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CLASSIFICATION OF IDEMPOTENT STATES ON THE
COMPACT QUANTUM GROUPS U,(2), SU,(2), AND S0,(3)

UWE FRANZ, ADAM SKALSKI, AND RELJI TOMATSU

ABSTRACT. We give a simple characterisation of those idempotent states on
compact quantum groups which arise as Haar states on quantum subgroups,
show that all idempotent states on quantum groups Uy (2), SU,(2), and SO4(3)
(g € (—1,0) U (0,1]) arise in this manner and list the idempotent states on
compact quantum semigroups Uy(2), SUp(2), and SOy(3). In the Appendix
we provide a simple proof of coamenability of the deformations of classical
compact Lie groups.

1. INTRODUCTION

It is well known that if X is a locally compact topological semigroup, then
the space of regular probability measures on X possesses a natural convolution
product. Analogously if A is a compact quantum semigroup, i.e. a unital C*-
algebra together with a coproduct (i.e., coassociative unital *-homomorphism)
A : A — A® A then one can consider a natural associative convolution product
on the state space of A,

Axp=A@pu)oA, A\ueSA).

It is natural to ask whether one can characterise the states which satisfy the
idempotent property
Hx = [

A particular and most important example of an idempotent state is the Haar
state on a given compact quantum group in the sense of Woronowicz [Wor98|.
More general idempotent states arise naturally in considerations of Césaro limits
of convolution operators on compact quantum groups, cf. [FS08a]. They are also
an important ingredient in the construction of quantum hypergroups [CV99] and
occur as initial value g of convolution semigroups (¢;):>o of states on quantum
groups, if one relaxes the initial condition ¢ = €, cf. [FSc00].
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For classical compact groups, Kawada and Itd6 have proven that all idempo-
tent measures are induced by Haar measures of compact subgroups, see [KI40,
theorem 3|. Later this result was extended to arbitrary locally compact topo-
logical groups, see [Hey77| and references therein. In [Pal96] Pal showed that
this characterisation does not extend to quantum groups by giving an example of
an idempotent state on the Kac-Paljutkin quantum group which cannot arise as
the Haar state on a quantum subgroup. In [FS08b] the first two authors began
a systematic study of idempotent states on compact quantum groups. In par-
ticular we exhibited further examples of idempotent states on quantum groups
that are not induced by Haar states of quantum subgroups and gave a character-
isation of idempotent states on finite quantum groups in terms of sub quantum
hypergroups.

In this work we continue the analysis began in [FSO8b] and show a simple
characterisation of those idempotent states which arise as Haar states on quantum
subgroups, so-called Haar idempotents. The main result of the present paper is
the classification of all idempotent states on the compact quantum groups Uy(2),
SU,(2), and SO,(3) for ¢ € (—1,1] \ {0}. It turns out that they are all induced
by quantum subgroups, cf. Theorems 4.5, 5.1, and 5.2. As a byproduct we obtain
the classification of quantum subgroups of the afore-mentioned quantum groups,
giving a new proof of the known result of Podle$ [Pod95] for SU,(2) and SO,(3).

For the value ¢ = 0, the quantum cancellation properties fail and Uy(2), SUy(2),
and SOy(3) are no longer compact quantum groups. But they can still be con-
sidered as compact quantum semigroups so that as explained above their state
spaces have natural convolution products. Using this we determine all idempo-
tent states on Up(2), SUy(2), and SOy(3), see Theorems 6.3 and 6.5 and 6.6. It
turns out that in the case ¢ = 0 there exist additional families of idempotent
states, which do not appear when ¢ # 0.

The detailed plan of the paper is as follows: in Section 2 we list the back-
ground results and definitions we need in the rest of the paper. In particular
we recall the definitions of the quantum groups being the subject of the paper,
discuss their corepresentation theory and present explicit formulas for their Haar
states. Section 3 introduces idempotent states on compact quantum groups, pro-
vides the characterisation of those idempotent states which arise as Haar states
on quantum subgroups (extending the results for finite quantum groups given
in [FSO8b]) and briefly discusses the commutative and cocommutative situation
under the coamenability assumption. Section 4 contains main technical argu-
ments of the paper and ends with the characterisation of all idempotent states
on U,(2) for ¢ € (—1,1] \ {0}. In Section 5 we show how one can deduce the
corresponding statements for SU,(2) and SO,(3). Section 6 contains the classifi-
cation of the idempotent states on compact quantum semigroups Uy(2), SUy(2),
and SOy(3). Finally in Section 7, we use the result of [FS08b| showing that idem-
potent states on compact quantum groups are group-like projections in the dual
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quantum group, giving rise to algebraic quantum hypergroups by the construc-
tion given in [LvDO07], and discuss the quantum hypergroups associated to these
group-like projections for the case of SU,(2). The appendix contains a short di-
rect proof of coamenability of deformations of classical compact Lie groups based
on the representation theory developed in [KS98].

2. PRELIMINARIES

The symbol ® will denote the spatial tensor product of C*-algebras, ©® will be
reserved for the purely algebraic tensor product.

2.1. Compact quantum groups. The notion of compact quantum groups has
been introduced in [Wor87al. Here we adopt the definition from [Wor98] (Defi-
nition 2.1 of that paper).

Definition 2.1. A C*-bialgebra (a compact quantum semigroup) is a pair (A, A),
where A is a unital C*-algebra, A : A — A ® A is a unital, x-homomorphic map
which is coassociative

(A ®ida) o A = (ida ® A) o A.
If the quantum cancellation properties
Lin((1® A)A(A)) = Lin((A® 1)A(A)) = AR A,
are satisfied, then the pair (A, A) is called a compact quantum group.

In quantum group theory it is quite common to write A = C(G), to emphasize
that A is considered as the algebra of functions on a compact quantum group G
— but note that the symbol G itself has no meaning.

The map A is called the coproduct of A, it induces the convolution product

Axpi=A®@u)oA, M\ pueA”

A unitary U € M, (A) is called a (finite-dimensional) unitary corepresentation
of Aif for all i,j = 1,...,n we have A(U;;) = > 1_, Ui, ® Uy;. It is said to be
irreducible, if the only matrices T € M, (C) with TU = UT are multiples of the
identity matrix.

Possibly the most important feature of compact quantum groups is the exis-
tence of the dense *-subalgebra A (the algebra of matrix coefficients of irreducible
unitary corepresentations of A), which is in fact a Hopf *-algebra - so for example
A:A— Ao A This x-Hopf algebra is also denoted by A = Pol G, and treated
as the analog of polynomial functions of G.

Another fact of the crucial importance is given in the following result, Theorem
2.3 of [Wor98].

Proposition 2.2. Let A be a compact quantum group. There exists a unique
state h € A* (called the Haar state of A) such that for all a € A

(h®1ida) o A(a) = (ida ® h) o A(a) = h(a)l.
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A compact quantum group is said to be in reduced form if the Haar state h is
faithful. If it is not the case we can always quotient out the kernel of h. This
procedure in particular does not influence the underlying Hopf *-algebra A; in
fact the reduced object may be viewed as the natural completion of A in the
GNS representation with respect to h (as opposed for example to the universal
completion of A, for details see [BMTO01]). In general the reduced and universal
object need not coincide. This leads to certain technical complications which
are not of essential importance in our context (for example if a discrete group
I' is not amenable, the reduced C*-algebra of I' is a proper quantum subgroup
of the universal C*-algebra of I', even though they have ‘identical’ Haar states).
To avoid such difficulties we focus on the class of coamenable compact quantum
groups ([BMTO1], see the Appendix to this paper for more information), for
which the reduced and universal C*-algebraic completions of A are naturally
isomorphic. All deformations of classical compact Lie groups, so in particular
quantum groups U,(2), SU,(2) and SO,(3) we consider in Sections 4 and 5 are
known to be coamenable ([Ban99]); we give a simple proof of this fact in the
Appendix.

The following definition was introduced by Podles in the context of compact
matrix pseudogroups (Definition 1.3 of [Pod95]).

