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INTRODUCTION 3

Abstract. We introduce categories of groups with commutator relations with respect
to root groups and Weyl elements, permuting the root groups. This allows us to view the
classical Steinberg groups, for example the Steinberg group of a ring, as an initial object
in an appropriate category.

The general framework is then specialized to groups associated to Jordan pairs, first
for arbitrary Jordan pairs and then later for Jordan pairs with Peirce gradings or more
general gradings by root systems, for example Jordan pairs covered by grids.

Introduction

Background. Throughout its history, the theory of Jordan algebras and Jordan
pairs was heavily influenced by its connection to Lie algebras and groups. This
started with the work of Chevalley-Schafer [[[T], it continued with the fundamental
contributions by Jacobson [I9, BQ, BT, Kantor [27, B§], Koecher B9, BT, B1, B2,
Springer B3], Tits [B74, BY], and was later taken up by others. We explore this
relation further by studying categories of groups associated to Jordan pairs.

The model for the groups considered here comes from the theory of semisimple
algebraic groups over an algebraically closed field. Let G be such a group and R
its root system (with respect to a maximal torus). Then G is generated by the
family of root groups (U, )acr, isomorphic to the additive group of the base field.
Moreover, G has commutator relations with respect to these subgroups in the sense
defined below. Generalizations in different directions are possible. The base field
can be arbitrary (Chevalley groups [BH]) or can be replaced by a commutative ring
(classical groups over rings [[7], group schemes over rings [[J, [J]). Even more
general coordinate systems appear in Faulkner’s work on groups with Steinberg
relations [[4] and in the theory of Moufang polygons [B61]]. For R = A4, the
most general coordinate system considered up to now is a Jordan pair, and the
corresponding groups are the groups over V, studied in Chapter [

One can also replace the finite root system R by a more general root system,
for example the set of real roots of a Kac-Moody algebra. In fact, in [BY] (see also
[A9]) Tits constructs a Steinberg group functor &t for every Kac-Moody algebra
with root system R with the property that for any ring A, the group &t(A) has
R-commutator relations.

We now give a detailed description of the contents.

Chapter [[: Groups with commutator relations. These are groups with a
distinguished family of subgroups indexed by a root system R of some sort. In the
examples mentioned before, R is a finite root system or the set of real roots of a
Kac-Moody algebra. However, it turns out that a good deal of the theory can be
developed under minimal assumptions on R. In essence, it suffices to have a subset
R of some vector space over a field of characteristic zero.

The key notion is that of a nilpotent pair in R. This was developed in 3] and
is reviewed in Section [. For non-zero elements «, 8 € R and putting Ny = N\ {0}
we define

(.8) =RN(Nya+NyB), [a,8] = (a,8) U(RNNya) U(RNN,B),

called the open and closed root interval from « to 3, respectively. We say («, 3) is
a nilpotent pair if [a, ﬁ] is finite and does not contain zero.
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The central concept of Chapter [] is introduced in Section BJ. Let G be a group
and let (Uy)aer be a family of subgroups of G. We say that G has R-commutator
relations with root groups U, if Uy = {1} and, for all a, 5 € R,

U, CUg if « € NG,
(Ua, UB) C U(a,B) if (v, B) is a nilpotent pair.

Here (Uq,Ug) denotes the subgroup generated by all group commutators (a,b) =
aba='b~! for a € U,, b € Ug, and for any subset A of R, Ua is the subgroup
generated by all Uy, v € A.

Groups with R-commutator relations form a category gcp, the morphisms being
group homomorphisms ¢: G — G’ preserving root groups: ¢(U,) C U, for all a.
Let us now fix a group G with subgroups U, in gcy. In Section ] we introduce
the Steinberg category st(G) as follows. Its objects are the morphisms 7: G — G
of gcp which induce isomorphisms

m: Uy = U, and Ula,81 = U[a,/g],

for all & and all nilpotent pairs (a, 8). We show in Theorem that st(G) has
an initial object, called the Steinberg group of G and denoted St(G). It is unique
up to unique isomorphism and is constructed as an inductive limit, following Tits’
approach to Steinberg groups in the Kac-Moody setting. Under a mild assumption
on G, it can also be described in more down-to-earth fashion by generators and
relations (Theorem B.I7). As we show in B.Ig, this notion of Steinberg group
specializes to the well-known Steinberg group St,(A) of a ring A in case n > 3,
with G being the elementary linear group E, (A4) of A. Similarly, taking for G the
elementary unitary group EUs, (4, A), we obtain the usual unitary Steinberg group.

The remainder of Chapter [] contains the beginning of a theory of Weyl elements
in groups with commutator relations. To do so, we must assume that R is a
reflection system in the sense of [EZ, §2], reviewed in Section f]. Essentially, this
means that, for all « in a suitable subset of R" of R, reflections s, of R are defined
which have properties similar to the well-known reflections of ordinary root systems.

Weyl elements and Weyl triples are introduced in Section f and studied further
in Section f. A Weyl element for the root o € R™ in a group G € gcp, is an element
w = xyz where z, z € U, and y € U_,, such that conjugation by w in G corresponds
to the reflection s, in the sense that wUzw ™! = Us. (p) for all B € R. We then say
that (z,y, z) is a Weyl triple for a. It is well known that Weyl elements exist in the
standard examples mentioned above, e.g., in St,,(A), E, (A), semisimple algebraic
groups and Kac-Moody groups.

Let G € gcp and fix a set X of Weyl triples for G. We define a full subcategory
st(G,X) of st(G) whose objects have Weyl triples projecting onto the prescribed
Weyl triples X of G. In Theorem we show that st(G, X) is a reflective subcat-
egory of st(G). Hence (Corollary f.11) it has an initial object as well, called the
Steinberg group St(G,X). For example, when G = Ey(A) and X is the set of all
Weyl triples, we show in that St(é, i) is the usual Steinberg group Sty (A).

Section B contains further material on Weyl elements and Weyl triples and in
particular studies the connection with rank one groups in the sense of Timmesfeld
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[BE. We give a characterization of rank one groups in terms of Weyl triples in
Proposition B.]. A Weyl triple (z,y, z) is called balanced if x = z and zyz = yaxy.
We show that a rank one group is special if and only if its Weyl triples are balanced
(Proposition B.g).

Chapter [[I: Groups associated to Jordan pairs. Here we begin to spe-
cialize the theory developed in Chapter [| to groups related to Jordan pairs. In an
attempt to make this book accessible to readers unfamiliar with Jordan theory, we
give in Section [] an introduction to Jordan pairs, following [B4] and [Bg]. In partic-
ular, we introduce fundamental notions like quasi-inverses, inner automorphisms,
structural transformations, and idempotents. We continue with Section § on Peirce
gradings which form an important tool for our work.

Let V. = (V*,V7) be a Jordan pair. Section ] introduces the Tits-Kantor-
Koecher algebra

V) =P euv),
=
a Z-graded Lie algebra with £;(V) = 0 for |i| > 1, £4,(V) = V* and £¢(V)
isomorphic to a suitable subalgebra of the derivation algebra of V. From the Z-
graded structure it is clear that (adz)® = 0 for x € V*. Hence, the exponentials

1
expy(z) =expladz) =Id+adz + i(ad x)?

for x € V* define automorphisms of £(V) (due to the definition of Jordan pairs
involving quadratic operators, the last term makes sense even when 2 is not a
unit in the base ring). The projective elementary group PE(V) is then defined
as the subgroup of Aut(£(V)) generated by U* = exp, (V*). These subgroups
are abelian, so that PE(V) is a group with Aj-commutator relations. For a quasi-
invertible pair (x,y) € VT x V", the inner automorphism S(z,y) of V is contained
(after a natural identification) in PE(V'). We extend the notion of a quasi-invertible
pair to Faulkner’s notion of higher order quasi-inverses and use it to determine the
centre of PE(V) in Theorem P.g. For an idempotent e of V' we define the element

we = exp_ (eq)exp_(e_)exp, (e4) € PE(V)

and prove formulas for the action of w, on £(V) and PE(V).

In the final Section [ of Chapter [] we define the category st(V') of groups over
V' as the Steinberg category of PE(V), viewed as a group with A;-commutator
relations. Thus an object of st(V) can be considered as a quadruple (G,U*, )
consisting of a group G, two abelian subgroups Ut and U~, and a group homo-
morphism 7: G — PE(V) which induces an isomorphism from U* C G onto the
subgroups U* of PE(V). The elements 3(z,y) and w, of PE(V) have canonical
lifts, denoted b(z,y) and w., to any group G over V. In general, they do not
satisfy the relations enjoyed by S(z,y) and w.. This gives rise to relations B(z,y)
and 2W(e) in G which will later be used to define subcategories of st(V) in case
V has additional structure, for example, a Peirce grading or a suitable family of
idempotents.

This preprint is a preliminary version of the first two chapters of a book which
will contain material on groups over Jordan pairs with Peirce gradings and, more
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generally, root gradings, as well as a description of groups over Jordan pairs with
a root grading. For example, we will describe the universal central extension of
PE(V) in case V has a root grading of infinite rank by generators and relations.
Some of these results have been announced in [{1].

Acknowledgment. The authors gratefully acknowledge the hospitality of the
Mathematisches Forschungs-Institut Oberwolfach during a stay in the “Research
in Pairs” Programme in November-December 2010 where part of the work on the
first two chapters was done. They also thank the department of each author for
providing a fruitful working environment during several visits of the other author.
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CHAPTER |

GROUPS WITH COMMUTATOR RELATIONS

81. Nilpotent sets of roots

1.1. N-free subsets. In this section, X is a vector space over a field k of
characteristic 0. We identify Q with the prime field of k. For a subset A of X we
use the notation

Z]A] = spang(A) and N[A]

for the subgroup and the submonoid of (X, +) generated by A. Moreover, we let
N be the free abelian monoid generated by A, i.e., the set of all maps v: A — N
with finite support. Depending on the context, it may be more convenient to think
of an element of NV as a family (n4)aca, where n, € N and n, = 0 except
for finitely many o. We denote by x: N(4) — X the canonical map sending v to

Y aeca v(a)a and put

No[A4] == r(NA\{0}) = J A+ +4).

n=1
n

Note that N[A] = x(N®)),

A subset A of X is called N-free [H] if 0 ¢ N [A]; in other words, if for all
(Na)aca € N | the relation ZaEA Ne -« = 0 implies n, = 0 for all a. Clearly
subsets of N-free sets are N-free, and N-free sets do not contain 0. An N-free set A
defines a partial order =4 on X by

TEay < x—yeN[AL (1)

This is easily verified. The notation x >4 y means x =4 y and x # y.
The following fact will be useful.

1.2. Lemma. Let V be a finite-dimensional real vector space and let Vo C V
be a rational form of V', i.e., a Q-vector subspace such that Vo ®gR =2V under the
natural map sending r @ r to xr . We endow V with its natural topology and let
U CV be an open subset. Then

U0 = UnNVy#0. (1)

Proof. After choosing a basis of V' contained in Vg, we may identify V' with R"
and Vg with Q", so the claim follows from density of Q™ in R".
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1.3. Lemma. Let A C X be a finite non-empty N-free subset. We denote by
Vo = spang(A) the rational span of A and put V = Vo @q R. We endow V' with
its natural topology and embed A into V' canonically.

(a) The conver hull K of A in'V is compact and does not contain 0.

(b) The pointed convex cone C spanned by A in V is closed and proper and
spanned by its extremal rays. An extremal ray has the form Ry - « for suitable
a € A; in particular, A contains elements « such that Ry -« is an extremal ray of

C.

Proof. (a) Recall that the convex hull of A consists of all real linear combina-
tions & = ) .4 Ta - & where r,, > 0 with the property that ) r, = 1 [, II, §2.3,
Cor. 1 of Prop. 8]. Assume to the contrary that 2 = 0 has such a representation.
Consider the finite-dimensional rational vector space Q4 with basis (e4)aca and
the canonical map f: Q4 — Vo sending e, to a. Let fg: R4 — V be the R-linear
extension of f, let Wp = Ker(f) € Q4 and W = Ker(fg) C R4. Since the exact
sequence
f

0 Wo Q4 Vo 0

remains exact upon tensoring with R, we have Wy @ R = Ker(fg) = W, so Wy is
a rational form of W.

Let U =Wn Rf+. Then U is open in W because Rﬁ+ is open in R4, and
by our assumption, (7q)aca € U. By [IT:2.1], U N Wy is not empty as well. So
there exists u = (gn) € Qf+ such that 0 = f(u) = > c4 ¢a - @ By multiplying
this relation with the product of the denominators of the ¢, we obtain a non-trivial
relation 0 = ) cA Mo where n, € Ny. This contradicts the fact that A is N-free.
Finally, K is compact by [, II, §2.6, Cor. 1 of Prop. 15].

(b) The pointed convex cone C' (with vertex 0) spanned by A is

C:R+[A}={Zra-a:7‘aeR+},

acA

and this is clearly the same as the smallest pointed cone which contains K. By [[,
I1, §7.3, Prop. 6], C is proper and closed in V. Hence by [, II, §7.2, Prop. 5], C
is the closed convex hull of the union of its extremal rays; in particular, such rays
exist. One sees easily (cf. [AQ, B.1]) that an extremal ray of C' has the form R - «
for some o € A, so A contains elements « such that R - « is an extremal ray of C'.

By a height function for a subset A of X we mean a homomorphism h: Z[A] — Z
of abelian groups taking strictly positive values on A.

1.4. Proposition. Any subset of X admitting a height function is N-free.
Conversely, a finite N-free subset admits a height function.

Proof. Suppose h is a height function for A, and let (nq)aca in N with
Y acaMa -« = 0. Applying h yields ) 4 7o - h(a) = 0, and since all h(a) are
positive, it follows that all n, = 0.
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Conversely, suppose A is finite and N-free. We use the notations of Lemma [[-3.
By that lemma, K is compact and does not contain 0. By [, I, §5.3, Prop. 4],
there exists a hyperplane separating {0} and K strictly. Thus there exists a linear
form g € V*, the dual of V, and ¢ € R such that g(0) — ¢ < 0 and g(z) — ¢ > 0 for
all € K; in particular, g(«) > 0 for all o € A.

V* has the rational form Vg = {f € V*: f(Vp) C Q}, and for each o € A4,
the set Uy, = {f € V*: f(a) > 0} is open in V*. Since A is finite, U := [ ,c 4 Ua
is open as well, and g € U by the above. By [T2.T], U N Vg # 0, so there exists
f € V* such that f(a) = gq € Q14, for all @ € A. Multiplying f with the product
of the denominators of the g, yields the desired height function.

1.5. The category SV, closed and strictly positive sets. We introduce
the category SV of sets in vector spaces over k whose objects are pairs (R, X)
consisting of a k-vector space X and a subset R C X which spans X and satisfies
0 € R. The morphisms f: (R, X) — (5,Y) of SV are the k-linear maps f: X — Y
satisfying f(R) € S. If k is unimportant we will abbreviate SV by SV. The
elements of

R* =R\ {0}
will often be referred to as roots. More generally, for any subset A of R, we put
A% = A\ {0}. Note that the locally finite root systems of [AQ], see also [.g, form
a full subcategory of SV.

Let (R,X) € SVk = SV. Generalizing a concept of [E0, 10.2], a subset
C C R is called additively closed in R (or simply closed if there is no ambiguity) if
C = RNN4[C], i.e., if for all a1,...,a, € C with 8 :=a; + -+ a;, € R, we have
B € C. The additive closure A° of a subset A of R is the smallest additively closed
subset containing A; it is given by

A° = RNN[A] (1)
In the special case A = {«, 8}, we write
[e. 8] :i={a,B} = {ma+nB:m,neN, m+n>0} (2)

and call it the closed root interval between o and 5. If f: (R, X) — (R, X') is a
morphism of SV, then

f(A%) C f(A)". (3)
This is immediate from the definitions.

A subset A of R is called strictly positive if it is additively closed and N-free.
We remark that

A is strictly positive <= A is closed and 0 ¢ A. (4)

Indeed, the implication from left to right is clear because an N-free set does not
contain 0. Conversely, let A be closed and 0 ¢ A. If > n, - a =0 then 0 € A since
A is closed in R and 0 € R, contradiction. Let us also remark that a subset A is
positive in the sense of [[(, 10.5] if and only if A is strictly positive.
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1.6. Commutator sets. Let (R, X) € SV. For arbitrary subsets A, B of R
we define the commutator set

Thus v € (A, B) if and only if v belongs to R and has the form
Y=oard ot Bt + By (2)

where p,g 21, o; € A, and 35 € B.
If A = {a} consists of a single element, we simply write (a,B) instead of
({e}, B), and similarly

(a.8) = ({0}, {8}) = RN (Nsa +N.B), (3)

called the open root interval from « to 5. The following properties follow easily
from the definition:

(4,0) =0, AU (A, A4) = A° = (4,0), (4)

A isclosed <= (A,A) C A, (5)
0eB® = A°cC (4,B), (6)

(A,B) = (B,4) = (4°,B) = (4%, B°) = (4, B)", (7)
A'cA, BcB = (4,B)c(AB), (8)
(AUB) = A°U (4,B) U B, (9)

(4, (4,B)) c (4,B). (10)

If f: (R,X) — (R, X’) is a morphism of SV then for A, B C X,

F(A,B) € (f(A),F(B)) nf(R). (11)

Let A C R be additively closed. A subset B of A is called normal (in A) if
(A, B) C B. We remark that in [@, p. 24], the terminology “B is an ideal in A”
is employed. By [5] and [8], a normal subset is in particular closed. Moreover, by
[4] and [5], ® and A are always normal subsets of A, and by [G] any proper normal
subset B of A has 0 ¢ B°.

1.7. The lower central series. Let (R,X) € SV and let A C R be an
arbitrary subset. The lower central series of A is defined inductively by

¢ A) =AY, E"THA) = (A,E(A)). (1)

From [1.6.7) and [1.6.8] it follows by induction that

¢"(A) =" (A°) = ¢ (A)", (2)
¢"(A) D ¢"T(A), (3)
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and [1.6.6) and [1.6.4] yield

D€ A = %A= A (4)

for all n > 1. Thus the lower central series is mainly of interest for closed subsets
not containing 0, i.e., for strictly positive subsets, cf. [1.5.4]. We note also that all
%" (A) are normal subsets of A if A is closed. The lower central series behaves well
with respect to inclusions and morphisms:

BCcA = ©"(B)cC%¢"(A), (5)
f(€"(4) C €"(f(A). (6)

Indeed, [5] is a consequence of while [6] follows from [T.5.3)] and [T.6.11).

1.8. The upper central series. Let (R, X) € SV and let A C R be a closed
subset. We define the upper central series of A inductively by

Z(A) =0, Zu(A) = {y € A: (1, 4) € Z1(A)}, (1)
and the centre of A by
F(4) = Zi(A) = {y € A: (7,4) = 0). (2)
From the definition, it is clear that
0= Z0(A) C Zi(A4) C Z(A) C - C 4, (3)

and that
(4, 2.(4)) € Z-1(A), (4)
in particular, the Z5,(A) are normal in A.

As for the lower central series, only the case 0 ¢ A is of interest, because 0 € A
implies vy =740 € (’y, A) for all v € A, so Z(A) and therefore also all the other
Z,(A) are empty.

1.9. Prenilpotent and nilpotent subsets. Let (R, X) € SV. A subset 4
of R is said to be prenilpotent if €™(A) = 0 for sufficiently large n, and it is called
nilpotent if it is closed and prenilpotent. From [J and [ it is immediate that a
prenilpotent set cannot contain 0 and that the following implications hold:

0¢ A°,
B prenilpotent,

A prenilpotent
B C A and A prenilpotent
f(A) prenilpotent

[\

A prenilpotent,

A prenilpotent A€ nilpotent,

Pl

A~ Y~~~
Ut w
o — O T —

A nilpotent A strictly positive.
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The class of a nilpotent A is the smallest k such that €*+1(A) = (). Thus

k<1l < A=2Z(A) — (4,4) =0,
k<2 = (44)czi) <= (4,(4,4))=0,

and we will call an A of class <1 resp. <2 abelian resp. 2-step nilpotent.

As in the case of groups, nilpotence can also be characterized by the upper
central series. More generally, let A be a strictly positive subset of R. A chain of
subsets A D Ay D Ay D ---is called a central chain if (A, An) C Apqq foralln>1.
For example, the lower central series is a central chain, and so is A; := Z5,4+1—; for
some fixed m, provided we define Z;(A) =0 for j < 0.

\

Clearly the terms A, of a central chain are normal in A. From [1.7.1)] and
[T8T] it follows easily that

A=A
=0 Ai C Zny1-i(A). (7)

=
An+1 -
Now [6] shows

there exists a central chain
. <
A is nilpotent of class <n <= with A; — A and A,y = 0, (8)

and [7] implies
A is nilpotent of class <n <<= Z,(A4)=A. (9)

Let us also note that the length of the upper central series of a nilpotent A of class
k is exactly k. Indeed, Z;(A) = A holds by [9] Assuming Z,_1(A) = A would
yield a central chain A; := Z4,_;(A) with A; = A and A;, = 2H(A) = 0, so A would
have class < k — 1, contradiction.

1.10. Lemma. Let (R,X) € SV and let A C R be a finite strictly positive
subset of cardinality n.

(a) There exist total orders > on A compatible with the partial order =4 defined
by A, cf. [IIT), in the sense that a =4 B implies o > 3.

(b) Let > be as in (a), and enumerate A = {ay,...,a,} in such a way that
ay < -+ < ap. Then A; = {ay,...,an} fori=1,...,n, and A; :=0 fori>n, is
a central chain of A. In particular, A is nilpotent of class < n.

Proof. (a) This follows from the Szpilrajn-Marczewski Lemma [B3, Ch. 8,
Section 8.6].

(b) We show (A, 4;) C Aiy1. By [1.6.2), an element v € (4, 4;) has the form
Y = Qi+t o 4 Fag, where p,g>1, iy € {1,...,n}and j, € {i,...,n};
in particular, v >4 «a;,. On the other hand, v € A because A is closed, say, v = ay.
Hence k > j; > iso ap € A, C Ajq1.

The statement about the nilpotence of A now follows from [T.9.8].
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1.11. Lemma. Let F be a finite set and let NF', the set of functions F — N,
be equipped with the partial order

v<w <= ov(a)<w(a) forala€F.

Then every infinite subset S of NY contains a strictly increasing sequence vy, <
Vg < -

Proof. The proof is by induction on the cardinality of F, the case F' = )
being trivial. If S has no maximal element then the assertion is clear. Otherwise,
let m be a maximal element of S. Then v > m holds for no v € S, i.e., for
every v € S there exists an element o € F such that v(a) < m(a). Letting
Sai={v €S :v(a) <m(a)}, we thus have S = (J,cp Sa. Since S is infinite, there
must be a 8 € F' such that Sg is infinite. Consider the evaluation map Sz — N,
v — v(f), whose image is contained in the finite interval I := {0, 1,...,m(8)} of N.
Since Sg is infinite, there exists ¢ € I such that the fibre Sé ={veSz:v(p) =1}
is infinite. Let F' := F'\ {3}, denote by res: N*' — N¥" the restriction map induced
by the inclusion F’ < F, and put S’ := res(Sé) c N¥'. Clearly, res: Sé — S is
bijective, with inverse ext: S’ — Sé given by extending an element v’ € S’ (which
after all is a map F’ — N) to a map F — N via 8 — 4. By induction, there exists a
strictly increasing sequence v < vh < ---in S’. Then vy := ext(v},) is the desired
sequence in S.

1.12. Proposition. Let (R,X) € SV. For a subset F' C R with closure
Fe = A, the following conditions are equivalent:

(i) F is finite and prenilpotent,
(ii) A is finite and nilpotent,

(iii) A is finite and strictly positive,

(iv) A is finite and 0 ¢ A.

Proof. (i) <= (ii): F is prenilpotent if and only if A is nilpotent by [1.9.4], so
it remains to show that F finite implies A is finite. Assume, by way of contradiction,
that A is infinite. Then by definition of the closure of a set in [1.5.1] we have
S := k~1(A) C N¥ infinite, where & is defined in [.]. Choose a sequence (vg)g>1
in S as in Lemma [LT]] and put v, = k(vg). We will show by induction that
Y € €F(F) for all k > 1, contradicting the fact that €*(F) = () for sufficiently big
k, by nilpotence of A. Obviously, 71 € A = €' (F). Suppose we have 7, € €% (F).
Then Y41 =% = D qep Mo Where all ng := vi41(a) —v(a) € N, and at least one
N4 18 positive because vg+1 > vi. Hence yi11 € (F7 'yk) - (F, ‘gk(F)) = E¢HL(F).

(i) = (iii) is [I.9:5]), and the implication (iii) = (ii) is a consequence of
Lemma [[ZI((b). The equivalence of (iii) and (iv) follows from [T.5.4].

1.13. Corollary. A finite prenilpotent subset admits a height function.

Proof. Let F be finite and prenilpotent with closure A. By Proposition [LT3(iii),
A is finite and strictly positive, hence in particular N-free, see [[J. By Proposi-
tion [[4, A admits a height function and hence so does F'.
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1.14. Corollary. The following conditions on a subset A of R are equivalent:

(i) A is closed in R and every finite subset of A is prenilpotent,
(ii) A is strictly positive and every finite subset of A has finite closure.

This follows easily from Proposition [[I3. A subset satisfying these conditions
is called locally milpotent. In particular, if R is a locally finite root system, cf. g,
then a subset of R is locally nilpotent if and only if it is strictly positive.
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§2. Groups with commutator relations

2.1. Nilpotent pairs and division of roots. Let (R, X) € SV = SV and
a, 8 € R. Recall from [1.5.2) and [1.6.9] that the closed root interval from « to 3

1S

[, 8] = {a. 8} = {a}°U (e, B) U {B}°
=RN{pa+qB: pgeN, p+qg>1} (1)
We will call («, ) a nilpotent pair if [04,5] is a nilpotent subset of R, in other

words, if the subset {a, 3} of R is prenilpotent, see [.J. Clearly, if (a,f) is a
nilpotent pair then so is (8, «). By Proposition [L13,

(a, B) is a nilpotent pair <= [a,ﬂ] is finite and 0 ¢ [a,ﬂ]. (2)
On the other hand, one shows easily that, for o, 5 € R*,
0€[a.8] = 0€e(xB) <= ac(a,8) = pe(v5). (3)

Let o, 8 € R. We say « divides 3, written a’ﬁ, if 8 € N-q, ie., f=mna for some
n € N. Note that

a|0 always holds, while O|B implies 5 = 0. (4)
Divisibility is a partial order, in particular it is transitive:

ol and Bly = ah. (5)

2.2. Definition. Let G be a group. The commutator of a,b € G is (a7 b) =
aba=1b1. If X and Y are subsets of G, we use the notation (X, Y) for the subgroup
of G generated by all (a, b), a€X,beY. If (X;)es is a family of subsets of G,
<Xi NS I> denotes the subgroup of G generated by the union of the X;.

Let (R, X) € SV and let (Uy)acr be a family of subgroups of G. For a subset
A of R we put

UA:<UQ: a€A>;

thus in particular Uy = {1}. We say G has R-commutator relations with root groups
(Ua)ackr if the following conditions hold for all «, 8 € R:

Up = {1}, (
a divides § = Ug C U,, (
(a, B) nilpotent — (Ua7 U/g) C Ua,p)- (3)

[N
~— ~—
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Note that by [2.1.4] and [I], the relation [2] holds automatically if a or S is
zero. We will usually refer to the subgroups U, as root groups. Because of [1]
only the U,, a # 0, are of interest. In particular, when considering examples it is
sufficient to specify U,, o € R*.

Note also that we do not require G to be generated by its root subgroups. On
the other hand, the subgroup

’C(G) = UR

generated by all root subgroups clearly has R-commutator relations as well. If
G = t(G) we say that G is tight or the (U, )acr form a generating family.

2.3. Examples. (a) The case R = A;. The reader will find many examples
of groups with R-commutator relations throughout this book. A very simple case
is R = {0,1,—1} C k, the root system of type A;. Then a group G has A;-
commutator relations if and only if U; = UT and U_; = U~ are two abelian
subgroups. In particular, the projective elementary group PE(V) of a Jordan pair
V as in P.4 has A;-commutator relations with root subgroups U + = expy (VF).

(b) Commutator relations are inherited by homomorphic images: if p: G — H
is a group homomorphism then H has R-commutator relations with root groups

‘P(Ua)~

(¢) Reductive algebraic groups over fields. Let G be a connected reductive
algebraic group over an algebraically closed field in the sense of [B, B4, and let
& = P(G,T) be the root system of G with respect to a maximal torus 7. For
a € P let U, be the root group defined in [, Thm. 13.18(4.d)]. Then R = ¢ U {0}
is a reduced finite root system and G has R-commutator relations with respect to
the family (Ua)acr B, 14.5 (*)], which is generating in case G is semisimple [54,
Thm. 8.1.5].

More generally, let G be a connected reductive algebraic group defined over
an arbitrary field & in the sense of [B, B4]], and let &' be the set of k-roots of G
with respect to a maximal k-split torus T of G. One knows [@, Thm. 21.6] that
R’ = @ U {0} is a finite but not necessarily reduced root system. Moreover, for
every o € @' there exists a unique closed connected unipotent k-subgroup U/,
normalized by the centralizer of 7" and with Lie algebra g/ @ g2q/, Where goo = 0
if 2o/ ¢ @' [@, Prop. 21.9]. The construction of the U/, in [@] is a special case of
the construction given in Proposition B-j(a). We note that even if G is generated
by the U,, this will in general no longer hold for the U.,.

The analogous statement also holds for the groups G(k) and U/, (k) of k-rational
points of G and the Ul: the group G(k) has R’-commutator relations. Note,
however, that G(k) is in general not generated by the U.,(k), even when G is
semisimple and simply connected, see for example [[7, Ch. 2.2.E] for a discussion
of this question for groups of type A (the Tannaka-Artin problem).

(d) Split reductive group schemes. Let G be a split reductive group scheme
over a scheme S [[[J, Exp. XXII, Déf. 1.13]. Recall [[J, Exp. XXII, Prop. 1.14] that
the root system R of G is reduced. Let U,, a € R*, be the root subgroups of G
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(denoted P, in [IJ]). Let S’ — S be a morphism of schemes. Then G = G(5’) is
a group with R-commutator relations with respect to the subgroups U, = U,(S")
[, Exp. XXII, Cor. 5.5.2]. If G is simply connected and S’ is a local scheme the
group G is generated by the root subgroups [[3, Exp. XXII, Cor. 5.7.6].

Let in particular S = Spec(Z) and let S’ = Spec(k) where k is any field. Then
Ur = <Ua o€ R> is a Chevalley group in the sense of [@7 3] and hence has
R-commutator relations.

(e) Groups associated to Moufang buildings. Let % be a thick irreducible
spherical Moufang building over I = {1,...,l} with [ > 2 and different from an
octagon (we use the notation of [5@, II, §5] and [B1]]). Let @ be the set of roots of
an apartment </ of #. It is known [B@, p. 126] that ¢ U {0} can be identified with
a finite irreducible reduced root system. Moreover, there exist an irreducible finite
root system R D @ and a subgroup G C Aut(#) with root groups U,, « € R, such
that G = Ug has R-commutator relations. We have R = ¢ U {0} if @ is not of type
B or C, and R € {B,, C;,BC,;} otherwise depending on 4.

The construction of these groups is for example given in [B@, II, §5]. It is
immediate from this construction that the relation [2.2:2] holds. Note that it only
has to be verified in case a and 2« € R. The relation [2:2.3] for the nilpotent pair
(o, @) is also clear from the construction. To verify [2.2.3] in the remaining cases,
we can therefore in view of [.J assume that « and § are Q-linearly independent.
For [ = 2 the commutator relation [2:2.3] then follows by comparing the list in [.§
with the one in [B0] or B3, §5.4]. The case [ > 3 can be reduced to the case [ = 2,
see e.g. [BA, 11, (5.7)]. For example, for a Moufang quadrangle of type Fy4 in the
sense of [B1], (16.7)], the root system R is of type BCy, see [B1], (40.59)].

(f) The reader can find more examples of groups with commutator relations
in PI4 (nilpotent groups), B.1§ (groups with unique factorization, in particular
elementary linear groups), B-19 (Tits’ Steinberg group), B.1 (rank one groups), [0.3
(elementary groups of special Jordan pairs), [[0.1q (Steinberg groups St,(R) for R
an associative k-algebra). In particular, we will see in f:14 that nilpotent groups
provide natural examples of groups with R-commutator relations where {a}¢ can
have any finite cardinality.

2.4. Remarks. Let G have R-commutator relations with root groups U,.

(a) Suppose (a, 3) € R* x R* is not nilpotent, so that either 0 € [a, ] or
[, 8] is infinite. In the first case, implies that even

<Ua U U5> C Ua,p) (1)

holds. In the second case we do not have nor do we require any relations.

(b) In many interesting examples, e.g. if R = Re(S) where R is the set of
reflective roots of a partial root system S in the sense of [EZ], R satisfies the
finiteness condition

(F1): {a} is finite, for every o € R. (2)
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Then a pair (a, §) € R* x R* is nilpotent if and only if the commutator set (a, /3’)
is finite and does not contain zero.

(¢) Suppose (R, X) satisfies the stronger finiteness condition
(F2): [o, 8] is finite, for all a, 3 € R. (3)

Then also (F1) holds, and for «, 8 € R* either (o, 3) is nilpotent or 0 € [a,ﬂ].
Hence by [T}, a group with R-commutator relations actually satisfies

(Ua, Ug) CUapy foralla,seR. (4)

Note that (F2) is always fulfilled if (R, X) is a locally finite root system in the sense
of [HQ], see E4.

(d) Let R = Re(S) where S is a partial root system, see 3, Def. 3.3]; in
particular, R = S could be a locally finite root system. Then (a, a) C {2a} for all

a € R, so [2.2.3] implies
(Uou Ua) C Usa, (Uou UQ&) =1 (5>

Hence all root groups are 2-step nilpotent (the derived group is central), and they
are even abelian if R is reduced.

2.5. Lemma. Let G be a group with R-commutator relations and let (o, 3) be
a nilpotent pair.

(a) Forall~,d € [a, 6], the pair (v, d) is nilpotent and satisfies
(7,9) < (e. ). (1)
(b) Ua and Ug normalize U, gy, and
Ula,81 = Ua - Uga.p) - Us- (2)

Proof. (a) Clearly [7,5] - [a,ﬁ], and (7,5) C (04,5) holds by [1.6.8). Since
subsets of prenilpotent sets are prenilpotent (cf. [1.9:2]), we have (a).

(b) Let 7,6 € [, 8]. By (a) and the commutator relation [2.2.3}, we have
Int(U,Y) -Us C (Ury, U5) -Us C U(%(;) - Us. (3)

In particular, for v € {a, 8} and 6 € («, 8), [3) and [1)) imply Int(U,)-Us C Uga,p).
from which it follows that U, and Ug normalize U, ). Hence U, - Ua,p) =
Ua,py *Ua and K = Up - U(q,8) = U(a,p) - U are subgroups of G.

The inclusion from right to left in [2] is clear from [2.1.T) For the reverse
inclusion, let H = U, - K denote the right hand side of [2]. Note first that, because
of and the relation , H contains all U, v € [a, 5] Hence it suffices
to show that H is a subgroup of G. Now, for (v,6) = (a, ), [3] shows that
Int(Uy,) - Ug C K. Thus U, normalizes the
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2.6. Commutator formulas. Let G be a group. For elements a,b of G we
write “b = aba~!, and denote by 2°(G) the centre of G. Then the following formulas
hold:

(a.0) " = (b,0), (1)
(ab,c) =*(b,¢) - (a,c) = (a, (b,¢)) - (b,c) - (a,c), (2)
(a,bc) = (a,b) ~b(a,c) = (a,b) - (a,¢) - ((c,a),b), (3)

(a_l,b) = a_l(a,b)_la, (4)

(a,b_l) = b_l(a,b)_lb. (5)

(@ () = (4. ) - () - (&), ©)
(). ) = () - (2) - (<o), )
(8)

a=d andb=b mod Z(G) = (a,0) = (V).

We also have the following relations, see [B, I, §6.2]. Formula [II] is a group-
theoretic analogue of the Jacobi identity in Lie algebras.

(a,bc) - (b,ca) - (c,adb) =1, (9)
(ab7 c) . (ca, b) . (bc, a) =1, (10)
(ba, (c, b)) . (Cb7 (a7c)) . (“c, (b7 a)) =1. (11)

The proofs are straightforward verifications.

2.7. Lemma. Let G be a group, H a subgroup and let X1, Xo be subsets of G
normalizing H and satisfying (Xl,Xg) C H. Then the subgroups G; generated by
X; normalize H and (Gl,Gg) C H.

