponding
to Ag, such that the following integral identity holds :

<U07 (70>'H0 = )‘0 (76”07 %@)Vo v pE H07 (249)

where (vg, @)y, = fQo Vg - Ve dx is the scalar product in Hg; the space V) is the weighted
space Ly(ly) with the following scalar product

(76@07 7690)120 = 4hyl (76270, 76@)@(10);

and Tg : Ho — Vp is the trace operator.

Let Ag = Too Ty : Vo — Vo, where 7" is the conjugate operator to 7. It is easy to verify
(see for instance [17]) that Ay is self-adjoint, positive, compact, and the spectral problem (2.48)
is equivalent to the spectral problem

1
A() (761)0) = )\—761)0 n VO. (250)
0
Thus, the eigenvalues of problem (2.48) form the sequence

0<A < AP <. <A< 5 o0 as m— oo (2.51)

with the classical convention of repeated eigenvalues. The respective sequence of the corre-
sponding eigenfunctions {var "™} en can be orthonormalized as follows:

4hqly /vJ’"(ml,O) vi M (21,0) dry = 6,p, {n, k} € N. (2.52)

I

Next, let A\g be an eigenvalue of problem (2.48), v4 is the corresponding eigenfunction
normalized by (2.52).
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Analogously, relation (2.47) completes problem (2.6). Thus, for v}_, and \,_,, we get the
following problem:

A, vl (1) =0, x € Qo;

O, vl () =0, xely; vl (x)=0, =zely (2.53)
amv;’_m(ml, 0) = — 4h1l1)\0 U;—_m(iﬁl, O) — 4h1l1/\a,m U(—)i_(.fljl, 0) — ax2U8_<.’L’1, O)

Since \g is an eigenvalue of problem (2.48), we choose the number \,_,, to satisfy the solvability
condition for the problem (2.53). Writing down the integral identity (2.49) for problem (2.48)
with the test-function v_,, and the respective integral identity of problem (2.53) with the

test-function vy, then subtracting them and bearing in mind (2.52) and (2.55), we get

1
Aa—m = — /U0+<£Ij'1, 0) Opyvg (71,0) dz;y. (2.54)
4hily

1o

Obviously, the solution to problem (2.53) is not uniquely defined and for the uniqueness we
demand the following orthogonality condition:

/v:{_m(xl, 0) vy (w1,0) dzy = 0. (2.55)

i)

2.3 Global asymptotic approximation in (). and estimation of its
residuals

For any given eigenvalue )¢ of the homogenized spectral problem (2.48) and the corresponding
eigenfunction vy normalized by (2.52), we can define \,_,, with the help of (2.54) and the
unique solutions v} _,, to problem (2.53).

An approximating function R, is constructed as the sum of the first terms of outer expan-
sions (2.2), (2.3) and inner expansion (2.4) with the subtraction of the identical terms of their
asymptotics (as z9 — £0 and 75 — F00 respectively) because they are summed twice. Taking

(2.41) into account, we obtain

( Uar('r) + gaimv;rfm(‘r) + XO(‘TQ) 'A/’s+(x17 f)a T e QO7
vy (21,0) + 7™l (21,0) + N7 (21, 2), zeGW,
R.(z) = 7

of (22,0) + €0 (21,0) + (@4 (a1) + T(22)0,, 07 (21,0))

[+ e (@ (1) + T(2) 003 (21,0)) + xo(22) Ny (21, %), v € G,
(2.56)
where yj is a smooth cut-off function such that yo(z2) = 1 for |z3| < 79/2, and xo(x2) = 0 for
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|zo| > 79 (70 < min{dy, 2} (see subsection 1.1));

2

/\/‘-:_(xlan) = 8(Z( ) :L‘ly + Z Z() - 512”2)8 Vo (.Tl,O))—f—

+w”H(wﬁmam—mﬁﬂmﬂﬂ(%%mmww@&wm@mw
2 .
+(Xﬁmﬁm>—m)@gxmmn+§j(Xﬁmﬂun—@gm)@pzm@moﬂ,<zm>

i=1

N1 (21,m) :5<Z() n)vg (1,0 —i—ZZ(l )0, v :cl,()))—i—
+ 6a_m+1 (Zc(z(?m—l-l (77)”8— (xla O) + Zé2—)m+1(n)amgva_($1, O)+

2
+X%MW@M%®+ZX&MW3@M%®)@%)

=1

and

N;mmz{wﬂmﬂwm%wmm+wﬂm,Lc@ﬁamww

4hili A
- (20 - ol
2

2
T2 — Cl(o)>'l}0+<l’1, O)> +

i Al g
+ o +1 ((Zéo)erl(n) — I famm 772)1]0+<:E1, O) + <Za2fm+1(n) - @)awzvg@h 0)+

h2 hg
4hqli A
+ (Xé()jm+1(77) - 221 0 7’]2)1};_1,”({[‘17 0)+

(X () = TO0)) Dy (0,0) 4+ (X2, () — hﬁwwmwow%m

Due to (2.43) and (2.45) it is easy to verify that R.|.,—0+ = Re|zy—0— on Q., ie., R. €
H'(Q;Ty). Also using (2.42) and (2.47), one can verify that

0x2R8|x2:0+ = 0352R5|x2:0_ on Qa- (260)

2.3.1 Discrepancies in the equation of problem (1.21).

Substituting R. and A\g + €*"™\,_,, in the differential equation of problem (1.21) instead of

v(e,) and A(e) respectively, and calculating discrepancies with regard to problems (2.20)—
(2.22) and (2.48) and (2.53), we get

ApRe(z) + €% (Ao + €™ Agm) Re() = %71 (Ao + €% ™ A Re(2) +
+ 5_1X6($2) (8772'/\/?—(:517 77)) ‘n:x/g + 8962 (X()("L‘Q)-/\/’;—(xh %))+

+ e xo(w2) (92, N (21, 1)) + X0(22) 0z, (0, N (w1, ))]n:x/s) in Qp; (2.61)

n=x/e
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AyRe(z) + e (A + ™ N Re() = 27707, vl (21,0) + 272N ot (21, 0)+

1T Va—m

+e Ao+ e M Aamm) N (21, £) + (02 Ny (z1,1m)) |n:£+

1M

+am((awl-/\/‘lje(xlan)”n:z) in Gé”? (2'62>

and

= €0, (03, P1(21)+T ()02, v (21,0)) 4+ 0y, (00, a1 (1) +T ()2, 05 (21,0)) +

1T 1T oz m

AQCRE(ZL‘) + Ea_l(/\[) + 5a_m)‘a—m) Re(m) =
i + O (X0 (@2)NG (21, %)) +

+7 Mo+ &% M Aam) Re() + & x0(22) (0N o (1, 1)) |

n=x/e

+ 8_1X0(‘7;2>( :vlmNQ z—:(xl? )) | + Xo(x2>a$1 ((8271'/\/’2_,5(‘%17 77)) ‘77:27/5) in GE:2) (263)

n=z/e

2.3.2 Discrepancies on the boundary.

It is easy to check that R. = 0 on I'; and 9, R. = 0 on the whole boundary 02, \ I'1, except
its vertical parts, on which

