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REPRESENTATION THEORY OF IMPRIMITIVE
NON-COMMUTATIVE ASSOCIATION SCHEMES OF ORDER 6

AKIHIDE HANAKI AND PAUL-HERMANN ZIESCHANG

ABSTRACT. In this note, we investigate association schemes of order 6. We
prove that non-normal closed subsets of such schemes have order 2 and that
normal closed subsets of non-commutative schemes have order 2 or 3. After
that, we investigate more closely schemes of order 6 which possess non-normal
closed subsets and non-commutative schemes of order 6 which possess a sym-
metric normal closed subset of order 3. (Non-commutative schemes of order
6 which possess a non-symmetric normal closed subset of order 3 or a nor-
mal closed subset of order 2 will be investigated in a forthcoming article.) In
both cases, we explicitly give all irreducible (complex) representations of such
schemes. Among other structural consequences we obtain that association
schemes of order 6 are Coxeter schemes if they have two different non-normal
closed subsets and that they are semidirect products if they possess a normal
and a non-normal closed subset or a thin non-normal closed subset.

The concept of an association scheme is a far-reaching generalization of the notion
of a group. Many group theoretic facts have found a natural generalization in
scheme theory; cf., e.g., [8] and [7]. One of these facts is the observation that,
similar to groups, association schemes are commutative if they have at most five
elements and not necessarily commutative if they have six elements.® While any
two non-commutative groups of order 6 are isomorphic to each other, there exist
infinitely many isomorphism classes of non-commutative schemes of order 6.2

The present article is a first attempt to obtain insight into the structure of non-
commutative schemes of order 6. We restrict ourselves to imprimitive such schemes,
which means that we assume these schemes to have at least one non-trivial closed
subset, and our analysis is devoted to the representation theory of these schemes.

All imprimitive non-commutative schemes of order 6 that are known to us belong
at least) one of the following three classes.

to (

(A) Coxeter schemes of order 6.3

(B) Semidirect products with kernel of order 3 and complement of order 2.4
(

C) Schemes with a normal thin closed subset of order 3.5

Un this article, all association schemes are assumed to have finite valency. (By the valency
of a scheme S on X we mean the cardinality of X.) For a proof of the former statement, see [6;
(4.1)].

2By the order of a finite scheme S we mean the cardinality of S.

3Coxeter schemes are schemes which are defined on the flags of a building. In the case where
a Coxeter schemes has six elements, the corresponding building is a projective plane. Coxeter
schemes have been investigated in general in [10] and in the last two chapters of [11].

4Semidirect products of association schemes are defined in [11; Section 7.3]. They were also
considered in [1]. Note that the complement in a semidirect product is always thin.

5Thin closed subsets of schemes can be considered as groups; cf. [11; Section 5.5].
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2 AKIHIDE HANAKI AND PAUL-HERMANN ZIESCHANG

The intersection of any two of these three classes is the class of the Coxeter groups
of order 6, so that all three classes can be viewed as generalizations of the class of
Coxeter groups of order 6.

At an early stage of our investigation, we see that, similar to group theory, non-
normal closed subsets of non-commutative schemes of order 6 have order 2 and that
normal closed subsets of such schemes have order 2 or 3. After that, we investigate
more closely schemes of order 6 which possess a non-normal closed subset and non-
commutative schemes of order 6 which possess a symmetric normal closed subset
of order 3. We intend to investigate non-commutative schemes of order 6 which
possess a non-symmetric normal closed subset of order 3 or a normal closed subset
of order 2 in a forthcoming article.

Our investigation requires a series of general results on association schemes. We
shall compile these results in the first chapter of this article. In Section 1.1, we
exhibit combinatorial sufficient conditions for a closed subset of a scheme to be
normal. Section 1.2 is devoted to the ordinary character theory of schemes (of
finite valency), and Section 1.3 deals with involutions of association schemes.

The second chapter of this article deals with non-normal closed subsets of schemes
S of order 6. In Section 2.1, we collect combinatorial results on S. First we prove
that non-normal closed subsets of S have order 2. In Section 2.2, we compute the
character table of S in terms of a few structure constants of S. In Section 2.3,
we strengthen the arithmetic conditions which the valencies of S have to obey.
In Section 2.4, we provide sufficient conditions for S to belong to one of the first
two classes of the above trichotomy. In particular, we show that S is a Coxeter
scheme if S has two different non-normal closed subsets and that S belongs to the
second case of the above trichotomy if S possesses a thin non-normal closed subset.
In Section 2.5, we compute the non-linear representation of S in terms of a few
structure constants of S. This provides new conditions on the structure constants
of S.

In the third chapter of this article, we investigate non-commutative schemes S of
order 6 which possess a normal closed subset. In Section 3.1, we collect general
results on S. In particular, we show that normal closed subsets of S must have
order 2 or 3. We also show that S is a semidirect product (with kernel of order
3 and complement of order 2) if S possesses a normal and a non-normal closed
subset. In Section 3.2, we provide useful equations for the remaining four sections,
which deal with the case where S possesses a symmetric normal closed subset of
order 3. In Section 3.3, we give the character table of .S in terms of the valencies of
the elements of .S, and we explicitly compute the representation of degree 2 of S in
these terms. We also compute the kernel of this latter representation. The control
over the kernel allows us to compute all structure constants of S, again in terms
of the (three) valencies of the elements of S. This is the subject of the remaining
three sections of this article.

As for terminology and notation we refer to [11].
This research was initiated at the Mathematisches Forschungsinstitut Oberwol-
fach during a stay within the Research in Pairs Programme from November 29

to December 19, 2009. The authors gratefully acknowledge the kind hospitality
and the comfortable working environment at Oberwolfach. The second author
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acknowledges the support of the Max-Planck-Gesellschaft zur Forderung der Wis-
senschaften e.V. He finished this work while he was visiting the Max-Planck-Institut
fiir Mathematik at Bonn.

1. PRELIMINARIES

This chapter contains a series of general results on association schemes which will
be needed in our investigation. The letter X stands for a finite set, the letter S for
an association scheme on X.

1.1 PRELIMINARIES ON COSETS

In this section, the letter T" stands for a closed subset of S.

Lemma 1.1.1 Let p be an element in S with Tp C pT', and let ¢ be an element in
pT such that Tq* = Tq. Then q € Tp.

Proof. From ¢ € pT we obtain ¢* € Tp*; cf. [11; Lemma 1.3.2(iii)]. Thus, by [11;
Lemma 2.1.4], p* € Tq*. Thus, as Tq* = Tq and q € pT,

p* €TqC TpT =pT = qT;
cf. [11; Lemma 2.1.4]. Thus, p € Tq* = Tq, so that ¢ € Tp. O
Following [11] we define

Ns(T):={seS|Ts=sT}
for each closed subset T of S. (The set Ng(T) is called the normalizer of T in S.)

Lemma 1.1.2 Let s be an element in S such that Ts = {s} and T's* = {s*}. Then
ENS Ns(T)
Proof. From T's* = {s*} we obtain sT = {s}; cf. [11; Lemma 1.3.2(iii)]. Thus, as
Ts = {s}, Ts = sT, and that means that s € Ng(T). O
We define

S/T:={Ts|seS}
From [11; Lemma 2.1.4] one knows that S/T is a partition of S. We shall use this
fact at various instances without further mentioning.
Lemma 1.1.3 Let s be an element in S such that (T's)* € S/T. Then s € Ng(T).

Proof. We are assuming that (T's)* € S/T. Thus, as s* € (T's)*, (T's)* = Ts*; cf.
[11; Lemma 2.1.4]. Thus, by [11; Lemma 1.3.2(iii)], T's = sT. O

One says that T is normal in S if Ng(T') = S. The remaining three results give
sufficient conditions for 7" to be normal in S.

Lemma 1.1.4 Assume that |S\ T| = |S/T| and that S\ T possesses exactly
|S\ T| — 2 symmetric elements. Then T is normal in S.

Proof. We are assuming that |S\ T'| = |S/T|. Thus, S/T \ {T'} possesses exactly
one element of cardinality 2, all other elements of S/T \ {T'} consist of a single
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element. Let p and ¢ be the two elements in the uniquely determined element of
S/T\{T} of cardinality 2.

If {p,q}* = {p, ¢}, we are done by Lemma 1.1.3. Thus, we assume that {p,q}* #
{p,q}. Tt follows that p* ¢ {p,q} or ¢* ¢ {p,q}. Without loss of generality, we
assume that p* ¢ {p, q}.

Since {p,q} is the only element in S/T \ {T} that has more than one element,
p* ¢ {p,q} forces Tp* = {p*}. Thus, Tp* C p*T. Since ¢* = ¢, we also have
Tq* = Tq. Thus, by Lemma 1.1.1, ¢ € Tp* = {p*}, contradiction. O

Lemma 1.1.5 Assume that |[S\T| < 3. Then T is normal in S.
Proof. I |S/T| = 1,T = S, and we are done. If |S/T| = 2, we have T's = S\T = sT
for each element s in S\ 7. Thus, T is normal also in this case.

Assume that 3 < |S/T|. Then as |[S/T| < |S\T|+ 1 < 4, we must have |S/T| =
|IS\T|=3or|S/T| =|S\T|+ 1. In the former case, we are done by Lemma 1.1.3
and by Lemma 1.1.4. In the latter case, we are done by Lemma 1.1.2. O

We finish this section by mentioning that most of the arguments of this section do
not make use of the fact that S is assumed to have finite valency.

1.2. PRELIMINARIES ON SCHEME CHARACTERS

In this section, the letter T" stands for a closed subset of S. The scheme ring of T’
over the complex number field will be denoted by CT.

If we speak about characters of T', we shall always mean characters of CT.

The set of all characters of T' will be denoted by Char(T"), the set of all irreducible
characters of T by Irr(T).

We define O to be the uniquely defined Z-bilinear form from Char(T") x Char(T)
to Z which satisfies Or(x,x) = 1 for each element x in Irr(T) and Br(¢,v) = 0
for any two different elements ¢ and ¢ in Irr(T). In the following, we shall write
(¢, ¥)r instead of OBr(¢,¢) whenever ¢ and ¢ are elements in Irr(7)).

For each character 1 of T, we define ¢° to be the induced character of T to S; cf.
[3; Section 5]. For each character ¢ of S, the restriction of ¢ to T will be denoted

by ¢|r.
The following lemma is known as Frobenius Reciprocity.

Lemma 1.2.1 Let ¢ be a character of S, and let ¢ be a character of T. Then
(¢7 ¢‘T)T = (¢a ¢S)S-

Proof. This is [3; Theorem 5.2]. O

Let xx denote the complex-valued standard character of S. (In [11], this character
was denoted by xcx-)

For each element x in Char(5), we set

my = (XaXX)S~

This definition extends (and, therefore, is compatible with) the notion of the mul-
tiplicity of irreducible characters of S introduced in [11; Section 9.1].
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The following result is [5; Theorem 5.1]. For the sake of the completeness of this
article we include the proof which was given in [5].