Proof. Since the normalizer of any subset is a subgroup, it is clear that the G;
normalize H. For the proof of the second claim, we first note that (zi', z3') € H
by [2.6.4) and [2.6.5). We may therefore assume X; = Xi_l7 so that G; is the
submonoid generated by X;. Then (91, gg) € H for all g; € G; by a straightforward
induction, using [2.6.2] and [2.6.3], and this in turn implies (G1,G2) C H.

2.8. Lemma. Let (R, X) € SV and let G be a group with a family of subgroups
U, indezed by o € R, which satisfy [22.1) and [2.2.2). For each a € R let
Xo = X1 C U, be a symmetric set of generators of Uy, and suppose that

(Xa, X5) € Uta.p) (1)
holds for all nilpotent pairs (o, 8). Then G has R-commutator relations with root
groups U, .

Proof. Tt remains to verify the commutator relation [2:2.3] for every nilpotent
pair (o, 3). To do so, we apply Lemma ] to X; = X, Xo = X and H = U, g),
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so we must show that X, and X3 normalize H. Now H is generated by all U,,
7 € (a,8), and (a,7) is a nilpotent pair, by P.-§(a). Thus our hypothesis [T] yields
Toy, Tt € U(ay) Yy C H for all z, € X,, y, € X,. As U, is generated by X,
this implies xavagl C H. By definition, H is generated by all U,, v € (a,ﬁ).
Conjugation with x, is an automorphism so z,Hz,' C H. As also 2, € X,, by
symmetry of X, we have z,Hr,! = H, so x,, does normalize H. In the same way,
one shows that Xg normalizes H. Now Lemma @ yields (Ua, Ug) C H. This
completes the proof.

Recall that the lower and upper central series of a group H are defined in-
ductively by €' (H) = H, ¢"*'(H) = (H, ¢"(H)) and Z(H) = {1} and
2.(H)={a€ H: (a,H) C Z,_1(H)}, respectively.

2.9. Lemma. Let G be a group with R-commutator relations.

(a) Let A and B be subsets of R with the property that, for allaw € A, 8 € B and
v € (A, B), the pairs («a, 8), (a,v) and (B8,7) are nilpotent. Then the subgroups
Ua and Up normalize U4, By, and the generalized commutator relations

(Ua.Us) CUga,n) (1)

hold.

(b) Let A be a strictly positive subset (cf. [) of R with the property that (c, 3)
is a nilpotent pair, for all o, 8 € A. Then a central chain A D Ay D Ay D - in A
gives rise to a central chain Uy D Ua, D Ua, D -+ in Us. The lower and upper
central series of A and Ua are related by

"(Ua) C Ugn(ay, Uz, (a) C Z0(Ua). (2)

If D C A is a normal subset then Up is a normal subgroup of Uy.

Proof. (a) Let C := (A,B) and put X; := J,cy Ua, X2 := Upep Us and
H :=Ug. Since Uy = <X1> and Ug = <X2>, our claim will follow from Lemma,
once we verify the assumptions of that lemma. First, since the pair (a,f) is
nilpotent for all @« € A, § € B and satisfies (a,ﬁ) C C by , we obtain
(Xl,Xg) C Ugc = H. Thus, in order to apply @7 it remains to show that X;
and X normalize H. By symmetry, it is enough to do so for X;. Let @ € A and
v € C. Then (a,7) is a nilpotent pair by assumption, and (am) - (A,C) ccC
by [T:6.10). Hence, for all z,, € U,,

2oUyzy' C (Ua,Uy) - Uy CUqaryy - Uy CUc = H.
This implies #,Hx,! C H because the U, generate H, and even roHx ! = H

because U,, being a subgroup, is closed under inversion. Thus X; normalizes H,
as required.
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(b) Note first that formula (1) applies to any subset B of A. Indeed, (A7 B) CA
because A is closed, so our assumption on A shows that the property required in (a)
holds. By @, a central chain in A satisfies (A,Ai) C A;+1. Hence (UA, UAi) C
Uca,a,) CUa,,,, showing the Ua, form a central chain in Ua.

For n = 1 the first formula of [2] is clear. The induction step follows by putting
B = %¢"(A), whence €1 (Ua) = (Ua,¢™"(Ua)) C (Ua,Ug) (by induction)
C Ua,By = Ugn+1(a) (by [T7I]).

The second formula of [Z] obviously holds for n = 0. Assume it is true for
n—1and let @ € Z,(A). Then (Ua,Us) C Ua,ay C Uz, ,(a) (by [L81))
C Z,-1(Ua) (by induction). A normal subset D of A satisfies (A, D) C D. Hence
the last statement follows from Int(U,) - Up C (UA,UD)UD C Uqa,pyUp C Up.

The following lemma is due to J. Tits [B9, 4.7, Lemma 2], for (b) see also [B5,

Lemma 18] .

2.10. Lemma. Let X be a group generated by subgroups X1, ..., X,. Suppose
that X has a central chain X = 7y D Zy D -+» D Zp D Zpy1 = {1} such that, for
alli € {1,...,h}, there exists j € {1,...,n} for which the inclusion Z; C X; - Z; 41
holds. Then:

(a) For every permutation o € &, the product map X1y X -+ X Xy() =+ X
18 surjective.

(b) If that map is injective for one permutation o, it is injective for all o.
2.11. Indivisibility. Let A C R. A root 8 € A is said to be indivisible in A

if 8 # 0 and, for all a € A, the relation a’ﬁ implies @« = 8. We denote the set of
indivisible roots in A by Ajnq. Note that indivisibility depends very much on A:

BCA = BN A C Bina, (1)

and this is in general a proper inclusion. For example, if o and 2« belong to R*
then 2« is indivisible in B = {2a} while it is divisible in A = {a, 2a}.

2.12. Proposition. Let G be a group with R-commutator relations and root
groups U, .

(a) If A C R is a nilpotent subset of class at most k then Uya is a nilpotent
subgroup of G of class at most k.

(b) Let A be a finite nilpotent subset of R. Then Uy is nilpotent of class at
most Card(A), and for any ordering Aing = {B1,.-.,5n},

Ua=Ua, = Uﬁl -+ Up,. (1)

If the product map Ug, x --- x Ug, — Uy is injective for one ordering of Aing then
it is so for all orderings.
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Proof. (a) A is strictly positive by [1.9.5], and («, 8) is a nilpotent pair for all
a,f € A. Thus Lemma Bg(b) is applicable to A, and the assertion follows from
the definition of nilpotence of a given class in [T.9.8] which is analogous to the
definition for groups.

(b) Let h = Card(A), order A = {a1,...,a,} as in Lemma [I0(a), and
consider the central chain A; = {a;,...,ap} of A as in Lemma [LIQ(b). By E(b),
the Z; := Uy, form a central chain in Uy. Since Z; = U and Zpq = {1}, Uy is
nilpotent of class at most h. Now let Ajng = {fB1,..., 8.} and put X; := Ug,, for
j=1,...,n. By finiteness of A, for every o € A there exists a § € Ajnq dividing
a. Hence for every i € {1,...,h} there exists some j = j(i) € {1,...,n} such that
Bj|ei, and therefore X; = Ug, D U,, (by [2.2.2)). This shows that the X; generate
Ua. The members of a central chain are normal subgroups. Hence U,, - Z;11 is a
subgroup of Uyk, and therefore

Zi = <Ua U---u Uan> - <Uai U Zi+1> = Uw, - Zis1 C Xy - Zig1-
Now the assertion follows from Tits’ Lemma EZI0.

2.13. Corollary. Let G be a group having R-commutator relations with root
groups U, .

(a) If {a}° is finite then U, is nilpotent.

(b) If A C R is locally nilpotent in the sense of .14 then U, is a locally
nilpotent group.

(¢) Let R be a locally finite root system and let (v, B) be a nilpotent pair which
does not fall under the cases 7 or 8 of the table in Y. Then U, gy is abelian. In
particular, this is so if Card (a,,é’) <2.

Proof. (a) We may assume « # 0. The set A := {a}¢ is finite by assumption,
and obviously strictly positive, hence nilpotent by Proposition [.I. As Ainqa = {a},
the assertion follows from Proposition EI3.

(b) We must show that every finite subset F of Uy is contained in a nilpotent
subgroup. Now F C Up where F is a suitable finite subset of A. By Corollary [L14,
B := F¢ is nilpotent, and therefore so is Ug by Proposition E.14(a). Since Ur C Up
we are done.

(c) It follows from [I.§ that in the cases 1 — 6, the set A = (a,3) is abelian.
Hence by Proposition E.T3(a), U4 is abelian as well.

We will now show how nilpotent groups fit into our framework.

2.14. Corollary. For k € Ny let R = {0,1,...,k} C k. Then any group G
with R-commutator relations and generated by its root groups (U;)icr is nilpotent
of class at most k. Conversely, if G is a nilpotent group of class at most k then G
has R-commutator relations with root groups U; = €*(G) fori=1,... k.
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Proof. Let A= R* ={1,...,k}. One shows easily by induction that ¢*(A4) =
{i,...,n}, so A is nilpotent of class k. By Proposition B-I9(a), G = Uy, is nilpotent
of class < k.

Conversely, let G be nilpotent of class < k and put U; = €4(G) fori=1,...,k
(and of course Uy = {1}). Then the R-commutator relations hold. Indeed, the
condition [2:2:2] follows from the fact that U; D U; for ¢ < j. To verify
observe that the nilpotent pairs of R are the pairs (7,j) with 1 <4,j < k. They
satisfy i+j € (i,5) C {l e N:i+j<I<k}ifi+j<k, while (i,j) =0ifi+j > k.
It now follows that

(Ui, U]) = ((gl(G),%](G)) - %H—J(G) = Ui+j - U(i’j)

in either case.

Remark. There is a similar result for a group G containing two nilpotent
subgroups, say U of class at most k and U~ of class at most [, respectively.
Indeed, put R = {—I,...,—1,0,1,...,k} C k. Then

G has R-commutator relations with root groups Uy; = €*(U%). (1)

Conversely, if G has R-commutator relations with root groups U; then the subgroups
Uy and U_; are nilpotent of class <k and of class <[ respectively. Details are left
to the reader.

2.15. Groups with unique factorization. Let G have R-commutator rela-
tions and let A C R be a finite nilpotent subset. We say G has unique factorization
for A if there exists an enumeration Aing = {71, ..,vn} such that the product map

pr Uy x oo x U, = Uy

is injective. Recall from Proposition BIA(b) that p is surjective and that the
injectivity of u is independent of the choice of enumeration. A group having unique
factorization for all finite nilpotent subsets is said to have (unqualified) unique
factorization.

It is convenient to introduce the following weaker form, called unique factoriza-
tion for nilpotent pairs: For all nilpotent pairs (¢, 8), unique factorization holds
for the sets [a,ﬁ] and (a,ﬂ).

In general, unique factorization for [a,,B] will not imply this property for
(a,ﬁ). For example, let @ € R* and assume that {a}¢ = {a,2«,3a}. Then
[a,a] ind = {a} so unique factorization for [a,a] holds trivially, while (a,a) =
{2a,30} = (@, @)ina, and so unique factorization for (c, &’) means that UsoNUsq =
{1}. On the other hand,

« and f linearly independent over Q — (a, ,B)ind - [oz7 ﬁ] ind,

and hence unique factorization for [a, B] implies that for (a, 6).
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For the proof, let v € (a7 B)ind and assume that v is divisible by some § # ~
in [a,ﬁ]. Thus § = pa + 8 where p,q € N, and v = npa + ngf for some n > 2.
Since a and (3 are linearly independent over Q, (a, B) contains no multiple of « or
B, so we have np>1 and ng > 1. But then also p>1 and ¢ > 1, whence § € (a,ﬁ),
contradicting the fact that - is indivisible in (a, B).

As a consequence, we see: if R has Card (a, B) < 1 for all Q-linearly dependent
nilpotent pairs, which is for instance the case when R is a locally finite root system
by @, then unique factorization for nilpotent pairs follows from that for all [a, B].

2.16. Examples. (a) The condition that the map p of BIJ be injective is
trivially fulfilled for any finite nilpotent A with Card(A;j,q) = 1. For example, let
R = A, ={0,1,—1}, let V be a Jordan pair, and let G = PE(V). As noted in
B3(a), G then has R-commutator relations with root groups Uy, = U*. Since {1}
and {—1} are the only nilpotent subsets of R, PE(V') has unique factorization.

(b) Here is an example which shows that not every group has unique fac-
torization for nilpotent pairs and that unique factorization for nilpotent pairs is
weaker than unqualified unique factorization. Let X = k™ with standard basis
B = {e1,...,en} and let R = {0} U B. Then B is an abelian subset of R in the
sense of [[9. A group G with R-commutator relations is a group with a family of
abelian subgroups U; = U, which commute pairwise. We may replace G by the
subgroup generated by the U;. Then G is commutative, and in additive notation,
we have G = Y7 | U;. The nilpotent pairs (a,3) are the pairs (g;,¢;), and since
(si,sj) = (), we have [5i,sj] = {ei,€;}, so that Uy, .,] = Ui + U;. Hence G has
unique factorization for all nilpotent pairs if and only if U; NU; = {0} for i # j. On
the other hand, G has (unqualified) unique factorization if and only if G = @;._, U;.

(¢) Elementary linear groups. Let I be an index set, let A be a unital associative
ring and M = AU) the free right A-module with standard basis (e;)s;c;. Let
E;(A) C GL(M) be the elementary linear group, that is, the subgroup of GL(M)
generated by all transvections

eij(a) =1Id + Ei]'(a) (CL €A, i 75 j),

where the E;;(a) are the usual matrix units mapping ey to d;ze;a. Let R = AI =
{ei —€; 14,5 € I} be the locally finite root system as in [0, 8.1], see also [4.7.1)
Then it is well-known and easy to see (cf. [[L']) that G = E;(A) has A ;-commutator
relations and root groups U, ., = e;;(A) for i # j. Moreover, it is well-known
that G has unqualified unique factorization. But we will give an elementary proof
for the special case of unique factorization for nilpotent pairs now.

Thus, let (o, 8) be a nilpotent pair in R. In the present situation, this means
a=¢ —¢€j, B =¢€r—¢ wherei # j, k #1, and o+ 8 # 0. It suflices to treat
the case a # 5. By @, either « + 8 ¢ R* and then (a,ﬂ) =0,ora+p € R¥
and then (o, 8) = {a + B} (all this holds for any simply laced locally finite root
system).
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Case 1: a+f ¢ R. Thisis equivalent to j # k and i # [. We must show that the
multiplication map U, x Ug — G is injective, which is equivalent to U, NUg = {1}.
Thus assume e;;(a) = ek (b) € Uy, N Up. Applying this to e; and ¢; yields

eij(a) cej =e;+ea= ekl(b) -ej =e¢e5+ 5j16kb,
eij(a) -er = e + 0jieia = ey (b) - e = e + exd.

If i # k then these equations imply a = b = 0, as required. If i = k then necessarily
j # 1, otherwise a« = . Hence these equations again show a = b = 0.

Case 2: v =a+ f € R*. Possibly after exchanging o and § we may assume
j =k and have i # [, so 7 = ¢; — £;. We show that the multiplication map U, x
Us x Uy — G is injective. Let g = e;;(a)eji(b)eii(c). Then a simple computation
shows that
g-ej=ej+ea, g-e=ce +eb+e(c+ab).

This shows that a, b, ¢ are uniquely determined by g and proves our claim.

(d) Any of the groups considered in Examples B-J(c)—(f) has unique factor-
ization. Indeed, if G is a connected reductive algebraic group defined over a field
k and so has commutator relations with respect to some finite root system R, it
follows from [, Lemma 3.4] that any nilpotent subset A C R lies in a positive
system of R. Then [ﬁ, Prop. 14.5] shows that the product map HweA U, - Ua
is bijective if k is algebraically closed. The case of an arbitrary base field k then
follows from the algebraically closed case. For split reductive group schemes as in
Example P-J(d) unique factorization is a consequence of [, Exp. XXII, Prop. 5.5.1]
while for Chevalley groups this is proven in [BY, p. 24, Lemma 17].

For the groups in Example P-J(e) one can argue as above: any nilpotent subset
lies in a positive system so that it suffices to know that the product map Hwe pUy —
Up is bijective. This is for example proven in [B1], 8.10] for I = 2 or [63, Prop. 11.11]
in general. Other examples are discussed in B194.

2.17. Lemma. If a subset A of R is the disjoint union of two closed subsets
B and C, then
Aind = Bina U Cina. (1)

Proof. Since B and C are disjoint so is the union on the right hand side of [T1].
By [2-IT.1] we have BN Ajng C Bing and CNAjnq C Cing. This proves the inclusion
from left to right. Conversely, let 8 € Bj,q and assume 8 ¢ Aj,q. Then 8 = na for
some o € A and n > 2. We cannot have o« € B because 3 is indivisible in B. Hence
a € C. But then also na € C because C is closed, whence 8 € Bi,gNC =0, a
contradiction which proves 8 € Aj,q. By symmetry, we have Ci,q C Ajng, so the
inclusion from right to left in [T] holds as well.

2.18. Corollary. Let o and B be linearly independent over Q. Then

[Oé,ﬁ] ind = {Oé} U (a76)ind U {6}
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If moreover (a, B) is a nilpotent pair and G is a group with R-commutator relations
and root groups U, and unique factorization for nilpotent pairs, then UgNU(q,g) =
{1}.

Proof. From linear independence it follows that the union A := [a, B] =
{a}e U (a, B) U{B}" is disjoint. Moreover, B := {a}* is closed by definition, and
C = (a, 6) U{B}¢ is easily seen to be closed. By Lemma , Aind = Bing U Cina,
and obviously Binq = {a}. Repeating this argument for the disjoint decomposition
C = (o, 8) U{B}* into two closed subsets yields the first assertion. The second is
then immediate from the definitions.

2.19. Lemma. Let G be a group with R-commutator relations and assume R
and G have the following property: For every finite non-empty nilpotent subset A
of R there exists g € A such that

(i) B:= A\ {ap}° is closed, and
(ii) Uay NUp = {1}.
Then G has unique factorization.

Proof. Let A be a finite nilpotent subset of R and assume ay € A satisfies
condition (i). Then

Aing = {0} U Bina (1)
by Lemma P:T]. We show by induction on n = Card(Ajuq): there exists an
enumeration Ajng = {a1,...,a,} such that the multiplication map U,, X --- X

U, — G is injective.

This is trivial for Card(Ajnq) = 1. Let Card(Ajng) = n + 1 and let g € A and
B be as in (i). Observe that B is nilpotent, being a closed subset of a nilpotent set,
cf. [I:394] and [T.9:2]. By [T}, Bina has cardinality n, so by induction hypothesis,
there exists an enumeration Bing = {a1, ..., a,} such that the multiplication map
Uy, X -+- x Uy, — G is injective. Let g;,h; € Uy, for i = 0,...,n, and assume
9og1 -+ Gn = hohi---hy,. Then hglgo = h1-~-hng;1~-~gl_1 € Uy, NUp = {1}.
This implies go = hg, hence also g1 - - - g, = h1 -+ hy,, and therefore, by induction,
gi = h; for i = 1,...,n. Hence the multiplication map Uy, X -+ X Uy, — G is
injective.

Remark. Condition (i) is always fulfilled if R is reduced in the sense that
RNNia = {a} for every a € R*. Indeed, choose ap € A of minimal height with
respect to a height function h (Corollary [[13). If B = A\ {ag} were not closed
there would exist 31,...08, € B such that 81 +--- + 8, = ag. Applying h to this
equation yields p =1 and a9 = 1 € B, contradiction.

2.20. Locally nilpotent endomorphisms and exponentials. Let V be a
vector space over a field k of characteristic 0. Recall, see e. g. [, 1.5], that an
endomorphism f of V is called locally nilpotent if for every v € V there exists
m € N, possibly depending on v, such that f™(v) = 0. In this case the exponential

of f,
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fn
H?

exp(f) =
neN

is a well-defined invertible endomorphism of V' with inverse exp(f)~! = exp(—f). If
d is a locally nilpotent derivation of a k-algebra A, one knows that expd € Aut(A).
For example, if L is a Lie algebra over k and x € L is locally ad-nilpotent, i.e., ad
is locally nilpotent, then exp ad x is a so-called elementary automorphism of L.

If f and ¢ are locally nilpotent and commuting endomorphisms of V', then
exp(f)exp(g) = exp(f + g) holds. In general, exp(f)exp(g) need not be an ex-
ponential. The cases where this is still true are governed by the theory of the
Hausdorff series, which we quickly review. R

Let § be the free Lie k-algebra on two generators X, Y and denote by § its stan-
dard completion [B, II, §6.2]. Then exp X expY = exp H(X,Y) where H(X,Y) € §
is the Hausdorff series. One knows

H(X,Y):ZHn(X,Y):X+Y+%[X,Y]+~~ (1)

n>1

where the H, (X,Y) are rational linear combinations of higher order commutators in
X and Y, homogeneous of total degree n (thus H;(X,Y) = X +Y and Hy(X,Y) =
%[X ,Y]). Their precise form is for example given in [E, IT, §6.4, Th. 2]. It follows
from that theorem that H,(X,Y) € €™ (§), the nth term of the central descending
series of §.

If z,y are elements of a k-Lie algebra L, we denote by H,(z,y) the element in
%" (L) obtained by the substitution (X,Y’) + (z,y). If L is nilpotent, only finitely
many H,(x,y) are different from zero, thus H(z,y) is a finite sum. The form of
the Hy,(z,y) shows in particular that, for ideals L; of L and xz; € L;,

H(xy,z9) = 21 + 22 mod [Ly, La]. (2)

2.21. Lemma. Let L be a nilpotent Lie algebra and let o: L — gl(V) be a
representation such that o(x) is locally nilpotent for allx € L. Then for allz,y € L,

exp o(z) exp o(y) = exp o(H (v, y)) (1)

in GL(V).

Proof. Since L and p(L) are nilpotent, it follows from P27 that H(x,y) and
H(o(x), 0(y)) are well-defined elements of L and o(L) C gl(V), respectively. Be-
cause o(Hy(z,y)) = Hy(o(x), 0(y)) holds for all n € N, we get that o(H(z,y)) =
H(o(x), 0(y)) is a locally nilpotent endomorphism of V', whence exp o(H (z,y)) =
exp(H (o(x), o(y)) is well-defined. The equality [I] can then be checked for each
veV.

We can now get another example of a group with commutator relations.
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2.22. Proposition. Let A be a torsion-free abelian group, k a field of charac-
teristic zero. In order to apply the results of section [l we view A canonically embed-
ded in the k-vector space A @z k. Assume further that L = @, 4 Lx is a A-graded
Lie algebra, that o: L — gl(V') is a representation of L written as o(x)(v) = x-v for
x €L andv €V, and that R is a subset of S := {0} U{\ € A: Ly # 0} satisfying
0 € R and the following conditions:

(i) o(La) consists of locally nilpotent endomorphisms of V', for all « € R™,
(ii)  for any nilpotent pair (o, 8) in R we have
(ii.1) SN {pa+¢B : p,g € Nyp+q=>=1} C R, i.e., the root interval
[a,ﬂ]s calculated in S is the same as the root interval [a,ﬂ]R
calculated in R, and
(ii.2) for everyx € @, ¢ (a,5) L, the endomorphism o(x) is locally nilpo-
tent,
(i) Lpaq = {0} forn>2 and oo € R*.

(a) Then GL(V) has R-commutator relations with respect to the family of
abelian subgroups % = (Ua)acr defined by Uy = {1} and U, = expo(L,) for
a #0.

(b) Assume that V. = @, Vi is A-graded and that ¢ is a graded repre-
sentation, i.e., Lo -V C Vagn for all a,A € A. Then (GL(V), %) has unique
factorization in the sense of B19.

Proof. (a) That the U, are subgroups of GL(V) follows from the identities
mentioned in R20: (exp f)~! = exp(—f) and exp f exp g = exp(f +g) for f = o(z),
g = 0(y), x,y € L,. The latter identity holds since [o(z), 0(y)] € 0(L2s) = 0 in
view of the assumption (iii).

If 5 =na, n>2, then Lg = {0} by (iii), so Us = {1} C U, shows [2.2.2]. Thus
it remains to show the relation for a nilpotent pair (o, ) in R, i.e., [a, ﬁ]
is a nilpotent subset of R. For any subset A C [a,ﬂ] we put La = @veA L, In
order to apply Lemma B:ZT], we first observe that

Lia,p is a nilpotent subalgebra of L.
Indeed, for arbitrary subsets A, B C [a, B] we have
[La, L] C L(a,B)

using the assumption (ii.1) and that L is A-graded. In particular, L4 for A = [a, ﬂ]
is a subalgebra of L. Denoting by €™ the nth term of the central descending series,
nilpotency of L4 will follow from ¢ (L)) C Len(ay which is proved by induction:
(5"+1<LA) = [La,€"(La)] C [La, chn(A)] C L(Aﬂgn(A)) = chn+1(A). Next we
show

exp 0(r) € Uga,p) for v € Lq,p)- (1)

We abbreviate B = (a, ﬁ), and enumerate B = {f31,..., .} as in Lemma (b)
Thus B; = {B;,.--,6n}, 1 <i<nand B; =0 for i > n is a central chain for B. In
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particular, (B, Bi) C Bj41 holds, which implies that K; = Lp, is an ideal of the
nilpotent subalgebra Ky = L4, gy with [K, K;] C K;y1. To prove [T}, it suffices to
show by downward induction on i that

expo(z) € Up, = (Uy : v € By) for z € K;. (2)

Write © € K; in the form z = x; + 2’ with x; € Lg, and 2’ € K,;1;. From [2:20.2]
we know that H(—z;,x) = 2’ mod [K;, K;] C K;41, and therefore H(—z;,x) €
K;y1. Applying now yields exp o(—x;) expo(z) = expo(H(—x;,z)) €
Ug,., proving [2] and thus also [T].

Finally, we are ready to show the commutator relation [2.2.3)]. Let x € L, and
y € Lg. Then, by [, Proposition 6.1.2] applied to the nilpotent Lie algebra L4, 3],
we obtain

exp(e(z)) o(y) (expo(x)) ™ = o(2), 2= (expadz)(y) € Lya g,
whence also exp(o(z)) o(y)" (exp o(z))™! = o(2)", and since o(y) and o(z) are
locally nilpotent we get

exp(o(z)) exp(o(y)) (exp o(z)) ™" = exp o(2).
Therefore, by [2.21.1],
(exp o(z), exp o(y)) = exp o(2) exp o(—y) = exp o(H (2, —y))

But z =" L(adz)"(y) =y mod L(a,5), whence H(z, —y) € [Lia,5] L(a,8)] C

neN n!
L(a,3)- Then shows exp o(H(z, —¥)) € U(a,8)-

(b) Let A C R be a finite nilpotent subset. By assumption (iii), there is no
harm in assuming A = Ajq. Let A = {aq,...,a,} be an enumeration of A as
in Lemma [[LTQ(b). As explained in B:T3, it is sufficient to show that the product
map p: Uy, X --- X Uy, — Uy is injective. This will follow from the claim that the
product map

any XUOM,-H X"'XUQTL*)UA” Ai:{ozi,...,ozn}, (3)

is injective for all i, 1 <i < n. We will prove [3] by downward induction from
i =n to i = 1. Thus, suppose exp o(x;)u;+1 = exp o(;)uj ; for some x;,x] € Lq,
and wi1,u},; € Ua,,,. Then expo(z; — z}) = uiju,,; € Ua,,, because all
Uy, are subgroups of Uy. Let vy € V. Then expo(z; — z})(vx) = vy + o(z; —
z))(0a) + -+ € Bren Vatna:, while ujul,(vy) € @®,, V. the sum being taken
over all u of the form p = A+m;p 141+ -+ Mmpan, m = (Mmiyq,...,n,) € N*7F
Hence, if 0 # o(x; — z5)(vr) € Vata,, then a; = mip1a;41 + -+ - + my o, for some
m = (Mj41,...,my) € N"7' At least two of the components m; of m are non-zero,
whence «; € (A,Aj) C Aj4q for some j > i. contradiction. Thus g(x; — x}) =0,
exp o(z;) = exp o(z}), and injectivity of the map in [3] follows.

We will consider two types of Lie algebras to which the proposition applies,
Kac-Moody algebras in P23 and extended affine Lie algebras in Z2Q.
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2.23. Example: Category O-representation of a Kac-Moody algebra.
Let L be a Kac-Moody algebra over k [26, Bg] with standard Cartan subalgebra H,
and let o: L — gl(V) be an integrable representation of L in category &. For o € H*
let L, ={x € L: [h,z] =c(h)x forall h € H} and let S = {oc € H* : L, # 0}.
It is known that S is a reflection system, see Section [, in fact even a partial root
system in the sense of 3, §3]. In particular, 0 € S since Ly = H # 0. We will
show that Proposition B:23 can be applied with R = Re(S).

The root space decomposition L = @, ¢ - Lo with respect to H is a grading
with grading group A = H*. Tt is well-known that assumption (iii) of Proposi-
tion B2 holds, see for instance [B@, Prop. 5.1, while the condition (ii.1) follows
from [A2, Theorem 3.7]. By definition a representation g: L — gl(V) is integrable
if it satisfies the following two conditions:

(i) V has a weight space decomposition V' = @, . Vi with respect to the
action of H, in particular the assumption E:223(b) holds: L, - Vi C Viaaa.

(i) Let B = {ai,...,a;} be the standard root basis of S. Then Li,, acts
by locally nilpotent endomorphisms. It is known, see e.g. [A6, Proposi-
tion 6.1.3], that then also condition (i) of Proposition E.29 holds.

To establish assumption (ii.2) of that proposition we use that g is a representation
in the category &. Denoting by £(V) = {\ € H* : V), # 0} the set of weights of
V and putting 24 = Nay + - - - + Noy, a requirement for o to be in & is that there
exist Aq,...,As € H* such that

S

2(V)c i - 2,). (1)

i=1

Let now (a, 8) be a nilpotent pair in R. Assume first that «, 3 are positive roots,
ie,a,f € Ry = RNZ,. Tt is then clear from m that o(z) for z € 69’*/6((1,5) L, is
locally nilpotent. For an arbitrary nilpotent pair («, 3) there exists w € W(R) such
that w([o, 8]) € Ry [£3, Theorem 3.9]. It is known, see e.g. [A6], Proposition 4.1.4],
that there exists an elementary automorphism wy, of L such that wr(Ls) = Luy(o)
for all o € S. Moreover, there also exist wy € GL(V) satisfying o(wry) =
wy o(y)wy," for all y € L, see e.g. [BG, 3.8]. Condition (ii.2) follows by combining
these results.

We can now apply Proposition B2 and obtain that GL(V) is a group with
commutator relations with respect to the family % = (Uas)acr of Toot groups
Uy = expo(Lq) for o € R* and Uy = {1}. Moreover, (GL(V),% ) has unique
factorization.

For our second example, we assume that the support set supp, L = {\ € A :
Ly # 0} is an affine reflection system. A structure theory of affine reflection systems
is developed in [E3, §5], to which the reader is referred for all unexplained notions
used in the following lemma and its proof.
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2.24. Lemma. Let (R,X) be an affine reflection system and let o, f € R*®.
We denote by (S,Y) the quotient root system of (R, X) and by f: (R, X) — (S,Y)
the canonical projection.

Then (a, B) is a nilpotent pair of (R, X) if and only if (f(a), f(5)) is a nilpotent
pair in (S,Y). In this case [oz,ﬁ] C R™.

Nilpotent pairs in root systems are characterized in 3.

Proof. We first take care of the easy direction, namely assume that (f(«), f(5))
is a nilpotent pair of (S,Y), i.e., f({a,8}) is a prenilpotent subset of (S,Y). By
[T33], {a, 8} C R is a prenilpotent subset, hence (o, 3) is a nilpotent pair. We
also know f([a, 8]) = f({a, 1) C {f(), F(8)}* = [f(a), F(8)] by [T53}. Since
0¢ [f(a),f(ﬁ)], we conclude that [a,ﬁ] C R™.

Let us now assume that (o, ) is a nilpotent pair in R. To show that then
(f(e), £(B)) is a nilpotent pair in S, we recall that (R, X) is isomorphic to the ex-
tension of the root system (.S, Y") by an extension datum (A¢)¢cg of type (S, Sina, Z).
To simplify the notation we assume that (R, X) is in fact equal to this extension.
Thus, R = Uees§ B A C X =Y & Z, f: X — Y is the projection along Z, and
v € R"™ < f(y) € S* = 5. We write a, 8 as a =& + A\, and 8 = 7 + A\g with
E, 1€ 5%, Ay € Ag and Mg € A,

The characterization of nilpotent pairs in root systems ([.§) says that (&, 7) is
a nilpotent pair in (S,Y) if and only if {£, 7} is N-free. To finish the proof of the
lemma, it is therefore sufficient to show that if 7 = —s¢ for s € {1,2} then («, §) is
not nilpotent, i.e., [a, ﬂ] is infinite or contains zero. Forn € Nand m = 1+4+sn € N
we claim that ma+nf8 =£® ((1 +ns)Ao +nA € R, ie.,

An = (14+ns)Aq +nXg € A¢ foralln e N. (1)

For the proof of [T] we will use that A¢ is a symmetric reflection subspace of
(Z,4), ie., 24; — Ay C A¢ = —A¢, which contains Ase = A_g¢, in particular
Ag € A¢. We will prove by induction. For s = 1 we have A\g = Ay € A,
A = 2X\y + Ag € A¢, and hence by induction Aoy, = (2p + 1)Aa + 2pAs = 2((p +
Da + PAs) — Aa = 2 — Ao € Ae and Agpiy = (20 + 2)Aa + (2p + 1)Ag =
2((p+ Ao +pAg) + Ag = 2X\, + A\g € A¢. The case s = 2 can be shown in the
same way. If {\, : n € N} is not infinite, there exist ni,na € N, n1 # ng such that
Any = Any, Whence (nq — ng2)sAq = (n2 — n1)Ag and therefore A\g = —sA,. But
then 0 = (s€ + 7) + (sAa + Ag) = s+ B € [o, B].

2.25. Corollary. Let A be a torsion-free abelian group, and let L = @, , L
be a A-graded Lie algebra defined over a field k of characteristic zero such that
R={X€e€ A: Ly # 0} is an affine reflection system in A @z k.

(a) Then adx is nilpotent of class <4 for all x € Ly, a € R™, and nilpotent
of class <10 for all x € @we[a,ﬁ] L., (o, ) a nilpotent pair in R with o, f € R™.

(b) If R is reduced, then (Auwt(L),%) is a group with Re(R)-commutator
relations with respect to the family % = (Ua)acre(r) 0f subgroups defined by
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Uy = {expadx : ¢ € L.}, a € R*™. Moreover, (Aut(L),%) has unique factor-
1zation.

Proof. As in the proof of Lemma P24, it is no harm to assume that R is the
extension of the root system S by the extension datum (A¢)ees.

(a) Let a =¢£@ A € R with £ € 5™, A € A¢ and let « € L,. For an arbitrary
v=C®v e Rweget (adz)"(Ly) C Lctne)@w+nr)- Hence (adx)(L,) = 0 as soon
as (+n& ¢ S, which by [I0, VI, §1.3, Cor. de la Prop. 9] or [AQ, A.5] is always the
case for n > 4.

Let now («, 3) be a nilpotent pair in R with «, 8 € R* and let f: R — S be
the canonical projection. By Lemma .24, (f(«), f(8)) =: (§,7) is a nilpotent pair
of S. We claim that (adz)!'(y) = 0 for any y € L. To prove this, we may assume
that y is homogeneous, say y € L,. Let 8" = SN (ka + kB + ky). Then S’ is a
closed subsystem of S, whence L' = €D ;(5)cs Ls is a subalgebra of L containing y
and any x € Lja,5) = @66[(1,[3] Ls. Hence, to show that (adx)''(y) = 0, we may
without loss of generality assume that S is finite of rank < 3.

By Proposition , [5,7’] is a strictly positive subset of S. Hence by
[@, Proposition 10.13], [f,T] is contained in a positive system, which by [@,
Lemma 11.1] coincides with the set of non-negative roots with respect to some
root basis B of R. Let ht: Z[S] — Z be the corresponding height function, de-
fined by ht(B) = 1. For any z = ) s5.p25 € L we define the level /(z) of
z by I(z) = min{ht(f(6)) : z5 # 0}. Then = € L, has positive level and
([, 2]) > I(2) holds for all z € L, in particular for y € L,. Since the height and
hence the level is bounded, there exists n € N such that (adz)™(y) = 0. More
precisely, it is immediate from the classification of root systems of rank < 3 that
the maximal height in S is 5, so certainly n = 11 will do.

(b) Let R be reduced. To verify condition (iii) of Proposition P23, let « € R*®
and n € Ni. We can assume na € R since otherwise L,, = {0}. But then
na € R™ follows, whence n = 1 by definition of a reduced reflection system in
E32. Thus condition (iii) of P-29 holds. For g the adjoint representation the other
conditions follow from (a) and Lemma .27,

2.26. Example: The automorphism group of extended affine Lie al-
gebras. Let L be an affine reflection Lie algebra in the sense of [, §6]. Hence
L contains an ad-diagonalizable (= split toral) subalgebra H # {0}, inducing a
decomposition L = @y« Lo Where Ly = {x € L : [h,z] = a(h)x for all h € H}
such that R = {a € H* : L, # 0} is an affine reflection system. Thus the assump-
tions of Corollary P-23 are fulfilled in case R is reduced.