O Re() = X0 () (0 N (w1, m)) |, . (2.64)
on the vertical parts of 9€),
00, R(a) = (0, N (erm)|, .. (2.65)
on the vertical parts of 8G§1), and
Oy, Re(2) = (00, @1 (1) + T(%);,,, v (21,0))
T Dy Doa(31) + T, 0 a(20.0)) + Xo(w2) (9N (), . (2:66)

on the vertical parts of 6G§2)

2.3.3 Discrepancies in the integral identity.

Multiplying (2.61)-(2.63) with arbitrary function ¢ € H., integrating by parts and taking
(2.60) and (2.64)-(2.66) into account, we deduce

ViR - Vopdz + e (Ao + ™ Aam) / R. ¢ dx+

Q. QUG

Fe (ot e ) / | Repde = £.(0), (267)

Ge

where the linear functional ¢, is defined as follows:

L) = e (Mg + € Aa) / Rt du+
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+€2a72m71)\a7m / 'Uot_m<il§'1,0>7ﬁ/}dx+€aim / 831271 (N m($170)wd$+

(;él) (;gl)

+571 ()\O + 5a7m)\a—m) / Nlja(xla f) w dx + 871 / (8§1ﬁ1N1T5(x1’ 77>) ’nzg w dr—

(;gl) (;gl)

e / (9es @1 (1) + T(2)O2, 0 (21,0)) Dyt d—

a®

_ga—m—‘rl / (311‘1)a7m+1($1)+T(%)8§11‘1 Vo m($1,0)3x1¢d:v+

al®

4eot ()\0 + sa_m)\a,m) / R, dx+

al®
/ ! a:
e / 3 (2) (Oup N (21, 7))z 0l — / X2 N1, 2) Dot it
QouGa?® Qoua®
et / yo(2) (02, No(@r,0)) oz 6 der — / 30(22) (Our N2 (1,7) oz Byt
Qoua? Qoua®
- / (0o N2 (21,7) |z O di (2.68)

al

Here NV, coincides with N on ©y and with A, on G,

Let us estimate |(-(1)]. It is easy to see that the integral in the first line of (2.68) is of order
O(e*1).

The integrals in second line can be estimated with the help of the following Friedrichs-type
inequality:

5_1/ vide < Cy | |VulPde VYveH., (2.69)
GtV Qe
proved in [32], by the following way:

6204—2m—1 2a Qm—*CIHwHLQ G(l) <€ (= m)02H1/1||’HE

/\a_m/v:[m(xl,O)wdx <

alV

The main term in the first integral of the third line of (2.68) we bound again with the help of
(2.69) as follows:

wf [, 20 0 0 vs <fol||w||ﬂg\//”
§€C2H¢||Hg\// 7
1,

21

2
dx <

€

)| dn < Cullil.. - (2.70)




Similarly we estimate the second integral in this line and it is of order O(e) as well.

One can verify that the integral from the forth line is of order O(e), the integral from
the fifth line is of order O(e*™*1), and the integral from the sixth line of (2.68) is of order
O 1.

Due to the asymptotic relations (2.29)-(2.31), the first integral in the seventh line of (2.68)
is exponentially small and the second one is of order O(e* ™). Thanks to Lemma 3.1 ([14])
the integrals in the eighth line of (2.68) are of order O(¢'~%), where § is arbitrary positive
number.

Obviously, that the integral in the last line is of order O(e2).

Thus, we have

()] < a1(8) 2™ |l, if @€ (mymtg),  [G(0)] < () e Yl if o € [mtg,mt1).
(2.71)
With the help of operator A, : H. — H. defined in (1.22) we deduce from (2.67) and (2.71)
the following inequality:

|| RE - (/\0 + ga_m)‘a—m)AsRs ||7-[€ < C(6> 5y(a), (272)

where v(a) =2(a—m) if a € (m,m+ 1), or v(a) =146 if @ € [m+ 3, m+ 1); § is arbitrary
positive number small enough.

3 Justification of the asymptotics

To justify the asymptotic approximations constructed above, we use the scheme proposed in [17]
for investigation of the asymptotic behavior of the eigenvalues and eigenfunctions of an family
of abstract operators {A. : H. — H_ .}~ in the limit passage as € — 0. This scheme generalizes
a procedure of justification of the asymptotic behavior of eigenvalues and eigenfunctions of
boundary value problems in perturbed domains that was proposed in [7].

In our case this is the family of operators { A, : H. — H.}.~o defined in (1.22). Recall that
the operator A, corresponds to problem (1.21).

For thick junctions there exist no extension operators that would be bounded uniformly in
e in the Sobolev space H' (see [14]). But as was shown in [14], for eigenfunctions of spectral
problems in thick junctions it was possible to construct special extensions that are bounded on
each eigenfunction. A such extension operator was constructed for eigenfunctions of problem
(1.1) in the case when the parameter o € (0, 1] in our papers [1, 2]. Repeating word for word
the proof of Theorem 4.1 (see [1, 2]), we get the following result.

Theorem 3.1. There exists an extension operator P. : H. — H'(Q,Ty) such that for any
eigenfunction v, (e, -) normalized by (1.24) there exist positive constants C,, and €, such that
for all values of the parameter € from the interval (0,e,) the following estimates hold:

I Pevn(e, ) lar@ry < Cn ll vnle, ) lln. < G, (3.1)

where  is the interior of the union Qo U Ds.
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3.1 Condition D; — D5

For the convenience of readers we write here the conditions of the scheme from paper [17],
which are modified under problems (1.21) and (2.48).

Let N (i,AO) denote the proper subspace corresponding to the eigenvalue i of operator
Ay defined in (2.50) and let {(vyn(e,-),An(€))}.o, denote the sequence whose components are
the eigenfunction v, (||v,|ly. = 1) and the corresponding characteristic number of operator A..

Condition D;. There exists a linear operator S, : Ho — H. such that
”SEUHHE < Cl”“”'Ho» Vu € HO:
where the constant ¢; is independent of £ and wu.

Condition D,. There exists a linear operator P, : H. — H, such that

VneN ey >0 degg >0 Ve e (0,60) 0 ||[Pevnle, )y < 2 |lvnley )| -

Condition Dgs. For an arbitrary sequence {(vn(e,-), An(€))}.., and any subsequence {€'} of
{e}, such that P.v,(¢’,-) = v0 weakly in H, one has

lim (v, (¢',-), SE’S")?—LEI - (Uga 90)7—[0 Ve € Ho.

e’'—0

Condition Dy. If for certain functions w®,v® € H, one has P.w® — w° and P, — °
weakly in Hy as € — 0, then

lim (w®, v%),, = (Tow’, Tor°)

e—0 c Vo

If v € Ho, then P.(S.v) — v weakly in H, as € — 0.