Definition 2.3. A compact quantum group B is said to be a quantum subgroup
of a compact quantum group A if there exists a surjective compact quantum
group morphism j : A — B, i.e. a surjective unital x-homomorphism 7 : A — B
such that

(2.1) Agoj=(j®j)oAn.

Strictly speaking, one should consider the pairs (B, j), since A can contain
several copies of B with different morphisms. We will not distinguish between
(B,j) and (B, 7’) if there exists an isomorphism of quantum groups © : B — B’
such that ©oj = j'. Note that such isomorphic pairs induce the same idempotent
state ¢ = hgoj = hg/oj’, since uniqueness of the Haar states implies hg = hg/0©.

Any compact quantum group contains itself and the trivial compact quantum
group C as quantum subgroups; further these two quantum subgroups will be
called trivial. If G is a compact group and a compact quantum group A contains
G as a quantum subgroup, via a morphism j : A — C(G), we will sometimes
simply say that G is a subgroup of A.

2.2. g-Numbers. Let ¢ # 1. We will use the following notation for g-numbers,
(@q)n = (L—2)(1—qz) (1 —-q¢""a),

{ n } _ (4 )n
k], (¢ (g Dnr’
forneZ,,0<k<n,xzeR.
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2.3. The Woronowicz quantum group SU,(2). [Wor87a, Wor87b] For ¢ € R,
we denote by Pol SU,(2) the x-bialgebra generated by « and v, with the relations

ay = qa, ay' =gy, Yy =97,
Yy +ata =1, ad® —afa=(1—- qz)*y*’y,

and comultiplication and counit defined by setting
Ald)=a®@a—q¢v"®y, Aly)=7®a+a" @7,

and e(a) = 1, e(y) = 0. For ¢ # 0, Pol SU,(2) admits an antipode. On the
generators, it acts as

S(a) = a” and S(v) = —q7.

Denote the universal enveloping C*-algebra of Pol SU,(2) by C'(SU,(2)), then A
extends uniquely to a non-degenerate coassociative homomorphism A : C(SU,(2)) —
C(SU,(2))®C(SU,(2)), and the pair (C(SU,(2)), A) is a C*-bialgebra. For ¢ # 0,
C(SU,(2)) is even a compact quantum group.

Note that the mapping o — a* and v — ¢7* induces isomorphisms Pol SU; /4(2) —
Pol SU4(2), C(SUy/4(2)) — C(SU,(2)), therefore it is sufficient to consider ¢ €
[—1,1].

2.3.1. Representation theory of C(SU,(2)). [Wor87b, VS88] The C*-algebra C'(SU,(2))
has two families of irreducible representations. The first family consists of the
one-dimensional representations py, 0 < 6 < 27, given by
Pe (a) = ewa
po(v) =

The other family consist of infinite-dimensional representations 7y, 0 < 6 < 27,
acting on a separable Hilbert space h by

ro(a)en = {\/1—q2"en_1 if n>0,

0 if n=0,
m(Ven = €’q ey,

where {e,;n € Z,} is an orthonormal basis for b.

This list is complete, i.e. any irreducible representation of C'(SU,(2)) is uni-
tarily equivalent to a representation in one of the two families above (Theorem
3.2 of [VS88]). It is known that the C*-algebra C'(SU,(2)) is of type I, there-
fore any representation can be written as a direct integral over the irreducible
representations given above.
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2.3.2. Quantum subgroups of SU,(2). Let PolU(1) denote the %-algebra gener-
ated by one unitary w, ww* = w*w = 1. With A(w) = w ® w, e(w) = 1,
S(w) = w*, this becomes a *-Hopf algebra. Its enveloping C*-algebra C'(U(1)) is
a compact quantum group. Note that the x-algebra homomorphism Pol SU,(2) —
PolU(1) defined by a +— w, v +— 0 extends to a surjective compact quantum
group morphism j : C(SU,(2)) — C(U(1)), i.e. U(1) is a quantum subgroup
of SU,(2). Furthermore, Podle$ in Theorem 2.1 of [Pod95] has shown that, for
g€ (—1,0)U(0,1), U(1) and its closed subgroups are the only non-trivial quan-
tum subgroups of SU,(2). This will also follow from the results in Section 4.

There exists a second morphism j' : C(SU,(2)) — C(U(1)), determined by
j i a— w* vy +— 0. But we do not need to distinguish the pairs (C(U(1)), j)
and (C(U(1)),7"), since they are related by the automorphism © of C(U(1)) with
O(w*) = (w)*, O((w*)*) =w*, ke N.

2.3.3. Corepresentations of SU,(2). Let ¢ € (—1,0) U (0,1). We recall a few
basic facts about the corepresentations of SU,(2), for more details see [Wor87a,
Wor87h, VS88, MMNT88, Koo89]. For each non-negative half-integer s € %ZJF
there exists a 2s + 1-dimensional irreducible unitary corepresentation u(® =
(u,&sg)),sgwgs of SU,(2), which is unique up to unitary equivalence. Note that
that indices k, ¢ run over the set {—s,—s+1,...,s — 1, s}, they are integers if
s € Z. is integer, and half-integer if s € (1Z,)\Z; is half-integer. This conven-
tion is also used further in the paper.

The matrix elements ué‘?, s € %Z+, —s < k,l < s, span Pol SU,(2) and they
are linearly dense in C'(SU,(2)), therefore will be sufficient for our calculations.

We have
u(O) _ (1)7 u(1/2) _ ( « —(]*fy* ) |
v«
o —q\/1+ >y F(v)?
u = T+ 1= (14677 —¢/1T+a"y |,
7’ L+ qaty (a")?

and the matrix elements of the higher-dimensional corepresentations are of the
form
a’k’gp,(g’?vk’g for k+¢<0, k>,

S0 _ ) a0 for k4 e<0, k<L,
ke (a*)k—&-fpl(;),yk—f for k+0>0 k>
() p) (v )k for k40> 0,k </,

where p,(je) is a polynomial in y*~.

In particular, for s an integer, u(()f)) = ps(7*7;1,1;¢%) is the little g-Legendre

polynomial and ugf)) - [ 238 } (%),
q2
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If we define a Z-grading on Pol SU,(2) by
dega =dega® =0, degy=1, degy"=—1,
then we have
deg Uu =k -

With this grading, it is straight-forward to verify the following formula for the
square of the antipode on homogeneous elements,

(2.2) S%(a) = ¢*84q,

2.3.4. The Haar state of SU,(2). As stated in Proposition 2.2, there exists a
unique invariant state h on the compact quantum group SU,(2), called the Haar
state. The Haar state is the identity on the one-dimensional corepresentation,
and vanishes on the matrix elements of all other irreducible corepresentations,

ie.
h <u,d) = 5o,

for s € 3Z., —s < k,¢ < s. On polynomials p(y*y) € C[y*y], it is equal to
Jackson’s ¢-integral ([Koo89]),

h(p(V*’Y)) _ (1 . q2) Zq%p(q%) = / p(x)dqza:.
k=0 0

2.4. The compact quantum group SO,(3). A compact quantum group B
is called a quotient group of (A, A), if there exists an injective morphism of
quantum groups j : B — A. The compact quantum group SO,(3) can be defined
as the quotient of SU,(2) by the quantum subgroup Zs, cf. [Pod95]. Pol SO,(3)
is the subalgebra of Pol SU,(2) spanned by the matrix elements of the unitary
irreducible corepresentations with integer label, and C'(SO,(3)) its norm closure.
The Haar state on SO, (3) is simply the restriction of the Haar state on SU,(2).
Podles [Pod95] has shown that SO,(3) and SO_,(3) are isomorphic.

2.4.1. The semigroup case ¢ = 0. We define Pol SOy(3) as the unital x-subalgebra
of Pol SUy(2) generated by o?, v2, va, v*«, and v*v, i.e.

Pol SOy(3) = span { (a*)"y*a®, ()" (v*)*a® : r,k,s € Zy st. 7+ k + s even}.