Lemma 1.2.2 For each character ¢ of T', we have mys = ng;rme.

Proof. Without loss of generality, we may assume that ¢ is irreducible. Then,
referring to Lemma 1.2.1 and [11; Theorem 9.1.7(ii)] we obtain

Mmes = Z (X7¢S)S My

x€Irr(S)

= Z (¢7X|T)T my

x€Irr(S)

m 1
= > mijl)znftqs(at)x(at*)

x€EIrr(S) teT

= S Lo Y mex(on)

TLT¢(1) teT T

xE€Irr(S)
m¢ 1
= —@(ot)xes(oe
o) 2 g A es00)
Me
= 1 = .
nT¢(1)¢( Jns = ngyrmg
This finishes the proof of the lemma. O

From [11; Lemma 9.1.2(i)] we know that there exists a uniquely determined ring
homomorphism from CS to C which maps o to n, for each element s in S. In [11],
this homomorphism was denoted by 1cg. Here we just write 1g.

For each element ¢ in Irr(S), we define
Irr(T' | ¢) := {4 € Ire(T) | (¢, d|) # 0}
For each element v in Irr(T"), we define
Ire(S [ ) := {¢ € Irx(S) | (¢,9°) # 0}
From Lemma 1.2.1 one obtains
pelr(T|¢) & o¢elr(S|y)
for any two elements ¢ in Irr(S) and ¢ in Irr(T).
Corollary 1.2.3 The following statements hold.
(i) We have (15,15)s = 1. (In particular, 15 € Irr(S | 17).)
(i) We have mys = ngr.
(i) Assume that T # S. Then Irr(S | 17) \ {1s} is not empty.
Proof. (i) From Lemma 1.2.1 we obtain
(1s,17)s = (17, 1slr)r = (17, 17)r = 1.
(i) From Lemma 1.2.2 we know that m;s = ngjrmi,, from [11; Lemma 9.1.8(ii)]
that my, = 1. Thus, mys = Ng/T-

(iii) From [11; Lemma 9.1.8(ii)] we know that m;, = 1. Thus, the claim follows
from (i) and (ii). O
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Corollary 1.2.4 Let x be an element in Irr(S), and let ¢ and ¢ be elements in
Irr(T | x). Assume that ¥° is irreducible and that my < my. Then ¢¥ = x.

Proof. We are assuming that ¢ € Irr(T | x). Thus, by definition, (¢, x|r) # 0.
Thus, by Lemma 1.2.1, (x, ¢°) # 0. Thus, as we are assuming that ¢° is irreducible,
¥ = x. Thus, as we are assuming mg < My

Mgs = Ng//TMe < NGyTMyy = Mys = My
cf. Lemma 1.2.2.
On the other hand, as ¢ € Irr(T' | x), m, < mys. Thus, my = mys, and that is
equivalent to ¢° = . O

Corollary 1.2.5 Assume that T # S, and let x be an element in Irr(S | 17). Then
there is no element ¢ in Trr(T) with ¢° = x.
Proof. From y € Irr(S | 1) we obtain 17 € Irr(T' | x).

Assume, by way of contradiction, that Irr(7) possesses an element ¢ with ¢° = x.
Then, by definition, ¢ € Irr(T | x).

On the other hand, we know from [11; Lemma 9.1.8(ii)] that mj, = 1. Thus,
mi, < mg. Thus, by Lemma 1.2.4, 15 is irreducible. Thus, by Lemma 1.2.3(i),
14 = 1g. Thus, by Lemma 1.2.3(ii), T = S, contradiction. O

Lemma 1.2.6 Let ¢ be an element in Irr(S), let i be an element in Irr(T), and let
ey denote the central idempotent which belongs to 1. Then ¢(ey) = (¥, ¢|7)r¥(1).

Proof. Let 11, ..., 7, denote the irreducible characters of T. Then
¢‘T = (T17 ¢|T>T7—1 +--+ (T’rly ¢|T)T7—TL'
Thus,
dley) = (11, ¢l )rmiley) + - + (7o, Blr)1Tn(ey) = (¥, 8l )T (ey),
so that the claim follows from (e, ) = ¥(1). O

Lemma 1.2.7 The closed subset T of S is normal in S if and only if

(X7 1:19“)5 € {07 X(l)}
for each element x in Irr(S).

Proof. Define )
er (= — ZO}.
" ier
It is easy to see that 7' is normal in S if and only if ep € Z(CS). Moreover,
er € Z(CS) if and only if
x(er) € {0,x(1)}
for each element y in Irr(S).° Finally, as 17(1) = 1,

1
x(er) = (7, x|r)71lr (1) = (x, 17)s;

61n general, if e is an idempotent element of CS, then we have e € Z(CS) if and only if
x(e) € {0,x(1)} for all elements x in Irr(S). This is easy to see. In fact, let e, ..., ey be the
identity elements of the Wedderburn components of CS and assume first that e € Z(CS). Then
there exist elements ci, ..., ¢ in C such that

e=cie1+- -+ cnen.
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cf. Lemma 1.2.6 and Lemma 1.2.1.

For each character y of T', we define

ker(x) :=={t € T'| x(o1) = nex(1)}.
(The set ker() is called the kernel of x.)

Lemma 1.2.8 Let x be a character of T. Then ker(y) is closed.
Proof. This is [4; Theorem 3.2].

1.3 PRELIMINARIES ON INVOLUTIONS

In this section, the letter ¢ stands for an involution of S. (Recall that this means

that {1,t} is closed; cf. [11; Section 2.3].)

Lemma 1.3.1 Let s be an element in S. Then asss + 1 divides ng.

Proof. Set T' := (t) and n := ngyp. Then there exist elements x1, ..., z, in X
such that ;7 Nz,;T = ) for any two different elements ¢ and j in {1,...,n} and
X=x1TU---Ux,T,;
cf. [11; Lemma 2.1.4].
Now we fix an element in X and call it . Then
nes = |xs*| = |las* Na T+ -+ |as* Na,T.
Note also that
|zs™ Na;T| € {0, atss + 1}
for each element ¢ in {1,...,n}. Thus, ass+ 1 divides ng«, so that the claim follows
from [11; Lemma 1.1.2(iii)]. O

For the remainder of this section, we fix elements p and ¢ in S with ¢ € tp and

p#q.

Lemma 1.3.2 We have aipq = aipp + 1.

Proof. Since t is an involution, {1,t} is closed. Thus, as ¢ € tp, we obtain from [11;

Lemma 2.3.1(i)] that
Q1pp + Qtpp = A1pg T Atpg-
Since p # q, a1pg = 0. Thus, as aipp = 1, atpg = arpp + 1.

Lemma 1.3.3 Assume that tp C {p,q}. Then the following hold.

(i) We have 010, = aippop + (arpp + 1)0g.

(ii) We have
_ (Nt — aipp)np
! agp +1

Since e is assumed to be idempotent, ¢; € {0,1} for all elements 4 in {1,...,n}. Thus, x(e) €

{0, x(1)} for all elements x in Irr(S).

Conversely, assume that x(e) € {0, x(1)} for all elements x in Irr(S). Then, as e is assumed to
be idempotent, there exist elements c1, ..., ¢, in {0, 1} such that the above equation is satisfied.

This implies e € Z(CS).
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(i) We have

(iv) Set T := (t), and let \ be a linear character of S such that (\,13)s = 0.
Then A(og) = —A(0p).-

Proof. (i) From Lemma 1.3.2 we know that aipq = aspp + 1. Thus, by [11; Lemma
9.1.1(1)],

010p = Qtpp0p + (App + 1)0g;
recall that we are assuming tp C {p, ¢}.

(ii) Since 1g is an algebra homomorphism, this follows from (i) together with the
observation that asp, # —1.

(iii) This follows from (ii).
(iv) We are assuming that (\,13)s = 0. Thus, by Lemma 1.2.1, (17, A7) = 0.

Thus, as ¢ is an involution, A(oy) = —1. Thus, as A is an algebra homomorphism,
we obtain from (i) that
—A(op) = Aa)Aop) = Aloiop)

Matppop + (atpp + 1)0g)
atppA(0p) + (arpp + 1)A(0g).
It follows that
—(atpp + 1)A(0p) = (atpp + 1)A(0y).
Now the claim follows from the fact that a;p, # —1. O

Setting T := (t) in Lemma 1.3.3 the hypothesis tp C {p, q} there is equivalent to
the equation Tp = {p, q}.

Lemma 1.3.4 Assume that tp C {p,q}. Then ayyp + argqg = ne — 1.

Proof. We are assuming that tp C {p, ¢}. Thus, by the first equation of [11; Lemma
1.1.3(iii)], atpq + atgq = n¢. On the other hand, we know from Lemma 1.3.2 that
Gtpg = Qepp + 1. Thus, agpp + arqq = 1 — 1. O

Lemma 1.3.5 Assume that tp C {p,q}, that p* = p, and that q* # q. Then the
following hold.

(i) Let y be an element in X, let z be an element in yt, and let x be an
element in yp N zq. Then yp Nzt = zq N xt.

(il) We have aipp = Grgeg~-

(i) The integer app + 1 divides app;.
Proof. (i) We first show that yp Nzt C zgNat. In order to do so we fix an element
in yp N at and call it w. We have to show that w € zq.

From w € yp and y € zt we obtain w € ztp. Thus, as we are assuming tp C {p, ¢},
we must have w € zp or w € zq.

Assume that w € zp. Then, as x € wt, € zpt. On the other hand, our assumption
tp C {p, q} implies pt C {p, ¢*}; cf. [11; Lemma 1.3.2(iii)]. Thus, = € zp or = € zq*.
However, x € zq and q ¢ {p, ¢*}, contradiction.
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Now we prove that zgNat C ypNat. In order to do so we fix an element in zq N xt
and call it w. We have to show that w € yp.

From w € at and x € yp we obtain w € ypt. Thus, as pt C {p,¢*}, we must have
w E yp or w € yq*.

From w € zq and z € yt we obtain w € ytq. Thus, as tqg C {p,q}, we must have
w € yp or w € yq. Thus, as ¢* # q, w € yp.

(ii) Let z be an element in X, and let  be an element in zq. Then, as ¢ € tp,
x € ztp. Thus, zt possesses an element y with = € yp. Thus, by (i),

yp Nat = zq N xt.

On the other hand, since z € yp, we have |yp N xt| = apy. Similarly, as z € zq,
|zqg N xt] = agiq- Thus, as yp Nat = zg N xt, apyp = aqq. Thus, by [11; Lemma
111(11)], Qtpp = Qg*g*-

(iii) Let y be an element in X, let z be an element in yt, and let « be an element
in yp N zp. Since q € tp, p € tq. Thus, as x € yp, there exists an element v in yt
such that « € vq. Now, by (i), yp N at = vg N xt. But, as z € vt we obtain from (i)
also zp Nt = vgNat. Thus, yp Nzt = zp N xt.