Condition Ds. There exists a number wy > 0 such that for any ,% € o(Ap) there exists a
linear operator R. : N (5, Ag) — H. such that for every eigenfunction v € N(5, Ay),
normalized by |7Tov|y, = 1, we have

Rov=S0+0() inV. and |R.v|. =c, + O(e);
in addition, there exist constants cs, €g, p, 7 such that for all ¢ € (0,¢q)

IRt = (1 + £7p) Ac(Ret) g, < caz™.
To clarify these conditions, we use the following diagram:

H. LVE

nl s

7’[0 i) Vg

where operator J. : H. — V. is the identical imbedding operator, operator 7q : Ho — V is the
trace operator (see (2.49)). Conditions D; and Dy are some connection conditions between
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spaces H. and H, that defined in subsection 1.1 and 2.2 respectively. If conditions D3 and
D, are satisfied, then it means that spectral problem (2.48) is the homogenized problem for
problem (1.21). Condition D5 means that it is possible to construct asymptotic approximations
near points of the spectrum of operator Ajg.

Now let us verify conditions D; — Dy for our problems (1.21) and (2.48). The operator
S. : Ho — H. assigns to each function v € Hy its bounded extension Fv to H'(2,T) and
then restricts Fv to €, i.e., S; = (Ev)|q,. Clearly, S. is uniformly bounded with respect to .
Thus condition D1 is satisfied.

The operator P, : H. — Hy from condition D4 is associated with the restriction of the
extension operator P, from Theorem 3.1 to domain €, i.e. P.v, = (P.v,)|q,-

Let us verify condition Dg. Consider the sequence {v,(g,)}.~o for any fixed index n € N.
Due to Theorem 3.1 there exists some subsequence {¢'} C {e} (again denoted by {e}) such
that P.v,(g,-) — vo weakly in H'(Q,T;) as ¢ — 0. Since

/ Xt (2) 81, Po (0 (e, 2)) B(2) dir = — / Nia(B) Po(vn(e, ) Opdr ¥ & € C32(Dy),

1)2 132
we get
XhQ(%)amPg(vn(e, x)) = ho 89521)2(20) weakly in Ly(Dy) as € — 0. (3.2)
Here x,,(m) (m € R) is 1-periodic function that equals 1 on the interval (152, 12} and

vanishing on the rest of the segment [0, 1].
If we consider the corresponding integral identity for problem (1.21) with the following test
function:

0, z€QUGY
= ’ ’ € Gy (D2),
v {éﬂ%Wmm rea, P
where T is defined in (2.40), we get
/Xh2 (21/€)0s, Pe(vn(e,2)) pdr = O(e) as ¢ — 0. (3.3)

Do

Due to the second inequality in (3.1), it is easy to verify that

/ Vun(e,2) - Vp(z)dr -0 as e -0 Ve H(QT). (3.4)
alV

The corresponding integral identity for problem (1.21) with a test function ¢ € C§°(Dy2)
reads as follows:

/ Vun(e,2) - Vo(z) dr = e* A, (¢) / vn(e, ) P(x) da (3.5)
GgQ) GgQ)

for € small enough. Taking into account limits (3.2), (3.3) and the boundedness of A, (g) with
respect to € (see Lemma 1.1), we deduce from (3.5) that

@/@ﬁ@ﬁmzov¢aﬁwﬂ
Do
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, 05,00 is some function of z; a.e. in Dy. On the other hand 9,,v

8x2vn( V| zp=—1, = 0. Therefore, v0(x) = v9(xy,0) for a.e. x € D.
Thus, we ascertain that

Oley=—1, = 0, because

hH(l] (Un( ), Sggp) = lim (/V@n(a,x) -Vodr + / Vu, (e, x) - V(Egp)ngn dr+

e—0
Qo G(l)

+/XhQ(i—l)V(ﬁmPs(vn(s,x))) V(EY)|p, dx /Vv -Veodz = (v, go) Y ¢ € Ho,

Do

i.e., condition Dj is satisfied.
Let for certain functions u®, v* € H. one has P.u® — v and P.v® — v° weakly in H'(Q,T)
as € — 0. Then

lim (v, v >v = lime™! / u“v® du. (3.6)

e—0 e—0
al

With the help of the inequality

/ (p(a) — o1, 0)) dz < =1, / (Omp(x)*dz ¥ p € HY(GWY),

G,E-l) G,E-l)

we deduce that lim._oe™" [, o Ut de = 4l fl (21,0)0%(z1,0) dzy. This means that the
first part of condition D4 holds. The second part of condition D4 in our case is obvious.

Condition Dsg, in fact, has been verified in subsection 2.3, namely the action of the operator
R. in D5 is the construction of the approximating function R. on the basis of an eigenfunc-
tion of the homogenized problem (2.48). Furthermore, the approximating function satisfies
inequality (2.58) that is analog of the corresponding inequality in condition Ds.

3.2 The main results

Thus, all conditions D;-Ds of the scheme from [17] are satisfied. Applying this scheme and
taking into account (1.20), we get the following theorems.

Theorem 3.2. For anyn € N
N (e) = A as £ 0,

where {\,(€) }nen is the ordered sequence (1.2) of eigenvalues of problem (1.1), {)\(()n)}neN is the
ordered sequence (2.51) of eigenvalues of the homogenized problem (2.48).
There exists a subsequence of the sequence {€} (again denoted by {€}) such that

VneN e 2P5un( D) —vg weakly in H'(Q,T1)  as € — 0,

where
+,n

Un(ZL') _ Vg’ (l’), x € (o,
0 Ua_ n<x1’0)7 r€ Dy= (O,CL) X (_l270)a
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{un(g, ") }nen is the sequence of eigenfunctions that are orthonormalized with relations (1.3),
{05 " }nen are eigenfunctions of the homogenized problem (2.48) that satisfy the following or-
thonormalized conditions:

(var " var k)vo :4h1l1/va“”(x1,0) var’k(ml,()) dry = O, n,k € N.

I
Let A" = = A" be an r—multiple eigenvalue of the homogenized problem (2.48);
the corresponding eigenfunctions vl "™, ... v """ are orthonormalized in V. Using formula

(2.54), we successively construct next terms %~ m)\ant:“ , = 1,...,r, of the asymptotic expan-

sion (2.1) and define the unique solution v}7*" to problem (2. 53) :
n+z .
1=1,..

)\(n+1 < )\ 7L+2 < )\ 7L+T ) (37)

In general case the formulation is the same as in Theorems 5.4 and 5.6 from our paper [2].