Since
k
A((a )T’)/kozs) _ Z(a )r—i—k m,ynas ® (a*)rvk—mas-&-n’
A (v)Fa®) = D (@) () et r @ (ar) () el

this is a sub *-Hopf algebra in Pol SUy(2). The C*-bialgebra C(S0Oy(3)) is then
defined as the norm closure of Pol SOy (3) in C(SUy(2)).
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2.4.2. The conditional expectation E : C(SU,(2)) — C(SO,(3)). Looking at the
defining relations of SU,(2), it is clear that ¥ : o — —a,7 — —7 extends
to a unique x-algebra automorphism of C'(SU,(2)). Therefore E = 1(id + o)
defines a completely positive unital map from C(SU,(2)) to itself. If ¢y = hy, 0
denotes the idempotent state on SU,(2) induced by the Haar measure of Z, (with
J : SU,(2) — C(Zy) the corresponding surjective morphism), then we can write
E also as

E=(d® ¢y) 0 A.
Checking

(s)
s u ifseZ,,
E(ugd)) - { Sg else. ’

we can show that the range of E is equal to C'(SO,(3)). Furthermore, E satisfies
AoE=(d®E)oA=(E®id)oA=(E®E)oA.

2.4.3. Quantum subgroups of SO4(3). The restriction of the morphism j : C'(SU,(2)) —
C(U(1)) to C(SO,(3)) is no longer surjective, its range is equal to the subalgebra
{feCUQ): f(z)=f(—2)V2eU(1)} = C(U(1)/Zy). Since U(1)/Zy = U(1),

we see that SO,(3) contains U(1) = SO(2) and its closed subgroups as quantum
subgroups. Podles [Pod95] has shown that these are the only non-trivial quantum
subgroups of SO,(3). Again this can be deduced from the results of Section 5.

2.5. The compact quantum group U,(2). [Koe91l, Wys04, ZZ05] Let ¢ € R.
Then PolU,(2) is defined as the *-bialgebra generated by a, ¢, and v, with the
relations

av = va, cv = ve, cct = c'c,
ac = qca, ac® = qc*a, vt =v'v =1,
aa* + ¢*cc* =1 =a*a+ c*c,
Ala)=a®a—qv" ®c, Alc)=c®a+a®c, Al)=v®0,
g(a) =e(v) =1, g(e) =0.
For ¢ # 0, PolU,(2) admits an antipode, given by
S(a) = a”, S(v) =07, S(c) = —qcev,

on the generators.

Denote the universal enveloping C*-algebra of PolU,(2) by C(U,(2)), then
A : PolU,(2) — PolU,(2) ® PolU,(2) extends uniquely to a non-degenerate
coassociative homomorphism A : C(U,(2)) — C(U,(2)) ® C(U,(2)), and the pair
(C(U,4(2)),A) is a C*-bialgebra. For ¢ # 0, C(U,(2)) is even a compact quantum
group. It is again sufficient to consider ¢ € [—1,1], since U,(2) and Uy 4(2) are
isomorphic.
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2.5.1. Quantum subgroups of U,(2). The mapping a — «, ¢ — 7, v — 1 extends
to a surjective compact quantum group morphism C(U,(2)) — C(SU,(2)) and
shows that SU,(2) is a quantum subgroup of U,(2). Actually, as a C*-algebra,
U,(2) is isomorphic to the tensor product of C'(SU,(2)) and C(U(1)). As a com-
pact quantum group, it is equal to a twisted product of C(SU,(2)) and C'(U(1)),
cf. [Wys04], written as U,(2) = SU,(2) x, U(1).

Another quantum subgroup of U,(2) is the two-dimensional torus. Denote by
Pol T? the *-Hopf algebra generated by two commuting unitaries, i.e. by wi, ws
with the relations

* k * * * k
wiw; = 1 =wjw;, ww; =1 =wywy, wWiwe = waw;, WiW5 = Wyly,

Alwy) =w; @wy, Awy) =wy @ws, e(wy)=e(wsg) =1,

and C(T?) the compact quantum group obtained as its C*-enveloping algebra.
Then the mapping a — wy, ¢ — 0, v — wq extends to a unique surjective compact
quantum group morphism C(U,(2)) — C(T?).

We will see that the twisted products SU,(2) x, Z,, n € N, the torus T?
and its closed subgroups are the only non-trivial quantum subgroups of U,(2), cf.
Corollary 4.7.

2.5.2. Corepresentations of U,(2). Unitary irreducible corepresentations of U,(2)
can be obtained as tensor product of unitary irreducible corepresentations of
SU,(2) with corepresentations of U(1), cf. [Wys04]. In this way one obtains the
following family of unitary irreducible corepresentations of U,(2),

U(s,p) — <u](€5£) Up-l—s—i—Z)
—s<kl<s

forpeZ, s e %ZJF. The matrix elements of these corepresentations clearly span
PolU,(2). Therefore they are dense in C'(U,(2)) and will be sufficient for the
calculations in this paper.

Assume ¢ # 0. We want to compute the action of the square of the antipode on
the matrix elements of the unitary irreducible corepresentations defined above.
Since we have S?(a) = a, S*(c) = ¢*c, and S*(v) = v, we get

(2'3) 82(U§:?Up+s+€) _ q2(k:—£)ul(;)vp+s+€

pEZ,sE%Z+, and —s < k, 0 < s.

2.5.3. The Haar state of U,(2). The Haar state h on U,(2) can be written as a
tensor product of the Haar state on SU,(2) and the Haar state on U(1), it acts

on the matrix elements of the unitary irreducible corepresentations given above
as

h (u](:e)vp-i-s—%) — 6055017

forsE%ZJr, —s <k l<s,peZ.
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2.6. Multiplicative domain of a completely positive unital map. The
following result by Choi on multiplicative domains will be useful for us.

Lemma 2.4. [Cho74, Theorem 3.1], [Pau02, Theorem 3.18] Let T': A — B be a
completely positive unital linear map between two C*-algebras A and B. Set

Dr={acA:T(aa")=T(a)T(a"),T(a"a) =T(a")T(a)}.
Then we have
T(ab) = T(a)T(b) and T(ba) =T(b)T(a)
for alla € Dy and b € A.

3. IDEMPOTENT STATES ON COMPACT QUANTUM GROUPS

In this section we formally introduce the notion of idempotent states on a
C*-bialgebra, provide a characterisation of those idempotent staets on compact
quantum hroups which arise as Haar states on quantum subgroups and discuss
commutative and cocommutative cases.

Definition 3.1. Let (A;A) be a C*-bialgebra. A state ¢ € A* is called an
tdempotent state if

(@) oA =0,

i.e. if it is idempotent for the convolution product.
Assume now that (A, A) is a compact quantum group.

Definition 3.2. A state ¢ € A* is called a Haar state on a quantum subgroup
of A (or a Haar idempotent) if there exists a quantum subgroup (B, j) of A and
¢ = hg o j, where hg denotes the Haar state on B.

It is easy to check that each Haar state on a quantum subgroup of A is idempo-
tent. It follows from the example of Pal in [Pal96] and our work in [FS08b| that
not every idempotent state is a Haar idempotent. We have the following simple
characterisation, extending Theorem 4.5 of [FSO8b].

Theorem 3.3. Let A be a compact quantum group, let ¢ € A* be an idempotent
state and let Ny = {a € A : ¢(a*a) = 0} denote the null space of ¢. Then ¢ is a
Haar idempotent if and only if Ny is a two-sided (equivalently, selfadjoint) ideal.

Proof. It is an easy consequence of the Cauchy-Schwarz inequality that N, is a
left ideal; thus it is a two-sided ideal if and only if it is selfadjoint.

Suppose first that ¢ is a Haar idempotent, i.e. there exists a compact quantum
group B and a surjective compact quantum group morphism j : A — B such that
¢ = hg o j. Recall that we assumed hg to be faithful, so that Ny = {a € A :
jla*a) =0} = {a € A: j(a) = 0}, which is obviously self-adjoint.
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Suppose then that N, is a two-sided selfadjoint ideal. Let B := A/N, and let
7y : A — B denote the canonical quotient map. We want to define the coproduct
on B by the formula

(3.1) Agomy(a) = (my @ my) 0 Aa) € B B.

