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NONCOMMUTATIVE MARKED SURFACES

ARKADY BERENSTEIN AND VLADIMIR RETAKH

To the memory of Andrei Zelevinsky
Csetyioit mamaTu AHapes BriamieHoBuya 3e/1eBUHCKOrO MIOCBAMIAETCS

ABSTRACT. The aim of the paper is to attach a noncommutative cluster-like structure to each marked surface
3. This is a noncommutative algebra Ay, generated by “noncommutative geodesics” between marked points
subject to certain triangle relations and noncommutative analogues of Ptolemy-Pliicker relations. It turns
out that the algebra Ay exhibits a noncommutative Laurent Phenomenon with respect to any triangulation
of ¥, which confirms its “cluster nature”. As a surprising byproduct, we obtain a new topological invariant
of ¥, which is a free or a l-relator group easily computable in terms of any triangulation of ¥. Another
application is the proof of Laurentness and positivity of certain discrete noncommutative integrable systems.
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1. INTRODUCTION

The goal of the paper is to introduce and study noncommutative algebras attached to surfaces (with marked
boundary points and punctures) and their triangulations. This provides an instance of the noncommutative
cluster theory (which is the main theme of the forthcoming paper [1]).

Since each surface can be obtained by gluing edges of a polygon (actually, in many ways), the most
important object of study are noncommutative polygons and their noncommutative triangulations.

In the commutative case, cluster structure (of type A,,—3) on an n-gon is based on the Ptolemy relations:

(1.1) TikTje = TijTre + TigXjk

for all quadrilaterals (i, j, k, £) inscribed in a circle, 1 < 4,4, k,¢ < n, so that the chords (i, k) and (j,¢) are
diagonals of the quadrilateral, and z;; = x;, i # j is the Euclidean length of the chord (ij). The Ptolemy
relations (1)) can also be interpreted as Pl ucker identities for 2 x n matrices.

In the noncommutative version we do not assume that x;; = z;; and we think of x;; as a measurement of a
directed chord from ¢ to j. We suggest the following noncommutative generalization of the Ptolemy identity
based on the theory of noncommutative quasi-Pliicker coordinates developed in [29]:

-1 -1
(1.2) TikT s, Tje = Tie + TijTy; The.

for every quadrilateral (7, j, k, £), in which (i, k) and (j,¢) are the diagonals.

Note that since elements 2;; correspond to directed arrows, the products of the form z;;x;,, ;' v;; make
sense only when ¢ = j.

It turns out that in order to establish the noncommutative Laurent Phenomenon and thus obtain a non-
commutative cluster structure on the n-gon, it is crucial to impose additional triangle relations (also suggested
by properties of quasi-Pliicker coordinates):

-1 —1
(1.3) TijTy Thi = Tikjy Tji

for all distinct ¢, 7, k (of course, (3)) is redundant in the commutative case).

The triangle relations ([3)) are of fundamental importance because they allow to introduce noncommu-
tative angles Tij’k = $;il;vjk$i7€1 in each triangle (4, j, k) so that Tij’k = Tf’j due to ([L3). That is, the
noncommutative angle at a vertex of a triangle does not depend on the order of the remaining two vertices.
The ” commutative” angles were introduced by Penner in [36 Section 3] (where they were called “h-lengths”)
and each z;; = xj; was viewed as the A-length of the side (i,5) of an ideal triangle (4, j, k) (see also [21]
Lemma 7.9], [19, Section 12], and [26, Section 1.2], in the latter paper the term “angle” was used, apparently,
for the first time) and thus noncommutative angles together with the ”noncommutative A-lengths” x;; can be
thought of as a totally noncommutative metric on the Lobachevsky plane. The term “angle” is justified by
the following observation. The noncommutative Ptolemy relations (L2) together with the triangle relations
([T3) are equivalent to:

T =T, +T;"
for every quadrilateral (i,7,k,¢), in which (i,k) and (j,¢) are the diagonals. In other words, the (both
commutative and noncommutative) angles are additive, which justifies the name. Using additivity of non-
commutative angles, we establish the first instance of the noncommutative Laurent Phenomenon for the n-gon
with vertices 1,...,n:

j—1
kok+1
iy =y wia Ty
k=i
forall 2 <i < j <n-—1,e.g., each z;; is a noncommutative Laurent polynomial in z1 x, T, k=2,...,n—1

and all x; ;+1. In fact, the latter elements correspond to a triangulation of the n-gon where each triangle has
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a vertex at 1. We generalize this to any triangulation of the n-gon in Theorem 210, and, as expected, the
commutative “limit” of this result (with all z;; = ;) specializes to the Schiffler formula ([37, Theorem 1.2]).

These arguments extend verbatim if we replace a polygon with a surface ¥ with marked points. That is, for
each such ¥ one defines a Z-algebra Ay, generated by x,jytl, where v runs over homotopy classes of curves on ¥
between marked points subject to the triangle and noncommutative Ptolemy relations. The Noncommutative
Laurent Phenomenon (Theorem B:30) asserts that for a given triangulation A of ¥ each . belongs to the
subalgebra generated by all ,T,::,:,l, ~" € A. In any case, the assignments ¥ — Aysy; and ¥ +— Ty define functors
from the category of surfaces with marked points to respectively the category of algebras and the category of
groups (Theorem B10).

A surprising byproduct of our approach is that the corresponding triangle group Ta (generated by all ¢,
~v € A subject to the triangle relations) does not depend on the triangulation of X, therefore, is a topological
invariant of ¥ (Theorem B.24)). Moreover, each Ta either free or a one-relator group which looks like the
fundamental group of ¥, however it is different from 71 (X). For instance, if 3,, is the sphere with n punctures,
then T is a free group in 5 generators if n = 3 and it is a 1-relator torsion-free group in 4n — 7 generators if
n > 4[ Tt turns out that each group Ta has a “universal cover” Tx which is a group generated by ¢, as 7y
runs over all isotopy classes of directed curves on ¥ between marked point, subject to the triangle relations
(see Sections and for details). This group, which we refer to as big triangle group is of interest as
well: if ¥ is the n-gon, we prove (Proposition Z.27) that Ty has a presentation with w generators
and (n — 3)? relations and expect that the multiplicative group of As is isomorphic to Tsy.

For each marked point ¢ on ¥ and each triangulation A we also introduce a total (noncommutative) angle
TA € As in Section to be the sum of noncommutative angles of all of all adjacent triangles. Similarly
to the commutative case, we establish (Theorem B:40) that the total angles do not depend on the choice
of a triangulation A. Thus the collection of the total angles {T;} can be thought of as a noncommutative
version of a (hyperbolic) Riemann structure on X. Using them we define in Section B9l the algebra Us, to
be the subalgebra of Ay, generated by all noncommutative edges x,, the inverses of the boundary edges and
all noncommutative angles 7T; and argue that Us, is a totally noncommutative analogue of the upper cluster
algebra corresponding to ¥ (see e.g., [2]).

As an application of our noncommutative Laurent phenomenon, taking 3 to be an annulus with no punc-
tures, one marked point on the inner boundary and k marked points on the outer boundary, we prove
Laurentness of the following noncommutative recursion for each k € 1 + 2Z~¢:

(1.4)

Up_xDU, = Cp +U,_1DU, 41 if nis even
UpDUp_p = Cp + Upy1-1DU,—1 if nis odd

for all n > k + 1, where D, D, all C;, and belong to a noncommutative ground ring (with the convention
Crik—1 = Cr—1 for n € Zy).

We prove (Theorem [H) that for odd k& > 0 this recursion has a (unique) solution the group algebra QT,
of the free group T, freely generated by D, D,C4,...,Cx_1, Ui,...,Us, more precisely, each U, is a sum of
elements of T,.. We also prove (Theorem 5] that the element H,, in the skew field of fraction of QT,, n > k,
given by

(1.5) H, =

DUpy1-1Ut + DUy U if s even
U 'Ups1-6D + U Ui D if mis odd

belongs to ZT, and does not depend on n hence is a “noncommutative conserved quantity.”

Setting D = D = C; = 1 for all i, we recover the Laurentness of the noncommutative discrete dynamical
system established by Di Francesco and Kedem in [30, Theorem 6.2] (conjectured by M. Kontsevich in [31]
Section 3]).

We finish the introduction with establishing Laurentness of the following noncommutative recursion (which
specializes to the discrete integrable system recently studied by P. Di Francesco in [17], see SectionHlfor details)
in the skew filed F freely generated by A, A;, B;, By, Uii, Vii, Uiit1, © € Z

(1.6) Uit1,jAjVit1, = BZ-_+11 +Uit1,j+14;Vji, Vig1,;BiUj1: = Ai__,rll + Vis1,j+1B,Uji

IMisha Kapovich explained to us that T is related to the fundamental group of a ramified two-fold cover of 3.
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(1.7) UijAjVisri = Ui j+14;Vig, VijBiUjsri = Vij1 BiUij -

We prove (Theorem FI2) that this recursion has a (unique) solution in the group algebra QT of the free
group T, freely generated by A;, A;. B;, B;, Uii, Vii, Ui iv1, 1 € Z, more precisely, each U;; and V;; is a sum
of elements of the group. We also prove (Theorem LT2]) that the elements H, Zj][ € Frac(ZT), i € Z, given by
(18) H:Jr = szl(UjﬁiflAifl + UNHE), Hz; = ijl(Vj’ileifl + ‘/j7i+1§i—l)

belong to ZT ., and do not depend on j.

These examples and their treatment in Section ] suggest the following general approach to construct-
ing noncommutative discrete integrable systems. That is, such a system consists of a marked surface X,
its automorphism 7 : ¥ :— ¥ permuting marked points, and a triangulation A so that the collection
T = {2, € As,v € Upezm(A)} evolves in “discrete time” k € Z and for each marked point p of %,
the total noncommutative angle T, is a (noncommutative) conserved quantity. The noncommutative Laurent
Phenomenon (Theorems and [330]) then guarantees that each T belongs to the algebra isomorphic to the
group algebra Ta.

Acknowledgments. This work was partly done during our visits to Mathematisches Forschungsinstitut
Oberwolfach, Max-Planck-Institut fiir Mathematik, Institut des Hautes Etudes Scientifiques, and Centre de
Recerca Matematica, Barcelona. We gratefully acknowledge the support of these institutions. We are very
grateful to Alexander Goncharov and especially to Maxim Kontsevich for their encouragement and support.
Thanks are due to George Bergman, Dolors Herbera, and Alexander Lichtman for stimulating discussions
of noncommutative localizations and unique factorizations, and to Misha Kapovich, Feng Luo, and Misha
Shapiro for explaining important aspects of low dimensional topology and hyperbolic geometry.

2. NONCOMMUTATIVE POLYGONS

2.1. Definition and main results. For each n > 3 consider a cyclic order i + it on [n] = {1,2,...,n} by
o i+ dti<n
VA =
1 ifi=n

(and i — i~ to be the inverse of i — i*). We will view [n] with this cyclic order as n points on a circle (or
vertices of a convex n-gon) and each pair (i, j) as a chord from ¢ to j (or as an edge or diagonal of the n-gon).

We also say that a sequence i = (i1,...,4) of distinct elements in [n] is cyclic if a cyclic permutation
i— (igy...,%0,%1,...,4k—1) is strictly increasing. In particular, the sequence (k,k +1,...,n,1,...,k— 1) is
cyclic for each k.

-1

Definition 2.1. Denote by A, the Q-algebra generated by z;; and w;;",

relations:
(i) (Triangle relations) For any distinct indices i, j, k € [n]:

1,7 € [n], i # j subject to the

(21) :Cij:v,:jlxki = fikl'j_klxji .
(ii) (Exchange relations) For any cyclic (4, 4, k, £) in [n]:

—1 —1
(2.2) Tjo = TjkTy, Tie + Tji%p; The -

Triangle and exchange relations i
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Remark 2.2. It is easy to see that the exchange relations (2.2)) are equivalent to noncommutative Ptolemy
relations (1)) provided the triangle relations (21I) hold.

At the first glance the number of relations of A, greatly exceeds the number of generators, moreover, we
expect that the subalgebra of A,, generated by all z;; is free a algebra in n? — n generators.

However, we will demonstrate below that the algebra A, is “rationally” generated only by 3n — 4 free
generators.

Denote by F,,, the free group on m generators, so that its group algebra QF,, is the free Laurent polynomial
algebra Q(ci',...,¢El). Following Amitsur and Cohn (see e.g., [I3] or Section Bl below) denote by F, the
free skew filed on m generators, which the “largest” skew field of fractions of QF,,. The following is our first
main result, in which we freely use notation of Section

Theorem 2.3. For each n > 2 the algebra A, contains a subalgebra A., isomorphic to the free group algebra
QF3y,—4 such that A, is a universal localization of A}, by a certain multiplicative submonoid of A}, \ {0}.

We prove the theorem in Section 2T4l In fact, it will follow from a more precise assertion (Theorem [28]).
In view of universality of the localization (Lemma [B.1]), Theorem [2Z3] implies that following immediate
corollary.

Corollary 2.4. The canonical monomorphism of algebras ¢’ : Al — Fz,,_4 uniquely extends to a homomor-
phism of algebras

(2.3) ©: .An — f3n_4

In fact, we expect that ([23) is injective, so far we can deduce this from another, “innocent looking”
conjectural property of the group algebras QF;,, (Conjecture (I8 see also Section [ZT5]).

Remark 2.5. Injectivity of (Z3]) would imply, in particular, that .4,, has no zero divisors, which is a rather
non-trivial assertion because of the following “counter-example” which was communicated to us by George
Bergman. The universal localization Q(z, y)[(xy) ~!] of the free algebra Q(x, y) has a zero-divisor y(zy) tz—1.

Remark 2.6. Given n’ > n and an injective map j : [n] < [n'] for some n’ > n, clearly, the assignment
Tij = Tj(),j() defines a homomorphisms of algebras j. : A, — A,. One can conjecture that each j, is
injective. In fact, this would directly follow from the injectivity of each (Z3)).

Now we explore the “cluster” structure of A,,. We say that a pair (i, k) crosses (j,¢) if (i, 7, k,¢) is cyclic.

A triangulation A of [n] is a maximal crossing-free subset of [n] x [n] \ {(¢,7)]¢ € [n]}. Clearly, each
triangulation of [n] has cardinality 4n — 6.

For each triangulation A of [n] define:

e The subalgebra A of A,, generated by z;;, i,j € [n] and x;jl, (1,7) € A.

e The triangle group Ta generated by all ¢;;, (i,7) € A subject to the relations:

tijt,;jltki = tiktjkltji
for all i, 7, k € [n] such that (,7), (4, k), (k,9) € A.
Theorem 2.7. Each Ta is a free group in 3n — 4 generators.

We prove Theorem 2.7 in Section 2111 We generalized it in Theorem [3.24] to all surfaces.
Clearly, the assignment ¢;; — x;;, (¢,j) € A defines a homomorphism of algebras:

(2.4) in:QTa — Aa

where QT is the group algebra of Ta.
Recall (see, e.g., (6.I)) that for a given algebra A with no zero divisors and a submonoid S C A\ {0} one
has a universal localization A[S™1] of A by S.

Theorem 2.8. For each triangulation A of [n] one has:
(a) The homomorphism ia given by 24) is an isomorphism of algebras.
(b) A, = Aa[STY, where S is the multiplicative submonoid of Aa generated by all x;;.

We will prove Theorem 28 in Section [ZT4l In fact, Theorem [2:8|a) establishes a noncommutative cluster
structure on A, and Theorem 2:8(b) — a noncommutative Laurent Phenomenon (see also Section 2:2)).
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2.2. Noncommutative Laurent Phenomenon. For each even sequence i = (i1,...,i2,) € [n]*™ such
that adjacent indices are distinct define the monomial z; € A, by:
Ti = 3:1-1,1-23371 1

i5,i2Visy0a " Lig, 1 igm_2Lizm—1,i2m *

Definition 2.9. For a directed chord (i,7) and a triangulation A of [n], we say that a sequence i =

(i1, .-, d2m) € [n]*™ is (i, 4, A)-admissible if:
(i) i1 =1, dom = J and (is,9541) € Afor s=1,...,2m —1;
(ii) each chord (i2s,42541), s = 1,...,m — 1 intersects (4, j);

(iil) If p := (ik,ik+1) N (i,5) # 0 and q := (ig,ie41) N (4,5) # O for some k < ¢, then the point p of (4,7) is
closer to 7 than the point q.
We denote by Adma (i, j) the set of all (4,7, A)-admissible sequences i.

Theorem 2.10. (Noncommutative Laurent Phenomenon) Let A be a triangulation of [n]. Then for any i # j
each element z;; of A, belongs to Ax, more precisely,

(25) Tij = Z Ti .

i€ Adma (i,5)
We prove Theorem in Section 213
Remark 2.11. This is a noncommutative generalization of Schiffler’s formula ([37]).
Now we illustrate Theorem for each starlike triangulation
(2.6) Ay = {(in), G i)lj € )\ {1} U {(k K5), k€ ]}, i€ [n] .

Lemma 2.12. Fiz i € [n]. Then for each k,¢ € [n]\ {i} such that (i,k,£) is cyclic, the following relation
holds in A,,:

-1 -1 -1
Tre = g Thilgy Ts,s+ Ly o+Tiy
S

L — . : -1 -1 ,—1
where summation is over all s = k,k*,... 0~ in cyclic order. Hence xy =in, (D trit,; ts s+ t;s+tie ).
S

Example 2.13. (a) If n =5 and A = {(1, 3), (1,4); (12), (23), (34), (45), (51)}, then
Tos = 562156211!1045 + 5623561_319615 + 5621!E§119634$1_41$15-
(b) 1 1= 6 and A = {(13), (36), (46); (12), (23), (34), (45), (56), (61)}, then

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
Tas = X23Tg3 Tes T T21T31 £36T4q Ta5 T T21T31 £34Tgy Te5 T T23T13 T16T 45 T45 T T23T13 T16T35 £34Tg4 L65-

3 4 3 4

2 e s e — R— — 5 o K 5

1 6 1 [

A triangulation of a hexagon and all (2, 5)-admissible sequences

In fact, we will streamline the formula for z;; by introducing new coordinates yfj € A, for distinct
i,7,k € [n] by:

k -1
Yij = Thi Tkj -
We refer to yfj as noncommutative sectors and denote by Q,, the subalgebra of A,, generated by all yfj (with
the convention y¥ = 1).
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Theorem 2.14. The algebra Q,, is generated by all yfj subject to the relations:
(i) (triangle relations):

(2.7) iy =1 vyt =1
for distinct i, 7,k € [n] and
(2.8) Yk = 1

for distinct i,j,k, £ € [n].
(i) (exchange relations) For all cyclic (i,j,k, ) in [n]:

(2.9) Vi = Y+ yle
We prove Theorem 2.14] in Section
For each sequence j = (ig,i1,...,i2m) € [n]*™ such that adjacent indices are distinct define the monomial
Yi € Qn by: o :
Y5 = Vi Yisia " Yimr i -

The following is a “polynomial equivalent” in Q,, of Theorem [2.10

Theorem 2.15. (Noncommutative polynomial phenomenon) Let A be a triangulation of [n]. Then for any
triple (i,j,k) of distinct indices such that (i,k) € A one has:

(2.10) V= D Yk -
ic Adma(4,5)
We prove Theorem in Section
Example 2.16. (a) If n =5 and A = {(1,3),(3,1),(1,4), (4,1); (,3%)|i € [5]}, then
Yis = Yis + YisYas + YiaYis -
(b) If n =6 and A = {(13), (36), (46); (12), (23), (34), (45), (56), (61)}, then
Yis = Yisos + YiaUs + YiaUis + UisYseVes T YisUieYealls -

Similarly to Section [Z]] for each triangulation A of [n] define:
e The subalgebra Qa of Q,, generated by all yj;, i, j, k € [n] such that (i, k), (k, j) € A.

e the subgroup Ua of Ta generated by
k
ug;

= tl;iltkj )
for i, 4, k € [n] such that (i, k), (kj) € A.

Clearly, the restriction of the homomorphism ia given by [24]) to QUa C QTa is a homomorphism of
algebras:

(2.11) i/A : QUA — QA .

