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SUPERTROPICAL SEMIRINGS AND SUPERVALUATIONS
ZUR IZHAKIAN, MANFRED KNEBUSCH, AND LOUIS ROWEN

ABSTRACT. We interpret a valuation v on a ring R as a map v : R — M into a so called
bipotent semiring M (the usual max-plus setting), and then define a supervaluation ¢ as
a suitable map into a supertropical semiring U with ghost ideal M (cf. [IR1], IR2]) covering
v via the ghost map U — M. The set Cov(v) of all supervaluations covering v has a natural
ordering which makes it a complete lattice. In the case that R is a field, hence for v a Krull
valuation, we give a complete explicit description of Cov(v).

The theory of supertropical semirings and supervaluations aims for an algebra fitting the
needs of tropical geometry better than the usual max-plus setting. We illustrate this by
giving a supertropical version of Kapranov’s lemma.
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INTRODUCTION
As explained in [IMS] and [G], tropical geometry grew out of a logarithmic correspon-
dence taking a polynomial f(Ay,...,\,) over the ring of Puiseux series to a corresponding
polynomial f(\y,...,\,) over the max-plus algebra 7. A key observation is Kapranov’s

Lemma, that this correspondence sends the algebraic variety defined by f into the so-called
corner locus defined by f. More precisely, this correspondence involves the negative of a
valuation (where the target (7) is an ordered monoid rather than an ordered group), which
has led researchers in tropical mathematics to utilize valuation theory. In order to avoid the
introduction of the negative, some researchers, such as [SS], have used the min-plus algebra
instead of the max-plus algebra.

Note that whereas a valuation v satisfies v(ab) = v(a) + v(b), one only has

v(a + b) = min{v(a),v(b)}

(b

when v(a) # v(b); for the case that v(a) = v(b), v(a+b) could be any element > v(a). From
this point of view, the max-plus (or, dually, min-plus) algebra does not precisely reflect the
tropical mathematics. In order to deal with this issue, as well as to enhance the algebraic
structure of the max-plus algebra 7', the first author introduced a cover of T', graded by the
multiplicative monoid (Zs, -), which was dubbed the extended tropical arithmetic. Then, in
[IR1] and [IR2], this structure has been amplified to the notion of supertropical semiring.
A supertropical semiring U is equipped with a “ghost map” v := vy : U — U, which
respects addition and multiplication and is idempotent, i.e., vor = v. Moreover a+a = v(a)
for every a € U (cf. §3). This rule replaces the rule a + a = a in the usual max-plus (or
min-plus) arithmetic. We call v(a) the “ghost” of a (often writing a” instead of v(a)), and
we call the elements of U which are not ghost “tangible”!.

The image of the ghost map is a so-called bipotent semiring, i.e., a semiring M such that
a+b € {a,b} for every a,b € M. So M is a semiring typically occurring in tropical algebra.
In this paper supertropical and bipotent semirings are nearly always tacitly assumed to be
commutative.

It turns out that supertropical semirings allow a refinement of valuation theory to a theory
of “supervaluations”. Supervaluations seem to be able to give an enriched version of tropical
geometry. In the present paper we illustrate this by giving a refined and generalized version
of Kapranov’s lemma. (§10, §11). Very roughly one may say that the usual tropical algebra
is present in the ghost level of our supertropical setting.

We consider valuations on rings (as defined by Bourbaki [B]) instead of just fields. We
mention that these can be understood as families of valuations on fields, cf. e.g. [HK] and
[KZ]. We use multiplicative notation, writing a valuation v on a ring R as a map into 'U{0}
with [' a multiplicative ordered abelian group and 0 < I', obeying the rules

v(0) =0, v(l)=1, wv(ab)=v(a)v(d),

v(a+ b) < max(v(a),v(d)). (%)

We view the ordered monoid I' U {0} as a bipotent semiring by introducing the addition
xr+y = max(z,y), cf. §1 and §2. It is then very natural to replace I' U {0} by any bipotent
semiring M, and to define an m-valuation (= monoid valuation) v : R — M in the same
way (*) as before.

IThe element 0 may be regarded both as tangible and ghost.
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Given an m-valuation v : R — M there exist multiplicative mappings ¢ : R — M into
various supertropical semirings U, with ¢(0) = 0, ¢(1) = 1, such that M is the ghost ideal
of U and vy o ¢ = v. These are the supervaluations covering v, cf. §4.

In §5 we define maps a : U — V between supertropical semirings, called transmissions,
which have the property that for a supervaluation ¢ : R — U the composite aop : R -V
is again a supervaluation. Given two supervaluations ¢ : R — U and ¢ : R — V (not
necessarily covering the same valuation v), we say that ¢ dominates 1, and write ¢ > 1,
if there exists a transmission « : U — V, such that ¢ = a o ¢. {The transmission « then is
essentially unique. }

Restricting the dominance relation to the set of supervaluations? covering a fixed valuation
v : R — M we obtain a partially ordered set Cov(v), which turns out to be a complete
lattice, as proved in §7. The bottom element of this lattice is the valuation v, viewed as a
supervaluation. The top element, denoted ¢, : R — U(v), can be described explicitly in
good cases. This description is already given in §4, cf. Example 4.5. The other elements of
Cov(v) are obtained from ¢, by dividing out suitable equivalence relations on the semiring
U(v), called MFCE-relations (= multiplicative fiber conserving equivalence relations). They
are defined in §6. Finally in §8, we obtain an explicit description of all elements of Cov(v)
in the case that R is a field, hence v is a Krull valuation.

If R is only a ring, our results are far less complete. Nevertheless it seems to be absolutely
necessary to work at least in this generality for many reasons, in particular functorial ones,
cf. e.g. [HK], [KZ].

If v: R — M is an m-valuation and v : M — N is a homomorphism from M to a
bipotent semiring NN, then v o v clearly again is an m-valuation, called a coarsening of
v. This generalizes the usual notion of coarsening for Krull valuations. It is of interest to
look for relations between the lattice Cov(v) and Cov(y o v). §9 gives a first step in this
direction. Given v : M — N and a supertropical semiring U with ghost ideal M we look for
transmissions « : U — V' which cover 7, i.e., V has the ghost ideal N and «a(z) = y(z) for
x € M. Assuming that ~ is surjective, we prove that there exists an initial such transmission
a = ayy : U — U,. This means that any other transmission o' : U — V' covering 7 is
obtained from a by composition with a transmission /5 : U, — V' covering the identity of V.
This allows us to define an order preserving map

Y« : Cov(v) = Cov(yow),

sending a supervaluation ¢ : R — U to 7.(¢) = ay, o ¢. (The map 7, will be only
introduced in §12.) In good cases oy, has a “pushout property” (cf. Definition 9.2), that is
even stronger than to be initial, and «ay, can be described explicitly (cf. Theorem 9.11).

In §10 we delve deeper into the supertropical theory to pinpoint a relation, which we
call the ghost surpassing relation, which seems to be a key for working in supertropical
semirings. On the one hand, the ghost surpassing relation restricts to equality on tangible
elements, so enables us to specialize to the max-plus theory. On the other hand, the ghost
surpassing relation appears in virtually every supertropical theorem proved so far, especially
in supertropical matrix theory in [IR2] and [IR3].

In the present paper the ghost surpassing relation is the essential gadget to understand
and prove a general version of Kapranov’s lemma, valid for any valuation v : R — M
which is “strong”. This means that v(a + b) = max(v(a),v(b)) whenever v(a) # v(b).

2More precisely we should consider equivalence classes of supervaluations. We suppress this point here.
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If R is a ring, every valuation on R is strong, as is very well known, but if R is only
a semiring, this is a restrictive condition. On our way to Kapranov’s lemma we employ
supervaluations ¢ € Cov(v) which are tangible, i.e., have only tangible values, and are
tangibly additive, which means that ¢(a + b) = ¢(a) + ¢(b) whenever p(a) + ¢(b) is
tangible. We apostrophize tangibly additive supervaluations which cover strong m-valuations
as strong supervaluations.

The strong tangible supervaluations in Cov(v) seem to be the most suitable ones for
applications in tropical geometry also beyond Kapranov’s lemma. They form a sublattice
Covis(v) of Cov(v). In particular there exists an “initial” tangible strong valuation in Cov(v),
denoted by ©,, which dominates all others. It gives the “best” supertropical version of
Kapranov’s lemma, cf. §11. At the end of §11 we make ©, explicit in the case that v is
the natural valuation of the field of formal Puiseux series in a variable ¢ (with real or with
rational exponents). We can interpret the value of 3, (a(t)) of a Puiseux series a(t) as the
leading term of a(t), while v(a(t)) can be seen as the t-power contained in the leading term.

Section 12 is devoted to the behavior of tangible strong supervaluations under the map
7« : Cov(v) — Cov(yow) given above. It turns out that v, maps Covs(v) into Covys(yov).
But usually 7.(%,,) is different from the top element 3, of Cov; s(yov), while 7. (¢y) = @-ou-
This indicates that it is not advisable to restrict the supervaluation theory from start to the
strong supervaluations, even if we are only interested in these.

Strictly speaking, Kapranov’s Lemma extends the valuation v to the polynomial ring
R[Mi, ..., \y] over R, with target in the polynomial ring M[A, ..., \,], which no longer is
bipotent. Thus, the theory in this paper needs to be generalized if we are to deal formally
with such notions. This is set forth in the last Section 13, called the epilog, in which the
target of a valuation is replaced by a monoid with a binary sup operation. Much of this paper
could be formulated in this more general situation, but we only provide the broad outline
in the epilog (including the appropriate version of Kapranov’s Lemma), since a detailed
investigation would carry us too far afield at this stage.

The reader may ask whether valuations and supervaluations on semirings instead of just
rings deserve interest apart from formal issues. They do. It is only for not making a long
paper even longer that we do not give applications to semirings here.

The semiring R = Y A? of sum of squares of a commutative ring (or even a field) A with
—1 ¢ R is a case in point. R is cancellative, and hence embeds into its Grothendieck ring
(which is A if 2 is a unit). But using families of valuations on R, we can pass from R to a
semiring R’ which is a degeneration, hence simplification, of R of interest. Usually R’ will
have Grothendieck ring zero, and hence will be completely out of the realm of rings. Real
algebra seems to be a fertile ground for studying valuations and supervaluations on semirings.
The paper contains only one very small hint pointing in this direction, Example 2.4.

1. BIPOTENT SEMIRINGS

Let R be a semiring (always with unit element 1 = 1g). Later we will assume that R is
commutative, but presently this is not necessary.

Definition 1.1. We call a pair (a,b) € R?* bipotent if a + b € {a,b}. We call the semiring
R bipotent if every pair (a,b) € R? is bipotent.

Proposition 1.2. Assume that R is a bipotent semiring. Then the binary relation (a,b € R)
a<b iff a+b=0> (1.1)
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on R is a total ordering on the set R, compatible with addition and multiplication, i.e., for

all a,b,c € R

a<b = ac<bc, ca<ch,
a<b = a+c<b+ec

Proof. A straightforward check. O

Remark 1.3. We can define such a binary relation < by (1.1) in any semiring, and then
obtain a partial ordering compatible with addition and multiplication. The ordering is total
iff R s bipotent. Clearly, Or < x for every x € R.

Definition 1.4. We call a semiring R a semidomain, if R has no zero divisors, i.e., the
set R\ {0} is closed under multiplication. We call R a semifield, if R is commutative and
every element x # 0 of R is invertible; hence R\ {0} is a group under multiplication.

Given a bipotent semidomain R, the set G := R\ {0} is a totally ordered monoid under
the multiplication of R.

In this way we obtain all (totally) ordered monoids. Indeed, if G = (G, -) is a given ordered
monoid, we gain a bipotent semiring R as follows: Adjoin a new element 0 to G and form
the set R := G U {0}. Extend the multiplication on G to a multiplication on R by the rules
0-g=g-0=0forany g € G and 0-0 = 0. Extend the ordering of G to a total ordering
on R by the rule 0 < g for g € G. Then define an addition on R by the rule

r +y = max(z,y)

for any x,y € R. It is easily checked that R is a bipotent semiring, and that the ordering on
R by the rule (1.1) is the given one. We denote this semiring R by T(G).
These considerations can be easily amplified to the following theorem.

Theorem 1.5. The category of (totally) ordered monoids G is isomorphic® to the category
of bipotent semidomains R by the assignments

G— T(G), R~ R\{0}.

Here the morphisms in the first category by definition are the order preserving monoid
homomorphisms v : G — G’ in the weak sense; i.e., v is multiplicative, v(1) = 1, and
r <y = v(x) <~v(y), while the morphisms in the second category are the semiring homo-
morphisms (with 1+ 1).

In the following we regard an ordered monoid and the associated bipotent semiring as the
same entity in a different disguise. Usually we prefer the semiring viewpoint.

Example 1.6. Starting with the monoid G = (R, +), i.e., the field of real numbers with the
usual addition, we obtain a bipotent semifield

T(R) :=RU{—o0},

where addition @ and multiplication ® of T(R) are defined as follows, and the neutral element
of addition is denoted by —oo instead of 0, since our monoid is now given in additive notation.

3This is more than equivalent!
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Forxz,y e R
r @y = max(z,y),
TOY=1r+Y,
(—o0) @z =18 (—00) =z,
(—0) @2 = 2@ (~00) = —ox,

(—00) @ (—00) = —00,
(—00) © (—00) = —o0.

T(R) is the “real tropical semifield” of common tropical algebra, often called the “max-
plus” algebra R U {—oc} : cf. [IMS], or [SS] (there a “min-plus” algebra is used).

2. M-VALUATIONS

In this section we assume that all occurring semirings and monoids are commutative.
Let R be a semiring.