Set T := (t). Then yp NaT = ypN zp N aT. Therefore,
lypNzpNaT| = |lypNaT| = apyp + 1 = app + 1.
Thus, as X/T is a partition of X, aspp + 1 divides app:. O

The following corollary will not be needed in the remainder of this article.

Corollary 1.3.6 Assume that tp C {p, q}, that p* = p, and that ¢* # q. Let v be
an element in X, let w be an element in vp, let y be an element in vt, and let z be
an element in yp N wt. Then z € vp.

Proof. From z € yp and y € vt we obtain z € vtp. Thus, ¢p possesses an element s
such that z € vs.

From z € wt and w € vp we obtain z € vpt. Thus, as z € vs, s € pt. Thus,
s € tpnpt = {p}. It follows that s = p, so that z € vp. (I

Set T := (t). Corollary 1.3.6 says in particular, that the (symmetric) graph induced
by p on yT'U 2T is a complete bipartite graph of valency a:p, + 1 if one disregards
the isolated points.

Let p be an element in S, and let g be an element in tp. Assume that tp C {p, ¢},
that p* = p, and that ¢* # ¢. Fix an element z in X and define

B:={ypnaT |ye X \zT}.
Then B is a 2-design (with possibly repeated blocks) on 2T'. The parameters are

n a
: k=ap,+1, A=—T2—

v=n+1, r=—— .
¢ Cltpp—l—l’ atpp—|—1

We add two more results on structure constants of S.

Lemma 1.3.7 Assume that tp C {p,q}, that p* = p, and that ¢* # q. Then we
have
neNg — Ny (ne + 1)ny, - (ne + 1)ng

Atqq = »  Gtpg = ) tqp =
np + Ng np + Ng np + Ng
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Proof. From Lemma 1.3.4 we know that ay,, +atqq = ¢ — 1, from Lemma 1.3.3(iii)
that
Ny — Ng
atpp = -
Ny + Ny
Thus,
NNy + NgNg — NNy + Ng — Np — Ng nNg — Np
atqq:nt—atpp—lz = .
np + Ny np +ng

From [11; Lemma 1.1.3(iii)], we know that atgq + atpq = n¢. Thus, the second
equation follows from the first one.

From Lemma 1.3.2 we know that a:gp = a¢qq + 1. Thus, the third equation follows
from the first one. O
Lemma 1.3.8 Assume that tp C {p,q}, that p* = p, and that ¢* # q. Then ny

. . 2
divides nyng and ny.

Proof. From Lemma 1.3.3(iii) together with [11; Lemma 1.1.3(ii)] we obtain

a =a —_— = = .
ppt tpp
¢ np + Mg T (np + nq)nt

2 _
Ny nnp —Ng Ny Ny — NgMyp

From Lemma 1.3.5(ii) we know that a;pp = ayg+q+. Thus, as ng = ng,
2
Ggrap = Qpgege 28 = g, 10 = M0 T Mg Ng  TTpNa 7 Ty
q*qt = Qtgq = Qtpp — = = )
g e ny+ng ng (np+ng)mn
and this finishes the proof. (I

2. NON-NORMAL CLOSED SUBSETS

In this chapter, we investigate association schemes of order 6 which have a non-
normal closed subset. In order to do so we fix such a scheme and call it S. The
non-normal closed subset that S is supposed to have will be denoted by T

2.1 COMBINATORICS

Since T is assumed to be not normal in S, T is different from {1} and from S.
Theorem 2.1.1 We have |T| = 2.
Proof. This is an immediate consequence of Lemma 1.1.5. O

Lemma 2.1.2 The scheme S possesses elementst, s, m, and j with s* = s, j* = j,
T={1,t}, Ts={s,m}, Tm*={m"j},

and S = {1,t,s,m,m*, j}.

Proof. From Theorem 2.1.1 we know that |T'| = 2. Thus, T \ {1} possesses an

element ¢ with T' = {1, t}.

From [6; (7.4)] we know that S has exactly four symmetric elements. Thus, as 1
and t are symmetric, S possesses elements s, m, and j such that s* = s, j* = 7,
and

S={1,t,s,m,m", j}.
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We are assuming that 7" is not normal in S. Thus, |S/T| # 2. Moreover, by Lemma
1.1.4, |S/T| # 4 and, by Lemma 1.1.2, |S/T| # 5. Thus, |S/T| = 3.

Assume that Tm = {m}. Then, as |S/T| = 3, Tm* = {m*,s,j}. It follows that
mT = {m,s,j}. In particular, Tm C mT and j € mT \ Tm. Thus, by Lemma
1.1.1, j* # j, contradiction. Thus, Tm # {m}.

Similarly, Tm* # {m*}. Also, by Lemma 1.1.3, Tm # {m,m*}. Thus, without
loss of generality, Tm = {s, m} and Tm* = {m*, j}. O

Lemma 2.1.2 allows us to apply our results of Section 1.3. Here we list the conse-
quences.

Lemma 2.1.3 The following hold.
(i
(ii

The integer aiss + 1 divides aggt.

The integer a;ss + 1 divides ng.

(iil)  We have atsm = ass + 1.

(iv)  We have aiss + apmm = ny — 1.

)
)
)
)
(v)  We have ass = Gpmem+ and agj; = Gmm -
)
)
)
)

(vi)  We have aiss + arj; = ny — 1.
(vil)  We have np(atss + 1) = (ne — atss)ns.
(vii)  We have nj(atss + 1) = (nt — atss)?ns.
(ix) We have ngnj = n?,.

Proof. (i) This follows from Lemma 2.1.2 together with Lemma 1.3.5(iii).
ii) This is a repetition of Lemma 1.3.1.

iii) This follows from Lemma 2.1.2 together with Lemma 1.3.2.

(
(
(iv) This follows from Lemma 2.1.2 together with Lemma 1.3.4.
(v) This follows from Lemma 2.1.2 together with Lemma 1.3.5(ii).
(vi) This follows from (iv) and the second equation of (v).

(vii) This follows from Lemma 2.1.2 together with Lemma 1.3.3(ii) applied to s and
m in place of p and q.

(viii) This follows from Lemma 2.1.2 together with (v), (vii), and Lemma 1.3.3(ii)
applied to m* and j in place of p and gq.

(ix) This follows from (vii) and (viii). O
Now we define
k:=mng/r.
Note that, by [11; Lemma 4.3.3(i)], ng = (n: + 1)k.
Lemma 2.1.4 We have

(ng + 1)ng

k—1=-———.
(atss+1)2

Proof. Setting
_ Nt — Giss
Atss + 1
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we obtain from Lemma 2.1.3(vii), (viii) that
(ne + 1) (k= 1) = ng + 20 + 15 = 1+ 2f + ), = (f +1)*n,.
Thus, the claim follows. (Il

Lemma 2.1.3(vii), (viii) show that all valencies of S can be expressed in terms of
ng, Ng, and azss. In the following section, we shall see that all character values of
S can be expressed in terms of n;, ng, and a;ss, t0O.

2.2 CHARACTERS

Recall that S stands for a non-commutative association scheme of order 6. Thus, by
[11; Corollary 8.6.5], S has exactly three irreducible characters, two linear characters
(one of them being the principal character of S) and one irreducible character of
degree 2. In the following, the principal character of S will be denoted by 1g, the
non-principal linear character by A, the character of degree 2 by x. Thus,

Irr(S) = {1s, A\, x}-
The letters t, s, m, 7, and k will have the same meaning as in the previous section.

Lemma 2.2.1 The following hold.
(i) We have 15 = 15 + x.

(il) The closed subset T possesses a linear character T with Irr(T) = {1r,7}
and 75 = X + x.

Proof. From Corollary 1.2.3(i) we know that (1g,15)s = 1. Thus,
17 = 1s + (A 12)sA + (x, 17)sx-
Recall also from Corollary 1.2.3(iii) that 1 < (X, 15)s + (x, 13)s.

From Theorem 2.1.1 we know that |T'| = 2. Thus, Irr(7) possesses an element 7
such that Irr(T) = {17, 7}.

Since 1g|pr = 17, 7 ¢ Irr(T' | 15). Thus 1g ¢ Irr(S | 7). Thus,
5 =M\ 79)sA + (x, 7%)s X

With the help of Lemma 1.2.1 we also obtain

1= (1) = Alr(1) = (I, Alr) el (D) + (7, A7) 7 (1) = (A, 12)s + (A, 75)s
and

2=x(1) = xlr(1) = Az, xlr)rlr (1) + (7, x1r)77(1) = (0. 17)s + (x. 7°)s-
If 15? =1g+ X+ x, 7% = x, contrary to Corollary 1.2.5. Thus, we must have

15 =15+X or 15 =15+x.

If 13 = 15 + A, T is normal in S; cf. Lemma 1.2.7. Thus, 13 = 1g + x. It follows
that 75 = A + x. O

Lemma 2.2.2 We have my = (ny — 1)(k—1) +ny and my, =k — 1.
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Proof. From Lemma 2.2.1(i) we know that 13 = 15+ x, from [11; Lemma 9.1.8(ii)]
that mi, =1 and that m;, = 1. Thus, by Lemma 1.2.2,

NS//T = Ns//TM1y = Mys = Mig + My = 1+m,.
Thus, the second equation follows from the definition of k.
From m, =k —1 and xx(1) = ng we obtain
ng =mig + maA(1) + myx(1) =1+ my+2(k—1) =my+2k— 1.
Thus, as ng = (n; + 1)k,
nk+ k=i +1k=my+2k— 1

It follows that my =nik —k+1= (ny — 1)(k — 1) + n,. d
Lemma 2.2.3 We have
(ng — 1)(ne + 1)ns (ny + 1)ng
my = +ng and m, = ———.
A (atss + 1)2 i X (atss + 1)2
Proof. Considering Lemma 2.1.4 this follows from Lemma 2.2.2. t

Lemma 2.2.4 The following hold.

(i) We have A(oy) = —1.

(ii) We have Mowm) = AMom=) = —A(0s) and A(os) = A(oj).
Proof. (i) From Lemma 2.2.1(ii) we know that (\,7%)s = 1. Thus, by Lemma
1.2.1, (1, A|7)r = 1. Thus, A|lp = 7. Thus, A(o:) = 7(0¢) = —1.
(ii) From Lemma 2.2.1(i) we know that (), 15)s = 0. Thus, applying Lemma
1.3.3(iv) to s and m in place of p and ¢ we obtain A(op,) = —A(0s). Similarly,
applying Lemma 1.3.3(iv) to j and m* in place of p and g we obtain \(o;) =
—MOm»).
That A(oy,) = A(om+) follows from the fact that A is the only linear character of
S. O

Now we are able to express the values of A on S in terms of n;, ng, and a;ss.