We need to check that it is well-defined - to this end we employ a slightly modified
idea from the proof of Theorem 2.1 of [BMTO01]. A standard use of Cauchy-
Schwarz inequality implies that ¢|y, = 0, so that there exists a faithful state
1 € B* such that ¢ o my, = ¢. Faithfulness of 1 implies that also the map
idg ® ¢ : B® B — B is faithful (note that here faithfulness of a positive map 7" is
understood in the usual sense, namely T'a = 0 and @ > 0 imply a = 0) and thus
also ¢ ® ¢ € (B ® B)* is faithful. Suppose then that a € Ns. We have then

0=¢(a"a) = (¢ ® ¢) 0 Ala"a) = (¢ @) o (my © my)(A(a"a)),
so also (1, ® m5)A(a*a) = 0. The last statement implies that (7, ® 75)A(a) =0
and validity of the definition given in the formula (3.1) is established. The fact
that Ag is a coassociative unital *-homomorphism follows immediately from the

analogous properties of A; similarly the cancellation properties of B follow from
obvious equalities of the type

(B®1g)Ag(B) = (my ® my) (A ® 1a)A(A))

and the cancellation properties of A. Thus (B, Ag) is a compact quantum group
and it remains to check that v defined above is actually the invariant state on B.
This is however an immediate consequence of the following observation:

(p@¢)olAgoms = (0@ @) oA =¢=1om,,

so that 1 is an idempotent state and, as it is faithful, it has to coincide with the
Haar state of B ([Wor98]). O

Note that the first implication remains valid without the assumption of faithful-
ness of hg; alternatively one could exploit the modular properties of Haar states
on not-necessarily-coamenable compact quantum groups implying that their null
spaces are always selfadjoint.

The following proposition will be useful for the classification of idempotent
states on in the next two sections, cf. [FS08b, Section 3.

Proposition 3.4. Let ¢ € A* be an idempotent state. Then ¢ is invariant under
the antipode, in the sense that ¢p(a) = ¢ o S(a) for all a belonging to the x-Hopf
algebra A.

3.1. Idempotent states on cocommutative compact quantum groups.
Suppose now that A is cocommutative, i.e. A=70A, where 7 : AQA - A®A
denoted the usual tensor flip. It is easy to deduce from the general theory of
duality for quantum groups ([KV00]) that A is isomorphic to the dual of Cy(I),
where I is a (classical) discrete group. For the reasons mentioned in the previous
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section in general we need to distinguish between the reduced and the universal
dual; thus we restrict our attention to amenable I'. The following generalises
Theorem 6.2 of [F'S08b] to the infinite-dimensional context.

Theorem 3.5. Let I' be an amenable discrete group and A = C*(I'). There is
a one-to-one correspondence between idempotent states on A and subgroups of I
An idempotent state ¢ € A* is a Haar idempotent if and only if the corresponding
subgroup of I' is normal.

Proof. The dual of A may be identified with the Fourier-Stieltjes algebra B(I").
The convolution of functionals in A* corresponds then to the pointwise multipli-
cation of functions in B(I') and ¢ € B(I") corresponds to a positive (respectively,
unital) functional on A if and only if it is positive definite (respectively, ¢(e) = 1).
This implies that ¢ € B(I") corresponds to an idempotent state if and only if it is
an indicator function (of a certain subset S C I') which is positive definite. It is
a well known fact that this happens if and only if S is a subgroup of T" ([HR70],
Cor. (32.7) and Example (34.3 a)). It remains to prove that if S is a subgroup of
[ then yg € B(I") is a Haar state on a quantum subgroup of A if and only if S is
normal. For the ‘if’ direction assume that S is a normal subgroup and consider
the compact quantum group B = C*(I'/S) (recall that quotients of amenable
groups are amenable). Let F'(I') denote the dense *-subalgebra of A given by the
functions f =3 ray A\, (ay € C, {7: a, # 0} finite). Define j: F(I') — B by

j(f) = Z O"y/\['y]a
yel’

where f is as above. So-defined j is bounded: note that it is a restriction of the
transpose of the map 7' : B* — A* given by

T(9)(v) = o)), & € BT/S),y €T

The map T is well defined as it maps positive definite functions into positive
definite functions; these generate the relevant Fourier-Stieltjes algebras. Further
the closed graph theorem allows to prove that T is bounded; therefore so is
T*: A — B* and j = T*|pr). It is now easy to check that the extension of j
to A is a surjective unital x-homomorphism (onto B). As the Haar state on B is
given by

hB Z aﬁ)\n = U],

Kkel'/S

there is
hB(j(f)) = Za’ya
YES

so that hg o j corresponds via the identification of A* to B(I") exactly to the
characteristic function of S.
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The other direction follows exactly as in [FSO8b]; we reproduce the argument
for the sake of completeness. Suppose that S is a subgroup of I" which is not
normal and let 79 € I', sg € S be such that 703070_1 ¢ S. Denote by ¢g the state
on A corresponding to the indicator function of S. Define f € Aby f = Ay 50— Ay-
Then

f f=2X\— )‘881 — Aoy, JfF=2A — )\70881%71 — /\7030%*1-
This implies that
os(f7f) =0, ¢s(ff) =2,

so that Ker ¢g is not selfadjoint and ¢g cannot be a Haar idempotent. 0

Corollary 3.6. Let A be a coamenable cocommutative compact quantum group.
The following are equivalent:

(1) all idempotent states on A are Haar idempotents;
(2) A= C*(I') for an amenable hamiltonian (i.e. containing no non-normal
subgroups) discrete group T'.

4. IDEMPOTENT STATES ON U,(2) (¢ € (—1,0) U (0,1])

For ¢ = 1, C(U,(2)) is equal to the C*-algebra of continuous functions on the
unitary group U(2), and by Kawada and [td’s classical theorem all idempotent
states on C'(U(2)) come from Haar measures of compact subgroups of U(2).
In this section we shall classify the idempotent states on C(U,(2)) for —1 <
q < 1,q # 0. It turns out that they all correspond to Haar states of quantum
subgroups of U,(2).

We begin with some preparatory lemmas.

Lemma 4.1. Let ¢ : PolU,(2) — C be an idempotent state. Then we have
lugv) =0 i kAL
and gb(u,(;)vr) €{0,1}, foralls € 2., r € Z, —s < k,{ < s.

Proof. By Proposition 3.4, we have ¢oS = ¢ on Pol U, (2). Therefore, by Equation
(2.3),
Buv) = ¢ 0 53w v") = P * (w0
ie. qﬁ(u,(;g)v’”) =0 for k # ¢.
Define the matrices Mj,(¢) € Mays1(C) by

Ms7p(¢) — <¢(u§€5€)1}p+s+£)>

Then ¢ = ¢ * ¢ is equivalent to
A4ép(¢):: (A4§p<¢>)2

for all s € %Z+, p € Z. As we have already seen that these matrices are diagonal,
it follows that the diagonal entries can take only the values 0 and 1. O

—sgkﬁgs'
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Lemma 4.2. If ¢ : PolU,(2) — C is an idempotent state with gb(u(%)) =1, then
there exists an idempotent state ¢ : PolT? — C such that

QS:&OTFTQ.

Proof. By the previous lemma ¢(c) = ¢(c*) =0
We have ulp) = 1— (14¢%)c*c, therefore ¢p(ul)) = 1 is equivalent to ¢(c*c) = 0.
Then by Lemma 2.4, ¢,c¢* € Dy, and ¢ vanishes on expressions of the form uc,

cu, uc*, c*u with u € PolU,(2). But since ve = cv and u,(ff)c = q_(k_f)cugfg),

u;‘?c* = q_(k_e)c*u;‘? for s € 37y, —s < k,{ < s, we can deduce that ¢ vanishes

on the ideal
T. = {uicus, uyc ug; uy, us € PolUy(2)}

generated by ¢ and c¢*. It follows that we can divide out Z, i.e. there exists a
unique state ¢ on PolU,(2)/Z. such that the diagram

Pol U,(2) —= Pol U,(2)/Z.