Definition 2.1. An m-valuation (= monoid valuation) on R is a map v: R — M into a
(commutative) bipotent semiring M # {0} with the following properties:
V1:v(0) =0,
V2:u(l) =1,
V3:v(xy) =v(r)v(y) Vr,y € R,
Vi:v(z+y) <v(z)+o(y) [=max(v(z),v(y))] VYz,y € R.
We call the m-valuation v strict, if instead of V4 the following stronger axiom holds:
V5:v(x+y) =v(z)+v(y) Vz,y € R.
We call v bipotent if Vr,y € R
V5 to(z +y) € {v(z),v(y)}-
N.B. V5 is stronger than V4 but weaker than V5. A strict m-valuation v : R — M is
just a semiring homomorphism from R to M.

In the special case that M = ' U {0} with I" an ordered abelian group, we call the
m-valuation v : R — M a valuation. Notice that in the case that R is a ring (instead of a
semiring), this is exactly the notion of a valuation as defined by Bourbaki [B] (Alg. Comm.
VI, §3, No.1) and studied, e.g., in [HK] and [KZ, Chap. I], except that for I' we have chosen
the multiplicative notation instead of the additive notation.

If v: R — M is an m-valuation, we may replace M by the submonoid v(R). We then
speak of v as a surjective m-valuation.

Definition 2.2. A (commutative) monoid G is called cancellative, if, for any a,b,c € G,
the equation ac = bc implies a = b.

Notice that an ordered monoid G is cancellative iff a < b implies ac < bc for any a, b, c € G.
An ordered cancellative monoid can be embedded into an ordered abelian group I' in the
well-known way by introducing formal fractions § for a,b € G. Then an m-valuation v from
R to T(G) = GU{0} is essentially the same thing as an m-valuation from R to I'U{0}. For
this reason, we extend the notion of “valuation” from above as follows.
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Definition 2.3. A valuation on a semiring R is an m-valuation v : R — G U {0} with G
a cancellative monoid.

m-valuations on rings have been studied in [HV], and then by D. Zhang [Z].

If R is a ring, an m-valuation v : R — M can never be strict, since we have an element
—1 € R with 1 + (—1) = 0, from which for v strict it would follow that 0,; = v(0) =
max(v(1),v(—1)); hence v(1) = 0y, a contradiction to axiom V2. But for R a semiring
there may exist interesting strict m-valuations, even with values in a group.

Example 2.4. Let T' be a preprime in a ring R, by which we simply mean that T is a
sub-semiring of R (T+T C T, T-T CT, 0€T,1€T).{We do not exclude the case
—1 €T (“improper preprime”) but these will not matter.}

We say that a valuation v : R — M is T-convex if the restriction v | T : T — M is
strict. As is well-known, if T =Y R? (and M \ {0} is a group) the T-convex valuations are
jJust the real valuations on R. (A valuation v : R — T'U{0} is called real if the residue class
field k(v) is formally real.) See [KZ1], §5 for T a preordering, and §2 for T = R?.

The entire paper [KZ1] witnesses the importance of T-convex valuations for 7" a preorder-
ing.

Bipotent valuations on rings are rare. But for semirings they are rather common. In
particular, we have

Example 2.5. If R is a bipotent semiring, then every multiplicative map v : R — M to
another bipotent semiring, with v(0) = 0, v(1) = 1, is a bipotent m-valuation; v is strict iff
v s a semiring homomorphism.

In addition to strict and bipotent m-valuations, we introduce two more classes of m-
valuations.

Definition 2.6. We call an m-valuation v : R — M strong if, besides V1-V}, the following
holds:

V5" Ifx,y € R and v(x) # v(y), then v(x + y) = max(v(z), v(y)).
We call an m-valuation v amenable, if the following condition holds, which is still weaker
than both V5 and V5.

V5" If x,y € R and v(x) # v(y), then v(z +y) € {v(x),v(y)}.
Note the implications of the following chart:

strict = bipotent

U U

strong = amenable = m-valuation.

If R is a ring, every m-valuation on R is strong. This can be seen by the same argument
as is well-known for valuations on fields. Thus in the bottom line of the chart we are dealing
with intricacies which only occur for the semirings.

Semirings, even semifields, may admit valuations which are not even amenable.

Example 2.7. Let F' be a totally ordered field, and R := {x € F|x > 0} the subsemifield of
nonnegative elements. Further let I' := {z € F|z > 0}, viewed as a totally ordered group,
and M = {0} UT the associated bipotent semifield. The map v : R — M with v(0) = 0,
v(a) = % for a # 0, is a valuation on R, which is not amenable.
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Proposition 2.8.

a) If v : R — M is an m-valuation and M is a bipotent semidomain, then v='(0)
is a prime ideal of R (i.e., an ideal of R, whose complement in R is closed under
multiplication).

b) If v is strong, then, for any v € R and z € v=1(0),

v(x + z2) = v(x). (2.1)
Proof. a): If v(z) =0, v(y) = 0, then
v(x +y) < max(v(x),v(y)) = 0;

hence v(z+y) = 0. Thus v(0) is closed under addition. If z € R, z € v™(0), then v(zz) =
v(z)v(z) = 0. Thus v~ 1(0) is closed under multiplication by elements in R. If v(x) > 0,
v(z) > 0, then v(zz) = v(z)v(z) > 0. Thus R\ v~1(0) is closed under multiplication.
b): We have v(x + z) < max(v(z),v(z)) = v(x). Assume that v is strong. If v(x) # 0 we
have
v(x 4 2) = max(v(x),v(z)) = v(x).
U

If v: R — M is an arbitrary m-valuation, then it is still obvious that v=1(0) is an ideal
of R.

Definition 2.9. We call the ideal v=1(0) the support of the m-valuation v, and write
v™1(0) = supp(v). We call the support of v insensitive, if the equality (2.1) above holds for
any x € R and z € supp(v), sensitive otherwise.

Proposition 2.8.b tells us that supp(v) is insensitive if v is strong. In particular, this holds
if R is a ring.
Example 2.10. Let I' be an ordered abelian group and H s a convex proper subgroup. Let
a:={gel'|g>H}U{0}. Weregard T'U{0} as a bipotent semifield (cf. §1), and define a
subsemiring M of T'U {0} by

M= HUa.

Notice that we have H-a C a, a-a C a, and a+ a C a. Thus M is indeed a subsemiring of
U {0}, and a is an ideal of M. We define a map v : M — H U {0} by setting v(z) = = if
r € H, andv(x) =0 if x € a. It is easily checked that v fulfills the axioms V1-V3 and V&
above. Thus v 1s a bipotent valuation. But the support a of v is sensitive: Forx € H, z € a
and z # 0, we have v(z) >0, v(z) =0, x + z = z; hence v(x + z) = 0.

We switch over to the problem of “comparing” different m-valuations on the same semi-
ring R.
Definition 2.11. Letv: R — M and w : R — N be m-valuations.
a) We say that v dominates w, if for any a,b € R
v(a) <v(b) = w(a) < w(b).
b) We say that v dominates w weakly, if for any a,b € R
v(a) = v(b) = w(a) = w(b).

¢) If v dominates w weakly and v is surjective, there clearly exists a unique map
v: M — N with w=yov. We denote this map v by V-
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Clearly, 7., is multiplicative and sends 0 to 0 and 1 to 1. If v dominates w, then 7, is
also order-preserving and hence is a homomorphism from the bipotent semiring M to N.

Proposition 2.12. Assume that M, N are bipotent semirings and v : R — M 1is a surjective
m-valuation.

a) The m-valuations w : R — N dominated by v correspond uniquely with the homo-
morphisms v : M — N via w =y0ov, ¥ = Yyp-

b) If v has one of the properties “strict, strong, bipotent, amenable,” and dominates w,
then w has the same property.

c) Assume, in addition, that v is bipotent. Then the m-valuations w : R — N which are
weakly dominated by v are again bipotent. They correspond uniquely with the maps
v : M — N which are multiplicative and send 0 to 0, 1 to 1, via w = yov and

Y= Ywp-

Proof. 1t suffices to verify that, given a map v : M — N of the right kind, the map v :=
vyowv: R — N is a valuation of the right kind.

a,b): If v : M — N is a homomorphism, then clearly yv is an m-valuation, and v inherits
from v each of the properties “strict, strong, bipotent, amenable”.

¢): Assume now that v : M — N is a multiplicative map with v(0) = 0, v(1) = 1.
Let a,b € R. If v is bipotent, then v(a + b) € {v(a),v(b)}. This, of course, implies that
yv(a+b) € {yv(a),yv(b)}. Thus 7 is bipotent. O

3. SUPERTROPICAL SEMIRINGS

Definition 3.1. A semiring with idempotent is a pair (R, e) consisting of a semiring R
and a central idempotent e. { For the moment R is allowed to be noncommutative.}

We then have an endomorphism v : R — R (which usually does not map 1 to 1) defined
by v(a) = ea. It obeys the rules

vov=v, (3.1)

av(b) = v(a)b = v(ab). (3.2)

Conversely, if a pair (R, v) is given consisting of a semiring R and an endomorphism v (not
necessarily v(1) = 1), such that (3.1), (3.2) hold, then e := v(1) is a central idempotent of

R and v(a) = ea for every a € R.
Thus such pairs (R, v) are the same objects as semirings with idempotents.

Definition 3.2. A semiring with ghosts is a semiring with idempotent (R, e) such that
the following axiom holds (v(a) := ea)

via)=v(b) = a+b=vr(a). (3.3)

Remark 3.3. This axiom implies that ea = e(a + b) = ea + eb if v(a) = v(b). We do not
want to demand that then eb = 0. Usually, (R,4+) will be a highly non cancellative abelian
SEMIGroup.

Terminology 3.4. If (R, e) is a semiring with ghosts, then v : x — ex, R — R is called the
ghost map of (R,e). The idea is that every x € R has an associated “ghost” v(z), which
is thought of to be somehow “near” to the zero element 0 of R, without necessarily being 0
itself. { That will happen for all x € R only if e = 0.} We call eR the ghost ideal of (R, e).
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Now observe that, if (R, e) is a semiring with ghosts, the idempotent e is determined by
the semiring R above, namely
e=1+1.
Thus we may suppress the idempotent e in the notation of a semiring with ghosts and
redefine these objects as follows.

Definition 3.5. A semiring R is called a semiring with ghosts if
1+1=14+1+1+1 (3.3)
and for all a,b € R
a+a=b+b = a+b=a+a. (3.3")

Remark 3.6. If (3.3)" holds then e := 1+ 1 is a central idempotent of R. Passing from R
to (R,e) = (R,1+1), we see that (3.3") is the previous axiom (3.3). Notice also that (3.3")
implies that 1+14+1=1+1. (Take a =1, b =e.) Thus, m1 = 141 for all natural numbers
m > 2.

Terminology 3.7. If R is a semiring with ghosts, we write e = er and v = vg if necessary.
We also introduce the notation

T :=T(R):= R\ Re,
G :=G(R) == Re \ {0},
Go :==GU{0} = Re.

We call the elements of T the tangible elements of R and the elements of G the ghost
elements of R. We do not exclude the case that T is empty, i.e., e = 1. In this case R is
called a ghost semiring.

The ghost ideal Gy = eR of R is itself a semiring with ghosts, in fact, a ghost semiring.
It has the property a + a = a for every a € Re, as follows from (3.3). {Some people call a
semiring T' with a + a = a for every a € T an “idempotent semiring”.}

We mention a consequence of axiom (3.3) for the ghost map v : R — Re, v(z) := ex.

Remark 3.8. If R is a semiring with ghosts, then, for any x € R,
viz)=0 < x=0.
Proof. (<): evident.
(=): We have v(z) =0 = v(0); hence by (3.3) z =2+ 0 =r(0) = 0. O
We are ready for the central definition of the section.

Definition 3.9. A semiring R is called supertropical if R is a semiring with ghosts and
Va,be R: a+a#b+b = a+bec{a,b}. (3.4)
In other terms, every pair (a,b) in R with ea # eb is bipotent.

Remarks 3.10.
(i) It follows that then G(R)y = Re is a bipotent semidomain. Indeed, if a,b are different
elements of G(R), then a = ea # b = eb; hence a+b € {a,b} by axiom (3.4). Ifa =10
or b =0, this trivially is also true. If a =b then a+b=ea =a. Thus a+b € {a,b}
for any a,b € G(R)y. The set G(R) is either empty (the case 1 +1 = 0) or G(R) is
an ordered monoid under the multiplication of R, as explained in §1.
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(ii) The supertropical semirings without tangible elements are just the bipotent semirings.
(i) Every subsemiring of a supertropical semiring is again supertropical.

Theorem 3.11. Let R be a supertropical semiring, e :== eg, G := G(R). Then the addi-
tion on R is determined by the multiplication on R and the ordering on the multiplicative
submonoid G of R, in case G # 0, as follows. For any a,b € R

a if ea > eb,
a+b=1<b if ea < eb,
ea if ea = eb,

If G =0 thena+b=0 for any a,b € R.

Proof. We may assume that ea > eb. If ea = eb, axiom (3.3) tells us that a +b = ea. Assume
now that ea > eb. By definition of the ordering on eR (cf. §1), we have

e(a+b) =ea+ eb = ea.

By axiom (3.4),a+b=aora+b=0b.
Suppose that a + b = b. Then e(a + b) = eb. Since ea # eb, this is a contradiction. We
conclude that a + b = a. O

From now on, we always assume that our semirings are commutative.

Remark 3.12. If R is a supertropical semiring, the ghost map vg : R — eR, © +— ex is a
strict m-valuation. Indeed, the axioms V1-V8 and V5 from §2 are clearly valid for vg.