The following is an immediate corollary of Theorems and [Z8
Corollary 2.17. For each triangulation A one has:

(a) The homomorphism i\ given by (ZII)) is an isomorphism.

(b) Qn = Qa[S'™"] for some multiplicative submonoid S’ C Qa \ {0}.

(c) i’y extends to a monomorphism of algebras QQ,, — Frac(Qa) = Fon—4.

2.3. Regular elements in noncommutative polygons. We start with a more economical presentation of
A,,. Denote by U,, the subalgebra of A,, generated by all z;;, ¢ # j and xi_l.li. The following result is obvious.
Lemma 2.18. The algebra U, satisfies the following relations
(a) (reduced triangle relations) for alli,j € [n], i ¢ {j~,j}:
(2.12) :vi)jfx;}xji = xijx;,lij
(b) (reduced exchange relations) for all cyclic (i,7,k) in [n] such that i~ ¢ {j,k}:

Tt

-1 o -1 R -1
(2.13) Tig = Tj= e = Tik + Tj j= T - Tjk, Thj=T; i Tji = Thj + ThjT;- T -

Remark 2.19. We expect that these relations are defining for the algebra U,,.



8 ARKADY BERENSTEIN AND VLADIMIR RETAKH

Noncommutative Laurent phenomenon ([ZI0) guarantees that U, belongs to each subalgebra Aa. The
following conjecture implies, in particular, that U, is a totally noncommutative analogue of the upper cluster
algebra of type A, _3.

Conjecture 2.20. For each n > 2 one has:

(2.14) U, = Ana

)

where the intersection is over all triangulations A of [n].

We say that an element x € A, is regular if it belongs to each subalgebra Aa as A runs over all trian-
gulations A of [n]. Thus, Conjecture 2.20] asserts that each regular element of A,, belongs to U,, i.e., is a
noncommutative polynomial in z;; and x;ili.

2.4. Noncommutative angles. Now we take advantage of the “invariant” algebra Q,, and will view the
ambient algebra A,, as some “Galois extension” of Q,, (in fact, Proposition 2.61] below guarantees that A,, is
freely generated by x; ;-, i € [n] and Q,,).
However, we want a more symmetric and “geometric” presentation of A,, over Q,,. Recall that yfj = x,;ilxkj
and set
% = x ey
The following result provides such a presentation of A,.

Proposition 2.21. The algebra A, is generated by Q, and (Tijk)i1 for all distinct i, j, k € [n] subject to:
(i) (triangle relations) Tijk = Tikj for all distinct (i, 4, k) in [n]:
(ii) (modified exchange relations) Tije = Tijk + Tk for any cyclic (i, j, k, ) in [n]:
(i1i) (consistency relations) for all i,7,k, £, m € [n] such that the triples (i,4,k) and (i,€,m) are distinct:

ik i, mrbm
(2.15) 1% =yl T/

K2

(with the convention yfl =1 foralli,j).

Proof. Denote by A/, the algebra whose presentation is given in the proposition. Clearly, the assignments

k 1. ik _ -1 -1
Yij = 2y kg, T30 = Lji LikLyy,

define an epimorphism of algebras A/, — A,,.

On the other hand, it is easy to see that the assignments x;; — (Tfk)’lyfj define an epimorphism of
algebras A, — AJ,.

Therefore, these epimorphisms are inverse to each other and hence are isomorphisms. The proposition is
proved. O

We refer to Tij ¥ for all distinct i,j, k € [n] as noncommutative angles by a number of reasons. First, because

of the triangle relations in Proposition [Z21] (so that we can attach Tl-j ¥ to the angle in the triangle (i,7,k) at
the vertex i) and, second, because of the modified exchange relations (ii) of Proposition 2:21] can be viewed as
an “addition law” of angles in a quadrilateral. In fact, such an addition law holds in more general situation.

Corollary 2.22. For any cyclic (ig, 1,12, .. .,%¢) one has: Tiiol’i’“ = Tiiol’h —I—T;O2ng +-- -—I—T;(f*l’ie. In particular,
TP =T34 T3 4. 410",
Moreover, this view is supported by the following observation. For each triangulation A of n and each

i € [n] define the total angle T> around the vertex i to be the sum of all noncommutative angles in A at the
vertex ¢. For instance, we have in Example [2.16]

TP =TP + TP+ T, T8 =T5°, T9 =T + Ty, TR = TP + T°, T =T3* .

Corollary 2.23. T~ = Tir’i+ for any triangulation A of [n] and any i € [n]. In particular, T? does not
depend on a choice of A.
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Remark 2.24. Based on Corollary 223 we can view T; := Tir’i+ as the total angle of the noncommutative
n-gon at the vertex ¢. The sum of all total angles T' := Ty + T» + - - - + T}, also does not depend on a choice
of triangulations and, in particular, can be specialized to any constant value (e.g., to 7 - (n — 2)).

Remark 2.25. The independence of T; of a choice of A means that T; is invariant under noncommutative
mutations. We will encounter the noncommutative angles again in Section

2.5. Big triangle group of noncommutative polygons. For each n > 2 let T,, be a group generated by
tij, 4,7 € [n], i # j subject to the triangle relations

tijte, thi = tint 5y, i

for all distinct 4, j, k € [n]l; and refer to this group as the big triangle group of the n-gon.
The following is obvious.

Lemma 2.26. For any n > 3 one has:
tlj Zfl =N
(a) the assignment t;; — Sty if j=mn fori,j € [n], i # j (with the convention t11 = 1) defines an
t;;  otherwise
epimorphism of groups w5 : T,, — Tp_1.
(b) The assignment t;; — t;; for i,j € [n—1], i # j defines an injective homomorphism of groups
Tp—1 < T, which splits .

The following result gives a presentation of T,.

Proposition 2.27. For each n > 3 the group T, is generated by t;5, 1 <1 < j<nandty,i=2,...,n,
subject to:
tinty ikt byt i = tantyy, tagty; bty i

forall2<i<j<k<n.

Proof. Clearly, if n = 3, then T3 is free in t12, t13, 23, to1, t31. Furthermore, let n > 4. Then we can group
the defining relations for T,, into the following quadruples for 2 <i < j <k < n:

(2.16) r/=1)", Ti* =1F T* =1, TR =T

It is easy to see that each such quadruple (2I6) is equivalent to the following quadruple of relations
(here (¢/, ) € {(i,7), (i, k), (G, k)}): tyrsr = tjr b Yo oty St s tantj gty bt i = oty bt bty
Thus, eliminating the redundant generators t; ;-, we finish the proof of the proposition. g

The following is obvious.

Lemma 2.28. For each n one has:
(a) The assignment t;; — x;; defines a ring epimorphism m, : ZT,, — A,.
(b) For each triangulation A of [n] the assignment t;; — t;; defines a group homomorphism jA :Tao — T,y
(c) The symmetric group S, acts on T, by automorphisms: o(ti;) = t,(;),0(j) for o € Sn, 4,7 € [n], i # j.

Conjecture 2.29. The restriction of m, to Ty, is an isomorphism of monoids T,—AX.

Theorem 2.30. For any triangulation A of [n] there exists an epimorphism wa : T, = Ta such that
j Aoma = Idr, .
In particular, jA s an injective homomorphism Ta — T,,.

The following is obvious.

Corollary 2.31. For any triangulations A, A" of n the composition Ta a = T OjA is an tsomorphism
Ta — Tar such that Taa = Idr, and Ta,av = Tar,av 0 Ta, A for any triangulation A" of [n].
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2.6. Representation of A, and Q,, by noncommutative 2 xn matrices. In what follows, we identify the
free skew field generated by by all a1;, ag;, @ € [n] with Fs,, and view it as the set of totally noncommutative
rational functions on the space Matayx, of 2 X n matrices.

Following [29] define 2 x 2-quasiminors b WM o~ anagtasy, |0 2 gy — agiartan,
g quas S DYy . s, = a1y 1ilqg,; A2j5, a9; az; = a2y 2idq; A1j
for i,j € [n] and the quasi-Pliicker coordinates qu for distinct i, j, k € [n] by:
-1 -1
alk a1 a1k aij aik a14 aik a14
2.17 ko= : = .
( ) ng ask ao; ask az; asp a2; ask @24
(the latter identity is proved in Proposition 4.2.1 and Section 4.3 of [29]).
Proposition 2.32. For each n > 2 the assignment
yiy = sgn(i — k) sgn(j — k)gj;
defines a monomorphism of algebras
(2.18) ¢ Qn — Fon .
Proof. First, we establish a new presentation of A,, (and Q,) by using generators i“lijl = sgn(j — i)xlijl,
1 # 7 and the elements Tl-jk € A given by:
(2.19) T% = &5 ijiy! = sen(i — j) sgn(k — j) sgn(k — i)ay; iy,

(see also Section 2.4]). Similarly, we define
(2.20) gk =2 iy = sgn(i — k) sgn(j — k)ys;

for distinct ¢, 7, k € [n].
We need the following useful fact.

Lemma 2.33. For each n > 2 one has:
(a) The algebra A, is generated by Z;; for distinct i,j € [n] subject to the relations:

(2.21) )% = -1
for any distinct i, 5,k € [n]:

(2.22) T+ T+ T =0

for any distinct i,j,k, £ € [n].
(b) The algebra Q,, is generated by all ﬂfj subject to the relations:

(2.23) ghak =1, ghual = -1
for distinct 1,7,k € [n],

(2.24) U0t = 1, G + ULk =1
for distinct i, 5, k, £ € [n].

Proof. Prove (a). Denote by A/ the algebra freely generated by all i“lijl, i # j. That is, A is the group

algebra of a free group in n? — n generators. Define 7;;;, = Tl-kj (Tf k)_l. for all distinct ¢, j, k € [n]. Clearly,
Tijk = f;ilikjff{jlimff;klfiﬁ = —!E;:ilévkjfcfjlwiw;klfﬂji = ﬂfjﬂ;kﬂil = —yij;kyfﬂ
for all distinct 4, j,k € [n]. Denote by Z’ the ideal in A" generated by all 7;;5 + 1. Then the quotient
Al = Al'/T' is an algebra generated by z;;, ¢, € [n], i # j subject to the triangle relations [2.1)).
Furthermore, for any distinct 4, j, k, £ € [n] define 75, x¢ € AL, by Fijpe = T7% + TF + T,
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Clearly, 7ijke = —Tik,je = —Tijek for all 4,5, k¢, ie., rij e is skew-symmetric in j, k, ¢ because of
@20). Note also that
. e e N N I T Ay o i ~p ~j ke ~—1
Fisjt = T (T Tie + Tjilyy The — Tj0) Ty = (Thbne + Uie — T10) T = (= U0k + 1 — Tly¥e;) T34
for all distinct 4, j, k, £. Moreover, if (4, 7, k, £) is cyclic, i.e., (i,k) crosses (4, £), this gives:
Tig = T3 (T3, Tie + Ty The — T0)T3
Therefore, if we denote by Z the ideal in Aj, generated by all 7, . ¢, then, obviously, Al /Z = A,,.
This proves (a).
Part (b) also follows because the relations (2:23) and (Z24) are equivalent to 7)), (28)), and ([23]). The
lemma is proved. O
Finally, note that quasi-Pliicker coordinates also satisfy ([2:23)) and (2Z224]) by the results of [29, Section 4.4].
This proves that the assignment
e
is a homomorphism of algebras. Taking into account ([2.20)), this finishes the proof of Proposition 2.32 O
The following is an immediate corollary of Propositions 2:32] and 2.1

Corollary 2.34. For each n > 2 the assignments

a1; | ai; ay; Gy

s wig o sgn(j =) | g,

w5 > sgn(i — j)

a2; @24
for all i # j define homomorphisms of algebras
(2.25) ot Ay = Fon, o Ap — Fop -

Furthermore, denote by F}, _, the skew sub-field of F3,, generated by ¢(Q,), i.e., by all qu
Proposition 2.35. F3,_, is isomorphic to Fap_4.
Proof. Denote:
(2.26) Ao (au aln) B (a13 aln) o (au am)

Q21 -+ Q2n Q23 -+ Q2n 21 Q22

so that A = [C| B].

2 DY 2
Lemma 2.36. ([29, Theorem 4.4.4]) The matriv C~'B equals: (gP g%"), where qf; = q¥(A) are
23 0 Qo

quasi-Pliicker coordinates on A given by (Z17T).

It was proved in [29, Section 4] that ¢f;(A) = ¢;(DA) for all distinct i, j, j € [n] and any invertible 2 x 2
matrix D over Fa,. In particular, taking D = C~!, we see that ¢} = ¢¥ ([C'| B]) = ¢ ([I2| C~' B]), therefore,
each qu belongs to the sub-field of F»,, generated by the matrix coefficients of C' (here Iy is the 2 X 2 identity
matrix). This proves that F3, , is a sub-field of Fy, generated by the entries of C, i.e., by all ¢7},q3;,
| =3,...,n.

’ It remains to show that matrix coefficients of C~1B (freely) generate a free subfield of Fa,. We need the
following obvious fact.

Lemma 2.37. Let F be a skew field, C € GLy,(F) and B € Maty, n—m/(F) such that matric coefficients of
the partitioned matriz A = [C'| B] generate F. Then the matriz coefficients of [C'|C~1B] also generate F.

Now we take m = 2 and B, C as in (226]), F = Fa,, the free field freely generated by matrix coefficients
of A = [C'|B]. Then, clearly, C € GLy(Fa,) and B € Mata,—2(F). Then, by Lemma 237, the matrix
coefficients A’ = [C'| C~!B] also generate Fa,,. Since A’ is 2 x n, then Proposition 5.8 implies that the matrix
coefficients of A’ are free generators of Fa,. In particular, the matrix coefficients of the 2 x (n — 2) matrix
C~1B are free generators of the free skew sub-field of Fa,,. That is, Fj, _, is freely generated by the matrix
coefficients q%j, q%j, j=3,...,nof C7'B.

The proposition is proved. 0
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Remark 2.38. Proposition 235 and its proof generalize verbatim to m x n matrices.
Theorem 2.39. For each triangulation A of [n] the homomorphism

(2.27) poip:QUa — Fpy_y

18 1njective.

Proof. We need the following result, which is a particular case of [38, Theorem 10.10].

Proposition 2.40. Let m > 1 and assume that m elements t1,...,ty of Fm generate Fp,. Then ty,... ty,
are free generators, in particular, the assignment c; — t;, i = 1,...,m defines an injective homomorphism of
algebras QF,, — Fp,.

Taking m = 2n — 4 and any free generating set uq, ..., us,—4 of the free group Uan = Fy,_4, we see that
t; = i\ (u;)), i =1,...,2n — 4 generate F},_, due to the following fact.

Lemma 2.41. For each triangulation A of [n] the image ¢(Qa) generates the skew field Fj, _,.

Proof. Denote by Fj,_, the skew subfield of Fs,, generated by image ¢(Qa). Since image Oa C Q,,, we

have an obvious inclusion F3, _, C F5,._4. O
Therefore using Proposition 5.8 with £ = 2n — 4, we see that t1,...,t2,_4 are free generators of Fj,, _, and
hence the homomorphism (Z27)) is injective.
Theorem [2.39] is proved. g

2.7. Some symmetries of noncommutative polygons. In the notation of Lemma 233 define the action
of the symmetric group S, on the set X = {Z;;],7 € [n],? # j} by the formula

W(Tij) = Tu(i),w(j)
for all w € Sy, 4,5 € [n], @i # j.

Proposition 2.42. For each n > 2 one has:

(a) The above action uniquely extends to an action of S, on A, by algebra automorphisms.

(b) The action commutes with homomorphisms ¢y, o : Ay — Fan given by (Z23)), where the action of
Sp on Fop is given by w(as,i) = as.w@) for s =1,2,i € [n], w € S,.

(¢) The subalgebra Q,, is invariant under the Sy-action, i.e., w(g{;) = g;”gf))w(j) foralli,j, k € [n], w e S,.

Proof. Prove (a). In what follows, we borrow all notation from the proof of Proposition 2320 The following
fact is obvious.

Lemma 2.43. The S, action on X uniquely extends to that on A” = Q(X) by algebra automorphisms.

Thus, it suffices to prove that the S,-action on A/ preserves the ideal of triangle relations ([22I)) and
exchange relations (2.22)).

Let us prove that the ideal Z' of A" generated by all 7 is invariant under the S,-action. Indeed, for
distinct i, j, k € [n] and w € S,, one has
(@ )w(Fik) T = Fudi)w()w) -
This proves that S, (Z') = Z' hence S,, acts on A}, by algebra automorphisms.

It remains to prove that the ideal of exchange relations ([2.22)) in A}, is invariant under the S,-action. Now
we show that the ideal Z of A}, = A/ /! generated by all 7;;; ;¢ is invariant under the S,-action. Indeed,

w(Fijn) = w(Zi)w(Erg) " w(@r )w(Zz)

w(Fine) = W) + (@) + (@) = Tyd ™ + Tl + L0 = Fuwwm.w
for all distinct ¢, j, k, £ € [n] (where Tfk are defined in (2I9)). This proves that S,(Z) = Z.
Part (a) is proved.

Part (b) follows from the fact that the homomorphisms ¢4, ¢_ : A, — Fa, are determined respectively

az;  ag;

Q14 Q14

by the assignments: Z;; — , Tij which, clearly, commute with the S,-action.
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Part (c) is obvious.
The proposition is proved. g

The Lie algebra gl,,(Q) (viewed as Mat, «,) naturally acts on the skew space Matax, by right multipli-
cations, i.e.,
Eij(as) = 61jas,i
for s € {1,2}, 4,4,t € [n]), where E;; € gin(Q) are the matrix units.
This action uniquely extends to Fa,, by the Leibniz rule: E(fg) = E(f)g+fE(g9), E(h~!) = —h~*E(h)h !
for any E € gl,(Q), f,9 € Fon, h € Fa, \ {0}.

Proposition 2.44. For each n > 2 there exists a unique action of gl,(Q) on Q, by derivations such that
the homomorphism ¢ : Q, — Fa, given by 2I]) is gl,(Q)-equivariant. The action is given by:

0 if 5" ¢ {i,5,k}
Ui ifj'=j
—graul ifi =i
—gf,i'?jlicj ifj' =k

(2.28) By (i) =

for any distinct indices i, j, k € [n].
Proof. Indeed, in view of Theorem 239 it suffices to prove ([2.28) for qu = gp(gjfj) Indeed, if we abbreviate

Z;; = for distinct 4, j € [n], then
az;  a2;
o . o o .
0 it j ¢ {i, 5} [0 if j" & {i,j}
1 —1 ir - . g .
Ei (L;) = By j(a1; — ariay; azj) = { a1 — a1iay; ag i j' =] =9Z if j/ =
—1 P . -1 P .
—Ey i(a;a5; Jag; if j' =1 Ty gy g =1
because —Ey j(ar;ay;') = —ay pay' +aviaytas pay = —x; yay' and ay'as; = —x 'z, for i # j. Therefore
i/, i\W1iCoy ) — 1,27 094 Lithgy (2,47 0oy — Ty 4r o4 21 W25 — TLyp Ly J- )
-1 e
Zy; Bij(zy;) ifj' =
Bz Ny, if j/ =1
Lok = E. o (7L — B, (pT L —lg _ vi\Lgg )Lk J
Eirj(qi3) = B (@ 2yy) = Eirjr (2 )2y + 2y Birjr (235) = B ~1 -1p P
i k(@ )Zhy + 2y By (ry) i ' =
0 otherwise
Note that
-1 -1 -1 -1 -1 -1 -1
Eir k(21 )Ekj + Iy, Ei’k@kj) = =Ly @k,z‘@ik Tpoi )Ty Ly + Ly, (Ekﬂ-/&jk zkj)
o1 -1 -1 o1 - -1, -1 -1
= Ly Liei (_%k +2 )ij =Ly L Lyy, (25, — zjk)%k Ly = Ty g i1 Type Ty
because
-1 _ -1 -1 -1 _ -1 _
(@i — zjk)%k Lgj = ((a1k — ariay; aze) — (awk — a15Ag; azk))(—agy azj) = —(—ariay; az;j + ay;) = —Zy;
Therefore,
o . o .
0 if j' ¢ {i,j.k} (0O if j' ¢ {i,j, k}
-1 sesl k e
Eyji( k) _ ) Lk Li,i if j' = _ ) if j' =
i'j'\ Qi) = —1 —1 i = O T
TZgi Lk L Ly LT =1 iy M) =1
—1 —1 el ki el
Ly gk,i/gik g’Lj lf] =k _qiﬁi/qkj lf] =k
The proposition is proved. 0

For i,j € [n] define the elements y;; € F,, by:
Gij = G- ; = 7 - T

(with the convention that y;; = 0). Clearly, §; ;- =1 and ¢, ;+ = 7, ;
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Denote by Z; the subalgebra of Q,, generated by all ;; and g;ﬂ The following is an immediate corollary
of Proposition [Z.44]

0 if i ¢ {i7,i,k}
- S

Corollary 2.45. For each i,j,7',j' € [n] one has: Ey j(§;;) = yl’f - ij/ ]._ In
—Yi,i'Yij ifj' =i

Ui (Gi- i) L G-y if i =i
particular, Z;L is nvariant under the gl,(Q)-action.