We formulate next theorem under assumption that all A\, ., r, are different and

Theorem 3.3. Let inequalities (3.7) are satisfied. Then for any positive § small enough and
for any i € {1,...,r} there exists eg > 0 such that for all € € (0,g¢) we have

S Nni(e) = () A < Ciln 6)

and
(n+1)
€

n+t ‘
IRE o,
where the value v(a) is defined in (2.72), ) s the approwimating function constructed

Zy formula (2.56) with the help of solutions v+ "HoE " and ka), Zéo_)mﬂ, Zo(f_)mH,Xék_)mH
~0.1,2.

a—1

Hg : un+i(57 ) - S CQ(”: 6) 5V(a)’ (38)

H(Qe)

4 Construction of the asymptotics for a =m e N, m > 2

4.1 Formal asymptotics

In this case we seek the main terms of the asymptotics for the eigenvalue A, (¢) and the
eigenfunction v, (e, -) in the form (index n is omitted):

A( )%/\0+€>\1+€2/\2+... (41)
v(e,x) =g (x) + evf (z )—|—52 J(z)+... in domain Q;
T 1 T
e, )~ vy (oo, D )t evr (man D) 4 e, Db (43)

in the thin rectangle G§-2) () (j =0,...,N—1); and in the junction zone of the body and thin
rectangles of both classes (which we call internal expansion) the series of the following type:

v(e,x)%vg(xl,O)—l—a( (xl,O)—i-ZO)( (21,0) —i—ZZz) +x1,0))—|—

2

e (Xz(o)@)vf(%o) X (2)u0 (01.0) + 3 27 (n) D7 <x1,o>) oo

i=1 BeB
(4.4)
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where B := {(0,0); (0,1); (1,0); (2,0)}.
Substituting (4.1) and (4.2) in problem (1.21) and collecting terms with equal order of ¢,
we get

A, vi(2) =0, x€Q,
o (7) " (4.5)
Oy (T)|zer, =0, vg (#)]eer, = 0.
Collecting terms of order ¢!, we have
—A, v = damAoty (), € Qo,
" [ (x) =02 00(+) 0 (46)
8V1)1 (x)|a:€F2 =0, Uy (x)|x61“1 =0,

where 0z ,,, is the Kronecker symbol. To complete these problems we have to find conditions
on Ip; this is done in Subsection 4.2.
4.1.1 Formal asymptotics in each thin rectangle G(Q)( )

Using Taylor series for the functions {v] } in (4.3) in a neighborhood of the point z; = £(j+3),
we get

vie,z) ~ Wo(j)(l'z, m) + €W1(j)(x2,771) + €2W2(j)(:702,771) + ..., (4.7)
where '
Wo (@2,m) = v (e + 3),w2,m — 3), (4.8)
; . . . vy . .
W (o, m) = vy (2 + 1), 20,m — §) + (m — 5 — 3) 8—;1 (G + 1), aem —35) (4.9
and
() —((i L1 : vy S 1 .
Wo" (2, m) = v, (€(J +5), T2, —J) + (771 -] - ‘) 3_ ( (j+35)T2,m —J)

1 :
+5(m—i—3)

%S (G + &) z2,m — 5) . (4.10)
1

Substituting (4.1) and (4.7) in the problem (1.21) instead of A, (¢) and v, (e, -) respectively,
collecting terms with equal powers of €, we obtain the following boundary-value problems:

—02, WA (22m) = 0, e (B, ),
) (0, 10 (4.11)
67]1W’Y] (CCQ, TQ) = 07

for v € {0,1}. Here the variable x, is regarded as a parameter. From (4.11) we deduce that

the solutions W»/ , v € {0,1}, are independent of 7.
Then, for 7 = 2 we get the following problem:

{ W ) = B W), e (I, 502),

(4.12)
am 2 (x27%) = 0.

The solvability condition for (4.12) gives us the relations

82 )(.CEQ) = 0, To € (—ZQ,O).

xzmg
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It is the same as
92 2,00 (e(G+3),22) =0, x5 € (=15,0), (4.13)

because of (4.8). Bearing in mind the boundary conditions of the original problem at zo = —Is,
we add the condition 8,,vy (¢(j + 3), —l2) = 0 to (4.13). This means that vy is independent
of 9.

If v = 3 we obtain

8731771W3(j)(x27771) = aﬂ%zxzwl(j)(xQ) + 62,m)‘0W0(j) ($2), m e (1 h2: 1+2h2)7 (4 14)
aﬁlw?fj (22, %) = 0.
The solvability condition for (4.14) gives us the following relations:
a?:gzgw(j (132) - 52 m)\OW ($2) To € <—lg,0)
Similarly, but now with regard to (4.9), we get
ey 1, 1
o (60 +3)s @2t = §) = Gam( =525 = lwa) dovy (207 + 5))+
vy . (4.15)
+T(771)a—gj1 (e +3) +Pi(c(i+3)),

and using (4.10), we derive

~(e(j ; 1 _, o1 vy ,
vy (e(G + 3)s w2 — J) = 53,m(—§xg — laz2) Aoy, (e(J + 5)) + T(nl)f)_xll ( L e
1 :

= 5Ty (20 + 5)) + (e + 3)),

where @, ®, are some functions of x;. Here ¢, is the Kronecker symbol. Since we look only
for the leading terms of the asymptotics, we put &, = &, = 0.

Since the points {z1 = e(j +3) : j = 0,...,N — 1} form the e-net in the interval (0, a),
then we extend the relation (4.15), and (4.16) to the whole interval (0, a).

4.1.2 Junction-layer solutions

To find problems for Z, X from (4.4) we calculate
Ouyv(e,2) & (amv;m, 0)[1+0,2"] + 0, 2705 (21,0 + 0,270, 0 010 ) +

e (06007 (0,0) + 007 (01,0140, X0+

+ 0, X200t (21,0) + Z9() 0y, v (21, 0)+ (4.17)
+ Z 200002, 00.0) + X 00 28 (D 0 1,0) )+
peB

+ ¢ (87,1 Z30)(n)v8'(x1, 0) + 0y, Z?El)(n)amvar(xl, 0)) + O(e?)
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and

Agv(e,z) ~ et <A,7Z§O)(77)v (1,0) + ZA Z(Z (1) 0z, vg (x1,0)>+

(AX ()i (21,0 +ZA X ()00 (21, 0)+

L (4.18)

xlzl

v (21, 0) [1 +20,, 29 (n)} + 20, 2 (), v (21, 0)+

+20,, 27 ()02 v (21,0) + Y 8,28 () DPug (xl,()))-l-
BeB

2 (802 ()i (21,0) + 8,287 ()0, (21, 0)) + O(e2).

Keeping in mind (4.17) and (4.18), substituting the series (4.4) and (4.1) in the problem
(1.21) and collecting terms with equal powers of €, we get problems for Z{i), i=0,1,2 (the
problems (2.20), (2.21), and (2.23)), Zéﬁ), f € B (the problems (2.23), (2.24), (2.25), and
(2.28)). The problems for {X } are the same as problems for {Zl(k)} (the problems (2.20),
and (2.21)). Therefore, X\¥ = z® L =0,1,2.

4.2 Homogenized problem and correctors

We have formally constructed the leading terms of the asymptotic expansions (4.2), (4.3), (4.4)
in three different parts of the junction €).. Following the method of matching of asymptotic
expansions, we equate the asymptotics of the external expansions (4.2) and (4.3) as xo — +0
and the corresponding asymptotics of the internal expansion (4.4) as 1, — £00 respectively.