Thus, every supertropical semiring has a natural built-in strict m-valuation.
There are important cases where vg is even a valuation (cf. Definition 2.3), as we explicate
now.

Proposition 3.13. Assume that R is a supertropical semiring and T (R) is closed under
multiplication. Then the submonoid G := €T (R) of G(R) is cancellative. (N.B. We have
eT(R) C G(R) by Remark 3.8.)

Proof. Let a,b,c € T(R) be given with (ea)(ec) = (eb)(ec), i.e., eac = ebc. Suppose that
ea # eb, say ea < eb. Then Theorem 3.11 tells us that a +b = b and ac + bc = ebc.
By assumption, be € T(R); hence bc # ebe. But the first equation gives ac 4+ be = be, a
contradiction. Thus ea = eb. U

In the situation of this proposition we may omit the part G(R) \ G, consisting of “useless”
ghosts, in the semiring R, and then obtain a “supertropical domain” U := T (R) U G U {0},
as defined below, whose ghost map vy := U — G U {0} is a surjective strict valuation.

Definition 3.14. Let M be a bipotent semiring and R a supertropical semiring.
a) We say that the semiring M is cancellative if for any x,y,z € M

rz=yz, 2#0 = x=y.

This means that M is a bipotent semidomain (cf. Definition 1.4) and the multiplicative
monoid M \ {0} is cancellative.
b)We call R a supertropical predomain, if T(R) = R\ eR is not empty (i.e., e # 1)
and is closed under multiplication, and moreover eR 1s a cancellative bipotent semidomain.
c) We call R a supertropical domain, if T(R) is not empty and is closed under multi-
plication, and R maps T (R) onto G(R).
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Notice that the last condition in Definition 3.14.c implies that G(R) is a cancellative
monoid (Proposition 3.13). Thus a supertropical domain is a supertropical predomain.

Looking again at Theorem 3.11, we see that a way is opened up to construct supertropical
predomains and domains. First notice that the theorem implies the following

Remark 3.15. If R is a supertropical predomain, we have for every a € T(R) and x € G(R)
the multiplication rule
ar =v(a)z
with v := vg | T(R). Thus the multiplication on
R=T(R) UG(R) U {0}
is completely determined by the triple (T (R),G(R),v). We write v = vg.

Construction 3.16. Conversely, let a triple (T,G,v) be given with T a monoid, G an
ordered cancellative monoid and v : T — G a monoid homomorphism. We define a semiring
R as follows. As a set
R=T U g U {0}.
The multiplication on R will extend the given multiplications on T and G. Ifa € T, x € G,
we decree that
a-z=x-a:=0v(a)r.

Finally, 0-2=2-0:=0 forall z€ R.

The addition on R extends the addition on GU{0} as the bipotent semiring corresponding
to the ordered monoid G, as explained in §1. For x,y € T we decree

x i v(@) > o(y),
THYi=qY i v(e) <wly),
v(z) if v(x)=v(y).

Finally, forx €T andy € GU{0}

z if v(z) >y,
y if () <y
It now can be checked in a straightforward way* that R is a supertropical predomain with

T(R) =T, G(R) = G, vg = v. Thus we have gained a description of all supertropical
predomains R by triples (T,G,v) as above. We write

R = STR(T, G, v)

{STR = “supertropical”}. Notice that in this semiring R every pair (x,y) € R* is bipotent
except the pairs (a,b) with a € T, b € T and v(a) = v(b). If v is onto, then R is a
supertropical domain.

$+y:y+x::{

Definition 3.17. A semiring R is called a supertropical semifield, if R is a supertropical
domain, and every x € T(R) is invertible; hence both T(R) and G(R) are groups under
multiplication.

We write down primordial examples of supertropical domains and semifields (cf. [I], [IR1]).
Other examples will come up in §4.

4A1ternatively consult [IKR, §1] (as soon as available), where a detailed proof of a more general statement
is given.
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Examples 3.18. Let G be an ordered cancellative monoid. This given us the supertropical
domain (cf. Construction 3.16)

D(G) := STR(G, G, idg).

D(G) is a supertropical semifield iff G is an ordered abelian group.

We come closer to the objects and notations of usual tropical algebra if we take here for
G ordered monoids in additive notation, G = (G,+), e.g., G = R, Ry, N, Z, Q with the
usual addition. D(G) contains the set G. For every a € G there is an element a” in D(G)
(read “a-ghost”), and

G":={a" | a € G}
is a copy of the additive monoid G disjoint from G. The zero element of the semiring D(G)
15 now written —oo. Thus

D(G) =G U G"U {—oc}.
Denoting addition and multiplication of the semiring D(G) by ® and ®, we have the following
rules. For any x € D(G), a € G, b€ G,
—o0Pr=0xP—00 =1,
a®b=max(a,b), ifa#b,
a®a=a",
a” @b = max(a,b)”,
a®b’ =a, ifa>0,
a® b’ =0", ifa<b,
—00OTr =02 —00 = —00,
a®b=a+b,
a"Ob=a®b =ad" 00 = (a+b)".
In the case G = (R, +) these rules can already be found in [I]. There also motivation is
given for their use in tropical algebra and tropical geometry.
We now only say that the semiring D(G) associated to an additive ordered cancellative

monoid G should be compared with the max-plus algebra T(G) = G U {—o0o} introduced in
§1. The ghost ideal G¥ U {—o0} of D(G) is a copy of T'(G).

4. SUPERVALUATIONS

In this section R is always a (commutative) semiring. Usually the letters U,V denote
supertropical (commutative) semirings. If U is any such semiring, the idempotent ey =
1y + 1y will be often simply denoted by the letter “e”, regardless of which supertropical
semiring is under consideration (as we write Oy =0, 1y = 1).

Definition 4.1. a) A supervaluation on R is a map ¢ : R — U from R to a supertropical
semiring U with the following properties.

SV1: p(0) =0,

SV2: (1) =1,

SV3:Va,be R: p(ab) = p(a)p(b),

SV4:Va,be R:epla+b) <e(pla)+ ¢(b) [=max(ep(a),ep(d))].
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b) If o : R — U is a supervaluation, then the map
v:R—el, v(a) := ep(a)

is clearly an m-valuation. We denote this m-valuation v by ey (or simply by ep), and we
say that ¢ covers the m-valuation ey = v.

c) We say that a supervaluation ¢ : R — U is tangible, if o(R) C T(U)U{0}, and we
say that ¢ is ghost if o(R) C eU.

N.B. A ghost supervaluation ¢ : R — U is nothing other than an m-valuation, after replacing
the target U by eU.

Proposition 4.2. Assume that ¢ : R — U s a supervaluation and v : R — eyU =: M is
the m-valuation eyp covered by ¢. Then
U':=p(R)Uep(R)
is a subsemiring of U. The semiring U’ is again supertropical and ey = ey (= e).
Proof. The set v(R) is a multiplicative submonoid of the bipotent semiring M; hence is itself
a bipotent semiring. In particular, v(R) is closed under addition. If a,b € R are given with
v(a) < wv(b), then either v(a) < v(b), in which case
a+b=>b, v(a)+b=>b, a+uv(b) =uv(b),
or v(a) = v(b), in which case
a+b=v(a)+b=a+v(b) =wv(a).
This proves that U’ + U’ C U'. Clearly 0 € U, 1 € U" and U’ - U’ C U’. Thus U’ is a

subsemiring of U. As stated above (Remark 3.10.iii), every subsemiring of a supertropical
semiring is again supertropical. Thus U’ is supertropical. 0

Definition 4.3. We say that the supervaluation ¢ : R — U is surjective if U = U. We
say that ¢ is tangibly surjective if o(R) D T (U).

Remark 4.4. If ¢ : R — U is any supervaluation, then, replacing U by U' = p(R)Uep(R),
we obtain a surjective supervaluation. If we only replace U by ¢(R) U (eU), which is again
a subsemiring of U, we obtain a tangibly surjective supervaluation.

Thus, whenever necessary we may retreat to tangibly surjective or even surjective super-
valuations without loss of generality.

Recall that an m-valuation v : R — M is called a valuation, if the bipotent semiring M
is cancellative (cf. Definition 2.3, Definition 3.14.a). Every valuation can be covered by a
tangible supervaluation, as the following easy but important construction shows.

Example 4.5. Let v: R — M be a valuation, and let q :== v='(0) denote the support of v.
We then have a monoid homomorphism

R\q— M\{0}, a—v(a),
which we denote again by v. Let
U := STR(R \ q, M\ {0},v),

the supertropical predomain given by the triple (R\ q, M \ {0}, v), as explained in Construc-
tion 3.16. Thus, as a set,
U=(R\q) U M.



SUPERTROPICAL SEMIRINGS AND SUPERVALUATIONS 15

We have e = 1y, e-a = v(a) for a € R\ q. The multiplication on U restricts to the given
multiplications on R\ q and on M, and a -z = z-a = v(a)x fora € R\ q, x € M. The
addition on U is determined by e and the multiplication in the usual way (cf. Theorem 3.11).
In particular, for a,b € R\ q, we have

a if v(a) > v(b),
a+b=4b if v(a) < v(b),
v(a)  ifv(a) = v(b).
Now define a map p: R — U by

_Ja ifa€ R\ q,
Pla) = {O if a € q.

One checks immediately that ¢ obeys the rules SV1-SV3. If a € R\ q, then
eup(a) = Lar - v(a) = v(a),

and for x € q, we have
eppla) =ey-0=0=wv(a)

also. Thus SV} holds, and ¢ is a supervaluation covering v.
By construction ¢ is tangible and tangibly surjective. If v is surjective then ¢ is surjective.

Definition 4.6. We denote the supertropical ring just constructed by U(v) and the superval-
uation ¢ just constructed by p,. Later we will call ¢, : R — U(v) the initial cover of v,
cf. Definition 5.15.

Notice that U(v) is a supertropical domain iff v is surjective, and that in this case the
supervaluation ¢, is surjective.

Remark 4.7. The supertropical predomain U(v) just constructed deviates strongly in its
nature from the supertopical domain D(G) for G an ordered monoid studied in Examples 3.18.
While for U = D(G) the restriction

vy | TWU):TWU)— G(U)
of the ghost map vy is bijective, for U = U(v) this map usually has big fibers.

5. DOMINANCE AND TRANSMISSIONS

As before now all semirings are assumed to be commutative. R is any semiring, and U, V'
are bipotent semirings.

Definition 5.1. If ¢ : R — U and ¥ : R — V are supervaluations, we say that ¢ doms-
nates ¢, and write ¢ > 1, if for any a,b € R the following holds.

D1. @(a) = ¢(b) = t(a) = ¥(b),
D2. ep(a) < ep(b) = ey(a) < e(b),
Ds3. pla) €elU = ¢(a) € eV.

Notice that D3 can be also phrased as follows:
pla) =epla) = Pla)=ev(a).
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Lemma 5.2. Let p: R — U and ¢ : R — V be supervaluations. Assume that @ dominates
Y, and also (without essential loss of generality) that o is surjective. Then there exists a
unique map o : U =V with ¢ = a o ¢ and

Ve e U: aleyr) = eya(z)
(i.e., aovy = vy o).

Proof. By D1 and D2 we have a unique well-defined map 5 : ¢(R) — ¥(R) with f(p(a)) =
Y(a) for all a € R and a unique well-defined map v : ep(R) — ep(R) with y(ep(a)) = el(a)
for all @ € R. Now U = ¢(R) U ep(R), since ¢ is assumed to be surjective. Suppose that
z € p(R) Nep(R). Then = ¢(a) for some a € R, and z = ex = ep(a). By axiom D3 we
conclude that ¥ (a) = ey(a). Thus B(z) = 7(x). This proves that we have a unique well-
defined map «a: U — V with a(x) = f(z) for x € ¢(R) and a(y) = v(y) for y € ep(R). We
have a(¢(a)) = ¥(a), i.e., ¥ = a o . Moreover, for any a € R, alepp(a)) = y(epp(a)) =
eyi(a). O

We record that in this proof we did not use the full strength of D2 but only the weaker
rule that ep(a) = ep(b) implies eip(a) = ey (b).

Definition 5.3. Assume that U and V are supertropical semirings.

a) If a is a map from U to V with a(eU) C eV, we say that o covers the map v : eU —
eV obtained from « by restriction, and we write v = . We also say that v is the
ghost part of «.

b) Assume that ¢ : R — U is a surjective supervaluation and vy : R — V is a supervalua-
tion dominated by . Then we call the map o occurring in Lemma 5.2, which is clearly
unique, the transmission from ¢ to 1, and we denote this map by o ,. Clearly,
Qo covers the map v, connecting the surjective m-valuation v :=ep : R — eU to
the m-valuation w := ey : R — eV introduced in Definition 2.11.

Theorem 5.4. Let ¢ : R — U be a surjective supervaluation and ¢ : R — V' a supervalua-
tion dominated by ¢. The transmission a := oy, obeys the following rules:

TM1: «0)=0,

TM2: ofl) =1,

TM3: Vr,yeU: alzy) =a(z)a(y),

TM4: oaley) = ey,

TM5: Vr,ye€eU:alz+y)=a(x)+aly).
Proof. TM1, TM2, and TM4 are obtained from the construction of a in the proof of
Lemma 5.2. This construction tells us also that « sends eU to eV. Using (again) that
U = p(R) Uep(R), we check easily that TM3 holds. The rule D2 (in its full strength) tells

us that the map v : eU — eV, obtained from a by restriction, is order preserving. This is
TMb5. O

Definition 5.5. If U and V are supertropical semirings, we call any map o : U — V which
the rules TM1-TMb5, a transmissive map from U to V.