Remark 2.46. Note, however, that the subalgebra U,, of A, defined in Section [2Z3]is not gl,,(Q)-invariant.

2.8. Extended noncommutative n-gons. In this section we define a larger algebra A, which is an exten-
sion of Q,, and can be viewed as a carrier of double noncommutative triangulations of the n-gon.

Definition 2.47. Let A be the algebra generated by generated by zj; and (:Efj)_l, i,j € [n], i # j,

e € {—,+} subject to the relations:
(i) (triangle relations) For any triple (i, 7, k) of distinct indices in [n]:

(2.29) il () ey = ag (a,) Ty
(ii) (exchange relations) For all cyclic (4, j, k, ) in [n]:
(2.30) T = () " g + 25 (@) T il @y = af (e T e + ag(a) el

The following result is obvious.

Lemma 2.48. The assignment 3: — x5 defines an epimorphism of algebras T, : A, = A,

In what follows we adopt a convention for all distinct i, 7,k € [n]:

a:fj = a: - if the triangle (4,7, k) is to the right of the chord (4, 7) when one goes from i to j;
a:fj := x;; if the triangle (i, j, k) is to the left of the chord (i, j) when one goes from i to j.

In partlcular we have

whenever (i, k) crosses (7, £).
The following result is a generalization of Proposition 2271 Let

ik 1.0 (i -
yz; (‘Tkz) Jk’ TJ ( ?1) 1‘Tjk(xik) !
e _
(so that xf; = (T7%) gy, for any k ¢ {4, j}).
Theorem 2.49. The algebra A, is generated by O, and (Tfk)il for all distinct triples (i,7,k) subject to:
(i) triangle relations:
Tk — Tk
for all distinct (3,75, k);
(ii) modified exchange relations:
T3t — Tk 4 ke
whenever (i, k) crosses (j,4);
(iii) consistency relations:

(Tl = (1) '
for all distinct quadruples (i, j,k,£) such that (i,k) crosses (j,£).

For each triangulation A of [n] denote by Aa the subalgebra of A, generated by z3, for all distinct &, £ € [n]
and by (xi-)_l for all (i,7) € A.

Theorem 2. 50 (Laurent Phenomenon for extended noncommutative polygons) Fix a triangulation A of [n].
Then each :vke belongs to Ax.

Similarly to Section[21 denote by Ta the group generated by all ¢ ; subject to the triangle relations (2.29).
Clearly, T is a free group on 5(n — 2) generators.
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Corollary 2.51. For each triangulation A of [n] the assignment t;; — xi;, (1,7) € A defines an epimorphism
of algebras
iA : ZTA - .AA .

Proposition 2.52. For each triangulation A of [n] the kernel of ia contains the elements

(2.31) (Orain = Oig i )TE™ + T (0,7, — 05)) + (8

i1 11,14 11,13 13,i1)_1t£,i4 (tzt,u)_l - (t;;,il)_ltz,u (tiz,i4)_l
for each 5-tuple (i1,1i2,13,14,15) in the cyclic order such that (ix,i¢) € A for all distinct (k,£) € [5] x [5] except

for (k. 0) = (2,4),(4,2),(2,5), (5,2), where we abbreviated 0;; = (t;;)fltj_i.
Proof. Without loss of generality, we assume that i, = k for k = 1,2,3,4,5. Then
oy = gy () hals + ey (afy) e
hence
oy = gy (2 Ty + gy (ary) Ty (af) ThaTs + gy (a5 ey (af) e
On the other hand,
@as = gy () Hags + aag(afy) e
hence
oy = gy (wy) gy (e Ty + agy () Thats + gy (a)) Ty (ary) e
Compaﬁring the expressions for x5, we obtain a relation in Ax which gives the appropriate element in the
kernel of ia. The proposition is proved. g

Remark 2.53. It is natural to conjecture that the kernel of i is generated (as a two-sided ideal in Z'TI‘A)
by the elements ([2:3T)).

2.9. Further generalizations and specializations.

Definition 2.54. Let A\n be the algebra generated by all :Efj, (xfj)_l, where 7, j, k are distinct indices in [1, n)
subject to the relations: _ _ _

(i) (triangle relations) Tzﬂf = Tikf for a}l distinct 4, j, k, where T7* = (k) taty (wl )71

(ii) (exchange relations) T9¢ = 77 + T* whenever (i, k) crosses (j, /).

The following result is obvious.

Lemma 2.55. (a) The assignment xfj — x;; defines an epimorphism of algebras A, = A,
(b) The assignment xfj — xfj defines an epimorphism of algebras A, — A, (as in Section[Z.).
We refer to each TZJ * as the generalized noncommutative angle and view it as a certain measure of the

angle at the vertex i in the triangle (ijk). For any triangulation A of the n-gon and i € [n], define the total
angle T2 to be the sum of all noncommutative angles of all triangles of A at the vertex .

Theorem 2.56. For any triangulations A and A’ of the n-gon, we have Ta =T

Furthermore, let A/, be the algebra generated by z;;, cz b= cfj ) dg = dfj and their inverses subject to the
relations: _ _
(i) (triangle relations) T/* = T/ for all distinct 4, j, k, where
Tijk = x;ilzzrjkx;kl ;
(ii) (exchange relations) (d?) =277 (%)=t = (aZ*) 1 T7%(F) =1 4 (d¥) 1T} (k) ~! whenever (i, k) crosses
(4, 6)-

Proposition 2.57. The assignment xfj — Cgkxijdg»k defines a homomorphism of algebras:

(2.32) @: A, = A, .



16 ARKADY BERENSTEIN AND VLADIMIR RETAKH

Proof. Denote by A’ the algebra freely generated by all 33 . Then, clearly, the assignment a: S cz’ kxij d;k
defines an algebra homomorphism

A= A
Denote T;Jk = ()™ 133;19(513{19)71- We need the following fact.
Lemma 2.58.
H (M) = (@) TN

K2

Proof. Indeed,
P(T,77) = ¢/ ((ah) My (@wl) ™) = (Fapud®) b d (P wad!) ™

(dJ )~ xazxak%k( k)_l = (dgk)_lﬂjk(cjk)_l .

3

The lemma is proved. O

The lemma implies that ¢’ (T{j =g (T/ *1) and:

§(T =T TN = (@) () (@ T T - @) T T ) T =0

This proves the proposition. g

Corollary 2.59. For each collection of integers a = {a® = a¥?|i, j,k € [n] are distinct}, the assignment
oy ad® ey —a?®
gy = (T9%)% i (T)F)
defines an algebra homomorphism

(the latter algebra is defined in Definition [21]).

Proof. Clearly, ¢ =1 o $, where @ is given by ([2Z.32) and v : A/, — A,, is an epimorphism given by
(T7%)e, & = (1))~

ik
Tij — Tij, C; —

Remark 2.60. Note that if a/* = 1, then Qa(#) = wp wpjinay wij.

2.10. Free factorizations of A, and proof of Theorem [2.T4l For any Q-algebras A and B denote by
A x B their free product, i.e., the universal algebra generated by A and B as subalgebras (with no relations
between them). The most fundamental property of the free product is that any algebra homomorphisms
fi: A—=C, fo: B— C canonically lift to an algebra homomorphlsm fixfo: AxB —C.

Denote by F,, the free group generated by cZ ,i=1,....m

By definition, the group algebra QF,,, is free Laurent polynomial algebra Q < clil, cocEl >,

m

Proposition 2.61. For each n > 2 the assignment x;; — ¢; * yf, 7 i,j € [n], i # j defines an isomorphism
of algebras

(2.33) [ A= (QF,) * Q.

Proof. Let us prove that the homomorphism (233)) is well-defined. We need the following obvious fact.
Lemma 2.62. Let B be a Q-algebra and let c1,. .., cpn be invertible elements of B. Then the assignment
(2.34) Tij = Ci * Tij

fori,j € [n], i # j defines a homomorphism of algebras A,, — B x A,,.
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By the above Lemma B := QF,, generated by ¢!, i € [n], the assignment (2Z:34)) defines a homomorphism
of algebras
(2.35) An — (QF,) x A,

Furthermore, the assignment ¢; — c¢; % x;l.l,, i € [n] defines an algebra homomorphism f; : QF, —
(QF,) x A, and the identity map A,, — A,, defines a homomorphism of algebras f5 : A, — (QF,)*A,. This
gives an algebra homomorphism f;  fo : (QF,) x A, — (QF),) x A,, determined by ¢; — ¢; * x;il,, Tij > Tij.
Then the composition of the homomorphism ([238]) with f; * f3 : (QF,) * A, is a homomorphism of algebras

A, = (QF,) x A,
given by .
Tjj > i x Tij > ¢ ¥ x;l.l, Tij = Ci*Yi-

for all i,5 € [n], i # j. Since the image of the latter homomorphism belongs to (QF),,) * Q,, we see that the
algebra homomorphism f : A, — (QF,) * Q, given by [233) is well-defined.

It remains to show that f is invertible. Indeed, denote by fi : QF,, — A, the homomorphism of algebras
given by ¢; — z; ;-, i € [n] and denote by fj the natural inclusion Q,, < A,,. This defines a homomorphism
of algebras g = f{ * f5 : (QF,) * @, — A, which is determined by ¢; — x; ;—, ¥ij + y;;. This immediately
implies that . .

(go f)xij) = glci yéf,j) = xz‘,ryz—,j = Tij
for all i # j. Therefore, g o f = Id. Similarly,
(fog)e) = flaii-) = cixyi- - =cixl=ci, (fog)(yi- ;) = fyi- ;)
= flao; i) = o) fyg) = (v mii- ) levmy = x - wiy = yij -
Therefore, f o g = Id as well.
The proposition is proved. g

Remark 2.63. Proposition[2.61]is a noncommutative algebraic analogue of the following assertion: if a group
G acts freely on a set X, then there a bijection X—=G x X/G.
For any groups G and H denote by G % H their free product. It is well-known (see, e.g., [I3]) that
QG+ H) = (QG) = (QH).
Proposition 2.64. For each triangulation A of [n] the assignment
tij — C; * ’U,i:,’j
for all (i,7) € A (in the notation of (211))) defines an isomorphism of groups

(2.36) TA—=F, *Ux .
Proof. We essentially copy the proof of Proposition 2.61l Indeed, the following fact is obvious.
Lemma 2.65. Let G be any group and let ¢y, .. .,c, € G. Then for any triangulation A of [n] the assignment
(2.37) tij > i * i
fori,j € A, defines a homomorphism of groups Ta — G * Ua.
Clearly, the assignment
C; — C; % t;il,
for i € [n] defines a group homomorphism F,, — F,, * Ta. Composing this with (237]), we obtain a group

homomorphism: Ta — F, * Ta given by t;; + ¢; * u;- ; for all 4,57 € A. Clearly, the image of this
homomorphism contains all ¢; and wjj, (i,),(jk) € A, hence this gives a group homomorphism (2.36).
Clearly, the homomorphism F, * Un — Ta given by

Ci =ty -, ufj — ufj
is inverse of (2.30)).

The proposition is proved. g

Taking into account that F,, * F,, = F,,.,, we obtain an obvious corollary from Theorem 271
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Corollary 2.66. For each triangulation A of n the group Ua is isomorphic to Fa,_4, the free group in 2n—4
generators.

Now we are ready to prove Theorem 214
Proof of Theorem 2.4 First, we verify that the relations 27), (2.8), and (2.9) hold. The left hand side
of the first relation (2.7 is:

yf]yfz = (x];ilxkj)(a:];jlxki) = 1 .
Furthermore, the left hand side of the second relation (2.71)) is:
v i B B B B B B
yijy;'kyii = (xkilxkj)(xijlxik)(xjklxji) = (wkilxijijl)(xikxjklxji) =1
for all distinct ¢, j, k € [n] by the triangle relations (Z1]). Similarly, the left hand side of 23] is:
YiVinthi = (25 o)) (@ o) () me) = 1
for all distinct quadruples (4, j, k, £).
Finally, the difference between the right and left hand sides of (29 is:
Y+ Ul — vl = (gt aag) (@ wie) 4wt aee — 23w = (05w i+ ag wee — 23
= :E;il (Ijkxgjliliw + IjiiE;il.TEkz - Ijg) =0
for all cyclic (4, J, k, £) by the exchange relations (2Z.2]).

Now let us show that the relations (277), 28], 29) are defining. Indeed, Proposition [Z61] implies that
there is an epimorphism of algebras A,, - Q,, given by

Tij — ylz, P
Therefore, we obtain the following obvious result.

Lemma 2.67. The algebra Q,, is generated by all y;; = yf,
i € [i] and the relations 1)), 22), i.e.,
(2.38) YijUij Uki = Yik¥p Uji

for any distinct indices i, j, k € [n];

; and yigl, i,j € [n], i # j, subject to y; ;- =1,

(2.39) Yie = Uik Yie + Uil Une
for all cyclic (I,k,4,7) in [n)].

Since yfj = Y. Yj, the relations (Z7) directly follow from (Z38) and the relations (Z3) directly follow
from ([2.39) (this is obvious if we “reverse engineer” the fist part of the proof and replace all z;; by v;; there).
Therefore, Theorem 2.14] is proved. a

The following obvious corollary from the proof of Theorem 214 will be instrumental in Section [Bl

Corollary 2.68. For each triangulation A of [n] the Ua is generated by ufj, (i, k), (jk) € A subject to the
relations (Z7) and 23), i.e., for all distinct i, j, k, ¢ € [n] such that (i,7),(jk) € A one has:

k ko k ki g €. 0 ¢
ug; = 1, uguf; = uiju}kufci, g uw g =1
2.11. Freeness of Ta and proof of Theorems [Z.7l Let A be a triangulation of [n]. Fix a directed
triangulation A C A so for each (i,7) € A with j ¢ {i*,i”} exactly one out of (i,7) and (j,i) belongs to A

and A contains all (,5%), i € [n]. By definition, any such A has cardinality 3n — 3.

Proposition 2.69. Given ig € [n|. Then for any triangulation A and any A as above, the group Ta is freely
generated by t;j, (i,7) € A\ {(io, i)}

Proof. We proceed by induction on n. The assertion is obvious for n < 3. Suppose that n > 4. Then it is
easy to see that there exists distinct jo, j € [n] such that (5, 434), (o, 4'a ) € A.

Without loss of generality we may assume that j; = n and jo # i (hence jo ¢ {i,n — 1,n,1}). Then A =
A\{(1,n), (n,1), (n—1,n), (n,n—1)}is a triangulation of [n—1] and A = A\{(1,n), (n,1), (n—1,n), (n,n—1)}
is the corresponding directed triangulation.

The following result is obvious.
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Lemma 2.70. (a) The assignment tij — tij; (’L,]) S A, tnfl,n — 1, tnﬁnfl — 1, tl,n — 1, tn,l — t;i111t11n71
defines an epimorphism of groups ¢ : Ta — Tx.

(b) Loy = Idr,, where 1 : Ty — Ta is a homomorphism given by 1(tij) = ti; for (i,7) € A.
(¢) The homomorphism v : Tz — Ta is injective.

Denote by Ay the triangulation of the triangle with the vertices 1,n — 1,n. Clearly, Ta is generated by
T4 (via the embedding ¢) and Ta,, more precisely,

TA = TA * TAO/«tnfl,l * 1)(1 * tn7111)717 (t11n71 * 1)(1 * t11n71)71> .

This and the inductive hypothesis (asserting that Ty is freely generated by t;;, (i,7) € AN { (o, jo)}) imply
(by eliminating t,_11 and t1 ,—1 and setting tg, := 1%ty for (k,€) = (1,n), (n,1),(1,n—1),(n —1,1)) that
Ta is freely generated by all ¢;;, (4,7) € A\ {(jo, 45 )} O

The theorem is proved. O

2.12. Retraction of T,, onto T and proof of Theorem [2.30l. It suffices to construct an element 7;; € Ta
for each pair (i, 7) € [n] X [n], ¢ # j such that 7;; = t;; whenever (4, j) € A and for any distinct 4, j, k € n one
has the triangle relation:

(2.40) T =1

where Tfk = szlTjsz%l.

We construct such 7;; by induction on n. Retain notation from the proof of Theorem [Z7] and assume,
without loss of generality, that (n — 1,n+ 1) € A. If n ¢ {4, j}, then, by deleting the vertex n and using the
natural inclusion T{ C Ta given by Lemma 2.70(c), we set 7;; to be that one which belongs to T4 . Finally,
we set T, i=1t1,n, Tn,1 = tn,1 and:

-1 -1
Tion = Tin—1T1 n1T1,ny Tni = Tn,1Tp_11Tn—1,:
for 1 < < n.
Now verify that so constructed elements satisfy (2.40). Indeed, if i, j, k € [n — 1], we have nothing to prove

because (Z40) holds by the inductive hypothesis. Otherwise, it suffices to consider the case when k = n and
verify:

for all i,j € [n — 1], ¢ # j. Indeed,

S I L R | 1 __am=1j Ajn o _—1_ -1 _ _—1_ e |
I, =1y TnjTij = Tp—1,iTn—1,jT;; =T » I3 =T TinTin = T Tjn—1T; n—1 =T;

which, together with the inductive hypothesis, proves (2.41)).
Therefore, the assignment ¢;; — 7;; for all ¢ # j defines a group epimorphisms T,, = Ta.
Theorem 230 is proved. O

2.13. Noncommutative Laurent Phenomenon and proof of Theorems [2.10l and Clearly, The-
orem [2Z.10is a direct corollary of Theorem 215 so we will only prove the latter one. We proceed by induction
on n. In fact, due to the relations [8) in the form y;; = y; ;¢ y;’tj (hence y(r.i) = Y ;+ Yt i), it suffices to
prove (2.10) only with k£ =" (however, we will use the inductive hypothesis without this restriction).

Indeed, if n < 3, the assertion is immediate. Now suppose that n > 4. In what follows we retain some
notation of Section 2T} that is, we fix a triangulation A and suppose that (n —1,1) € A and (jo,jd) € A
for some jo ¢ {i,1,n — 1,n}. If 1 ¢ {i,5}, then the assertion (ZI0) for A coincides with that for A =
A\{(1,n),(n,1),(n—1,n), (n,n— 1)} and we have nothing to prove. Now suppose that n € {7, j}. Without
loss of generality we may assume that i = n (the case j = n is obtained by reversing all chords in [n]). Then,
we will use the inductive hypothesis ZI0) for A in the form:

y?,;l = Zy(l,i’)v yvll_m = Zy(n—l,i”) ;
i/

i’

where the first (resp. the second) summation is over all (n — 1,4, A) (resp. (1,7, A))-admissible sequences.
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Using these and the relation (Z.9) in the form y7'; = y?}l + y{‘)n_ly}lflyj, we obtain:
yi] = Zy(l,i’) + Zyin—ly(nfl,i”) = Zy(lﬂl,lj’) + Zy(l,nfl,n,i”) .
i/ i// i/ i//

Clearly, this gives (ZI0) because each (n, j, A)-admissible sequence is either of the form (n,1,i’), where i’ is

(n, j, A)-admissible or is of the form (n,n — 1,i”), where i” is (1, j, A)-admissible (and vice versa).