Lemma 2.2.5 We have
(n¢ — asss)?n?
ne[(ng — 1)(ng + D)ng + (agss + 1)2ny]

MNos)? =

Proof. From [11; Theorem 9.1.7(ii)] together with Lemma 2.2.4 we obtain

1)k 1121
Dk L 2 Lo

mx n s Nm Uz

Now recall from Lemma 2.1.4 that

b 1— (ne + 1)ng
(atss + 1)2
and from Lemma 2.1.3(vii) that
Nt — Giss

B Qtss + 1
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Thus,
k — 1 _ Ty + ].
ngn B (nt - atss)2ns ’

Recall also that, by Lemma 2.1.3(ix), nsn; = n2,. Thus,
1 2 L np(ng+2n, +ns) (g +1)(k—1) (g +1)2

2 2, "
Ng My Ny NN, M N, (e — Gyss)?ns

On the other hand, by Lemma 2.1.4 and the first equation of Lemma 2.2.2,

ko (nt + D)ns + (ass +1)2
my  (ne — 1) (ng + 1)ng + (arss + 1)2ny

Thus,
(ne+ Dk ne+1 ng(ng +1)%ng 4+ ng(ng + 1) (ass + 1)2
my  ng o[ — 1) (g + Dng + (agss + 1)2n4]
(ne + D)[(ng — 1)(ng + V)ng + (apss + 1)%n4]
ne[(ng — 1)(ne + Dng + (atss + 1)%n4]
(ng +1)%n,
ni[(ne — 1) (ng + )ngs + (agss + 1)2n4]
Thus, by the first equation of this proof,
Mg Aog)?

nt[(nt - 1)(nt + 1)7’7/5 + (atss + 1)2nt] B (nt - atss)2ns ’
This finishes the proof. O

Recall that A is the only non-principal linear character of S. Thus, as (o) is an
algebraic integer, A\(os) must be an integer.

Lemma 2.2.6 We have
g A(0s) + ng
\(7,) = —(ne — DA(g,) — 2T s

k-1
Proof. From [11; Lemma 9.1.2(ii)] we know that xx(os) = 0, from Lemma 2.2.2
that
my=(n;—1)(k—1)+n, and m, =k—-1
Thus, as
Xx = lg +myX+myx
and 1g(os) = ng,
0 =n,+[(ne —1)(k — 1) + ne]A(os) + (k — 1)x(0%).
It follows that
—[(ne — D)(k = 1) + ] A\(o5) — s

x(os) =

k-1
_ —(ny — 1)(k — 1)A(os) — niA(os) — ng
k-1
_ o) £y

=~ = DA - T

and this proves the lemma. [
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Now we compute the fraction in the statement of Lemma 2.2.6 in terms of n;, ng,
and aggs-
Lemma 2.2.7 We have
ntA(Us) + Ng _ :l: nt(nt - atss)(atss + 1)2 (atss + 1)2
k-1 (ny + 1)\/nt[(nt — 1) (ny + Dng + (atss + 1)%n4] ng+1 7

Proof. From Lemma 2.2.5 we know that
:l: (nt - atss)ns
\/nt[(nt — 1D)(ne + Dng + (agss + 1)%n4]

)\(05) =

Thus,
n N (N — Gpos)Nis
Vrel(ne — 1) (ng + 1)ng + (agss + 1)%n4]

Now recall from Lemma 2.1.4 that

niA(os) +ns =

g1 (mtlmns
(atss + 1)2
Thus, the desired equation follows. ([l

Lemma 2.2.5, Lemma 2.2.6, and Lemma 2.2.7 allow us to express x(c5) in terms of
ng, Ns, and ass. The algebraic integers x(0.,), X(0m+), and x(o;) can be computed
similarly. Similar to Lemma 2.2.6 one obtains

B A (om) + N
k-1 ’

A (T e ) + N
k—1 ’

X(om) = =(nt = DA(om)

X(om=) = = (s = DA(om~) =

and )\
X(03) = — (0 — DA(oy) — Mo 15

k—1
Setting ¢ := —\(o) we obtain that
‘ 1 t ] m m* J ‘ multiplicity
1g |1 ng Ng Nyn, . n; 1
Al -1 —c c c —c | k(ng—1)+1
X 2 ng — 1 c7r;€>\7—1'n5 _cmé\j-lnm _cmlg\j-lnm CWZL*lnj ]ﬂ _ 1

is the character table of S.

2.3 ARITHMETIC

In this section, the letters ¢, s, m, j, k, A, and x will have the same meaning as in
the previous section. We derive arithmetic consequences of the fact that the entries
of the character table of S must be integral.

Lemma 2.3.1 Assume that ny # 1. Then
(g — 1)(ng + D)ng + (agss + 1)%ng

divides ny(ng — agss)?(agss + 1)%.
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Proof. From Lemma 2.2.6 we know that
(o) + N

X(02) = (e~ DA(p) — A
On the other hand, as x is the only non-linear character of S, x(cs) is integral.
Thus, as (n; — 1)A\(os) is integral,

niA(os) + ns
k-1

must be integral. Now the claim follows from Lemma 2.2.7. O

We now add two consequences of Lemma 2.2.5.
Corollary 2.3.2 Assume that 1 < ass. Then ny + 1 < ng.

Proof. From Lemma 2.2.5 we obtain that
ne[(ne — 1) (ng + 1)ng + (agss + 1)%n4]
divides (n; — azss)?n2. Since st # {s}, ny # auss; cf. [11; Lemma 1.1.3(iii)]. Thus,
ne(ng — ) (ng + Dng < (ng — atSS)Qni.
Since we are assuming 1 < asss, this implies ny + 1 < ng. O
We do not know examples in which n; does not divide n,. However, we cannot prove

this statement. In the remainder of this section, we provide sufficient conditions
for n; to divide ns.

Corollary 2.3.3 Let p be a prime number, and let a be the multiplicity of p in ng.
Then the following hold.

(i) Assume that p does not divide ayss. Then p® divides n.
(ii)) Ifa=1, p divides ns.
Proof. (i) From [11; Lemma 1.1.3(ii)] we know that asssny = agssns. The claim is
an immediate consequence of this equation.
(ii) Assume that o = 1. Then p? does not divide n;. However, by Lemma 2.2.5,
ne[(ne — 1) (ng + 1)ng + (agss + 1)%n4]

is a square. Thus, p must divide (n; — 1)(ns + 1)ns + (asss + 1)?ny. Thus, as p
divides (asss + 1)%ns, p must divide (ny — 1)(ns + 1)ng. Thus, as p does not divide
(ng — 1)(ny + 1), p must divide ns. O

Corollary 2.3.4 Assume that (atss,nt) = 1. Then ny divides n.
Proof. This follows immediately from Corollary 2.3.3(i). O
Lemma 2.3.5 Assume that a;ss is square-free. Then n; divides ng.

Proof. Let p be a prime divisor of asss, let @ be the multiplicity of p in n;, and let
{3 be the multiplicity of p in ng. By [11; Lemma 1.1.3(ii)],

AsstTt = AtssTls-
Thus, as a;ss is assumed to be square-free o < § + 1.
Assume that « = 8+ 1. Then the multiplicity of p in
ne[(ne — 1) (ne + g + (p + 1)*n4]
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is 2 — 1. On the other hand, by Lemma 2.2.5, this multiplicity must be even,
contradiction.

Thus, a < 8. Since p has been chosen arbitrarily among the prime divisors of ayss,
we now obtain from Lemma 2.3.3(i) that n; divides n,. O

Before we state (and prove) the final result of this section, we recall that the main
hypothesis there, namely that 2a;ss = n; —1, is equivalent to a;ss = a4;;; cf. Lemma
2.1.3(vi). By Lemma 2.1.3(vii), (viii) it is also equivalent to ng = n,, = N, = n;.

Lemma 2.3.6 Assume that 2a;ss = ny — 1. Then the following hold.
(i) We have (ass +1,m4) = 1.
(ii

)

) The integer ny divides n.

(iil) The integer arss + 2 is a multiple of 4.
)

(iv) We have 49
a 88
s = (arss + 1) (2apss + 1)~ T

(v) There exists a positive odd integer u such that aiss = 2u, ny = 4u + 1,
1
ng = §(u +1)(2u+1)(4u + 1),
and assy = u(u+1)(2u+1).

Proof. (i) Let z be an integer dividing a;ss + 1. Then z divides 2as55 + 2 = ng + 1.
Thus, if z divides ny, z € {—1,1}.

(ii) Our assumption 2a;ss = ny — 1 forces (a¢ss,nt) = 1. Thus, the claim follows
from Corollary 2.3.4.

(iii), (iv) Set a := atss. Then, by Lemma 2.1.3(ii), a + 1 divides ns. Moreover, by
(ii), ny divides ns. On the other hand, by (i), a + 1 and n; are coprime. Thus,
(a + 1)n; divides ns. Thus, there exists a positive integer d such that

(a+ 1)ngd = ns.

From Lemma 2.2.5 we know that

)\(O’ )2 _ (nt B a)2ng
s ne[(ng — 1)(ne + Dng + (a + 1)%n]
B (a+1)4n2d> _ (a+1)2a?

n¢lda(a + 1)2n,d + (a +1)2n;]  dad + 1

Thus, as A\(o,)? is integral, 4ad + 1 divides (a + 1)2d%. Thus, as 4ad + 1 and d are
coprime, 4ad + 1 divides (a + 1)2. Thus, there exists a positive integer e such that

(4ad + 1)e = (a + 1)
It follows that a divides e — 1.

Assume that e # 1. Then there exists a positive integer g such that ag = e — 1.
Thus, ag + 1 = e. Thus,

(4ad +1)(ag + 1) = (a + 1)%,
contradiction. Thus, e = 1, and that means that

4ad +1 = (a +1)%
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Thus, 4ad = a? + 2a, so that 4d = a + 2. This proves (iii), and the equation in (iv)
follows from ng = (a + 1)n.d.

(v) From (iii) we obtain a positive odd integer u such that a;ss = 2u. The other

three equations now follow from 2a;ss = n; — 1, from (iv), and from [11; Lemma
1.1.3(ii)]. O

2.4 SOME SPECIAL CASES

In this section, the letters ¢, s, m, j, and A will have the same meaning as in the
previous section.

Theorem 2.4.1 Ifn; =1, S is a semidirect product with complement T'.

Proof. Assume that n; = 1. Then, by Lemma 2.1.3(vii), a;ss = 0 and n, = ns.

Since ayss = 0, we obtain from Lemma 2.1.3(viii) that n; = n, and from Lemma
2.2.5 that A(os)? = n2.

Assume that A(os) = ns. Then, by Lemma 2.2.4, ker(\) = {1,s,5}. Now recall
from Lemma 1.2.8 that ker(A) is closed. Thus, by Theorem 2.1.1, ker()\) is normal
in S. It follows that S is a semidirect product with kernel ker(\) and complement
T.

If A(os) = —ns, ker(A) = {1, m,m*}. Again, by Theorem 2.1.1, ker(\) is normal in
S, and S is a semidirect product with kernel ker(A) and complement T O

Theorem 2.4.2 Assume that s is an involution. Then S is a Cozeter scheme
(with respect to {s,t}.)