%/

C

commutes.

But £(Z,) = 0,
A(Z,) € T. ® Pol U,(2) + Pol U,(2) ® Z.,

and S(Z.) C Z, i.e. Z. is also a Hopf *-ideal and PolU,(2)/Z. is a *-Hopf algebra.
One easily verifies that actually PolU,(2)/Z. = Pol T2. Since 72 : PolU,(2) —
Pol T? is surjective coalgebra morphism, its dual 7%, : (PolT?)* 3 f — 7w (f) =
fomp € (PolU,(2))* is an injective algebra homomorphism, and ¢ = (72,)~(¢)
is again idempotent. 0

Lemma 4.3. If ¢ : PolU,(2) — C is an idempotent state with gb(u(%)) =0, then
¢(ués)) =0 for all integers s > 1, i.e. we have ¢|cieq = hlcjerq-

Proof. Recall u) = 1 — (1 + ¢*)c*c. Therefore ¢(ul)) = 0 is equivalent to
i —

Assume there exists an integer s > 1 with qﬁ(ué‘f))) = 1. Then the Cauchy-
Schwarz inequality implies ¢((u))*uls)) > 1. The unitarity of the corepresenta-
tion v(*P) gives

S S

1= 37 (o) ulder = 3 ()

k=—s k=—s



IDEMPOTENT STATES ON U,(2), SU,(2), AND S0,(3) 15

therefore

¢ Z <U§co)> “1(;)) <0,

ke{-s,..., s}
k0

and in particular qﬁ((ug ) uls) o) = 0. We have

oyl = || @rereye = ] wreny

S

= (c*¢)*(1 — ¢*c*c)--- (1 — ¢*c*c)
By the representation theory of C(SU,(2)), c*c is positive self-adjoint contrac-
tion, with the spectrum o(c*c) C {¢**;n € Z,} U {0}, and therefore the prod-
uct (1 — ¢*c*c) -+ (1 — ¢*c*c) defines a strictly positive operator. Therefore

o ((uis()))*ugsg) = 0 implies ¢((c*c)*) = 0, which is impossible if ¢(c*c) = quQ > 0.
Therefore ¢(ul)) = 0 for all integers s > 1. O
Lemma 4.4. Let

1
Ay = span{u,(f@ v'is € §Z+,s >0,—s<kl<srel}

i.e. Ag is the subspace spanned by the matriz elements of the unitary irreducible
corepresentations of dimension at least two.
Assume that ¢|ciere) = hlcierq, i-e.

forseZ,.
Then we have ¢|a, = h|a4,, i-e.

o () =
forallr € Z, 361Z+,s>0 and —s < k, 0 < s.

Proof. By Lemma 4.1, we already know that gb(uksg) ") € {0,1}, and gzﬁ(ukg V") =0
for k # ¢. Assume there exist s € 2Z+, 5§ >0, —s <k <sandr € Zsuch that

lugv”) = 1.
We will show that this is impossible, if ¢ agrees with the Haar state h on the
subalgebra generated by c*c.
By the Cauchy-Schwarz inequality, we have
¢ ((ul(:k) ukk) ‘¢ Uy, U

2
= 1.

Applying ¢ to

S

> (aug) =1,

f=—s
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> o (wi)u) =o.
But this contradicts ¢|cje+q = hlcperq, because

D () =1 (i)

we can deduce

is a non-zero positive element in Clc*c] and the Haar state is faithful. U

We can now give a description of all idempotent states on U,(2). It turns out
that they are all induced by Haar states of quantum subgroups of U,(2).

Theorem 4.5. Let ¢ € (—1,0) U (0,1). Then the following is a complete list of
the idempotent states on the compact quantum group U,(2).

(1) The Haar state h of U,(2).

(2) ¢ o T2, where T2 denotes the surjective quantum group morphism e
C(U,(2)) — C(T?) and ¢ is an idempotent state on C(T?). In particular
if € denotes the counit of C(T?), then & o mr2 is the counit of Uy(2).

(3) The states induced by the Haar states of the compact quantum subgroups
SU,(2) Xq Zy, of Uy(2) = SU,(2) x, U(1), for n € N. The case of n =1
corresponds to the Haar state on SU,(2) viewed as a quantum subgroup

of Uy(2).

Remark 4.6. (1) The compact quantum group C(T?) is commutative, by Kawada
and Ito’s theorem all idempotent states on C(T?) are induced by Haar
measures of compact subgroups of the two-dimensional torus T?.

(2) As a compact quantum group, Z,, is given by

PolZ, = C(Z,) = span{wy, . .., w,_1},

with wewe = Weie mod ns S(Wk) = Wp—p = (wi)*, A(w) = w ® wg,
and e(wg) = 1 for k = 0,...,n — 1. The Haar state of Z, is given by
h(wg) = dpx. C(Z,) can also be obtained from PolU(1) by dividing out
the Hopf #-ideal {ui(w™ — 1)ug; uy,us € PolU(1)}.

Analogous to [Wys04, Section 4|, one can define the twisted prod-
uct SU,(2) X, Zy. Alternatively, Pol(SU,(2) x, Z,) can be obtained
from U,(2) = SU,(2) x, U(1) by dividing out the Hopf ideal {u;(v"™ —
Dug; ug,ug € PolU,(2)}, and C(SU,(2) X, Z,,) as its C*-completion.
This construction shows that SU,(2) X, Z, is a quantum subgroup of
U,(2) = SU,(2) x, U(1). As in the case of U,(2), C(SU,(2) Xy Zyn) =
C(SU,(2)) ® C(Z,) as a C*-algebra, and the Haar state of SU,(2) X, Z,,
is equal to the tensor product of the Haar states of SU,(2) and Z,.

Proof. (of Theorem 4.5) Let ¢ : C'(U,(2)) — C be an idempotent state on Uy(2).
Clearly ¢ is uniquely determined by its restriction to PolU,(2).
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We distinguish two cases.
Case (i) gb(u(()%))) = 1. In this case Lemma 4.2 shows that ¢ is induced by an
idempotent state on the quantum subgroup T? of U,(2), i.e. ¢ = ¢ o 72 for some
idempotent state ¢ : C(T?) — C. This case includes the counit & of U,(2), it
corresponds to the trivial subgroup {1} of T2
Case (ii) ¢(u(%)) = 0. In this case Lemma 4.3 and Lemma 4.4 imply that ¢ agrees
with the Haar state h on the subspace A, i.e.

O(ugv") =0
for all s € %ZJF, s>0,—s <k, <s,and r € Z. It remains to determine ¢ on
the *-subalgebra alg{v, v*} generated by v, since PolU,(2) = A, @ alg{v,v*} as a
vector space. But this subalgebra is isomorphic to the x-Hopf algebra Pol U(1) of
polynomials on the unit circle, and therefore ¢\a1g{v,v*} has to be induced by the
Haar measure of a compact subgroup of U(1). We have the following possibilities.

(1) @lag{vpsy = €v(r), i-e. the restriction of ¢ to alg{v,v*} is equal to the
counit of PolU(1) . In this case we have

() ~ ) 1 if s=k=0=0, and r € Z,
¢(UMU)_{O else.

This formula shows that ¢ = hgy,(2)0Tsv,(2), Where mgy, (2) is the quantum
groups morphism from Uy(2) onto SU,(2) and hgy,2) denotes the Haar
state of SU,(2).

(2) Plaigfv,ory = huq), i-e. the restriction of ¢ to alg{v,v*} is equal to the Haar
state of PolU(1) . In this case we have

s) r 1 if s=k={¢=0andr =0,
qb(u,(d)v):{ 0 else.

We see that in this case ¢ is the Haar state h of U, (2).
(3) @laig{v,oe} is the idempotent state on U(1) induced by the Haar measure
of the subgroup Z,, C U(1) for some n € N, n > 2. In this case we have

() - ) 1 if s=k=¢=0and r=0 mod n,
qﬁ(ukev)—{o else.