Writing down the Taylor series for vd, vi and vy with respect to x5 in a neighborhood of
the point (x1,0), where x; € (0,a), and passing to the variables 7y = e~'z,, we derive

(e, z) = vy (21,0) + &' (0] (331, 0) + 1202,v5 (21,0)) +

4.19
+ &2 (772 Oy, v (21,0) + 772 5%23;2 § (21, 0)) + ... ( )

Bearing in mind the asymptotics of the functions Z\¥, X (k = 0,1,2), Z\” (8 € B), as
N2 — 400 (see (2.29)—(2.35)), we write down the asymptotics

v(e, ) = vy (21,0) + &' (vf(xl, 0) + 17205, 04 (21,0)) +

4.20
+ € (7]2 Duyvy (21,0) — =m3 02, v (w1, 0)) +... (4.:20)

Since Avg = 0, the leading terms in (4.19) and (4.20) coincide at €°, ¢!, and &2.
To match (4.3) and (4.4) we write down the asymptotics of (4.3) as o — —0 and pass to
the fast variables; as a result we get

v(e,x) = vy (21) + vy (1,0,m1) +¢ < > (21,0,m1) + 09,,0 QUf(xl,O,m)) +... (4.21)
————
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Keeping in mind the asymptotics of the functions ka), Xék) (k=0,1,2), and Zéﬁ) (B € B) as
12 — —oo, we find the following asymptotics of (4.4):
v(e,x) = vy (w1,0)+

A

O, (1, )—l—C’ 8952115{(:1:1,0)4-

e

Ve

+ €(Uf(x170) + T(n1>a’ﬂlvar(x170) + %
~ Vv 2

A\

“Ahi N Ahyl )\
+ 2 vg (21,0 )+C i (1,0) )+52((—1 L2002 +C§°)>v1+(x1,0)+
————

hg h2
+ T ()0 (21,0) + (32 + O ) 0y 21,00+
2
4hili A + (4.22)
(T + )i (a0, 00+
2
Ao f 21(2) (m)dn
+ ( o ; N2 + C’;O’l)>3@va“(x1, 0)+
2
4hqily A\
+ (T T () + C5) v (21,00 +
2
1 $(2,0)
+ (§T2(T]1)+ (h +O(20>8§111 (Il,O)) + ...
Equating the corresponding coefficients in (4.21) and (4.22) at €%, we get
vy (71,0) = vy (71), z1 € (0,a). (4.23)
The same procedure at ¢! brings us the following relations:
85521)8_(1'1, 0) + 4h1l1)\0 ?)(—)i_(xl, 0) = 0, T € (O, CL), (424)
for the over-braced terms, and
Ul_(xla 0, 771) = 'Uf_(xlv 0) + T(nl)amvg—(xlv 0)+ (425)

+ CP 0,08 (1,0) + C Vv (21,0),  x, € (0,a),
for the under-braced terms, or in terms of a jump

[01] (21,0, ) = =T (2)8,, v (21,0) — OV 8,0 (21,0) — CVuf (21,0), a1 € (0,a),
(4.26)

for all m > 2.

Relation (4.24) completes problem (4.5). Thus, vy and the number \q are an eigenfunction
and the corresponding eigenvalue of the Steklov problem (2.48).

Next, let Ay be an eigenvalue of problem (2.48), vy is the corresponding eigenfunction
normalized by (2.52).

Equating terms in (4.21) and (4.22) of order &%, we have

(2)
1 4hili + ¢ Ao fn Zy7(n)dn
h—zﬁmvf(xl, 0) + —— }112 ©9) vy (21,0) + & I Ouyvg (21,0)+
dhil A 4hili\ (4.27)
2121 00 ( 170) + = OT(nl)aflv(J)r<I170) + 0 +<LL’1,0> =

hg h2 .

= 52,ma’62v1_ (mlv 0, 771)
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or in terms of a jump

axQUf_(.Tl, O) — hgdg,mﬁxzvf (331, 0, 771) = —4h1l1)\07)r($1, 0) — (4}11[1)\1 + §(070))’US_(LE1, 0)—

—Ao/ 22 () dn 0u, v (21,0) = 52,0024, v (21, 0) — sl MT (1), v (1, 0).
II

1

(4.28)

Continuing the matching procedure, we equate vy (x1,0,7;) to the remaining terms in (4.22).
In the case m > 3 the function vy (x1,7;) does not depend on x5 and therefore formula
(4.28) gives us the boundary condition for the function v;", which is a function of z and ;.

Hence, we have the following problem:
( (Ax Uf—<l’,771))’m:x1/€ =0, UAS QO;

(0, vf(m,nl))‘m:xl/a =0, xely; v (z,m) =0, xely;

- )‘0/ Z§2) (77) d77 89621}8_(1)17 O) — 52 0)8:1:1:(;1
1T

1

— 4h1l1>\0T(%)8¢1UJ($1, O)

\

The solvability condition leads to the following formula:

Ai(e) = — 42)(})1 AO/H Z3 (n) dﬁ/j Dryvg (21,0) vy (21,0) day —

20)/ z121 U ZEl, U(—)i_(xh()) dri—

Iy

- 4h1l1)\0 / T(%)@xlvo (.%'1, 0) Vo ((L’l, 0) dxl

I

Using Lemma 1.6 from [7, §1] (see also Lemma 1.1 from [35, §1.4]), we derive

[ T o, 0) 5 01,0t < e

1o

Hence,
A(e) = A\ + ke, k1 = const,

where

M= 4h111_§20)/ 2 2,00 (21,0) vg (21, 0) day

—Ao/ 20 >dn/vo (21,0) Dpyoif (21, 0) dis.
11

Iy Io

Let us represent the solution to problem (4.29) in the form
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where v} () is a solution of the following problem:

(A vf(2) =0, z€Q;
81/ Ufr(fl,’) = 07 YIS FQ; Uf(I) - O, S Fl,
8$2Uf(x1, 0) = — 4h1l1)\0 Ui(l‘l, 0) — (4h1l1)\1 + §(070))’U(—)i_($17 0)— (435)

- )‘0/ Z§2)<77) d77 axQU(J)r($1> O) - §(2,0)5x1xlvo+($17 0)7 T € (07 a)'
I

\ 1

Due to (4.33) the solvability condition for problem (4.35) is satisfied. It is easy to see that the
solutions to both problems (4.35) and (4.29)) are defined up to an additive term s vy (x), and
» is an arbitrary constant. For the uniqueness of the solution to problem (4.35) we demand
the following orthogonality condition:

/vf(xl, 0) vy (21,0) dz; = 0, (4.36)
1o
i.e. we found and fixed the constant ». Now we can estimate the difference between the

solutions of problems (4.35) and (4.29) with fixed constant s, in the Sobolev space. Due to
(4.31) we have the estimate

[y (2, %) = v (@) | 712 (@) < Ce. (4.37)

In the case m = 2 formula (4.26) is the first transmission condition and formula (4.28)
gives us the second transmission condition for the functions vy (z1,71), vy (z,7:). Hence, we
have

( —(A, vf(:c,m))!mzm/s = Aovg (2), z € Qo,
(aizmz (x’nl))|n1=z1/€ = )\0'00_(271), T e D27
(0, vy (x,nl)){m:m/€ =0, xely; vf (#,2) =0, zely,
Opyvy (21, =12, 2) = 0, z1 € (0,a),
[02] (21,0, 2) = = T(2)0,,0 (1,0) = C{P0yy0 (21,0)
C{ Do ("Eho)u Ty € (O,CL),

8x2’0f_(271, O, %) — h28$21}1_(l‘1, O, %) == — 4h1l1)\0 (% (l‘l, O, ) (4h1l /\1 =+ G 00))1)8_(1'1, 0)

- )‘0/ Zl (77) dTl 8121}3(1’1,0)—
II

1

- g(210)a§1x1 U[T (1’1, 0) -

— 4h1l1/\0T<?1)8 J(l’l, O), T € (07 CL).