Proof. From Lemma 2.1.2 we know that T's = {s,m}. Thus, m € ts and m* ¢ ts.
(Similarly, m* € st and m ¢ st.) Thus, st # ts.

From Lemma 2.1.2 we also obtain that (¢, s) = S. Thus, by [9; Theorem 3.3], S is
a Coxeter scheme with respect to {¢, s}. O

Theorem 2.4.3 If a;ss = 0, S is a semidirect product with complement T or a
Cozeter scheme (with respect to {s,t}.)

Proof. Assume that asss = 0 and set ¢ := —\(0s). Then, by Lemma 2.2.5,

2

2 N

C = 42 .
nyns — Ng + Ny
It follows that
ne(nins + 1)c? = ng(ngng + ).
Thus, nyns + 1 divides nyng 4+ ¢2. Thus, there exist a positive integer d with
(nins + 1)d = nyng + 2.
Thus,
nins(d—1) = c* —d.

Assume first that 2 < d. Then nsns; < ¢ — 1. Thus,

ninsc® < ng(ngns + l)c2 = ng(nins + 02) < ns(202 -1)= 2nsc? — ng.

This forces n; = 1. Thus, by Theorem 2.4.1, S is a semidirect product with
complement T'.
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Assume now that d = 1. Then, as nsns(d—1) = ¢ —d, we must have ¢> = 1. Thus,
as n¢(ngns + 1) = ng(nyng + c?),

Ny = Ng.

Now recall from [11; Lemma 1.1.3(iv)] that

2 _
Ng ="MnNs + AsstNt + QsssMs + QssmMm + Gssm*Nm> + AssjTj.

Note also that, as a;ss = 0, asst = 0; cf. [11; Lemma 1.1.3(ii)]. Moreover, from
atss = 0, ny = ng, and Lemma 2.1.3(vii) one obtains n,, = n2. Thus, s, = 0.
Similarly one obtains assm~ = 0 and ags; = 0. It follows that

2
Ng = Ns + AsssNs = (1 + asss)ns~

Thus, 1 4+ asss = ns, and that means that s is an involution. Now Theorem 2.4.2

forces S to be a Coxeter scheme with respect to {s,t}. O

Theorem 2.4.4 Assume that a;ss = 1. Then S is a Coxeter scheme with respect
to {t,j} and has valency 21.

Proof. Assuming a;ss = 1 we obtain from Lemma 2.1.3(vii) that n; # 1. Thus, by
Lemma 2.3.1,

(ne — 1)(ne + )ns + 4ny
divides 16n;(n; — 1)2.
From atss = 1 we also obtain agsin: = ng; cf. [11; Lemma 1.1.3(ii)]. Thus,
(ng — 1)(ng + 1)asst +4
divides 16(n; — 1)2. Thus, there exists a positive integer d such that
[(ns — 1)(n¢ + Dags +4]d = 16(ny — 1)
It follows that asgd < 15.

Assume first that n; is odd. (This will lead to a contradiction.) Then (n;—1)(n;+1)
is a multiple of 8. Thus, (n; — 1)(nt + 1)asst + 4 is not divisible by 8. Thus, by the
last equation, d is a multiple of 4.

On the other hand, as atss = 1, asst must be even; cf. Lemma 2.1.3(1). Thus, as
asstd < 15, agey = 2 and d = 4. Tt follows that n? + 1 = 2(n; — 1)?, contradiction.

Thus, n; is even. If azs is not divisible by 4, d must be divisible by 8, contradiction.
Thus, ass is a multiple of 4. Thus, there exists a positive integer e such that
asst = 4e. From this we obtain de < 3 and

[(ne — 1)(ng + e+ 1]d = 4(n; — 1)2

Thus, ny — 1 divides d. If d = 3, e = 1 and ny = 4. Thus, 3n? = 4(n; — 1),
contradiction. Thus, d < 2. Thus, as n; is even, n; = 2.

From n, = 2 and a;ss = 1 we obtain a;;; = 0; cf. Lemma 2.1.3(vi). Thus, by
Theorem 2.4.3, S is a Coxeter scheme with respect to {¢, j}. O

2.5 THE REPRESENTATION OF DEGREE 2

In this section, the letters ¢, s, m, j, k, A, and x will have the same meaning as in
Section 2.3. In addition, we define ® to be the representation which affords y.
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Proposition 2.5.1 Set a := a5,

(n? — Dng +ny(a+1)2
T ’

b= \/(nt +Dns+(a+1)2, and q:= \/

Then ® admits a basis with respect to which

@(UI)ZG) ?) and @(Ut)=<%t _01>

(o) = — <_(“+1)2 (a+1)p )

(ng —a)p =£(ny —a)g

() = — <—<m—a)(a+1> (nt—a)p),

—(ng —a)p F(n — a)q

(o) 1 —(ng—a)la+1) —(a+1)p
Om+) = ni—a)2 ,
ny +1 % F(ne —a)gq
boy = L (0 (-
P+ 1 —% +(ny —a)q)

Proof. From Lemma 2.2.1 we know that x|r = 1r + 7. Thus, we may assume that

n 0
@(O’t) = <0t _1> .
(I)(O'S) — S11 512 ; q)(O'm) _ mii mi2 , q)(O'j) — .].11 .7.12 )
$21 822 m21 M22 J21  J22

®(o,05) = (™ 0 sit s12) _ (mesi sz
® 0 —1) \s21 s22 —521  —522
Now recall from Lemma 2.1.3(iii) that 0,05 = aos + (a + 1)oy,. Thus,
d(0y0,) = a <811 812) +(a+1) (mn m12> '

S21 S22 Mo  M22
It follows that

ny—a ny—a
B(oy,) = (¥ Tak1%12)
—S21 —S522
Similarly, as os0; = aos + (a + 1)ops,

ng—a _
o( ) = at1 o1l 512
Om=*) = ne—ag —3 .
atl 521 22

Thus,
(ne—a)ny _
B(010me) = a S11 —siz |
a1 521 522
Recall also that, by Lemma 2.1.3(v), 040+ = a0~ + (a + 1)oj. Thus,

ne—a

B(010me) = a (,gjlf” 512) +(at1) (7“ J”) .

T S21 —S22 Jo1  Jo2
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(ntfa)‘z ni—a
B(o,) = ( st R ) |

ng—a
a1 521 S22

So we have

Since ®(01) + @(0y) + ®(05) + P(om) + ®(04+) + P(0;) = 0, we now have

(a+1)°
§11 = ———.
11 et 1
We set
— ne —a
I a+1"

Applying the Schur relations [11; Theorem 9.2.4(ii)] for association schemes to the
(1,2)-entries of the 2-dimensional representation of S we then obtain

i(812821 +f2812821 sigs21 | f? Sizda1y _ 1
ns Mg Ins Ins f?ns kfl

cf. Lemma 2.2.2. Thus, referring to Lemma 2.1.4 we obtain from ng = (n; + 1)k
that

S12821 = —(nt + Dkjns
(f+1D2k-1)

(ng + 1)k(ng — a)ns(a + 1)2

(a+1)(ne +1)2(k—1)
k(ny —a)ns(a+1)

(ne+1)(k—1)
k(ng —a)(a+1)3

(ne +1)2
(ne — a)(a+ D[(n + Dng + (a+1)?]
(ne +1) .

Now we apply the Schur relations [11; Theorem 9.2.4(ii)] for association schemes
to the (2, 2)-entries of the 2-dimensional representation of S. Then we obtain

1 1 52 252 52 1
(14 = 22 22 22\ _ .
ns( +nt+ns+fns+f2ns) k—1

Thus,

”t+1_|_(f+1) 3, _ ns
Ny f2ng T k=1
Thus, as ng = (ng + 1)k,
(f+1)2%s3,  (ne+Dk  ng+1  (kng—k+1)(n, + 1)

f2ng k—1 ne (k—1)ns
Thus, referring to Lemma 2.1.4, we obtain
2, = (kng — k +1)(ng + 1) f2n,
(k= Dng(f + 1)
~ (kny —k+1)(ny — a)?ng
a (k= ny(ne + 1)
(kng —k+1)(ny —a)?(a+1)?

nt(nt —|— 1)2
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(ne —a)®
(ne — a)2 2
m[nt(nt —+ 1)ns —+ nt(a + 1) — (nt —+ 1)715}
t(1
(ne —a)®
= m[(nf — Dng +ne(a+1)2).
Thus,
g L a (n? — D)ng +ng(a+1)2
= ne + 1 Tt ’
and that finishes the proof. O

Theoretically, Proposition 2.5.1 allows us to compute all intersection numbers of S.
However, we shall not do that here. Instead, we focus on the specific case which
we started considering in Lemma 2.3.6.

Corollary 2.5.2 Set a := a5 and

pi= 1/a2+§a+2.
2
Assume that 2a = ny — 1. Then ® admits a basis with respect to which
(10 _(2a+1 O
(o) = (0 1) o o) = ( 0 —1) ’

<I><os)=a;1<_pl i(ap+l)>’ “I)(”m):agl(:; ﬂF(ap“))’

D(0p-) = “;1 (_pl ¢(a_i 1)), (o) = GTH <:11, i(a_i 1))'

Proof. Considering Lemma 2.3.6(v) this follows easily from Proposition 2.5.1. O

Corollary 2.5.3 Assume that 2a;5s = ng — 1. Then there exists a positive integer
v such that ny = 16v + 5, ng = (20 4+ 1)(8v + 3)(16v + 5), atss = 2(dv + 1),

Asst = 2(2U + 1)(47] + 1)(SU + 3); Qsss = 2(2U + 1)(16U2 + 3v — 1),
and

Assm = (40 4+ 1)(160% + 190 +5),  ass; = 2(20 + 1)(16v% + 11v + 2).

Proof. From Lemma 2.3.6(iii) we know that asss + 2 is a multiple of 4. Thus, there
exists a positive odd integer u such that

Apss = 2U.

From Corollary 2.5.2 we now obtain (after a longer computation)

1 1
Qgss = Z(U + 1)(4u2 —5u—3), assm = Zu(4u2 + 1lu+5),
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and
1
Ussj = i(u +1)(4u® +3u +1).

Thus, as assm, is integral, 11u + 5 must be a multiple of 4. Thus, u =1 (4). Thus,
there exists a positive integer v such that

u=4v+ 1.
Thus, as a;ss = 2u,
Qtss — 2(41} + 1)

From n; = 2a4s5 + 1 and azss = 2(4v + 1) we obtain ny = 16v + 5.
The value for n, follows from Lemma 2.3.6(iv) together with a;ss = 2(4v + 1).

The value for a4 follows from the values of n; and ng together with a;ss = 2(4v+1);
cf. [11; Lemma 1.1.3(ii)].

The values for agss, Gssm, and ass; follow from v = 4v 4+ 1 together with the
above-mentioned values for these three structure constants. [l

Corollary 2.5.4 Assume that 2a;5s = ny — 1. Then ng is odd.
Proof. This follows from Corollary 2.5.3. ]

We now list the parameters of the first three cases for 2a;55s = 1y — 1.