Theorem [2.15] is proved. g
Therefore, Theorem [2.10] is proved. g

2.14. Noncommutative cluster variables and proof of Theorems [2.3]and 2.8l For each triangulation
A of [n] and (p, q) € [n] X [n], p # q define an element ¢, € QT (in the notation of Theorem Z.T0) by

i€e Adma(p,q)
where t; € Ta is given by: ¢; := til,izti;l@tis,m = t;;717i2m72ti2m717i2m for any i € [n]*™ (with the convention
ti; =1forie [n])
We need the following result.

Theorem 2.71. For any triangulations A and A’ of [n] the assignment tiAj

defines an isomorphism of algebras

,Ht%for(i,j)e[n]x[n],i;«éj

(2.43) Yaar: QTa[S3/]5QTA[SR']
where Sa (resp. S ) is a submonoid in QT generated by all tiAj. These isomorphisms satisfy:
(244) ’(/)AﬁA/ = 1/)A,A” o 1/}A”,A'

for any triangulations A, A', A" of [n].

Proof. First, prove the assertion for neighboring triangulations A, A’ of ¥, i.e., such that A\ A’ =
{(4, k), (k, i)}, A\ A" ={(4,0), (£, 7)}, where (i, 5, k, £) is a cyclic quadruple.

By definition,
(2.45) t50 = tinty tie + ity e, t05 = ity tej + tonts tiy -

We need the following result.

Lemma 2.72. For any neighboring triangulations A, A" of [n] with A\ A" = {(i, k), (k,i)}, A\ A" =
{(4,9), (£,7)} there is a unique homomorphism of algebras oar A : QTar — Q'I['A[(tfe)’l] such that

ti g if i3 # {5, 6}
paar(to )=ty if (i',5") = (5, 0)
B i) = (4)
for all (i, 5") € A"
Proof. Indeed, it suffices only to prove that ¢a as respects the triangle relations
-,,k, kl., -/
7“;]/ == Ti/ J
for all triangles (¢, ', k") in A’. Clearly, if (¢/,5’, k") belongs to A N A’, then we have nothing to prove. It
suffices only to consider the case when (j', k") = (j,£), i.e., we have to prove that
y »
ean(Ty) = eaa(Ty)
for ¢' € {i,k}. Taking into account that both (i'j) and (i'¢) belong to A N A’, we have only to prove that in
QTA one has:
—1A 1 _ g —1,A,—1
tiatietie = to teityj -
In view of (248, this is equivalent to:

(2.46) tor (tinto tie + ity tho)tsy =t (beit it + toxt i)ty | -
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If ¢/ = 4, then both sides of (240)) are, clearly, equal to Tijk + Tk, and if i/ = k, then both sides of (Z.48])
are equal to T, + T}*.
This proves that pa as is well-defined homomorphism of algebras. |

Furthermore, we prove that in the assumptions of Lemma 2.72] one has
AN _ LA
(2.47) ¢A,A/(tpq) = tpq

for all (p, q) € [n] x [n], p # ¢
Define a partial order < on [n]® by the covering insertion relations i < i’ if

(248) i= ( .. 7it77;t+17 iH_Q, .. .), il = ( .. ,it, it+1, a,it+1, iH_Q, .. )
for any a € [n].
We need the following obvious fact.

Lemma 2.73. For each i € [n]® there is a unique element [i] such that:
. [l] <1i.
o [i] is minimal in the partial order <.
Clearly, if i,i’ € [n]?® and i < i/, then t; = ty.
Furthermore, fix a distinct quadruple P := (i, j, k, £) in [n] and denote by P the underlying set {i, j, k, ¢}.
For any i = (i1,...,ir) € [n]", r > 2 define the indez set Ind;(P) C [r — 1] by:

Indi(P)={s e [r—1]: {is,is41} € {{i, k}, {4,¢}}
(with the convention that i, = 0 if k£ < 0 and iy, = oo if k£ > r) and the index ind;(P) € Z>o by
ind;(P) = min Ind;(P)
with the convention that min () := 0.

Denote by Ip the set of all sequences i such that [Ind;(P)| =1

Clearly, Ip: = Ip for any permutation P’ = (¢/,j/, k', ¢') of P = (i, j,4,¢) such that {¢',k'} € {{i,k}, {J,¢}}.
Proposition 2.74. For each i € Ip one has [i] € Ip and indp(P) = ind;(P) mod 2.
Proof. We need the following fact.
Lemma 2.75. If Let i,i’ € [n]* be such thati <1 andi’ € Ip. Theni€ Ip.
Proof. It suffices prove the assertion only for i and i’ = j,(i) as in (248). Let s’ = indy(P). Since
|[Indy (P)| = 1, and i}, _; # il 4, iy # is42, but iy, = iy, 5, then 8" ¢ {t + 1, + 2}. In particular,
{it,a} ¢ {{i,k},{J,¢}}. This immediately implies that |Ind;(P)| =1 and

! if & <t
(2.49) Ind(P) = 41 ne s .
{/ =2} ifs’>t+3

The lemma is proved. 0

Thus, for any i € Ip we see that {i” € [n]*: 1" < i} C Ip, in particular, [i] € Ip.
The proposition is proved. O
For a,b € [n] and 1 < s < r define the map j3, : [n]” — [n]" "2 by (... 45 0s41,-..) = (cvvyis, @by dstt,...).
Define a map Jp : Ip x {—1,1} — [n]®* x {—1,1} by
(2.50) Jp(i,e) = (j5 (1), (—1) DXt (i)
where s := ind;(P) and x{p,.}(a) is the characteristic function, i.e., it is 1 if a € {b,c} and 0 otherwise, and
the pair (¢, k') is determined by {i',k'} = P\ {is, is+1} and:
71 ife=-1
o If s is odd then {i'} = P_\ {is, is4+1}, where we abbreviated P, := i} 1 c
{k, 0} ife=1
{2.571} lf 7:571 S B \ {is; Z.erl}
o If s is even then {i'} =< P\ {is,is11,9512} ifisio € P\ {is_1,%s,%9511}-
{4, 7} \ {is, %541} otherwise
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Let Ip be the set of all (i,¢) € Ip x {—1,1} such that

e if s = ind;(P) is even, then £ = 1;

e if s = ind;(P) is odd then:

(1) If {is—l} = Bg \ {i57is+l}7 {is+2} = B—g \ {isu is-l—l}a 1s—2 7é is, is+3 7& Z's-i-la then i; € {273}
(11) If {is—l} = Bg \ {isu is-l—l}a {is+2} 7& E—g \ {isa is-i—l}u then is—? 7é Z.s-l-l-

Proposition 2.76. Jp(fp) C Ip, that is, Jp is a map Jp : Ip — Ip.

Proof. We need the following fact.
Lemma 2.77. Leti€ Ip and let s = ind;(P). Then
(2.51) Indjs ) (P) = {ind;(P) + 1}

il k!

for any i’ k' € [n] such that {i',k'} = P\ {is,is+1}-

Proof. Let s = ind;(P) and i’ := j5,,(i). Note that s 4+ 1 € Indy (P) because {i 1,7, o} € {{i,k},{J, £} }.
This and the fact that {i},4,,,,4,,,,4,,3} = P imply that s ¢ Indy(P) and s + 2 ¢ Indy(P). Finally, if
" <s—1 (res. s > s+ 3), then s” ¢ Indy(P) because s” ¢ Ind;(P) (resp. because s” — 2 ¢ Ind;(P)).
This proves (2.51)). O
Furthermore, let (i,€) € Ip, (,€') := Jp(i,e), s := Ind;(P), s’ = Indy(P). By Lemma 77 s = s + 1.
This, in particular, implies that & = (—1)(~Dxw10Gs) e {1,(=1)*'}. If s is odd, this proves the desired
inclusion Jp(i,€) € Ip.

It remains to consider the case when s is even. Indeed, i’ = j;/ s (i), where i’ =, k' =1, | are given by
the even case of (Z50). Note that

Y i € (i i X
(2.52) p, =iy itieedigy o g i € 4i )
{k, 0} ifis e {k, ¢} {k,0} ifispq € {k, Lt}
hence {is} = {il,_} = P \ {iy, i1}, {isp1} = {iljn} = Po \ {7,101 }
Finally, i, _, # i\, and i, | # i}, 4 if and only if {1,512} NP = 0 hence {i'} = {7,5} \ {is, %551}
This proves that Jp(i,e) € Ip for even s as well.
The proposition is proved. O
Denote by [Ip] C Ip the set of all i € Ip such that i = [i] is minimal in the partial order < and abbreviate
[Ip] :=1Ip N ([Ip] x {-1,1}). A A
Proposition 2.74] guarantees that the assignment i — [i] defines a projection Ip — [Ip] (resp. Ip — [Ip]).

Proposition 2.78. The assignment (i,e) — [Jp(i,e)] defines an involution [Jp] : Ip — Ip.

Proof. Let (i,e) € [Ip], let s := indi(P), (i,¢') := [Jp(i,€)], s’ := indy (P). By definition,

(...,is,il,k/,i5+1,...) ifi/#is—lu kl#is+2
, o e tyissa,--) 4 = g1, K = igpa

2.53 V=(.. 47k, 1 L)) = (oo,
(2:53) AL D) (coovigo1yis, i igin,...)  if i Fig 1, kK =ispo

. L . e ;.
(covis—1, K yigyr,isq40,...) 0 =ds 1, K #idgqo

in the notation (Z50). In particular, %, =, 4}, , = k'

Note that, by Lemma [2.77] and Proposition 274, s’ = s+ 1 mod 2.

First, show that (i',¢’) € [Ip] (i.e., [Jp] is well-defined). If s is odd, this is obvious. Suppose that s is even.
Then we have in each of the cases of ([2.53):

oi' #is_1, k' #igp0. Since s’ =s+1and {i},_,,il,15 1,00} = Pandi’ € {i,j}lclearly, (', &) € [Ip].

. z: = 2:571, k: = 7}5+2. S'ince s/’ =s—1and {.i;,_l,i;,/w} NP =0, c.l/ear}y, (i’,s’)/ € [Ip]. . .

o i #is_1, k' =isqo. Since s’ = s+ 1and {is} = {i,,_} =P, \{Zs”zs’—‘rl}: {iy o} = {iss} # {ista} =
P\ {il,,i, .} by @52) and i, | = isy0 # 151 =iy _,, clearly, (I',¢) € [Ip].

i =i, 1, k' #iso. Since s’ =s—1and {i}, .} =P _ \{iy, i, } by @52), clearly, (i',¢’) € [Ip].
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Furthermore, let (i”,e"”) = Jp(i’,€’). That is,

iN - jf/,/,k” (i/) B

where & = (—1)¢'=Dxte0y () {3 k"} = {is,is41} and one has (note that {i/,,i’, ,} = {i',k'}):
{isfl} if isfl € B\ {i57is+1}
o If s is even, then {i'} = ¢ P\ {is,iss1,is10} if isyo € P\ {is_1,is, 0541}, = (=1)X() and:
{4,5} \ {#s, 9541} otherwise

{i, 73\ {i"y ifis € {i,j}

{k, 3 \{K'} itise{k(} = {is} .

(2.54) {i"} = P\ {il, i1} = P\ {i', K"} = {

o If s is odd, then: {i'} = P_\ {is,is41},

{il,_,} ifil, , e P\{,k'}
(2.55) {i"} = S P\ K, il o} ifil, o€ P\{il_, i K}
{4, 7P\ {7, k'} otherwise

First, show that ¢ = ¢. Indeed, by the above, &’ = (—1)*X{.:}(), Since ¢ € {1,(—1)*}, then the above
implies that for even s one has ¢’ = ¢ = 1. If s is odd, then, by definition, i’ € {4, j} iff ¢ = —1. This proves
that &’ = ¢ in this case as well.

Thus, it remains to prove that

(2.56) i<i".

To do so, consider show that i = i, in each case of ([Z.53):

o i Fig 1, k' Fisyo, 8 =s+1,1" = (..., i, ,3" kK" K is1,...), where for even s we have i = is by
([254) and for odd s we also have i = i, by (2.55) because i}, _; =is and i, 5 = is41.

o i =is 1, kK =g, 68, {is—1,0s42) = P\ {is,ist1}, 8 =s—1,i" = (..., is—1,i", k" isq2,...), where
for even s, i = is by (Z54) and for odd s we have: is_1 € Ps, is42 € P_¢, is—2 # is, ts+3 7 is+1 hence
is € {i,5} and: {i"} = {i, 5} \ {is-1,4s12} = is by @.55).

o i Fis 1,k =ids4o, 8 =s+1,i" = (... 0,7 ,i" k" isya,...), where for even s, i = is by (254]) and
for odd s we have {i"} = P\ {¢/,k'} = {is} by (255) because i; =1i’, _, € P\ {¢,k'}.

o i =i 1, kK £isyo, 8 =s—1,1" = (... is—1,9" k"K' isy1,is42,...), where for even s, i = i by
(2.54) and for odd s we have {i"} = P\ {#',k",ily o} = {is,is41} \ {is11} = {is} by ([2.55) because:

i, 1€ P, \ {is,i5+1}, Ts42 ¢ P_. \ {is,is+1} hence i4_o 7§ Tot1-

® i1l = 7;/5’-‘1-2 € P\ {iy 1,7 K} = {is,isur} \ {is—2}

Thus, i =is, k" = is41 in all cases, which immediately implies (2.50]) in all these cases.

This proves that [Jp] is an involution on [Ip].

The proposition is proved. |

Now suppose that P = (i, j, k, {) where A\ A" = {(i, k), (k,3)}, A"\ A ={(4,0), (¢, 5)}, as in Lemma 272
In what follows, we assume that (p,i) N (j,¢) = 0 and (pg) N (4,7) # 0 (i-e., informally speaking, (7,7) is closer
to p than (k,?)).

By Definition [Z0] of admissible sequences, if i € Adma(p,q) C [Ip] U Adma+(p,q) then [i] =i is minimal,
{i,k} ifie Adma(p,q)

{5,6} ifie Adma/(p,q)

Proposition 2.79. Let A, A’ be triangulations of [n] and P = (i,j,k,£) as above. Then the restriction of
[Jp] to (Admar(p,q) x {=1,1}) N [Ip] is a bijection:

(2.57) Ia,ar: (Admas(p, q) x {=1,1}) N [[p)=(Adma(p,q) x {~1,1}) N [Ip]

Proof. We need the following obvious fact.

Lemma 2.80. Let i€ Adma(p,q) U Adma/(p,q) such that s := ind;(P) > 0. Then
(i) If s is even, then (i,1) belong to [Ip].
(i) If s is odd, then both (i,1) and (i,—1) belong to [Ip].

its index s := ind;(P) is positive and unique, and {is,is41} =
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Furthermore, for any triangulation A of [n] and any p,q € [n] denote by PreAdma(p,q) the set of all
i € [n]* such that [i] € Adma(p,q). We need the following fact.

Lemma 2.81. In the assumptions of Proposition[2.79, leti € Adma:(p,q) and suppose that s = ind;(P) > 0.
Then:

(a) if s is odd, then j3 ;,(i) € PreAdma(p,q) whenever {is,isy1,i',k'} = {i,5,k, £}.

(b) If s is even then [Jp(i,1)] € Adma(p,q) x {—1,1}.

Proof. In what follows, we will write p < p’ for any points p, p’ in the chord (p, q) such that either p = p’
or p is closer to p than p’.
Prove (a). Indeed, it suffices to show that for i = (i1,...,42m) € Adma:(p, q), one has

(2.58) i":=(..,is,7,K iss1,...) € PreAdma(p,q) ,
where s = ind;(P) is odd (note that {is,is11} = {4, ¢} and {¢/, K’} = {i, k}).

Let p_ and p4 be the intersection points of (p,q) respectively with (is—1,4s) and (isy1,%s42) (with the
convention that p_ =p if s =1 and p’ = ¢ if s = 2m — 1). Clearly, p— < p4.

We now consider a number of cases.

Case 1. Suppose that (p, q)N(is,i511) # 0,3 < s < 2m—3 (i.e., {p,q}N{i, 5, k, £} = 0). Since (i,7,41) € A
for r = s—1,s,s+ 1, the above and convexity of the n-gon [n] imply that there exist i, k" € [n] such that
[} = {1, K} and (9, ) 0 (i, ") £ 0, (5,0) 0 iy ) £ 0, (p, ) (1 (7, ') # 0 and

P- < (p,q) N (is,d") < (p,0) N (@ K) < (p,q) N (i, k") < Py
In turn, this immediately implies (Z58) in this case.

Case 2. Suppose that (p,q) N (is,is41) = 0, 3 < s < 2m — 3. By definition, p_ < pg < p4. Then the
convexity of the n-gon [n] implies that there exist i", k" € [n] such that {i", "} = {¢, k’'} and (p, ¢)N(is, k") =
0, (p,q) N (isy1, k") = (0. This and the facts that (¢, k") N (zs,zs+1) # () and that i” does not belong to the
convex hull of p_, py, is, is41 imply that (p,q) N (is,7”) # 0, (p,q) N (is41,3") # 0, (p,q) N (7', k") # 0 and

P- < (P,g) N (is,i") < (p,g) N (@, K) < (p,q) 0 (is11, K) <Py -
In turn, this immediately implies (2.58) in this case.

Case 3. Suppose that s = 1or s =2m —1. If s =1 = 2m — 1, we have nothing to prove because
i=(i1,92) = (p,q), I = (p,i', k', q) € Adma(p, q). Therefore it remains to consider the sub-case when s = 1,
m > 2 (the sub-case s = 2m — 1 > 3 is identical to it). Indeed, the facts that (i, k) N (i1,i2) # () implies
that there exist i/, k" € [n] such that {i”,k"} = {i,k'} and (p,q) (i1,¢") = 0. This and the facts that
@ K" N (il,ig) # () and that k¥ does not belong to the convex hull of p_ = p = 41, i2 py imply that
(5,0) 1 (i2, ") £ 0, (5,0) O (os1,77) # 0, (9,0) 1 (', 17) # 0 and

(P, N (" K) < (p,g) <Py .
In turn, this immediately implies (258) in this case.

This finishes the proof of part (a).
Prove (b) now. That is, we have to show that

(2.59) i=1(..,is,7, K isi1,...)] € Adma(p,q) ,

where s = ind;(P) is even and ', k' are as in (Z50) (note that {is,4511} = {4,¢} and {¢', &'} = {i, k}).
Denote pg := (p,q) N (is,is+1) and consider a number of cases.
Case 1. Suppose that {is_1,%s42} = {i,k}. Then ¢/ = is_1, k' = i542 by (250) and

i/ = (...,Z's_l,l's_;,_g,...) 5
i.e., i’ is obtained from i by simultaneously replacing is with i5_1 and 4511 with é542. This immediately
implies (Z89)) in this case.

Case 2. Suppose that is1o € {i,k}, i5-1 ¢ {i,k} (the case is_1 € {i,k}, is42 ¢ {i,k} is identical to it).

Then k' = is42 by [250) and

= (.. 04 isr2,...),
i.e., 1’ is obtained from i by replacing i4; with ¢’. Thus, to prove (259, it suffices to show that (p, ¢)N(is, ") #
(. Indeed, suppose that (p,q) N (is,7') # 0. If s = 2, i1 = p & {i,k}, then taking into account that
(is,7") € A, we see that i’ belongs to the interior of the convex hull of p, pg,is. If s > 4, (is-2,is—1) € A,
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(p,q) N (is—2,1i5—1) # 0, we then i’ belongs to the interior of the convex hull of p, pg,is_1,%s. This contradicts
to that 7’ is a vertex of the convex n-gon [n], which immediately implies (Z59) in this case.
Case 3. Suppose that {is_1,is42} N{i,k} =0 Then i’ =i, ¥’ = k by (2350) and
V= (oo igyiskyigsn,...) .

Thus, to prove ([2.59), it suffices to show that (p, q)N(is,7) # 0, (p,q)N(k,is41) # O. Since (p,i)N (5, £) = 0,
using the same argument as in Case 2, we see that if (p, q) N (is,7) = 0, then i’ belongs to the interior of the
convex hull of p, po,is—1,4s; and if (p,q) N (k,is41) = 0, then k belongs to the interior of the convex hull of
q,Po,%s,is+1. This finishes the proof of (Z5J) in this case.

This finishes the proof of (b).