(4.38)
Solving problem in Dy, and bearing in mind (4.15), we get the boundary value problem to
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define v{" in the following form:

([ —(A, vf(:z:,m))‘m:ml/s = Aovg (2), z € Qo,
(0, v (z,m))] =0, zely; v (z,8) =0, =zely,

m=z1/e
(99021)1 (.1'1, 0 ac_) = — 4h1l1)\0 (2 (1'1, O ) (4h ll)\l + gOO))'USF(iCl, 0)
— o / 22 (n) dn Onyv (21, 0) = 52,0002, 4,0 (21, 0) —
11

l1

— 4h1l1)\0T(%>a$11}6r(131, 0)—

(4.39)

— lghg/\(ﬂ}g—([)?l, 0), X € (0, CL).

\

The solvability condition leads to the formula

(IahaXo + S0,0))
4hly

M(e) = — ~ o /H 29 () dy /1 Dy (21, 0) v (21, 0) dar1—
0

1

— g(g,g)/ 8;9611)3(901,0) vy (21,0) dry + )\0/ (’UO (x )) dr— (4.40)
1o

Qo

— 4h1[1>\0/ (?1)8111}0 (l’l,O) Ua_(l'l,()) dl’l.

I

Repeating the procedure as in the case m > 3, we deduce
() = A1 + kg, ki = const, (4.41)

where

Ao $(0,0
A= T (h2l2 " /( o)’ d:p) a 4(hll)1 ~ S0 /Io 0;301@3(:51, 0)vg (1,0) day

o (4.42)
Y /
II
+

20y [ (04,000 (21,0 oy
and we represent v} (z, 2) = v (x) + ..., where v (z) is a solution of the following problem:

1

([ —A, v () =ovd (2), x € Q,
O, vi(x) =0, xzeTly v (x) =0, xely,

83021);_(ZB1, 0) = — 4h111)\0 Uf(l‘l, 0) — (4h1l1>\1 + §(0,o))1}g_($1, 0)—

- )\0/ Z3 () dn Dy (21,0) — $2,0)05, 2,05 (1,0)—
II

1

(4.43)

— lQhQ)\QUS_(Qfl, 0), X € (O, G,),

\

which can be chosen to satisfy

[y (2, 2) = v (@) | 711 0) < Ce. (4.44)
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4.3 Global asymptotic approximation in (). and estimation of its
residuals

For any given eigenvalue )¢ of the homogenized spectral problem (2.48) and the corresponding
eigenfunction vg normalized by (2.52), we can define A\; with the help of (4.33) for m > 3
(respectively (4.42) for m = 2) and the unique solutions v;” to problem (4.35) for m > 3
(respectively (4.43) for m = 2).

An approximating function R, is constructed as the sum of the first terms of outer expan-
sions (4.2), (4.3) and inner expansion (4.4) with the subtraction of the identical terms of their
asymptotics (as x5 — +0 and 7, — 400 respectively), since they are summed twice. Taking

(4.23) into account, we obtain

(o (@) + o (2) + x(22) N, ©), req,
Re(x) = { vy (21,0) 4+ ev) (21,0) + N (21, %), zeGW,

| vg (21,0) + vy (2, 2) + T (2) Doy v1 (2, 2) + X(3) Ny (21, %), €GP,

(4.45)
where x is a smooth cut-off function such that x(s) = 1 for |s| < 1/2; function v; is a solution
of problem (4.43), if m = 2 and is a solution of problem (4.35), if m > 3;

2

N (21,m) = 5<Z1(0) () vg (x1,0) + Z(Zfi) (n) — 51,2ﬁ2)3xivf($1, 0)-+
=1
2 N
+é’ (Xéo) () v (21, 0) + (X3 () — Gi.0712) 0,0 (1, 0)+
=1

+ 23" () (1, 0) + 257 ()0, v (21,0) + 23"V )@xzvm, 0+

+ <Z§270)(7)) >5)§1$1v0 (x1,0)>, (4.46)

Nl_,&‘(l'lan):€(z(0) zlv +ZZ(Z 8 UO 1'170))—}—
+52(X“ +ZX (21,0) + Z0 (r)oif (1, 0)+

+ 23" ()0, (01, 0) + 23"V (0)s, 05 (1,0 + 257 ()07, (a1, o>> . (447)

331551

N (1) = e(ZF)(n) 0n,0§ (21,0) + (Z22() = 2 = O ) 0,0 (1, 0)+

4hqili A
"‘(Zfo)(??) - 221 . N2 — 01(0)>U6r($1, O)>+

+e? (XS’(n) Oryvt (1,0) = T(m) Dy (1, 0,m) + (X () = 12 )y (21,0)+
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Ahili )\ 4hyli N +
+<X§O)(Tl) - % 772) v (21,0) + <Z§0’0)(77) - ]112 209 7]2)”3(951, 0)+

4h i\
(2 ) = = TOn) me) v (1, 0)+

o J, 247 () dn o
+ (Zé[)’l) (TI) - - hg 772) 61?22](—)’_ (xh 0) + <Z§2’0) (n) (hg )ailxl (‘rh 0)) . (448)

It is easy to verify that R.|,,—0» = R:|s,—0— on Q., i.e., R. € H'(Q;T1). Also using (4.24),
(4.35) (for m > 3) and (4.43) (for m = 2), one can verify that

(4]11[1)\0
3 }12

D Reloseos — Ony Re|nyeo = — (f)@xlvar(xl,O» on Q.. (4.49)

4.3.1 Discrepancies in the equation of problem (1.21).

Substituting R. and Ag + €\; in the differential equation of problem (1.21) instead of v(e, )
and A(e) respectively and calculating discrepancies with regard of problems (2.20)—(2.21),
(2.23)—(2.28) and (2.48) and (4.35) for m > 3 (respectively (4.43) for m = 2), we get

AyRe(z) + €™ (Ao + M) Re(x) = —£bamAovg (@) + €™ (Ao + eA1) R()
eS|y OnNE @)y + 57300 (00|, Mo (01,2)
Ve f
e (2) (02, N )|y e+ XCE2) 0, (0N (2 |, )+