’ ns ‘ it ‘ Ns ‘ Atss ‘ Qsst ‘ Qsss ‘ Assm ‘ Qssj H v ‘ k ‘ A ‘ r ‘ b ‘
66 | 5 15 2 6| —2 ) 41 6| 3| 2 5| 10
2794 | 21 | 693 10| 330 | 108 | 200 | 174 || 22 | 11|30 | 63| 126
182001 | 37 | 3515 | 18 | 1710 | 690 | 963 | 880 || 38 | 19 | 90 | 185 | 370

(In this table, as an exception, the letter A does, of course, not stand for the linear
character of S. It has the meaning which it usually has in the theory of block
designs.)

In the first case (where v = 0 in the notation of Corollary 2.5.3), we obtain asss =
—2. Thus, there is no scheme with the parameter set of the first row.

Let us compute the character table of S in the second case. From Corollary 2.5.2
we obtain

—u 197 i 127
®(0;) = (11 2 2 1 ) or ®(o;) = <11 527 2_& > :
2 2

Thus, the characteristic polynomial of ®(oy) is

4
2% — 551 — % or z?+ 662 — 3509.

It follows that (in the notation of Proposition 2.5.1) sp2 = —12L. Thus,

‘ 1 t s m m* J ‘ multiplicity
1|1 21 693 693 693 693 1
Al -1 3 -3 -3 3 2541
X2 20 —66 55 55 —66 126
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is the character table of S in this case. (From Lemma 2.2.5 we obtain A\(04)% =9.)
However, we do not know if a scheme with the parameters in the second row exists
at all.

We conclude this section by showing that up to n; = 7 there is only one parameter
set which is still open.

Theorem 2.5.5 Assume that ny < 7, that S is not a semidirect product with
complement T and not a Coxeter scheme. Then ng = 301, ny = 6, ass = 2,
ng = 54, ny, = 72, and n; = 96.

Proof. From Lemma 2.1.3(vi) we know that a;ss + ar;; = ny — 1. Without loss
of generality, we may assume that a;ss < at;;. From Theorem 2.4.3 and Theorem
2.4.4 we also obtain that 2 < a;ss. It follows that

1
2 S Atss S i(nt - 1)

In particular, 5 < ny.

Assume that n; = 5. Then, by the above inequality, a;ss = 2. Thus, by Corollary
2.5.3, asss = —2, contradiction.

Assume that n;, = 6. Then, by the above inequality, a;ss = 2. Thus, by Lemma
2.1.4, ng is a multiple of 9. Thus, there exists a positive integer d such that ny = 9d.
Thus, by Lemma 2.3.1, 35-9d 4+ 9-6 divides 6-16-81. Thus, 35d 4 6 divides 32-27.
Thus, d = 6. Thus, ny = 54. Thus, by Lemma 2.1.3(vii), n,, = 72 and, by Lemma
2.1.3(viii), n; = 96.

Assume that n; = 7. Then, by Corollary 2.5.3, asss # 3. Thus, by the above
inequality, a;ss = 2. Thus, by Lemma 2.1.4, 9 divides ng. Thus, there exists a
positive integer e such that ng = 9e. Thus, by Lemma 2.3.1, 48-9¢ + 9-7 divides
7-25-81. Thus, 48e 4 7 divides 7-25, contradiction. O

Let us compute the character table of S in the exceptional case arising in Theorem
2.5.5. From Proposition 2.5.1 we obtain

_9 9v/43 ) 9v/43
7 7 7 7
Thus, the characteristic polynomial of ®(oy) is
81 3996
2 — 9z — 108 or xz—i—?x—ﬂ.
It follows that (in the notation of Proposition 2.5.1) s99 = 7—72 Thus, one obtains
that

‘ 1 t s m m* J ‘ multiplicity
g |1 6 b4 72 72 96 1
Al -1 =2 2 2 =2 216
xX|2 5 9 —-12 -12 8 42

is the character table of S.

We conclude this section with a list of triples (n, ns, aiss) of positive integers which
satisfy all of our conditions. We also include the parameters of the 2-design which
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we introduced right after Corollary 1.3.6. (Again, the meaning of A in this list does
not stand for the linear character of S.)

[ nsfm] no| mo] njfaws | v[k] A] r] O]
301| 6 54 72 96 20 713 6| 18 42
1221 | 10 | 250 300 360 4111|1520 | 50| 110
2041 | 12 | 192 432 972 3131412 48| 156
3165 | 14 | 686 784 896 6| 15| 7|42 | 98| 210
6517 | 18 | 1458 | 1620 1800 8191972162 | 342
8841 | 20 | 500 | 1600 5120 4121|520 100 | 420
10186 | 21 | 1029 | 2205 4725 622 |7|42|147 | 462
28861 | 30 | 1080 | 4500 | 18750 5131 |16|30|180| 930
77701 | 42 | 2058 | 10584 | 54432 6 || 43| 7|42 | 294 | 1806

182001 | 56 | 3584 | 21952 | 134456 71 57| 8|56 | 448 | 3192

For each of the parameter sets arising in the above table, there exists a design. Also
the corresponding integral table algebras exist.

3. NORMAL CLOSED SUBSETS

In this chapter, we investigate non-commutative association schemes of order 6
which have a normal closed subset different from {1} and from S. In order to do
so we fix such a scheme and call it S.

3.1 GENERAL REMARKS

In this section, the letter U stands for a normal closed subset of S different from
{1} and from S.

Lemma 3.1.1 We have |S//U| = 2.
Proof. Since U # {1}, |S//U| < 5. Thus, by [6; (4.1)], S//U is commutative. Thus,

all irreducible characters of S//U are linear.
On the other hand, by [3; Theorem 3.4], Irr(S//U) C Irr(S). Thus, as S has only
two linear characters, |S//U| < 2. Thus, as U # S, |S//U| = 2. O
We define

l:=mnsyy.

The following lemma will be needed in Corollary 3.3.4 and in Corollary 3.4.6.

Lemma 3.1.2 Let s be an element in S\ U. Then the following hold.

(i) We have nuo =1— 1.

(ii)  The positive integer | — 1 divides n.
Proof. (i) Since s € S\ U, S = U UUsU; cf. Lemma 3.1.1. Thus, by [11; Lemma
2.1.3], nysy = ny(l — 1). Thus, by [11; Theorem 4.1.3(iii)], n,o =1 — 1.

(ii) Since U is normal in S, ng divides ng; cf. [11; Lemma 4.3.1(ii)]. Thus, the
claim follows from (i). O
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Since S is assumed to be a non-commutative association scheme of order 6, S
has exactly three irreducible characters, two linear characters (one of them being
the principal character of S) and one irreducible character of degree 2; cf. [11;
Corollary 8.6.5]. As before the principal character of S will be denoted by 1g, the
non-principal linear character by A, and the character of degree 2 by x. Thus, as
before, Irr(S) = {1g, A, x}-

Lemma 3.1.3 We have 17, = 15 + A.
Proof. From Corollary 1.2.3(i) we know that
(1s,17)s = 1.

Since U # {1}, |S//U| < 5. Thus, by [6; (4.1)], S//U is commutative. Thus, as U #
S, S//U has a non-principal linear character. By [3; Theorem 3.4], this irreducible
character must be A and we must have U C ker(A). Thus, (1, A|ly)v = 1. Thus,
by Lemma 1.2.1,

\12)s = 1.
Since x(1) = 2, (1v, x|v)v < 2.
If 1y, xlv)v =2, (x,18)s = 2; cf. Lemma 1.2.1. Thus, 15, = 1g + A + 2. Thus,
Irr(U) = {1y}, contrary to U # S.

If (1, xlv)v =1, (x,15)s = 1; cf. Lemma 1.2.1. Thus, 13 = 15 + A+ x. Thus, U
possesses an irreducible character v such that v° = x, contrary to Corollary 1.2.5.

Thus, (x,17)s = 0, and that means that 17 = 1g + A. O
Theorem 3.1.4 The following holds.
(i) We have |U| =2 or |U| = 3.
(ii) Assume that |U| = 2. Then U possesses a linear character v with Irr(U) =
{1y, v} and v° = 2.
(iil) Assume that |U| = 3. Then U possesses linear characters v1 and ve with
Irr(U) = {1y, v1,v2}, vf =X, and v5 = x.

Proof. Considering Lemma 3.1.3 this follows from Irr(S) = {1g, A, x}. O
Lemma 3.1.5 We have

1
mx=1—1 and mxzi(ns—l).

Proof. From Lemma 3.1.3 we know that 15, = 1g + A, from [11; Lemma 9.1.8(ii)]
that m;, = 1. Thus, by Lemma 1.2.2,

nsyu = NguMiy =mys =mig +my = 1+ my,
and this equation is equivalent to the first of the desired equations.
From my =1 — 1 we obtain
ng =1+my+2m, =1+1—1+2m,,
and this equation is equivalent to the second of the desired equations. O

Lemma 3.1.6 We have
Mos) = —

-1
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for each element s in S\ U.

Proof. We have A(o,v) = —1. Thus, by [3; Theorem 3.4] and Lemma 3.1.2(i),

Ns Ns
)\ s) = )\ s = — .
(o) NgU (o50) -1
This finishes the proof of the lemma. (I

Theorem 3.1.7 Assume that S possesses a non-normal closed subset T'. Then S
is a semidirect product with kernel U and complement T'.

Proof. From Theorem 2.1.1 we know that |T'| = 2. Let t be the element in T\ {1}.
Then, by Lemma 2.2.4(i), A(o:) = —1 and, by Lemma 3.1.6,

Ny
)\ = -
() nsyu — 1

It follows that n; = ng/y — 1. Thus,
nr =ngyy and ny =ng,r-
From Lemma 2.2.2 we know that my = ng/r(nr —2) + 1, from Lemma 3.1.5 that
mx =ngyy — 1. Thus,
nS//T(nT —-2) = nsyu — 2.
Thus, as ny = ngyy and ny = ngyr,
ny(np —2) =np — 2.
Thus, as ny # 1, np = 2. This means that ¢ is thin, so that the claim follows from
Theorem 2.4.1. (]
Note that |U| = 3 if S is a semidirect product with kernel U.

For the remainder of this section, we assume that |U| = 3. Thus, U \ {1} possesses
elements u; and us such that

U= {1, Uy, UQ}.

From |U| = 3 we obtain |Irr(U)| = 3. The two elements in Irr(U) \ {1y} will be
denoted by vy and vs.
Lemma 3.1.8 The following hold.

(i)  We have my,, = my,.

(il) We have Ny, = Ny, .

(iii)  The valencies n,, and n,, are even.
Proof. (i) From Lemma 1.2.2 together with Theorem 3.1.4(iii) we obtain

ns//Umvl = mvf =my = mvés' = nS//Um’u2~
This proves (i).
(ii) Considering [2; Corollary 2] this follows from (i).
(iii) This follows from [11; Lemma 1.2.1]. O
We set
= Ny, .