Lemma 2.81] is proved. O

Using Lemma 28T(b) with P = (4, j, k, £) such that (p,i) N (4,¢) = 0 and (p,q) N (4,5) # 0 and Lemma
28T(a) with any ¢, k" such that {i',k'} = {i, k}, we see that

[7p)((Admas(p,q) x {=1,1}) N [Ip]) C (Adma(p,q) x {~1,1}) N [Ip]
hence Ja A+ given by (Z57) is a well-defined map
(Admas(p,q) x {=1,1}) N [Ip] < (Adma(p,q) x {~1,1}) N [p] .
Interchanging A and A’, taking into account that (p,j) N (i,k) = 0, and applying Lemma 2.8T] again, we see
that
[7p)((Adma(p,q) x {=1,1}) N [Ip]) C (Admas(p,q) x {=1,1}) N [Ip] .
This gives a well-defined map

Jara t (Adma(p,q) x {=1,1}) N [Ip] = (Admas(p.q) x {~1,1}) N [Ip] .

Since [Jp] is an involution by Proposition 278 the maps Ja a and Jas,a are inverse of each other, hence
each of them is a bijection.
The proposition is proved. O

Furthermore, we need the following obvious fact.
Lemma 2.82. In the assumptions of Lemma[2.79 let s € [2m — 1] be odd and let i = (i1, ..., ism) € [n]*™,
m > 1 be such that {ig,is41} # {J, €} forr € 2m — 1]\ {s}.

(a) If {is,ist1} = {4, €} then oa ar(ts) = tis ) + iz, ) -

(b) If {is,isq1} = {i, K}, then o ar(tys, i) + by, () = b

Now we are ready to prove ZA7). Indeed, t2 = to 4 t_ + ¢, where

’ 'Pq
to = Z i, t_ = Z ty, b4 = Z tir .
'€ Adm / (p,q):indy (P)=0 i€ Adm ./ (p,q)indy (P)€2Z4+1 i€ Admps(p,q):indy (P)E2Z>,
Clearly,
PA,A (to) = to = Z ti .

i€ Adma (p,q):ind; (P)=0
Furthermore, combining Proposition [2.79] and Lemma 2.82] we obtain:

paa(t-) = Z t']A,A’(i>1) + tJA,A/(i-r*l) = Z tis
"€ Adm s (p,q):ind; (P)€2Z+1 icAdma (p,q):ind; (P)€2Z>1
wan(ty) = Z @A,A’(tJA/’A(i,l) + tJA/,A(i.,q)) = Z t .
i€ Adma (p,q):ind;(P)€2Z+1 i€ Adma (pq):ind; (P)€2Z+1

This finishes the proof of (Z41).
Furthermore, we define a homomorphism a A/ as follows. First, composing ¢a A/ with the universal
localization by Sa and taking into the account that tjAé € Sa, we obtain a homomorphism of algebras:

Oaa i QTar = QTA[(t5) ]
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such that Y A (tiAj,) = tl-Aj for all 4, 5. Since tiAj € S is invertible in the image, ¢’y A, canonically extends to
a homomorphisms of algebras

Ya,ar: QTa[Sx] = QTASA'] -
Switching A and A’ we obtain a homomorphism ¥+ a : QTa [S’;l] — QTA[SZ}], which is, clearly, inverse of
Ya,ar

This proves Theorem 2Z.7T] for neighboring triangulations A, A’.

Now we prove Theorem 2.7T] for any (non-neighboring) triangulations A, A’ of [n] as follows. We say
that the distance dist(A, A’) is the minimal number d > 0 such that there is a sequence of triangulations
A=A AMD Al = A’ of [n] such that A, AHD s € [r — 1] are neighboring.

We construct appropriate pa as by induction in dist(A,A’). If dist(A,A") = 1, then A and A’ are
neighboring and we have nothing to prove. Suppose that d = dist(A, A’) > 1. Then there is a triangulation
A" of [n] with dist(A,A”) < d and dist(A",A") < d.

By the inductive hypothesis, there are isomorphisms

Yaar: QTan[Sxn] = QTA[SR'], varar: QTa[Sy/] — QTar[Sxr]
such that ¥a, A (tiAjN) =15 and ¢A//7A/(t%/) = tiAj” for all i, 5.

Define ¥a ar := a a7 © har ar. By definition, A A+ is an isomorphism Q'H‘A/[S&l] — QTA[Sgl] such
that Ya A (tfj/) = tl-Aj for all 4, j. In particular, 1)a A does not depend on the choice of A”. This finishes the
induction.

The transitivity (2.44) also follows.
Theorem 2711 is proved. a

Furthermore, we need the following result.

Proposition 2.83. In the notation of Theorem [2.71), for each triangulation A of [n] the homomorphism
in : QTaA — Ax C A, given by 2.4) extends to an isomorphism of algebras QT a [S;l]ﬁ—iAn.

Proof. We need the following result.

Lemma 2.84. Let A be any triangulation of [n]. Then
(i) For any distinct i, j, k € [n], the elements 2, := 5, {a,b} C {i,, k} satisfy the triangle relations (2.
(ii) For any cyclic quadruple (i,j, k,¢) the elements z!, = t5, {a,b} C {i,j, k,¢} satisfy the exchange

relations (2.2)).

Proof. Indeed, to prove (i) note that for any distinct 4, j, k € [n] there exists a triangulation Ay such that
(i,7,k) is a triangle in Ag therefore, the elements tq, € Tas, {a,b} C {i,4,k} satisfy 2I). Applying the
isomorphism ¥ a, given by (Z71)), we finish the proof of (i).

To prove (ii) note that for any cyclic (4,7, k,£) there exists a triangulation A such that both triangles
(i,7,k) and (j, k,€) belong to Ay (hence (j,£) ¢ Ag). By (Z48) for Ag, we see that t5°, {a,b} C {i,],k,(}
satisfy (2.2).

Thus applying the isomorphism a_ a,, we finish the proof of (ii).

The lemma is proved. O

By Lemma 2.84] the assignment z,, — tﬁz for all distinct p, ¢ € [n] defines an epimorphism of algebras
A, — QTA[SK"] .

On the other hand, by (already proved) Theorem 210, for each triangulation A of [rn] and any distinct 4, j € [n]
the element x;; € ia(QTAa). Therefore, by the universality of localizations, ia extends to an epimorphism of
algebras ia @T[Sgl] — A,. Clearly, these two homomorphisms are mutually inverse.

This finishes the proof of Proposition 283 O

Furthermore, denote by S the submonoid of Aa \ {0} generated by all z;;. Clearly, S = ia(Sa) and
Aa =ia(QTAa). Therefore, A, = Ax[S7!].

This proves Theorem 2.8 O

Finally, Theorem follows from Theorem [Z8 and that A], := Aa = ia(QTa) is the group algebra of
Ta, which is a free group in 3n — 4 generators by (already proved) Theorem 2.7 O
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2.15. Self-similarity implies injectivity. In this section we prove the following result.

Proposition 2.85. If Conjecture [ 18 holds for m = 3n —4, n > 4 and k = 2,...,n — 2, then for each
triangulation A of [n] the homomorphism of algebras

An _>]:3n—4 )

which is the canonical (by Proposition [Z83 and Lemma [51)) extension to A, = QTa[Sx'] of the natural
inclusion QT a — Frac(QTa) = Fan—4q is a also a monomorphism (hence A, has no zero divisors).

Proof. it suffices to show that for at lest one triangulation A of [n] the submmonoid Sx € QTa \ {0}
generated by all tA and by (QTA)* = Q* - Ta is factor-closed in the sense of Definition B4l Since Ta is a
free group by Theorem 2.7, in view of Proposition [5.15] it suffices to verify that each tw’ (i,7) ¢ A is prime
in QT A and all primes similar to ¢;; belong to Sa. Now let A = A be the starlike triangulation as in (2.6])
with ¢ = 1.

We need the following obvious fact.

Lemma 2.86. For all n > 2 the group T, is freely generated by 7; = le’jH, J=2,...,n—1, t1x, tk1,
k=2,...,n
Proof. Clearly, TAI has a presentation tj,jJrl = tj717—jt11j+1, thrLj = thrl,lTjtlj fOI‘j = 2, e, — 1.

This proves the lemma. O

Furthermore, Corollary 2.22] implies that the monoid S'Al is generated by Ta, and noncommutative angles
Tlij:Ti—F...—FTj

for 2 < i < j < n. Clearly, each Tlij7 i < j—11is prime in QTa,. Let P := Q* - Ta, -Tlij - Ta, for
2 < i < j < n. By Conjecture with m = 3n — 4, £k = j, that the only primes similar to Tlij are
elements of P;;. This together with Proposition [5.10] and Remark [5.T4] proves that the submonoid Q* - Sa,
of QTa, \ {0} is factor-closed because it is generated by Q* - Ta, and P= |J P;;. Therefore, Corollary

2<i<j<n
.13 guarantees that QTa,[S™!] = QTa, [Q* - S’;ll] is a subalgebra of Fa,—4 = Frac(QTa,).
Using this and Proposition .83 with A = Ay, we finish the proof of Proposition [Z.85 O

3. NONCOMMUTATIVE SURFACES

In this section we extend all the constructions and results of Section 2 to marked surfaces i.e., (connected
compact smooth) surfaces ¥ possibly with boundary equipped with a non-empty finite set I = I(X) = [, U,
of marked points with a subset I, = I;(X) C I of marked boundary points, the set I, = I,,(3) = I \ I of
ordinary punctures and a set Iy = I4(X) of special punctures (which were called orbifold point of order 2 in
[18], however, we will not use this terminology). We also require that each boundary component contains at
least one point from I,. We denote by X the underlying topological space.

3.1. Multi-groupoid of curves on Y. Given points pi,ps € I(X), consider connected smooth directed
curves C' in X\ I,(X) starting at p; and terminating at pe. For a curve C' denote by C the same curve
traversed from ps to p;. We say that curves C' and C’ in ¥ from p1 to po are equivalent if C and C’ are
homotopy equivalent as (connected smooth directed) curves in 3\ I,(

@NMRe

Pairwise non-equivalent curves from puncture 1 to puncture 2
Denote by I';; = I';;(2) the set of equivalence classes of curves C' in ¥ which originate at ¢ and terminate
at jthenletI' =T'(X):= || Ty;. ForyeTl;; wedenote by s(y) € I(X) (resp. by t(y) € I(X)) the source
i,jEI(T)
i (resp. the target j).
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Thus we have a natural involution = : I =T (v %). By definition, T;; = T;; for all 4,5 € I(X).

/ /
o
Involution vy — 7%

For j € I(X) denote by id; the trivial loop at j. Clearly, v =7 iff 7 is trivial.

It is easy to see that I'(X) is finite iff ¥ is homeomorphic to an n-gon, i.e., a disk with n > 1 marked points
and no punctures. In that case, the assignment v — (s(7),t(y)) defines a bijection I'={(,j) € [n],i # j}.

We say that v € T'\(X) is simple if it has a non-self-intersecting representative. Denote by T'°(2) the set of
all simple v € T'(2).

Definition 3.1. We say that a pair (v,~') in I'(X) is composable if t(y) = s(7’) and define the composition
~"" = y07' to be the pullback, under the natural projection I'(X) — I'(X\ (I,(X)\{¢(7)})) of the concatenation
of v and +'.

Clearly, the multi-composition v o+’ is a 1-element set element iff ¢(y) = s(v) € [(X) Otherwise yo~" is

a countable set.
P Y
iy,

u-
Multi-composition: {y_,~,v+} € (1,0) o (0, 2).

The following is immediate.

Lemma 3.2. For each marked surface ¥ the set T'(X) is a multi-groupoid with the object set 1(X) and the
inverse given by vy~ :=7.

Remark 3.3. A multi-category (e.g., a multi-groupoid) is a natural generalization of a category (e.g., of a
groupoid) where we allow the composition of two morphisms to be a set of arrow and require the associativity
(yov)oy" =0 (v o«"), which is an equality of sets.

Remark 3.4. If I,,(X) = 0, then I'(X) is an ordinary groupoid (cf. [12, Section 2.2]).
3.2. Category of surfaces and reduced curves.

Definition 3.5. Given a continuous map f : ¥ — X’ with discrete fibers, we say that f is a morphism of
marked surfaces ¥ — X' if:

o fHIX)) = I(%), f(Is(X)) C I,(X') (we abbreviate I/ := f~1(I,(X)) \ Is(%)).

e For each point p € ¥\ If there is a neighborhood O, of p in ¥ such that the restriction of f to O, is
injective (if p € 9% is a boundary point, then O, is a “half-neighborhood”).

e For each p € I’ there is a neighborhood O, of p in X such that the restriction of f to O, is a two-fold
cover of f(O,) ramified at f(p).

Theorem 3.6. For any morphisms marked surfaces f : ¥ — X' and f' : ¥ — X" the composition f'o f :
¥ = X" is also a morphism of marked surfaces ¥’ — 3.

We prove Theorem in Section 3171

In what follows, denote by Surf the category whose objects are marked surfaces and arrows are morphisms
of marked surfaces.

Note that if f : ¥ — ¥ is a morphism in Surf with I/ = (), then f respects (homotopy) equivalence of
curves and, in particular, defines a map I'(X) — I'(X'). In general, this is no longer true. To fix it, we define
below a stronger equivalence relation than the equivalence for curves in ¥'.

Indeed, given i € I4(X), we say that a curve C in ¥ is i-reducible if there is a self-intersection point p € C
such that the loop Cy C C defined by p encloses exactly one special puncture ¢; otherwise, C' is i-reduced.
Respectively, v € T'(X) is i-reducible (resp. i-reduced) if v has an i-reducible (resp. i-reduced) representative.
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Denote by [I'(X)]; the set of all i-reduced v € T'(X), abbreviate [['(X)] := () [['(¥)]; and refer to elements
i€l ()

of [['(2)] as reduced. Clearly, [['(X)] = I'(2) iff I,(X) = 0. It is also clear that and each v € T'%(X) is reduced.
For each i-reducible v € I'(X) denote by [v]; the class in I'(X) obtained by resolving the self-intersecting

simple loop around 4 in (a generic representative C' of) 7 so that the resulting curve is connected (the “wrong”

crossing resolution would result in creating two connected components, one of which is a circle around ).

Crossing resolution
The following is obvious.

[v]i  if v is i-reducible

Lemma 3.7. (a) The assignment v — { defines a map m; : T'(X) — I'(2).

¥ if v is i-reduced

(b) miomj =m;jom; foralli,j € I;(X).

(c) The assignment v +— 2N () for sufficiently big N defines a projection 75° : T'(X) — [[(X)];.

(d) The composition 7° := [ #° is a projection I'(X) — [['(X)].

i€l (%)

This, in particular, defines an equivalence relation on [['(X)], namely for v,~" € I'(X) we say that any
representatives C' € v and C' € + are I (X)-equivalent iff 7°°(y) = 7°°(v’). We naturally identify I;(X)-
equivalence classes with elements of [['(X)].

For each i € I,(X) and j € I(X) let A;; denote a (unique up to -) simple loop at j around ¢ in [['(X)]. We
refer to such loops as special. Clearly, each special loop A determines a (homeomorphic) copy of P;(1) with
the marked point set {j} and the special puncture set {i}.

Lemma 3.8. For any marked surface ¥ the set [I'(X)] has a natural multi-groupoid structure:
Moly]:=lrev]
for any composable (v,~") in the multi-groupoid T'(X) with the object set I(X). Moreover,

(i) the assignment v — [y] is a surjective homomorphism of multi-groupoids T'(X) — [['(2)].
(i1) For each i € I4(X) and j € I(X) each special loop satisfies \ij = \ij.

Special loops are involutions in [I'(X)]

The following result asserts functoriality of the multi-groupoid under morphisms of surfaces.

Theorem 3.9. Let f be any morphism of marked surfaces ¥ — X' and let v € [I'(X)]. Then

(a) for any generic representatives C,C’ € v, their images f(C) and f(C") are I;(X')-equivalent.

(b) For each ~y € [I'(X)] there exists a unique Is(X')-equivalence class f(7y) € [[(Z')] such that f(C) € f(v)
for any generic curve C' € ~.

(c) f:T(X)] = [TE)] (v— f(v)) is a homomorphism of multi-groupoids.

(d) The assignment X — [['(X)] is a functor from Surf to the category of multi-groupoids.



30 ARKADY BERENSTEIN AND VLADIMIR RETAKH

O @

I;(%) equlvalence of images of curves under the ramified double cover z — 22 of C

We prove Theorem [3.9] in Section 3111

For n > 1, h > 0 denote by P,(h) the n-gon (i.e., a disk with n marked boundary points) with h special
punctures and abbreviate P, := P,(0).

It is well-known that marked surfaces can be glued out of polygons, i.e., for any X there exists a surjective
gluing morphism f : P,(h) — ¥ in Surf with h = |I4(X)], n > 1 such that all f(i,i") € I'°(X) and the
restriction of f to the interior of P,(h) is injective. For readers’ convenience we construct such a gluing
morphism f in Lemma [3.47 for any triangulation of 3.

The following fact is obvious.

Lemma 3.10. Let ¥ be a marked surface. Then [['(X)] is finite if an only if ¥ is homeomorphic either a
once punctured sphere or to [n] = P, or to P,(1) for some n > 1. More precisely, the assignment

(s(y),t(),+) ifthe special puncture is to the right of v
(s(7),t(y),—) ifthe special puncture is to the left of

is a bijection [['(P,(1))]={(4,4) € [n]} x {—,+}.

3.3. Polygons in surfaces, noncommutative surfaces and functoriality. We say that a sequence P =
(M5 -+ ,7r) of not necessarily distinct ; € [[(X)], ¢ € [r], is cyclic if each pair (y;,v;+), © € [r] is composable.

Definition 3.11. We say that a sequence P = (7y1,...,7,) is an n-gon in ¥ if there exists a morphism
f: P, — ¥ such that f(i,i%) = ; for i € [n]. We also denote ~;; := f(i,) for all distinct i, 5 € [n] (clearly,
~i; is nontrivial for all distinct ¢, 5 € [n]). We will refer to such an f as an accompanying to P morphism).

Clearly, each n-gon P = (y1,...,7v,) in X is cyclic and for any v € [I'(X)] the pair (v,7) is a 2-gon in 3.
It is convenient to define the interior P° of an n-gon P = (71,...,7,) to be the image of the interior of P,
under an accompanying morphism (to do so we choose generic representatives C; € ; so that f(i,i7) = C;
for i € [i]). It is also clear that P° does not depend on the choice of f, and different choices of C; € ; result
in homotopic to each other morphisms f : P, — 3. We say that P is simple if PV is homeomerphic to a disk.

We will sometimes refer to an 3-gon in ¥ respectively as a triangle and to a 4-gon — as a quadrilateral.

0

2

Non-simple triangles in an annulus and in Ps(1)
Definition 3.12. For a marked surface ¥ let As, be the Q-algebra generated by all ., v € [I'(X)] subject to
(i) zy = 1if ~ is trivial.
(ii) (triangle relations) For any triangle (y1,72,73) in ¥ one has
(3.1) 3:7113%1:13,,3 = x%x,;lx;l .
(iii) (exchange relations) For any quadrilateral (y1,72,7s,7v4) in X:

_ —1 —1
(32) Ly = ‘T’Yzleygl‘r’vu + I’Y23$V13I’Yl4 .
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Likewise (similarly to Section 23), we define the big triangle group Tx of ¥ to be generated by all ¢,
v € [I'(2)] subject to:

o ., = 1if v is trivial.

e (triangle relations) t,nt;:t% = ty, 13, ty, for all triangles (y1,72,73) in 2.

The following fact is obvious.
Lemma 3.13. For each marked surface ¥ the assignment t., — ., defines a homomorphism of groups:
(3.3) Ty, — AS .

It is natural to conjecture that this homomorphism is an isomorphism.

The following result is also obvious.

Lemma 3.14. (a) For each marked surface ¥ there is a unique involutive anti-automorphism = of As, (resp.
of Ts) such that T~ = x5 (resp ty = t5) for all v € [['(X)].

(b) If ~v is a simple special loop around i € I,(X) U I(X), then Ty = x., (resp. t, =t,).
Remark 3.15. This bar anti-involution is analogous to the one in quantum algebras. Also, Lemma BT14[b)
asserts that simple loops around an ordinary and special punctures are “close relatives.”