Any extended affine Lie algebra E [, 6.11] is an example of an affine reflection
Lie algebra with a reduced R. Hence Aut(FE) is a group with commutator relations
and unique factorization. One can also consider suitably defined classes of integrable
representations of an extended affine Lie algebra to which Proposition P23 applies,
in the spirit of E2Z3. Details are left to the interested reader.
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§3. Categories of groups with commutator relations

3.1. The categories gcp and gec. Let (R, X) € SV. We define a category
gcp as follows: its objects are pairs (G, (Ua)aeR) consisting of a group G having
R-commutator relations with respect to the family (U, )acr of subgroups, called
root groups. Its morphisms

e (G’ (Ua)(xeR) - (G/’ (Ué)aER)

are group homomorphisms ¢: G — G’ preserving root groups: ¢(U,) C U, for all
a € R. By abuse of notation, we often do not indicate explicitly the root groups of
an object of gcp and thus simply write G € gep, ete. As in B3, we put (G) = Ugr
(which has again R-commutator relations with the same root groups) and say G is
tight if G = ¢(G). The tight groups in gcy form a full coreflective subcategory. We
leave it to the ardent reader to elaborate on this theme ...

Next, we define a category gc encompassing all gcp. The objects of gc are
triples ((R, X),G, (Ua)aeR) where

(i) (R,X) €SV,
(i) (G, (Ua)acr)) € 8CR.

A morphism from ((R, X),G, (UQ)QGR) to ((S, Y), H, (Vg),geg) in gc is a pair (f, ¢),
where f: (R, X) — (S,Y) is a morphism of SV and ¢: G — H is a group homo-
morphism, such that

©(Us) C Vi forallac R. (1)

By our convention that Uy = {1} (cf. [Z:2:1]), this means in particular that
fla)=0 = U, CKer(p). (2)

It is easily verified that, together with the natural composition of morphisms, this
defines indeed a category. To improve readability we will sometimes abbreviate an
object ((R,X),G, (Ua)acr) of ge by (R,G, (Ua)) or even by (R,G). Likewise, we
will sometimes refer to an object (R, X) of SV simply by R, omitting the vector
space X. Thus gc is the category of all groups with R-commutator relations, for
all possible (R, X) € SV. Strictly speaking, gc still depends on the choice of the
base field k, but this dependency will be suppressed in the notation.
The assignments (R, G) — R and (f, @) — f define a covariant functor

IT : gc — SV. (3)

For fixed R € SV we may identify gcp with the fibre of I at R, i.e., with the
subcategory of gc whose objects are of the form (R, G, (Uy)), and whose morphisms
are the morphism (Idg, ¢) of gc.

The category gc admits the following direct sum construction. However, even if
the index set I is finite, this construction does not have the categorical properties
of a direct product or coproduct.
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3.2. Lemma. Let I be an arbirary index set, and let G, be groups with R;-
commutator relations and root groups chf), a € Ry Let G = @,.;G; be their
restricted direct product, i.e., the subgroup of the full direct product [];.; Gi whose
elements have only finitely many components different from 1, and let R = | J;c; R;
be the direct sum of the R; as in B3. Identify G; with the subgroup of G obtained by
injection into the ith factor. Then G has R-commutator relations with root groups

Uy =UY
for o€ Ry C R. Any family of morphisms ¢;: G; — G in gcg, canonically yields
a morphism @,c; vi: @, Gi — @, G} of the category gep.

Proof. 1f a’ﬁ and a # 0, then « and f lie in the same component of R, say
a, B € Ry, so that [2.2.2] holds by definition of the root groups. To prove [2:2.3],
suppose (a,3) is a nilpotent pair, say, & € R; and 8 € R;. If i = j then the
commutator relation follows from the one in G;. If i # j then (a,ﬁ) = () and

(Ua, U ﬁ) = {1} by definition of the restricted direct product. The last statement
is evident.

3.3. Proposition. Let (G,U,) € gcp be a group with R-commutator relations
and let f: (R, X) — (S,Y) be a morphism of SV. For all{ € S define subsets R[¢]
of R by

R[¢):= R, f]:={a € R: f(a) # 0 and | f(a)}, (1)
in particular R[0] = 0, and define subgroups U of G by

U¢ == Upgg- (2)

(a) Then G has S-commutator relations with root groups Uf.

(b) Let g: (S,Y) — (T,Z) be a second morphism of SV and for 7 € T, define
subgroups of G by

U7 = (Ua: g(f(@) #0, 7/(9° £)(@)) = Unfrgo): (3)
Then
Uz = (U¢: 9(€) #0. 7l9(©)) = Uspry @

(c) The assignment (G,Uq) = (G,U{) on objects and ¢ +— ¢ on morphisms is
a covariant functor fo: gcp — geg.

(d) fo itself depends functorially on f; i.e., (Id)e =1Id and (go f)e = ge © fo
for all morphisms g: (S,Y) — (T, Z) of SV.
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Remark. A special case of part (a) is the construction of root groups in re-
ductive algebraic groups over arbitrary fields [, Prop. 21.9], see Example P-J(c).

Proof. (a) We have R[0] = 0 by [2.1.4), so Uj = Uy = {1}. Next, n|¢ implies
R[n] O R[¢] by [ZI5]), from which the relation Uy > U{ follows. It remains to verify

the commutator relation [2.2.3). Let X¢ = (J{Ua : a € R[¢]}, and note X = Xgl

and <X§> = Ué. Hence, by Lemma E applied to the family of subgroups (Ué)geS,
it suffices to prove that

(Ua,Ug) - Uégm)a (5)

whenever (&, 7) is a nilpotent pair in S and a € R[¢] and 8 € R[n]. By [1.9:3), {«, 5}
is prenilpotent, hence the R-commutator relations for G yield (UQ, Ug) C U(a,pys

and Uga,p) C Uy, follows from f((a, 8)) C (& n) and U, C Uj ) for f(v) # 0.
This establishes [5] and completes the proof of (a).

(b) For the inclusion from left to right in [4], let o € R[r, gof] and put & = f(«).
Then g(&) = g(f(@)) # 0 and 7|g(€), so &€ € S[r,g]. Obviously, a € R[¢, f], and
hence U, C Ué.

To prove the inclusion from right to left in [4], let £ € S|, g]. We must show
Ui C UY. By [2), U is generated by all Us, a € R[¢, f], so it suffices to show that
a € R[¢, f] and € € S|r,g] imply a € R[7, g o f], because then U, C U/ will follow.
Now g is linear, so f(a) = n€ # 0 and g(§) = p7 # 0 for suitable n,p € Ny imply
g9(f(a)) =ng(&) = npT # 0, whence a € R[7, g o f], as desired.

(¢) By (a) we have fo(G,U,) € gcg. Now let also H = (H, (Va)acr) € gCx
and let ¢: G — H be a morphism of gcp, so that p(U,) C V,, for all « € R. We
use the notations of [T] and [2] for H as well. Then (Ug) C V{ is clear from
the definition [2], so fe(¢) = ¢: G — H is a morphism of gcg. It is immediately
verified that f,(Idg) = Idy, () and fe(¥ 0 @) = fo(¢)) o fo(), showing f, is indeed

a covariant functor.

(d) From and the fact that Us C U, for a8 (by [2:2.2)) it follows that
Ide(G) = G and Ide () = ¢ for a morphism ¢ of gcp. Now let g: (S,Y) — (T, Z) be
a morphism of SV. We must show that the functors (go f)e and geo fe have the same
effect on objects and morphisms of gc. We have (go f)e(G) = (G, (UY)reT) € gCpr
where U/ is given by [3]. Hence go(fe(G)) = (g0 f)e(G) follows from [Z]. Thus
ge © fo and (g o f)e agree on objects of gcp. That also ge(fe(v)) = (g0 f)e(p) for
morphisms of gcp, is then an easy consequence.

Remark. Let €T be the meta-category of all categories, whose objects are
categories, and whose morphisms are functors between categories. Then Proposi-
tion B3 can be expressed by saying that there is a functor G: SV — €A%, given
by G(R) = gcp and G(f) = f.. In the terminology of [BH, B1.3], G is an SV°P-
indexed category. The Grothendieck construction [B§, B1.3] then yields a fibred
category over SV°P whose objects (but not morphisms!) are those of gc. On the
other hand, we will see that IT: gc — SV is a cofibration in a natural way. We
first recall this concept.
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3.4. Cofibrations. Let II: ¥ — . be a covariant functor between categories
% and . For R € ., denote by %r the subcategory of ¥ with objects all G € ¥
such that IT(G) = R, and morphisms those morphisms 9: G — G’ of € satisfying
II1(¥) = Idg. Objects of € will also be called objects over R.

A morphism ¢: G — H of €, say with II(¢) = f: R =II(G) — S = II(H),
will be called a morphism over f: R — S. We say ¢ is cocartesian if for every
morphism x: G — K of € over h: R — T = II1(K), every factorization h = go f in
. can be lifted uniquely to a factorization of x, i.e., there exists a unique morphism
¥: H — K of € such that x = o ¢:

G X >
W\;H Ho
. (1)
R T
J\S/

Here a vertical line like | indicates that II(G) = R, i.e., that G is an object over
R
R.
The functor IT is called a cofibration, or € is said to be cofibred over ., if
for every morphism f: R — S of . and every object G € € over R, there exists

H € %5 and a cocartesian morphism ¢: G — H over f. Such ¢ and H are unique
up to unique isomorphism.

Let & be cofibred over .. For every G € € and every morphism f: R — S of .
choose a cocartesian morphism ¢: G — H, and put f,(G) := H and ws(G) := .
Then for every morphism 9J: G — G’ in the category % there exists a unique
morphism f,(9): f.(G) — f«(G') in €s such that the diagram

G G’
Wf(G)l lw(G/) (2)
f(@) f(G")

f ()

commutes. This follows by applying the diagram [T] to the case where x = ws(G’)o
¥, K = f.(G') and g = Idg. In this way, we obtain a functor f.: €g — €s. The
choice of f, and wy(G) for all f and G is called a cleavage of € over .. There are
unique isomorphisms (Idg). = Idg, and g. o f. = (go f)., but these are in general
not equalities, so the assignment R — %, f — f. is merely a pseudofunctor (or

lax 2-functor) from . to CAT.
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3.5. Proposition. The functor II: gc — SV of [B1.3] is a cofibration. A
cleavage of II is given as follows. For a morphism f: (R,X) — (S,Y) of SV and
an object G = (R, G, (Uy)acr) € 8¢, let Ny be the normal subgroup of G generated
by {Us : f(a) = 0}. Let H = G/Ny and denote can: G — H the canonical
map. For { € S define Ve := can(U{) where the U; are as in [33.2]. Then

f«(G) == (S, H, (Ve)ees) € g, and wy(G) := (f,can): G — f.(G) is cocartesian.

Proof. By Proposition B-j(a), G has S-commutator relations with root groups
Ué, so as remarked in E, the homomorphic image H has S-commutator relations
with root groups Vg, i.e., f,(G) is an object of gc over S. It remains to show that
wr(G) = (f,can): G — f.(G) is cocartesian. Explicitly, this means:

(*) Let K = (T, K,(W;)-er) be an object of ge over T, let (h, x): G — K be
a morphism of gc over h: R — T, and let h = g o f be factored via a morphism
g: S — T of SV. Then there exists a unique morphism (g,v): f«(G) — K in gc
over g such that xy = v o can.

First note that wy(G) is a morphism of ge lying over f. Indeed, can: G — G/Ny
is a group homomorphism, and Us C Uy ,,) obviously holds by the definition [3.32],
whence can(Us) C can(U},)) = Vi(q) foralla € R. Now let K = (T,K, Wy)rer),
let (h,x): G — K and h = go f as in (x). For « € R with f(a) = 0 we have
h(a) = g(f(a)) = 0 and therefore U, C Ker(x) by [3:1.2), which implies that also
Ny C Ker(x). Hence there exists a unique group homomorphism : H — K such
that x = ¢ o can, and it remains to show that v is a homomorphism of gc over g,
Le., that ¢(Ve) C Wy forall§ € S. Now Vg = can(Uy) is generated by all can(U.,)
where f(a) # 0 and £|f(a). For such a, we have 1(can(Uy)) = X(Ua) C Wia),
since x: G — K is a morphism over h. But ¢|f(c) implies g(¢)|h(a) (because
h = go f), and hence Wy D Wio) by [2.2.2] This shows ¢(Ve) C Wy, as
desired.

3.6. Remarks. (a) Let ¥: G — G’ be a morphism of groups in gcp, and let
N} be the normal subgroup of G’ defined analogously to Ny. Then it easy to see
that ¥(Ny) C N, and that the homomorphism f.(9): G/Ny — G'/N} of [3.42] is
the one induced from ¥ by passing to the quotient groups.

(b) Let ¢g: S — T be a morphism of SV. The isomorphisms of functors
Idge, = (Idgr)« and (g o f).« = g« o f. mentioned in B4 are given on objects as
follows. For f = Idg, we have Ny = {1}, and hence (Idg).(G) = G/{1} = G
in the obvious way. Let Ng.r be the normal subgroup of G generated by all
U, with g(f(a)) = 0 and let N, the normal subgroup of G generated by all U
with g(¢) = 0. Then N,o¢/Ny = Ny, and we have an isomorphism of groups
(9o f)«(G) = G/Nyos = G/N, = g.(f+(G)) by the first isomorphism theorem. One
checks easily that this is compatible with the respective root subgroups.

(¢) If f: R — S is an immersion in the sense that R N Ker(f) = {0} then
Ny = {1} and therefore the underlying group of f,(G) is the same as that of G,
although of course the root groups differ.
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3.7. Definition. A morphism ¢: (G, (Uy)acr) — (G', (UL)acr) of the cate-
gory gcp, is called injective (surjective, bijective) on root groups if, for all « € R,
the restriction ¢: U, — U, has the respective property. Morphisms of this type
are stable under composition, and hence define (non-full) subcategories of gcp.

If G’ is tight (generated by its root subgroups) then a morphism which is
surjective on root groups is actually surjective. An analogous result does not hold
for morphisms which are injective on root groups. However, we have a positive
result under suitable assumptions on unique factorization.

3.8. Lemma. Let ¢: (G, (Uy)acr) = (G, (U.)acr) be a morphism of gcg.
(a) If ¢ is surjective on root groups then o(Ua) = U for any subset A of R.

(b) Suppose p is injective on root groups and G' has unique factorization for a
finite nilpotent subset A of R, c¢f. BEI9. Then G has unique factorization for A as
well, and ¢: Uaq — Uy is injective.

(¢) Let again ¢ be injective on root groups. If G' has unique factorization for
all finite nilpotent subsets then so does G, and ¢: Us — Ul is injective, for all
(possibly infinite) nilpotent subsets A of R.

(d) If ¢ is bijective on root groups and G' has unique factorization then G has
unique factorization, and @: Ua — Uy is an isomorphism, for all nilpotent A C R.

Proof. (a) This is evident from the definitions.

(b) Enumerate Ainq = {71,...,7vn}. Then the diagram

I
Uy x---xUy,, ———— Uy

| |

! ! !
. >
U’Yl x X U’Yn ,“', UA

commutes, where the horizontal maps are the product maps of G and G’, respec-
tively, and the vertical maps are induced by ¢. By [2.12.1] the horizontal maps are
surjective. Since ¢ is injective on root groups, the left hand map is injective, and
since G’ has unique factorization for A, the bottom map p’ is injective. Hence p and

the right hand map are injective as well. In particular, G has unique factorization
for A.

(¢) By (b), G has unique factorization for all finite nilpotent subsets. Now let
A be an arbitrary nilpotent subset, and let u € Uy with ¢(u) = 1. Then there
exists a finite subset F' C A such that u € Up. By Proposition [[I3, the closure F°
is finite and nilpotent, so after replacing F' by F'“ we may assume F' nilpotent. By
what we proved in the finite case, u = 1, as desired.

(d) This follows immediately from (a) — (c).
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3.9. Steinberg categories. Fix (R, X) € SV. As in B], we will frequently
not make explicit the root subgroups U, of an object (G, (U, )acr) of gcy and thus
write G = (G, (Uqa)acr) if there is no danger of confusion. Let us also fix an object
G = (G,(Us)acr) € gci. We introduce a category st(G), called the Steinberg
category of G, as follows.

An object of st(G) is a morphism m: G — G of gcp with two additional prop-
erties:

(i) 7 is bijective on root groups, and
(ii) 7 Upa,p] = Ula,pg] s bijective, for all nilpotent pairs (a, 3).

A morphism from G 5 G to G’ ™ G of st(G@) is a morphism ¢: G — G’ of gep
making the diagram

G———=
N4 v

commutative. Thus st(G) is a (in general non-full) subcategory of the comma-
category (gcp | G), cf. A3, 11.6].

Let m: G — G be in st(G) and let t(G) and t(G) be the subgroups generated by
the respective root subgroups. Then it is clear that 7: v(G) — G belongs to st(G),
and that 7: t(G) — v(G) is in st(x(G)).

3.10. Remark. (a) The reader may wonder about the relation between (i) and
(ii). The following examples show that these conditions are in general independent.

(i) does not imply (ii): Let e1,e2 be the standard basis of k? and let R =
{0,e1,62} C k2. Let ej,es be the standard basis of Z? and put G = Z? with
U., = Z-e;. Define G = Z with U., = Z and let m: G — G be defined by 7(e;) = 1.
All pairs {e;,¢;} for i, j € {1,2} are nilpotent pairs. Then 7 is bijective on all U,,
but 7T|U[€1’52] is not.

(ii) does not imply (i): Let R = N C k, let G = Z (additive group), and put
U =G and U, = {0} for n # 1. Let G = {1} and let m: G — G be the only
possible map. There are no nilpotent pairs, because [a, ﬁ] either contains 0 (in
case o = 0 or 8 = 0), or it is infinite. Hence (ii) holds trivially. On the other hand,
m: Uy — Uy = G = {1} is not injective.

(b) However, if R satisfies the finiteness condition (F1) of [2:4.2], that is, if {«a}°
is finite for all ¢, then (ii) implies (i). Indeed, then any pair (o, ) (for & € R*) is
nilpotent, and [a, a] = {a}° as well as Ula,a] = Ua because of the relation .
In particular, this is so in the important case where R is a locally finite root system.

3.11. We note some elementary properties of the Steinberg category.

(a) Assume G has unique factorization for all nilpotent sets of the form [a, B]
where (_ B) is a nilpotent pair. Then a morphism m: G — G of gcg is an object
of st(G) if and only if it is bijective on root groups.
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This follows immediately from Lemma B.3.
(b) Suppose ¢ is a morphism of st(G) as in [3.9.1). Then:

(b0) : Uy — UL is an isomorphism, for all a € R,
(bl) if G is tight then @ is uniquely determined,
(b2) if G’ is tight then ¢ is surjective.

Indeed, from [3:9.1] we obtain the commutative diagrams

e |Ua ,
Uy —————= U,

- (1

R

which show that the restriction of ¢ to each U, is uniquely determined and an
isomorphism onto U/,. Hence ¢ is uniquely determined, provided the U, generate
G. This also shows that ¢ is surjective if G’ is generated by the U’,.

(c) A morphism p: G — G’ of st(G) can be considered as an object of st(G').

Indeed, ¢ is bijective on root groups by m, and ¢: Upa,p1 — U[’a 5] is bijective, for
all nilpotent pairs, as follows from the commutative triangles

®
U[‘%B] U[la,B]

IR
IR

Ula,p

(d) Let m: G — G be in st(G) and let K C G be a normal subgroup with
the property that K C Ker(m). Let can: G — G = G/K be the canonical map,
and equip G with the root groups U, = can(U,) is in E(b) Then 7 induces a
homomorphism 7: ¢ — G such that 7 = 7 o can, and 7 € st(G). Indeed, it follows
immediately from the commutative diagrams

U, _oeen Ua U[a,ﬁ] can U[aﬂ]
Ua Upa61

that 7 satisfies conditions (i) and (ii) of B-9.
Finally, it is clear that
(e) Id: G — G is a terminal object of st(G).

Our next aim is to show that st(G) has an initial object. The proof is based on
a direct limit construction of groups with commutator relations.
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3.12. Lemma. Let (R,X) € SV. For all « € R* and all nilpotent pairs
(a,8) € Rx R, let L, and La,p) be groups. For simpler notation, we write
La5 = L(a,ﬂ)' Let

B, and (1)
iag: Ly = Lag for all v € [a, ], (2)

i?: Ly — L whenever o

be group homomorphisms satisfying

Lap = (id(Le) 7 € [ ], (3)
(i25(La).i55(Le)) © (i25(L4) 17 € (a.8)). (4)

Let L be the inductive limit of the groups L, and Log with respect to the maps i
and ilﬁ' Denote by jo: Lo — L and jog: Log — L the canonical maps into the
inductive limit. Then L has R-commutator relations with root groups

Yo = {1}7 Y, = ja(La) (a € RX)7

and is generated by the Yy i.e., (L, (Ya)aeR) € gcp.

Proof. By standard facts [, B1], BJ], the inductive limit exists and has the
following properties which characterize it uniquely up to unique isomorphism: the
homomorphisms j, and jug, for all @ € R* and all nilpotent pairs («, 3), make the
inner left hand triangles of the diagrams

Lﬁ Ps L’y : Py
& X
Ell 3!
i L-femH il L7 S (5)
LO‘ Pa Laﬂ Pap

commutative, for all a|6 and all v € [a, B], (c, 8) nilpotent. Furthermore, given
any group H and given homomorphisms

Yo' Lo — H, Yap: Log — H

making the outer triangles of [5] commute, there exists a unique homomorphism
p: L — H making the entire diagrams commute.
We first observe that

Yiag1 = Jas(Lap), (6)
for all nilpotent pairs («, 8). (Recall that, by the definition given in -3, for a subset

A of R, Yy is the subgroup of L generated by all Y., v € A. This is applied here
to the subsets [a,ﬂ] of R.) Indeed,
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Yoo = (Y5 ¢ ve[a,5]> (jr(Ls) 7 € [a,8])
= (dapoilp(Ly) i v € [a,/3]> (by 51
— ja5<i’; 5(Ly) 7 € [, ﬁ]> (since jag is a homomorphism)
= Jap(Lap) (by (3D

By uniqueness of ¢ in [5), see also [63, Chapter I, 1.1], L is generated by the
subgroups jo(Lo) = Ya, @ € R, and jog(Lag), (o, 3) nilpotent. Now [6] shows
that L is already generated by the Y.

Next, the relation 2.2.2] for L, ie., Y3 C Y, if a|f, follows immediately from
the first diagram of [5] and the definition of the root groups, so it remains to verify
that L satisfies the commutator relations [2.2.3)] Let («, 3) be a nilpotent pair.
Then, since a and 8 belong to [a, B], by and by ,

(Yo, Ys) = (ja(La).js(Ls)) = ((as 0 iap) (La), (Jaﬁol 5)(Ls))
=jaﬁ<(i3@<La>,iaﬁ<L6>)> < Jos (ia(Ly) 7 € (0,8) )
= ((as 0 i2)(L) 17 € (@.8) ) = (r(Ls) 17 € (@ 8))
= (Vs 7€ (@.8)) = Y-

This completes the proof.

Remark. For this computation to work it is essential that & x Lo — Log and
z'gﬁz Lz — Lqp be defined. This explains why we have to allow v € [a, ﬁ] in ;
it would not be sufficient to require only for v € (Oz7 B)

The following result is inspired by [B9, 3.6].

3.13. Theorem. Let (G,(Ua)acr) € gCp- The Steinberg category st(G) has
an initial object T G — G, and the group G is generated by its Toot subgroups.

By standard facts, this initial object is uniquely determined up to unique iso-
morphism. We call it the Steinberg group of G and denote it by St(G). By abuse
of terminology, the group G will also be referred to as the Steinberg group of G.

Proof. We apply Lemma, to the situation where Ly := Ua, Lag = Ua,g)
and 2: Lz — L, and izﬁ: L., — Lqgp are the inclusion maps. Then [3.12.3) holds

by definition of U [o,5], and follows from 2.2.3). Let L = G be the inductive
limit of the L, and L,g as in Lemma B.13.

We claim that there exists a unique homomorphism ¢ = 7: G — G such that
70 jo = inc: U, <= G for all o € R, and 7 is an object of the category st(G). For
the proof, we use the universal property of G (cf. m ) in the case where H = G
and the ¢, Lo — G and s Lag — G are the inclusion maps. Then the outer
triangles of the diagrams [3.12.5] obviously commute, proving the existence of 7.
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From the first diagram of [3.12.5] we see that 7o j, = Idg_. By definition, the root
groups of G are Y, = Ja(La) = ja(Uy). Hence jo: U, — Y, is an isomorphism,
so 7 is bijective on root groups. In the same way, the second diagram of [3.12.5]
shows that 7 o jog is the identity on U[aﬁ]. Hence 7 satisfies condition (ii) of @
as well, so 7 is an object of st(G).

Next we show that # is in fact an initial object of st(G). Thus let G =
(G, (Us)acr) € gep and let m: G — G be a morphism satisfying (i) and (ii) of B9,

i.e., an object of st(G). We must show that there exists a unique homomorphism
p: G — (G preserving root groups and making the diagram

commute. We use again the universal property of the inductive limit. Define
Yo Uy = G and Pag: U[Q}B] — G to be the inverses of F’Ua and W’U[aﬁ]. Since
7 satisfies (i) and (ii) of B9, this makes sense. Then the outer triangles of [3:12.5]
are clearly commutative, so we have a unique ¢: G > G making the diagrams
[3:125] commute. From these diagrams one sees that ¢ preserves root groups, and
uniqueness of ¢ follows from B.g(c1). Hence #: G — G is an initial object of st(G).

3.14. Remarks. The Steinberg group of a group G does not change when
replacing G by some G € st(G) or by a suitable quotient of G. More precisely:

(a) Let G € gcp and let 7: G — @ be its Steinberg group. Let m: G — G
be an object of st(G) and ¢: G — G the unique morphism such that 7 = 7o ¢.
By BI(c), ¢ is an object of st(G), and it is in fact an initial object. Indeed, let
0: H — G be in st(G). Then mo o: H — G — G belongs to st(G), so by the
universal property of G there exists a unique o' G- H making the diagram

H
’ ’/
L2 X
a—-o~F G
G

commutative. Now ¢ and go ¢’ are morphisms from G to G in st(G), so ¢ = go ¢’
by BII(b1).

(b) Let N be a normal subgroup of G such that N N Uy = N N Upa 51 = {1}
for all a and all nilpotent pairs (a, 8) in R. Let x: G — G/N be the canonical
homomorphism. Then G/N has commutator relations with root groups x(U,) by
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B.A4(e), and we have St(G) = St(G/N), more precisely, ko #: G — G — G/N is the
Steinberg group of G/N. Indeed, the assumptions on N imply that « satisfies (i)
and (ii) of B-J, so x € st(G/N). Now the claim follows from (a) (with G and G
replaced by G and G/N, respectively), and the essential uniqueness of the Steinberg
group.

The Steinberg group commutes with the direct sum construction of Lemma B2

3.15. Lemma. Let G; be a family of groups in gcp, and let G=@G,; €gcp

as in Lemma Bd. Let #;: G; — Gy be the Steinberg groups of the G;. Then the
Steinberg group of G is P PGi — G.

Proof. Put G = @G, and # = @ #;. We show first that # belongs to the
Steinberg category st(G), so we must verify the conditions (i) and (ii) of B.g. But
this follows easily from the definition of the respective root groups in Lemma B2
and the fact that for o, 8 € R = |J R;, the root interval [a,ﬂ] is empty unless «
and f belong to the same component of R.

Next we show that # has the required universal property. Thus let 7: G — G
be in St(é) and let H; = Ug, be the subgroup of G generated by all U,, o € R;.
From the R-commutator relations in G it follows that

(Hi Hy) = {1} fori# (1)
but note that H; N H; may be non-trivial. We identify G with a subgroup of G by
means of the injection into the ith factor. Then 7(H;) C G, and m; := 7r|Hi: H; —
G belongs to the Steinberg category st(G;). By the universal property of #;, there
exist unique ;: Gi— H; making the diagrams

G; - H
Gi

commutative. Now define ¢: G—G by

gz zEI H% gz (2)

Since only finitely many factors g; are dlfferent from 1 and the subgroups H; of G
commute pairwise by [T], this is a well-defined group homomorphism, and it makes

the diagram
G——G
G
commutative.
It remains to show uniqueness of ¢. Suppose also m o) = 7. Then v; := w}HZ-

satisfies m; o ¢; = @;, so we have ¥; = ¢; by the universal property of 7;, and
therefore ¢ = ¢ by [Z]).
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3.16. Another construction of the Steinberg group. Generalizing again
[B9, 3.6], we now give a more concrete (but less canonical) description of St(G) in
case G has unique factorization for nilpotent pairs, as defined in P13

For every nilpotent pair (a, ) choose an ordering (a,ﬁ)ind = {7, -y}
(where n = ngypg will of course depend on «,3). Then there are well-defined
functions f?: Ua x Ug — U,, such that

((TL,B) = Hf(iﬁ(a76)’ (1)

foralla € Uy, b € UB~ (The féﬁ will in general depend on the chosen ordering).

Let F be the free product of the groups Uy, a € R, and let hy: U, — F be the
canonical injections. Let N be the normal subgroup of F' generated by all

hg(0) ™" - ha (D), (2)

(ha(a)vhﬂ(?]))il ! Hh% (f(i,(i(dvl;))v (3)

where a’ﬁ and b € Ug in the first formula, and («, ) is nilpotent and a € U,,
b € Ug in the second. Let L := F//N and denote by can: F' — L the canonical map.

We define k, :=cano hy: Uy, — L and put Y, = ko(Us,) C L.

3.17. Theorem. Suppose (G, (Uy)acr) € gCr has unique factorization for
nilpotent pairs. Then, with the notations of B18, (L, (Ya)acr) belongs to gep, and
there exists a unique homomorphism 7t: L — G making L an initial object of st(G)

(and hence L “is” the Steinberg group St(G)).

Proof. We note first that L has R-commutator relations with root groups Y,
and is generated by the Yy, i.e., (L,(Y,)) is an object in gcy. Indeed, since F is
generated by the h,(U,), it follows that L is generated by the Y,. Next, if a|3,
we have Yg C Y, by applying can to the relations [3.16.2], and the commutator
relations [2:2.3] follow in the same way by applying can to [3.16.3])

Now let 7: G — G be an object of st(G); in particular, G = (G, (Uy,)) € gcp.
Since F is the free product of the U, and 7 is bijective on root groups, there is a
homomorphism x: F' — G making all diagrams

ha

@Q I

(e € R) (1)

3
_—
1%
Q<T'11

&

inc

commutative. We show that k factors via F/N, i.e., that all elements of type
[3:162] and [3:16-3] belong to the kernel of k. Let us first remark that
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m(k(ha(a))) =a, forallae U,, a € R. (2)

Indeed, by we have a = n(ha(w(a))) for all a € U,. Applying 7 yields
m(a) = m(k(ha(m(a)))), and since 7: U, — U, is in particular surjective,
follows.

Let o|B and b = m(b) € Ug. Then Uz C U, and [2) imply

m(k(hs(d)) = b = m(k(ha(b))).

Since 7|U, is injective, we conclude £(hs(b)) = £(hq (b)), so k vanishes on elements

of type [3.16.2].

Next, let (a, 8) be a nilpotent pair, and let a € Uy, be UB~ We must show that
#(ha(@), hs®) = £ ]t (F25(a.5)) ). (3)
i=1

By [1}, k(ha(a@)) € U,. Hence the left hand side is, since & is a homomorphism and
G has R-commutator relations,

’f(ha(a)a hﬁ(g)) = (“(ha(a))7 H(ha(g))) € (UomUﬁ) C U(a,ﬁ)-

In the same way, one sees that the right hand side belongs to Uy, - - - U,,, = U(a,g),
cf. Proposition P-TJ(b). Now 7 satisfies (ii) of B.9, in particular m: Uga, 5y = U(a,p)
is injective. Hence it suffices that [3] hold after applying w. This follows now
immediately from [2] and [3:16.1]: The left hand side is

(k((ha(a), hs(b)))) = (a.b) = Hfiﬂ(&EL

while the right hand side is

ﬁﬁ(%(h% (fis(a, 5)))) = ﬁ Figl@,b).

Hence also the generators of type [3.16.3)] belong to the kernel of &.
We now have a unique homomorphism ¢: F/N = L — G satisfying x =
Yocan: F — L — G, and from [2] it follows that

m(¢Y(ka(a))) =a, forallae Uy, o € R.
Since kq (U,) = Y, by definition of the root groups in L, we see that 1: Y, — U, is
an isomorphism. Since G has unique factorization for nilpotent pairs, B.94(b) shows
that ¢ satisfies condition (ii) of B-g. Thus ¢: L — G is an object of st(G).
By specializing 7: G — G to Id: G — G we obtain a morphism #: L — G which
satisfies (i) and (ii) of B, so that L, equipped with the subgroups Y, and with 7,

is an object of st(G). Now the above proof shows that it is in fact an initial object

of st(G). This completes the proof.
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3.18. Examples. (a) Let R = {0,1,—1} be the root system A; and let
G € gcp. Since R contains only the nilpotent pairs (1,1) and (—1,—1), G is
simply a group generated by two abelian subgroups U; and U_;. It is immediately
seen that the free product of U; and U_; is an initial object of st(G). This applies
in particular to the projective elementary group of a Jordan pair, cf. §f.

(b) We take up Example (b) of and let G be a group with R-commutator
relations and root groups U; = U.,. Suppose that G has unique factorization for
all nilpotent pairs, i.e., that U; N U; = {0} for ¢ # j. Then it follows easily from
Theorem that L = @;_, U;, with #a(x1 @ -+ ® x,) = @1 + -+ + Tp, is the
Steinberg group of G. As shown in .16, G has unique factorization if and only if
G =@, U, ie., if and only if L = G is its own Steinberg group.

(¢) The linear elementary group E;(A) has unique factorization for nilpotent
pairs by Example (c) of B-Ig. Hence it follows easily from Theorem B.I7 that
St(E;(A)) is the usual Steinberg group, at least when I is finite or countably infinite:

St(E,(A)) = Stn(4), St(En(A)) = St(A)

in the notation of [, 1.4], see also [0.Iq where we will relate St,(A) to the
Steinberg group of the Jordan pair V' = (Mat,,(A), Maty,(A)).

(d) Similarly, the usual elementary unitary group EUsg, (A, A) (n > 3) of a form
ring (A, A) in the sense of [[[7] has C,,-commutator relations, and

St(EUs, (A4, A)) = StUs, (A, A)
is the usual unitary Steinberg group.

3.19. Example: Tits’ Steinberg group. Let R = A™ U {0}, where A™ is
the set of real roots of the partial root system associated to a generalized Cartan
matrix, see [@2, Example 3.1(c)]. In [BY, Prop. 1], Tits proves the existence of Z-
group schemes U, a € A™, and U|, g1, (o, 3) nilpotent, as well as monomorphisms
iZzB: U, = Uy forally € [a, 5] such that for any order on [a, 5] the associated
multiplication map

m: H U, — U g, (uv)HHilﬁ(uw) (1)
v€[a,B] 2l

is an isomorphism of schemes. We note that Tits’ result actually holds for all
subsets A that are T-nilpotent [AZ] with respect to the standard positive system
AT, It is however only the special case A = [oz7 ,B] for (c, 8) a T-nilpotent pair
that will be needed below. Because of [#2, Cor. 3.8] the concepts of a T-nilpotent
pair with respect to A’® and of a nilpotent pair in our sense are the same.

Let now k be a commutative ring. For & € R*, nilpotent pairs («, 8) C R and all
v E [a7 B] define groups Uy, Ulq,5) and maps ilﬁ by evaluating the corresponding
functors at k:
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Ua = Ua(k)7 U[Oz,ﬁ] = U[a,B] (k) and Z’;ﬂ = 1lﬁ(k)

Then the assumptions of Lemma BT are fulfilled. Indeed, since R is reduced we
have /6’|oz <= [ = q, so that there are no conditions arising from divisible roots.
The assumption [3:12.3] is immediate from [T}, while [3:12-4] is shown in the proof
of Prop. 1 on [BY, p. 560/1]. Thus, by Theorem B-I3, the inductive limit G = &t(k)
of the U, and Ul g] is a group in gcgp which is its own Steinberg group. We note
that this group enters into the definition of Tits’ Kac-Moody group functor.
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§4. Reflection systems

4.1. Reflection systems. We will introduce a subcategory of the category
SV of [(3 by requiring the existence of reflections for certain roots.