Then, by Lemma 3.1.8(ii), n = n,,. Moreover, by Lemma 3.1.8(iii), n is even.
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Define

w:=vV2n+1, 0 := %(w —1), and 6:= —%(w—l— 1).

Then we can establish the character table of U.
Lemma 3.1.9 Let vy, ve be the elements in Irr(U) \ {1y }. Then

‘ 1 Uy U ‘
1U 1 n n|l1
U1 1 91 92 n
(%) 1 02 91 n
is the character table of U.
Proof. This is obvious. O

3.2 BASIC EQUATIONS

In this short section, we establish several equations which we shall need in Section
3.3 and Section 3.4.

Let w be a real number, and define
1 1
01 := g(w—l) and 6 := —§(w+1).

Then we have 61 + 605 = —1 and 67 — 65 = w.
Lemma 3.2.1 The following hold.

(i) We have 03 + 63 = L(w? +1).

(ii) We have 62 — 603 = —w.
Proof. (i) We have

1 1
0? +02 = Z(w— 1)% 4 Z(erl)2

1 1
= Z(w2—2w+1+w2+2w+1):§(w2+1).

(ii) We have

1 1
07— 05 = Z(W 1) - i(w—i— 1)?
1
= Z(w2—2w+l—w2—2w—l) = —w.
This finishes the proof of the lemma. O

Let p and o be real numbers, let § and € be elements in {—1,1}, and define

1 1
myg = 5/1(50 +ew) and mop = 5/1(50 — ew).

The following lemma will be needed in Lemma 3.4.5 and in Lemma 3.4.8.

Lemma 3.2.2 The following hold.
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(i) We have )
(mi2 + mo1)(m1201 — ma1bs) = §u2(02 — deo)w.

(ii) We have .
(m12 —+ mgl)(mglﬁl — m1292) = §[L2(0'2 4+ 550’)&).

(iii) We have )
m2,05 — mi,0) = ZM2(_02 + 20e0 — w?)w.

(iv) We have
2 2 L o o 2
misfs — m5,01 = ¢ (0 + 20e0 + w*)w.

Proof. (i) We have
mif = i/z(éa +ew)(w—-1) = iu(éaw — 00 + ew?® — ew)
and ) )
mo10 = —Zu(&f —ew)(w+1) = ZH(*&TW — 00 + ew’ 4 ew).
Thus,
mi261 — ma1ly = %u(da —&)w.
Thus, the claim follows from mio + mo; = pdo.
(ii) We have
ma10) = iu(éa —ew)(w—1)= iu(&ow — 60 — ew® + ew)
and ) )
mials = —Z,u(&r tew)(w+1) = Z,u(—dcrw — 60 — ew? — ew).
Thus,
mo161 — migby = %u(&r +&)w.
Again, the claim follows from mqo + mo; = pdo.
(iii) We have
ma, 0o = —éﬂ2(02—2550w+w2)(w+1) = %,u2(—02w—02+2550w2+2550w—w3—w2)
and

1 1
miyf = §u2 (02 +20cow+w?)(w—1) = g/iz (02w —0?+26c0w?® — 200w +w? —w?).
Thus,
1
m3,0y —min0) = E,uQ(—UQ + 20e0 — w?)w,
and this finishes the proof.
(iv) We have

1 1
miylho = —§p2(02+2550w+w2)(w+1) = g,u2(—Jwaaz72550(.0272550(,0—(4137(.02)
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and

1 1
m3,0; = §u2(02—25eaw+w2)(w—1) = §u2(02w—02—2560w2+2660w+w3—w2).

Thus,
1
m2,0; —m3,0; = —ZuZ(az + 26e0 + w?)w,

and this finishes the proof. O

3.3 SYMMETRIC NORMAL CLOSED SUBSETS WITH THREE ELEMENTS I

In this section, the letters U, I, A\, x, w, 61, and 65 have the same meaning as in
Section 3.1. Additionally, we assume U to be symmetric and to have three elements.

Since |U| = 3, U possesses non-principal linear characters v; and v such that

Irr(U) = {1U7U17U2}7 Uls =X, and ’(}‘29 =X;

cf. Theorem 3.1.4(iii). The two elements in U \ {1} will be denoted by u; and us,
so that
U = {1, Ul,ug}.

Recall that u; and us have the same valency. As before, we denote this valency by
n.

We assume that S is not commutative and that U is symmetric and contains three
elements. Thus, by [11; Lemma 1.2.5], S possesses elements s and m such that

S\U = {s,m,m"}.
Recall that
l:= ns/u-
Now we are ready to give the character table of S.

Lemma 3.3.1 The table

‘1 UL Uz s m m*‘
1g | 1 n n Ng Nom, N, 1
ML onoon oy —fm —pm -
x|2 -1 -1 0 0 0 nl

is the character table of S.

Proof. The values for A follow from Lemma 3.1.6. The multiplicity of x is obtained

from the second equation of Lemma 3.1.5. ([
Recall that w := v/2n + 1, and set
Nim Ng
= _— o .=
s n’ -1

Then we have the following.

Lemma 3.3.2 Fiz elements 0 and € in {—1,1}, and define

1 1
Mg = 5#(50 +ew) and moy = §u(§a — ew).
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Then )
9 Ts T n.,
= d - —.
(M2 +ma1) n(l—1) and  M12M21 2 — 1)
Proof. We have nen
2 2 si'm
(mi2 +ma1)” = (no)” = =5
Since (2n + 1)(I — 1) = ns + 2n,y,, we have
n,
MmizMa1 = 47: (00 + ew) (00 — ew)
3
N, Mg
= m —(2n+1
=1~ 2n+1)]
_ nﬂ( Ng _ns—|—2nm>__ n%z
 dn i1 -1 7 2n(l—1)

This finishes the proof.

Recall that

1 1
6, := §(w —1) and 6;:= —§(w+ 1).

31

In the following, we denote by ® the representation of .S affording x. Thus, ® is a

surjective ring homomorphism from CS to Matsy2(C).

Lemma 3.3.3 There exist elements 0 and € in {—1,1} such that, for

1 1
Mg := iu(éa +ew) and moy = §,u(§a — ew),

the map ® admits a basis with respect to which

6, O 2 0
D(oy,) = (01 92> and  P(oy,) = <02 01>,

B(0.) = (_( 0 —(m12 +m21)) 7

M1z + Ma1) 0

0 m 0 m
(I)(O'm) = <m21 012) , (I)(o'm*) = <m12 021) .

Proof. From Theorem 3.1.4(iii) we obtain that x|y = v; + ve. Thus, we may

assume that

@(UU1)<601 902> and @(au2)<902 9%)

We also may assume that there exists real numbers mi1, mi2, ma1, and moy such

that
Do) = (mn m12> and P(o,-) = (mu m21> .
m21 M22 mi2 M22
Then, as 6, + 65 = —1,

o= (L2 ),

miz + Moa1) —2maa
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Recall from Lemma 3.3.1 that m,, = nl. Thus,

ns _ (2n+1)l _ 2n+1

My My n

Applying the Schur relations [11; Theorem 9.2.4(ii)] for association schemes to the
(1,1)-entries of the 2-dimensional representation of S we now obtain

m?,  mi _ 2n+1 4 2

+ +mi (= + )

s Nm N, Ng Nom,
cf. Lemma 3.2.1(i). It follows that mi; = 0. Thus, by Lemma 3.3.1, may = 0.

Now we apply [11; Theorem 9.2.4(ii)] to the (1,2)-entries of the 2-dimensional
representation of S. Then we obtain
2Zn+1 1 9 1 9 9
o (mi2 +ma1)” + o (miy + may).
Applying [11; Theorem 9.2.4(ii)] to the (1, 2)-entries and to the (2, 1)-entries of the
2-dimensional representation of S we obtain

2
—(mlg =+ m21)2 + —myoma; = 0.
Ng N

Adding these two equations one obtains
2n+1)ngnm Ny,
n(ns +2n,) n(l—1)

(mi2 + 77“021)2 =

Now, by the last two equations,

2
m,

2n(l—1)

Thus, the claim follows from Lemma 3.3.2. ([

mi2ma1 = —

From Lemma 3.1.2(ii) we know that [ — 1 divides ny and n,,. Here is more.
Corollary 3.3.4 The integer 2n(l — 1) divides n?, and n(l — 1) divides ngny, .

Proof. From Lemma 3.3.2 and Lemma 3.3.3 one obtains that the determinant of
®(0y,) is

n2

—Mmig2Mmo1 = Wnil)

and that the determinant of ®(oy) is

- 2 Mshm
(m12 +ma1)” = =1

Since both of these numbers are algebraic integers. This proves the lemma. O
The following lemma is the key to the computation of the structure constants of .S.
Lemma 3.3.5 The kernel of ® is spanned by o1 + 0y, + 0u, and s+ oy + o=

Proof. Recall that 6, + 05 = —1, we obtain from Lemma 3.3.3 that o1 + 0y, + 0,
is in the kernel of ®. From Lemma 3.3.3 we also obtain that o5 + o,, + 0~ is in
the kernel of ®.
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On the other hand, the domain of the surjective ring homomorphism ® has dimen-
sion 6 and the codomain of ® has dimension 4. Thus, the kernel of ® has dimension
2. O

3.4 SYMMETRIC NORMAL CLOSED SUBSETS WITH THREE ELEMENTS 11

In this section, the letters U, I, ui, us, s, m, n, w, 01, 02, and ® have the same
meaning as in the previous section. It is the purpose of this section to compute, for
each element r in S, the values

Assr, Ammr, Qm*m*r, Asmer, Q> srs Qmm*r
in terms of the valencies of S. Our main tool is Lemma 3.3.5.

Lemma 3.4.1 We have

NsTm,
Ossu; = Assug — s —
! 2 n(l—1)

and
nZ(l—2)
R (S VR TR Y

Proof. From Lemma 3.3.3 we obtain
®(03) = (maz +ma1)?®(01).
Thus, 02 — (m 12 +ma1 )%y is in the kernel of ®. Thus, by Lemma 3.3.5, there exist
integers a and 3 such that
02 = (Mg +ma1)?01 + a0y + 04, + 0uy) + B(0s + O + T ).

Thus, as ass1 = ns, we obtain from the first equation of Lemma 3.3.2 that
NsNim

a=n — (miz +ma)? =n, — n(l—1)

Now we apply 1s to 02 and obtain

n? =ng + (ng — %)Qn +B(1—-1)2n+1).
It follows that
ngns(l—1) — 2n+1)(I — 1) + 2ny,,)
g = 2
(l-1)22n+1)
 onsns(l = 1) = (ns + 2nm) + 20
B (1-1)2(2n+1)
)
(I—1)22n+1)
This finishes the proof of the lemma. O

The last equation of Lemma 3.4.1 implies that 2n + 1 divides I — 2 if ng =1 — 1.
Lemma 3.4.2 We have

nQ
Ammu, = Ommus = —n
2n(l —1)
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and
B T A ()

Proof. From Lemma 3.3.3 we obtain
‘1)(0'7271) = m12m21‘1)(01).