The axioms TM1-TM5 tell us that a transmissive map « : U — V is the same thing as a
homomorphism from the monoid (U, - ) to (V- ) which restricts to a semiring homomorphism
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from eU to eV. It is evident that every homomorphism from the semiring U to V is a trans-
missive map, but there exist quite a few transmissive maps, which are not homomorphisms;

cf. §9 below and [IKR].

As a converse to Lemma 5.2 we have the following fact.

Proposition 5.6. Assume that ¢ : R — U is a supervaluation and o : U — V is a
transmissive map from U to a supertropical semiring V. Then o ¢ : R — V is again a
supervaluation. If ep has one of the properties “amenable”, “bipotent,” “strong”, “strict”,
then e(ac o @) has the same property.

Proof. Let ¥ := «a o . Clearly 1 inherits the properties SV1-SV3 from ¢, since a obeys
TM1-TMS3. If a € R, then, by TM4,

ey (a) = e(alp(a))) = alep(a));

hence e) = o o (ep). Since ep is an m-valuation, and o” : eU — eV is order preserving by
TM5, we conclude that ey is again an m-valuation.

Now assume that ey is amenable. Then we see that ey is amenable as follows. Let
a,b € R be given with ei(a) # e(b), i.e., alep(a)) # alep(b)). Then ep(a) # ep(b); hence
ep(a+b) € {ep(a),ep(b)}. Applying the map o we obtain ey(a + b) € {ey(a),er(b)}. In
the same way one verifies that e inherits any of the properties “bipotent”, “strict,” “strong”
from ep. U

Remark 5.7. If ¢ : R — U is a surjective supervaluation (cf. Definition 4.3) and o : U — V
is a surjective transmissive map, then the supervaluation aoy is again surjective. Conversely,
ifop: R— U and ¥ : R — V are surjective supervaluations, and @ dominates 1, then the
transmission o, , : U — V' 1s a surjective map.

Combining Theorem 5.4, Proposition 5.6 and this remark, we read off the following facts.

Scholium 5.8. Let U,V be supertropical semirings and ¢ : R — U a surjective supervalua-
tion.

a) The supervaluations ¢ : R — V' dominated by ¢ correspond uniquely with the trans-
missive maps o : U — V via ) = ao @, o = 5.

b) If P is one of the properties “strict, strong, bipotent, amenable”, and e has property
P, then ey has property P.

c) The supervaluation v is surjective iff the map a is surjective.

d) Given a semiring homomorphism v : eU — eV, the supervaluation 1 covers the
m-valuation 7y o (ep) iff & =~.

R
y S
“s
U--—-5-->V
VUi lw
eU 5 eV
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Example 5.9. Let U be a supertropical semiring with ghost ideal M := eU. Then, as we
know, the ghost map vy : U — M, x — ex, is a strict m-valuation on the semiring U
(Remark 3.12). Clearly, the identity map idy : U — U is a supervaluation covering vy .
Assume now that o : U — V' is a transmissive map. Let vy := o” denote the homomorphism
from M to N := eV covered by . Then v :=~yovy = vy o« is a strict valuation on U with
values in N, and o :== aoidy is a supervaluation on U covering v. Thus « is the transmission
from the supervaluation idy : U — U to the supervaluation o : U — V' covering v.

The example tells us in particular that every transmissive map is the transmission between
some supervaluations. Therefore we may and will also use the shorter term “transmission”
for “transmissive map”.

In general, a transmission does not behave additively; hence is not a homomorphism. We
now record cases where nevertheless some additivity holds.

Proposition 5.10. Let o : U — V' be a transmission and v : eU — eV denote the ghost
part of a, v = o (which is a semiring homomorphism).
i) If v,y € U and ex = ey, then a(x) + a(y) = a(z +y).
ii) If v,y € U and a(x) + a(y) is tangible, then again a(x) + ay) = a(z +y).
iii) If v is injective, then « is a semiring homomorphism.

Proof. Let x,y € U be given, and assume without loss of generality that ez < ey. Notice
that this implies
ea(r) = alex) < aley) = ea(y).
i): If ex = ey, then ea(z) = ea(y), and we have z+y = ez, a(z)+a(y) = ea(r) = alex);
hence a(z) + a(y) = a(x + y).
ii): If a(x) + a(y) is tangible, then certainly ea(x) # ea(y); hence ea(z) < ea(y). This
implies ex < ey. Thus  +y =y, a(z) + a(y) = a(y); hence a(z) + a(y) = a(z +y).
iii): From i) we know that a(x 4+ y) = a(x) + a(y) holds if ex = ey. Assume now that
ex < ey. Since 7 is injective this implies ea(x) < ea(y). Thus z+y = y, a(z)+a(y) =
a(y); hence again a(x + y) = a(z) + a(y).
U
Given an m-valuation v : R — M, we now focus on the supervaluations ¢ : R — U which

cover v, i.e., with eU = M and ep = vy o ¢ = v. We single out a class of supervaluations
which will play a special role.

Definition 5.11. A supervaluation ¢ : R — U is called tangibly injective if the map ¢ is
injective on the set = (T(U)), i.e.,

Va,be R: ¢(a)=¢(b) e T{U) = a=hb.
Example 5.12. The supervaluation ¢, : R — U(v) constructed in §4 (cf. Example 4.5 and
Definition 4.6) is injective on the set R\ v=(0), hence certainly tangibly injective. Notice
that oY (T(U(v))) = R\ v(0), i.e.,  is tangible. ¢ is also surjective.

Theorem 5.13. Assume that p : R — U 1is a tangibly injective supervaluation covering v :
R — M. Let v : R — V be another supervaluation covering v, in particular, eU = eV = M.

a) ¢ dominates v iff the following holds:
Vae R: p(a) =v(a) = Y(a)=1v(a), (5.1)
in other terms, p(a) € eU = (a) € eV.
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b) If, in addition, ¢ is tangibly surjective (cf. Definition 4.1.c), then ¢ dominates v iff
there exists a homomorphism map o : U — V' covering the identity of M such that
a o @ =1). The supervaluation v is tangibly surjective iff a is surjective.

Proof. a): In the definition of dominance in Definition 5.1, the axiom D2 holds trivially since
ep(a) = e(a) = v(a). Axiom D3 is our present condition (5.1). Axiom D1 needs only to be
checked in the case p(a) = p(b) € T(U), and then holds trivially since this implies a = b by
the tangible injectivity of .

b): Replacing U by the subsemiring 7 (U) U v(R) we assume without loss of generality
that the supervaluation ¢ is surjective. A transmission a from ¢ to @ is forced to cover
the identity of M; hence is a semiring homomorphism, cf. Proposition 5.10.iii. We have
a(U) D eV. Thus « is surjective iff a(7(U)) = T (V). This gives us the last claim. O

Corollary 5.14. Assume thatv : R — M is a valuation. The supervaluation ¢, : R — U(v)
dominates every supervaluation ¢ : R — U covering v. Thus these supervaluations 1 corre-
spond uniquely with the transmissive maps o : U(v) — U covering idy; . They are semiring
homomorphisms.

Proof. ¢, is tangibly injective, and (5.1) holds trivially, since ¢,(a) € eU only if v(a) = 0.
Theorem 5.13 and Proposition 5.10.iii apply. O

Definition 5.15. Due to this property of @, we call v, the initial supervaluation covering
v (or initial cover of v for short).

Remark 5.16. We may also regard v : R — M as a cover of v, viewing M as a ghost
supertropical semiring. Clearly every supervaluation v : R — U covering v dominates v
with transmission vy. Thus we may view v : R — M as the terminal supervaluation
covering v (or terminal cover of v for short).

The following proposition gives examples of dominance ¢ > 1 where ¢ is not assumed to
be tangibly injective.

Proposition 5.17. Let U be a supertropical semiring with ghost ideal M := eU. Assume
that L is a submonoid of (M,-) with M - (M \ L) C M \ L.

a) The map o : U — U, defined by

T if er €L,
ar) = .
ex if exe M\L,

is an endomorphism of the semiring U.

b) If ¢ : R — U is any supervaluation, then the map ¢ = a o ¢ from R to U
15 a supervaluation dominated by @ and covering the same m-valuation as ¢, i.e.
epr = ep.

Proof. a): We have ea(z) = ex for every x € U, and «a(z) = z for every x € M. One checks
in a straightforward way that « is multiplicative, a(0) =0, a(1) = 1.

We verify additivity. Let x,y € U be given, and assume without loss of generality that
ex < ey. We have ea(r) = ale)a(r) = aler) = ex and ea(y) = ey. If ex = ey then
r 4y = ex, and a(z) + aly) = ea(x) = ex = a(x +y). If ex < ey then z +y = y and
a(x) + a(y) = a(y); hence again a(x) + a(y) = a(z + y).

b): Now obvious. O
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Notice that ¢, = aogp with amap o : U — U given by a(x) = zif ex € L, and a(z) = ex
if ex € M\ L. Thus if ¢ is surjective, « is the transmission from ¢ to ¢y .
It is not difficult to find instances where Proposition 5.17 applies.

Example 5.18. Assume that M is a submonoid of ' U{0} for I' an ordered abelian group.
Let H be a subgroup of I' containing the set {x € M ‘ x > 1}. Then

L={xeM|3heH wih x>h}
is a submonoid of M \ {0}. We claim that M - (M \ L) C M \ L.

Proof. Let x € M,y € M\ L be given. If x < 1, then xy < y; hence, clearly, zy € M \ L.
Assume now that z > 1. Then x € H. Suppose that zy € L; hence h < zy for some h € H.
Then 7! <y and 27'h € H; hence y € L, a contradiction. Thus zy € M \ L again. U

Later we will meet many transmissive maps which are not semiring homomorphisms (cf.
Theorem 9.11, [IKR]).

6. FIBER CONTRACTIONS

Before we come to the main theme of this section, we write down functional properties of
the class of transmissive maps.

Proposition 6.1. Leta: U — V and 3 : V — W be maps between supertropical semirings.

i) If a and B transmissive, then P is transmissive.
i) If & and Ba are transmissive and « is surjective, then [ is transmissive.

Proof. a) It is evident that analogous statements hold for the class of maps between su-
pertropical semirings obeying the axioms TM1-TM4 in §5. Thus we may assume from the
beginning that «, f and (hence) fa obey TM1-TM4, and have only to deal with the axiom
TM5 (cf. Theorem 5.4, Definition 5.5).

b) We conclude from TM3 and TM4 that a maps eU to eV and  maps eV to eW. TM5
demands that these restricted maps are semiring homomorphisms. Thus it is evident that
fa obeys TM5 if a and f do. If « is surjective, then also the restriction aleU : eU — eV is
surjective, since for z € U, y € eV with a(z) = y we also have a(ex) = y. Clearly, TM5 for
« and Ba implies TMb5 for 3 in this case. O

Often we will only need the following special case of Proposition 6.1.

Corollary 6.2. Let U,V,W be supertropical semirings. Assume that o : U — V is a
surjective semiring homomorphism. Then a map 3 :V — W is transmissive iff Ba has this
property. U

In the entire section U is a supertropical semiring. We look for equivalence relations on
the set U that respect the multiplication on U and the fibers of the ghost map vy : U — eU.

Definition 6.3. Let FE be an equivalence relation on the set U. We say that E is multi-
plicative if for any x1,x9,y € U,

Ty ~E T2 = Iy ~E T2Y. (6.1)
We say that E is fiber conserving if for any x1, x5 € U,
Ty ~p Xy = €xr] = els. (6.2)

If E is both multiplicative and fiber conserving, we call E an MFCE-relation (multiplicative
fiber conserving equivalence relation) for short.
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Examples 6.4. (i) Assume that o : U — V is a multiplicative map from U to a su-
pertropical semiring V. Then the equivalence E(«), given by

xy~ T iff alzy) = alxg),

is clearly multiplicative. If in addition a(ey) = ey, and if the induced map -y :
eU — eV, vy(ex) = ea(x), is injective, then E(«) is also fiber conserving; hence an
MFCE-relation. We usually denote this equivalence ~ by ~,, .

In particular, we have an MFCE-relation E(a) on U for any semiring homomor-
phism « : U — V which is injective on eU.

(ii) The ghost map v =vy : U — U gives us an MFCE-relation E(v) on U. Clearly
x1 ~y, Xy iff exy = exs.

E(v) is the coarsest MFCE-relation on U.
(iii) If By and Ey are equivalence relations on the set U, then Ey N Ey is again an equiv-

alence relation on U. {As usual, we regard an equivalence relation on U as a subset
of U x U}. We have

I ~EiNEs ) Zﬁ T ~F ) and I ~Ey ZTo.

If Ey is multiplicative and Fy is an MFCE, then E1 N Ey is an MFCE.

(iv) In particular, every multiplicative equivalence relation E on U gives us an MFCE-
relation ENE(v) on U. This is the coarsest MFCE-relation on U which is finer than
E. We have

Ty ~EnEW) T2 Uf 1 ~p T2 and  ex; = exs.

(v) We define an equivalence relation Ey (the “t” alludes to “tangible”) on U as follows,
writing ~y for ~p,:

Ty~ Ty Aff either x1 = @9
or m,xe € T(U) and exy = exs.

Clearly, this is an MFCE-relation iff for any tangible x1,x2,y € E with ex; = exs
both x1y and xoy are tangible or equal. In particular, Ey is an MFCE if T(U) is
closed under multiplication.

Let F' denote the equivalence relation on U which has the equivalence classes 7 (U) and
eU. 1t is readily checked that Ey = F'N E(v).

The equivalence classes of E; contained in T (U) are the sets 7 (U) Ny ' (2) with z € M,
which are not empty. We call them the tangible fibers of 1.

Our next goal is to prove that, given an MFCE-relation E on U, the set U/E of all
FE-equivalence classes inherits from U the structure of a supertropical semiring.