Let X be a vector space over a field k of characteristic zero. Recall that a
(hyperplane) reflection is an element o of GL(X) with 02 = Id and fixed point
set a hyperplane. We denote by Ref(X) the union of {Idx} and all hyperplane
reflections of X, thus considering Idy as an improper reflection.

Now let (R, X) € SV, and let s: R — Ref(X) be a map, written a — s,. We
denote by
R*:={a € R:s, #1d}

the set of reflective roots. The triple (R, X, s) is called a reflection system if the
following axioms hold for all a € R:

(ReS1) « € R™ implies o # sq(a) = —a € R'™;

(ReS2) sq(R) = R and s, (R"™) = R™.

(ReS3) Sca = So whenever ¢ € k* and both « and ca belong to R*, and
(ReS4) s, () = 5a8p5q for all a, € R.

By abuse of notation we will often refer to a reflection system simply by R or
(R, X) instead of (R, X, s).

Let (S,Y, s) be a second reflection system. Unless this might lead to confusion,
we will use the same letter s for the maps R — Ref(X) and S — Ref(Y). A
morphism f: (R, X,s) — (S,Y,s) is a linear map f: X — Y such that f(R) C S
and

f(sa(B)) = 55 (f(B)), (1)

for all o, € R. We denote by ReS the category of reflection systems, which is
thus a subcategory of the category SV.

Note that (ReS1) and (ReS2) imply 0 ¢ R™ and R*® = —R™. The automor-
phism group of (R, X, s) is denoted by Aut(R, X,s) or simply by Aut(R). The
condition (ReS4) is equivalent to the condition s, € Aut(R) for all & € R™. The
subgroup of Aut(R) generated by all s, o € R, is called the Weyl group of R and
denoted W(R). It is a normal subgroup of Aut(R).

Let (R, X, s) be a reflection system. For every reflective root «, there exists a
unique linear form o on X such that s, is given by the familiar formula

Sa(z) =2 — (z, ). (2)

In particular, so(a) = —a@ <= {(o,a") = 2. For a € R\ R™ we put a¥ = 0.
Then V: R — X* is a well-defined map and [2] holds for all « € R and z € X.
Conversely, given (R, X) € SV with a map V: R — X*, taking [2] as the definition
of s and putting R™ = {a € R : «¥ # 0}, the axioms of a reflection system can
also be phrased in terms of (R, X,V), see [H3, 2.3] for details.



50 STEINBERG GROUPS FOR JORDAN PAIRS

4.2. Elementary properties of reflection systems. Let (R, X, s) be a re-
flection system. We will say R is
(i) reduced if « € R™, c € k™ and ca € R™ imply ¢ = £1;
(ii) dntegral if (R, RY) C Z;
(iil) symmetric if R = —R.
For a reflection system (R, X, s) and «, 8 € R* we have ([E2, (2.11)])

Sa =83 <<= fekXa (1)
Moreover, if R is integral then by |3, (2.10)],
o € R™ and ca € R™ for some ¢ € k* = ce€ {£3, £1, 2}, (2)
and «/2 and 2« cannot both be in R™.

4.3. Direct sums. A family (R;, X;);cs in SV has the coproduct

(R, X) = H(RiaXi) = (URiv®Xi)

el i€l i€l

cf. [EQ, 1.2]. Following tradition, we also write R = €
sum of the R;.

If each R; is a reflection system so is R. Indeed, we extend each s,,, o € Ry,
to a reflection on X by s,,|X; = Id for i« # j, and in this way obtain a map
s: R — Ref(X) which is easily seen to satisfy (ReS1) — (ReS4). The linear form
on X corresponding to o; € R; is just the extension by zero of o). It is immediate
that R = J,c; Ri°, and W(R) = @,.; W(R;), the restricted direct product of
the W(R;).

el R; and call R the direct

icl

4.4. Subsystems. Let R = (R, X, s) be a reflection system. A subsystem of R
is a subset R’ of R satisfying 0 € R’ and s,(3) € R’ for all o, 3 € R'. Equivalently,
the inclusion (R',span(R’')) — (R,X) is a morphism of reflection systems. It
follows from (ReS2) that

Re(R) := R™ U {0}

is always a subsystem of any reflection system R. Similarly,
Ring = {a € R™: % ¢ R} U {0}, (1)

is a subsystem. We call its elements the indivisible roots. By [£22], Rinq is a
reduced subsystem of any integral reflection system R.

4.5. Examples of reflection systems. The most important examples of re-
flection systems for this book are the finite or locally finite root systems. Indeed,
the usual finite root systems in the sense of [[0] (augmented by 0) are precisely
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the reflection systems which are finite, integral, and satisfy R™ = R\ {0}, and the
locally finite root systems have a similar description, see below.

Other important examples of reflection systems are: the roots of a Kac-Moody
Lie algebra with R™ being the real roots, the extended affine root systems occurring
in extended affine Lie algebras, the roots of classical Lie superalgebras, the non-
crystallographic finite root systems, or the root systems associated to the geometric
representation of Coxeter groups. The reader can find many more examples in [A3,
2.10, 2.12, 3.1, and 4.3]. Moreover, this paper also introduces partial root systems
which form an important subcategory of ReS.

4.6. Locally finite root systems [g0]. For the convenience of the reader we
now give a more explicit description of locally finite root systems.

A locally finite root system is a pair (R, X) consisting of a vector space X over
k and a subset R such that the following conditions hold:

(i) 0€ R, and R spans X as a vector space,

(ii) for every @ € R* = R\ {0} there exists & in the dual X* of X such
that (a,a¥) = 2, (B,a") € Z for all § € R, and s,(R) = R for s,(z) =
z—{(z,a")a,

(iii) R is locally finite in the sense that R N'Y is finite for every finite-
dimensional subspace Y of X.

As in [EQ] the term root system will be an abbreviation for “locally finite root
system”, and a finite root system will be a root system (R, X) with Card(R) < oo,
equivalently, dim X < co. The rank of a root system (R, X) is by definition the
dimension of X.

We will consider root systems as a subcategory of SV or of ReS, as required by
the context. But we note that an isomorphism between root systems in SV satisfies
[ZIT), so that isomorphisms between root systems are the same in the categories
SV and ReS ([T, 3.6)).

A direct sum of root systems is again a root system. A nonzero root system
is called irreducible if it is not isomorphic to a direct sum of two nonzero root
systems. Any root system decomposes uniquely into a direct sum of irreducible
root subsystems, called its irreducible components [A3, 3.13] which we will describe
now.

4.7. Classification of root systems. Let I be a non-empty set, let X =
span (I) = @, Re; be the free vector space on the set I, and let X = Ker(t) C X
be the kernel of the trace form t, defined as the linear form on X taking the value
1 on each ;. We define

Ay ={ei—¢j:i,jel},

D; = A] U {ﬂ:(Ei +8j) ) 7&]},

B]:D[U{iEi:iEI},

Cr=D;U{£2¢:iel}={xe;£¢;:4,j €I},
BC; =B;uUC; = {iSiZZ’EI}U{iEiiEj 11, GI}.

[\

A~ I~~~
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Then A; is a root system in X and the others are root systems in X, with the
exception of D; for |I| = 1 where D; = {0} does not span X. The rank of A; is
Card(I) — 1 while the rank in the other cases is Card(I). The notation A (instead
of the traditional A) serves to indicate this fact. For a finite I, say |I| = n, we will
use the standard notation B,, = By, C,, = C;, D,, = Dy and BC,, = BCy, while the
usual notation A,, is linked to our notation by

A, = A{O,l,...,n} = An+1~

A root system R is called classical if it is isomorphic to one of the root systems [T]
— [5] for a suitable, possibly infinite, set I.

The exceptional root systems are the well-known finite irreducible root systems
of type Eg, E7, Eg, Fy and Go, see for example [[0]. An irreducible root system is
either classical or isomorphic to an exceptional root system [E0, Th. 8.4].

Recall the notion of prenilpotent subset introduced in [3. The following lemma
gives a detailed description of the prenilpotent two-element subsets of locally finite
root systems.

4.8. Lemma. Let (R,X) be a locally finite root system, and let {a, B} C R*.
Then o
{a, B} is prenilpotent <— & {—a, —2q, —5} (1)

Assume this to be the case and put Rog :== RN (Za + ZB) and C := (a, 5). Then
[a,ﬁ] ={a}*uCcu{p} (2)

18 nilpotent of class k<5 and of cardinality <6. Moreover, Card C'<4, Card (C’, C)
<1, and C # 0 if and only if « + 3 € R.

Proof. By [1:5.2] and [.13, {«, 8} is not prenilpotent if and only if there exist
m,n € N, m +n > 0, such that ma +nfS = 0. Since a, 3 # 0, this is equivalent
to ma + nfB = 0 for some m,n € Ny, i.e., —3 is a positive rational multiple of a.
Since R is locally finite we have R* N Qa C {£a«, +2a, +a/2} which proves [1].
The formula [2] is a consequence of [1.6.9]. The remaining assertions follow easily
from the classification of root systems of rank < 2 in [[[0]. The details are left to
the reader.

Note that [2] easily implies

([, 8]) = {3\ {a}) uC U ({B}\ {8}).

Also, {a}¢ = {a,2a} or {a}¢ = {a} depending on whether 2a does or does not
belong to R.

We now list the cases where C' # () in more detail. It is no restriction to assume
that ||« < ||3]| with respect to some invariant inner product.



4. REFLECTION SYSTEMS

Case | (o, BY)| (B, aY) C= (oz,ﬁ) k |[a,ﬁ]’ Rop
1 2 2 2a 2 2 BC,
2 1 1 a+p 2 3 Go
3 0 0 a+p 21 3orb5 | By or BCy
4 -1 -1 a+p 2 3 A,
5 -1 -1 | a+8,2a+06, a+25 |3 5 Go
6 -1 -2 a+ B, 2a+ 3 4 B,
7 -1 -2 |a+p,2a+ 08, 2a+26 | 4 6 BC,
g8 | 1| —3|ofh 323125/8 Sathlg| 6 Go

Remarks. We put B := {«, 5}.

Case 1: Here a = .

Case 2: a and § are two short roots of Go whose sum is a long root.
Case 3: « and B are weakly orthogonal short roots.

Case 4: B is a root basis of As.

Case 5: B is a root basis for the subsystem of short roots of Gs.
Case 6: Rog = Bs and B is a root basis of B,.

Case 7: B is a root basis of BCs.

Case 8: B is a root basis of Gs.
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85. Weyl elements I

5.1. Weyl elements and Weyl triples. Let (R, X, s) € ReS be a reflection
system, see [I.]], and let (G, %) € gcp be a group with R-commutator relations and
root groups U, as in .3. Let a € Re(R) = R*™ U {0} and let s, be the reflection
associated to a. An element w € G is called a generalized Weyl element for « if
conjugation by w realizes the reflection s, on the root groups in the sense that

wUgw ' =U (5 forall BeR. (1)

We say w is a Weyl element for « if it is a generalized Weyl element for o and
w € UyU_q4U,. This follows the terminology of Faulkner [[[§]. Thus a Weyl
element for o has a representation w = ujusuz where uy,us € U, and ug € U_,.
In general, w does not determine the triple (uj,us,us) uniquely. Therefore, we
define: a Weyl triple for « is a triple t = (u1,uz2,u3) € Uy x U_, X U, such that
w(t) = ujugus is a Weyl element for . Here p denotes the multiplication map.

We denote by M, = M,(G) the (possibly empty) set of generalized Weyl
elements for the root a, by W, = W,(G) the set of Weyl elements for «, and
by T = Tu(G) the set of Weyl triples for a. Strictly speaking, we should write
My (G, (Ug)ger) or My (G, %) etc. since the notions of (generalized) Weyl element
and Weyl triple depend of course on the family of root groups (Ug)ger. But we
will use the simplified notation, hoping that the reader will keep this dependence
in mind. Thus

W, = M,N (UaU,aUa) C M, and u: %, — W, is surjective. (2)

Note in particular that

My = (] Normg(Us), Wo={1}, To={(1,1,1)}, (3)
BeR

since by our conventions, 0 € Re(R), so = Id and Uy = {1}.
It is convenient to consider also the following sets:

Ou(G) =Ua x U_o x U,  O(G) = [] 6alG) (4)

a€ER

as well as

G = [ %al(@) (5)

a€Re(R)

Clearly, ©,(G) and ©(G) depend functorially on G: if ¢: G — H is a morphism
of gcy then O,(p): O (G) — On(H) is defined component-wise by (z1,x2,z3) —
(p(x1),o(x2), o(x3)). The sets My (G), W, (G) and ¥, (G) in general do not depend
functorially on G. However, if ¢ is surjective on root groups, then go(Ma(G)) C
M, (H) which is seen by applying ¢ to [1)]. This easily implies ¢ (W (G)) C W (H)
and T4 () (Ta(G)) C Ta(H) as well, where we define Ty () = Ou(¢)|Ta(G).
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5.2. Example. Let G = GLy(A) where A is a (unital associative) ring. We
view G as a group with commutator relations with root system R = A; = {0,+1}
and root groups U+ = U = e4 (A), where ex: A — G is defined by

= (g 7). ew=(2 9)

For u,v € A, the set of units of A, we define

Woy,o = <_31 8) € (G, with inverse W;i, = (uol _OU> =W_y,—u-
Straightforward matrix calculations show that

a O
M0:{<0 d>:&,d€AX}7 Mlz{w’u,'t):u)UEAX}:M—l' (1)

The action of w,, on the root groups is given by

-1
u,v

—e (o), weue () Wik =ei(uyr).  (2)

W €4 () W
We now determine the Weyl elements for a« = 1 and claim that

Wu,o € Wi = u=wv.

Indeed, if u = v then by straightforward calculation,

W = <_3_1 8) =e;(u)e_(u ey (u) eUTUUT.

Conversely, suppose that

wu,v_(o 1)<_y 1)(0 1>6UUU.

By working out the product on the right, we obtain

W= 0 u (l—-=zy xz+2-—ay2
wr =\ 7t 0 ) T —y 1—yz ’

1 1

This shows that y € A* with inverse y=* = x =2, s0x =uwand y =v =z,
Hence the Weyl elements for o = 1 are precisely the elements

0 U
Wy = Wy oy = (ul O> . (3)

By interchanging the roles of 1 and —1, one sees that the Weyl elements for the
root —1 are the elements
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(2G5 ) (A 2) = (5 ) s e

Hence, the Weyl triples for & = o1 are the elements
to(u) = (es(u), e—o(u™), ex(u)), ue€ A*. (5)

In particular, this shows that W, & M, as soon as A* has at least two elements.
We also see that here the multiplication maps p: €, — W, are bijective.

All this can be generalized to the group GL, (A), viewed as group with A, _;-
commutator relations, see for example [T, 1.4E].

More examples of groups with (generalized) Weyl elements will be given later
in 6.1, B9 and B-I0. We will see that apart from the obvious inclusion W, C M,,
no other general relation is true.

5.3. Proposition. Let (R, X,s) € ReS be a reflection system and let G be a
group with R-commutator relations.

(a) The sets M, and W,, o € Re(R), satisfy the following relations:

M, = M;*, W, =W, 1, (1)
M, = M,, if r € k* and ra € Re(R), (2)
Wo =W_,, Wia C Wy ifneNy and na € R, (3)
My = MoMaMy,  Wa = (MyNUs)Wa(M N Us). (4)

In particular, if w is a (generalized) Weyl element for o then so is w™t, and both
w and w1l are (generalized) Weyl elements for —a.

(b) If M, is not empty and my, € M, then M, = moaMy = Mym,, is a coset
of My, and

M, M, = My, (5)
maMgmy 't = Mo, MgM, = M,_g, (6)
maWﬁm;1 == Safs (7)
ma‘zﬂmgl = ‘ISQB’ (8)

where 8 € Re(R) and conjugation by my, in [8] is understood componentwise.

Proof. (a) Let m € M,. Since s = Id we have m™'Ugm = m™'Ugzgm =
m~Im2Usm™2m = mUgm ™' = Us_g for all B € R, whence m~! € M,,. This proves
M, = M. Furthermore, W' = (MoN(UaU_oUs)) "' = M7 N(UsU_olUs) "t =
My N (U U-oUy) = W,. Next, [2Z] follows immediately from the definition of M,
and the fact that s, = sg whenever 8 = ra € Re(R) for some r € k*, by (ReS3)
in 1. Now let w € W,. Then s,(+a) = Fa implies

w=www ' ew- -UU_ U, -w?!
=wlU,w ' wU_w ! wU,w™ ' = U_UU_q,
and therefore w € W_,. Thus W, C W_, and then also W_, C W_(_,) = W,.

Furthermore, if na € R then by [5.1.2] and [2:2:2), Wha = MuaN(UnaU—naUna) C
My N (U U_U,) = W,. Finally, [4] follows immediately from the definitions of

M, and [5.1.3].
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(b) If m,m’ € Mgy then mm'Ugm/~'m~' = mU, gm™" = Upy = Ug for
all 3 € R, so mm' € My. Furthermore, since m~! € M, by [1)], we have m’ =
m(m=tm') = (m'm=Y)Ym € mMy N Mom, so M, = mMy = Mgm is a coset of My,
and we also see M2 = Mom - mMy = My. If m, € M, and mg € Mg (where now
a, B € Re(R)) then, for all v € R,

-1 -1, -1 _ _
MaMpmm, U’vmamﬁ My = Us,spsay = Us, o7

by (ReS4) in [l This shows moMgm_! C M, s, and in fact we have equality
because from s2 = Id and my' € My we see m ' M, gma C Mgag = Mg,
The second equation of now follows from M,MgM, = Mom,Msm;'My =
MoM;, gMy = M,_p. Finally,

maWamg ' = ma(Mg N (UsU_gUg))m, !
= maMgm;1 n ma(UBU,/gUﬂ>m;1
= M;,5 N (Us,pU-s,8Us.5) = Ws_35,

and [8] is an immediate consequence of [7] and the definitions.

5.4. An algebraic structure on the set of Weyl triples. Let GG be a group
with R-commutator relations and root groups U, and let ¥, = T,(G) be the set of
Weyl triples for a € Re(R). Let T = T(G) be as in [5.1.5]. We define the following
operations on ¥. First, let © € %, say, ¢ = (x1,22,23) € Uy X U_y X U,

and let w = p(x) = xixoms be the corresponding Weyl element. By [5.3.1],

w=! = a3 ey teT ! is again a Weyl element for a. Hence, the triple

b= (;Ugl,xz_l,xl_l) €% (1)

This yields a unary operation ( )~!: ¥ — T which maps each T, to itself and is

obviously involutive:
(@) =a (2)

Next, consider the triples
2* = (wrsw™h, z1, z9), 2’ = (w9, x5, w tzw). (3)
Since w U, w™t = U_,, we see that 2zt and 2” are in U_,, x Uy, x U_,. Moreover,
w(z®) = warzzs teg eyt mrn = w (4)

and similarly u(xb) = w, so z! and 2 are Weyl triples for the root —a. This yields
two more unary operations on ¥.
Let z and w be as before, and let y = (y1,y2,y3) € Tg. Then

zoy =1t (u(@)) -y = (wyprw™Hwyw L wysw ™) € Ty () (5)

by [5:3.8] This defines a binary operation e on ¥. Finally, welet 1 = (1,1,1) €
and define a projection p: T — Re(R) by mapping the elements of T, to a.



58 STEINBERG GROUPS FOR JORDAN PAIRS

Example. Let G = GL2(A) as in p-4. Then the unary operations are
to(u)71 =to(—u), ta(“)ﬁ = to(u)b = t—o(uil)- (6)

This follows easily from [5.2.2]. For the products e one computes

ty(u) ot (v) =ty (uvw). (7)

From this, one obtains formulas of type t,(u) e t-(v) by using [5.5.2), for example
to(u)oty(v) =t (u)ot_(v71)F = (ty(u)ot—(v™))F =ty (uv™ u)f =t_(u"twu™).

5.5. Lemma. (a) The operations just introduced satisfy the following rules.

ve(zley)=a"le(zey) =y 1

(zey) ' =zeyTl, (veyli=weyh, (wey) =zey,
ze(yez)=(xey)e(rexz)),
lex =2, zel=1,
p(z o y) = sp()p(y), p(x™h) = p(x),
(@) = @) ==,
(@) =@, (@) =@,

T

D [\
e D DD DO =

=
—
8
T
~
Il
!
—
8
<
~—
|
|
]
—~
8
~
N N N N N~/
oo ot

(b) Let p: G — H be a morphism of gcp which is surjective on root groups and
define T(p): T(G) — T(H) by T(p)|Ta = Tal(p) as in [ Then T(p) preserves
the algebraic operations.

Proof. (a) is immediate from the definition, since pu(z~!) = x5 2y eyt =
p(x)~L. To prove the first formula of [2), put w = u(x) and observe that

1 -t 1 1 1y—1
(roy)” = (Intw~(y1,yz7y3)) = (wyrw™ ", wypw™, wysw ™)~
= (wyz w " wyy o wyp ) = Int(w) -y~ =z ey,
The proof of the second and third formula is similar. For [3], we compute

2o (yez) =Intu(x)- (Intp(y)- =) = It(u(@)uly)) -
= Int(p(x)p(y)p(z) ") Int(u(z) - 2).

On the other hand,

(@) p(y)p(z) ™" = p(Int(u(z)) - y) = p(zoy),

from which the assertion follows. It is obvious that [4] and [5] hold.
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For [6), observe (z#)” = (wzsw™!, z1,22)" = (21,20, w 'wzsw 'w) = z, and

similarly for the second formula. The first formula of follows from (x%)~1 =
(wrsw™ xy,29) 7" = (w5t 27, wrgfw™!) = (z71)°, and the second formula is

proved similarly. Finally, since p(z#) = pu(2”) = p(z) = w, we have

2 = (wrsw ™, 2, 20)% = (wrow ™t wrsw ™t zp)?

= (wryw ™ wrow ™ wrsw ) =z ex,

and similarly for the second formula.
(b) This follows immediately from the definitions.

Note that the left multiplications L,: y + x ey are bijective, with Lt = L 1,
by [I]. Formulas [2] and [3] say that L, is an automorphism of ¥, equipped with
the algebraic structures of multiplication, inversion, # and b. By [€}, b is just the
inverse map of #, and by [7], b can also be defined in terms of § and inversion as

2 = ((xfl)ti)fl and zf = ((xfl)b)fl. (9)

For example, this can be used to establish the formulas for b in [2] and [8], once
the corresponding formula for § has been established.

5.6. Subsystems. We say a subset G of T is closed or a subsystem if it contains
the element 1 € ¥ and is closed under the operations of multiplication, inversion,
and f or, equivalently, b. If X C T is an arbitrary subset, the closure of X (or the
subsystem generated by X), denoted <%>, is defined as the smallest subsystem of
T containing X. Its existence and uniqueness is clear: just take the intersection of
all subsystems containing X, this set being non-empty because T belongs to it. We
now give a more explicit description of the closure of a subset X.

Example. Let G = GLy(A) asinp.dand let X =%, = {t4(u) : u € A"} asin
[5.2.5)]. Then (X) = T follows from [[5.4.6}.

5.7. Lemma. Let X C % be an arbitrary subset.
(a) The set (X) is obtained as follows. Let ) = XU X1 U {1} and put

P=Uv%

nez

where z™ = %% (n times) for n >0 and 2™ = 2”° (n times) for n < 0. Then
<%> 1s the set of all finite products, with arbitrary parentheses, of elements taken

from 9).
(b) If p: G — H is a morphism of gcg which is surjective on oot groups, then

() ((X)) = (T(2)(X))-

Proof. (a) Clearly, 9 C (X). It follows from [5.5.6)] and [5.5.7] that ) is
stable under the unary operations ( )~1, # and b. Let 9 be the set of all products of
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elements from if) Then clearly 8 C (X) so it suffices to show that 3 is a subsystem.
Evidently, ‘B contains 1 and is closed under products. To show it is closed under
the unary operations, we use induction on the length of a product. Products of
length 1 are just the elements of ). A product of length n > 1 is of the form a e b
where a and b are products of length < n. Then (aeb)~! = aeb~! by [5.5.2), and
by induction b=! € B. Hence (a @ b)~* € P as well. Similarly, one shows that 9 is
stable under f and b, using the second and third formula of [5.5.2].

(b) This follows from Lemma [F.J(b).

5.8. Steinberg categories defined by sets of Weyl triples. Let G =
(G,U,) € gcp and let st(G) be the corresponding Steinberg category as in B.9.
We define full subcategories of st(G) depending on a set X of Weyl triples of G as
follows.

Let m: (G,U,) — (G,U,) be an object of st(G) as in B.J and define ©(G) and
O(G) as in [5.1.4). Since 7 is in particular bijective on root subgroups, the induced
maps O(7): O(G) — O(G) sending a triple © = (v1,22,73) € Uy X U_, x U, to
m(z) = (7(x1),7(x2), 7(x3)), are bijective as well. By abuse of notation, we will

often simply write 7 instead of @(7) or T(x). For an element t = (t1,12,t3) € O(G)

we call 771(¢) € O(G) the lift of t to G. The lift of a Weyl triple for G will in
general no longer be a Weyl triple for G. Therefore, we define the full subcategory
st(G, X) of st(G) by

(mG—G) €st(GX) « 7YX CIE).

This subcategory has the following property: if w € st(G, X) and ¢: T — 7 is a mor-
phism of st(G) then also n € st(G, X). Indeed, the morphism ¢ is a commutative

triangle
NS 1)

of morphisms of gcp, so ¢ is in particular bijective on root groups. Hence it induces
a commutative triangle of bijections

o(G) ‘ O(H)
o(G)

p(n= (1) =07 () (2)
for all t € O(G). Since ¢ is surjective on root groups, the image of a Weyl triple
of G under ¢ is a Weyl triple of H, as noted in f.1. Hence n~1(X) = p(7~}(X)) C
P(2(@)) C T(H).

which implies



5. WEYL ELEMENTS I 61

5.9. Lemma. The subcategories st(G,X) have the following properties.

st(G,0) = st(G,{1}) = st(G), (1)
Xc® = st(G,X) D>st(G,D), (2)
st(G, X) = st(G, (X)) (3)

Proof. . and . are evident from the definition. We prove |(3) . Since X C <i{>
we have st(G X) D st(G, (X)) by [2). Conversely, let 7: G — G belong to st(G, X),
so X := n71(X) € T(G). We must show that 771 ((X)) C T(G) as well. By f4,
(X) c T(G), so it suffices to show that 7~ *((X)) = (X). But this follows from
Lemma @ and bijectivity of m on O(G): (< >) <7r > < >

5.10. Theorem. Let R be a reflection system, let G € gcp be a group with
R-commutator relations and let X be a set of Weyl triples for G. Then the category
st(G,X) is a reflective subcategory of the Steinberg category st(G): the inclusion
functor i: st(G, X) — st(G) has a left adjoint £ : st(G) — st(G, X).

Proof. We put X, = XNT,(G), so that X = Hoerer) Xo. Let m: G — G be an
object of st(G), let t € X, be a Weyl triple, and let w; = u(t) be the corresponding
Weyl element. Also let x = 7~1(t) € O(G) be the lift of ¢ to G. Since 7 is bijective
on root groups and w; is a Weyl element for o in G, there exists, for every 3 € R,
a unique isomorphism ffﬁ(t): Us — U, () making the diagram

1S5(8)
Up ———Us (8

le zlﬂ (1)

Int(wy) Usa(ﬁ)

commutative. It is clear that w{ := u(z) is a Weyl element for  in G if and only
if

Int(wtc) Sy = gﬁ(t) -, (2)
for all w € Ug and all § € R. We now pass to the largest quotient of G for which

the relations [2] hold. In more detail, let K(G) be normal subgroup of G generated
by all elements

ZG(t,u,oz,B) = (Int(th) . u)fl(ffﬁ(t) u)

where o € R™, B € R, t € X, and u € Us. Let G = G/K(G) and let can: G — G
be the canonical map. By (d), 7 factors m = 7 o can, and G with root groups
U, = can(U,) and projection 7 belongs to st(G).

It follows from the definition of K(G) that can(w{) = th is a Weyl element
(and hence can(m~1(t)) = 7~ 1(t) is a Weyl triple) for o in G, for all t € X, and all
o € R*. Hence G (more precisely, 7) belongs to st(G, X).
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We define the functor £ on objects by l 7r) = 71, and on morphisms as follows. Let
@: m — n be a morphism of st(G . To have an induced homomorphism
¢: G — H it suffices to show that @(K(G)) K(H). By B.11(b0), ¢: Us — Vj is
an isomorphism, for all 5 € R. Since ¢ is a group homomorphism we have, using

532},
o(wf) = p(u(r=' (1) = ple(r™' (1) = pn™' (1)) = w;". (3)

From [T] and the analogous diagram for H and the fact that 7 is bijective on root
groups it follows that

P(fS5(t) - u) = fap(t) - p(u), (4)
for all u € U,. Now [3] and [Z] imply

(20t w0, 8)) = 27 (1, o), , B) € K(H).

Hence (K (G)) C K(H), so we have an induced homomorphism ¢: G — H making
the diagram

commutative. Now a straightforward verification shows that ¢ is a morphism in
st(G) and that the assignments 7 + 7 on objects and ¢ + ¢» on morphisms define
a functor £: st(G) — st(G, X).

It remains to show that ¢ is left adjoint to the inclusion functor 4, that is, to
find natural bijections

Morgy %) (£(), 1) = Morgy ) (7, i(n)), (5)

for all 7: G — G in st(G) and n: H — G in st(G,X). Thus let ¢: {(7) — g
be a morphism of st(G,X) and let can: G — G = ((G) be the canonical map.
Then ¢ o can: m — i(n) is a morphism of st(G). Conversely, let p: m — i(n) be a
morphism of st(G). Since H € st(G, X), the elements Z (¢,v, o, ) generating the
normal subgroup K (H) of H (in the notation used earlier) are all trivial, so H is
canonically identified with H and therefore ¢ = ¢(p): ¢(w) — 1 is a morphism in
st(G,X). It is easily verified that these constructions are natural and inverses of
each other.

5.11. Corollary. Let G € gcp be a group with R-commutator relations and
let X be a set of Weyl triples for G. Let St(G) = #: G = G be its Steinberg group
in st(G) as in Theorem B.13. Then ((St(G)) is an initial object in st(G, X), called
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the Steinberg group of (G, X) and denoted §t(@7 X). Moreover, the Steinberg group
of (G, %) does not change when replacing X by its closure:

St(G, X) = St(G, (X)). (1)

Proof. This is immediate from [5.10.5] and the fact that St(G) is an initial
object in st(G). The last statement follows from [[5.9.3).

More explicitly, let ﬁ:ACAv' —>AC_¥ be the Steinberg group of G. Then the Steinberg
group of (G, X) is £(7): G/K(G) — G. By abuse of notation, we will also speak of
the group G/K(G) as of the Steinberg group of (G,X).

5.12. Example: Sto(A) of a ring. Let A be a unital associative ring. Recall
that the linear Steinberg group Sto(A) is the group presented by generators x,(a),
a€ A, o€ {+,—} and relations

Xa(a+b) = Xa(a)xa(b)v (1)

WU(U)X—G(G)WU(U)il = X, (uau), (2)

where a,b € A, u € A% and w,(u) := X, (u)x_y(u"1)x,(u). The reader will easily
verify that this definition agrees with the one in [@5, Def. 10.4], see also [I7, p.
57], by setting x4 (a) = x12(a) and x_(a) = x21(—a). We show that this group is
the Steinberg group of an appropriately defined (G, X) in the sense of f.11]. First
observe that [T] and [2] imply

Wo (u)xg(a)wo (u)” “lau™) (3)
for u € A and a € A. Indeed, w,(u)~' = wy(—u) by [1), whence x_,(a) =
Wo (—u)xy (uau)w, (—u) =t by [2]), so that follows by replacing u by —u and a
by v lau~t.

Let R = A; = {0,£1}. We have already noted in P-J(a) that the objects
of the category gcp are the groups G with abelian subgroups Ut = Uy;. In
particular, this is so for the group G = GLy(A) of Example @7 with subgroups
U* = es(A). It is immediately seen that the Steinberg group G = St(G), in the
sense of Theorem can be identified with the free product Ut * U, i.e., G is
the group presented by generators x,(a), a € A, and the relations [I].

For an object m: G — G of st(G), let x,: A — U be the unique isomorphism
satisfying 7(x,(a)) = e, (a), for all @ € A. Let t = t,(u) be a Weyl triple of G as

in [5.2.5). Then
710 = (xo 0, %o (), %00,

so u(m~L(t)) = w,(u). By specializing the relations to the case where u = v
one finds that 7=1(¢) is a Weyl triple for G if and only if the relations [2] and
hold. It follows easily that Sto(A) is canonically isomorphic to the Steinberg group
St(G, X) where X is the set of all Weyl triples of G. In view of and the
example in .G, one obtains the same group by taking for X only the set T;(G) of
all Weyl triples for the root o = 1.
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5.13. Balanced Weyl triples. We return to a group G with R-commutator
relations and root groups U,. Recall the unary operations f and b on the set ¥ of
Weyl triples from [5.4.3). We say that a Weyl triple z is balanced if zf = z”.

We now derive some properties of balanced Weyl triples. First, the following
conditions for a Weyl triple z with w = u(x) are equivalent:

(i) =z is balanced,

(ii) 21 = 23 and wrw ™ = w9,
(iii) z; = x3 and wrow ™! = 21,
(iv) 1 = z3 and 212921 = T2x1 T2,

In this case, zf = 2” = (29,21, 22).

Indeed, let zf = 2”. By this means

(w$3w717$1,$2) = ($2,$3,W71$11U),

equivalently, 71 = z3 and 2o = wrjw™! = wlxyw. This proves (i) = (ii)
and (i) = (iii). Now suppose (ii) holds. Since w = =zjz2x;, it follows that
T1TT1XT] = WT1 = ToW = ToZ1T2x1 Whence rox1Te = T1x221, proving (iv). In the
same way, one shows (iii) = (iv). Finally, suppose (iv) holds. Then w = z1zex; =
Tox1%2, which implies wrsw™' = wriw™' = zox122 - T - xflxglel = x99, and
wlziw = xflajglel - Ty - ToT Ty = To. But this says zf = 2” = (x9, 11, 29) by
b))

As a consequence of these characterizations, we note:

Let x and y be balanced, having one component in common
L (1)

and satisfying w = p(z) = p(y). Then z =y.

Indeed, if 71 = y; then 2o = wryw™! = yy by (ii), and if 23 = yo then 21 = y;

follows from (iii). See also Proposition -] for a similar result.

From Lemma [f-J(a), one sees immediately that the set of balanced Weyl triples
is stable under the unary operations ( )™, # and b, as well as under all left multi-
plications by elements of ¥. In particular,

the set of balanced Weyl triples is a subsystem of X, (2)
if X C T is balanced, then so is (X). (3)

Example. Let G = GLy(A). Then by [5.4.6], all Weyl triples are balanced, so
a Weyl triple is uniquely determined by any one of its components (which is also
evident from the explicit formulas [5.2.3] and [5.2.5)]). Moreover,

Wy = p(te(u) = p(t—(u) = e—(u™es (u)e_(u™).
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5.14. Lemma. Ifo: G — H is a morphism in gcp which is surjective on root
groups, then T(p) preserves balanced Weyl triples, and if ¢ is bijective on root
groups, a Weyl triple x € T(Q) is balanced if and only if T(p)(x) is balanced.

Proof. The first statement follows immediately from Lemma [.(b). For the
second, it suffices to remark that T(p) is injective if ¢ is bijective on root groups.
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86. Weyl elements 11

6.1. Proposition. Let (R, X,s) € ReS and let G be a group with R-commuta-
tor relations.

(a) The sets
S={aeRe(R): M, #0}, S ={aecRe(R):W,#0}CS

are subsystems of Re(R), in particular, they are stable under the group W(S)
generated by all {so : « € S}. The group W(S’) is normal in W(S).

(b) Let M, M' and M{ be the subgroups of G generated by

U M()ﬁ? U Wa’ U W(z’

a€eS aesS’ aes’

respectively. Then M', My and M{; are normal subgroups of M, and M} C M'NMj.

Proof. (a) From [5.3.6] it follows that «, 8 € S implies s,8 € S. Also, by
[GI3), 0 € S’ C S, so S is a subsystem of Re(R). Moreover, [5.3.7] shows that
sa3 € 8" for @ € S and B € S, whence S’ is stable under W (S). Since W (S)
and W (S’) are generated by the reflections in the roots of S and 5’ respectively,
formula (ReS4) of ] implies that W (S’) is normal in W (S).

(b) By [5:3.7] we have M’ normal in M, and normality of My in M follows
from F.g(b): moaMomy! = Moymi' = Mygm,m;' = My, for any m, € M,.
Furthermore, W2 C M2 = My whence M} C M’ N My. That M} is normal in M
follows from [5.3.7).

6.2. Proposition. Let (R, X) be a locally finite root system and let G be a
group with R-commutator relations. We use the notations introduced in B1.