+€72x(f/—2§)(AN (x4, ))L?:gﬁ/E in Qp; (4.50)

AR (z) + e (Ao + eXi) Re(x) = —02,mAovg () + eXof (21, 0)+
+ 8_1(/\0 + 5)\1)./\/1 E(Iﬁl, ) + 6_1 (02 N1T5($1, ’I]))‘

T1m1 7]:%

+ O, (O N e (21,m) ]2 = A o ZO (E)v (21,0) — 20m 20 (£)0,, v (1, 0) -

— M ZM(2) D0 (21,0) — M ZP (£)Dy 07 (21,0) — 20m 230 (2)02, v (21,0) in - G,
(4.51)

and

AL R.(z) + ™! ()\0 + 5)\1)R5(x) = —5T(%)83 vy (21,0) — €0z mAovy (7)+

+2(00 (02 Ry em))| ST By (. 2)

xgxg

m=w1/e

3

+em T Mo +eM) Rel@) +e72x0()| o, (O No (21m)|, _, o+

o= n=x/e

B

+ 720, (X4(5)

7QN2_,5('I17 %)) + 5_1X(\x/_2g) (ailm'/\/’Q_,s(mh 77)) |
Ve

X2 (O NG (1), ) + XA (ANG ()], 0 G (452)

n=x/e

_|_

n=x/e

35



Due to (2.20), (2.21), (2.23) — (2.28) we have

e” (\_})(A N (x1a77))’n:x/€ ( ( n x/saxlvgr(xl,(])—i-
Z(l) 92 g (21,0)) in Qp;

O A )], 05 (1,0)) " (4.53)
e (%)(A Ny (1, ))’n:x/e = (2( 8, 29 (n . x/EﬁxlvaL(xl,O)—i—
(a Z(l) ) ‘77 x/a 3313311}0 xl’ 0)> in Gg)

4.3.2 Discrepancies on the boundary.

It easy to checked that R, = 0 on I'y and 0,R. = 0 on the whole boundary 02, \ I'1, except
its vertical parts, on which

a’ElRe(x) = X<ﬂ> (axl'/\/’&+(x17 77)) |

€

(4.54)

n=z/e

on the vertical parts of 0€,

(9le5($) = (3351./\/’1_’6@1,7]))’ (4-55)

n=x/e

on the vertical parts of 8G§1), and keeping in mind problems (2.20), (2.21) and (2.23) — (2.28),
we get

O Belt) = —(Z17(2) 0,0 (w1,0) + 2{0(2) 2,0 (21, 0) )+

+€ ( (?1) agla,j (’CE?T}l))

(4.56)
+x(22) (0, N (1, m)|

m=wx1/e n=a/e

on the vertical parts of oG

4.3.3 Discrepancies in the integral identity.

Multiplying (4.50) — (4.52) with arbitrary function ¢ € H., integrating by parts and taking
(4.49) and (4.54)-(4.56) into account, we deduce

— / V.R. - Vydr 4™t (/\0 + 5/\1) / R, ¢ dx+
Q. QouG®

+e (X +eN) /(1> R.pdx = L. (v), (4.57)

Ge

where the linear functional ¢, is defined as follows

C(¥) =" o+ ) / Re v dx — eXodom / vy U dr+

QUG QUG

/6&”1 (xl,O)wda:+€)\1/vf(ml,0)¢dw_

Ggl) GS)

36



1
_ Anh / T(2)8,, v (21,000 day — ¢ / T(%)03 002,V (21,00 dt

ho
IO G£:2)
e (Ao +eNy) /N17E(m1,§)wdx—)\o / ZO (Yo (1,0) ) dar—
Gt v
~Xo / 2 (2)0,,07 (1,0) 1 dx — Ao / 2 (2)0a,v (21,0) ¢ d—
Gt G
_52/T(%) (Qzlxlvf(x,m))‘nl_m/&(‘?xl@bdﬂc+52/ T(%) 02, vy (z, 2) ¢ da+

a® a®

+ / (ailﬁl'/\/l_,s(‘rhn))“:% 77Z)de' —

o

(.
~~

/ OmZy" (0)]y=z Oy vg (21,0) ¥ dz — 2 / OmZy) (n)]y=z 02, v (21,0) ¥ da +

S

G.(gl) Ggl)
_3 _1 i
wet [ )]y 0uAilaim) e v == [ 0] Alen D) D do-
QUG Ve Qo ¢
et [ Mo Donvde vt [0, 70,0 (01,0) 0 do-
o Ve a® €
—eb [ 00|y T80 (01, 0)
2) Ve
Ge
bt [ RO Nl ) e
QouG?

A
~

9 / ) (O 2 )], 000 (21,00 + (00 20 ()]_, 020,00 (21,0) ) d

QoUGg-Q)
- / (7%)(6931'/\/’ (33‘1, ))’Ti=f xlwdx - / ((911./\/’1778((731,77))’,7:% $1wd’x (458)
QUG e

Here N, coincides with A" on Qy and with A, on G,
Let us estimate |(-(1)|. It is easy to see that the integrals in the first line of (4.58) is of

order O(e™™ 1), if m > 3 and O(&?), if m = 2.
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The integrals in second line can be estimated with the help of the Friedrichs-type inequality
(2.69) in the following way:

< 21|, eAl < 201 ||v |-

6‘ /Gglxlv (1,0) ¢ dx /Ul (1,0) ¢ dx

G[E_l) Ggl)

The integrals in the third line can be estimated by means of Lemma 1.6 from [7, §1] and they
are of order O(£?). The main term in the integrals of the fourth and the fifth lines of (4.58) we
bound again with the help of (2.69) as follows

/Gm Z1(0)(£) J(21,0) ¢ dx <5201||1/1||H5\//(1)

2
§5202||1/)||H5\/ / 20| dn < Gyl (4.59)
I,

e\ AE: ? g

E

Similarly we estimate the underbraced integrals and it is of order O(e?) as well. The integrals
in the sixth line due to Lemma 1.6 from [7, §1], are of order O(g?).

Using the asymptotic relations (2.29) — (2.31), we conclude that the integrals in the ninth
line of (4.58) are exponentially small, the integrals in the tenth line are together of order O(g?)
and the integral in the eleventh line is of order O(£?) due to Lemma 1.6 from [7, §1]. Thanks to
Lemma 3.1 ([14]) the overbraced integrals in (4.58) are of order O(27°), where § is arbitrary
positive number.

The first integral in the last line is of order O(£2) and the last integral in the last line is of
order O(g?).