Lemma 6.5. If E is a fiber conserving equivalence relation on U, then for any xi,xq,y € U
Ty~ Ty = T1tTY~ET2TY.

Proof. ex; = exy. If ey < exy, we have 1 +y = x1, v2 + y = xo. If ey = ex, we have
r1+y=ey=uxy+y. If ey > exr;, we have x1 + y = y = x5 + y. Thus, in all three cases,
T1+Y~p T2ty 0

Notice that, as a formal consequence of the lemma, more generally

T1~E X2, Y1 ~YEY2 = T1+ Y1 ~E Ta+ Yo
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Theorem 6.6. Let E be an MFCE-relation on a supertropical semiring U. On the set U :=
U/E of equivalence classes [x]g, v € U, we have a unique semiring structure such that the
projection map g : U — U, z+— [z]g is a semiring homomorphism. This semiring U is
supertropical, and mg covers a semiring isomorphism eU — eU. (Here & := e = mg(e).)

Proof. We write Z := [z]g for x € U and 7 := mg. Thus 7(z) = Z. Due to Lemma 6.5 and
condition (6.1), we have a well-defined addition and multiplication on U, given by the rules
(z,y € U)

T+1y:=x+y, Ty :=7y.

The axioms of a commutative semiring are valid for these operations, since they hold in
U, and the map 7 is a homomorphism from U onto the semiring U.

We have 1+ 1 = € and eU = 7(elU). If 2,y € eU and 2 ~p y then © = ex = ey = y,
since E is fiber conserving. Thus the restriction 7|eU is an isomorphism from the bipotent
semiring e/ onto the semiring U (which thus is again bipotent).

We are ready to prove that U is supertropical, i.e. that axioms (3.3), (3.3”), (3.4) from
§3 are valid. It is obvious that U inherit properties (3.3') and (3.4) from U. Let z,y € E be
given with ez = ey, i.e. e = ey. Then ex = ey; hence x + y = ex by axiom (3.3") for U.
Applying the homomorphism 7 we obtain z + 4 = €. Thus U also obeys (3.3"). O

Remark 6.7. Theorem 6.6 tells us, in particular, that every MFCFE-relation E on U is of
the form E(«) for some semiring homomorphism o« : U — V with «|eU bijective, namely,

Theorem 6.8. Assume that o : U — V' is a multiplicative map. Let E be an MFCE-relation
on U, which is respected by «, i.e., x ~g y implies a(z) = a(y). Clearly, we have a unique
multiplicative map & : U/E — V with @ o g = a.

Then, if a is a transmission (a semiring homomorphism), the map & is of the same kind.

Proof. Corollary 6.2 gives us all the claims, since g is a surjective homomorphism. 0

Definition 6.9. We call a map o : U — V' between supertropical semirings a fiber con-
traction, if o is transmissive and surjective, and the map v : eU — eV covered by a 1is
strictly order preserving.

Notice that then « is a semiring homomorphism (cf. Proposition 5.10.iii) (hence « is a
transmission), and + is an isomorphism from eU to eV.

Scholium 6.10.

i) If E is an MFCE-relation on U, by Theorem 6.6, the map 7 : U — U/E is a fiber
contraction. On the other hand, if a surjective fiber contraction o : U — V 1is given,
then clearly E(«) is an MFCE-relation, and, as Theorem 6.8 tells us, « induces a
semiring isomorphism & : U/E(a) = V with & = & o Tg). In short, every fiber
contraction o on U is a map wg with E an MFCFE-relation on U uniquely determined
by «, followed by a semiring isomorphism.

ii) If the semiring isomorphism & is the identity idy; of M := eU (in particular eU =
eV ), we say « is a fiber contraction over M.

If FE is an equivalence relation on a set X, and Y is a subset of X, we denote the set of
all equivalence classes [z]p with x € Y} by Y/E.
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Example 6.11. Assume that U is a supertropical domain (cf. 8.14). Then the equiv-
alence relation Ey introduced in Example 6.4.v is MFCE, and T(U) is a union of E-
equivalence classes. The ring U = U/E; is a supertropical domain with T(U) = T(U)/E;
and G(U) = G(U). The ghost map of U maps T(U) bijectively to G(U); hence gives us a
monoid isomorphism v : T(U) = G(U). Thus (in notation of Evamples 3.18)

U/E; = D(G(U)).
The map 7, s a fiber contraction over eU = eU/Ey.

Example 6.12. (cf. Proposition 5.17) Let U be a supertropical semiring, M := eU, and let
L be a submonoid of (M,-) with M - (M \ L) C M \ L. Then the map o : U — U with
alx) =z ifex € L, a(x) = ex if ex € M\ L, is a fiber contraction over M. The image of «
is the subsemiring v, (L) U (M \ L) of U.

Example 6.13. Let again U be a supertropical semiring and M = eU. But now assume
only that L is a subset of M with M - (M \ L) C M\ L. We define an equivalence relation
E(L) on U as follows:

rT~pryy & either x=y or ex=eyc M)\L.

One checks easily that E(L) is MFCE. But if L is not a submonoid of (M,-), then in the
supertropical semiring U := U_/E(L) the set T(U) of tangible elements is not closed under
multiplication. In particular, U is not isomorphic to a subsemiring of U.

For later use we introduce one more notation.

Notation 6.14. If ¢ : R — U s a supervaluation and E is an MFCE-relation on U, let
¢/ E denote the supervaluation 7g o @ : R — U/E. Thus, for any a € R,

(p/E)a) = lp(a)le -
7. THE LATTICES C(p) AND Cov(v)

Given an m-valuation v : R — M on a semiring R, we now can say more about the class of
all supervaluations ¢ covering v. Recall that these are the supervaluations ¢ : R — U with
eU = M and vy o ¢ = v, in other words, epp = v. For short, we call these supervaluations
¢ the covers of the m-valuation v. It suffices to focus on covers of v which are tangibly
surjective, cf. Remark 4.4. (N.B. Without loss of generality, we could even assume that v is
surjective. Then a cover ¢ of v is tangibly surjective iff ¢ is surjective.)

Definition 7.1.

a) We call two covers p; : R — Uy, o : R — Us of v equivalent, if o1 > 9 and g >
©1, i.e., 1 dominates @9, and o dominates ;. If p; and ¢, are tangibly surjective
(without essential loss of generality, cf. Remark 4.4), this means that ¢y = a0 ¢
with v : Uy — U, a semiring isomorphism over M (i.e., ea(x) = ex for all x € Uy).

b) We denote the equivalence class of a cover ¢ : R — U of v by [¢], and we denote
the set of all these equivalence classes by Cov(v). {Notice that Cov(v) is really a
set, not just a class, since for any tangibly surjective cover ¢ : R — U, we have
U = ¢(R) U M; hence the cardinality of U is bounded by Card R + Card M.} On
Cov(v) we have a partial ordering: [p1] > [p2] iff ¢1 dominates po. We always regard
Cov(v) as a poset® in this way.

5— partially ordered set
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c) If a covering ¢ : R — U of v is given, we denote the subposet of Cov(y) consisting
of all [¢] € Cov(v) with [¢] > [¢)] by C(p). {Notice that this poset is determined by
¢ alone, since v = ep.}

In §5 we have seen that, given a tangibly surjective cover ¢ : R — U of v, the tangibly
surjective covers 1 : R — V dominated by ¢ correspond uniquely to the transmissive
surjective maps « : U — V which restrict to the identity on M = eU = eV. Scholium 6.10
from the preceding section tell us, in particular, the following

Theorem 7.2. Suppose that ¢ : R — U be a tangibly surjective covering of the m-valuation
v:R— M.

a) The elements [1p] of C(p) correspond uniquely to the MFCE-relations E on U wvia
[¥] = [¢/E).

b) Let MFC(U) denote the set of all MFCE-relations on U, ordered by the coarsening
relation: E; < Ey iff Ey 1s coarser than Ey, i.e., Ey C FEs, if the E; are viewed — as
customary — as subsets of U x U. The map E — [¢/E] is an anti-isomorphism (i.e.,
an order reversing bijection) from the poset M FC(U) to the poset C(p).

If (E; } i € I)is a family in MFC(U) then the intersection E := (.., E; is again an
MFCE-relation on U, and is the infimum of the family (F; } i€ l)in MFC(U). Since
MFC(U) has a biggest and smallest element, namely E(vy) and the diagonal of U in U x U,
it is now clear that the poset M FC(U) is a complete lattice. Thus, for any cover ¢ : R — U
of the m-valuation v : R — M, also the poset C(¢p) is a complete lattice. {We easily retreat
to the case that ¢ is tangibly surjective.}

The supremum of a family (E; | i € I) in MFC(U) is the following equivalence relation
F on U. Two elements x,y of U are F-equivalent iff there exists a finite sequence xy =
T,1,...,T, =y in U such that for each j € {1,...,m} the element x;_; is Ej-equivalent
to x; for some k € I.

Construction 7.3. Assume again that ¢ is tangibly surjective. The supremum \/,.; & of
a family (&; | i€ I)in C(p) can be described as follows. Choose for each i € I a tangibly
surjective representative 1v; : R — V; of &. Thus eV; = M, and 1; is a cover of v dominated
by ¢. Let e; :== ey, (= 1), and let V denote the set of all elements x = (x; | i € I) in the
semiring [[,c; Vi with e;x; = ejx; for i # j. This is a subsemiring of [[,c; Vi containing the
image M' of M in [[V; under the diagonal embedding of M into [[V;. We identify M' = M,
and then have

GU:1M:(€i‘iEI>:1v+1v.
It is now a trivial matter to verify that V' is a supertropical semiring by checking the axioms
in §3. We have eyV =€V = M' = M. The supervaluations v; : R — U; combine to a map
Vv R— 'V, given by

¥(a) == (Yi(a) |1 € 1) €V

for a € R. It is a supervaluation covering v, and ¢ : R — U dominates 1 (e.g., check the
axioms D1-D3 in §5). The class [] is the supremum of the family (&; ! iel)inC(p).

Given again a family (¢; | i € I) in C(p) with representatives ¢; : R — V; of the &;, we
indicate how the infimum A¢; in C'(¢) can be built, without being as detailed as above for
the supremum.

We assume that each supervaluation ); is surjective. The transmission ¢; : U — V; from
¢ to 1; is a surjective semiring homomorphism. We form the categorical direct limit (=
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colimit) of the family (d; ‘ i € I) in the category of semirings (cf. [Mit, Chap. II], [ML,
I1I, §3]). Thus we have a semiring V' together with a family of semiring homomorphisms
(o : V; =V | i € I) such that o; 0 6; = aj 0 §; for i # j, which is universal. This means
that, given a family (8; : V; - W | i € I) of homomorphisms with f3; 0 §; = f; 0 d; for i # j,
there exists a unique homomorphism 5 : V — W with o «; = ; for every ¢ € I. Choosing
some ¢ € [ let
e=0;00;,:U—V.

This homomorphism, which is independent of the choice of i, is surjective, due to universality,
since all maps §; : U — Vj are surjective. It turns out that the restriction |eU maps
eU = M isomorphically onto eV. We identify M with eV by this isomorphism and then have
eleU = 1y.

This can be seen as follows. Let v := vy and v; := vy, denote the ghost maps of U
and V;. For every i € I we have v; o §; = v. By universality we obtain a homomorphism
'V — M with poa; = v; for every ¢. Let j; denote the inclusion map from M to V;. We
have v; o 3; = idy; hence

IU,OOCZ'Oj,L'IVZ‘OjZ' :ldM
The surjective homomorphism a; maps M = eV, onto eV. We conclude that the restriction
a;| M gives an isomorphism from M onto eV, the inverse map being given by .

We identify M with eV via a;|M. Now «; : V; — V has become a surjective semiring
homomorphism over M (for every i). Thus also ¢ : U — V is a surjective homomorphism
over M. We conclude, that epsilon gives an MFCE-relation E(c) and the semiring V' is
supertropical. The supervaluation

Y :=ep = ;01 is dominated by every v; and [¢] = /\5,

Since V; = ¢;(R) U M for every i, the semiring V' and the «; can be described completely in
terms of the v; without mentioning U and the ;. We leave this to the interested reader.

Definition 7.4. We call a supervaluation ¢ initial if ¢ dominates every other supervalua-
tion Y with ep = exp. We then also say that ¢ is an initial cover of v := ep.

If an m-valuation v : R — M is given, a supervaluation ¢ : R — U is an initial cover of v
iff e = v and [¢] is the biggest element of the poset Cov(v).

Such an initial cover had been constructed explicitly in §4 in the case that v is a valuation,
namely, the supervaluation ¢, : R — U(v), cf. Definition 4.6 and Corollary 5.14. We now
prove that an initial cover always exists, although in general we do not have an explicit
description.

Proposition 7.5. Every m-valuation v : R — M has an initial cover. The poset Cov(v) is
a complete lattice.

Proof. Let (¢; | i € I) be a family of coverings of v which represents every element of the
set Cov(v). Now repeat Construction 7.3 with this family. It gives us a covering ¢ : R — V
of v which dominates all ¢;; hence is an initial covering of v. Of course, C(¢)) = Cov(v), and
thus Cov(v) is a complete lattice.

Notation 7.6. If v : R — M is any m-valuation, let @, : R — U(v), denote a fized
tangibly surjective initial supervaluation covering v. If v is a valuation, we choose for p, the
supervaluation constructed in Example 4.5.
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Notice that ¢, is unique up to unique isomorphism over M, i.e., if ¢» : R — V is another
surjective initial cover of v, there exists a unique semiring isomorphism « : U(v) = V which
restricts to the identity on M. We call ¢, “the” initial cover of v. The lattice Cov(v)
coincides with C(p,).