(a) There are surjective homomorphisms 1: W(S) — M /My and o': W(S’) —
M’ /M such that ¥(sq) = My (v € S) and ' (8) = WsM| (B € S’), respectively.
If u denotes the map o — U, from R to the set U = u(R) of root subgroups of G,
then the diagram

W(S)x R R
wxui lu (1)
(M/My) x U U

is commutative, where the top map is given by the natural action of W(S) on R, and
the bottom map is induced from conjugation. There is a unique surjective homomor-
phism " W(S)/W(S") — M/M'My making the following diagram commutative
with exact rows:



6. WEYL ELEMENTS II 67

1 W(S") —=W(S) —=W(S)/W(5) —1

T T

1—MoNM'/M|— M'/M| — M/My —— M/M'My ——1

(b) If ¥ is injective (hence an isomorphism) then so are ¥’ and ", and
M} = My M.

(c) Ifu’S is injective then 1 is injective. Ifu|S/ is injective then 1) is injective,
and Mé = M() N MI.

Remark. The reader of the proof below will notice that it is not crucial,
though convenient, to assume that (R, X) is a locally finite root system. Rather,
all that is needed is a reflection system (R, X) for which the subsystems (S,Y)
and (S’,Y”’) have the property that the groups W(S)|Y = {w|Y : w € W(S)} and
W(SHY" = {w|Y" : w € W(S)} have a so-called presentation by conjugation.
For W (S)|Y this means that it is presented by generators g,, o € S and relations
g2 =1 for a € 8%, go = gp for a, B linearly dependent and g,gsgn = Fsa(B)
for a, 8 € S*. This type of presentation exists not only in the case of a locally
finite root system (R, .S), but also if, for example, W (5)|Y" is a Coxeter group [L§,
Prop. 4.2].

Proof. (a) By [4.2.1}, sq = sp for o, 8 € R* if and only if o and 3 are linearly
dependent. Let Y be the span of S. By [AQ, 5.8], the restriction map W (S) —
GL(Y) is injective. Hence [5.3.2] and [5.3.6)] show that the cosets M, € M /M,
(a € S*) satisfy the relations of the presentation of W (S) given in [E0, Th. 5.12].
This proves the statement concerning 1. Next, let [W,] = W,M{ be the coset
in M’/M{ determined by W,. For linearly dependent roots o = ¢8 the factor ¢
must be in {£1, £2, +(1/2)}. Hence shows that [IW,] = [W3] for all linearly
dependent «,3 € S’. By definition of M/ we have [W,]?> = 1. Hence [5.3.7),
specialized to the case where m, € W, shows that [W,][W3][Wa] = [Ws, ] for all
a, € S'. Now the existence of ¢’ follows again from [A{, Th. 5.12].

The group M acts on U by conjugation, and clearly Mj acts trivially, so that
M/My acts on U. For a € S we have ¥(s,) = M,, and by [5.3.6), this acts on
U via Ug — U, 3. Hence we have commutativity of on the generators s, of
W (S), which is sufficient. The rest is straightforward.

(b) Suppose ¢ is injective and thus (by (a)) an isomorphism. From [Z] it is
then immediate that the maps ¢’ and M'/M/} — M /M, are injective. Hence 1’ is
an isomorphism, and My N M’ = M{. Moreover, by chasing the diagram, one sees
easily that 1" is injective as well, and therefore an isomorphism.

(¢) Let u be injective on S. As we saw in the proof of (a), the restriction
map W(S) — GL(Y) is injective. Hence the group W(S) acts faithfully on S by
permutations. From [T] we thus deduce the commutative diagram

W(S) ——— Sym(S)

| |

M /My ——— Sym(u(5))
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where Sym( ) denotes the symmetric group. In this diagram the top and the right
arrow are injective and bijective, respectively. Therefore 1) is injective.

Finally, let u be injective on S’. Similarly as before, we have the commutative
diagram

W (S’ Sym(S”)
/| |
M’ /M} Sym(u(S"))
\ /
M' /My M’

from which the assertion readily follows.

6.3. Proposition. Let (R, X) and (S,Y) be reflection systems, f: (R, X) —
(S,Y) a morphism in SV and (G, (Uy)acr) € gCr a group with R-commutator re-
lations. Recall from Proposition B3 (a) that G then also has S commutator relations
with root groups Ué' =Ugp), £ €5, for R§] ={a € R: f(a) #0, §|f

Let € € S and suppose we have ai,...,a, € R[] satisfying the following
conditions:

(i) (iai,iaj) =0 fori#j,
(ii) for all B € R,

(f(8):€7) =D (B.a}). (1)

Then Wy, - -+ Wa,, C We. In particular, if all Wy, # 0 then G has a Weyl element
for the root &.

Proof. Assumption (i) and the commutator relations imply (Uial, Uia]) = {1}
for i # j. Hence Wy, - -+ Wy, C UgUL Ug. Let now w; € Wy, let n € S* and pick
an element 5 € R[n|. Then

(wy -+ wp)Ug(wy - - wy) "t = Usa, - 5an (8)>
because the w; are Weyl elements for the roots a;. It therefore suffices to show that
Sy Sa, (B) € Rlse(n)]- (2)
For the proof of [2], let us first observe that
(01,05) =0 Tor i # 3)
in view of (i) and integrality of R. We also have

a;i € RN f7HE). (4)
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Indeed, we know f(a;) = m;& for some m; € Ny, whence by (ii) and [3), 2m,; =
(flaq), &) = >0 (@i, af) = 2, 50 m; = 1. Now we prove [2}};

F(5ar 50, (B)) = F(B— Zw, Vo) (by [30)

=1

5) - (3(6.0)¢ (by [

=1

f(B) = (f(B),€)¢ (by (1)
—Ss( B)).

Since f(83) € Ny, this proves f(sqa, - 5a, (8)) € Nis¢(n), whence [2).

Remark. If we replace assumption (i) by [3), the proof above also shows
Mgy, -+ M,, C M.

Example. An example of a morphism f: R — S satisfying the conditions (i)
and (ii) can be constructed as follows. Let R be the root system R =C; C X =
;< Re; and suppose ~ is an equivalence relation on the index set I. Denote by
I' = I/~ the set of equivalence classes [i] of elements i € I, put Y = ;. Re;
and define f: X — Y by f(e;) = €[}, cf. [[Q, 12.14]. Then f is a morphism from
R=C;toS=Cp. Let J € I be a finite equivalence class and let £ = 2¢;. The
reader will easily verify that (i) and (ii) hold for the roots a; = 2¢;, i € J.

We have seen in pI3 that a balanced Weyl triple is uniquely determined by
any one of its components. In Proposition f.J we investigate this property for not
necessarily balanced Weyl triples, and begin with a lemma.

6.4. Lemma. Let R be an integral symmetric reflection system, see 4, and
let (G, (Ua)aeg) be a group with R-commutator relations and unique factorization
for nilpotent pairs. Let o € R and suppose that there exists a reflective root € R
with the following properties:

(i) « and B are Q-linearly independent, and both (o, ) and (—a, ) are
nilpotent pairs,
(i) (e, B) =0,
(i) ss(a) # o,
(iv) Wp #0.
Let My be as in [01.3) and let z € My N (U U_oUy), say, z = z12023 with
21,23 €Uy and z0 € U_y. Then zo = z = 1.

Proof. Since (a, ) is a nilpotent pair by (i), it follows from (ii) that

(21, Us) € (Uas Up) C Uqapy = {1}, (1)

and in the same way (23, Ug) = {1}. By definition of My, z normalizes all root
subgroups. It follows that, for all b € Ug,
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U 3 2bz™ " = z129(23bzy Vg toy !t = 21 - 20b2y b 20t

Conjugating this relation with z;! and using shows
zobzy ' = 2b27t € Us.
Since the pair (—«, §) is nilpotent we have
(22:0) € (U-0,Us) C U(-a.p)-

Hence (22, b) € U(—a,5) N Up. By unique factorization and Q-linear independence
of a and 3, it follows from Corollary E-I§ that this intersection is trivial, so

(22,Up) = 1. (2)
The reflection s is given by
SB(O() =a— <Oé,6v>ﬂ,

where 0 # (a, 5Y) € Z by (iii) and integrality of R. Moreover, (i) implies («, 8¥) >
0, else sg(a) € (a, B). Hence we have

sp(a@) € (o, —B). (3)

Now choose a Weyl element wg € UgU_gUg. Since (z2,Up) = {1} and (22,U_g) C
(U-a,U-3) C U—a,—p) = U_(a,p) = {1} by symmetry of R and (ii), it follows
that 2 is fixed under conjugation with wg. On the other hand, szQwﬁ_l €EUsy(—a)
so by [3] and unique factorization,

zp=wpg 22wy €U_aNUsy—a) CU-o NU—apy = {1}.

It follows that z = 2123 € U,. Since z normalizes all root subgroups, we have
(z,U_g) C U_g. But also

(Z, U,[a) cU_gnN (UmU,g) cU_gn U(a,—B) = {1}7

by unique factorization for the nilpotent pair («, —3). We have shown above that
z1 and z3 commute with Ug, hence so does z. It follows that z commutes with wg,
so we have

z = wgzwgl eU,N USB(Q) cU,N U(a’,ﬁ) = {1},

by unique factorization for the nilpotent pair («, —f3).
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Remarks. (a) If 8 has properties (i) — (iv) for a then —g has these properties
for —a. This follows from symmetry of R and Wz = W_g (by [5.3-3))-

(b) Suppose R satisfies the condition (F2) of B-4. Then the Q-linear indepen-
dence of v and 8 implies already that («, 8) and (a, —f) are nilpotent pairs.

(c) Let R be locally finite root system without irreducible components of rank
1. Then for every o € R* there exists 8 € R* satisfying (i) — (iii).

Indeed, since R has no irreducible components of rank 1, there exists a Q-linearly
independent 8 not orthogonal to a. Possibly after replacing 5 by its negative, we
may assume («, 3¥) > 0. Since sg(a) = a — (o, 8¥) 0, it is clear that (iii) holds for
B. Now we distinguish two cases. First suppose that a4+ ¢ R. From the structure
of the commutator set of two roots given in @7 it follows that (a, ﬁ) = (). Hence
B has the required property (ii) as well, and condition (i) holds by (b).

Now suppose that v := a+ € R. Then we modify [ as follows. First, note
that (y,8Y) = 3. Indeed, by standard facts [EQ, A.2], (o, 8Y) € {1,2,3}. Hence
(7,8) = (a + B,8") = (@, ") +2 € {3,4,5}. Assuming (v, 8") = 4 yields, by
loc. cit., v = 28 which implies @ = (3, contradicting linear independence of a and
B. The case {v,8Y) = 5 is impossible, again by loc. cit. Now it follows from [,
case 8, that B = {—,~} is a root basis of a subsystem of type Ga, with —f the
short root. From the well-known structure of such root systems, one sees easily
that 8’ = —y = —f8 — « has the required properties.

6.5. Proposition. Let G and R be as in Lemma B4, and let © = (21,2, 23)
and y = (y1, Y2, y3) be Weyl triples for the root c. Suppose there exists 3 satisfying
the conditions (1) — (iv). If x and y have one component in common then x = y.

Remark. We have seen in Remark [.4(c) that the assumptions on R are in
particular fulfilled when R is a locally finite root system without irreducible com-
ponents of rank 1.

Proof. (a) Let p(x) = w = x12023 and p(y) = W = yi1y2y3 and suppose
1 =y1. Then z := w0 € My by [5.3.5). On the other hand,

z= x;l . (:cglyg) cys = 212923 €E Uy - U_q - U,

Let 8 have the properties (i)-(iv) of Lemma .4 Then z = 1 = x5 s, 50 2 = 15
and then x3 = y3 follows from z = 1.

(b) Now let 5 = y5. Then 2” = (x5, 23, w 'z1w) and y* = (y2,y3, W ‘y10)
are two Weyl triples for —a with the same first component. By Remark (a) of f4,
— B satisfies the assumptions of Lemma (.4 for —a. Hence 2 = 3* by (a), and
therefore x = y by [5-5.6].

(c) Finally, suppose 3 = y3. Then 7! and y~! are two Weyl triples for o
with the same first component x5 = y3', so 27! = y~! by (a) and therefore x = y

by [5.4.2].

1
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6.6. Definition. A rank one group is a group G together with two distinct non-
trivial nilpotent subgroups U and U~ which generate G and satisfy the following
conditions: for each x € Ut* := U™\ {1} there exists an element y € U~ such that

ayU™ = U~ zy, (1)
and for each y € U=* := U~ \ {1} there exists z € U such that
yzU~ =Utyz. (2)

This is an easy reformulation of the definition in [B6, I, §1]. Note that the element
y in is different from 1, otherwise we would have U~ = a2Utz~! = U™,
contradicting U # U~. In the same way, z # 1 in [2). Here are some standard
properties of rank one groups, see [B8, §1, §2].

(a) The normalizer of U in U™ is trivial. Indeed, assume n € U™* normalizes
U*. Then by [2), there exists z € UT such that nzU~ = Utnz. This implies
U™ =z2"'"n"'Utnz = 27Utz = U, contradicting Ut # U~. In the same way,
the normalizer of U~ in U™ is trivial. In particular, Ut NU~ = {1}.

(b) For a given x € U™ resp. y € U™*, the elements y of [L] and z of [2] are
uniquely determined. Indeed, assume xyUT = U~ zy as well as zy/UT = U~ zy'.
Thenz U~z =yUTy ! =y'UT(y')"}, son =y 'y’ € U™ normalizes U whence
n = 1. The second case follows by symmetry. Therefore, there is a well-defined
map = — x¥ from U"* to U~* such that ¥ = y whenever z and y are as in [T1].
Similarly, one defines y¥ = z in the situation of [2].

(¢) The maps x — z¥ and y — y* are bijective. Indeed, assume z¥ = u" for
z,u € UT*. Then uyUt = U~ uy and [T imply v U~ u=yUry ! =27 1U "z, so
zu~! € Ut normalizes U~ and therefore u = 2. To show surjectivity, let y € U~*.
Then also y~' € U™*, so by [2] there exists z € Ut such that y 12U~ = Uty 2.
Inverting this relation yields U~z 71y = 2~ lyU™T and shows y = (27 1)". Bijectivity
of the map y — y" follows by symmetry.

(d) Let
Q={UTyu{aU ot :xecUT}, (3)

so {2 is a subset of the set X of all subgroups of G. It follows easily from [1] and
[2] that also
Q={UTyu{yUty "t iyeU}, (4)

and the unions are disjoint because UT # U~. The group G acts on X by conju-
gation. From [3] it is clear that 2 is stable under the action of U™, and [4] shows
that it is invariant under the action of U~ as well. Since G is generated by U™ and
U, it follows that {2 is precisely the orbit of Ut (or U~) under the action of G
on Y. Moreover, G acts doubly transitively on (2. Indeed, by transitivity of G on
2, it suffices to show that, for some w € (2, the isotropy group G, of w in G acts
transitively on 2\ {w}. Let w = UT. Then U" C G, and [3] shows that U™ is
transitive on 2\ {w}.
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(e) Ifw,n € 2 withwnn # {1} then w = 1. Indeed, assume to the contrary
that w # 1. By the double transitivity of G on (2, there exists g € G such that
w=gUTg ™t and n = gU"g~!. Hence wnNn # {1} implies UT N U~ # {1},
contradicting what we proved in (a).

We now characterize rank one groups in terms of Weyl triples.

6.7. Proposition. Let G be a group generated by two nilpotent subgroups U™
and U~ of class <k and <I, respectively. Let R ={-1,...,—1,0,1,... .k} c X =k
be the reflection system defined by s;(j) = —j fori € R* and j € R. Recall from
that G has R-commutator relations with root groups Us; = € (UT); in
particular, Uy, = U™, and denote by T; the set of Weyl triples for the root i. Then
the following conditions are equivalent:

(i) G is a rank one group,
(ii) the first projections pry: T+1 — UT are bijections Ty1 — UT*.
In this case, the inverse of the first projection is given by x v« t, = (x,x¥,z"V).

Remark. Since the maps x — xV are bijective, it follows that the second and
third projections pry: T4 — UT* and pry: T41 — UT* are bijective as well.

Proof. (i) = (ii): Suppose t = (z,y,2) € Ty and put w = zyz € Wi.
Then z # 1, else wUT = y2UT = yUT = U~w = U~ yz = U~z which implies
Ut = Utz ! = y U~ = U™, contradiction. We show that y = zV. Indeed,
wUT = zyzUt = 29Ut = U~ w = U xyz implies zyUT = xyUt2"1 = U~ ay,
so y = z¥ by [6.6.1) Similarly, zyzU~ = wU~ = Utw = UTayz = UTyz
implies y2U~ = 271U yz = UTyz, so z = 4" by [6.6.2). Thus the first projection
pry: 1 — U™ is injective. To see that it also surjective, let z € U*. We claim
that (z,z¥,2"") € T4, i.e., that w = zx¥x"" is a Weyl element for the root a = 1.
Indeed, write y = ¥ and z = y¥. Then

wUTw™" = (zy)2U 2" (ay) ™" =ayUT (zy)"" = U~ (by [6:61]), and
wU w™! = HC(yZ)U_(yZ)_lx_l =aUTz™! (by [66.2]) = Ur.

Thus, the relation holds for a = 1 and 3 = £1. Since Uy; = €*(U*) for
i>1, follows for all 8 € R, so we have w € W;. The statement concerning
T _, follows by symmetry.

(i) = (i): We first show that UT and U~ are distinct and non-trivial subgroups
of G. Assume Ut = U~ = {1}. Then U™* = () but ¥; contains the element (1,1, 1),
contradiction. Next, assume UT # {1} = U~. Since UT* # () there exists a Weyl
triple t = (x,y,2) € %1 with x € Ut*. Let w = pu(t) be the corresponding Weyl
element. Then U~ = wU w™! # {1}, contradiction. In the same way, one shows
that U~ # {1} = U™" is impossible. Now both U and U~ are non-trivial, and it
remains to show that they are different. Assume to the contrary that Ut = U~
and let x € U*. Then ¢ = (x,1,1) and ¢’ = (x,x,1) are Weyl triples in ¥; having
the same first component, contradicting the fact that pry: T3 — U™* is injective.
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It remains to verify [6.6.1)] and [6.6.2). Let z € U™*. Since pry: T3 — UT*
is surjective, there exists a Weyl triple t, = (z,y,2) € T1. Let w = zyz be the
corresponding Weyl element. Then

wUT =zyzUT =U " w=U"ayz.

Since z € U™, this implies zyU™ = U~ xy, so condition holds. Similarly,
follows from surjectivity of pry: T4 — U™*.

Example. Consider GLy(A) as in -3 and let G be the subgroup generated by
Ut and U~. Then G is a rank one group if and only if A is a division ring. In this
case exp, (u)" = exp_,(u~!) for all 0 # u € A.

Indeed, if G is a rank one group then, by the proposition, every 1 # exp, (u),
i.e., u # 0, is the first component of a Weyl triple. By [5.2.5], u is invertible and
exp,(u)” = exp_,(u~"). Conversely, if A is a division ring then, again by [5.2.5),
every 1 # exp,(u) is part of a Weyl triple, so that G is a rank one group.

6.8. Proposition. Let G be a rank one group with subgroups U*. For an
element x € U™ with associated Weyl triple t, = (z,x",z"") as in Proposition .1,
the following conditions are equivalent:

(i) ts is balanced,

(ii) zvV =u,
(i) zvaU~ =UTava,
() ()t = (@)Y,
(v) axz¥x=azVzx".

We leave it to the reader to formulate the analogous result for an element of U~*.

Proof. By b-13, a balanced Weyl triple is symmetric in the outer components,
so we have (i) = (ii).

(ii) = (iii): Let y = & for simpler notation. Since w = zyx is a Weyl element
for the root a = 1, we have wU - w™! = U™, whence zyzU~ = Utxyz. This
implies yoU~ = (x"'U T 2)yx = Utyx.

(i) = (i): We verify condition (iv) of p-IJ and claim first that w’ = zyz is a
Weyl element for o = 1. Indeed,

w'UH (W)™ = (ay)aUTa™ (ay) ™" = (ay)U (ay) ™" = U~ (by [EBID),

WU (W)™ = 2(yx)U~ (yx) et =2U T2t (by (iii)) =U™.
Now t, and (z,y,xz) are Weyl triples having the same first component, so V¥ = x
follows from Proposition [.4. It remains to show that zyz = yay. From (iii) it

follows in particular that there exists v € U™ such that yzv = zyz, so it suffices to
have v = y. Now

Ut =y ay(aUt) =y layUt =y 'U ay (by [680)) = U 2y = ayU™,
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whence vUT = yU*. This implies v"ly e Ut NU~ = {1}.
(iii) <= (iv): The defining property of (z71)¥ is

e YUt =U"a a2

Thus y~* = (z71)Y is equivalent to the equation = 1y~1UT = U~z 1y~!, which
by inversion is equivalent to (iii).

(i) = (v): This is a consequence of B.IJ(iv).

1 1

(v) = (iili): From (v) we get y~ 'y = zyx~' and this element is # 1 because
x # 1. Hence the groups zU "z~ ! and y~'UTy have non-trivial intersection, so
they are equal by B-§(e). This implies (iii).

Remark. The equivalence of (iv) and (v) is [B@, Lemma (2.2)].

Following [B@, I, Definition (1.1)], a rank one group is called special if every
x € UT* satisfies the equivalent conditions of Proposition .8 Not all rank one
groups are special. For example, the 1-dimensional affine group group over a field
with more than four elements is not special by [B@, Example (1.7)].

6.9. Examples. The following three examples show that, except for the in-
clusion W, C M,, there is no general relation between between the set of Weyl
elements and generalized Weyl elements.

(a) Ezample ) = Wy & My: The group G = GLy(C) of B also has A;-
commutator relations with respect to the root groups U1 = expy (2Z). One easily
sees that the set M of generalized Weyl elements with respect to these root groups
coincides with the set My = {wy, : u,v € C*} of [5.2.1]. Moreover, it follows as
in .9 that for w,, , to lie in U;U_1U; one would need v = u~! for u,v € 27Z, which
is impossible. Thus the set W; of Weyl elements is empty.

(b) Fzample § # W, = M,: For a commutative ring k we define SLy(k) = {g €
GLa(k) : det(g) = 1}. Then SLa(k) has Aj-commutator relations with respect to
the root groups U+ of p.3. Moreover, it is immediate from -2 that () £ Wi = My,
for this group.

(¢) Example ) = W, = M,: Let k be a commutative ring and put G = SL3 (k).
This group has R-commutator relations for R = Ay = {g; —¢; : 1 <4,j < 3} with
root groups

Ua:Id+kEij:Uij, Oé:{:”i*{ij#o.
Let S = Ay = {0,£(01—92)} and define a morphism f : R — Sin SV by f(e1) = &1
and f(g2) = 02 = f(e3). By Proposition B3, SLs(k) has Aj-commutator relations
with root groups

Uélfth = U12U13 and U(§2751 = U21U31.

But G does not have generalized Weyl elements for the root +(§; — d3), as can be
seen by a straightforward matrix calculation.
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6.10. Example: PGL3(A) of a ring. The centre of the group G = GL3(A4) is
Z(G)={z-13: 2z € Z(A)*} where Z(A)* is the set of invertible elements of the
centre Z(A) of A and where 15 denotes the 2 x 2 identity matrix. Let

7 G — G :=PGLy(A) := G/ Z(G)

be the canonical map. Then G has A;-commutator relations with respect to the root
groups Uyy = m(Ux). Since 7 is surjective on root groups, it sends (generalized)
Weyl elements of G to (generalized) Weyl elements of G. In fact, standard matrix
calculations show

W(Mil(G)) = Mil(é) and W(Wil (G)) = Wil(é). (1)

The induced map T(7) on the Weyl triples is well-defined by B, injective since
Z(GLy(A)) NU* = () and surjective by [1), whence

T(m): T(G) — T(G) is a bijection.
In particular it follows from p-14 and the example in bI13 that all Weyl triples in
PGLy(A) are balanced.

6.11. Example: Reductive algebraic groups. Let G be a connected re-
ductive algebraic group defined over a field k as in Example (c) of B.J. We have
seen there that G has commutator relations with respect to some finite root system
R. One knows that G has generalized Weyl elements for all « € R [B, 21.2]. If k
is algebraically closed, then G also has Weyl elements [p4], Lemma 8.1.4], and all
Weyl triples are balanced.

For the proof, let R be the root system of G with respect to a maximal torus T,
and let (U, )aecr be the corresponding family of root groups in G. For o € R* let
G, be the centralizer of the subtorus (Kera)? C T in G. By [B, Thm. 13.18],
G, is a connected reductive algebraic group of semisimple rank 1. Hence [B,
Prop. 13.13] there exists an epimorphism ¢ from G, onto PGLy(k). One knows
that Ker(¢) = 2°(Go) C T. The group G, has Aj-commutator relations with root
groups Ui, C G4, which are mapped isomorphically onto root groups of PGLy (k).
By conjugacy of maximal tori and hence of the associated root groups, we can
assume that ¢(Ut,) are the root groups of Example B.10.

Let now = € T,(G) be a Weyl triple. Then z is in particular a Weyl triple of
G, and so, by B, T(p)(x) is a Weyl triple of PGLy(k), hence balanced by B.10.
But then z is balanced by Lemma p.T4.

Similarly, if G is a Chevalley group as in Example B-J(d), say with root system R,
then again G has balanced Weyl triples for all « € R by [B5, Chapter 3, Lemma 19].

6.12. Example: Moufang polygons. Let G be the group associated in B-J(e)
to a Moufang building. There we have seen that G has R-commutator relations
with respect to root groups U,, a € R, where R is a finite irreducible root system
of rank [ >2. A theorem of Tits (see for example [B3, Prop. 11.22]) says that for any
a € R* and 1 # u_, € U_,, there exist u,, and u!, € U, such that v/, u_,ull € W,.
In particular, W, # 0.
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6.13. Example: Lie algebras. (a) Let L be a Kac-Moody Lie algebra and
0: L — gl(V) be an integrable representation in category ¢. Let R be the real (=
reflective) roots of L augmented by 0. We have seen in f.23 that GL(V) is a group
with R-commutator relations for a suitable definition of root groups.

Using [, Prop. 6.1.8] it is not hard to show that GL(V') has Weyl elements
for every root @ € R*. Moreover, since U,U_,U, C GL(V) is a homomorphic
image of SLy(k) by [E@, Prop. 6.1.7], it follows from [.1]] that all Weyl triples for
(GL(V), %) are balanced.

(b) Let Aut(E) be the automorphism group of an extended affine Lie algebra
E. We have seen in P24 that Aut(F) is a group with commutator relations for R =
{0} U R* where R*" is the set of anisotropic (= reflective) roots. It is a standard
result in the theory of extended affine Lie algebras, see e.g. [fll, Proposition 1.27],
that for every a € R®" there exists an elementary automorphism w, satisfying
wa(Lg) = Ly, () for all B € R, the set of all roots of E. This easily implies that
Wy, is a Weyl element for @ € R, By construction in loc. cit., w, = p(ts) for t,
a balanced Weyl triple.
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CHAPTER Il

GROUPS ASSOCIATED TO JORDAN PAIRS

§7. Introduction to Jordan pairs

7.1. The elementary group of a Morita context. Let us start with some-
thing very simple, namely 2 x 2 matrices

a b

c d
with coefficients in a ring R. Recall that the elementary group Es(R) is the
subgroup of GLy(R) generated by the elementary matrices

w@=(5 1) ew=(1 1) wem

More generally, one considers the elementary group E,(R) C GL,(R), generated
by all 1, + zE;;, ¢ # j, « € R. This can also be done with (formal) 2 x 2 matrices
by subdividing an n x n matrix in 4 blocks, say of size p X p, p X q, ¢ X p, ¢ X q,
with p + ¢ = n. Tt is easy to see that E, (R) is already generated by the matrices

1, =
0 1,)°
This suggests to consider right away the following situation: Replace Mat,,(R) by

a (unital associative) ring 2 with a formal block matrix decomposition, namely the
Peirce decomposition of 2 with respect to an idempotent e € (. Putting f =1 —e,

we have
oA — eQAe eAf\ (A BY.
S\ fYUe fAfF) \C D)’
in other words: 9 = (A4, B,C, D) is a Morita context. Then one defines the
elementary group of 9 by

s =1 £)o(s ))ew

Let us now always work over an arbitrary commutative base ring k. All objects
for which this makes sense are modules over k, rings are k-algebras, and so on. If
A and M are as above, then M ™ := B and M~ := C are in particular k-modules
(and M is an (A, D)-bimodule etc.).

(lpy 10q> (z € Matyg(R), y € Matg,(R)).
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The associative algebra 2l gives rise to a Lie algebra 2~ having the same un-
derlying k-module and the Lie bracket [a, b] = ab — ba. Note that A~ = ), ., ; is
a Z-graded Lie algebra with the definitions

0 0 A 0 0 M+*
Q['1_<]\4— 0)7 QLO_(O D)a Ql1_(0 0)7
A, =0 fori¢ {—1,0,1}.
A Z-graded Lie algebra concentrated in degrees —1,0, 1 is also called 3-graded.

7.2. Generalized elementary groups. This will now be generalized as fol-
lows. Let V* C M* be k-submodules and let V' be the pair (V*,V~). We consider

the subgroup
1 VT 1 0
E(W’V):<(o 1 )U(V‘ 1>>

of E(9N), called the elementary group of V. Since the V* are in particular additive

Lo 1 vt 1 0 e
subgroups of M™*, it is clear that 0 1 and v- 1) ae multiplicative

subgroups of 2A*, isomorphic to the additive groups V* under the maps x — e, ()
and y — e_(y). For example, let 9 be the Morita context where 2 is Maty, (k),
subdivided into 4 blocks of size n x n. Then E(9) = E, (k) is the elementary
group as in [-J]. Choosing V* = H,,(k), the n x n symmetric matrices, yields for
E(OM, V) the elementary symplectic group ESp,,, (k), and choosing V* = Alt,, (k),
the alternating n x n matrices, i.e., skew-symmetric with zeros on the diagonal,
E(91, V) is the elementary orthogonal group EOs,(k), see [I7, 5.3A, 5.3B].
Returning to the general situation, we define k-submodules ¢; of 2; by

. (0 0 e_ov+
1= \v- o) =\o o )’

. 14 O ) 0 0
o=k (0 O>+k (0 1D>+[217e1}>

e; = {0} for i ¢ {—1,0,1},
and put
(M, V) = @ei =e¢_1DegDey.
i€z
Let us consider the following closure conditions for V:
z,2€ V9, yeV™"? = ayz+zyx eV, (1)
xeVi yeV™"? = azyxeV’. (2)
Here and in the sequel the index o always takes values in {+,—} and —o has
the obvious meaning. Note that implies [T] by linearization, since V* is in
particular an abelian subgroup of M=:
zyz + zyx = (z + 2)y(z + 2) — zyz — zyz.

Note also that in the examples treated so far, the conditions [T] and [Z] are satisfied.
Their significance is shown by the following lemma.
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7.3. Lemma. Let V = (VT , V™) be a pair of submodules of (M, M™).

(a) V satisfies [T2.1] < (M, V) is a graded subalgebra of the Lie algebra
A~

(b) V satisfies [1.2.2] <= (M, V) is stable under conjugation by elements
of EON, V).

Proof. (a) “=": This is shown by direct computation. For example, the rule
[¢0,¢1] C ey follows from the relations

(o) (6 6)=005)=-[(69)-(05)) @
(6 5)- (2 )= ) 2
(7 5 (0 a)]=(0 ™5, 3)

Similarly, the fact that ¢ is a subalgebra of 21~ follows from the formula
[xy, uv] = zyuv — vy = (zyu + vyx)v — u(yzv + vay).
The details are left to the reader.

“<=": We know [e1,e_1] C ¢g and [eg, e1] C ey, so [Z] and [3] show that [7-2.T]
holds for 0 = +, and the case 0 = — is proved similarly.

(b) “=": Since [7.2.2] implies [7-2.1], ¢(9M, V) is a 3-graded Lie algebra by
(a). It follows easily from the formula

b DGO )= ) ‘
1 vt

0 1
tion shows stability under the remaining generators of E(0t, V).

~—

that e(91, V) is stable under conjugation with < , and a similar computa-

“«=": From [4] we see that zyx € V* and similarly one has yxy € V—, for all
r € VT ye V™. Hence V satisfies [7.2.2)

For any pair V satsifying [7.2.2] we call ¢(901, V) the elementary Lie algebra of
QUADE
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7.4. Definition of Jordan pairs. We will first define “concrete” Jordan pairs
as pairs of off-diagonal submodules of a Morita context satifying [7.2.2], and then,
by abstracting from their properties, Jordan pairs in general. This follows a well-
established procedure in algebra. For example, concrete Lie algebras are submod-
ules of associative algebras closed under the commutator product [a,b] = ab — ba,
abstract Lie algebras are modules equipped with an alternating product [a, b] sat-
isfying “the same” identities (in this case, the Jacobi identity) as concrete Lie
algebras.

Let 9% be a Morita context as above. A Jordan subpair of 9t is a pair of
submodules V' = (V*, V™) of (M*,M™) satisfying condition [7.2.2). Thus V
comes equipped with the following somewhat unusual algebraic structure: a pair of
maps QT: VIt x V- = V+tand Q: V- x VT — V—, given by

QM (x;y) =xyxr and Q (y;7) = yay. (1)

Clearly, these maps are quadratic in the first and linear in the second variable.
They can also be considered as quadratic maps Q: VT — Homg(V~,V*) and
Q_: V= — Homy(V*, V™), by defining

Q+(z)-y=Q%(z;y), Q-(y) -z=Q (y;:2).

We now come to the definition of abstract Jordan pairs. Thus we have to find the
relevant identities holding for the quadratic-linear compositions of a Jordan subpair
V as above. This turns out to be fairly complicated. To avoid a proliferation of
parentheses and indices +, we introduce the following conventions: for z € V7 and
y € V77 (where o € {4, —}), we simply write

Qo (x)y = Quy (= zyz in the concrete situation).

This notation does not lead to confusion as long as care is taken to ensure that in
an expression @Q,y, the elements x and y are taken in different spaces: x € VT and
y € V7, or vice versa.

We will also need efficient notation for the linearizations of the quadratic-linear
expression ), y. First, we denote the linearization of ),y with respect to x in the
direction of z by

Qx,zy = Q(‘T7 Z)y = Qx-&-zg - Qxy - sz-
Next, define trilinear compositions {—, —, —=}: V- x V77 x V7 — V7 by
{zyz} = {zyz} = Dy y2 = Qqu 2. (2)

Again, the entries in the trilinear product {zyz} have to be taken alternatingly in
VT and V™. In the concrete situation, we have

{zyz} = zyz + zyz.
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Among all the identities satisfied by the compositions of a Jordan subpair V as
above, the following three have turned out to be the essential ones:

{wa7y7z} = {xanyaZ}a (JP2)
Qszﬂ = QmQsz'Uu (JP?))

forall 2,2 € V7, y,v € V77 and o € {4, —}. Here and in the sequel, the enumer-
ation of the identities (JPx) follows the one in [B4]. In the concrete situation of a
Jordan subpair of a Morita context 9, [JPT] amounts to the following computation,
valid because of the associativity of 2A:

{z,y,Quv} = zy(zvr) + (2v2)yz = x(yrv + vey)r = Qu{y, v, x}.
Similarly, [JP2] and [JP3] say concretely

{Quy.y, 2} = (zyz)yz + zy(2yz) = x(yzy)z + 2(yry)r = {7, Qyz, 2},
Qq.yv = (zyx)v(zyz) = z(y(zve)y)r = QQyQ.v.

Thus, the identities [JPT] - [JP3] should not be regarded as saying that V' is a non-
associative algebraic system but rather as an expression of the essential associativity
of the non-linear composition xyzx.

Inspection shows that [JPI] is of degree 3 in x and [JP3] is of degree 4 in z.
In turns out that one needs all (formal) linearizations of these identities to hold as
well. (For [JP2] this is automatically the case because it is only of degree 2 in x
and y). A more concise way of expressing this fact is as follows. Suppose R € k-alg
is an arbitrary commutative associative unital k-algebra, and let Vg = (Vl_f‘,lr , Vi) be
the corresponding base ring extension. Since the maps Q7: V7 x V=7 — V7 of
are of bi-degree (2,1), they have natural extensions to maps Q%: V§ @ V7 = Vg
of R-modules, again of bi-degree (2,1).

The formal definition of an (abstract) Jordan pair is now as follows: a Jordan
pair over the commutative ring k is a pair of k-modules V = (V*, V™) equipped
with a pair Q,: V7 x V77 — V7 of maps, bi-homogeneous of bi-degree (2,1), such
that, using the notations introduced before, the identities [JPT] — [JP3] hold in all
base ring extensions.

From the definition, it is evident that Jordan pairs admit arbitrary base change:
if V is a Jordan pair over k then Vg is a Jordan pair over R, for all R € k-alg.