It follows that ¢ is induced by the Haar state of the quantum subgroup
SU,(2) Xo Zy, of Uy(2) = SU,(2) x, U(1).
Conversely, all the states we have found are induced by Haar states on quantum
subgroups of U,(2), therefore they are clearly idempotent. It can be also checked
directly. 0

We see that all idempotent states on U,(2) are induced from Haar states of
quantum subgroups of U,(2). We can also deduce the complete list of quantum
subgroups of U,(2):
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Corollary 4.7. Let g € (—1,0) U (0,1). Then the following is a complete list of
the non-trivial quantum subgroups of U, (2).

(1) The two-dimensional torus and its closed subgroups.

(2) The compact quantum groups of the form SU,(2) X 5 Z,, with n € N (here
the twisting is identical to that appearing in the identification U,(2) =
SU,(2) %, T).

5. IDEMPOTENT STATES ON COMPACT QUANTUM GROUPS SU,(2) AND
S0,(3) (¢ € (~1,0)U(0,1])

Let us first discuss the case ¢ = 1. C'(SU;(2)) and C'(SO1(3)) are the algebras
of continuous functions on the groups SU(2) and SO(3). All idempotent states
correspond to Haar measures on compact subgroups. The list of these subgroups
can be found, e.g., in [Pod95].

Consider now the generic case ¢ € (—1,0) U (0,1). Every idempotent state
on SU,(2) induces an idempotent state on U,(2), since SU,(2) is a quantum
subgroup of U,(2). This observation allows us to deduce all idempotent states on
SU,(2) from Theorem 4.5. We omit the details and just state the result.

Theorem 5.1. Let ¢ € (—1,0) U (0,1). The Haar state, the counit, and the
idempotent states induced by the quantum subgroups U(1) and Z,, 2 < n < oo,
are the only idempotent states on SU,(2).

Since the morphism j : C'(SU,(2)) — C(U(1)) gives the diagonal matrices

z
25—2
(0(5) > _ o
<](uk£) —s<k,l<s ’
2—23
we get
O s€ly, k=40=0,
6.1 (owo) ={ § B °
and

(5.2)  (hz,, 05)(ul) = {1 4 8€Ly k=£2=0 mod2n,

ke 0 else.

{1 if  k=4¢ 2k=0 mod 2n+ 1,

(5.3) (hzznﬂoj)(u;:e)) - 0 else.

for n € N.

Consider now the idempotent states on SO,(3). Since C(SO,(3)) is a subal-
gebra of C'(SU,(2)) and since the inclusion map is a quantum group morphism,
every idempotent state on SU,(2) gives an idempotent state on SO,(3) by re-
striction. We will show that all idempotent states on SO,(3) arise in this way.
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It follows that all idempotent states on SO,(3) are induced from Haar states of
quantum subgroups.

Theorem 5.2. Let ¢ € (—1,0)U(0, 1) and n an odd integer. Then the restrictions
to C(S04(3)) of the idempotent states hy, o j and hg,, o j coincide.

Furthermore, the Haar state, the counit, and the states induced from the Haar
states on the quantum subgroups U(1) =2 SO(2) and its closed subgroups are the
only idempotent states on SO,(3).

Proof. The first statement follows from Equations (5.2) and (5.3).
Let now ¢ be an idempotent state on SO,(3). Denote by E the conditional ex-
pectation from C'(SU,(2)) onto C'(SO,(3)) introduced in Paragraph 2.4.2. Then

b= ¢ o E defines an idempotent state on SU,(2) such that ¢ = <;3|C(50q(3)). With
this observation Theorem 5.2 follows immediately from Theorem 5.1.

Remark 5.3. This method applies to quotient quantum groups in general. Let A
be a compact quantum group. A quantum subgroup (B, j) is called normal, if
the images of the conditional expectations

EA/B = (ld®(hB Oj)) OA,
Epa = ((hpoi)®id)oA,
coincide, cf. [Wan08, Proposition 2.1 and Definition 2.2]. In this case the quo-

tient A/B = E4,p(A) has a natural compact quantum group structure and all
idempotent states on A/B arise as restrictions of idempotent states on A.

As a corollary to Theorems 5.1 and 5.2, we recover Podles’ classification [Pod95]
of the quantum subgroups of SU,(2) and SO,(3).

Corollary 5.4. Let ¢ € (—1,0) U (0,1). Then U(1) = SO(2) and its closed
subgroups are the only non-trivial quantum subgroups of both SU,(2) and SO4(3).

6. IDEMPOTENT STATES ON COMPACT QUANTUM SEMIGROUPS Uy(2), SUy(2)
AND SOq(3)

In this section we compute all idempotent states on Uy(2), SUy(2) and SOy(3).
As in the cases ¢ # 0 considered earlier we begin with the C*-bialgebra C(Uy(2)).
Again we first need some preparatory observations and lemmas.

Note that mp2 : C(U,(2)) — C(T?) is a well-defined *-algebra and coalgebra
morphism also for ¢ = 0, so T? and its compact subgroups induce idempotent
states on Up(2).

For ¢ = 0 the algebraic relations of a and ¢ become

cct = c'c, aa” =1, ac =ac* =0, a*a=1-—c"c

As a is a coisometry, we have a decreasing family of orthogonal projections
(a*)*a™, n € N | which are group-like, i.e. A((a*)"a") = (a*)"a" ® (a*)"a", and
c*c=1—a*a is also an orthogonal projection.
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Denote by M the unital semigroup U(1) x (Z, U {oco}) with the operation

(z1,n1) - (29,n2) = (2122, min(nq, ns))

for z1,20 € U(1), n1,ny € Z, U {oo}. This is an abelian semigroup with unit
element ey = (1, 00). Equip Z;U{oo} with the topology in which a subset of Z U
{o0} is open if and only if it is either an arbitrary subset of Z, or the complement
of a finite subset of Z, (i.e. Z, U {00} is the one-point-compactification of Z.),
and equip U(1) x (Zy U {oo}) with the product topology.

The C*-bialgebra C'(M) will play an important role in this section.

Lemma 6.1. A probability measure y on M s idempotent if and only if there
exists an n € Z, U {oo} and an idempotent probability p on U(1) such that
p=pQ on.

Proof. Any probability on M can be expressed as a sum g = Y~ p, @ 0, +
Poo ® 000, Where p,, n € Z, U{oc} are uniquely determined positive measures on

U(1) with total mass > p,(U(1)) + poo(U(1)) = 1, and 6,, denotes the Dirac
measure on Z, U {oo}, i.e.

1 i neq,

for Q C Z; U{oo}. We have
(ux0n)(@ = (00 @3n) ({(50) € (2, U {o0})? min(h, ) € Q})

1 if min(n,m) € Q,
0 if min(n,m) & Q,

i.e. 0y, % Oy = Omin(n,m)- Therefore

2= pl @0 +Z(pn (pn+2 > pm+2pm>>®5n.

m=n+1

Clearly, if ps is an idempotent probability on U(1) and p,, = 0 for n € Z,, then
I = Poo ® 0 18 idempotent.

Assume now that po(U(1)) < 1. Then there exists a unique n € Z, such
that > om(U(1)) < 1, 3% pm(U(1)) = 1 (i.e. n is the biggest integer
m for which ps, = peo + Y e, Pk i & probability). Let p = p,(U(1)). If u is
idempotent, then we have

p=pu(UQ) x {n}) = p*(U(1) x {n}) = (pu * (2pzn — pu)) (U(1)) = 2p — p*.
Since p = p,(U(1)) > 0 by the choice of n, we get p = 1, i.e. p,, = 0 for m # n
and p,, is a probability. Then p, has to be idempotent, and u = p, ® ¢, is of the
desired form.

Conversely, any probability of the form u = p, ® §,, with n € Z, U {oc} and
pn idempotent is idempotent. O
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For k € Z and n € Z., define functions ©F : M — C by

k .
k |2 i om >,
@n(z,m)_{ 0 if m<n.