Given a supervaluation ¢ : R — U or an m-valuation v : R — M, we view the lattice
C(p) and Cov(v) as a measure of complexity of ¢ and v, respectively, and thus make the
following formal definition.

Definition 7.7. We call the isomorphism class of the lattice C(p) the lattice complexity
of the supervaluation ¢ and denote it by lc(p). In the same vein we call the isomorphism
class of the lattice Cov(v) the tropical complexity of the m-valuation v and denote it by
tre(v). We have tre(v) = le(g,).

The word “complexity” in Definition 7.7 should not be taken too seriously. Usually a
“measure of complexity” has values in natural numbers or, more generally, in some well
understood fixed ordered set. The isomorphism classes of lattices are not values of this kind.
Our idea behind the definition is that, if you are given a function m on the class of lattices
which measures (part of) their complexity in some way, then m olc, resp. m o trc, is such a
function on the class of supervaluations, resp. m-valuations.

Theorem 7.2 implies the following remarkable fact.

Theorem 7.8. If o : R — U and ¢ : R' — U are tangibly surjective supervaluations with
values in the same supertropical semiring U, then lc(¢) = le(¢').

Proof. Both lattices C'(y) and C(¢) are anti-isomorphic to M FC(U); hence are isomorphic.
U

Example 7.9. Let o : R — U be a tangibly surjective supervaluation. The identity
idy : U — U is also a supervaluation. It is the initial cover of the ghost map vy : U — elU.
We have lc(p) = tre(vy).

8. ORBITAL EQUIVALENCE RELATIONS

Our main goal in this section is to introduce and study a special kind of MFCE-relations on
supertropical semirings, which seems to be more accessible than MFCE-relations in general.
But for use in later sections, we will define more generally “orbital” equivalence relations on
supertropical semirings. They are multiplicative but not necessarily fiber conserving. The
relations we are looking for here then will be the orbital MFCE-relations.

In the following U is a supertropical semiring, and M := eU denotes its ghost ideal. We
always assume that 7 (U) is not empty, i.e., e # 1. We introduce the set

SWU):={zeU|2TU)cCTU)}

This is a subset of 7(U) closed under multiplication and containing the unit element 1;
hence is a monoid.

The monoid S(U) operates on the sets U and 7 (U) by multiplication. If 7(U) itself is
closed under multiplication then S(U) = T (U).

Let G be a submonoid of S(U). Then also G operates on U and on T (U). For any z € U
we call the set Gz the orbit of x under G (as common at least for G a group). We define a
binary relation ~¢ on U as follows:

r~gy < dg,heG:gxr=hy.
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Thus © ~¢ y iff the orbits Gx and Gy intersect. Clearly this is an equivalence relation on
U, which is multiplicative, i.e., obeys the rule (6.1) from §6. We denote this equivalence
relation by E(G).

The relation F(G) on U is MFCE, i.e., obeys also the rule (6.2) from §6, iff G is contained
in the “unit-fiber”

T.(U) :={x € T(U)|lex = e}
of T(U). The biggest such monoid is the unit fiber
S.(U):={geS(U)|eg=e}=T(U)NSU)

of S(U).

Example 8.1. Assume that R is a field and v : R — I'U{0} is a surjective valuation on R.
{In classical terms, v is a Krull valuation on R with value group I'.} Let

U:=U(v) = (R\{0}) uT U {0},

cf. Definition 4.6. Then S(U) is the multiplicative group R* = R\ {0} of the field R, and
Se(U) is the group of of units of the valuation domain

0, :={z € R|v(z) <1}.

Definition 8.2. We call an equivalence relation E on the supertropical semiring U orbital
if E = E(Q) for some submonoid G of S(U). We denote the set of all orbital equivalence
relations on U by Orb(U) and the subset Orb(U) N"MFC(U), consisting of the orbital MFCE-
relations on U, by OFC(U). { “OFC” alludes to “orbital fiber conserving”.} Consequently, we
call the elements of OFC(U) the orbital fiber conserving equivalence relations on U,
or OFCE-relations for short.

Example 8.3. It is evident that E(S(U)) is the coarsest orbital equivalence relation and
F = E(S.(U)) is the coarsest OFCE-relation on U. Assume now that U is a supertropical
domain. Then S(U) = T(U), Se(U) = T.(U), and G(U) = eT(U). E(S(U)) has just 3
equivalence classes, namely, T(U), G(U) and {0}. On the other hand, F is finer than the
MFCE-relation Ey introduced in Example 6.4.v, whose equivalence classes in T (U) are the
tangible fibers of the ghost map vy. Very often Ey is not orbital; hence F ; E.

Subexample 8.4. Let R = k[x] be the polynomial ring in one variable x over a field k.
Choose a real number ¥ with 0 < ¥ < 1, and let v be the surjective valuation on R defined by

v(f) = v/,
Thus, v: R — G U{0} with G the monoid {0" | n € No} C R. Finally, take
U= U(v) = (R\ {0}) UG U {0},
cf. Definition 4.6. We have S(U) = R\ {0} and

S.(U) ={f € R | deg f =0} = k\ {0},

the set of nonzero constant polynomials. If f,g € T(U) are given with ef = eg, i.e.,
deg f = degg, then f ~p g iff g = cf with ¢ a constant # 0. Thus, the set of F-equivalence
classes in T(U) can be identified with the set of monic polynomials in k|x], while the E-
equivalence classes are the sets { f € kx| } deg f = n} with n running thorough Ny. Forn = 0
this Ei-equivalence class is also an F'-equivalence class, while for n > 0 it decomposes into
infinitely many F-equivalence classes if the field k is infinite, and into |k|" F-equivalence
classes if k is finite.
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The semiring U/F (cf. §6) can be identified with the subsemiring V of U, which has as
tangible elements the monic polynomials in k[x] and has the same ghost ideal €V = eU as U.

O

Different submonoids G, H of S(U) may yield the same orbital equivalence relation E(G) =
E(H). But this ambiguity can be tamed.

Proposition 8.5. If G is a submonoid of S(U), then

G':={zeSU)|3geC:gxeC}
is a submonoid of S(U) containing G, and E(G) = E(G"). If G C S.(U) then G' C S.(U).
Proof. a) It is immediate that G’ is a submonoid of S(U) and that G C G'. Given z € G’ we

have elements g, h € G with gz = h. If in addition G C S.(U), then e = eh = (eg)(ex) = ex;
hence x € S.(U). Thus G’ C S.(U). It follows from G C G’ that E(G) C E(G").

b) Let x,y € U be given with = ~¢ y. We have elements ¢, g5 in G' with gjz = gyy. We
furthermore have elements hq, hy in G with hy1¢g} = g1 € G and hagh = g2 € G. Now
grhex = hihagix = hihagsy = higay.
Thus x ~¢ y. This proves E(G') C E(G); hence E(G) = E(G"). O

Definition 8.6. We call G’ the saturation of the monoid G (in U), and we say that G is
saturated if G = G'.

It is immediate that (G") = G’. Thus G’ is always saturated.

Example 8.7. If S(U) happens to be a group, then the saturation of a submonoid G of S(U)
is just the subgroup of S(U) generated by G. Indeed, the elements of G' are the x € S(U)
with g1z = gy for some g1, g2 € G, i.e., the elements gy go with g1, g2 € G.

Proposition 8.8. Let E be a multiplicative equivalence relation on U.
a) The set
Gp:={zeSU)|z~pl}
is a saturated submonoid of S(U).
b) If E = E(H) for some submonoid H of S(U), then Gg is the saturation H' of H.
c) In general, E(Gg) is the coarsest orbital equivalence relation on U which is finer than

E.
d) If E is MFCE then Gg C S.(U), and E(Gg) is the coarsest OFCE-relation on U
which is finer than E.

Proof. a): If x,y € Gg then © ~p 1, y ~g 1; hence 2y ~p y ~g 1, thus 2y € Gg. This
proves that G is a submonoid of S(U). Let x € G'; be given. We have elements g, h € Gg
with hx = g. It follows from g ~g 1, h ~g 1 that

x~phr=g~pgl.

Thus z € Gg. This proves that G, = Gg.
b): Assume that £ = F(H) with H a submonoid of S(U). For € S(U) we have

r~gpl <& ahl,hQGHihl.CE:hz & xeH.
Thus GE = H'.
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c): Let G := Gg. If © ~g y then g1z = goy with some g1, g, € G. From g1 ~g 1, g2 ~g 1,
we conclude that
T~ T = G2y ~E Y-
Thus E(G) C E. If H is any submonoid of S(U) with E(H) C E, then

HCGE(H) Cc Gg=G.

Thus E(H) C E(G).

d): Assume that F is MFCE. If x € Gg then we conclude from = ~g 1 that ez = e. Thus
Gg C S.(U). Every multiplicative equivalence relation on U which is finer than E is MFCE.
In particular, this holds for orbital relations. We learn from c) that E(Gg) is the coarsest
OFCE-relation on U finer than E. O

We denote the set of saturated submonoids of S(U) by Sat(S(U)) and the set of saturated
submonoids of S.(U) by Sat(S.(U)).

Scholium 8.9. Propositions 8.5 and 8.8 imply that we have an isomorphism of posets
H — E(H) from Sat(S(U)) to Orb(U), mapping Sat(S.(U)) onto OFC(U), with inverse
map E — Gg. {Here, of course, both sets Sat(S(U)) and Orb(U) are ordered by inclusion.}

It is fairly obvious that Sat(S(U)) is a complete lattice. Indeed, the supremum of a family
(H; } i € I) of saturated submonoids of S(U) is the saturation H' of the submonoid of
S(U) generated by the H;, while the infimum of this family is the saturation ([, H;)’ of the
intersection of the family. Thus also Orb(U) is a complete lattice. It follows that Sat(S.(U))
and OFC(U) are complete sublattices of Sat(S(U)) and Orb(U), respectively.

Let Mult(U) denote the set of all multiplicative equivalence relations on U, partially or-
dered by inclusion. In §7 we have seen that the subposet M F'C(U) of Mult(U), consisting of
the MFCE-relations on U, is a complete lattice. In the same way one proves that Mult(U)
itself is a complete lattice, the supremum and infimum of a family in Mult(U) being given in
exactly the same way as in §7 for MFCE-relations. This makes it also evident that M FC(U)
is a complete sublattice of Mult(U).

We doubt whether Orb(U) and OFC(U) are always sublattices of Mult(U) and M FC(U),

respectively. But we have the following partial result.

Proposition 8.10. Let (G; | i € I) be a family of submonoids of S(U), and let G denote
the monoid generated by this family in S(U). Then, in the lattice Mult(U),

E(G) =\ E(G)).
iel
{N.B. Thus the same holds in MFC(U), if every G; C S.(U).}
Proof. Let F :=\/, E(G;) in Mult(U). Of course, F' C E(G) since each E(G;) C E(G). Let
x,y € U be given with x ~¢ y. We want to conclude that = ~g y, and then will be done.
We have gz = hy with elements g, h of G. Now ¢ and h are products of elements in | J; G;,

and for any ¢’ € |J, G; and z € U, we have z ~p ¢'z. It follows that  ~p gz and y ~p hy;
hence x ~p y. 0

We present an important case where OFC(U) and M FC(U) nearly coincide.

Theorem 8.11. Assume that every x € T (U) is invertible; hence T(U) is a group un-
der multiplication. {The main case is that U is a supertropical semifield.} Let E be an
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MFCE-relation on U. Then either E = E(v), i.e., E is the top element of MFC(U) (cf. Ex-
ample 6.4.11), or E is orbital.

Proof. a) Assume that there exists some zy € T(U) with zy ~p ex. Multiplying by z, ' we
obtain 1 ~p e, and then obtain x ~g ex for every x € U. Thus F = E(v).

b) Assume now that = g ex for every x € T(U) (i.e., E C E}). Clearly S.(U) = 7.(U).
Let

H:=GE)={zeT(U |:1:~E1}

Then E(H) C E. Given x,y € U with  ~g y, we want to prove that x ~y y. We have
ex =ey. If z € eU or y € eU, we conclude that x = y, due to our assumption on E. There
remains the case that both x and y are tangible. Then we infer from x ~g y that

=o'z ~galy.
Thus x~'y € H, which implies x ~g y. This completes the proof that £ = E(H). O

Corollary 8.12. If every element of T (U) is invertible, then the poset MFC(U)\ {E(v)}
is isomorphic to the lattice of subgroups of To(U).

We may apply this to the “initial” supertropical semiring

Uv) = (R\{0}) uT u{0}

associated to a surjective valuation v : R — I'U{0} on a field R. We obtain (cf. Example 8.1)

Scholium 8.13. If v is a Krull valuation on a field R with value group ', then the lattice
Cov(v) of equivalence classes of supervaluations covering v is isomorphz’c to the lattice of
subgroups of the unit group o}, of the valuation domain o, :={x € R } v(x) < 1}, augmented
by one element at the top.

9. INITIAL TRANSMISSIONS AND A PUSHOUT PROPERTY
We state the main problem which we address in this section.

Problem 9.1. Assume that U is a supertropical semiring with ghost ideal eU = M, and
v : M — M is a semiring homomorphism from M to a bipotent semiring M'. Find a su-
pertropical semiring U with ghost ideal eU" = M’ and a transmission o : U — U’ covering 7,
i.e., ¥ =y (cf. Definition 5.83), with the following universal property. Given a transmission
B U — V into a supertropical semiring V', with ghost ideal N := eV, and a semiring homo-
morphism 6 : M'" — N, such that % = 6~, there exists a unique transmission n : U — V
such that f =noa and n” = 0.

We indicate this problem by the following commuting diagram

U*>U’ >

Hi

M4>M/4>

where the vertical arrows are inclusion mappings.