As expected, a homomorphism h: V. — W of Jordan pairs is a pair (hy,h_) of
k-linear maps ho: V7 — W satisfying ho (Q.y) = Qp, (2)h—o(y) forallz € V7, y €
V=2, Jordan pairs then form a category admitting arbitrary base ring extensions.
The definition of isomorphisms and automorphisms is clear. For example, any unit
p € k> gives rise to an automorphism (pldy -+, p~tIdy-) of V.

Unlike the case of rings, it makes no sense to define the opposite of a Jordan
pair by reversing the order of the factors in a product. However, it is possible to
interchange the roles of V and V', so we define: the opposite of V is the Jordan
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pair V°P = (V—, V1) with quadratic maps Q%Py = Q,y for x € (V°P)? = V=9 and
y € (VoP)y"? = V7. If V = (B,C) is the Jordan pair of a Morita context with 2
and idempotents e and f as in [, then V°P is the Jordan pair associated with the
opposite algebra 2°P since eA°Pf = fAe = C =V~ and fAPe =eAf =V .

The reader will not be surprised to learn that a subpair of a Jordan pair V is
a pair S = (S*,S57) of submodules of V = (V, V™) satisfying Q(S7)S~7 C S
for o = +, while an ideal of V is a pair I = (IT,I7) of submodules such that
QU7 +QVO)I 7+ {Vo,V=9,I°} C I° holds for 0 = +. If I is an ideal
of V, then V/I = (VT /IT,V~/I7) is a Jordan pair with the obvious operations.
The role of one-sided ideals in ring theory is played in Jordan theory by the inner
ideals: these are the k-submodules M C V¢ satisfying Qp V™7 C M.

7.5. Examples, special and exceptional Jordan pairs. A natural question
arises here: is every abstract Jordan pair a subpair of some Morita context? For
Lie algebras, a positive answer to the analogous question is, at least over fields,
furnished by the Poincaré-Birkhoff-Witt theorem. For Jordan pairs, the answer
is no: there are Jordan pairs even over the complex numbers, called exceptional,
which cannot be embedded into any Morita context. This leads to the following
definition. An (abstract) Jordan pair is called special if it can be embedded into
some Moritat context 91 (this may be possible in many different ways). The most
important examples of special Jordan pairs are the following.

(a) Rectangular matrices Mpq(A). Let A be an arbitrary associative (not
necessarily commutative) k-algebra and put V' = Mat,e(A), V™~ = Mat,(4).

(b) Alternating matrices A, (k). Here VT =V~ = Alt,(k), alternating n x n
matrices over k.

(c) Symmetric matrices H, (k). Here VT = V~ = H,(k), symmetric n x n
matrices over k.

In all three cases, we obtain special Jordan pairs with composition Q,y = zyzx
(matrix product).

Examples (b) and (c) are special cases of the following more general example.

(d) Hermitian matrices over a form ring. Let (A, J e, A) be a form ring in
the sense of [, 5.1C]. Thus A is an associative unital k-algebra, J is an anti-
automorphism of A, € € AX is a unit of A with the property that ¢/ = ¢! and
a’’ = cae™! for all @ € A, and A is a form parameter; i.e., a k-submodule of A
with the property that

{a—a’c:acAycAc{acA:a=—a’e}

and a’Xa € A for all a € A and A € A. We extend J to an anti-automorphism of
Mat,,(A) by defining 7 = (a?jz) for an n x n-matrix « = (x;;) with entries from A.
Now put AT =e71A, A~ = A and define

V*t ={z e Mat,(A) : 2/ = —ex and z;; € AT for all i},

V™ ={y €Mat,(A) :y/ = —ye ' and y;; € A~ for all i}.
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Then V = (V*,V ) is a Jordan subpair of the Jordan pair (Mat,,(A), Mat,,(A4)) of
Example (a), hence special. Observe that V'~ = A,, and V* = A/ in the notation
of [I7, 5.1C].

For example, by letting A = K be a commutative associative unital k-algebra
and taking J = Id, ¢ = 41 and A = 0, we obtain the Jordan pair A, (K) =
(Alt, (K), Alt,,(K)) of alternating matrices over K, generalizing example (b) above.

Let e = —1. Then J is an involution of A and a form parameter A is a k-
submodule satisfying {a +a’ : a € A} C AC {a € A:a’ =a} and a’Aa C A
for all a € A. In this case, AT = A = A~ and VT = V'~ consists of hermitian
n X n matrices over A with diagonal entries in A. The corresponding Jordan pair
is denoted H,, (A, J,A). For A =k, J =1d and A = k we get the example (c) of
symmetric matrices above. Important examples of form parameters A are the ones
with 1 € A, traditionally called ample subspaces. For A =7, J =1d, A = 2Z is a
form parameter which is not ample.

(e) Examples of exceptional Jordan pairs are obtained by taking in (a) and
(d) an alternative instead of an associative coordinate algebra, but only for small
sizes of the respective matrices. Thus let A be an alternative k-algebra. Then
M2 (A) = (Maty2(A), Matay (A)) is still a Jordan pair with quadratic operators

wa = x(ym), ny = (yﬂc)y,

for z € Mati2(A), y € Matai(A). If A is an octonion algebra this Jordan pair
is exceptional. Similarly, there is a natural (but not so easily described) Jordan
pair structure on the 3 x 3-hermitian matrices over an octonion algebra which is
exceptional.

(f) Let ¢: X — k be a quadratic form on a k-module X and denote by b(z,y) =
q(z+vy) —q(x) —q(y) the polar form of ¢. Then V = (X, X) is a Jordan pair, called
the Jordan pair of q, with quadratic operators Q,y = b(x,y)z — q(z)y.

(g) In some of the examples above, the Jordan pairs V = (V*,V7) had the
property that VT =V~ and QT = Q~. These types of Jordan pairs are essentially
the same as Jordan triple systems, see [B4), 1.13] for details.

7.6. Identities. Jordan theory requires a large amount of sometimes non-
trivial identities, all of which are consequences of the defining identities [JPT] —
[JP3]. We derive some of them here and refer to [B4] for a more complete list.

Let us define bilinear maps D,: V7 x V=7 — V7 by

Do’(may) Tz = {JJ,y,Z} (: Qa:,zy)'

We follow the same convention as for ¢ and drop the index o at D. To save
parentheses, we will often write D, , instead of D(z,y).

Since the right hand side of [JPT] is symmetric in y and v so must be the left
hand side. This yields {z,y, Q.v} = {z,v,Q.y} = Qz{yzv}, or in operator form:

Dw,ny = QmDy,m = Q(l‘, Qo:y) (JP4)
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Linearizing [JP2] with respect to z in the direction of w resp. with respect to y in
the direction of v yields

Hayut, y, 2t = {z, Qyu, 2} + {u, Qyz, 2},
{'Tv {ya:v}, Z} = {Qxy’ v, Z} + {va, Y, Z}

Written in operator form, this becomes

D({zyu},y) = D(z, Qyu) + D(u, Qyx), (JP7)
D(z,{yzv}) = D(Qay,v) + D(Qzv, ), (JP8)
D.yDey = Qe -Qy + D(2,Qy1), (JP9)
Qz,:Dyw = Q(Quy,2) + D2 yQa. (JP10)

Similarly, linearize [JPT] with respect to z in direction z:
{z,y, {zvz}} + {2y, Quv} = Qu{{yzv} + Qu.{yav}.
Reading this as a function of y yields
Q(z, {zvz}) + Q(2,Q2v) = Qo Duz + Qa2 Do

Replace here v by y and add the result to [JPI0]. After switching  and z, we
obtain

Dx,sz + Qsz,ac = Q(Z7 {xyz}) (JPIQ)
Applying this to v and reading the result as a function of x yields
D(Q:v,y) + Q.Qy,v = D, ,D. . (JP13)

Linearizing [JPI3] with respect to z in the direction u and applying the result to
an element z shows

H{zvu},y, 2} + {2, {yzv}, u} = {z,v, {uyz}} + {u, v, {zya}}.
By reading this as a function of z, we see
[Dy.y, Duv] = D({zyu},v) — D(u, {yzv}). (JP15)

The identities derived so far are all consequences of [JPT] and [JP2Z]. The following
two identities require [JP3]. For the proof, we refer to [B4], 2.10].

Q({xyz}) + Q(szv sz) = QzQsz + QzQsz + Qx,zQsz,z» (JP20)
Q({xyz}) + Q(Qnyza Z) = QzQsz + QzQsz + Dm,szDy,r' (JP21)

For some applications it is useful to know that under suitable conditions on V'

the identity [JPI5]) implies [JPT}HIJP3]. For example, let 2 be a unit in k, let
V = (V*,V7) be a pair of k-modules without 3-torsion and suppose V7 x V=7 x
Ve -V (x,y,2) — {zyz} = D(x,y)z are trilinear maps which are symmetric

in the outer variables and satisfy [JPI5]. Then V becomes a Jordan pair with

respect to Q(x)y = %{xy:v} This can be used in the following situation. Let

L=L_1&Ly® Ly be a 3-graded Lie algebra over a ring k in which 6 is a unit.
Then V = (L1, L_1) becomes a Jordan pair with respect to {xyz} = —[[z, ], 2].
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7.7. Derivations and inner derivations. Derivations of Jordan pairs are
defined by the usual mechanism: a pair A = (A4, A_) of linear maps A, €
End(V?) is called a derivation if Id 4+ €A is an automorphism of the base ring
extension V ®£k(e) where k() is the algebra of dual numbers. A simple computation
shows that this is equivalent to the conditions

A5(Qzv) = {A5(2),v, 2} + Q2 A4 (v), (1)

for all z € V7, v € V77. With component-wise operations, the derivations of V'
form a Lie subalgebra Der(V) of End(V ') x End(V ™).
Identity says precisely that, for any pair (x,y) € VT x V| the pair

5(1'7 y) = (Dm,ya 7Dy,m) (2)

is a derivation of V. We call this the inner derivation determined by (z,y). From
[JPI5] it follows that the k-linear span

Inder(V) = span{d(z,y) : (z,y) € V} (3)

is a subalgebra of Der(V), called the inner derivation algebra of V. In fact, by
linearizing [T], one sees easily that Inder(V') is an ideal in Der(V).
In any Jordan pair, we have the derivation

Cv = (Idy+, —Idy-) (4)
which obviously belongs to the centre of Der(V).

7.8. The Bergmann operators. For a pair (z,y) € V7 x V77 we define
B(z,y) = By, € End V7 by

Bz,y = Idys — Dz,y + Qwa

The name “Bergmann” comes from the fact that Jordan pairs over the complex
numbers equipped with positive hermitian involutions are in correspondence with
bounded symmetric domains. Then the determinant of B, , is related to the
Bergmann kernel of the domain, see [B5].

The Bergmann operators play a fundamental role in the theory of Jordan pairs.
Of the many identities satisfied by them, we list only the following two and refer
to B4, 2.11] for more.

B(z,9)* = B2z — Q.y,y) = B(z,2y — Q,x), (JP25)
Q(By,yz) = By yQ.By +. (JP26)
In our standard example of the Jordan pair (B,C) of a Morita context 9% =

(A, B,C, D) we have
B(z,y)z = (1 —zy)z(1 — yz). (1)
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7.9. The quasi-inverse. A pair (z,y) € V is called quasi-invertible if the
Bergmann operator B(z,y) is invertible (as an endomorphism of V). Then, the
quasi-inverse of (xz,y) is defined as the element

2¥ = B(z,y)  (z — Quy) (1)

of V*. Quasi-invertibility and the quasi-inverse of (y,z) € V°P are then well-
defined, too.

Example. Let V = (B,C) be the Jordan pair of a Morita context 9 =
(A, B,C, D) as in [l Then the following conditions are equivalent:

(a) (z,y) is quasi-invertible in V,
(b) 14 —axy € Ais a unit in A,

(¢) 1p —yz is a unit in D,

(d) (y,z) is quasi-invertible in V°P.

In this case, the quasi-inverses are given by

Y =1 —ay) e =2(1—-yx) !, Yy =1 —yx) ly =yl —ay) L
A proof is given in [BY, 4.5]. In particular, if 9t is the Morita context of 2 x 2
matrices over a ring R, then the pair (z,1g) is quasi-invertible if and only if x
is quasi-invertible in the sense of ring theory [B0, p. 180]. The group-theoretic
significance of quasi-invertibility will be seen in [9:2.5] and [9:2.6].

We return to an arbitrary Jordan pair. Proofs of the following facts can be found
in [B4, §3] and [BY, Theorem 4.10], keeping in mind that B(x,y) = F(z,y,0,0) in
the notation of [Bg]. The following conditions on a pair (z,y) € V are equivalent.

(i) (z,y) is quasi-invertible,

(ii) B(z,y) is surjective,
(iii) 2z — Q.y belongs to the image of B(z,y),
(iv) « belongs to the image of B(z,y).

In ring theory, invertibility in a ring and the opposite ring are equivalent. The
analogue for Jordan pairs is the “symmetry principle”:

(z,y) is quasi-invertible in V' <= (y, ) is quasi-invertible in V°P, (2)

and in this case, the quasi-inverses are related by the formula
¥ =x+ Q.y”. (3)
Let h: V. — W be a homomorphism of Jordan pairs. Condition (iii) (or
(iv)) together with [T] immediately imply: If (z,y) is quasi-invertible in V' then

(hy(x),h_(y)) is quasi-invertible in W, and then

hy(2¥) = hy (@)W, h_(y") = h_(y)"+). (4)
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An important property of the quasi-inverse, and the reason for the exponential
notation z¥ is the following. Suppose (x,y) is quasi-invertible and let v € V.
Then (z,y + v) is quasi-invertible if and only if (2¥,v) is quasi-invertible, in which
case

(@) =2, (y+0)" =y" + Bly,x)"" o). (5)

We refer to [B4, 3.7] for the proof.

Of the numerous identities relating the quasi-inverse and the Bergmann opera-
tors, we list the following and refer to [B4), 3.6] for more. Here it is always assumed
that (x,y) is quasi-invertible, while z € V* and v € V'~ can be arbitrary.

B(z,y)B(z",v) = B(z,y +v), (JP33)
B(z,y")B(z,y) = B(z + z,y), (JP34)
B(x’y)_l = B(xyv _y) = B(—x,yx>. (JP35)

7.10. Structural transformations. Besides homomorphisms, the following
types of maps between Jordan pairs play an important role. Let V = (V* V™)
and W = (WT,W~) be Jordan pairs. A structural transformation from V to W
is a pair of k-linear maps f: V¥ — W™ and g: W~ — V~ (note the change of
direction!) such that

Qf(a:) = fog and Qg(y) = ng fa
for all z € VT and y € W—. We write this as
(f,9): V=W

and note that
(f,9): V=W <<= (g9,f) WP — VP,

The basic examples are given by the quadratic operators and the Bergmann oper-
ators: for all x € VT, y € V~, we have the structural transformations

(Q2,Qz): VP =V, (Qy,Qy):V=V?P (Byy,Bya): V=V

This is just another way of expressing the identities [JP3) and [JP26). We also
note that for any scalar A € k, the homotheties f(z) = Az and g(y) = Ay define a
structural transformation from V to itself.

An invertible structural transformation is essentially an isomorphism; more
precisely, the following conditions are equivalent:

(i) (f,g9): V=W is a structural transformation with f and g invertible,
(i) (f,¢g71): V — W is an isomorphism.

The proof is immediate from the definitions.
In particular, let (x,y) be quasi-invertible. Then both B, , and B, , are invert-
ible, so
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ﬁ(x,y) = (Bx’ya By_i)

is an automorphism of V, called the inner automorphism determined by (z,y).
The inner automorphism group Inn(V') is the subgroup of Aut(V) generated by all
B(x,y), (x,y) € V quasi-invertible.

Structural transformations relate well to the quasi-inverse. Let (f,g): V =W
be structural and let z € V' and y € W~. Then (f(z),y) is quasi-invertible in W
if and only if (z, g(y)) is quasi-invertible in V', in which case the formula

f@)? = f(a9) (1)

holds, known as the “shifting principle”.
Indeed, by linearizing the defining equations of a structural transformation, one
obtains the formulas

D(f(x),y)o f=foD(z,9(y), D(g(y),z)=goD(y, f(z))

and then also

B(f(x),y) o f = foB(x,9(y), Blgly),x)=goBly,[f(x)),

for all z € V*, y € V~. Now suppose (z, g(y)) quasi-invertible. Then there exists
2z € V7T such that x = B(z,9(y))z. Applying f to this equation and using the
above formula yields f(z) = B(f(x),y)f(z), so (f(x),y) is quasi-invertible.

Next, let (f(x),y) be quasi-invertible. By the symmetry principle, (y, f(x))
is quasi-invertible, and since (g, f) is structural, it follows that (g(y),x) is quasi-
invertible, which implies (z, g(y)) quasi-invertible, again by symmetry. Finally, we
have B(z,g(y))z9Y) = x — Q,g(y). Applying f to this and using the above
formulas shows

f(B(xvg(y))xg(y)) = B(f(x)ﬂ y)f(xg(y)) = f(.’E) - szg(y) = f(x) - Qf(ac)y
By applying B(f(z),y)~! to this we obtain [T).

7.11. Inverses and Jordan algebras. An element u € V7 is called invertible
if Q,: V™7 — V7 is invertible (as a linear map). In general, a Jordan pair will
not contain any invertible elements. For example, the Jordan pair of p x ¢ and
gx matrices over a commutative ring (as in Example (a) of [.) contains invertible
elements if and only if p = g. If u € V7 is invertible then the inverse of u is defined
by

uwl=QlueV?

Recall here that @, maps V=7 to V7, so @, 1: Vo — V9. It follows easily from

[JP3] that
Q' =Qu and (u!)'=u (1)

for an invertible u € V7. For the example M;; (A) = (A, A) of an associative unital
k-algebra A, an element is invertible in Mj;(A) if and only if it is invertible in
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A. Also, care has to be taken to distinguish between z7'4, the quasi-inverse of
(x,—14), from the inverse 1.

We say V is a Jordan division pair if V' # (0,0), and if every non-zero element
of V7 is invertible. For example, the Jordan pair My;(A) = (A, A) of an associative
k-algebra is a Jordan division pair if and only if A is a division algebra.

Jordan pairs containing invertible elements are in the following relation with
(unital quadratic) Jordan algebras. First, we recall from [B4]] that a unital quadratic
Jordan algebra over k is a k-module J equipped with a distinguished element 1; € J
and a quadratic-linear map U: J — Endy(J) such that the identities

Uy, =1d;, (QJ1)
Uy,y = U, U, Uy, (QJ2)
UiVyo = Vi yUs (QJ3)

hold in all scalar extensions. Here V, , € Endy(J) is defined (similarly to D, , for
Jordan pairs) by
Vewz = Upqoy — Uzy — Usy.

Now any Jordan algebra J determines a Jordan pair (V*, V™) = (J,J) with
quadratic operators Q, = U, (z € V*). Indeed, [JPI] is [QJ3]), [IP3] is [QJ2],
and [JP2] is the identity QJ21 of [B4], p. 3.10]. Conversely, let V' be a Jordan
pair containing an invertible element v € V~. Then the k-module V' becomes
a unital quadratic Jordan algebra .J by defining 1; = v~! and U, = Q.Q, for
all z € V*, and the Jordan pair (J,J) is isomorphic to V' under the pair of
maps (Idy+,@Qy): (J,J) — (VT,V 7). The Jordan algebras arising from choosing
a different invertible element in V'~ are not necessarily isomorphic, but they are
isotopic. For details, we refer to [B4, §1].

There is the following relation between inverse and quasi-inverse. Suppose
u € VT (resp. v € V7) is an invertible element of the Jordan pair V, and let
y € V™ (resp. © € V1) be arbitrary. Then

B(u, y) - QuQ(uil - y)a B(x’v) - Q(l’ - vil)Qw (2)

Moreover, (u,y) is quasi-invertible if and only if =1 — y is invertible in V—, and
then the formula
w = (ut —y)7! (3)

holds, see [B4, 2.12, 3.13] for a proof.

7.12. Idempotents and Peirce decomposition. Let V' be a Jordan pair.
A pair e = (e4,e_) € VT x V™ is called an idempotent if

Qe,e—=er and Q. el =e_.

Clearly, idempotents are mapped to idempotents under Jordan pair homomor-
phisms.
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If V is a special Jordan pair embedded in a Morita context as in [[-4 then
this means ey = eje_e; and e- = e_eje_, so e, and e_ are in particular
von Neumann regular. Also, e;e_ and e_e; are ring idempotents in A and D,
respectively.

An idempotent e of V' gives rise to the important Peirce decomposition as follows.
For o € {+,—} and i € {0,1, 2} define endomorphisms EY of V7 by

ES =Qe,Qc_., Ef=D(ese_,)—2E5, EJ=DB(es,e_s).
Then the EY are orthogonal projections whose sum is the identity on V7, so that
Ve=Vy aVZ®Vy where V7 =Im(EY).

This is the Peirce decomposition of V' with respect to e, the V; = V,7(e) are called
the Peirce spaces of V with respect to e. We often put V; = (Vf, V.”) and write
the Peirce decomposition as V' = V5, @& Vi @&V}, to be read component-wise. The
Peirce spaces can also be described by

Vy={2€V?:Qe,Qc_,x=z}=ImQ.,,
VP ={zeV?:{es,e_0,x} =},
Vg ={zeV?:Q._,x={es,e_s,x} =0}

In particular, for z € V5 we have x = E(z) and 0 = E{ (z) = {es, €—0, 2} —EJ (2),
whence {e,,e_,,x} = 2x.

Idempotents and Peirce decompositions behave well with respect to homomor-
phisms: suppose h: V' — W is a homomorphism of Jordan pairs. Then the image
h(e) = (hy(es),h_(e—)) of an idempotent of V is an idempotent of W, and it
follows from the definition of the Peirce spaces that h(V;(e)) € W7 (h(e)). For
h € Aut(V') we obviously have h(B.) = B (c)-

The Peirce spaces satisfy the following multiplication rules, where we put V7 = 0
for j ¢ {0,1,2} [B4, Theorem 5.4]:

QIVP)Vy 7 C Vs,
{Vigﬁvj_a’vlg} - Via—j—&-lv
{‘/za’vofa"vo'} — {%U,‘é*o’,vo'} — O'

Let in particular u € V1 be invertible with inverse u=! € V. Then e = (u,u™!) is
an idempotent with the property that V' = Va(e). Conversely, if e is an idempotent
with V' = V5 (e) then e, is invertible with inverse e_. In general, the +-component
e+ of an idempotent e is always invertible in the subpair Vz(e), and its inverse is
e_.

Two idempotents ¢ and d are called orthogonal if ¢ € Vy(d). This is equivalent
to d € Vy(c), and then ¢+ d (defined component-wise) is again an idempotent.

Suppose e, ...,e, is a finite family of pairwise orthogonal idempotents, and
define V;7 C V7 for i,j € {0,1,...,n} by
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Vi =Vales), Vij =Vji=Vile:) NVile;) (i #j),
Voo = ﬂ Vole),  Vio = Voi = Vi(es) N ) Voley)-
i=1 i

Then V decomposes as

V= P Vi (1)

0<i<j<n

To formulate the multiplication rules which these spaces satisfy, we consider triples
of unordered pairs of indices (ij,lm, pq) taken from {0,1,...,n}, and furthermore
identify this with (pg,Im,ij). We call such a triple connected if it is of the form
(i, jm, mp). Then the following composition rules hold:

VG Vil Vi € Vi,

3 Vim o
If (i, jl,ij) is connected and ij = lm then
QUVIV T C Vi,
If (ij,lm, pq) resp. (ij,Ilm,ij) is not connected then
{Vi5: Vi Vgt = QUViHIVy,,” = 0.

Proofs can be found in [B4, Theorem 5.14].
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§8. Peirce gradings

8.1. Peirce gradings. In this section we let V = (V+, V™) be a Jordan pair
over a unital associative and commutative ring k, see Section [I. A Z-grading of V
[BE] consists of decompositions V7 = @,., V7 (0 € {+,—}) into direct sums of
k-submodules satisfying the multiplication rules

VEVITVER Vg QYT € Vi, W

The convention for numbering the V,;~ differs from that of [B] by a sign. A
homomorphism of Z-graded Jordan pairs is a Jordan pair homomorphism h: V' —
V' satisfying h(V;) C V/. From [1] it follows immediately that V; = (V;*,V,7) is a
subpair of V, for all i € Z.

A Peirce grading B of V is a Z-grading with V.7 = 0 for ¢ ¢ {0,1,2} and the
additional orthogonality relations

D(Vy,Vy ) = D(Vy, Vy ) = 0. (2)
To simplify notation, we will usually write P : V = Vo & Vi & V; or simply
V =V, V1 &V to specify a Peirce grading of V. f V. = Vo, & V3 & V) is
already a Z-grading, formula [2] is equivalent to

VoV oV = (Vg Vy 7Vy} = 0. (3)

Also, implies that {V7VV7} = 0if i —j +1 ¢ {0,1,2}. The following
properties are immediate from the definition.

—
N
N—

Vy and Vi are inner ideals,
V;* = V5_; is again a Peirce grading,

B(VF,V;7) =1d for |i — j| = 2.

—~
D Ot
=

We call the Peirce grading of [5] the reverse of B.

The automorphism group Aut(V') acts on the set of Peirce gradings of V' in the
obvious way: if f € Aut(V) and B : V = Vo @ V] @V} is a Peirce grading, then the
Peirce grading f() : V = Vo @ Vi @V is given by V; = f(V;).

8.2. Examples. For any Jordan pair V and a fixed i € {0, 1,2} there is always
the trivial Peirce grading V; = V and V; = 0 for j # i. A Peirce grading with
V1 = 0 is the same as a direct sum decomposition V = V; @ V5 of V into ideals. If
P :U=Us0U; &Up and Py : W = Wy & W1 & Wy are Peirce graded Jordan
pairs then the direct sum V = U & W has a Peirce grading By & Pw given by
Vi=U, & W;.
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The main examples of Peirce gradings are the ones defined by an idempotent e
of V. Indeed, from [[I] it is clear that the the Peirce spaces V; = V;(e) define a
Peirce grading of V', denoted by ‘..

However, there are important examples of Peirce gradings which are not induced
by an idempotent, for instance the decomposition of the Jordan pair M, 4(R) of
p X q and ¢ X p matrices over a ring R given by the following block decomposition:

s q—s r p—r
{ vyt Vit { 13 v

Vvt = , Vo= .
P—T{ Vl+ Vo+ q—s{ Vi Voo

Suppose R is unital. If » = s then this Peirce grading is idempotent. Conversely, if
it comes from an idempotent, say e = (e4,e_), then e;: R® — R" is an R-module
isomorphism with inverse e_. Thus r = s if R is a ring with invariant basis number,
for instance, if R is commutative, local, or has stable rank 1, see e.g. [B3, §1.5].

In BJ we will establish some multiplication rules for Jordan pairs with a Peirce
grading. These formulas hold in fact in a more general setting, which we will review
now.

8.3. Kernels and annihilators. We recall from [BY] and [B4, 10.3] the defi-
nition of the kernel Ker X and annihilator Ann X of a subset X C V7:

Ker X ={veV77:Qxv=0QxQ,X =0},
AmmX ={veV77:Dw,X)=D(X,v)=Q,X =Qxv
:QvQX :QXQU :0}'

Despite the nonlinear character of the defining conditions, kernel and annihilator
are in fact k-submodules, and clearly Ann X C Ker X. If X = {z} consists of
a single element, we simply write Kerz and Annz. Note the symmetry in the
definition of the annihilator:

veAmzr <<= =€ Annw. (1)

For example, if B is a Peirce grading of V then it follows easily from the multipli-
cation rules that

Vo @ Vi % CKerVy, Vo % C AnnV? (2)

for i € {0,2}. If P = P, is idempotent then, by [B4, 10.3], V;- = AnnV," =
Anne™. Also, by definition of the extreme radical Extr(V) in P.g,

Ann(V7) = {z € Extr(V") : Qy-2 = 0}. (3)
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8.4. Proposition. (a) Let (z,v) € V7 x V77 and v € Kerz, i.e., Qv =
Q:Qux = 0. Then (x,v) is quasi-invertible with quasi-inverses z¥ = xz, v® =
v+ Quz. For ally € V= we have {yazv} € Kerz and v € KerQ.y, and the
following “shift formulas” hold:

D(Qay,v) = D(z,{yav}), D(v, Qzy) = D({yzv}, z), (1)
B(wa7v> = B(:a{yatv}), B(’U,sz) = B({yxv}’aj) (3)

(b) Let (x,v) € VI x V™7 and v € Annx. Then (z,v) is quasi-invertible with
quasi-inverses ¥ = x and v* = v, and B(x,v) and B(v,x) is the identity. For all
(z,y) € V7 x V=7 we have {yzv} € Kerz and {xyz} € Kerv, and the following
shift formulas hold:

D(z,{yzv}) = D({zyz},v), D({yzv},z) = D(v, {zyz}), (4)
QzQyz0y = Q2QyQ-Qy = Qay=)Qu, (5)
QuQ{ayzy = QvQ.QyQr = Qyz0)Qu, (6)

B(z,{yzv}) = B({zyz},v), B({yzv},z) = B(v,{zyz}), (7)

Qay=3v = Q2Q, Q0. (8)

Proof. (a) We have By & = 2—2Q,v+QzQvx = x, so (z,v) is quasi-invertible
by (iv) of [[§ with quasi-inverse ¥ = z. By the symmetry principle [7.9:2] and
formula [7.9.3]), we have (v, x) quasi-invertible, with v* = v + Q,z" = v + Q, .

From the fundamental formula [JP3] it follows easily that v € Ker Q,y. Before
showing {yxv} € Kerx, we establish the shift formulas [T}{3] By we have
D(Qyy,v) = —D(Qyv,y) + D(z, {yzxv}) = D(x,{yzv}), proving the first formula
of [T, and the second one follows similarly from [JP7). Furthermore, the identities
P20}, [JP3], [JPI3] and [JP2] yield

QaQyavy = Q2QyQaQu + QuQvQ2Qy + QoQywQaQy,w — QQ(Qur, Qyx)
= Q(Q2y)Qv + Q(Q20)Qy + Q(Qay, Qo) Qy,0 — R2Q(Qur, Qy)
= Q(Qy)Qv — Qz[D(z, Quz) D(2, Qyz) + D(Q2Qu, Q)]
= Q(Qry)Qv — Q2D (Qrv,v) D(z, Qyz) = Q(Quy)Qu-

This establishes the first formula of [2]. The second formula is proved by a similar
computation. Finally, [3] is immediate from [T] and [2] and the definition of the
B-operators.

We can now show {yzv} € Kerz. Indeed, Q,{yzv} = D(z,y)Q,v = 0 by [JPIL],
and QzQ{yﬁu} = QmQy (Qszx) =0 by '

(b) From the definition of the annihilator it is clear that B(z,v) and B(v,x) are
the identity and that ¥ = x and v* = v. As before, we first prove the shift formulas.

Since D(z,v) =0, yields 0 = [D..y, D,,] = D({zyz},v) — D(z, {yzv}), and
and similarly one shows the second formula of [4]. Next, by [JP20],
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QmQ{yzv} = QzQszQv + QvaQzQy + QzQy,szQy,v - QIQ(Qyzv sz)

The second term on the right vanishes by definition of the annihilator. Furthermore,
Q2Qyv = D(z,v)D(z,y) — D(Qzv,y) = 0 by [JPI3], and again by [JPI3] and
[JP7), for any t € V9,

QwQ(ta sz) = D(JZ, QUZ)D(.Q?, t) - D(Qaszz7 t)
= (= D(z,Quz) + D({zvz},v)) D(,
This establishes the first formula of [5] The second one is proved similarly,

and [B] follows from annihilator symmetry [8:3.1]. As before, [7] is a conse-
quence of the definition of the B-operators. For [8] we obtain from ([JP20)) that

QmQszU = Q{zyz}v + {Q$y7 v, sz} But, by () (Qx% ) = _D(Qm y) +
D(z,{vzy}) = Finally we show {yzv} € Kerz which, again by annihi-
lator symmetry, also establishes {zyz} € Kerv by switching the roles of z,z

and v,y. We have Q,{yzv} = —D(z,y)Q.v + {xv{zyz}} = 0 by [JPIZ], and
QzQ{yzv}x = QzQszva =0 by -

8.5. Corollary. LetV = V@& V1@V, be a Peirce grading of V' and let subscripts
indicate membership in the corresponding Peirce space.

£)=0.

(a) Ifi#j then (x;,y;) is quasi-invertible with quasi-inverses
vy’ =i + Q(w:)y;,

y;it =y + Qyj)i,
where either Q(z;)y; =0 or Q(y,)x; =0, and

5(%‘7%‘)_1 = ,8(331', _y_])
(b) Fori e {0,2} we have the formulas

D(y, i) D(v1, i) = Q(y, v1)Q(:),
D(zi, v1)D(zi, 2) = Q(3)Q(v1, 2),
D(Qu;y,v1) = D(x, {yziv1}),

D(w;, {yzve—i}) =
D({va—izy}, i) =
Q(Qqzy

D(v1, Qu,y) = D({viziy}, i),

('UZ iy {Zyiz})

)Qm - qu‘,Q{ywwl}a QmQ(Q:&y) = Q{vlwiy}Qmm

QIiQ{yzvz,i} =
Q’U271‘Q{Z’yxi} =
Q{xiyz}v2fi =

B(Qz,;ya U1
B(xz;, {yzva—_;}
B({va_iyz}, x;

Bz, va—i
B(Q(z;)y, v1
B({wiyz},va—i

—_— — — — — —

Rz, QyQR:Qu,_,
Qu,_; Q:QyQu,
inQszv27i

B(xi, {yz;v1}),

= B({ziyz},v2-i),
B(va—_i, {zyx;}),

Id,
Blai, {yzivi}),
Blwi {yzva—i}).

B(Ulv Q%ly) = B

(

(

(
D({zyz},v2—i), (6

(

(

(

= Q{wiyz}Qvgfm
= Q{ug_iyz}sz

({wniziy}, i),
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Proof. (a) We do the case i = 2 and j = 1 and leave the other cases, which follow
a similar pattern, to the reader. By [8:3.2], y1 € Ker(x2), so by Proposition B4(a),
we have 2" = x5 and y7* = y1+Q(y1)z2. By [JP35], B(22,51) " = B(2f', —y1) =
B(x2, —y1) which proves [2].

(b) Since Q(z;)v1; = 0, [3] follows from [JPI). Similarly, [4] follows from
[JPI3] while [I5] is immediate from ve_; € Annz;. The remaining formulas
are all special cases of @ since, by 7 Vo, ®V, C KerV;" C Kerz; and
V,_, C Ann Vi+ C Annx;.

8.6. Corollary. Let P = B, be the Peirce grading determined by an idempo-
tent e of V. Then in addition to the formulas of BH(b), we have the following
relations, where 7 = 0,1 and again subscripts indicate membership in the corre-
sponding Peirce space:

D(e”,y2) = D(Qeya,e”7), D(w2,e77) = D(e7, Qc-o72), (1)
D(zjt1,y5) = D(e?,{e "xjt1y;}),  D(uj,vj41) = D({ujvj41e7},e77),  (2)
Qu; 1 Quy = Qer Qe-cu, 1y, Qu; Qu, iy = Qujvjsrer}@e—os (3)
B(zji1,y;) = B(e?, {e 7zjp1y;}),  Bluj,vjs1) = B{ujuj11e7},e77),  (4)
B(xj+1,y5) = Ble”, {e”7xj+1y;}), B(uj,vjt1) = B{ujvjpre”},e™?).  (5)

Proof. For [I] we use the identity [JP8] and get

D(Qery2,67 %) = =D(Qece 7, y2) + D(e?,{e 7€y })
= 7D(egay2) + 2D(eaay2) = D(egva)-

The second formula can be proved similarly using [JP7]. The remaining formulas
now all follow from BH(b). We will prove the first formula in [2] and leave the
proof of the rest, which follows a similar pattern, as an exercise. For j = 1 we have,

USng m and ma D(9527y1) = D(Qe“Qe_"(E%yl) = D(ea7 {Qe""r%eaayl}) =
D(e?,{e 7, 22,y1}. For j =1 we use and get D(z1,y0) = D({e?e 721}, 90)
= D(e?, {e 7x1y0}).

In the following lemma we use the abbreviations {V;V;Vi} = ({Vi+Vj—Vk+},
(Vi ViV ) and QuVs = (QV;)Vy, QUVTVST).