The following result, in fact, asserts that the assignments ¥ — Ty and ¥ — Ay are respectively functors
Surf — Groups and Surf — Q — Alg.

Theorem 3.16. For any morphism f : ¥ — ¥’ in Surf the assignment t, — ty() (Tesp. xo — Ty(4)) defines
a homomorphism of groups f, : Ty, — Tsy (resp. of algebras f. : As — Asv) and the following diagram is
commutative.

Ty —— AE

(3.4) f*l f*l

Ty — .Agl

We prove Theorem in Section BTl
Definition 3.17. For a marked surface ¥ denote by 3 the marked surface obtained from % by turning each
special puncture into the ordinary one, i.e., ¥ =X, I(X) = I[(2) U I4(X), I,(X) = 0.

Clearly, [['(2)] C [[(£)] = I'(X) and the complement, [['(3)]\ [[(X)] consists of classes of curves originating
or terminating in formerly special punctures.
Proposition 3.18. The assignment t, — t, for v € [['(X)] defines a homomorphism of groups
(35) Ty — Ti s
where 3. is as in Definition [3.17,
Remark 3.19. It is natural to conjecture that B3] is injective. Note, however, that the natural identi-
fication Id : ¥ — X is not a morphism in Surf since it takes I;(X) to I,(X), so we expect that there is

no homomorphisms As — A, which together with (3.5) would make the diagram (3.4) commutative, and

illustrate this the following example.

Example 3.20. Let ¥ = P»(1) with the vertex set I = {1,2} and a single special puncture 0. For i € T
denote by ~; the clockwise loop at ¢ around 0 inside ¥. For ¢,j € I, i # j denote by %? (resp. 71;) the
boundary curve from i to j so that 0 is to the right (resp. to the left).

A quadrilateral in P»(1)
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We abbreviate z; := z,,, T; := 25, a:;'; ‘=2x_+, z;; = x_- for the corresponding generators of As.

Vi i Vij

Then, according to Definition B.I12] Ay, has a presentation:

- - -1 4+ = =1 - 4+ 1 4+ 1 —
L1 = X1, T2 = X2, To1Xy LTyg = L1l Tyg, L1glg Loy = Tia¥y Loy

ot 1o — =1+ B - =1+
Tg = Ty 1Ty Tig T To1Ty Tig, T1 = TiaTy Toy + TipTy Tag -

Let 3 be obtained from ¥ by converting all special punctures into ordinary ones (as in Definition BI7).
Therefore, curves on 3 are those on ¥ plus four additional ones: directed intervals v0,i from O to each ¢ and
Vi0 1= 70_,1'1- We abbreviate the generators of Ay same way as in Ay and zg; 1= 2., ,, Ti0 1= Ty, o-

Then, according to Definition B.12, Ay, has a presentation:

- - + 1.+ - =1 — 4+ -1 4+ _ — -1 — +y-1 _ +\—1
T1 =1, T2 = T2, T Ty Ty = To1 Ty Tyg, TiaTy Top = T1aTy Toy, T01(T2)  T20 = To2(T13)” T10 ,

_ -1/ + — _ —1, 4 —
T1 = T10Tog (231 + Toy)s X2 = 20T (212 +212) -
In particular,
==l = o+ =1 4 o= 1 4 4 1 - == oA =l ==l 4+ o+ =1 —
T2 =Ty Ty TiptTo1 Ty TipTTo1 Ty TlptTo1 Ty Tyg, T1 = Ti9Ty Loy T219Ty Toy T T 19Ty Tgy +T pTy Ty -

Therefore, there is no homomorphism Ay — Ag, or Ay, — As which would send z; — z;, xi — xi (which
justifies Remark B.T9]).

3.4. Triangulations of marked surfaces. Let X be a marked surface, given distinct v,~" € [['(2)], define
their intersection number ny . € Z>o to be the number of intersection points in the interiors of their generic
representatives minus the endpoints of v and +'. Clearly, n, .,/ is well-defined, i.e., does not depend on the
choice of representatives. By definition, n, = n./ , = ny, - for all 7,~'. Note that n, . = 0 iff v and 4" do
not intersect (and may have only endpoints in common).

Given a marked surface X, we say that a subset IV C I'%(X) is non-crossing if n., . = 0 for all distinct
v,7 €I", ie., one can simultaneously choose generic representatives of classes in IV such that they pairwise
do not intersect in 3 and do not self-intersect (i.e., may have only endpoints in common). Furthermore, we
say that A is a triangulation of ¥ if A is a maximal non-crossing subset of I'’(X) such that A = A.

Clearly, if I (X) # (), then any triangulation A of ¥ has a special loop \;; at some j € I4(X) around each
i € I4(X), i.e., \ij defines a a 2-gon (A;j, A;;) in A homeomorphic to P;(1). It is customary to fix a generic
representative of each 79 € A so that X is literally cut into triangles and Py (1)’s.

It is well-known that all triangulations of ¥ are finite of same cardinality. Moreover, any triangulation A’
can be obtained from a given triangulation A by a sequence of flips of diagonals in quadrilaterals in A (see
e.g., [20, Proposition 7.10] and [I8, Theorem 4.2]).

Given an r-gon @ = (y1,...,7-) in ¥ and a triangulation A of ¥. We say that 79 € A is attracted to P
if either 7o intersects P or there is a triangle 7 = (y7,7%,9") in A such that v~ intersects P; denote by
Ag = Ag(P, A) the set of all y9 € A attracted to P.

The following is immediate.

Theorem 3.21. Let A be a triangulation of . Then for each r-gon Q = (¥4, ...,7.) in X there exists an
n-gon P = (v1,...,7n) € (Ao(Q,A))™ for some n > r, a triangulation A® of [n], and an order-preserving
embedding v : [r] < [n] such that:

(CL) Yij € AQ(Q,A) iff (Z,]) € AL,

(b) Vi = Yok, k) for all k € [r] (i.e., Q is a “sub-polygon” of P).

In fact, if Q@ = (v,7), v € [['(¥)], we will construct a canonical polygon Pa(7) as follows.

We need the following obvious fact.

Lemma 3.22. Let A be a triangulation of ¥ and let v € [['(X)] \ A. Then there exists a unique (up to
relabeling) triangle 71 = (y1,7—,7+) € A3 such that ny > 0 and the closest to s(v) intersection point of 7y
with A is the intersection point of v and y_.
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The initial triangle for ~

We refer to such a triangle as initial for . Fix the initial triangle 7 as in Lemma 322 and denote by ~(!)
the unique (class of) curve which starts as v~, follows this “route” until the first intersection point of ~~

and v and then “becomes” «y. Repeating this process, we obtain a new initial triangle 7, = (7s, 7(_5),'7 ) for
7)) s =1,...,5 — 1, where j > 2 is unique with y0) = v; € A. This process converges by induction in

Ny, A = ZA Ny~ because ny A > n,a) o > -+ > nym a = 0. Denote Fa(y) := (71,...,7;) € AJ. and refer
Yo€

to this sequence as a A-factorization of . By definition, 7 € 41 0+ -+ 0«; in the multi-groupoid [I'(X)], which
justifies the terminology.

Finally, we set Pa(v) := (Fa(7), Fa(7)) and refer to it as the canonical polygon of v in A due to the
following obvious result.

Lemma 3.23. Each Pa(

Canonical polygon, no special punctures, 7y self-intersects

8 O®

Canonical polygon, one special puncture

3.5. Triangular groups and their topological invariance. For each triangulation A of ¥ we define the
triangle group Ta = Ta(X) to be generated by all tfl, v € A subject to (same relations as in Tx):

o t, =tyop for all vy € [['(¥)] and ¢, = 1 if ~ is trivial.

oty t%lt% ty,t5, by, for any triangle T = (v1,72,73) in A.
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Also, for each triangulation A of ¥ denote by Ya the subgroup of Ta generated by:

Yy o= b5 Ty
for all v,~" € A such that (v,7/,7") is a triangle in A for some 7" € A.
Theorem 3.24. For any two triangulations A and A" of a marked surface ¥ there exists a group isomorphism:
faar i Ta =2 Ta

such that faa(Ya)=Yar.

We prove Theorem in Section BTl

Remark 3.25. Theorem[3.24limplies that isomorphism classes of groups Ta and Yy, are topological invariants
of surfaces. However, by contrast with Theorem .16, we do not expect the assignment ¥ — Ta to be
functorial.

Our next result is classification of triangle groups of marked surfaces.

Theorem 3.26. Let & be a marked surface with the Euler characteristic x(X), the set I = I(X) # () of marked
points, the set Iy C I of marked boundary points, and h = |I,| special punctures. Then for any triangulation
A of ¥ one has:
(a) If ¥ has a boundary or special punctures, then Ta is a free group in:

o |I| + 1 generators if ¥ is a disk with |I| + |Iy] =2, h =0.

o 2h + 3|I| — 4 generators if ¥ is a disk with |I| + |I,| =2, h > 0.

o 2h + 4(|I| — x(X)) — |Is| generators otherwise.
(b) If ¥ is a closed surface without special punctures, then Ta is:

o Trivial if ¥ is the sphere with |I| = 1.

o A free group in 3|I| — 4 generators if ¥ is the sphere with |I| € {2,3}.

e A free group in 2 generators if ¥ is the real projective plane with |I| = 1.

o A 1-relator torsion free group (in the sense of Definition[5.0) in 4(|I| — x(X)) + 1 generators otherwise.

We prove Theorem [B.26] in Section B.12] by choosing an appropriate triangulation of 3.

Remark 3.27. If ¥ has r boundary components, then it is homotopy equivalent to a bunch of g > r circles
and x(X) = 1—g. If ¥ is a closed orientable (resp. non-orientable) surface, then it is homeomorphic
the connected sum of g copies of the torus (resp. of the real projective plane) and x(X) = 2 — 2¢g (resp.

x(X)=2-g9).

Example 3.28. If A is a triangulation of the torus, the Klein bottle, the real projective plane respectively
with one, one, two (ordinary) punctures, then Ta is generated c¢i, ¢a,¢1,C2,t3 subject to, respectively:

(i) for the torus with one puncture: 02t36102_101 = Eléz_lcltgég, because A is glued from a square with
diagonal (1,3), where: S = {1,2} C [4], 0(1) =3, 0(2) =4, (1) = €(2) = + (equivalently, abcde = cbeda
after substitution a =t3, b=7¢1,c=c5 ,d=c1, e =705 ")

(ii) for the Klein bottle with one puncture: cat3¢icq Loy = Cicy Le1t3Ca, because A is glued from a square
with diagonal (1,3), where: S = {1,2} C [4], (1) = 3, 0(2) = 4, (1) = +, €(2) = — (equivalently,
abede = ebeda after substitution a = t3, b = ¢, ¢ = E{l, d=ci,e=cy ).

(iii) for the real projective plane with two punctures: 02t30162_101 =TCicy 161t362, because A is glued from
a square with diagonal (1,3), where: S = {1,2} C [4], o(1) = 3, 0(2) = 4, (1) = £(2) = — (equivalently,
abcbe = ededa after substitution a = t3, b=c1, c = 62_1, d=¢,e=c¢5")

Example 3.29. If A is a triangulation of the sphere with four punctures, we can view it as glued from a
regular hexagon with S = {1,2,5} C [6], o(1) = 4, 0(2) = 3, 0(5) = 6, (1) = €(2) = ¢(5) = +. Then
Ta is isomorphic to the group generated by ci,c2,C1,C2,t3,t4,t5 subject to the relation cotscotsCitse; =
51t501t402t352.
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3.6. Noncommutative Laurent Phenomenon for surfaces. The following result extends Noncommuta-
tive Laurent Phenomenon for n-gons (Theorem 2.I0) to all marked surfaces.

Theorem 3.30. (Noncommutative Laurent Phenomenon for surfaces) Let 3 be a marked surface and let A
be a triangulation of £. Then for each v € [['(X)] the element x of As belongs to the subalgebra of As
generated by x , Yo € A. More precisely, in the notation of Theorem[Z10, one has

(3'6) Ty = Z Zi ,

icAdm o (1,5)
where AY is the triangulation of [n] assigned (as in Theorem [Z21l(a)) to the canonical polygon Pa(vy) =

(Ms--vsTn) 0 A with vy = v 5, and we abbreviated

-1 -1

Ti = Ty ‘T’Yz’3,z’2 Tig,ig " x’vigm,l,izm,g TYigm—12izm

for any sequence i = (i1, ..., i2m) € [n]*™, m > 1.
We prove Theorem [3.30 in Section 3111
Remark 3.31. Theorem 330 is a noncommutative generalization of [35], Theorem 6.1].

Example 3.32. Let X be a regular triangle with the clockwise vertex set I = {1,2,3} and a special puncture
0 in the center. For ¢ € I denote by A; the the special loop at ¢ around 0. As in Example B for i,j € I,
i # j denote by ”yi'; (resp. ;) the curve from i to j so that 0 is to the right (resp. to the left) of the curve
and abbreviate z; := zy,, xf; =Tk for the corresponding generators of Asy;.

Clearly, every triangulation of ¥ contains ;5,75 *y;rg, Y325 ”Y?:Lp 13- Let A be the triangulation of ¥ con-
taining also y; and v7,. Then (B.6]) reads:
+ )—1

TR e + 41— S T P
Ty = Toy Ty Tip + Ty Ty Ty, Toy = Toy (¥3) T Tog + 3177 X3 + Ty 77 T (T1n) T T3,

-1 — -1 - —1 — —\—1 —1
w3 = wfoy Ty + 2dy(23)) 7 2y (23)) T ady + w5y () T e (23;) " ady
— o= \=1, 4+ (= \—1, — + (ot == =1+ (o — =1, —
T35 (12) " @ (212) T @iz + @5 (051) T @y wih (7)) @y
Let X be as in Definition B:I7 Therefore, simple curves on X are those on X plus six additional ones:
directed intervals 7 ; from 0 to each i and ;o := %, ;. We abbreviate the generators of As, same way as in
As and o 1= Ty, Tij0 1= Ty, -
Let A be the triangulation of ¥ obtained from A by adding the intervals vp1 and ~1,0. Then (3.6]) reads:

Tl (5)) T ady + wgy () e (a3)) T gy

+I§2($f2)_1IIL2(If2)_1II3 + 33;1(33;1)_1I51$f1$f2(xf2)_1ff3+
gy (31) 7 ads +agy(en) e +agiay ey (o) ey + o (e3,) T ag ey g
3.7. Noncommutative (n,1)-gon. In this section we consider the (n,1)-gon ¥ = P, (1) (with the clockwise

ordering of the set [n] = I,(P(n,1))). We abbreviate A, 1 := Ay, and refer to it as the noncommutative (n, 1)-
gon. Clearly, A, 1 is generated by :vf; =+ and (:C?;)_l, i,j € [n], where %-j;- is the curve corresponding to
ij

A1 +oot
T3 = x3,T7 13 + 23 (25;)

(1,7, %) under the bijection in Lemma [B.I0 where x}; = z;; for i € [n] (we abbreviate z; := x}; = ;). The
following is immediate.

Lemma 3.33. The algebra A, 1 is generated by (x;tj)il, i,j € [n] subject to:
(i) (triangle relations) For any distinct i,j,k € [n]:
ot 1ot o= (=1 = = \=1 4+ o= (o \—1.—
i ()" = ()T g, g () T = g ()T
(i1) (2-gon exchange relations) For any distinct i,j € [n]:

+ .71 -1+
Tj =TT Ty T LT T

(iii) (4-gon exchange relations) For any cyclic (i, 7, k é) in[n] ande € {—,+}:
Ij@ = ‘T;r]g(xlk) xi + oy ()™ Yol al = = 5 (2 ) Tty (x5,) " g
(

Ty, = xjk(xfk)_lxi} —I—a:;i(x,;] )~ 1:1:M Ty = azjj T J)_ e g (x k) lle
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Clearly, the assignments a:zi] — xﬁ define an involutive anti-automorphism of A,, 1. One can easily show
7 if i € [n]
i—n ifig¢[n]

Also for distinct ¢, j € [2n] define the sign €;; € {—, +} by setting e;; := + if the clockwise arc from ¢ to j
is shorter than the clockwise arc from i to i +n and €;; := — otherwise.

Note that the restriction of the function f : C — C given by z — 22 to the unit disk D C C centered at 0
isamap f: D — D hence for each n > 1 it is a morphism f,, : Psy, — P, (1) in Surf for all n > 1 (where the

marked boundary points are appropriate roots of unity and the special puncture in P, (1) is the center 0 of
D). The following is immediate corollary of Theorems .9 and .10

For each n > 1 define a map 7 : [2n] — [n] by (i) = {

Corollary 3.34. For each n > 1 one has:
o The morphism f,, in Surf defines a surjective map I'(Pay) = [2n] X [2n] — [n]x [n]x{—,+} = [['(P(n,1))]
given by (i) — fr(]z) () Jor all distinct i,j € [2n].

ij

o The assignment x;; xi(i) () for all distinct i,j € [2n], defines an epimorphism of algebras (fpn)« :
A2n - An,l .
Remark 3.35. For any 1 <i < j <k < n, the triple (v;;,7j,7;) 18 a triangle in ¥ = P(n, 1) because it
is the image of the triangle (i,j 4+ n, k) in [2n] under the above morphism f, : Po, — P,,(1). Note, however,
that all intersections ;; N Vi Vig N Veis Vi N Vg are non-empty.

3.8. Universal localizations of noncommutative surfaces. Generalizing ([24), for any triangulation A
of any marked surface X let Aa be the subalgebra of Ay, generated by all z.,, v € [[(X)] and all 27!, o € A.
Clearly, the assignment ¢, — x.,, v € A defines a homomorphisms of algebras:

(3.7) iA : QTA — .AA .
The following result is a generalization of Theorem [2.§] to all marked surfaces.

Theorem 3.36. For each triangulation A of ¥ one has:
(a) The homomorphism ia given by BI) is an isomorphism of algebras.
(b) As. = AA[S™Y], where S is the submonoid of Aa \ {0} generated by all z.,, v € [['(X)].

We prove Theorem in Section B.13
Theorems [3.26] .36, and 5.7 imply the following.

Corollary 3.37. For each triangulation A of &2 the homomorphism B is injective.

Theorem implies that for each ¥ the natural homomorphism QTa < Frac(QTa) defines a homo-
morphism of algebras:
(3.8) Ay — Frac(QTa) .

In view of Theorem [5.7] we propose the following conjecture.

Conjecture 3.38. For each ¥ the homomorphism [B.8) is injective, e.g., the submonoid Sa of QTa \ {0} is
divisible in the sense of Definition[5.4]

Remark 3.39. Conjecture B.38 generalizes the expected injectivity of ([2.3). To prove Conjecture B.38 for
non-closed surfaces (i.e., with free Ta according to Theorem [3.26]) it would suffice to show that the monoid
Sa is generated by Q* - Ta and a subset of prime elements in QT .

3.9. Noncommutative angles and regular elements in noncommutative surfaces. Similarly to Sec-
tion [23] for each triangle (v1,72,73) denote by T, ~, 4, the element of As; given by:

_ -1 -1
(3.9) T e = Ty, Tya Ty,

and refer to it as a noncommutative angle of (v1,7v2,73) at s(y1) = t(v3).
Given a triangulation A of ¥, for any i € I define the total angle T? at i € I by:

(3.10) TiA = ZT'le'YQv'YS )

where the summation is over all clockwise triangles (71, 72,73) in A such that s(y1) = .
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Theorem 3.40. For any triangulations A, A" of 3 and i € I one has:
TA =TA .
Therefore, in what follows, we simply denote T; := T/ for any triangulation A of .
Furthermore, denote by Us, the subalgebra of As; generated by generated by all z.,, v € [['(¥)], =

~o € OI'(X) and all total angles T;.
In particular, the algebra U,, from is naturally isomorphic to Up,. The following is an analogue of

Lemma 2.18]

Lemma 3.41. The algebra Us, satisfies the following relations:
(a) (reduced triangle relations) for all triangles (v1,72,73) in [['(X)] such that s is a boundary curve:

-1
Yo ?