We call such a map a : U — U’ a pushout transmission covering -y. This terminology
alludes to the fact that our universal property means that the left square in the diagram
above is a pushout (=cocartesian) square in the category STROP, whose objects are the
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supertropical semirings, and whose morphisms are the transmissions. To see this, just observe
that a map p : L — W from a bipotent semiring L to a supertropical semiring W is
transmissive iff p is a semiring homomorphism from L to elV followed by the inclusion
eW — W.

It is now obvious that, for a given homomorphism ~ : M — M’, Problem 9.1 has at most
one solution up to isomorphism over M’ and U. More precisely, if both o : U — U’ and
a1 : U — Uj are solutions, there exists a unique isomorphism p : U’ — U; of semirings over
M’ with ay = o/ o p.

We may cast the universal property above in terms of « alone and then arrive at the
following formal definition.

Definition 9.2. We call a map o : U — V' between supertropical semirings a pushout
transmaission if the following holds:

1) « is a transmission.

2) If p: V. — W is a transmission from U to a supertropical semiring W and 0 :
eV — eW is a semiring homomorphism with ¥ = § o o, then there exists a unique
transmission n : V. — W with ¥ =0 and B =no a.

We then also say that V is “the” pushout of U along ~.

The notion of a pushout transmission can be weakened by demanding the universal prop-
erty in Definition 9.2 only for W =V and ¢ the identity of eV. This is still interesting.

Definition 9.3. We call a transmission o : U — V' between supertropical semirings an
initial transmission, if, for any transmission B : U — W with eW = eV and ¥ = o,
there exists a unique semiring homomorphism n:V — W over eV = eW with  =no a.

Given a supertropical semiring U and a semiring homomorphism v : eU — N with N
bipotent, it is again clear that there exists at most one initial transmission o : U — V
covering ~y (in particular, eV = N) up to isomorphism over U and N.

We turn to the problem of existence, first for initial transmissions and then for pushout
transmissions. In the first case we can apply results on supervaluations from §4 and §7, due
to the following easy but important observation.

Proposition 9.4. Let o : U — V be a map between supertropical semirings and v : eU — eV
a semiring homomorphism. The following are equivalent:

a) « is a transmission covering -y.

b) « is a supervaluation on the semiring U with a(ey) = ey covering the strict m-
valuation v :=youvy : U — eV.

Diagram
U = 1%
el . eV

Proof. We have to compare the axioms SV1-SV4 in §4 plus the condition a(e) = e with the
axioms TM1-TM5 in §5. The axioms SV1-SV3 say literally the same as TM1-TMS3, and
the condition a(e) = e is TM4.

We now assume that « fulfills TM1-TM4. For every x € U we have a(ex) = ae)a(z) =
ea(zx). That « is a transmission covering v means that «(z) = y(z) for all z € eU. This is
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equivalent to a(ex) = y(ex) for all x € U; hence to the condition ea(z) = 7 o yy(x) for all
x € U. But this means that « is a supervaluation covering ~y o vy. 0

Theorem 9.5. Given a supertropical semiring U with ghost ideal M := eU and a surjective
homomorphism ~ : M — M’ to a bipotent semiring M', there exists an initial transmission
a:U — U covering 7.

Proof. We introduce the strict surjective valuation v = yo vy : U — M'. By §7 there exists
an initial surjective supervaluation ¢, : U — U(v) covering v. (In particular, eU(v) = M'.)
The other surjective supervaluations ¢ : U — V covering v are the maps nr o ¢, with T’
running through the set of all MFCE-relations on U(v), as explained in §7.

Let f := py(ev) and e := ey) = 1. Proposition 9.4 tells us that 77 o ¢, is the initial
transmission covering v iff f ~7 e and moreover T is finer than any other MFCE-relation
on U(v) with this property. Now we invoke the following easy lemma, to be proved below.

Lemma 9.6. If W is a supertropical semiring and X is a subset of W, there exists a unique
finest MFCE-relation E on W with x ~g ewx for every v € X.

We apply the lemma to W = U(v) and X = {f}, and obtain a finest equivalence relation
T on U(v) with f ~r ef. But

ef = vy o puler) = v(ey) =e.

Thus, T is the unique finest MFCE-relation on U(v) with f ~7 e, and T gives us the wanted
initial transmission o = 7y 0 ©,. ]

Proof of Lemma 9.6. The set M of all MFCE-relations F' on W with x ~g ex for all x € X is
not empty, since it contains the relation E (v ). The relation E := AM, i.e., the intersection
of all F' € M, has the desired property. O

Notation 9.7. We denote “the” initial transmission in Theorem 9.5 by oy, the semiring
U' by U,, and the equivalence relation E(ay.) by E(U, 7).

This notation is sloppy, since ay, is determined by U and 7 only up to isomorphism.
But E(U,~) truly depends only on U and 7. The ambiguity for oy, can be avoided if v is
surjective, due to the following lemma.

Lemma 9.8. If a: U — V s an initial transmission covering a surjective homomorphism
~v: M — M, then « itself is a surjective map.

Proof. V; := «(V) is a subsemiring of V' and thus a supertropical semiring itself. Replacing
V by Vi we obtain from « a surjective transmission oy : U — Vi. Since « is initial there
exists a unique transmission 1 : V. — V; over M’ with ay = na. Also a = jag with j the
inclusion from V; to V. By the universal property of a we conclude from o = jna that jn is
the identity on V. This forces V = V;. O

Thus, if v is surjective, we have a canonical choice for U, and ay ., namely, U, = U/E(U, )
and oy, = my4. Usually we will understand by U, and ay, this semiring and transmission.

In light of Theorem 9.5 our main Problem 9.1 can be posed as follows: Given U and =, is
ayy U = U, a pushout transmission?

We assume in the following that v : M — M’ is surjective and M’ is a cancellative bipotent
domain; hence v = youvy is a strict surjective valuation. In this case we will obtain a positive
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solution of the problem. The point here is that we can give an explicit description of U, and
ay,, which allows us to check the pushout property.

We already have an explicit description of ¢, : U — U(v), given by Example 4.5. Thus
all we need is an explicit description of the finest MFCE-relation 7" on U(v) with f ~rp e.
We develop such a description in a more general setting.

Assume that U is a supertropical semiring, e := ey, and f is an idempotent of U. The
ideal L := fU of U is again a supertropical semiring with unit element f (under the addition
and multiplication of U), since L is a homomorphic image of U. We have ef, = f + f =ef.

If F' is an equivalence relation on the set L, there is a unique finest equivalence relation F
on U extending F. It can be described as follows. Let x1,25 € U. Then 1 ~g x5 iff either
1 = T or x1 € L, 19 € L and x1 ~p x9. We call E the minimal extension of the
equivalence relation F' to U.

Lemma 9.9. Let F' be an equivalence relation on fU, and let E denote the minimal extension
of F to U.

a) If F is multiplicative, then E is multiplicative.

b) If F' is fiber conserving, so is E.

Proof. Assume that z1, x5 are elements of U with 27 ~p 5. Assume (without loss of gener-
ality) that also x1 # x9. Then z1,z9 € fU and x; ~p .
If F'is multiplicative then, for any z € U,

r1z =21(f2) ~p 22(f2) = 2225

hence x1z ~g x9z. Thus E is multiplicative.
If F' is fiber conserving, then

exry = (ef)ry = (ef)ry = exs.

Thus F is fiber conserving. U

Proposition 9.10. Assume that U is a supertropical semiring, e := ey, and f is an idem-
potent of U. We define a binary relation E on U be decreeing (z1,x2 € U)

x1 ~g xy iff either x1 =25 or x1,x9€ fU and ex; = exs.

a) E is an MFCE-relation on U.
b) Ifef = e, then e ~p f, and E is finer than any other multiplicative equivalence relation
E" on U with e ~p f.

Proof. a) We apply the preceding lemma with F' the relation E(vy) (cf. Examples 6.4.ii)
on the supertropical semiring L := fU. The minimal extension of F' to U is the relation £
defined in the proposition. Indeed, for xy,29 € L we have x1 ~p x5 if efry = efx,. Since
fx;=z; (i =1,2), this means that ex; = exs. By Lemma 9.9 the relation £ is MFCE.

b) Assume now that ef = e, i.e., e € L. Then e ~p f by definition of E. Let E’ be any
multiplicative equivalence relation on U with e ~g f. If 21,29 € U and z; ~g x5 we want
to conclude that xy ~g 9. We may assume that x; # x5. Then z1, x5 € fU and ex; = exs.
Now x; ~p ex; (i = 1,2); hence x1 ~pg xo, as desired. O

We are ready for a solution of Problem 9.1 in the case that v : M — M’ is surjective and
M’ is a cancellative bipotent semidomain; hence v = 7 o v is a strict surjective valuation.
As before, let T denote the finest MFCE-relation on U(v) with f ~p e for e := ey, and
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f = wu(er). Recall from the proof of Theorem 9.5 that ef = e. Thus Proposition 9.10
applies. We spell out what the proposition says in the present case.

For that we write the semiring U(v) and the map ¢, in a way different from Definition 4.6.
Let U denote a copy of U disjoint from U with copying isomorphism z — &. We use this

to distinguish an element x € U \ q, with q := suppwv, from the corresponding element in
T(U(v)). Thus we write

Uw) = (U\gq) UM
with q:= {2 | z € U, y(eyz) = 0}, and ¢,(z) = & for € U \ q, ¢,(z) = 0 for x € g. Notice
that fU(v) = (M \ §) UM’ with M = {& | 2 € M}.

According to Proposition 9.10 the equivalence relation 7" has the following description.
Let y1,y2 € U(v) be given with y; # yo. Then y; ~p yo iff y3 = Z1, yo = T2, with either
x1,x2 € M and y(epx1) = y(eyxs) or x1, 29 € U and y(epz1) = y(epxz) = 0. We may choose
U, =U(v)/T and ay, = 71 o ¢,. The transmission o := ay,, is a surjective map from U
to U,, and the equivalence relation E(«) is the relation E(U,v) defined in Notation 9.7.
Thus E := E(U,~) has the following description: If x1,29 € U and 27 # x5 then

x1 ~p Ty < y(eprr) = y(epxa), and if 21 € T(U) or 2 € T(U), v(eyzy1) = 0.

Having found E(U,~) we now redefine U, = U/E(U,v), auvy = Tpw.). We arrive at the
following theorem.

Theorem 9.11. Let U be a supertropical semiring, e := ey (different notation than be-
fore!), M := eU, and assume that v : M — M' is a surjective homomorphism from M
to a cancellative bipotent semidomain M'. Then E := E(U,~y) can be described as follows
(1,29 € U):

Ty ~g Ty iff 1 = xe, or ~y(exy) = y(exs), exy =xy, exg =x9, or y(exy) = y(exy) =0.

Thus this binary relation on U is a multiplicative equivalence relation, and g : U — U/E
15 the initial transmission covering 7.

N.B. Observe that most often 7 is not a homomorphism.

Theorem 9.12. If v is surjective and M’ is a cancellative bipotent semidomain, then oy,
1 a pushout transmission.

Proof. Let o :== ay, = nmp : U = U/E with E := E(U,~). Assume that 6 : M’ — N is a
homomorphism from M’ to a bipotent semiring N and §: U — V is a transmission covering
0y : M — N, i.e., with ey = dvey. (In particular eV = N.)

We want to verify that § respects the equivalence relation E, i.e., given xq,xo € U, that

r1 ~p o implies [(z1) = B(x2).

We may assume that x; # xo. If 21 or x5 is tangible then y(ex;) = 7y(exs) = 0; hence
ey f(x;) = 0y(ex;) = 0 for i = 1,2. This implies B(x1) = f(x9) = 0. Assume now that both x;
and x5 are ghost. Then 7y(ex1) = y(exz); hence dvy(exy) = 0y(exs), i.e., ey S(z1) = ey fB(xz).
But both f(x1) and §(xs) are ghost or zero. Thus f(x;) = (z2) again.

Since « is surjective, it follows that we have a well-defined map p : U/E — V with 8 = pa.

Now Proposition 6.1 tells us that p is a transmission, since both « and f are transmissions
and « is surjective. We have

vypa = vyl = 0yvy = dvgua.
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Since « is surjective, this implies that vy p = dvgy, i.e., p covers d. The pushout property
of «v is verified. 0

Assume now that U is any supertropical semiring, M := eU, and v : M — M’ is an
injective semiring homomorphism from M to a bipotent semiring M’. Then Problem 9.1
can be solved affirmatively in an easy direct way, as we explicate now.

We may assume, without loss of generality, that M is a subsemiring of M’ and + is the
inclusion from M to M’'. We define a semiring U’ as follows. As a set, U’ is the disjoint
union of the sets U and M’ \ M. We have U C U', M' Cc U, UUM' =U', UNM' = M.
Let v denote the ghost map from U to M, v = vy. We define addition and multiplication on
U by taking the given addition and multiplication on U and on M’, and putting

x-z=z-z=v(x) 2z

r+z=z4+z=v(r)+z2
for x € U, 2 € M'. In the cases that + € M and z € M', or x € U and z € M, these
new products are the same as the ones in M’ or U, respectively. Thus we have well-defined
operations - and + on U’. One checks in any easy and straightforward way that they obey
all semiring axioms. Thus U’ is now a commutative semiring with 1» = 1. It clearly obeys
the axioms (3.3'), (3.3"), (3.4). Thus U’ is supertropical. We have ey = ey, eU’ = M/,
TWU) =T().

Definition 9.13. We call U’ the supertropical semiring obtained from U by extension
of the ghost ideal M to M'. We also say, more briefly, that U’ is a ghost extension
of U.

Let o denote the inclusion U — U’. It is obvious that « is a transmission covering the
inclusion v : U < U’. We verify that « is a pushout transmission.