8.7. Lemma. LetP:V =Vo®d Vi &V be a Peirce grading of a Jordan pair
V.

(a) The ideal of V generated by Vo ® V7 is

(eoV) =2 @ Vi @ ({1} +QuVa + QuQuV2). (1)

(b) If B = P. is an idempotent Peirce grading then the ideals generated by Vs,
Vi Vy and Vi are
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(Vo) =Vo & Vi ® Qv, Va, 2)
(VieW) = ({Vz ViVit+ Qv Vo + QVzQVl%) &V eV (3)
= ({6 ViVi} +QwVo + Qerlvo) o Vi eV, (4)

()= (ViV} + Qo+ QuQu W) @ Vi 0 Qula  (5)

= ({eVi )+ Qule +QQu Vo) @ 1 @ QuVa. (6)

In particular, if 2 € k* then

(V) = ({Vivit+ (Vi) @ Vi@ (Vi Ve Vi) ™)

Remark. [2] and [6] are due to K. McCrimmon [[4), 2.13], with a different
proof. He also shows:

if V' is simple then so are V5 (e) and Vy(e). (8)

This is still true for arbitrary Peirce gradings by [B]. On the other hand, V;(e)
need not be simple if V' is, see where Vi is the direct product M, ,_s(R)
My_, s(R). For other properties of V' that are inherited by V2 and Vj see B9, 4.1]

and [B, @.

Proof. (a) Let I denote the right hand side of . Since obviously I C <V2@Vl>,
it remains to show

G) {(vvIYc1I, (i) QW)IcI, (i) QU)V cI.

Let I; be the Peirce components of I. Obviously only the 0-component in (i) — (iii)
is of interest.

(1) It suffices to check that {V; V; I;} C Iy for i — j +1 = 0. Because of [8:1.2],
this leads to the condition {V; V;+1 Vi} C Iy, which holds by definition of I, and
to {V; Vi Iy} C Iy. Concerning this last condition, we have {V; V;{V1 V1 }} C
{VviVi Vo} by [JPI5] and {V; V; V;} C Vj. Moreover, {V;,V;,Qv,V2} C Qv, V2 by
[JPI2]. A second application of [JPIZ] then shows

{Vi. Vi, Qv Qv Vo } C Qv {Vi, Vi, Qi Vot + {{Vi Vi Vo }, Qv V2, Vo)
C Qv Qv Va.
(i) It is immediate that {V; I; V;} C Iy for i —j +1 =0, i # l. Hence it is

enough to prove Qv,I; C Iy for 2i = j. The case Qv, Va2 C Iy holds by definition,
so only Qv,lo C Iy has to be checked, and this follows from

Qv Vi Vi o} = Qv,Q(V1, Vo) € D(Vo, V1) D(Vo, Vo)W1
c{VoViWi} (by [B53])),
Qv, Qv Qv Vo = Q{Vo Vo Vi})Va C Qv Vo (by [B43]).
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(ili) Inview of (i) it suffices to verify Qr,V; C Ip for 2¢ = j, and since Qv, Vo C I
by definition, only the case ¢ = 0 = j is of interest. Again by (i) it is sufficient to
check the following cases:

Q(Qv, V2)Vo C Qv, Qv, Qv, Vo C Qv, Vo,
Q(Qv, Qv V2)Vo C Qv Qv, @1,V C Qu Qv Ve,
which follow from the fundamental formula [JP3}, and
QU Vi Vih)Vo € Q(Qv, Qv Vi, V1) Vo + Qv Qv, Qv Vo

+ Qv Qv, Qv Vo + {Vo, V1, Qv {Vi Vo Vo }}
- O+QV1‘/2 +QV0QV1‘/2 + {‘/O‘/l Vl}

which follows from [JP2T] and Qy, Vi = 0.

(b) Now assume V; = V;(e). Then {e,e_,21} = 27 for all x; € V{7, whence the
ideals generated by V5 and Vo @ V; agree. Also,

Viivob={VuViVi} = {{WVie}eVi} C Qv,V2 (by [BG.2)),
Qu,Qv, Va2 = Q({Vo Vie})Q.Va C Qv, Vo (by [86.3))

which proves [Z] For the proof of [3] we apply [I] to the reverse Peirce grading
V;* = Va_;(e) and obtain that

((Vivive} + Qv +QuQuta) & Vi & o

is an ideal, whence the ideal generated by Vi & V. However, {V4 V1 Vo} = {e V1 V1 }

by [E52] and Qu, Qv Vo = QeQ({e Va Vih)Vo C QuQv; Vo by [E03]. This proves
[4). The ideal [5] is the intersection of the ideals [2] and [3)]. Formula [G] follows
in the same way.

Finally, suppose 2 € k*. Then Qv, Vo = {1V V1 } and

Qv Qv Vo = Qv, Quy 1, Vo C {VaVi{VaViVo}}( by [B5.4]) € {VaViVi}
by the Peirce rules. This proves [7].

8.8. Definition. Let B be a Peirce grading of V. The group of P-elementary
automorphisms of V is the subgroup

EA(V,P) = (B(V;", V") 1i # )

of the inner automorphism group Inn(V). If P = P, is an idempotent Peirce
grading, we write EA(V,e) := EA(V,B.). It follows from [8:6.5] and [8:5.15] that

EA(V,e) = (Ble+, Vi ) UB(VL" e)).
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89. The projective elementary group of a Jordan pair

9.1. The Tits-Kantor-Koecher algebra. Let V' be a Jordan pair over k.
We use the notation introduced in [[74 and note that £o(V) = k - (v + Inder(V) is
a subalgebra of Der(V') and (y is central in £y(V) (indeed, in all of Der(V)).

In this book, the Tits-Kantor-Koecher algebra of V (or TKK-algebra for short)
is the Lie algebra

LV)=VtaeLy(V)a V- (1)

with multiplication
Vo,V =0, [D,z]=Dy(2), [x,y]=—0(z,vy)

for D = (D, D_) € £o(V), z € V* and (z,y) € V. This definition of a TKK-
algebra is different from the one used elsewhere, e.g. in [[5, @7 (see PI]] for a
comparison), but it is the most appropriate for our purposes.

We put go = £o(V), g1 =V, g1 =V~ and g; = {0} for i # 0,4+1. Then

LV)=g=Poi=0 190 dn
i€Z

is a Z-graded Lie algebra: [g;,g;] C gi1; for all 4,j € Z which is 3-graded because
g; =0if i ¢ {£1,0}. Moreover, ad {y is the grading derivation, i.e., [y, X] = iX
for X € g;. From the definition, it follows easily that the derived algebra of £(V)
is

DE(V) = [(V), (V)] =V @ Inder(V) @ V™. (2)

We also note that £(V') has trivial centre. Indeed, if Z =2 Ady e VI dgod V™
is central in g then 0 = [(,Z] = 2 ® 0 ® (—y) shows Z = A € g, and since the
adjoint representation of gy on g1 @ g_1 is faithful, it follows that Z = 0.

The TKK-algebra depends functorially on V but only with respect to surjec-
tive homomorphisms. In more detail, let f = (f4,f-): V — W be a surjective
homomorphism of Jordan pairs. Then it follows easily from the definitions that f
induces a surjective homomorphism of Lie algebras

Jor £o(V) = Lo(W),  d(z,y) = 6(f+(2), f~(¥), (v Cw

mapping Inder(V) onto Inder(W), and a surjective homomorphism of the TKK-
algebras

L(): V) = £W), ze Dy~ fi(r)® fo(D)e f-(y),

which maps DL(V) onto DE(W).
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9.2. The projective elementary group. For any z € V7 (o € {£}) one
defines an endomorphism exp_ (x) of g = £(V) (as a k-module) by

exp, ()2 =z, expy(z)A=A+[z,4], exp,(z)y =y+[z,y]+Qzy, (1)
where z € V7, A € go and y € V7. With respect to the decomposition g =

V*t@®go®V ~, the maps exp, are given by formal 3 x 3 matrices of homomorphisms.
In this identification we have, for (z,y) € V,

1 adz Q@ 1 0 0
exp,(z)=10 1 adz |, exp_(y)=|ady 1 0]. (1)
0o 0 1 Q, ady 1

It is known [BE, 1.2] that exp,(z) is an automorphism of g and in fact
exp,: V7 — Aut(g) is an injective homomorphism. (2)

We put U* := Im(exp, ) and define the projective elementary group of V as the
subgroup
G =PE(V)

of Aut(g) generated by Ut UU~. Since the groups U* are abelian, it is clear that
PE(V) has Aj-commutator relations with root groups Uy = U+.

Example. Let V = M,,(k) = (Mat,,(k), Maty,(k)) be the rectangular matrix
pair of -] and let M = (Mat,,, (k), Mat,, (k), Mat,, (k), Maty,(k)) be the associated
Morita context. It is immediate (see the calculation in [[0.1@) that the elementary
group E(O, V) = E(M) of [[.]] and [[-7 coincides with the elementary matrix group
E.(k), n = p+ ¢q. For simplicity assume from now on that k is a field. Then
En(k) = SLn (k) by [, 2.2.6]. Since PE(V) = E(9)/Z (E(M)) by [B, Cor. 2.12),
we have

PE(M,(k)) = SLy, (k) /2 (SLu(k)), (n=p+q, k a field).

We note that PE(M,,(k)) = PGL, (k) = GL,(k)/ % (GL,(k)) if k contains all nth
roots of unity, e.g. if k is algebraically closed.

From the functoriality of £(V) it follows that PE(V') depends functorially on
V' with respect to surjective homomorphisms as well, cf. [B§, 1.6]. The diagonal
subgroup of G is the group

PEo(V) = G N Aut(V)

where Aut(V) is diagonally embedded in Aut(g), operating on gy by conjugation
and on V* in the natural way. We often write

H = PEy(V)
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for short. The subgroups U* are normalized by H; more precisely, for h =
(hy,h_) € Hand z € V7,

h exp, (x)h ™" = exp, (ho (z)). (3)
The big cell of G is defined as
Q=UHU".
By [Bg, 1.5,

the map V=~ x H x VT — 2, (y,h,x) — exp_(y)hexp, (x), is bijective. (4)

By [B§, 1.4],
(z,y) is quasi-invertible <= exp,(z)exp_(y) € 12 (5)
<~  exp_(y)exp,(x) € (o
and then

exp, (x)exp_(y) = exp_(y*)B(x,y) exp (z¥). (6)

In particular, this shows that the inner automorphism group Inn(V') defined in {10
is contained in H.

9.3. Higher order quasi-inverses. Faulkner [I€] has extended [9.2.6] to
arbitrary products. For x = (21,...,22,) € V" = (VT x V)" define

exp(x) = exp, (x1) - -exp_(x2,) € G.

Observe that every element of G is of the form exp(x) for a suitable x and n,
since one can always add trivial factors exp, (0). We put x°° = (z2p,...,21)
and exp(x°P) = exp_(w2,)---exp,(x1) € G. Now define generalized Bergmann
operators B(x) € End(V™") and B(x°P) € End(V ™) by

B(x)u = exp(x)(u) mod go ® V", B(x°?)v =exp(x°®)(v)mod go®V*t, (1)
for (u,v) € V. A recursive definition of these operators is given in [[§]. The
equivalence with our definition follows from [[@, Lemma 2]. The recursive definition
implies in particular

B(x) = B(—x), B(x°P) = B(—x°P). (2)

For example,

B(Iaya Z,’U) = B(xvy)B(za U) - D($,U) + QxQU + QxQ(yvv)
+ Q(Jﬁ, Z)Qv - QmD(:% Z)Qv (3)
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Generalizing from the case n = 1, we call a 2n-tuple x quasi-invertible if both B(x)
and B(x°P) are invertible, and then define 8(x) = (B(x), B(x°?)~!). Note that
(B(x),B(x°P)): V = V is a structural transformation for all x [[@, Cor. 4] and
that therefore 8(x) € Aut(V) for a quasi-invertible x. By [L6, Theorem 1], x is
quasi-invertible if and only if exp(x) € {2, and in this case

exp(x) = exp_ (q(x‘)p))ﬁ(x) exp, (q(x)) (4)
The unique elements ¢(x) € V* and ¢(x°?) € V~ appearing in this formula are
called the quasi-inverses of x and x°P.

As an application of [4] we show that the diagonal subgroup H is in fact the
subgroup of G consisting of “diagonal” maps with respect to the decomposition
9=01DPgoDg-1:

{B(x) : x quasi-invertible} = H = {f € G : f(g;) C g; for i = £1,0}. (5)
Indeed, by [4] we have {8(x) : x quasi-invertible} C H, while H C {f € G :
f(g:) C g; for i = £1,0} is immediate from the definition of H. Conversely, let
g = diag(a1, as,as3) € G be diagonal and write g = exp(x) for a suitable x € V™.
It follows from and that B(x) = a; and B(x°P?) = B(—x°) = a3 ' are
invertible. Thus g = exp_(y) hexp, (x) € {2 and therefore h = (x) by [4] We

have
9(¢) = a2 = exp_(y)h(—z @ ¢) = exp_(y)(—h(x) ©()
= —hy(2) ® (C+ [h4(2), y]) ® (y — Qyh+(x)) € go.
This shows h4(z) = 0 = y and hence also = 0, proving g = h = (x).

9.4. The Weyl element defined by an idempotent. Let e = (ey,e_) be
an idempotent of V. We introduce the notations
e = (expy(eq),exp_(e—),exp (eq)) e Ut x U™ xU*,
we = p(fe) = exp, (eq)exp_(e—)exp, (e;) € G = PE(V).
As noted in -3, G has A;-commutator relations with root groups U; = U* and
U_1 =U",s00. € O1(G) in the notation of [5.1.4]. If e is an invertible idempotent,
cf. [[12, then we will see in P-4 that w, a Weyl element and hence 6, is a Weyl triple
for G. In general, this is not the case. However, it will be shown later that the
Peirce decomposition of V' with respect to e gives rise to Co-commutator relations
for G (for suitably defined root groups) and then w, is indeed a Weyl element for
one of the long roots. By abuse of language, we will therefore often refer to w,
(resp. 6.) as the Weyl element (resp. Weyl triple) defined by e.
Let V°P = (V—,V ™) be the opposite Jordan pair, see [.4. We define e°? =
(e—, e4) and correspondingly

fcor = (exp_(e—),exp,(e4),exp_(e~)) €U~ x Ut x U™,

Weor = exp_(e_)exp  (e4)exp_(e_).
Note that —e is an idempotent having the same Peirce spaces as e. Since exp,, is a

group homomorphism it is evident that

-1

We

=W _e.
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9.5. Lemma. Let e be an idempotent of V and let V = Vo & V] & Vy be the
associated Peirce decomposition as in[[.14. Then the action of w. on the generators
of £(V) is given by

x ifxeVy
) les, 7] ifxeVy?
We T = Q. -z iteevy [ (1)

r+lep,e] ifaz=¢

Proof. For the first formula, let x = 2§ € V. Then exp,(e,) - * = = holds by

definition of exp in [9:2.1], while
exp_,(e—g) - 2§ = 20 + [e—g, To| + Qe_, * To = To
follows from the multiplication rules for the Peirce spaces, see [-I34. Next, let
T1 € V1+. Then exp_(e_) - x1 = x1 + [e_, 1] since Q._x1 = 0 by the Peirce
relations, hence
we - ¥1 = exp, (e ) exp_(e-) - x1 = exp (e ) - (151 + [eﬂwﬂ)

=21+ [e—,x1] + [ey, [e—, x1]]-

Here [ey, [e—,x1]] = —{e4+,e—,x1} = —x1, so we have shown the case o = + of the
second formula of [1]. For the case 0 = —, let y; € V;~. Then similarly

we - y1 = exp, (e4) exp_(e) - (y1 + [e4, 1))
= exp, (e4) - (yl + e+, v1] + [e—, [6+’y1]]) = exp, (e4) - [e4, y1]
= [6+,y1] + [€+, [6+,y1H = [e-i-’yl]a

since [ey, [e4,y1]] = {e4,y1,e4} =2Qc, 11 = 0.
Now let x5 € V,". Then

we - w3 = exp, (eq)exp_(e_) - xo = exp, (eq) - (22 + [e—, 2] + Qc_12)
=T2 + ([6—7172] + [€+a [6_,1'2]]) + (Q€7x2 + [€+, Qefo] + QeJrQe,xZ)-

The map Q. : Vo© — V, is bijective with inverse Q.,: V5 — V5. Moreover,

leq,[e—,x2]] = —{et,e—, 20} = =229 and [Q._x2,e4] = d(e4, Qo_22) = d(x2,e_)
(by [86.T)). Hence we - 23 = Qc_x2, proving the case 0 = + of the third formula of
[T} The case o0 = — can be done by a similar computation, or by arguing as follows:

recall that w_, = w_ ! and that e and —e have the same Peirce spaces, while Q, is
a quadratic function of 2. Hence w_. 29 = w1 29 = Q._x3 or T3 = W, -Q._x5 for
all 2o € V5. By putting y2 = Q._72 we see that w, - yo = Qe y2 for all yo € V.

It remains to compute the action of w, on . Since ad ( is the grading derivation,
we have [e4,(] = —e; and [e_, (] = e_. Hence

we - ¢ = exp, (eq)exp_(e—) - (¢ +[e+.¢])
=exp(e4)  ((C+[e—,¢]) —ex +[e—, ] + Qe_(—e4))
=expy(es) - (—es +(C+ [e4,e-]))
=—er +(—eptlep e+ les, [eq,e ]l = C+ ey, e,

because Q._eq =e_ and [eq, [e4,e_]] = 2Q., e_ = 2e,.
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9.6. Proposition. Let e € V be an idempotent. Then for all u; € V" (e),
v; € V.7 (e) and zo € V7 (e), the element w, satisfies the conjugation formulas

1

We exp (ug)w, = = exp_ (Qe,u2)7 (1)

we exp_(v2) we_l =exp, (Q8+v2), (2)

We exp+ (ul) we_l = 5(”17 _e*)ﬂ (3)

We eXp—(Ul) w;l = 5(64-,1)1)7 (4)

We exp,(20) we = exp,(20) (5)

Moreover, 0. is balanced and hence we satisfies
We = Weop . (6>
Proof. (Cf. [I§, Theorem 7]) It is easier to prove [1] in the form
we exp, (uz) = exp_(Qe_u2) we, (7)

for all uy € V,". Since both sides of are automorphisms of the TKK-algebra
g = £(V) which is generated by V* = g1, V= = g_; and (, it suffices to show
that both sides agree when applied to the generators z = a7 € V7 (e) (0 € {+,—},
i €{0,1,2}) and = = ¢. This amounts to seven cases. We do the case x = x5 =
y2 € V,, using [9.5.1], and leave the others to the reader:

(we expy (uz)) - y2 = we - (Y2 + [uz, y2] + Quay2)
Qe+y2 + [we(u2)7we(y2)] + Qe, Qu2y2~

In the second step, we have used the fact that w, is an automorphism of g. On the
other hand,

(epr(Qe_UQ) we) * Y2 = €xXp_ (Qe_u2) . Qe+y2
= Qe+y2 + [Qe, U2, Qe+y2] + Q(QE,UQ)Q6+?J2-

The second terms agree by [9.5.1], and so do the third terms by the Jordan identity
and the fact that Q. Q.. is the identity on V, (e): Q(Qe_u2)Qec, y2 =
Qe_ Qu, Qe,Qe+ Y2 = Qe_ QuyY2-

The relation [2] is now a consequence of the one just proved and the following
observation. Since [I] holds for all idempotents, it does so in particular for —e.
Now w_, = w;! and @ is a quadratic map, so putting us = Qe v2, we have
w; exp, (Qe v2)we = exp_(Q_c_Qe,v2) = exp_(vz) which is .

The remaining formulas [3] — [5] can be proved in the same way.

Finally, put vo = e_ in and use Q.,e- = e;. Then weexp_(e_)w ! =
exp, (e4), so 0, is balanced by p.TJ(ii), which implies [6] by p-TJ(iv).
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9.7. Corollary. LetV be a Jordan pair with invertible elements, and let e be an
invertible idempotent of V, i.e., e, € V' is invertible with inverse e_. Consider
G = PE(V) as a group with Ai-commutator relations as in P3. Then 0. is a
balanced Weyl triple and w, is a Weyl element for the root « = 1 in the sense of
B,

Proof. We have V = Vs(e), so Q._: VT — V™ is an isomorphism with inverse
Qec.: V~ — VT. Now the corollary follows from [9.6.1] and [9.6.2]

Note, however, that in general not all Weyl elements of PE(V') are of this type;
see Proposition [[0.1]] for details.

9.8. The extreme radical. Recall from [B4], 4.21] that the extreme radical
Extr(V) = (ET, E7) of a Jordan pair V is

E7?={zeV7:Q.=D(zV 7)) =D(V"7,2) =0} (ce{+-}). (1)
The extreme radical is a characteristic ideal. From the formulas for the Bergmann

operators and the quasi-inverse in [.§ and [.J it is easy to see that ET can also be
characterized by

2€EtY = =zand fB(z,y)=Idforallye V-, (2)
and similarly for F~. We note
if V has invertible elements then 2z = 0 for any z € E°. (3)

Indeed, suppose u € V7T is invertible. By .13, e = (u,u™!) is an idempotent with
V = Va(e), so that D(z,V~7) = 0 implies 0 = {ze_,e,} = 2z.

We now describe the normalizer of UT and the centre 2°(G) of the projective
elementary group G = PE(V) in terms of the extreme radical.

9.9. Theorem. (a) Let N be the intersection of the normalizers of Ut and
U~. Then N is given by

N =exp_(E~)-H-exp,(ET), (1)

where E = (EY, E™) is the extreme radical. In particular, the normalizer of U~°
in U7 is exp,(E7).

(b) An element g belongs to Z°(G) if and only if g = exp_(v)hexp, (z) where
(z,v) € Extr(V) and h = (h4,h_) € H is determined by v and z by means of the
formulas

hi()=x+Quv, h_(y)=y+Qyz (xeVT yeV). (2)

In particular,
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Z(G)nH ={1}, (3)
Extr(V)=0 = Z(G)=L1 (4)

Proof. (a) We first show that N C 2. Let ¢ € N and t € V. Since g
normalizes U™, there exists ' € V'~ such that gexp_(¢) = exp_(t')g. With respect
to the decomposition g = V+ @ go ® V~, the automorphism g is given by a formal
3 x 3-matrix of homomorphisms, say g = (a;;). With this identification, we obtain

gexp_(t)(¢) = g(¢ +1) = (a12¢ + aizt) @ - --
= exp_(t)g(¢) = exp_(t')(a12¢ ® a2 ® az2) = a12¢ S ---.

Hence a3 = 0. An analogous computation yields, for s € VT,

gexp_(t)(s) =g(s@t,s] D Qus) = (a118+ aialt,s]) -
=exp_(tg(s) =exp_(t')(a11sD ) =ans®---.

Since (s,t) € V is arbitrary, this implies aj2(Inder(V)) = 0. Note that every
automorphism of g leaves the derived algebra £/(V) (cf. [9:1.2]) invariant. For
g~ ' = (bij), the go-component of g~'(s) is bays which, by the remark just made,
belongs to Inder(V). It follows that aj2b2; = 0. The relation gg~! = 1 now yields
Idy+ = Zialibil = ay11b11. By switching the roles of ¢ and g~' we also have
Idy+ = by1aq1. Hence, aq; is invertible with inverse b1;. Similarly, one shows that
b33 is invertible with inverse as3 by using the fact that g normalizes UT. Letting
g = exp(x) for a suitable x € V" we have a;; = B(x), b3z = B(—x°?) = B(x°P)
in view of [9:3.1] and [9:3:2]. Thus, x is quasi-invertible so [9.3.4] shows g € 2 =
U-HUT.

By [9:2.3], H normalizes U? and also exp,(E“) since the extreme radical is
stable under all automorphisms of V. Hence it remains to show that an element
g = exp_(v)exp, (z) belongs to N if and only if (2,v) € Extr(V). Now for any
yev-,

gexp_(y) g~ ' =exp_(v)exp, (2)exp_(y)exp, (—2z)exp_(—v) € U~

if and only if exp, (z)exp_(y) € U~ exp,(z), which, by [9.2.5] and [9.2.6), is
equivalent to (z,y) being quasi-invertible, z = z¥ and 5(z,y) = 1. By [0:8:2], this
is equivalent to z € ET. Similarly, g normalizes U™ if and only if v € E~.

(b) By (a), any g € Z(G) has the form g = exp_(v)hexp, (z) with (z,v) €
Extr(V). Furthermore, for all x € VT,

gexp, (x) gt =exp (v)h exp, (x) Bt exp_(—v)

— exp_(v) exp, (s (x)) exp_(—v) = exp, ()
if and only if exp, (z)exp_(v) = exp_(v)exp, (h4(x)). By and v € E~
this is equivalent to hy(z) = ¥ = x — Qv = x + Q,v, since 2Q,v = {zva} = 0.
By symmetry, z € ET and h_(y) = y + Q= for all y € V. This proves that g

belongs to the centre if and only if it has the stated form, and [3] and [4] are then
immediate consequences.
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9.10. Remarks. (i) Let g = exp_(v)hexp, (2) € Z(G). In view of [9.9.2],
the maps h4 — Idy + are both linear and quadratic over k. Therefore, they must be
zero (and hence h = 1) provided V satisfies the condition

A=X)u=0 foral\ck = u=0, (1)

for any u € V7. In particular, this is the case if V' has no 2-torsion or if there exists
an element \ € k™ with 1 — X\ € k™, for example, when k is a field with at least 3
elements. On the other hand, we will give an example where h # 1 in PI7.

(ii) The converse of [9:9:4] is not true, as the following example shows. Let
k be a field of characteristic 2 and let VT = V~ = J where J is the quadratic
(non-special) three-dimensional Jordan algebra k1 & ka & ka® [B3, 1.5, Example
(3)]. Then E* = ka® but 2°(G) = 1. Indeed, since Q1 = Id, the centre of G will
be trivial as soon as we know that the H-component of an arbitrary g € Z(G) is
trivial. If k& has more than two elements this is clear by [T] above. If k has two
elements we argue as follows.

In an arbitrary Jordan algebra, the powers of an element b satisfy {b™b"b"}
= 2pm+ntP R, p. 1.23]. Hence {V,V,V} = Inder(V) = 0 because of 2k = 0. Since
V is finite-dimensional it is in particular stable [Bg], so that H is generated by all
B(x) where x = (21,22, 23,24) € V X V is quasi-invertible. Now a straightforward

1 0 0
computation shows that B(x) has the form [ 0 1 0 | with respect to the basis
0 = 1
1,a,a3. On the other hand, if g = exp_(v)h exp_ (z) € Z(G) and v # 0 then v = a®
1 0 0
and therefore, by [9.9.1) and a lengthy calculation, hAy has the form | 0 1
10
This contradiction shows that v = 0, and in the same way z = 0, proving g = 1.
We will see another example in P-4

= O

9.11. Faulkner’s projective elementary group. J. Faulkner [[§, Sect. 3]
introduced a group which is closely related to the projective elementary group
PE(V) as defined in P:3. We describe here the precise relation between these two
groups.

Faulkner’s Tits-Kantor-Koecher algebra is £F24(V) = V+ @Inder(V) @V~ with
the multiplication

[Vovvg] =0, [sz} = DG(Z)’ [iE,y] = 6(1:7y)7

for D = (Dy,D_) € Inder(V), z € V° and (z,y) € V. Observe that £F34(V)
differs from our Tits-Kantor-Koecher-algebra £(V') of P.J] in two respects: the 0-
part of £(V) is enlarged by the degree derivation (y, and for (x,y) € V we have
[x,y] = —6(z,y) in g. One easily verifies that

f: ey - De(V), . ®DOy_ — 2, ®D® (—y_)
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is an isomorphism.

Faulkner’s group, which we denote FPE(V), is the subgroup of Aut(£F2%(V))
generated by automorphisms xp(V7) as defined in [I5]. For (u,v) € V one checks
that

foxp(u)o f= =exp, (u)|DE(V), foxp(v)of!=exp_(~v)[DL(V).
Hence, if we let o: PE(V') — PE(V)|D£(V) be the restriction map, we have

FPE(V) 2 p(PE(V)) = PE(V)/ Ker(o). 1)

9.12. Proposition. Let Extr(V) = (E1, E™) be the extreme radical of V. The
map
¢:Et x E- = Ker(o), (u,v)+— exp_(v)exp, (u)

is a group isomorphism. In particular, Ker(p) is abelian, and if Extr(V) =0 then
PE(V) 2 FPE(V).

Proof. It is an easy consequence of the definition of the extreme radical and the
properties of exp, that the map ¢ is an injective group homomorphism into Ker(p),
namely, [9:2.6), [9:8:2] and [9:2:2]. Any g € PE(V) is of the form g = exp(x) for
a suitable x € V™. If g € Ker(p) we have B(x) = Id where B is the generalized
Bergmann operator introduced in P-J. Similarly, g=! € Ker(p) implies B(x°P) = Id.
Hence, by [9.3:4), x is quasi-invertible and g € §2, so that g = exp_(v)h exp, (u)
for (u,v) € V and h € H. Now for all z € V',

r = (@) = exp_ ()i (2) = by (2) & [o, 7 (2)] @ Qs (2)

whence hy = Id and Q, = D(v,VT) = D(V*,v) =0, i.e., v € E~. Similarly,
h_ =1d and u € ET, proving that ¢ is surjective.

9.13. The projective elementary group of a subpair. Consider a subpair
V= V', V'7)of V, let g = £(V) and define g’ C g by

g=VTe k- w+VEVT) eV =g ogod,.

Since V' is a subpair, it follows from the definition of the multiplication in g that
[[V/T,V'~],V'?] C V'? and this implies that g’ is a (graded) subalgebra of g.
Let £(V') = V'* @ (k- {y+ + Inder(V’)) & V'~ be the TKK-algebra of V'. It is
easily verified that there is a surjective homomorphism ¢: g’ — £(V”) of graded
Lie algebras given by ¢(z') = 2’ for 2’ € g/,,, and on g{ by restricting an element
D’ € g} to V'*. Thus we have an exact sequence of Lie algebras

0 ¢ g —>£(V") 0
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with Ker(p) = € C gf), and X € €if and only if [X, V'*] = 0. This implies [¢, ] = 0,
so tis central in g’.

Now consider the projective elementary groups PE(V) of V' and PE(V’) of V'
with exponential maps exp, and exp’,, respectively. Let G’ C PE(V) be the
subgroup generated by exp_ (V'*) Uexp_(V'~). We claim that there is a unique
surjective group homomorphism

¥ G' — PE(V) (1)

with the property that
U (exp, (') = exp(2'), (2)

for all 2/ € V'? and o € {+,—}.

Indeed, it follows from [9.2.1] and the fact that V' is a subpair of V' that exp, (z’)
stabilizes g’. Moreover, for X € ¢ we have exp,(z') - X = X + [2/, X] (by [0:2:1])
= X, so the generators of G’ fix the elements of £&. Hence G’ stabilizes g’ and &,
showing there is a well-defined homomorphism ¢: G’ — GL(£(V’)). By applying
¢ to [9:2.I] (with = and y now belonging to V') we see that the diagrams

g' exp, (z') g'
sai i«p
£V") ——L(V’)
exp, (z")

are commutative. Hence holds so ¢ maps G’ onto PE(V’), as asserted.

9.14. The projective elementary group of a direct sum. Let V =
@,c; Vi be a direct sum of ideals. Our aim is to show that there is a natural
isomorphism

PE(V) = (D PE(V)) (1)
i€l
where the direct sum symbol on the right denotes the restricted direct product
of groups, i.e., the subgroup of the full direct product whose elements have only
finitely many components different from 1.
Clearly, the inner derivation algebra of V commutes with direct sums:

Inder(V) = @Inder(Vi). (2)

Recall from P.] that DE(V) = V= @ Inder(V) & VT is the derived algebra of the
TKK-algebra £(V) of V. Then [Z] immediately implies that the functor D£ also
commutes with direct sums:

DE(V) = EBDS(%). (3)

iel
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The relation between the full TKK-algebra £(V) = k- (v +DL(V) of V and that
of the V; is more complicated.

Let p;: V' — V; be the projection onto the i-th factor. Since £ is functorial with
respect to surjective homomorphisms by P, there are induced homomorphisms
fi = L(pi): £(V) — £(V;), so we have a homomorphism

f2(v) = [Tew)

il
with components f;. Explicitly, f; and f are given as follows. Let
X=zd\A-¢v+doyec V)

where z = Y2, e VI = @V, y =Sy €e @V, , A€ k,and d = > d; €
@ Inder(V;). Then

filX)=2:® (\v;, +di) ©yi, f(X)=(filX))ier=2d (AN +d) Dy, (4)

where we identify DE(V') with the subalgebra of [], £(V;) determined by and
the embeddings D&(V;) C £(V;), and & := ((v;)ier € [[L£(Vi). From [4] it is
clear that f is an isomorphism of £(V') onto the subalgebra g := k- £ + DE(V) of
g :=[]£(V;). We will therefore identify the TKK-algebra of V with the subalgebra
gof g.

Let G; := PE(V;) and G' = @,G; C [[,Gi. The latter group acts on g
diagonally (i.e., componentwise) by automorphisms. Then the assertion [T] is a
consequence of the following result:

9.15. Proposition. With the notations introduced above, G' stabilizes the sub-
algebra g = £(V), and the induced homomorphism : G' — Aut(g) is an isomor-
phism of G’ onto PE(V).

Proof. We start with the following remark. Let W be an arbitrary Jordan
pair with TKK-algebra £(W) = k- (w + DL(W) and let h € PE(W). Then h
stabilizes DL(W) (since h is an automorphism of £(W) and the derived algebra is
a characteristic ideal). Moreover, h((w) = ¢(w (mod DL(W)). Indeed, it suffices
to check this for the generators exp, (z) of PE(W), where exp, (z) - ¢w = Cw +

Now let g = (gi)ier € G'. Then clearly g stabilizes D£(V). Moreover, applying
the remark above to W = V; and h = g;, we have g¢;(C¢v,) = (v, + X; where
X; € DL(V;), and since g; # 1 for only finitely many 4, only finitely many X; are
different from 0. Hence g(¢) = & + (X;)ier € £+ DL(V) C g. This shows that g is
indeed stable under G’ and proves the existence of a group homomorphism ).

Next, we show that 1) is injective. If g = (g;)icr € Ker(y) then g; acts like the
identity on DE(V;), and ¢(§) = € implies g;(Cy,) = (v, for all i € I, whence g = 1.

Finally, we show 1(G’) = PE(V). Denote the exponential maps of £(V;) (i € I)
and of £(V) by exp((;): V7 — G; and exp,: V7 — Aut(g), respectively. Then one
easily verifies that the diagram
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Vo inc Ve

7
expg)i lexl)a
G4

Aut(g)

‘ ¥

commutes. Since PE(V) is generated by exp, (V) (0 € {+,—}), and exp,(z) =
exp, (> x;) =1, expy(zi) =11, ’(/J(eXp((;) (z;)), this shows that ¢(G’) = PE(V).

9.16. Example. In the rest of this section we will elucidate some of the con-
cepts introduced above by considering the example V' = (J, J) where J = J,, is the
(Jordan algebra determined by the) unital commutative associative algebra over
k = Fy, the field with two elements, generated by a nilpotent element a of index
n =0, i.e.,

J=k[t]/ ") =kl®ka® - & ka", a™ # 0.

Clearly, J is local (see [B4], 1.10]) with Jacobson radical Rad(J) = ka @ - - - @ ka™.
We let a” = 1. The Jordan product and the Bergmann operators are then given by

Qo (aj) =a”" (0<i,j< n), Qqz,y =0,
B(a,y)z = (1 —ay)2(1 —yz) = z + 2°y*2 (1)

for z,y,z € J. In particular Inder(V') = 0, and hence g(V) = J® k(@ J is a 2-step

n

solvable Lie algebra. The operator A = @, is nilpotent of index m = [%]. The
algebra 20 C End(J) generated by A is therefore

A=kldeo kA - - dEA™,
and the set 2A* of invertible elements of 2 has the description
A =IdekA® - -BEA™. (2)

For any « € J we let (z;) be the coordinates of x with respect to the basis
(1,a,a?,...,a"). Then

Qz = ixiAi e 2. (3)
=0
Hence, [T] and [3] together with [9:8.1] imply
Extr(V) = (E,E) where E=ka"™ @ - @ka™ (4)
Thus Extr(V) # 0 if n > 1. Also, [3] shows
B(z,y) = 1d + Q.Qy = B(y, ) = (1 + zoyo) mod Rad () (5)

for x,y € J. Therefore, (x,y) € V is quasi-invertible if and only if zoyo = 0.
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We claim that the diagonal subgroup H of G = PE(V) is
H={(bb"):becA*}. (6)
Indeed, for any y € J we have B(a,y) = Id+ Y./", y;-1 A" = B(y,a) in view of
and [5). Since B(a,y) = (B(a,y), B(y,a)~!) € H this proves that (b,b~!) € H

for any b € A*. On the other hand, by [B§, 5.3], stability of V implies that H is
generated by the generalized Bergman operators

5(37,?472':“) = (B(mvyaz?u)aB<u7zay7x)_1>

for quasi-invertible (z,y, z,u) € V x V. In our setting, formula [9:3-3] shows, for
any (z,y,z,v) €V XV,

B(z,y,z,v)s = ((1 — zy)(1 — 2v) — xv)zs

and therefore any element of H has the form (b, b~ 1) for some b € A*.
We note in particular that H = {1} if and only if n = 0 or 1. The centre of G
has the following description:

9.17. Lemma. Z(G) = {1} if and only if n = 0 or n is odd; |Z(G)| = 2 if

and only if n > 2 is even. In the second case, the non-trivial element of Z(G) is
exp_(a") (b,b) exp, (a"), where b=1d + A™2,
Proof. By P9 and P-13.6, any g € 2(G) has the form

g=exp_(v)(b,b71) exp, (2)
where v,z € F and b € 2 satisfies

(b—Id)z = Quuv, (b'—Id)y=Q,z (1)

for all z,y € J. It is immediate (by specializing x = y = 1) that g = 1 if b = Id;
in particular this is so when H = {1}. We can therefore assume n > 2. By [9.16.2]
there exist p; € k such that b —Id = Y7 | u;A*. Hence, condition (1) for z = 1
yields v = >~ | pi;a** € E. Then choosing z = a gives the relation

m m

2141 2i4-2
E Hia = E a2
i=1 i=1

For i < m we have 2 + 1 < n + 1. Since then a?*! # 0 we must have u; = 0.
For i = m and n odd we obtain 2m + 1 = n and hence also p,, = 0. Therefore in
this case v = 0, b = Id = b~! and so g = 1. For n even we showed v = p,,,a™ and
b—1Id = p,, A™. For these choices, (b —Id)z = pmxoa™ = Qv holds for all x € J.
Since b = Id + p,, A™ = b~ we get z = p,,a™ = v. This finishes the proof of the
lemma.