The span of these functions is dense in C(M), and they satisfy

010, =05ty (OR) =0, and  £(67) = O (en) = 1.
For their coproduct, we have
A@ﬁ((zl,ml), (22, mg)) = @ﬁ(zm, min(ml,mg))
B { (z120)F  if my, me > M,
0 else,

ie. ABF = 0F @ OF.

Proposition 6.2. The semigroup M is a quantum quotient semigroup of Uy(2),
in the sense that there exists an injective x-algebra homomorphism j from Pol M =
span{©F:n € Z, k € Z} to PolUy(2) such that

Ayoj=(j®j)oA.

Proof. For n € Z, and k € Z, define Ef¥ = (a*)"a™"* € PolU,(2). From
the defining relations of Uy(2), one can check that the EF satisfy the same x*-
algebraic and coalgebraic relations as the ©F i.e. j(©F) = E¥ defines a *-bialgebra
homomorphism j : Pol M — Pol Uy(2).

Let us show that j is injective. Assume there exists a non-zero function f =
>k Aen©OF such that j(f) = 0. Let ng be the smallest integer for which there
exists a k € Z such that Ak 7# 0. Take the representation m = 7y ® idz2(r) of
C(Up(2)) = C(SUH2)) @ C(U(1)) (recall that my was defined in Section 2.3.1).
Since j(f) = 0, the operator x = 7(j(f)) = >_ Meamo ((@*)"a™) v* has to vanish.
Apply x to e,, ® 1. Since my ((a*)"a™) e,, = 0 for n > ng, we get x(e,, ® 1) =
>k Ang.k€0 @ vF € h @ L(T), which implies A, = 0 for all k, in contradiction
to the choice of nyg. O

We can now give a description of all idempotent states on Upy(2).

Theorem 6.3. The following gives a complete list of the idempotents states on
Up(2).

(1) The idempotent states induced by the Haar measures on the two-dimensional
torus T? and its closed subgroups. If p denotes the Haar measure of T2 or
one of its closed subgroups, then the corresponding idempotent ¢, state is
given by

0 (@) Faret) = [ wi wldplun,wa)
T

forn,m € Zy, k.0 € Z. This includes the counit of Uy(2), for the trivial
subgroup {1} of T2.
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(2) The family ¥, .m = ¥y @ G, n € Zy, m € NU{oo}. Here ¢, is an
idempotent state on C(U(1)), namely the Haar measure for m = oo and
the idempotent state induced by the Haar measure of Z,, for m € N. And
U, n € Zy is the idempotent state on C(SUy(2)) defined by

1 af r=s<nandk=0
0 else.

wn ((a*)r,ykas) —

Remark 6.4. The state Wy o, can be considered as the Haar state on Up(2) since
it is invariant, i.e.
\DO,oo * f = f * \IJO,OO = f(l)qjo,oo

for any f € C(Up(2))*. But Vg is not faithful. Its null space

Ny, . = {uePollUy(2); Vooo(uu) =0}

= span{(a*)*c™a"v";k € Zy,m,n € 7, > 1}
is a left ideal, but not self-adjoint or two-sided. It is a subcoalgebra, i.e. we have
AN‘Po,oo - N‘I’o,oo © N‘I’o,oo7

but it is not a coideal, since the counit does not vanish on Ny, __.

Proof. (of Theorem 6.3) Let ¢ : C'(Uy(2)) — C be an idempotent state on Uy(2).
Then ¢ induces an idempotent state ¢ o j on C'(M). By Lemma 6.1, ¢ o j is
integration against a probability measure of the form p ® §,, with n € Z, U {0}
and p an idempotent measure on U(1). This determines ¢ on the subalgebra
generated by v and (a*)"a”, 7 € N, we have

¢ ((a*)ra’”vk) - { g(vk) eie, rEm

forkeZ,reZ,.
Case (i): n = oc0. For k > 0 and any r,s € Z, { € Z, we have

*\T S 2 *\T T *\S * S
|0 (@) cfa*o’)|” < @ ((a)a")é((a)*(c") " a”)
— ¢ ((CL*>SCLS . (a*)s+1as+1) — O,
and therefore ¢ vanishes on the x-ideal Z. generated by c¢. As in the proof of
Lemma 4.2, it follows that ¢ is induced by an idempotent state on Pol Uy(2)/Z. =
PolT?, i.e. ¢ is of the form given in (1).
Case (ii): n = 0. Using again the Cauchy-Schwarz inequality, we get
€\ 7T 2 *\7r 7T *\S _ S *\ S S
(6.1) |6 (@) Fa™ )" < o ((a)a)é((a)a” ~ (a)a"™),
A\ T s 2 *\T T *\ 7T r *\S 8
(6.2) 6 (@) ta)|" < ¢ ((a")a" — (a)1a"™) ¢ ((a")a”)
*\T S 2 *\T T *\S 8
(6.3) |6 ((a") )" < o ((a*) a") d((a")%a®),
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for k,r,s € Z,, ¢ € Z. This shows that ¢ ((a*)’”ckarvf) vanishes, unless r = s = 0.
different from 0. But then ¢ = ¢ * ¢ implies

k

¢(Ckvﬁ) _ (¢® ¢)(A(CkU2)) _ Z¢ ((a*)k_“c“vé) gb (Ck—nanvﬁ) =0

k=0

for k > 0, s € Z. By hermitianity ¢ ((c*)kve) = 0 for £ > 0, and ¢ has the form
given in (2) with n = 0.

Case (iii): n € N. We use once more the Cauchy-Schwarz inequality. For k # 0,
(6.1) and (6.2) imply that ¢ ((a*)"c*a’v’) vanishes unless r = s = n. But then
we can show that ¢ = ¢ % ¢ implies ¢ ((a*)"c*a"v’) = 0 in the same way as in
the previous case.

For k = 0, we see from (6.3) that ¢ ((a*)"a*v*) vanishes unless r, s < n. The
elements (a*)"a*v* are group-like, therefore ¢ ((a*)"a*v*) € {0,1}. If we can show
¢ ((a*)"a*v’) # 1 for r # s, we are done, since then ¢ ((a*)"c*a*v") is non-zero
only if r = s < n. We get ¢ ((a*)"a’v*) = 6,5p(v*) for r,s < n, i.e. ¢ has the form
given in (2).

We show ¢ ((a*)’"asve) # 1 for r # s by contradiction. Assume there exists
a triple (7o, S0, %) such that ¢ ((a*)rasve) = 1 and choose such a triple with
maximal rq. Set

b= (a")°a*v" + (a*)*a™v ™" — 1.
Maximality of rq implies 7o > so and
¢ ((a*>2’r‘0—80a80,u2€0) — (b ((a*)SOGQTO—SOU—QZO) — O’

therefore we get

P(b*b) = ¢((a")?a”) + ¢ ((a)*a>)+1
_|_¢ ((CL*)%O_SOCLSOU%) + ¢ ((a*>soa2m—sov—2£)
_2(;5 ((a*)TOO/SO,UZ) _ 2¢ ((a*>soamvff)
= -1

Y

which is clearly a contradiction to the positivity of ¢.
Conversely, using the formulas

k
A((a*yckasvf) _ Z(a*)rJrkfﬁcnas,Ué ® (a*)rckfnas+1@v€7

~k=0
k
A((a*)T(C*)kas’UZ) _ Z(a*)r(c*)nas—kk—nvﬁ ® (a*)r-i—n(C*)k—nasUE’
k=0
for r,s,k € Z,, ¢ € Z, for the coproduct in PolUy(2), one can check that all
states given in the theorem are indeed idempotent. 0
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The complete description of the idempotent states on SUy(2) follows now di-
rectly from Theorem 6.3 and the comments before Theorem 4.5.

Theorem 6.5. The following gives a complete list of the idempotents states on
SUy(2).

(1) The family ¢,, n € NU {occ} where ¢y is the counit, ¢, the idempotent
induced by the Haar state of quantum subgroup U(1), and ¢, 2 < n < oo,
denotes the idempotent state induced by the Haar state on the quantum
subgroup Z,,.