1. _ .. -1
(3.11) Ty, T, Ty = Ty, T, Ty, -

(b) (reduced exchange relations) for all quadrilaterals (y1,72,7v3,74) n X such that 2,3 are boundary
curves:

(312) I’Yl3x2_31'r724 = x’YM + :Z:’Yl2'r’;312:12’)'34
Remark 3.42. It is natural to conjecture that the relations [BI1]) and BI2]) are defining for Us,.

Noncommutative Laurent phenomenon ([B.6) guarantees that Us, belongs to each subalgebra Ax C As.
The following is an analogue of Conjecture 2.20

Conjecture 3.43. For each n > 2 one has:

(3.13) Us = Aa
A

where the intersection is over all triangulations A of 3.

We say that an element of Ay, is regular if it belongs to each subalgebra Aa as A runs over all triangulations
of 3. Thus, similarly to Section 23] Conjecture [B.43] asserts that regular elements of Ay, belong to Us.

3.10. Noncommutative cohomology of surfaces. Given a surface %, for each triangle (y1,72,73) in X
we define the element 7., 5, ~, € As (in notation ([3.9)) by:

Tz = Ivves T Drovsn T Ths s -

That is, Ty, ,,7, is the sum of all noncommutative angles of the triangle (y1,v2,73).

Then define the algebra H(X) to be the quotient of As. by the ideal generated by all 7, ~, ~,) — SRTATAR
(71,72, 7v3) and (1, 74, v4) run independently over all triangles of ¥. We refer to H(X) as the noncommutative
cohomology of 3.

This notation is justified by the following construction.

Fix a triangulation A of . For each loop 6 in X which does not pass through marked points, define the
element [0]\ € Aa by:

(

[9]/A = 28%7’72»% (9) 'TV17’72>V3 )
the summation is over all clockwise triangles (v1,72,73) in A such that 6 intersects v; and 2 (but not v3)

i e ) — 1 if 3 is to the right of 0
TN 21 if g s to the left of

Note that if § = ¢, is a (small) clockwise loop around a puncture i € I, then [0]\ = T/, the total angle at
i (defined in (BI0).
Furthermore, define [f]a € H(X) by
0] = n(ia(0]3)) -
where i is the homomorphism QTa — Ay given by B.7) and 7 : Ay — H(X) is the canonical epimorphism.
The following immediate result is an analogue of Theorem

Theorem 3.44. Given a loop on ¥ not passing through marked points, then for any triangulations A and
A’ of ¥ one has:
[0lar = [0]a -

This allows us to define a noncommutative loop [0] € H(X) by [0] := [0#]a for any triangulation A of X.
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3.11. Proof of Theorems [3.6], [3.9, 3.16l [3.24], and
Proof of Theorem Clearly, the composition /o f : ¥ — X" is a continuous map with finite fibers.

Also,

(f o HyTHUIE") = £ AE) = FHIE) = 1(3)

(f" 0 HHIs(2)) = f/(f(Ls(2)) € f/(L(X) € Ls(2") .
This verifies the fist requirement of Definition for f'o f.
Furthermore, prove that I/°°/ = 17 1 f=1(I7"). Indeed,
D'of = (f o )LD\ LE) = FH(F I\ L)
= [T LE) UIONL(E) = (THELED U YN LE) = uf i)

since £/ (1L(£)) = L) U1/, FHILEN) = LN\ T, fE) AL(E) = 0, and (AU B) =
Y (A)u f~Y(B) for any d15301nt subsets A and B of X'.

Let now p € £\ I/'°/. By above, this is equivalent to that p € £\ I/ and f(p) € X'\ I". Hence there
is a neighborhood O, of p in ¥ (O, is a half-neighborhood if p € 9X) such that the restriction of f to O, is
injective and a (half-)neighborhood Oy, of f(p) in Y’ such that the restriction of f’ to Oy (p) is injective. In
particular, O}, := f~(Oj(y) is a neighborhood of p in ¥ and the restriction of f" o f to O, is injective. This
verifies the second requirement of Definition for f'o f.

Let now p € I7'°f. By above, this is equivalent to that either p € I or f(p) € I7".

In the first case, clearly, f(p) € &'\ 17", therefore there is a neighborhood Oy ;) of f(p) in Y’ such that
the restriction of f’ to Oy () is injective and a neighborhood U, of p in X such that the restriction of f to U,
is a two-fold cover of the neighborhood O), = f(U,) ramified at f(p). Therefore, the restriction of f to the
neighborhood U), = f~1(0, N O}) is a two-fold cover of O, N O, ramified f(p) and the restriction of f’ to
O, N0, is injective. Thus, the restriction of f’o f to U, is a two-fold cover of f(O,NO,) ramified (f"o f)(p).

In the second case, clearly, p € X \ I/, therefore there is a neighborhood O, of p in ¥ such that the
restriction of f to O, is injective and a neighborhood Uy, of f(p) in ¥’ such that the restriction of f to
Uy (py is a two-fold cover of the neighborhood Oy (4pyy = f(Uy,) ramified at f(f'(p)). Therefore, the restriction

of f’ to the neighborhood L{f(p) f(Op) NUy ) is a two-fold cover of f'(Uy,)) ramified f'(f(p)) and the

restriction of f to O], = f~1(U f(p)) is injective. Thus, the restriction of f’ o f to O, is a two-fold cover of
f/(u}(p)) ramified (f" o f)(p).

This verifies the last requirement of Definition for f'o f.

The theorem is proved. O

Proof of Theorem Without loss of generality, it suffices to prove the first assertion in the case when
C C O’ and C’\ C is a single loop around i € I’ not enclosing any points I(X) U I;(X) U I/ \ {i} (where we
regard C' and C’ as subsets of X). Moreover, it suffices to take C = {p} for some p € X, p # i, so that C’ is
a simple loop at p around i (e.g., C’ is contractible to p in X \ I(X)).

By definition, there is a neighborhood U, of p such that the restriction of f to U, is a two-fold cover of
fU,p) ramified at f(p). Once again, without loss of generality, we may assume that C’ intersects U, and
there exist exactly two distinct points p’,p” € C such that f(p’) = f(p”). This implies that f(C’) C E' is
a (self-intersecting) loop at f(p) with a single self-intersection point f(p’) = f(p”). If we denote by 7' the
equivalence class of f(C’) in X'\ (I(2) U Is(X)) U {f(p)}, then, clearly, [y']; is trivial.

This proves (a).

Parts (b), (c) and (d) follow.

The theorem is proved. O

Proof of Theorem We need the following fact.

Lemma 3.45. In the notation of Theorem [39, for any polygon P = (y1,...,7n) in X the tuple f(P) =
(f(11),---, f(yn)) is a polygon in X'.

Proof. Indeed, let P = (y1,...,79,) be a polygon in ¥ and let g : P, = ¥ be an accompanying morpism.
Then ¢’ = f o g is a morphism P,, — X/ in Surf such that ¢'(z,i%) = f(v;) for i € [n], i.e., f(P) is an n-gon
in ).

The lemma is proved. 0
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Thus the triangle relations in Ty, are carried by f. to those in Tx/. This proves the assertion for groups.

Likewise, the triangle and exchange relations in Ay are carried by f. to those in Ays. This proves the
assertion for algebras. The commutativity of the diagram (B.4]) follows.

The theorem is proved. O

Proof of Theorem [3.24] It suffices to prove the assertion only for neighboring triangulations A and A’,
i.e., for a quadrilateral (y1,72,73,74) in A such that A\ A" = {y13,731} and A"\ A = {24, Y42}
The following result is obvious.
t
Lemma 3.46. In the notation as above, the assignment t, — ¢t

trmtus  fY =3
’Y34t;2{;t’721 ifﬁ)/ =731 fO’l“ i,J € [4]7 i 7é Js
ty otherwise

Y12

defines an isomorphism pa ar : TA=Tar.

The second assertion follows immediately because one has for v,v" € A, " ¢ {y13, 731}

t%ll tV24t;314 t’Y’ if y=m3 Yyi12,v24 Yva3,7" if y=m3
fan (W) = St bttty Y =931 =  Yyasyaa Uy iy =731 € Yar .
t Y. otherwise Yoy iy otherwise
This proves the theorem. O

Proof of Theorem [3.301 Indeed, let f : P, — ¥ be an accompanying map for the canonical polygon
PA(v) = (715---,7m). Then, by Theorem B.16, the assignment x;; — x.,,; defines an algebra homomorphism
fe i Ap = As, where A, = Ap, is the noncommutative n-gon as in Section 221 Applying f. to (ZX) with

i =1 yields ([B8)).

The theorem is proved. O

3.12. Noncommutative triangle groups and proof of Theorem [3.26l We need the following immediate
result.

Lemma 3.47. For any marked surface ¥ there is n > 1, a subset S C [n], an injective map o : S — [n]\ S,
and a function € : S — {—,+} such that 3 is obtained from P,(h), h = |I5(X)| by gluing the chord (i,iT) to

g JEOT 0@ e =
the ch d{(a(i),a(i)+) ifs(i):—f lies.

Remark 3.48. Clearly, for any n > 2 and any pair (o,¢) as in Lemma [3.47, there is a marked surface ¥, .
obtained from P, (h) by such a gluing procedure.

The following is an obvious version of Theorem 3.1

Lemma 3.49. Let f : ¥ — Y/ be as in Theorem and let A and A’ be triangulations of ¥ and ¥’
respectively such that f(A) C A’. Then the assignment t, — tyy for v € A defines homomorphism of
groups fi : Ta — Tar.

Combining Lemmas B47 and B:49 and taking into account that under the gluing map f : P,(h) — X, the
image f(A) of any triangulation A of P, (h) is a triangulation of ¥ = X, ., we see that the quotient group of
T by the relations

(3.14) bt = to(i)+ o) %f 5@ =+ s = bo(i),o (i) %f 5@ =t
to(i),o()t if €(i) = — to(iyt o) if (i) =—
i € S, is naturally isomorphic to Tf(a) (of course, Tfa) = Tar for any triangulation A" of ¥ by Theorem
3.24).
We will use this observation with the appropriately modified starlike triangulation A = A; of P, (h), where

A is the starlike triangulation of [n] as in (Z.6]) with ¢ = 1.
Namely, for all n > 2, Ay is obtained from A; by adding h curves WS), s € [h] from the vertex 1 to the
( ))—1 (s—1)

vertex 2 outside of A; so that each 2-gon ((1;5) "%, 75 '), s € [h] contains exactly one special puncture
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(here, with a slight abuse of notation, 78) is the chord (1,2) in [n]) and a clockwise loop *y%s) around each

special puncture inside ((7%3))_1, 7%371)), s € [h].
Lemma 3.50. Suppose that n > 2. Then, using same arguments as in the proof of Lemma [2.80, we see
o+
that the group Tz is generated by t; = le’J =3, n =1, ¢ =tgpr, Ch = tgr g, k€ [n], ys = b
12
Ze =1t w,s€ [h], and 5, = tymy—1, subject to (ifn>4):
1 12

(315) cotscs - - -tn_lcn_lén_lcl = Elcglan_ltn_lén_g -+ -13Co

and (if h > 0):

(3.16) Un =iz yier 20) (25 yeyr T 22) - (25 Ynysazn) -

Proof. It is easy to see that tl,j = CthCQ s tjflcjfl, tj11 = Ejfltjfl c 'EQtQEl fOI‘j = 1, ey n. Thus, TAI
is generated by to,...,tn_1, ck, Ck, kK = 1,...,n subject to the relations:

Cp = cC1tacCa - Cp—2tp—1Cn—1,Cn = Cp—1tp—1 - - CataCy .

By eliminating to, we see that Ta, is subject to the relation (BI5). Furthermore, the 1-gon relations in
the 1-gons (7%5)) and triangle relations in the triangles ((%;))_17%5)7%;71)) for the remaining generators

Ys = t’yg), Ys = t('yg))*l Zs = t’y§s), Zg = t(7£S))717 CES {0} L [h] of TAI read:

Zs = Zs, yszs_lysfl = ys—lzs_lys
for s € [h] (here yo = ¢1, Yy = ¢1). That is, one can eliminate all Z,, s € [h] and one can solve recursively for
all g, s € [h]:
Ty =1z iy 2 (25 tyayr tee) - (25 syt zs)
so that the remaining generators z; and ys, s € [h] are free.
The lemma is proved. O

Combining Lemmas .47 and [3.50, we see that for n > 3 the group Ty is generated by t;,j = 3,...,n—1,
Ck, Tk, k=1,...,m, ys, 25, s € [h], and 7, subject to (B.I13) and the following relations for all ¢ € S:

¢ ifeli)=+ _ ife(i) = + o fe ititl L, [E i1
Coi) = ;.o . N , Where ¢ := e G = .
Loife(i) = — voife(i) = — yp ifi=1 g, ifi=1
Thus, if n > 3, then the group Tz, has (n — 3) + 2(n — |S]) + 2k = 3n — 3 — 2|S| + 2h generators t;,
j=3,....,n—=1, ¢k, , k € [n]\ 0(5), ys, 25, s € [h] and exactly one relation B.I15). Now compute the Euler

characteristic of ¥ using the triangulation A” of ¥ obtained by removing all h loops around special punctures
from f(A). By definition,

)
)

)
ol

X(E)=[I|-E+T,
where E is the number of edges and T is the number of triangles in A”. Clearly, T = n — 2 and F =
(n—3)+ (n —1S|), therefore,
1
Mzﬁqﬂ—“n—$+or4ﬂ»+n—r:m+1—n+prp4ﬂ+1—g—%§
because n — 2|S| = |I|. Therefore, the number of generators of T4 is:
I

3n—3—=2|S|+2h=2n—3+|I|+2h = 4(|I|+1—x(2)—%)—3+|[b|+2h=4(|I|—x(2))+1—|lb|+2h .

We now consider several cases.
Case 1. n > 3 and either ¥ has boundary, i.e., SUc(S) # [n] or h > 0. The above implies that Tf(a) is free
in 4(|I] — x(X)) — |Ip| + 2h generators.
Case 2. n =2 (hence h > 0). Then, clearly, TR, is a free group in 2h + 2 generators. Therefore:

o If n =2, h > 2, then Ty(a) is free in 2 + 2 — 2|S| generators, where |S| € {0,1}.

o If n =2, h =1, then Ty(a) is free in 4 — || generators, where |S| € {0,1}.
Case 3. n =1, then f is the identity map and X is disk with |I| = || = 1 and h special punctures. If h = 0,
then, clearly, Ta is free in two generators ¢, and ts, where + is the clockwise loop; Suppose that A > 0. Then
one can choose a triangulation A of ¥ in such a way that, in addition to 7 it consists of a special loop A,
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s € [h] around each special puncture and a clockwise loop 7, enclosing first s special punctures (from the
left to the right), s = 2,...,h (so that Ay = 71 and v, = 7). Then Ta is generated by 2z, = ta,, ¥s = tn,,
Js = ty,, s € [h] subject to the following triangle relations in the h — 1 triangles (ys—1,As,7,), s = 2,..., h:

Ys—17: s = YsZs T
for s = 2,...,h if h > 2. That is, similarly to the equations (BI8]), one can solve recursively for all 7,
s=2,...,h:
Uy = (2595 1Ys) - - (2395 '23y2) - (2227 '2021)
(since y1 = 7; = 21) so that Tx is freely generated by zs, s € [h] and ys, s =2,..., h.
This finishes the proof of Theorem [B:26)(a).

Case 4. n > 3 and ¥ has no boundary, i.e., |I| hence S U c(S) = [n] and h = 0. Then n = 2|S| is even
and Ty(a) is a 1-relator torsion-free group in 4(|I| — x(X)) + 1 generators t, k =3,...,n — 1, ¢, , k € S.
Suppose that ¥ is a sphere with |I| < 3 punctures. Then Ty(ay trivial for |[I| = 1 because all loops are
contractible, is free in 2 generators t, and ¢, -1 if [I| = 2, where ~ is an arc between these two punctures, and
if |I| = 3, it is free in 5 generators, because we can take S = {1,3} C [4], 0(1) =2,0(3) =4, (1) =¢(3) = +
so that Tya) is freely generated by c1,¢1,c3,¢3,t1. Otherwise, it is, clearly, non-free. This finishes the proof
of Theorem B.26(b).

The theorem is proved. O

3.13. Noncommutative curves and proof of Theorem [3.36l For each v € [I'(¥)], a triangulation A of
Y define the elements ¢, A € QT A same way as in Theorem 2. 10t

(3.17) =Y 4,
icAdm o (1,5)

where A is the triangulation of [n] assigned (as in Theorem[3.2Ia)) to A and the canonical polygon Pa(7y) =
(M-, vn) with v = 41 ; and we abbreviated

= _1 PR _1
ti == t’ﬁbiz t’YiS,iz t’ﬁsﬂz; t7i2m,1,i2m72t’ﬁ2m71vi27n
for any sequence i = (i1, ...,i2,) € [n]*™, m > 1.

We refer each t$ as it as a noncommutative triangulated curve.
Clearly, if ¥ = P, (0) is an n-gon (i.e., a disk with I(X) = I,(X) = [n]) so that v = (p,q) € [n] X [n], then
A . A . .
t5 =t is as in (2.42).
To finish the proof of Theorem B.36] we need the following result.
Proposition 3.51. The assignment x., t$ for v € [[(2)] defines an epimorphism of algebras
(3.18) As — QTA[SK'],

where Sa is the sub-monoid of QT A generated by all tﬁ.

Proof. It suffices to show that the elements t$ satisfy the defining relations of Ay from Definition B.12]
We need the following result.

Lemma 3.52. Let Q = (74,...,7.) be an n-gon in ¥ and let A be any triangulation of . Then the
assignments x;; = ., 1,j € [r] define a homomorphism of algebras

(3.19) A, — QTA[SK'] .
Proof. Let P = (v1,...,7a), A% and ¢ : [r] = [n] be as in Theorem 321} Then, in view of Theorem, for any
accompanying morphism f : P, — X Therefore, the assignments (i,5) — f(i, ) = 7i; restricted to A° define
a homomorphism of algebras fa : QT a0 — QTa such that fA(tiAjO) = tﬁij for i,j € [n]. Since fa(Sao) C Sa,
then passing to the universal localizations, this gives an algebra homomorphism

QTa0[Sx0] = QTa[SE'] -

Composing it with the isomorphism A, = QT ao [Sg},] given by Theorem 2§(b) and the homomorphism
A — A, given by xy, ¢+ (1), (¢) give the desired homomorphism (B.19). The lemma is proved. |
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Using the Lemma with r = 3,4, we finish the proof of the proposition. g

Since each 2., v € [[(X)] is invertible in As, the universality of localization QT [SL'] implies that (37
extends to a homomorphism of algebras

(3.20) QTA[SR'] — As .

By the construction and Theorem B30, (377)) takes each t$ to za and therefore is an epimorphism Q[Ta] —
Apa. In turn, (320) is an epimorphism as well.

Thus, we obtained two mutually inverse epimorphisms (I9) and (B20), which implies that they are
isomorphisms of algebras.

Therefore, (B.I8)) is an isomorphism, which proves Theorem [B.36(b). Theorem [B36|a) also follows because
B is a restriction to QT of the isomorphism ([B20) and ia(QTA) = Aa.

Theorem is proved. O

4. NONCOMMUTATIVE DISCRETE INTEGRABLE SYSTEMS

4.1. An integrable system in an annulus. Denote by ¥ ., the annulus with no punctures, one marked
point p on the outer circle and r marked points p1,...,p, on the inner circle (listed clockwise).

It is easy to see that equivalence classes of curves from p to {p1,...,p,} in ¥1, are in a natural bijection
with Z: the n-th curve v, goes (without self-intersections) from p to ps where s =n mod r and =, has the
winding number ¢ such that n = rq + s (so that the arc is winding clockwise if ¢ > 0 and counterclockwise if
g <0).

We also denote v, (resp. 7, ) the short counterclockwise boundary arc in the inner circle from p; to the
previous point p;~ (resp. from p,~ to p;), i € [r]; and by 4+ (resp. 7 ) the clockwise (resp. counterclockwise)
loop in the outer circle.

We abbreviate in the algebra As, ,:

Cn =Tz, di=2y+, d =5+

Tp i= Ty, Tn =Ty, Cn =T, -, >

for n € Z (where we extend ~,, periodically so that v, . = v, for all n € Z).