Thus, afn — miaMmoioq is in the kernel of ®. Thus, by Lemma 3.3.5, there exist
integers o and ( such that

Ufn = miaMmo101 + (01 + Oy, + Ouy) + B(0s + T + T+ ).

Thus, as amm1 = 0, « = —miamo;. Thus, by the first equation of Lemma 3.3.2,

2
Nm

T 2a(i—-1)

By applying 1s to 02,, we now obtain
2

ﬁf:Zﬁ%Tfn+ﬂU—D@n+U.

«

It follows that
n?n (l B 2)

p= (—12@2n+1)
and this finishes the proof. ([

Corollary 3.4.3 We have

n2

m
Am*m*u; = Om*m*uy — 2n(l 1)

and
n2 (1 —2)
Am*mx*s = Am*m*m = Om*m*m* = 77 1 5/a0 1% *
(= 12Cn+1)
Proof. Considering [11; Lemma 1.1.1(ii)] this follows from Lemma 3.4.2. O

The following lemma will be convenient in the proofs of Lemma 3.4.5 and Lemma
3.4.8. Recall that w is our abbreviation of v/2n + 1.

Lemma 3.4.4 We have

0204, — 0104, 1 0 0204, — 0104, 0 0
M2w1):Q 07am yzwl):G J,

Proof. From Lemma 3.2.1(ii) we know that 63 — 62 = w. Thus, by Lemma 3.3.3,

62 0 0r 0 0
O(O20y, —0104,) = 02 (()2 91) —t (Ol 92) N (Cg O) .

The second equation is proved similarly. ([

Lemma 3.4.5 We have

T, Mg T
smuy — 0 ) smug —
Gomur = 9, (727 08 [7=7) omue

Nm

ns 5e N
2n

-1 l—l)’

(

and
NN (I — 2)

Usms = Gsmm = Asmm* = m
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Proof. From Lemma 3.3.3 together with Lemma 3.4.4 we obtain

B(osom,) — ( mgl(m(l)g + ma1) _m12(m(1)2 N mgl))
. —ma1(miz + mai1) (020, — elaul)w* maz(maz +m21) (020w, — 010, ) )-
Thus,
OsOm — ma1(maz + m21) (010w, — 020u,) + maz(miz +ma1)(010u, — 020w,

w
is in the kernel of ®. Thus, by Lemma 3.3.5, there exist integers o and (3 such that
ma1(miz +ma1)(0104, — 0204,) +mia(mia +ma1) (010w, — 0204, )
w
+a(or + oy, +0u,) + B(0s + O + Oimr ).

Thus, as asm1 = 0, a = 0. Thus, by Lemma 3.2.2(ii),

O0sOm =

(miz +ma1)(ma1by —miaba)  ny N N

Gomur = w =5 o o =7

and, by Lemma 3.2.2(i),

_ (maz +mar)(mi2f — moiba)  nm, ns N
(omuz = w B

By applying 1g to 050, we obtain

N = 77“’11 +B(1—1)(2n+1).
This finishes the proof of the lemma. O
Recall that
N
-1

is an integer; cf. Lemma 3.1.2(ii). Here is more.

Corollary 3.4.6 The integer

S
w

is an odd square.

Proof. This follows from the first equation of Lemma 3.4.5 together with the fact

that ng + 2n, = 2n+ 1) —1). O
Corollary 3.4.7 We have
n n n n n n
*suy - - — ; m*suy — - -6 2 y
s = 9 (727 TOSNT2p) amesne = 5 (727 7057

and
NN (I — 2)
Umxss = Am*sm = Omxsm* = — 5 -
(—12@n+ 1)

Proof. Considering [11; Lemma 1.1.1(ii)] this follows from Lemma 3.4.5. O
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Lemma 3.4.8 We have

n n n
mm*u; — m*im = 2 1-—26 5 s
G = Pom = 0 (7 2001 =208y [r79)

N, Mg Ng
s = Ty — 2 2 +1+26 ,
a ,=n 4n(l—1+ n+ 14 20e l—l)

and
a =a =a = —n?n(l _ 2)
mm*s — Ymm*m — Umm*m* — (l — 1)2(27’L ¥ 1) .

Proof. From Lemma 3.3.3 together with Lemma 3.4.4 we obtain

@(amam*) _ (m%Q 02 ) — (I)(m%Q(GQUUQ — 010“1) + m§1(020u1 - alguz))'

O m21 w

Thus,

2 2 2 2
my, 02 — miyb: miplfs —m3, 0
OmOm* — w Uul - w Juz

is in the kernel of ®. Thus, by Lemma 3.3.5, there exist integers o and (3 such that

2 2 2 2

ms5,02 — mis61 miyfs — ms,01 B

OmOm* — Uul - Uz —
w w

a(o1 + 0y, +0uy) + 8(0s + 0m + Tmr).
Thus, as Gmm+1 = Nm, @ = Ny,. Thus, by Lemma 3.2.2(iii),

2 2
_ my B2 — misbh N Ms ns
amm*ulfnm‘i’ w —nm+4n[ l_1+256 7[_1 (2n+1)]
and, by Lemma 3.2.2(iv),
2 0 — 2 0

By applying 15 to 02,, we now obtain (in a longer computation) that
n2 (1 —2)
a * = — —

so that the lemma is proved. (Il

3.5 SYMMETRIC NORMAL CLOSED SUBSETS WITH THREE ELEMENTS III

In this section, the letters U, I, uy, us, s, m, and n have the same meaning as in
the previous section. It is the purpose of this section to compute, for each element
r in S, the values

Asm*r, Amsry Am*mr

in terms of the valencies of S. Our main tool is the following proposition.

Proposition 3.5.1 The ring CS possesses a ring automorphism « satisfying
a(ou,) = Ouyy,  Q(0uy) = 0wy, @(Om) =Om=, a(Om) =0m

and fizing o,.

Proof. Considering Lemma 3.3.3 we obtain that conjugation by
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o O =
O = O
_ o oo
_ o O

(e}
e}
(e}

is a ring automorphism of CS satisfying the required equations. (]

Corollary 3.5.2 We have

M Ms s | s M, s

N
T s L T

l—l)’

+ d¢

and
o ngng(l—2)

Gsm*s = Qsm*m — Qsm*m* = m

Proof. Considering Proposition 3.5.1 this follows from Lemma 3.4.5. O
Corollary 3.5.3 We have

nm nS nS nm nS ns
ms - -4 ) msuy — )
mows = 5 (777 O 7T7) Amewe = 5 (T 08 /7T

);

and
NN (L — 2)

Amss = Amsm = Amsm* = m
Proof. Considering Proposition 3.5.1 this follows from Corollary 3.4.7. O
Corollary 3.5.3 also follows from [11; Lemma 1.1.1(ii)] together with Corollary 3.5.2.
Corollary 3.5.4 We have

n n
m*mu; — Nm — = - 2 1 26 . ’
a L =n 4n(l_1+n++ € l—l)
n n n
m*mus — mfim g 2 1-26 & s
a , =N 4n(l—1+ n + € l—1)
and
n2 (1 —2)
Am*ms = Gmrmm = Qm*mm* = ————"——.
? (I-1)2(2n+1)
Proof. Considering Proposition 3.5.1 this follows from Lemma 3.4.8. O
Note that

P npng(l —2)
PT T (1-1)2(2n 4 1)
for any three elements p, ¢, and r in {s, m, m*}.

3.6 SYMMETRIC NORMAL CLOSED SUBSETS WITH THREE ELEMENTS IV
In this section, the letters U, I, ui, us, s, m, and n have the same meaning as in

the previous section. We shall compute the remaining set of structure constants of

S.
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Lemma 3.6.1 We have

Qs = Asuys = Augss — Asugs — 10— I—1

Proof. This follows from the first two equations of Lemma 3.4.1 together with [11;
Lemma 1.1.3(ii)] and [11; Lemma 1.1.1(ii)]. O

Lemma 3.6.2 We have

1, ng
Ay sm = Asuym* = Quosm* = Asuom = §(l 1 — d¢e 1 1)

1. n [ n
Ay sm* = Qsuym = Qugsm = Qsugm* = 5(1 _Sl + oe I _31)

Proof. The first four equations follow from the first equation of Corollary 3.5.3
together with [11; Lemma 1.1.3(ii)], [11; Lemma 1.1.1(ii)], and Proposition 3.5.1.
The second four equations follow similarly from the second equation of Corollary
3.5.3 together with [11; Lemma 1.1.3(ii)], [11; Lemma 1.1.1(ii)], and Proposition
3.5.1. O

and

Lemma 3.6.3 We have

a =a =a =a _nm(ns o ns)
uims — Um*urs — Qugm*s — Umuss — -
! ! 2 2 2ng 'l —1 [—1
and
Ny, N Ng
Quoms = Am*ugys = Auym*s = Qmuys = + de
2 2 2 = o U1 —1

Proof. The first four equations follow from the first equation of Corollary 3.5.2 to-
gether with [11; Lemma 1.1.3(ii)], [11; Lemma 1.1.1(ii)], and Proposition 3.5.1. The
second four equations follow from the second equation of Corollary 3.5.2 together
with [11; Lemma 1.1.3(ii)], [11; Lemma 1.1.1(ii)], and Proposition 3.5.1. O

Lemma 3.6.4 We have

1, n
Auymm = Am*uym* = Quagm*m* = Qmusm — TV — Z(l _sl +2n+1-— 20¢e I _51)
and
1, n n
Auomm = Am*usm* = Auim*m* = Qmuym — TV — Z(l _sl +2n+ 1+ 20e I _51)

Proof. The first four equations follow from the first equation of Lemma 3.4.8
together with [11; Lemma 1.1.3(ii)], [11; Lemma 1.1.1(ii)], and Proposition 3.5.1.
The second four equations follow from the second equation of Lemma 3.4.8 together

with [11; Lemma 1.1.3(ii)], [11; Lemma 1.1.1(ii)], and Proposition 3.5.1. |
Lemma 3.6.5 We have
Nm
Auym*m = Amuim* = AQuom*m = Amusm* = 2(l — 1)
and
T

Ayymm* = Am*xuym = Quomm* = Am*usm = 2(l 1) .
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Proof. The first four equations follow from the first two equations of Lemma 3.4.2
together with [11; Lemma 1.1.3(ii)] and [11; Lemma 1.1.1(ii)]. The second four
equations follow from the first four equations together with Proposition 3.5.1. O

Lemma 3.6.6 Letp, g, and r be elements in S such that exactly two of the elements
D, ¢, and v are in U. Then apq = 0.

Proof. This follows from the definition of a closed subset. O

Lemma 3.6.7 We have

aululul = a’uguguz = 5 - 1
and
n
au1u1u2 = aulugul = G/UQulul = au2u2u1 = auguluz = auluzuz = 5
Proof. This is easy to compute. (|
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