Let us point out that for odd n we have Extr(V) # 0 but Z(G) = 1, yielding
yet another example that the converse of the implication [9.9.4] is not true.

Next, we identify the groups G,, := PE(J,, J,,). Denote by Sym,, the symmetric
group on n letters.
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9.18. Lemma. Gy = Syms and G; = Sym,.

Proof. We will use the well-known fact that the group Sym,, ,; is presented by
generators si, ..., s, and relations s? = 1 = (s;8;41)° = (sisj)2 for i < 7 — 1. For
n = 0 we have J = k and hence Gy is generated by the two elements g; = exp_ (1)
and go = exp_(1) which, by characteristic 2, satisfy the relation g? = 1. Let
e = (1,1). Since by [9.6.6] the Weyl element w, is symmetric,

we = exp, (1)exp_(1)exp, (1) =exp_(1)exp (1)exp_(1),

we have g1g291 = g2g1g2 or, equivalently, (g192)® = 1. Hence there is a surjective
homomorphism ¢: Sym,; — Go. But |Go| > [2] > |J|?> = 4 where (2 is the big cell
defined in B3, so that ¢ is an isomorphism.

We will proceed in the same manner for n = 1 where J = k1 @ ka, a®> = 0, is
the algebra of dual numbers. Let us first observe that 2l = kId and so, by [9-16.5],
(z,y) is quasi-invertible if and only if zgyo = 0, in which case B(z,y) = Id and
¥ = x — Quy. In particular H = {1} by [9:16.6]. Thus 1° =1+a,(1+a)* =1
and a¥ = a for all y € J. Hence, by [9:2.6], we have the following relations in G,
for o = +:

exp_, (1 +a)exp,(a),
exp_,(a) exp,(a),
exp_, (1) exp,(a). (1)

exp,(a) exp_, (1)
exp,(a)exp_,(a)
€XPs (a’) eXp—o’(1 + a)

It follows from [T] that G; is generated by

g1=-exp, (1), go=exp_(1), g3=-exp, (1+a).

As in case n = 0 we have g7 = 1 = (g192)%. Since U™ is abelian also (g193)% = 1
holds. We will show

(9293)° =1, (2)

equivalently, gagzgs = g3g293. Indeed, by [I] we have

g293 = exp_(1)exp, (1 +a) = exp_(1)exp, (a)exp, (1)
= exp, (a) exp_(a) exp_(1) exp, (1)

and hence gzg3g2 = exp, (a) exp_(a)w.. On the other hand,

939293 = €Xpy (a)we eXp (a) = exXpy (a) exp_(a)we

by the relation [9.6.1)]. This finishes the proof of [2Z]. We have now shown that
the generators g1, g2, g3 of G satisfy the defining relations for Sym,. Hence there
exists a surjective homomorphism Sym, — Gy, and because |G1| > |J;|> = 16 this
is an isomorphism.
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9.19. Proposition. G, is a solvable group of order
|G| = 3- 22013

Proof. We denote by X,, = X(V,,) the projective space of the Jordan pair
Vi = (Jn, Jn) BA). Since J,, is local, Proposition P:20 below implies

| X = |Jn| + |ka@ - @ ka™| = 2" 42" =3 . 2™,

Because V,, is stable, X,, = G,,/P~ where P~ = U~ H has order |U| - |H| =
201 with m = [2], and hence |G, | = 3-22"F1+™_ By Burnside’s p®q’-Theorem
G, is solvable. This can also be seen directly by induction on n. The cases n = 0
and n = 1 hold by PI8. For n > 1, the Jordan algebra .J, contains the proper
ideal ka™ and V,,/(ka™, ka™) =2 V,,_1. Hence by [BY, 1.6], G,—1 & G,/ K for some
normal subgroup K of G,,. Since K is a 2-group (namely of order 4 if n is odd
and of order 8 if n is even) it is solvable [B, 11, Cor. 5]. Thus, solvability of G,,_;

implies solvability of G,,.

9.20. Proposition. Let J be a local Jordan algebra and let X = X (J,J) be
the projective space determined by J. We identify J with (J:0) C X. Then the
map a — (1:1 — a) is a bijection from the set of non-units of J onto X \ J.

Proof. Since a is not invertible, (1,1 — a) is not quasi-invertible B4, 3.13]. Let
w = w, =exp_(1)exp, (1)exp_(1)

be the Weyl element of the idempotent (1,1). As a local Jordan algebra, J is
stable and hence w leaves X invariant and wUT = U~ w [BY, 6.6, 6.4, 6.3].
Hence injectivity follows from (1:1 — a) = exp_(—a)(1:1) = exp_(—a)w(0:0) =
wexp, (—a)(0:0) = w(—a:0). To show surjectivity, let (z:y) € X \ J. Then (z,y)
is not quasi-invertible. We claim that x is invertible. Indeed, otherwise = would
belong to the radical since J is local and so (x,y) would be quasi-invertible. More-
over, because (z,y) is not quasi-invertible, a = 2~! — y is not invertible. One now
easily sees that (z:y) = (:1 — 27! +y) = (1:1 —a).



116 STEINBERG GROUPS FOR JORDAN PAIRS

810. Groups over Jordan pairs

10.1. Groups over a Jordan pair. Let R = {0,1,—1} be the root system
of type A;. As in Example E-J(a), we denote the root groups of a group with
A;-commutator relations by U+ = Uy.

Let us fix a Jordan pair V = (V, V™). We will modify the notations of P.9 for
the projective elementary group and its subgroups as follows:

G =PE(V), U*=expy(VE), Go=PEy(V).

We specialize B.9 to the present situation, cf. also Example (a) of BI§. The
Steinberg category st(G, U™, U~) will simply be denoted by st(V) and its objects
will be called groups over V. Thus an object of st(V) can be considered as a
quadruple (G,U*, ) where G is a group and 7: G — G is a homomorphism such
that F‘UUZ U° — U°¢ is an isomorphism, for ¢ € {+,—}; in particular, U° is
abelian. Specializing the definition of tightness in B3, G is tight if and only if U™
and U~ generate G. For any group (G, U™, 7) over V, the subgroup t(G) generated
by U™ and U~ is a tight group over V.

We define isomorphisms x4: V*+ NS by the commutative diagrams
+ Uj:

N 1)

Then an object of st(V') can also be identified with a quadruple (G,x+, ) consisting
of a group G and homomorphisms x+: V* — G and 7: G — G satisfying [I). It is
tight if and only if x, (VT)Ux_ (V™) generates G. A morphism ¢: (G, xy,x_,T) —

(G, %, ,x__,n") of groups over V is then the same as a group homomorphism ¢: G —

G’ making the diagrams
Vi
N
©

G

IR

Vi

U:I:

G G’ (2)

commutative. To simplify notation, we will often denote an object of st(V') simply
by G, and also use the same letters x4 and 7 for different groups G in st(V).
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Example. We note that in general groups over V' are not tight. For example,
let V be the rectangular matrix pair M, (k) for k an algebraically closed field and
put n = p+q. We have seen in the example in P-7 that the elementary group of this
special Jordan pair is SL, (k) and that PE(M,,(k)) = PGL, (k) = GL, (k)/k* - 1,.
It is immediate that GL, (k) is a non-tight group over V with respect to the
canonical map 7: GL,, (k) — PGL, (k) and the natural subgroups U* C SL, (k).

10.2. Lemma. Let G € st(V) with root groups U’ = x,(V7). Define sub-
groups Gy and N of G by

Go := 1 1(Gy), N := Normg(U™T) N Normg (U ™).
Let 2 =U" -Gy - Ut be the big cell of G = PE(V) as in P4 and define

.= 7T_1((_2).

(a) The map &: V~ x Go x V't = G, (y,h,z) — x_(y) - h-x4(x), is injective
(equivalently, the map p: U~ x Go x UT — G given by multiplication is injective)
with image (2.

(b) Let h € Gy and let w(h) = h = (hy,h_) € PEo(V). Then
he N <<= hx,(0)h' =x,(hs(v)) for allv € V7, 0 = +. (1)

(¢) Ker(m) C Gy and N NKer(r) centralizes U*. If G is tight then N NKer ()
is central in G.

(d) Letp: G — G’ be a morphism of groups over V', with subgroups U, Go, N C
G and U'?,G{, N' C G’ as above. Then
(i) @:U° — U'° is an isomorphism, and ¢~ 1(U'?) = U° - Ker(p) =
Ker(p) - U°.
(i) » HGh) = Go and p(Go) C G}y. If ¢ is surjective (for example, if G’
is tight) then ©(Go) = Gj.
(ii) o(N) C N'.

Proof. (a) If x_(y)hxy(z) = x_(y')h'x4(2') then by applying m and [9.2.4]
we obtain y = y’ and x = 2’ whence also h = h'. Clearly @ has range contained
in 771(£2). Conversely, if g € 7~1(£2) and, say, 7(9) = exp_(y)hexp,(x) then
x_(—y)gxy(—z) € 7 H(PEy(V)) = Gy so that g is in the range of .

(b) By we always have m(hx,(v)h™!) = hexp,(v)h~! = exp, (hs(v))
= (x5 (hs(v)). The asserted equivalence then follows from injectivity of 7 on U°.

(c) Clearly Ker(m) = 1 ({1}) € 7*(Go) = Go. Let h € NnKer(r) C NNGo.
Then 7(h) = h = 1 and therefore [1] shows that h centralizes the subgroups U®.

(d) For (i), we have o(U?) = U’? by [10.1.2). Since 7|U° = (7’ 0 ¢)|U7 is
an isomorphism, it follows that <p|U" is injective. Next, let g € p~1(U’?), say,
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©(g) = xL.(v). Then ¢(gx,(—v)) = x, (v)x,(—v) = 1, so g € Ker(p) - U°. Thus
@ 1 (U'?) C Ker(p) - U?, and the reverse inclusion is clear. The second formula is

proved similarly.
(ii) We have

v~ (Gp) = ¢ (7' THPE(V))) = (1" 0 ) TH(PEo(V)) = 7~ {(PEo(V)) = Go.

For the second statement, let h € Gy. Then #'(p(h)) = w(h) € Gy whence
@(h) € Gf. Now assume ¢ surjective, and let h' € Gf, say, h' = ¢(g), g € G.
Then 7(g) = 7'(¢(g)) = 7' (h') € Go, whence g € Gj.

(iii) is immediate from the definitions.

10.3. Example: Elementary groups of special Jordan pairs. Let 91 =
(A, B,C, D) be a Morita context, let V' C (B, C) be a special Jordan pair and let
G =E(MM, V) be the elementary group of (M, V) as in [.3. By [BY, Th. 2.8], there
is a well-defined surjective homomorphism 7: G — G = PE(V) satisfying

w(y 1) =ewa 7 (L F) e 0 )

for all z € V™, y € V~. Thus G is a group over V provided we define the
homomorphisms x,: V7 — G by

o=y 1) =w=(1, 7). 8

By [B§, Th. 2.8], 7 }(PEq(V)) = Go and 7~1(2) = 2 C G are given by

X
Go:{geGigelzelg}zGﬂ<}; 1)0><>7 2 =U GoUT, (3)

and the kernel of 7 is central in G, more precisely,

Ker(m) = Z(G) N Gy.

10.4. Lifting Jordan pair homomorphisms. Let V and V' be Jordan pairs,
and let G and G’ be groups over V and V', respectively. Consider a homomorphism
f: V. — V' of Jordan pairs. We say a group homomorphism ¢s: G — G’ is a lift
of f if the diagrams

c—

xiT Tx’i (1)

+
4 f+




10. GROUPS OVER JORDAN PAIRS 119

commute. This condition determines ¢y uniquely on the subgroup <U+ uU _>. If
f': V! = V" is a second Jordan pair homomorphism with lift pz: G' — G” then
w0y isalift of f/o f. Note that the lifts of the identity Id: V' — V are just the
morphisms of the category st(V).

Suppose G € st(V). An automorphism a of V' is said to normalize G if there
exist lifts p,: G — G of a and @,-1: G — G of a~ !, necessarily unique if G is tight.
Let A = Aut(V) be the automorphism group of V' and denote by Norm4(G) the
set of a € A normalizing G. One shows easily that Norm4(G) is a subgroup of A4,
and, if G is tight then the map ¢: Norm 4 (G) — Aut(G), a — @, is an injective
group homomorphism.

With the notations of [0-3 let h € N N Gy. By [10.2.1],
a = 7(h) € Norm4(G) N Gy, Yo =Inth, (2)

the inner automorphism of G determined by h, is a lift of a. Thus the diagram

GoN N Int Aut(G)

S S

Go N Normy (G)

is commutative.

10.5. Groups induced by subpairs. Let G be a group over V andlet V' C V
be a subpair of V. Define U'* = x4 (V'*) c U* and let G’ C G be the subgroup
generated by U'T UU’~. Then x/| := xi‘V’i: V' — U'* is an isomorphism.
We claim that, with the following definition of the projection 7’: G’ — PE(V’),
the quadruple (G’,x/.,n’) is a group over V' (in fact, G’ is tight), and that the
inclusion G’ C G is a lift (in the sense of [[0.4) of the inclusion V' C V.

Let PE(V’) be the projective elementary group of V' with exponential maps
exply, and let G’ C G = PE(V) be the subgroup generated by exp,(V'") U
exp_(V'7) as in P13 From [TI0.L.1), it follows that n(G’') = G'. By [9.13.1]
we have a surjective homomorphism v: G’ — PE(V') satisfying [9.13.2) Now
define 7': G’ — PE(V’) by 7' =1 o (n|G’).

To show that (G',x/,,7’) € st(V'), we need to verify [TI0.I.T]. By the definition
of 7/, we must show that the diagram

x
Vl:t - - @3 U/:t

expy (V'F) expy (V'F)

is commutative and its maps are isomorphisms. But this follows readily from P13
Finally, the fact that the inclusion G’ C G is a lift of the inclusion V' C V follows
immediately from the definition of x/, .
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10.6. The elements b(z,y). Let G be a group over V. For a quasi-invertible
pair (z,y) € V we define the element b(x,y) € G by the formula

xp(x) - x-(y) =x-(y") - b(a, y) - x4 (2¥), (1)
equivalently,
(x-(=9), x1(2)) =x-(y" —y) - b(z,y) - x4 (2" — ). (2)
Then [9.2.6] shows that
m(b(z,y)) = B(z,y); hence b(x,y) € Go=7"(Go). (3)
One also sees immediately from the definition that
b(z,0) = b(0,y) = 1.
If there is no risk of confusion, we will use the same letter b for different groups

over V. If f: V' — V' is a homomorphism of Jordan pairs and ¢¢: G — G’ is a lift
of f as in [[0-4 then

@r(b(z,y)) = b(f1(2), f-(y))- (4)

Indeed, if (x,y) is quasi-invertible then (f(x), f—(y)) is quasi-invertible in V' and
Foa¥) = 4 (2}~ as well as f_(y7) = f(4)7*@, by [79.}. Hence

pr (x4 (@) - x-(y) =x4(f+(2)) - x-(f-(¥))

and also

o5 (x4 (z) - x_(y)) = o5 (x=(¥") - b(z,y) - x4 (2¥))
=x_(f-(y")) - @ (blx,y)) - x(f+ (")),

so that [4] follows by comparison. In particular, this applies to f = a = 7w(h) where
h € N NGy, and then yields the formula

hb(@,y) - h™" = blay(2), a(y)). (5)
Example. Let G = E(M,V) as in [[0.3 and let (x,y) € V. Then
(z,y) is quasi-invertible <= 14 —azy € A* <= 1p —yx € D*, (6)

and in this case
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2V =(1-ay)le=a(l-yx)™", y'=1-yr) ly=y(l—ay)", (7)
1 -2y 0
_ . ) —

bag) =5 (ot = (10 0 ) @
Indeed, [0] and [7] holds for (B,C) by [(3. Since the inclusion V' C (B,C) is
a Jordan pair homomorphism and quasi-invertibility and the quasi-inverse behave
well with respect to Jordan pair homomorphisms by [7.9.4], the same is true for
1l—zy =«

V. Matrix computation shows x(z)x_(y) = y 1

Now let (x,y) be
quasi-invertible. Then

) = x (oo = () (P2 D) (6 )

Y -y

[ 1—-2ay T 1 —2¥\ [l-uwy 0
- 0 1+ 9"z o 1 ) 0 1+ y*x

=("0" b))

where we used [7] and in the last step
L+yzs=1+y(l—ay) e =1+y2¥ =1 +yz(l —yz)!
=1 —yz+y2)(1—ya)™" =1 —ya)"".

10.7. The relations B(z,y). Let G be a group over V and let (z,y) € V be
a quasi-invertible pair. We say G satisfies the relations B(z,y) if the formulas
b(z,y) - x1(2) - b(z,y) ! = x4 (B(=,9)2), (1)
b(x,y) " - x-(v) - bz, y) = x-(B(y, z)v) (2)
hold for all (z,v) € Vt x V~. Since B(z,y)z = z — {zyz} + Q,Qyz, an equivalent
formulation is

(b(z, ), x1+(2)) = x4 (— {22} + QuQy2), (3)
(b(z,9) 7" x-(v)) = x- (= {yav} + Q,Q.v), (4)

for all (z,v) € V. From [10.6.3] and [10.2.T] we see that
G satisfies B(zr,y) <<=  b(z,y) € N. (5)

In particular, it follows from that G satisfies B(x,y) for all quasi-invertible
pairs (z,y). The same is true for elementary groups of special Jordan pairs:

E(9, V) satisfies the relations B(z,y) for all quasi-invertible (z,y) € V.  (6)
Indeed, this follows by a simple matrix computation from [10.6.8].

Suppose G’ is a group over a Jordan pair V' as well and f: V — V" is a surjective
homomorphism of Jordan pairs which lifts to a group homomorphism ¢s: G — G’

as in [[0.4. Then by [10.6.4] and [10.4:T],
if G satisfies B(x,y) then G satisfies B(f1(x), f-(y)). (7)

In particular, if G satisfies B(x,y) and a = (a4,a_) € Norma(G) then G also
satisfies B(ay(x),a—(y)).
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10.8. Lemma. Let (z,y) and (u,v) be quasi-invertible and let (s,t) € V with
the property that (s+x,y) and (z,y+1) are quasi-invertible. If G satisfies B(x,y)
then the following formulas hold:

b(s +z,y) = b(s,y") - bz, y),
b(z, y+t) b(z,y) - b(z¥,t),
b(z,y) ! =b(—z ) =Db(z", —y),
(x
(z,

~ o~~~
w N
= I D O —

b ,y>fb(me y") =b(—2", Qur —y),
b(z,y) - b(u,v) - b(zy e ( x,y)u, Bly,z)~ lv).

Proof. By [7.9.5) applied to V°P, the formulas
(s+a)¥ = 2%+ Bz,y) ' (s¥7), ) = (") (6)
hold. From we therefore obtain

K5+ 2) % (9) = X (1) - bls +2,3) x4 (5 + )
= x_(ys+z) “b(s+z,y) - x4 (.Z‘y + B(I,y)fls(yx))'

On the other hand, [10.7.1] shows

%4 (5 2) % (y) = x4 (5) - x_(5%) - b, ) - x, (a7)
=x-((y")") - b(s,5") - x4 (s¥)) - b, y) - x4 ()
=x_(y"**) - bls,y") - bw,y) - x4 (B((w,y)"'s¥) +av)

so that [T] follows by comparison. Formula [2] follows similarly from [10.7.2]. We

obtain [3] by setting s = —z and ¢t = —y in [1] and [2]

To prove [4] first note that shows G satisfies the relations B(—xz,y”) and
B(zY, —y) since b(z,y)~! € N. Hence by [3),

b(z.y) = (b(z.y) ") " = b(-z,y")™"
=b((-2)¥"), —y") = b(Quy — ,—y"),
because [6] yields, for s = —xz, the Hua-type relation
(—2)¥) = —B(z,y)2 = —(z - Quy). (7)
The second formula of [4] is proved similarly. Finally, replace (z,y) in [10.6.5] by

(u,v) and put h = b(z,y) and a = B(z,y). Then [5] follows from [10.6.5] and
(10.7.5}
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10.9. Groups over V°P. Let V°P = (V= V1) be the opposite of a Jordan
pair V and let G be a group over V. Then G can and will be considered as a group
over VP by switching the roles of Ut and U™, i.e., by setting

xP(v) =x_o(v) (veV™? oce{+ —}) (1)
more precisely,
(G, x4, x_,m)® = (G,xP,xP 7°P) = (G, x_,x4,7)

in the notation of [0]. In particular, this applies to the projective elementary
group of V and provides an identification of PE(V) and PE(V°P), cf. [BY, 1.3].
The assignment (G,x4,x_,7) — (G,x_,x4,7) from st(V) to st(V°P) is then an
isomorphism of categories.

Let (z,y) be quasi-invertible in V. By the symmetry principle [7.9:2], this is
equivalent to (y,z) being quasi-invertible in V°P. Invert [10.6.1]), replace (z,y) by
(—z,—y) and use the fact that (—Idy+, —Idy-) is an automorphism of V. The
result is

x-(y) - x4 (2) = x4(2Y) - b=, —y) " - x-(y") (2)
which, when read in (G, x4,x_,m)°P, says

bP(y,z) = b(~z,—y)~". (3)

With the aim of achieving greater symmetry in formulas, we will often use the
notation

b+(l‘,y) :b(xay)7 b_(y,$> :bop(yvx)' (4)

Then [3] implies
ba(x7y)71 = b—a(*y, 71’)7 (5)

and [10.6.1] and [2] can be subsumed into the single formula

Xa(x) : Xfa(y) = Xfa(yx) : ba(ivy) : Xo(xy)' (6)

or the equivalent commutator formula
(x-o(=¥), X0 (2)) =x_o(¥" —¥) - bo(z,9) - X (z¥ — ). (7)
10.10. The elements t, and w.. Let e = (e4,e_) € V be an idempotent and
consider a group G over V. In analogy to P4, we introduce the notations

te = (x4(eq), x_(e—), x4(eq)) €eUT x U~ x U™, (1)

We =xy(eq) - x—(e-) x4 (e4) € G. (2)

Again as in F4, we put
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teor = (x_(e_), xa(e), x_ (), 3)
Weor = X_(e_) - x4 (e4) - x_(e_). (4)

Since —e = (—e, —e_) is an idempotent as well, we have the following formula for
the inverse:
wol=w_e. (5)

Clearly, 7(t.) = 0. and m(w.) = we are the elements defined in P-4. However,
even when V has invertible elements and hence 6, is a Weyl triple for G' considered
as a group with Aj-commutator relations (see P-1), this is in general no longer the
case for G. We now discuss this question in more detail.

10.11. Proposition. Let V be a Jordan pair and let G be a group over V,
considered as a group with Ay-commutator relations and root subgroups Ur; = U*.

(a) Supposet € Ut x U™ x U™ is a Weyl triple for the root « = 1. Then t has
the form
= (x (o), 5 (), s (ut ) )

where uw € V1 is invertible and z, 2" € Extr(VT).
(b) Conversely, if G = PE(V) then any triple
(expy(z+u), exp_(u™"), expy (u+2)),
where uw € V1 is invertible and z, 2" € Extr(V™), is a Weyl triple for a = 1.

Proof. (a) Let w = u(t) be the Weyl element determined by ¢. Since 7 is
surjective on root groups, w := m(w) is a Weyl element for o = 1 in PE(V). Hence

w-exp, (z) w™ ! = exp_ (f(2)) (2)

for all x € V¥, where f: V* — V= is an isomorphism of additive groups. Write
t = (x4(a), x—(v), x4(a’)) where a,a’ € V¥ and v € V~. Then

w = expy (a) exp_(v) exp, (@), (3)

and equation [2] is equivalent to

exp_(v) - exp (2) - exp_(—v) - expy(—a) = expy(—a) -exp_(f(x)).  (4)

By applying both sides of [4] to the element ¢ € £¢(V) of the Tits-Kantor-Koecher
algebra and comparing the terms in V'~ we obtain, by a lengthy but straightforward
computation using [JPZ], the formula

f(z)=Q, (:U - Qu(v— Qva))~ (5)

Since f is surjective, this shows that Q,: V* — V™ is surjective. In particular,
there exists © € V* such that v = Q,u. But @, is injective as well: indeed,

Quz =0 and [5] imply
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f((E) = _Qszv + QvaQva = QvaQv(_u + a) = Q(va)(a - u) =0,

and therefore x = 0, because f is a group isomorphism. Thus @, is invertible. It
follows that v is an invertible element with inverse u := v=! = Q(v)~tv. We put
z:=a—wuand 2z’ := a — u and show that z and 2’ belong to the extreme radical.
By 13, e = (u,u™?!) is an idempotent with V = V5(e), and from [3] and P4
we see that w = exp, (2) we exp(2'). By P73, we is a Weyl element for o = 1 as
well. Put n = exp, (z) and n’ = exp (2’). Then n = w (n’)"* w; ' which implies

nU " n™ ' =wn) w7 U wen/w™?

() WU =0t =0,

so n normalizes U~. Similarly, one shows that n’ normalizes U~. Thus z,2’ €

Extr(V*) by P9(a).

(b) This follows easily from the fact that w. is a Weyl element in PE(V) by
P, and that exp, (Extr(V 1)) normalizes U™, by Theorem P.(a).

10.12. Corollary. The following conditions on a Jordan pair V are equivalent.

(i) V is a Jordan division pair,
(i) PE(V) is a rank one group.

In this case, PE(V) is a special rank one group.

Proof. We write G = PE(V) and U™ instead of U* for simpler notation.

(i) = (ii): First observe that a Jordan division pair has trivial extreme radical.
Indeed, if 0 # z € Extr(V ') then Q, = 0 and Q.: V~ — VT is an isomorphism of
k-modules whence V* = 0, contradiction. Now Proposition shows that the set
%1 of Weyl triples for @ = 1 is precisely the set of all (expJr (u),exp_(u~t),exp, (u))
where 0 # u € V. Hence pry: T3 — UT* = U™ \ {1} is bijective. By passing to
VP one sees that pri: €1 — U~ * is bijective as well, so G is a rank one group
by Proposition p-4. Since the Weyl triples 6. are balanced by P4, G is special by
Proposition B-3.

(i) = (i): By Proposition B.4, pry: €1 — U™ is bijective. Hence, every
1 # x € U™ is the first component of a Weyl triple. By Proposition this
shows that every element 0 # a € VT has the form a = z 4+ u where z € Extr(V1)
and u € V7T is invertible. From the definition of the extreme radical in we have
{2,V=,V*} = 0, whence Q(z,V*t) = 0. Hence Q, = Q, + Q. + Qu = Qo is
invertible. Also, U™ # {1} is part of the definition of a rank one group. Hence
V* £0, s0 V is a Jordan division pair.

If G is the elementary group of a special Jordan pair, we have the following
more precise description of the Weyl elements and Weyl triples. Note that this
generalizes b-4.
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10.13. Proposition. Let V be a special Jordan pair, embedded in a Morita
context M = (A, B,C, D), and let G = E(ON, V) be the corresponding elementary
group as in [03. We consider G as a group with Aj-commutator relations and
root groups U+ = UE. Then G has Weyl elements for a = 1 if and only if V has
invertible elements. In this case, the Weyl triples and Weyl elements are given by

ty = (X+(U), X—(uil)v X+(U)), (1)
o=t = (M0 ) ©)

—u 1p—u~

where x4 is defined in[10.3.2) and u € V' is invertible in V with inverseu™ € V.
In particular, every Weyl triple is balanced and the multiplication map p: 1 — Wy
18 bijective.

We emphasize that u=! in and is the inverse in the Jordan pair V. It is
in general not true that uu=! =14 or u™'u = 1p.

Proof. Let u,u’ € VT and v € V™ and consider the element
w=w(u,v,u") = x4 (u)x_(v)xq(u') = 1-wy wtu' — vy (3)
y Uy + - + —v 1—vu

of G. A matrix computation shows that

w(1 x)w_1:<1+(1—uv)xv (1—uv)x(1—vu)>’ 4)

0 1 —vLV 1 —wvz(l —vu)

for all z € V.

First suppose that v is invertible in V' with inverse v~ = u = u/ and abbreviate
wy, = w(u,u”!,u). Then u = uvu so shows that w, has the form claimed in
[2). Also, since Q,: V~ — VT is bijective, we have z = Q,y = uyu for a unique
y € V~. Hence

1

(1 —wv)x =2 —uwo(uyu) = z — (uvu)yu = x — uyu = 0, (5)

and similarly
(1 —vu)=0 (6)

for all z € VT, so [4] yields

1 X -1 _ 1 O
Walpg 1 )% T\ —pzw 1

whence w,UTw, ! = U~. By a similar computation as before we have

1 0 1 (1 uyu
()=,
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This proves that w, is indeed a Weyl element and hence t, is a Weyl triple for
a = 1. It is balanced since one easily sees by direct computation that also w, =
x_ (uH)xg (u)x_ (u™t).

Conversely, suppose that w as in [3] is a Weyl element for « = 1. Then in
particular wUTw™! = U~. Hence shows that Q,: VT — V~, x — wvav, is

bijective (i.e., v is invertible in V') and, for all z € VT,
(1 —wv)xv =0 =vz(l — vu), (7)
(1 —wv)x(l —vu)=0. (8)
From [7] we obtain, for = u, that uv = wvuv and hence Q,u = vuv = vuvuv =

Q,Quv. By injectivity of Q, this implies u = Q,v. From [8] and the fact that

B(u,v)x = (1 — wv)z(l — vu) (cf. [78I]) we conclude with [7.IL.2] that 0 =
B(u,v) = Q(u — v~ 1)Q, and therefore Q(u — v~1) = 0. This implies 0 = Q(u —
v H = Quv — {uvv 1} + Qv v = u — 2u+ v~ whence u = v!. It remains to

show that v/ = u. Let z =« —w and n = 1 Z) = w; ' w. Then (!!) both w

0 1

and w, are Weyl elements for « =1 so n € Wfl -Wy € MMy C My (by
and [5.3.5)) normalizes U~. It now follows from that

" 1 0 = w(z, v, —2) = 1—2v  z2vz
—v 1 B Y - —v 14wz )’

and this belongs to U~ if and only if zv = vz = zvz = 0. Hence vzv = @,z =0
and therefore z = 0 because @, is invertible.

10.14. Lemma. Let e € V be an idempotent with Peirce spaces V7 = V7 (e).
Let G be a group over V and define U = x, (V7 (e)), fori=0,1,2 and o € {+,—}.
Consider the following conditions:

WeXo(22) W' =x6(Qe_,22) (2 € VS, 0 €{+,-}), (1)

Weor Xg (22) (Weor) ™! = x4 (QefaZZ) (zeVy, ce{+ -}, (2)
we Ug We_1 = Ugg (U € {+7 _})7 (3>

Weor US (Weor) ' = U5 7 (0 € {+,-}), (4)
We = Weop. (5)

Then [I) - [4] are all equivalent and imply [5].

Proof. In the presence of [5], it is clear that [T] <= [2]. Hence the equivalence
of [I] and [2] will follow once we have shown = [6] < [2] By putting
29 = ey in and using Q.__e, = e_, we see

WeXg(€o) Wt =x_s(e_g).

! = w, and therefore [5), as required. A similar argument

This implies We Weor W,
shows [2] = [B)
Evidently, [I] implies [3]. Conversely, if [3] holds and 2z, € V{(e) then
We X (22) wo b = x_,(v2) for some vo € V, ?(e). Applying 7 to this relation and
comparing with [9.6.1] and [9.6.2] yields vo = Q(e_y)z2, so we have [I]. In the

same way, one proves the equivalence of [2] and [4].
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10.15. The Weyl relations. Let G be a group over V and let e € V' be an
idempotent. We say G satisfies the Weyl relations 20 (e) if the equivalent conditions
[I0T4T) - [10.12:2] of Lemma [[0.14 hold. Clearly, by that lemma, 20(e) and

2 (e°P) are equivalent and imply w, = Weop.

By Proposition P8, the projective elementary group satisfies these relations.
Also, the elementary group G = E(9, V) of a special Jordan pair satisfies the Weyl
relations. Indeed, since w, = w(ey,e_, e} ) as in [10.13.3] one obtains

W — 1g —eqe_ ey
© —e_ Ip—e_ey )’

Now let zo9 € V2+(e), s0 T3 = Qe ,Qe_T2 = ere_xwpe_eq. Since eje_ is an
idempotent in A, this implies

(1—ere_)axs=(l—ere_)ere_xoe_ey =0.

We also have e_xy = e_(eqe_xae_ey) = e_xae_eq. Now [10.13.4] shows that
[I0:TZ.T] holds for o = +, and the case o = — follows similarly. On the other hand,
the Weyl relations do not hold in all groups over V. For example, the free product
F(V)=V7T %V~ of the additive groups V' and V™ is a group over V, namely the
Steinberg group of G = PE(V), cf. B:1§(a). The relation is not satisfied
in F(V).

For an automorphism h € Norm 4 (G) we have:
if G satisfies 2 (e) then G also satisfies W(h(e)). (1)
Indeed, let ¢/ = h(e). Then for u € Vi (e'),

Werxe ()Wo' = @ (Wexo (hy () we ) = on (x-0(Qe—o )by (1))
=X_0 (Q(GL ) ’LL),

i.e., W(h(e)) holds in G.

10.16. The Steinberg groups St,(R). Let R be an associative unital k-
algebra, let n = p+ g > 3 where p > 1, ¢ > 1, and consider the Morita context
M = (A, B,C, D) of matrices of size p X p, p X ¢, ¢ X p and ¢ X ¢ over R as in
é g) = Mat,(R). Then V = (B,C) =
(Mat,q(R), Matg,(R)) = M,pq(R) is the Jordan pair of p x ¢ matrices over R. It is
easy to see that the group E(O, V) is indeed the usual elementary group E, (R) in
the sense of [, 1.2C], cf. Example B.Iq(c).

Recall [@H, 7 that the Steinberg group St,(R) is the group presented by
generators x;;(r) (r € R, i # j,4,j € {1,...,n}) and relations

, with associated algebra 24 =
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X5 (r)xi; (s) = xij (r + s), (1)
(xij (), x1(s)) = xau(rs) fori#1, (2)
(xij(r), x(s)) =1 for j#k, i #1, (3)

where r,s € R. To see that St,,(R) is indeed a group over V in the sense of [[0.]],
define x,: V7 — St,,(R) by

xp(u) = ] xiprs(uiy), x-() = ] xpssi(=vs), (4)

1<isp 1<isp
1<ji<q 1<ji<q

for u = (u;;) € VT und v = (vj;) € V~. From the defining relations of St,(R) it
follows easily that the order of the factors in [4] is immaterial, and that x, is in
fact a homomorphism of the additive group V7 into St,(R).

It is well known [, 1.4C] that there is a homomorphism ¢: St,,(R) — E, (R) =
E(OM, V) satisfying ¥ (x;;(r)) = 1, +rE;;. Combining this with the map 7: E(9, V)
— PE(V) of [0-3, we have a homomorphism 7 = wo1): St,(R) — PE(V) satisfying
T oX, = exp,. Hence St,(R) is a group over V. Moreover, St,(R) is already
generated by x (VT)Ux_ (V7). Indeed, the generators of St, (R) not contained in
this set are the x;;(r) where 4, j belongs to {1,...,p} orto {p+1,...,p+¢q}. In
the first case we have, by [2],

x5(r) = (Xm(r),xnj(l)) = (x+(7“Eiq),X,(—qu)).

The missing generators of the second type are recovered similarly.
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