(2) The family ¥, n € Z, defined by

o kos\ ) 1af k=0,r=s<n,
¢n((a)7a)—{0 else.

forr,s € Z,, k € 7, with the convention v~ % = (y*).
Similarly using the conditional expectation introduced in Paragraph 2.4.2, we
can derive a complete classification of the idempotent states on SOy(3). The
proof is identical to the proof of Theorem 5.2 and therefore omitted.

Theorem 6.6. All idempotent states on SOy (3) arise as restriction of idempotent
states on SUy(2). Note also that we have again ¢n|c(so,(3)) = G2nlc(sos(3)) for n
an odd integer.

7. THE IDEMPOTENT STATES ON SU,(2) AS ELEMENTS OF THE DUAL AND
ASSOCIATED QUANTUM HYPERGROUPS

Let A be a compact quantum group and A the corresponding Hopf *-algebra
dense in A. Then A is an algebraic quantum group in the sense of van Daele, and
so is its dual A, given by the functionals of the form k(- a) with a € A. By [FS08b,
Lemma 3.1], an idempotent state ¢ on A defines a group-like projection py in the

~

multiplier algebra M(A) of the dual, and therefore, by [LvD07, Theorem 2.7]
and [FS08b, Theorem 2.4] an algebraic quantum hypergroup A,,. As an algebra,
./le o = p¢flp¢, and the coproduct of .,le , 18 given by

~

Ay, = (ps ® ps)A(a)(py @ py)

for a € .,le »» Where A denotes the coproduct of A.

Let ¢ € (—1,0)U(0,1). In this section we will consider the case of the compact
quantum group SU,(2) and describe the algebraic quantum hypergroups associ-
ated to its idempotent states. Note that in this case the dense Hopf x-algebra is
A = Pol SU,(2) = span {u,(:é) i s € 3Ly, —s < k,0 < s} We will use the basis

2(2s+1)

() _ _1—4 ()
(& = h(u .
kl qg(s_k)(l _ qz) (( ké) )
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for A = Pol @) Using the orthogonality relation

2(s=k)(1 _ 42
q (1-¢%)
h <(U1(gz)) uk’€’> = Oss1 Okt O — 2@sty)
for s,s" € %ZJF, —s < kot <s, —s <KV < cf [Koo89, Eq. (5.12)], we
can check that this basis is dual to the basis {u,i‘? 18 € %ZJN —s < k,0 < s} of

Pol SU,(2). The algebraic quantum group A="PolS U,(2) is of discrete type and
equal to the algebraic direct sum

The 61(:@) form a basis of matrix units for My, = span {e,(fl) s —s < k,l<s}.

The Haar state h and the counit ¢ give the elements p, = 1 and p. = e(()%)
in M(A), and the associated algebraic quantum hypergroups are .Ap = A and
Apg =C.

The remaining cases are more interesting.

7.1. The idempotent state ¢, = hz,0j induced by the quantum subgroup

Zs. We have
Z Z ekk = Z Losy1,

5=0 k=—s
i.e. py, is the sum of the identity matrices from the odd-dimensional matrix

algebras MQSH, s € Z,. This projection is in the center of M (fl), therefore
Ay = p¢2Ap¢2 will be an algebraic quantum group. We get

Ay = @D Mayi1 = PolSO,(3),
SEZy

ie. A, 4, 18 discrete algebraic quantum group dual to SO,(3). This is to be
expected as Zs is the only nontrivial normal quantum subgroup of SU,(2) and
S0O,(3) is the corresponding quotient quantum group.

7.2. The idempotent state ¢, = hy(;) o j induced by the quantum sub-
group U(1). Here
-3l
=0

and this projection is not central. We get
o
— @ C
5=0

which is a commutative algebraic quantum hypergroup of discrete type. This is
the dual of the hypergroup introduced in [Koo91, Section 7).
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7.3. The idempotent states ¢, = hy, o j, 3 < n < co. The remaining cases
also give non-central projections,

00
_ E : (s)
Poon = enk,nk’

s=0 k:—[%"‘
_ o)
Péoni1 = kk
1 —s<k<s
$€32+ -0 mod 2n+1

for 1 < n < oo, cf. Equations (5.2) and (5.3). They lead to non-commutative
algebraic quantum hypergroups A,, = p,,, Aps,,

oo
Az = @nMZk-i-l,
k=0

o0

Agn_H = @(QH—FI)Mk,

k=0

of discrete type (in the formulas above nMs,, 1 denotes n direct copies of the
matrix algebra Moy and similarly (2n 4+ 1) M denotes 2n + 1 direct copies of
the matrix algebra Mjy).

Note that as the quantum subgroups consider in the last two paragraphs are
not normal, the objects we obtain have only the quantum hypergroup structure
(and can be informally thought of as duals of quantum hypergroups obtained via
the double coset construction, [CV99]).

APPENDIX

The goal of the appendix is to provide a short proof of coamenability of the
deformations of classical compact Lie groups. To facilitgte the discussion we use
here the symbol G to denote a compact quantum group, G to denote the dual of G,
C(G)rea and C(G) to denote respectively the reduced and universal C*-algebras
associated with G and L*°(G) to denote the corresponding von Neumann algebra
(we refer for example to [Tom07] for precise definitions). Note that contrary to
the main body of the paper we do not assume that the Haar state on G is faithful,
so that G need not be in the reduced form. We adopt the following definition
([BMTO02], [Tom06]).

Definition A.1. A compact quantum group G is said to be coamenable if the
dual quantum group G is amenable, that is, L>°(G) has an invariant mean.

The following result gives a useful criterion to check coamenability:

Theorem A.2. [BMT02, Theorem 4.7], [Tom06, Corollary 3.7, Theorem 3.8] A
compact quantum group G is coamenable if and only if there exists a counit on
C(G)rea if and only if there exists a x-homorphism from C(G),eq onto C.
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The second equivalence is fairly easy to show, in the first the forward implica-
tion was established in [BMTO02]| and the backward implication in [Tom06].

Let G be a classical compact Lie group and G, the g-deformation with the
parameter —1 < ¢ < 1, ¢ # 0 (see [KS98]). The function algebra C(G,) is the
universal C*-algebra generated by certain polynomial elements. The Haar state
is denoted by h.

The following theorem was proved by T. Banica ([Ban99, Corollary 6.2]). We
present another direct proof using L. I. Korogodski-Y. S. Soibelman’s results on
the representation theory of C'(Gy).

Theorem A.3. The quantum group G, is coamenable.

Proof. Let us introduce the left ideal N, := {a € C(G,) | h(a*a) = 0}, which is in
fact an ideal of C'(G,). The reduced compact quantum group C(G,)yeq is defined
as the quotient C(G,)/Nj,. By Theorem A.2 to show that G, is coamenable it
suffices to show that the C*-algebra C(G,).eqa has a character.

Consider an irreducible representation 7: C(Gy)rea — B(H,). Composing this
map with the canonical surjection p: C(G,) — C(Gy)red, We get an irreducible
representation 7o p of C'(G,). Thanks to [KS98, Theorem 6.2.7 (3), §3], we may
assume that 7 o p is of the following form:

7rop:(7T5i1®...®7rsik®7rt)05(k)

or mo p = m, where s;, - -+ s;, is the reduced decomposition in the Weyl group of
G, and t € T, the maximal torus of G. In the latter case 7 is a one-dimensional
representation. In the former case, we remark that the counit of C(G,) factors
through Im 7, for every 4, that is, there exists 7;: Im 75, — C such that n;om, = ¢
(See the argument in [Tom07, p. 294]).

Then we introduce a representation 7 := (1, ® --- @ n;, ®id) o m of C(G)yea,
which is well-defined and one-dimensional. Indeed,

Fop=(® - Qe®@m) ok =mr,.

Thus we have proved in each case the existence of a one-dimensional representa-
tion of the C*-algebra C(G),eq, and G, is co-amenable. O
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