Since (Yn—1,7m—1>7n) a0d (F,, 7, Yn—r) is a triangle in T'(31 ;) = [[(Z1,)] and (F,_1,7 ", Y—r, 70y ) is
a 4-gon in I'(31 ) (containing these triangles) for all n € Z, the following fact is immediate from Definition
.12

Lemma 4.1. For each r > 1 one has in As, :
(i) (triangle relations)
(4.1) Ty 1Ty Tp = TnC,, Tp_1, fna_lxn_r =Tp_pd 'z, .
(i1) (exchange relations) For each n € Z:
(4.2) Tper_1d 'z, = cp + fn,ﬂ_lxn,r, Tond T 1 =Cp 4+ Tnrd 11 .
Note that for each m € Z the annulus ¥; , has a triangulation
A =y T 5T % T 5 Yms T+ s Yk T}

Hence the group T, generated by z,,%n, n = 1,...,7+ 1, ¢;,G, i = 1,...,r, d,d subject to the triangle
relations
1

(43) ET_HE_ xr] = fld_ll'r_,_l, xs_lés_lfs = ,Tscs_lfs_l,

s =2,...,7+1 (with the convention p,, = p, hence ¢, , = ¢, Gr4n = T, for n € Z) is naturally isomorphic
to the triangle group Ta,. Moreover, in the notation of Section B8] the subalgebra Aa, of As (generated by
all z,, v € I'(¥;,) and all :E;Ol, Yo € A1) is the group algebra ZT, by Theorem [3.36(a).

Proposition 4.2. For each r > 1 we have:
(a) Each x,,,T,, n € Z is sum of elements of T, in ZT,..
(b) The total angle T, € ZT, at p is given by

—1 -1
-1 -1 -1 _ ——1= -1, =—1=
Tpy=d zp_rx, +d Tpyrx,” =T, Tnrd  +7T, Tpyrd
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for each n € Z.

Proof. Part (a) follows directly from Theorem B30 and Corollary B37
Prove (b). Consider a triangle (v, 75, %,_,) in Ap—pr and (Y5, v, 7, 4,) In A,
The following is an immediate corollary of Theorem [3.40

Lemma 4.3. T, =T+, 5 + T+, 5,

Using this and taking into account that

=1 -1 _ ——1= -1 —-1 -1 _ ——1= -1
T’Y+77n!77177“ = d xnirxn = .In Inird ) T’Y*’)'anﬁn#ﬂ“ = d $n+7«$n = In $n+7«d
in the notation ([3.9), we obtain (b).
The proposition is proved. O

Remark 4.4. Using the triangulation A,,, it is easy see that

n
-1 —1 -1 -1 ——1 -1
Ty=d  zpx,_, +d Tp_,x, + g Ty 1Cm Ty,
m=n+1-—r

for all n € Z.

Clearly, by Theorem [3.40] T}, does not depend on n.
If r is even, we can refine these observations and thus recover the recursion (IA4).

Indeed, set U,, := { and D:=d1,D:=d

z, if nis even e if n is even ——1

T, ifnisodd =" ¢, ifnisodd ’
By definition, T, is freely generated by D, D and C;, i € [r], U;, j € [r + 1] and, by Proposition 1.2

U, € QT, is a sum of elements of T,. This and Proposition [£.2] imply the following result.

Theorem 4.5. Let r > 1 be even. Then each element U,, € ZT,, n € Z satisfies the recursion:

{UnrlDUn =C, +Un_1DU,_, ifn is even

(4.4) — L :
U,DU,—r-1=Cp+U,_.DU,_1 ifn is odd

(with the convention Cp 4, = Cy.). Furthermore, the element H,, € Frac(ZT,), n € Z, given by

o {EUn_TUn1 + DU, +,U; Y ifnis even

(4.5) - - o
U, W._+D + U, lUnJrer if n is odd

does not depend on n and belongs to ZT,.

The recursion ([{4) clearly coincides with the recursion (I4) with &k = r + 1 and the element H,, given by
(#£3) coincides with the element given by (3.

Remark 4.6. In fact, Remark [44]implies that the “conserved quantity” H = H,, is equal (for any n € Z) to
n/2
DU,U, L, + DU, U + z/j Usit_1ComUgt + Ugyt 1 Copy Uyt 5 if i is even
m=(n+2-r)/2
_ (n—1)/2 :
U 'U,_.D+ U U,D+ S Usi_1ComUspt + Uyl 1 Comya Us,t if mis odd
m=(n+1—r)/2
4.2. An integrable system in an infinite strip. In this section we establish Laurentness of another
noncommutative recursion (which specializes to the discrete integrable system recently studied by P. Di
Francesco in [I7]). Indeed, let ¥, be a vertical strip with marked boundary points I = I_ U I, where
Iy = {iy,i € Z} (vesp. I_ = {i_,i € Z}) is the marked point set on the left (resp on the right) boundary
line. Then, clearly,

I(Co) = [(Z0)] = {(ic,jer) 11, €Z, e," € {—,+}i#jife=¢"} .
Clearly,

n

m~—,mtEZLNELq
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where X7 _ . C X is the convex hull of the real intervals [m™ +1,m~ +n]_ C I_, [m* +1,m" +n]; C I;.
Clearly, it is an 2n-gon embedded (as a parallelogram) into %, where we identify its vertex set [2n] with

{m=+1)_...;(m™ +n)_tu{(mT+1)L...,(mT +n)y} via
PR (m™ +k)- %fkgn'
(mt+2n+1—k); ifk>n

We denote by Asn . acopy of Ay, under the above identification of the vertex set [2n].

Then the natural inclusions ¥ = . C Ez,, o+ form'” <m7™, m'T <mt om0’ >mm+n,m/ 0 >
m™ +n are morphisms in Surf so they define (by Theorem [3.16]) the appropriate homomorphisms of algebras

—

Asin s Agnr , so we denote by Ay the direct limit lim Axn . under these homomorphisms.

m= ,m m!— m/+ mT ,m

Clearly, the following noncommutative Ptolemy relations (in the form (ZI3)) hold in As_:
1 —1
(4.6) T(i+1) 2,55 L (1) 5 g TUHD 500+ = T D iz T P+ 2,405 Thp (1) Tirois
together with the triangle relations:
—1 -1
(4.7) Tie 5 T (j41) 5 jp TUHD iz = Tix, (G415 L) (j11)5 i iz
for all 7,5 € Z.

Remark 4.7. Tt is natural to conjecture that the relations (£6) and ({1 are defining for Ax__ and (in view
of Remark that) all natural homomorphisms Ag» < As_ are injective.

Note that 3, has a triangulation
AOO = {(ii7 (Z + 1)i)7 ((7’ + 1)i7ii); (i—u i+)7 (7;+7 i—)u (i—v (Z + 1)+)7 ((Z + 1)+7i—) NS Z} .

Hence the group T, gemerated by di+ = ;, (i11)y, dix = Ty (i41)s> Ti = Ti_
Yi = Ti_ (i+1)1> Yi = Ti_ (i+1)4, ¢ € Z subject to the triangle relations

gy Ti 1= Tig i,

__1_ 1 == _ _
(4.8) wid; (Tp = Yid; (T, Tid; i1 = Tipad; Ly
for ¢ € Z is naturally isomorphic to the triangle group Ta_, .

Lemma 4.8. 777 In the notation of Section[3.8, the subalgebra Aa_ of As, (generated by all z, v € I'(Xo)
and all 3:;01, Yo € As) is the group algebra ZTo by Corollary [3-57

Proposition 4.9. In As_ we have:
(a) Each i j., i,j € Z is sum of elements of Too in ZTw.
(b) The total angle T;, € ZT, at iy is given by

-1 -1 -1 -1 -1 1
Ti, = Lie it (xj;>(i*1)ixii,(ifl)i +wj;v(i+1)ixii,(i+l)i) = ("E(ifl)i,iix(ifl)bjx +x(i+1)i,iix(ifl)i>ﬂ'¢)xii,j;
for each j € Z.

Proof. Part (a) follows directly from Theorem B30
Prove (b). Consider triangles in the vertices (i, jx, (i —1)+) and (4, j, (i +1)+) in .
The following is an immediate corollary of Theorem [3.40

Lemma 4.10. T, = Ty jz), (5, (- 1))~ D i) T Tliw g, G (i) ), (4 1) 12 -
Using this and taking into account that
-1 -1 -1 -1
Tlis ) G (i-D2) (D ki) = Tjin Tig (-0 Ty (1-1)y = Pi—1) ig LDt g5 Tig sy -

_ 1 . -1 _ -1 ) |
Tt j )G (i) ), (141 i) = L ie Vi, 402 Tip (i41)y — C(i+1)4,ix TE—Dx,d5 Vi

in the notation ([39)), we obtain (b).
The proposition is proved. g

Remark 4.11. Using the triangulation A, it is easy see that

-1 -1, =-1 -1, 51 -1 -1 -1 -1 -1 -1, -1
Tifzdi_ly_yifla:i +7; diyy; +digy _wivy; o, Ty =y wiad, 4ty diirg o 4w yidi7+.
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We can refine these observations and thus recover the recursions (L), (7). Indeed, set

e . . L e— . . L e— -1 _4: -1 L= -1 _4: -1
Uij = @i_ g Vi =i Aj =Ty, 50 A =25 gony o Bi=aGa g0 Bi=257 4y

By definition, Ty, is freely generated by A;, A;, By, Bi, Ui, Vii, Uiit1, i € Z and, by Proposition F3J]
each Uij; € QT is a sum of elements of T,. This and Proposition imply the following result.

Theorem 4.12. The elements U;j,Vi; € ZTw i,j € Z satisfy (LO), (L7). Furthermore, the elements
Hf; € Frac(ZTw), i € Z, given by (L) do not depend on j and belong to ZT

5. APPENDIX: NONCOMMUTATIVE LOCALIZATIONS

Recall that for a multiplicative monoid S its linearization ZS is the ring ZS =
extension of multiplication on S.

If S is a multiplicative submonoid a unital ring of R, we define the universal localization R[S~!] of R by
S to be quotient of the free product R * (ZS°P) by the ideal generated by all elements of the form s x [s] — 1,
[s] s —1 for any s € S.

By definition, one has a canonical ring homomorphism

(5.1) R— R[S7'].

In other words, R[S~!] is the unital ring R’ with the universal property that one has a ring homomorphism
R — R’ under which the image of each element of S in invertible.

Note that (51]) in not always injective. For each unital ring R denote by R* the set of all units (i.e.,
invertible elements) in R.

The following fact is obvious.

scs Z-[s] with the natural

Lemma 5.1. For any ring homomorphism ¢ : R — R’ and any submonoid S C R\{0} such that ¢(S) C (R')*
there is a unique ring homomorphism g : R[S™!] — R’ such that the composition R — R[S™| — R’ is ¢.

For each submonoid S C R\ {0} define its saturation S to be the set of all » € R such that the image of
rin R[S™'] is invertible. Clearly, S is a submonoid of R\ {0} containing S. We say that S is saturated if
S = 5. The following obvious fact justifies this definition.

Lemma 5.2. For any submonoid S C R\ {0} one has
R[S~ =R[§7].
Moreover, S is the largest submonoid of S C R\ {0} with this property.
Following Malcev and Cohn, we say that a unital ring is of class £ if it can be embedded into a skew-field.
Lemma 5.3. Let R be any ring of class E. Then for any multiplicative submonoid S of R\ {0} the canonical

homomorphism &) is injective.

Proof. Indeed, let F be a skew field and ¢ : R — F be a monomorphism. By definition, for any submonoid
S of R\ 0, ¢ factors as ¢ = go f, where f : R — R[S™!] and g : R[S™!] — F are canonical homomorphisms.
Since ¢ is a monomorphism, then f is also a monomorphism. O

Definition 5.4. For a ring R of class £ we say that a submonoid S of R\ {0} is divisible if R[S™1] is also of
class £.

Following Cohn, we say that a submonoid S of R\ {0} is factor-closed if for any a,b € R\ {0}, ab € S
implies that a,b € S.

Proposition 5.5. Let R be of class £ and S be a divisible submonoid of R\ {0}. Then the saturation S of
S is a factor-closed submonoid of R\ {0}.

Proof. Since S is divisible, in particular, the canonical homomorphism R — R’ = R[S~ = R[S7!] is
injective. Tt suffices to prove that RI ¢ R and IR C I, where [ := R\ S\ {0}.

We shall prove that if #,y € R such that 2y € S, then 2 € S, y € §. Indeed, let z := (zy)~! and
t:=yzax —1in R'. By definition, zyz = 1 = zzy. This implies that 2t = zyzex —ax =1 -2 — 2 = 0. Since R’
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has no zero divisors and x # 0, then ¢ = 0, i.e., (yz)z = 1. Since z(yz) = 1, we see that z is invertible in R’
hence z € S. Similarly, y € S as well.
The proposition is proved. O

Below we provide a sufficient criterion for a group algebra of a group to belong to class £ and for divisibility
of some of its submonoids.

Definition 5.6. A group G is called 1-relator torsion-free if G is isomorphic to F/{x) where F is a finitely
generated free group, € F \ {1} is not a proper power in F, and (x) denotes the normal subgroup of F'
generated by x.

Results of Malcev, Newman, J. Lewin and T. Lewin (see e.g., [I3, Section 8.7], [34]) imply the following.

Theorem 5.7. Let G be any finitely generated free group or any 1-relator torsion free group. Then the group
algebra R = QG is of class £. In particular, for any submonoid S C QG \ {0} the canonical homomorphism

E&T) is injective.
We will need the following result, which is a particular case of [38, Theorem 10.11] (here F denotes a free
skew field freely generated by £ elements).

Proposition 5.8. Let £ > 1 and assume that ¢ elements t1,...,ty of Fy generate Fp. Then t1,...,ty are
free generators. In particular, the assignment c; — t; for i =1,...,¢ defines an injective homomorphism of
algebras QF, — Fy.

Following Cohn, we say that a ring R is a left (resp. right) semifir if each finitely generated left (resp.
right) ideal J is isomorphic to R™ for a unique n = ny. R is called semifir if it is both left and right semifir.
We use below the standard definition of a universal R-field, see [I3], Section 7.2].

Theorem 5.9. Let R be a semifir. Then:
(a) There exists a universal skew field Frac(R) containing R as a subalgebra and generated by R.
(b) For any factor-closed submonoid S of R\{0} the canonical homomorphism Rg — Frac(R) is injective.

Proof. Recall from [I3] that:

e an n X n matrix A over a unital ring R is full if for any factorization A = BC for some n X p matrix B
and a p X n matrix C one has p > n;

e A homomorphism f: R — R’ is honest if the image of each full matrix is full.

e A set ¥ of square matrices over a unital ring R is multiplicative if any upper block-triangular matrix
with diagonal in ¥ also belongs to ¥ and ¥ is closed under simultaneous permutation of rows and columns;

e A set ¥ of matrices over a unital ring R is called factor-closed if AB € ¥ for some n x n matrices A and
B over R implies that A, B € X..

e For any set ¥ of square matrices over a unital ring R, Ry denotes the universal localization ([I3} Theorem
2.1]) so that the image of each element of ¥ under the canonical homomorphism R — Ry is an invertible
matrix (e.g., Rg = R[S™!] in the notation as above);

Then Theorem [5.9(a) immediately follows from the following result.

Theorem 5.10. [13] Section 7.5, Corollary 5.11]) For each semifir R the universal localization Frac(R) :=
Ra, where @ is the set of full matrices over R, is a skew field and the canonical homomorphism R — Frac(R)
is honest (hence injective).

To prove (b) we need following results from [13].

Proposition 5.11. ([I3] Section 7.5, Proposition 5.7(ii)]) Given unital rings R and R’ and an honest homo-
morphism f: R — R’, then for any factor-closed multiplicative set 2 of square matrices over R, the canonical
homomorphism fs. : Ry, — R’ is injective.

For any S C R denote by Xg the set of all matrices over R of the form PM @ where P and @ are invertible
matrices over R and M is an upper triangular matrix over R with diagonal entries in S.

Lemma 5.12. ([I3] Section 7.5, Lemma 10.1]) Let R be a semifir. Then for any factor-closed submonoid S
of R\ {0} the set Xg is factor-closed and multiplicative.
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Indeed, letting R be a semifir and R’ = Frac(R) in Proposition[5.11], ¥ = X g as in Lemma [5:12] and taking
into account that R[S™!] = Rs = Ry, we finish the proof of part (b).
Theorem is proved. O

It is well-known (see e.g., [16]) that for any finitely generated free group F its group algebra if R = QF is
a semifir. Therefore, Theorem [£.9] implies the following corollary.

Corollary 5.13. Let F be a finitely generated free group and R = QF. Then any factor-closed submonoid S
of R\ {0} is divisible, more precisely, R[S™'] C Frac(R).

Remark 5.14. Based on Theorem [5.7] we expect that an analogue of Corollary [5.13] also holds for R = QG,
where G is a torsion-free 1-relator group.

Given a unital ring R, following Cohn, we say that:

e Elements a,b € R are similar if the right R-modules R/aR and R/bR are isomorphic (clearly, similarity
is an equivalence relation on R).

e An element p € R\ R* is prime if for any factorization p = p’p”’ one has: either p’ € R* or p” € R*.

e A unital ring R is a (noncommutative) unique factorization domain (UFD) if each nonzero non-unit
admits a prime factorization and for any two prime factorizations of a non-unit = € R:

T=Pp1-Pr=4q1"(gs

one has s = 7 and ¢; is similar to p,(;) for i = 1,...,r where ¢ is a permutation of {1,...,7}.

Proposition 5.15. Let R be a UFD and S be a submonoid of R\ {0}. Then S is factor-closed iff it is
generated by R* together with a set P which is the union of similarity classes of prime elements in R.

Proof. Denote by P the set of all primes in R and by Sp the submonoid of R\ {0} generated by R* and
P. Clearly, Sp C S.

Suppose that is factor-closed. Let us show that S = Sp. We proceed by contradiction, i.e., suppose that
there is at least one element a € S\ Sp. Then a is not a unit hence a has a prime factorization a = p; - - - p,.
If r =1, then a = p; € S hence a € Sp and we arrive at the contradiction. If r > 2, then since S is
factor-closed, we have p; € S for i = 1,...,r. Hence a € Sp and we arrive at the contradiction once again.

Suppose that P is a union of similarity classes and S = Sp. Let us prove that S is factor-closed. Suppose
that ab € S for some a,b € R. Let us show that a,b € S. If either a or b is a unit, we have nothing to prove
because R* C S. Thus, suppose that a,b € R\ R* and let

a=pi---pr, b=ppi1--pr
be respective prime factorizations with 1 < ¢/ < r, where p1, ..., p, are some primes in R. On the other hand,
since ab is a non-unit element of S, it admits a prime factorization in S:
ab=q g,

where q1,...,qs € P. Comparing the factorizations:

Pi--Pr=4q1"""Gqs

and using the fact that R is UFD, we obtain: r = s and each p; is similar to one of g;. Since all similars of
all g; belongs to P, we obtain p1,...,p, € P henceac S, b€ S.
The proposition is proved. 0

Remark 5.16. The class of noncommutative UFD’s is rather large: it contains group rings QF, where F' is
any finitely generated free group (see e.g., [15, Theorem 3.4, Proposition 3.5 and Corollary]).

Note however, that similarity classes of primes may contain some “unexpected” elements. For instance,
if R is the free ring in x,y then zy + 1 and yx + 1 are similar (see e.g. ?7) This motivates the following
definition.

Definition 5.17. Given a ring R, we say that an element a € R\ {0} is self-similar if all elements similar to
a are of the form uau’, where u,u’ € R*.

Taking into account that (QF)* = Q* - F for a free (or, more generally, an ordered) group F (see e.g., [33]
Theorem 6.29]), we obtain the following conjectural characterization of certain self-similar primes in QF.
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Conjecture 5.18. Let F' be a free group freely generated by t1,...,tm, m > 2. Then for k =2,...,m the
element 1, :=t1+...+tx is a self-similar prime, e.g., all elements of QF similar to 1 belong to Q* - F -7y, - F'.

Remark 5.19. This conjecture was shaped during our discussions with George Bergman, Dolors Herbera,
and Alexander Lichtman. We are immensely grateful to these mathematicians.
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