Thus, we have ,

()] < ez |l (4.60)

With the help of operator A, : H. — H. defined in (1.22) we deduce from (4.57) and (4.60)
the following inequality \
|| RE — ()\0 + 8)\1)ASR5 ||Hs S cez, (461)

4.4 The main results

The justification of the asymptotics can be provided in the same way as in Section 3.
In this case Theorem 3.2 holds true without changes.
Let A" = . = Al be an r—multiple eigenvalue of the homogenized problem (2.48);

. . . 1 . . .
the corresponding eigenfunctions vy """, ... vi"""" are orthonormalized in VO Usmg formula

(4.33) for m > 3 ((4.42) for m = 2), we successively construct next terms e\, () G =1,
of the asymptotic expansion (4.1) and define the unique solution v;""** to problem (4.35) for
m > 3 ((4.43) for m = 2).

We formulate next theorem under assumption that all A\ (nt) s =1,

., r, are different and

AL N2\, (4.62)
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Theorem 4.1. Let inequalities (4.62) are satisfied. Then for any positive § small enough and
for any i € {1,...,r} there exists g > 0 such that for all € € (0,¢¢) we have

elfa)\nJri(E)_()\(n#z + )\nJrz)’ < Cl( ) %

and A
e -

€77 Ungile, - _T‘

(it

< .
iy S o) 2, (4.63)

£

where RS s the approzimating function constructed by formula (4.45) with the help of so-
lutions v ™ v ™ and ZM, Xk =0,1,2 and 27, B € B.

5 High-frequency cell-vibrations

It is known that for spectral problems with concentrated masses there are low- and high-
frequency vibrations (see [6, 8, 9, 10, 12, 7, 11]). In [11] it was showed, that frequencies of
high-vibrations can be presented only on the following eigenfrequency range [T, 4+00), where
T = sup,,cy limsup,_,q A, (€) is the threshold of low eigenvalues.

For our problem (1.1) (see Theorem 5.2 in [2], and Lemma 1.1) we have

N2
(_> in the case a € (0, 1],
21,

0 in the case o € (1, +00).

T =

This magnitude again indicates the qualitative difference in the asymptotic behaviour of the
eigenvalues and eigenfunctions of problem (1.1) for different values of the parameter «.
In [2] we have studied some kinds of high-frequency vibrations in problem (1.1) in the case
€ (0,1]. Here we show that there is a new kind of high-frequency vibrations in problem
(1.1) for any o € (0,400). Usually this kind of high-frequency vibrations is connected with
the corresponding spectral local problem. In our case it corresponds to the following spectral
cell-problem:

[ azm = { RS
Z(m) = 0, n € Oll|;
(o m) = 0.Z(Lm), m>0, s=0,1; (5-1)
anzz(nly 0) = 0, (m1,0) € O1l,
L O Z(m,—l) = 0, (1, —11) € O11.

Let C’°°( ) be a space of infinitely differentiable functions in II that satisfy the periodicity
conditions (2.18) and are finite in 1y, i.e.,

YoeCP(M) IR>0 Vnell |p|>R:vn)=0.

Let # be the completion of the space C5°(IT) with respect to the norm

1/2
lulle = (IVyull,m + lloull,m)
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where p(n2) = (1+ |n2) ™", m2 €R.
A number A is an eigenvalue of problem (5.1) if there exists a function Z € H \ {0} such
that the following integral identity holds:

/VWZ-andn:A/ Zvdn  YveH. (5.2)
i

ITH

With the help of Hardy’s inequality

“+00

+oo
/ (14 12) 2 (me) i < 4 / O dny, V6 € C1([0,+00)), B(0) =0,
0 0

we can show (see for instance Lemma 3.1 in [15]) that problem (5.1) is equivalent to a spectral
problem for some positive, self-adjoint, compact operator. Thus, the eigenvalues of problem
(5.1) form the sequence

0=Ag <A <Ay <...<A,<---—> 400 as n— 00,

with the classical convention of repeated eigenvalues. The respective sequence of the corre-
sponding eigenfunctions {2, },ez . C H can be orthonormalized as follows

Z, Zpdn =6k, {n, k}€Z,. (5.3)

L,

Also, it follows from the results of §3.1([15]), that the eigenfunctions have the asymptotics
Z,(n) = O(exp(—27mn,)) as s — +oo in II*, and Z,(n) = C,(hy) + O(exp(mhy 'ny)) as
ny — —oo in n € II7, for n € N. But now taking into account the harmonicity of Z,(n) in
IIT UII~, we can state that the constant C,(hy) = 0 and in addition Z,(n) = 0 for n € 11~
and there exists gy > 0 such that for all n € TIT, 17y > gy we have Z,(n) = 0.

Now let us take any positive eigenvalue A of problem (5.1) and the corresponding eigen-
function Z that is even in 7, with respect to % (due to the symmetry of the domain II with
respect to the line {n : n = %} a such egenfunction always does exist). Then we extend it

periodically in the direction On;. It should be noted here that thanks to (5.3) we have

1ZG). = V(2. 2)n. ~ cAZ as e—0. (5.4)

Substituting Z(:) and e* A in the differential equation of problem (1.1) instead of u(e, -)
and \(e) respectively and taking into account properties of Z mentioned above, we get
Ay (Z(2) +e*PAZ(2) = AZ(2) in Qo
A, (2(2)+e*?AZ(2) =0 in G
Ay (B(2) 4" 2AZ(2) =0 in G
and Z(;) satisfies all boundary conditions of problem (1.1). As a result, we have
(Z(#),U)H — 22 (AEZ(;),U)H =" A [ Z(:)vdr Vv e H., (5.5)
£ £ QO
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where A, : H. — H. is the corresponding operator to problem (1.1) and it defined by the
following equality

(Acu,v)y = / uvd:c—i—s_o‘/uvdx Vou,v € H..

QouG? el

/gz(é)vdx < \//Q |z<;)\2dx\/ i 0[2 da

sﬁ¢/ymwm&4wmws%&wm<w>
II

Since

/QO Z(Z)vdx

(in the last line we used Lemma 1.5 from [7]; here Qf := Qo N{z: 2z € (0,£00)}), with the
help of the first statement of the Vishik—Lyusternik Lemma 12 ([36]) and (5.4), we deduce

1 1 1

| S 1 Lz0)| <ae 6

min
neN

AZ(D) -

€

where 0 is arbitrary number from the interval (0, 1).
Taking into account the second statement of the Vishik—Lyusternik Lemma 12 ([36]), we
prove the following theorem.

Theorem 5.1. For any positive eigenvalue A of problem (5.1) there exists an eigenvalue Ay (- (€)
of problem (1.1) (n(e) — +o0 as € = 0), such that

1 B 1
g2 2\ /\n(g) (6)

‘ < 0151_6. (58)

In additon, for any ¢ € (0, %) there exists a finite linear combination

—~

[

~—

p

p(e)
Ucdx) =Y di(e)upersi(e, ), € Q. (u|?= Z &),

Il
=)

i

0
of eigenfunctions corresponding respectively to all eigenvalues )\ ( )y A z—:)+1( £),. )\k(ls +p(g)( £)
of the operator A. from the segment

1 ) 1 1)
|:Ea_2A — Cléf y 60‘_2A + Cléf :| s

such that

—— U < 2e7%. (5.9)
H 1202l

£
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