Let 6 : M" — N be a homomorphism from M’ to a bipotent semiring N and f: U — V
a transmission covering . This means that eV = N, and

(1) B(x) = d(z) for x € M.
Clearly, we have a unique well-defined map p : U' — V with p|U = 8 and
(2) p(z) =d(z) for x € M'.
We have p(0) =0, p(1) =1, p(ey’) = ey. One checks easily that p is multiplicative.
We now know that p is a transmission covering d. We have proved the following theorem.

Theorem 9.14. Assume that M’ is a bipotent semiring and M is a subring of M'. Assume
further that U is a supertropical semiring with ghost ideal M, and U’ is the supertropical
semiring obtained from U by extension of the ghost ideal M to M'. Then the inclusion
mapping U — U’ is a pushout tranmission covering the inclusion mapping M — M’.

Combining Theorems 9.12 and 9.14, we obtain the most comprehensive solution of Prob-
lem 9.1 that we can offer here.

Theorem 9.15. ¢ Let v : M — M’ be a homomorphism between bipotent semirings, and
assume that the bipotent semiring (M) is a cancellative. {N.B. This holds if M’ is a
cancellative.} Let U be a supertropical semiring with eU = M. Then ay, : U — U, is a
pushout transmission.

6There exist pushout transmissions, which are not covered by this theorem, cf. [IKR, Proposition 3.17].
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Proof. We have a factorization v = io%¥, with 4 the map x +— ~(x) from M to the subsemiring
v(M) of M’, and i the inclusion from (M) to M’. By Theorems 9.12 and 9.14 there exist
pushout transmissions o : U — U and 3 : U — U’ covering ¥ and i, respectively. Now look
at the commutative diagram

M#V(M)(f M

where the vertical arrows denote inclusions. Here the left and the right square are pushout
diagrams in the category STROP of supertropical semirings and transmissions. Thus also
the outer rectangle is a pushout in this category (cf., e.g., [ML, §7]), i.e., Sa is a pushout
transmission. If ay, : U — U, is any prechosen initial covering of 7, there exists an
isomorphism p : U" — U, over M’ with pfa = ay. Thus also ay,, is a pushout transmission.

O

10. THE GHOST SURPASSING RELATION; STRONG SUPERVALUATIONS
Let U be any supertropical semiring. If z,y € U, it has become customary to write
x =y + ghost

if  equals y plus an unspecified ghost element (including zero). In more formal terms we
have a binary relation }= on U defined as follows:
gs
Definition 10.1.
r Ey & Jzeel withex=y+ 2.
gs
We call &= the ghost surpassing relation on U or GS-relation, for short.
gs
The GS-relation seems to be at the heart of many supertropical arguments. Intuitively

x £ y means that x coincides with y up to some “negligible” or “near-zero” element, namely
gs
a ghost element. But we have to handle the GS-relation with care, since it is not symmetric.

In fact it is antisymmetric, see below.
The GS-relation is clearly transitive:

Ty ykEz = x Ez
gs gs gs
It is also compatible with addition and multiplication: For any z € U, = [ y implies
r+z Ey+z and 2z Eyz. i
We gE)Sbserve the followgf;?ng further properties of this subtle binary relation.
Remark 10.2. Let x,y € U.
Hzr=y =z Fy = v®)=ry).
(i) If e € T(U) SS{O}, thenx Ey & x=y.
(iii) If x € G(U) U {0}, then x g{:s y < v(r) >v(y).
gs
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(iv) x E0iff x=eU.
gs

Lemma 10.3. The GS-relation is antisymmetric, i.e.;
TRy Yy Er = x=y
gs gs
Proof. If x € T(U) or y € T(U) this is clear by Remark 10.2.ii. Assume now that both
z,y € eU. Then v(z) > v(y) and v(y) > v(z) by Remark 10.2.iii; hence v(z) = v(y), i.e.,
T =Y. U
Proposition 10.4.
(i) Assume that o : U — V' is a transmission. Then, for any x,y € U,
rEy = a) Faly)
gs gs
(ii) Assume that ¢ : R — U and ¢ : R — V are supervaluations with ¢ > 1. Then for

any a,b € R
p(a) g!S: p(b) = v(a) ng: (D).

Proof. 1): Let = £ y. If x is tangible or zero, then x = y; hence a(x) = a(y). If x is ghost,
gs
then v(x) > v(y); hence

v(e(z)) = a(v(z) = a(v(y)) = v(a(y))

by rule TM5 in §5. Since a(x) is ghost, this means a(z) & a(y), cf. Remark 10.2.iii above.
gs

ii): We may assume that the supervaluation ¢ is surjective. By §5 we have a (unique)

transmission « : U — V with o ¢ = 1. Thus the claim follows from part i). U

We cannot resist giving a second proof of part ii) of the proposition relying only on
Definition 5.1 of dominance (conditions D1-D3).

Second proof of Proposition 10.4.1. Assume that ¢(a) £ ¢(b). If ¢(a) is tangible or zero,
then ¢(a) = ¢(b); hence ¥(a) = 1¥(b) by D1; hence @Dgza) = (b). If p(a) is ghost then
ep(a) > ep(b); hence ey(a) > e(b) by D2. By D3 thegZIement Y(a) is ghost. Thus
(a) gt:w(m again, 0

The GS-relation seems to be helpful for analyzing additivity properties of supervaluations.

Lemma 10.5. If ¢ : R — U is a supervaluation on a semiring R with p(a) 4+ ¢(b) € eU,
then

w(a) + ¢(b) g|= p(a+b). (%)

Proof. Let v : R — eU denote the m-valuation covered by ¢, v = ep. We have v(a + b) <

v(a) + v(b); hence ep(a +b) < e(p(a) + ¢(b). If ¢(a) + ¢(b) € eU, this shows that

p(a) +¢(b) = ela+b). O
gs

It will turn out to be desirable to have supervaluations on R at hand, where the property
(*) holds for all elements a, b of R.
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Definition 10.6. We call a supervaluation ¢ : R — U tangibly additive, if in addition
to the rules SVI1-SV4 from §4 the following aziom holds:

SV5: Ifa,b e R and p(a) + o(b) € T(U), then ¢(a)+ ¢(b) = p(a +b).
Proposition 10.7. A supervaluation ¢ : R — U s tangibly additive iff for any a,b € R
pla) +o(b) = elatb).
gs

Proof. This is clear by Lemma 10.5 and Remark 10.2.ii above. U
Corollary 10.8. If o : R — U is tangibly additive, then for every finite sequence ay,. .., ay,

of elements of R
Z pla:) (Z az') :

Proof. This holds for m = 2 by Proposition 10.7. The general case follows by an easy
induction using the transitivity of the GS-relation. O

Comment: We elaborate what it means that a given supervaluation ¢ : R — U is tangibly
additive in the case that the underlying m-valuation v = ep : R — eU is strong.

Let a,b € R be given with ¢(a)+ ¢(b) € T(U), i.e., v(a) # v(b), and assume without loss
of generality that v(a) < v(b). Then v(a + b) = v(b). Hence, ¢(a + b) is some element of
the fiber ;' (v(b)); but the axioms SV1-SV4 say little about the position of ¢(a + b) in this
fiber. SV5 demands that ¢(a + b) has the “correct” value ¢(a) + ¢(b) = ¢(b). O

Concerning applications the strong m-valuations seem to be more important than the
others. (Recall that any m-valuation on a ring is strong.) Thus the tangibly additive
supervaluations covering strong m-valuations deserve a name on their own.

Definition 10.9. We call a supervaluation ¢ : R — U strong if ¢ is tangibly additive
and the covered m-valuation ep : R — el 1is strong.

We exhibit an important case where a tangibly additive supervaluation is automatically
strong.

Proposition 10.10. Assume that ¢ : R — U is a tangible (cf. Definition 4.1) and tangibly
additive supervaluation. Then ¢ is strong.

Proof. We have to verify that v := ep is strong. Let a,b € R be given with v(a) # v(b).
Suppose without loss of generality that v(a) < v(b). Then ¢(a),(b) € U and ¢(b) # 0.
Since ¢ is tangible, p(b) € T(U). Tt follows that ¢(a) + ¢(b) € T(U); hence
pla) +p(b) = pla+D),
because ¢ is tangibly additive. Multiplying by e we obtain
v(a) +v(b) =v(a+0).
U
We now are ready to aim at an application of the supervaluation theory developed so far.
We start with the polynomial semiring R[] = R[Aq,...,\,] in a sequence A = (Ay,..., A\)

of n variables over a semiring R. Let ¢ : R — U be a tangibly additive valuation with
underlying m-valuation v: R — M, M = eU.
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Given a polynomial
f=Y e\ eR[ (10.1)
in the usual multimonomial notation (¢ runs though the multi-indices i = (iy, ..., 4,) € N,
A=A A only finite many ¢; # 0), we obtain from f polynomials

B(f) = Zw(cw e U[N,

5(f) = ) wv(e)X € M[A],

by applying ¢ and v to the coefficients of f. This gives us maps
©: RN — U\, ©: R[N — M[\.
.,an € R™) be an n-tuple of elements of R. It gives us n-tuples

v(a) = (v(ay),...,v(ay))

Let a = (ay, ..
: R[A] — R, which sends the

pla) = (plar), .. plan)),

in U™ and M", respectively. We have an evaluation map ¢,

polynomial f (notation as in (10.1)) to

calf) = fla) = ) ed (10.2)

and analogous evaluation maps

gap(a)(f) : UP\] - U,

These evaluation maps are semiring homomorphisms. We have a diagram

o) (f) : MA] = M.

R[N — R
5 i
€p(a) U

U

(and an analogous diagram with v instead of ) which usually does not commute. But it

commutes “nearly”.

Theorem 10.11. For f € R[]

o (P(f) = wlealf)):
gs

= (>, ¢;a'), while

Proof. Let again f =Y, ¢;\". Now p(g,(f))
Ep(a)(@(f) = Z p(ei)pla) = ZSO(Cz'ai)-

Thus the claim is that
E plea’) F ol E cia').
i &8 i

This follows from Corollary 10.8 above.
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We draw a consequence of this theorem. Let

Z(f) = {a€R"|[ f(a) =0},
the zero set of f. Let further

Zo(@(f) = {be U™ | &(f)(b) € U},
which we call the root set of &(f). For a € Z(f) we have ¢ (3, c;a’) = 0. It follows by
Theorem 10.11 that @(f)(p(a)) £ 0, i.e., (f)(¢(a)) is ghost.
gs

We have proved
Corollary 10.12. If ¢ : R — U is tangibly additive, then, for any f € R[)],

w(Z(f)) C Zo(o(f))-
U

Assume now that ¢ is tangible and tangibly additive; hence strong (cf. Proposition 10.10).
Then, of course, p(Z(f)) C T(U)3 with T (U)o := T(U) U {0}. Thus we have

e(Z(f) € Zo(@(f))san (%)
with
Zo(a(f))tan = ZO(&(f)) N T(U)g,
which we call tangible root set of &(f). We want to translate (%) into a statement about
the relation between Z(f) and the so called “corner locus”, of the polynomial o(f) € M[],
to be defined.

We call a polynomial g = >, d;\' € M[)] a tropical polynomial, and define the corner-
locus Corn(g) of g as the set of all b € M™ such that there exists two different multi-indices
J, k € Nj with

d;t) = dpb* > d;b’
for all ¢ # j,k. We also say that Corn(g) is the tropical hypersurface defined by the
tropical polynomial g.

This is well established terminology at least in the “classical case” that M is the bipotent
semiring 7'(R) given by the order monoid (R, + ), the so called max-plus algebra of R (cf. §1,
[IMS, §1.5]). A small point here is, that we admit coordinates with value 0y, =: —o0o, which
usually is not done in tropical geometry. On the other hand we could work as well with
Laurent polynomials. Then of course we would have to discard the zero element.

Returning to our tangible strong supervaluation ¢ : R — U and the m-valuation

v=ep: R— M,

we look at the tropical polynomial

from above. Let a € R". Then
B(f)e(a) = > plaa),

and all summands are the right side are in 7 (U)p. Thus the sum is ghost iff the maximum
of the v-values

v(p(eia’)) = v(ev(a’) (i € Np)
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is attained for at least two multi-indices. This means that v(a) € Corn(d(f)).
Thus (*x*) has the following consequence

Corollary 10.13. Let v : R — M be a strong m-valuation on a semiring R. Assume that
there exists a tangible supervaluation ¢ : R — U covering v. Then for any polynomial
f € R,

v(Z(f)) < Corn(o(/f)).

We have arrived at a very general version of the Lemma of Kapranov ([EKL, Lemma
2.1.4]), as soon as we find a tangible cover ¢ : R — U of the given m-valuation v : R — M.
This turns out to be easy in the case that M is cancellative (i.e., v is a strong valuation).

Lemma 10.14. Suppose there is given a tangible multiplicative section of the ghost
map v :U — M, i.e., amap s: M — T (U)o with s(0) =0, s(1) =1, s(xy) = s(x)s(y), and
v(s(xz)) =x for any x,y € M. Letv: R — M be a strong m-valuation. Then sov: R — U
15 a tangible strong supervaluation covering v.

Proof. Clearly ¢ = sv obeys SV1-SV4. Let a,b € R be given with v(a) < v(b). Then
v(a+b) = v(b); hence sv(a+b) = sv(b). Thus SV5 holds true. We have ep =vop =v. 0

Example 10.15. If U is a supertropical semifield, it is known that such a section s always
exists ([IR3, Proposition 1.6]).

Example 10.16. Assume that M is a cancellative bipotent semiring, and v : R — M 1is a

strong valuation. We take U := D(M\ {0}) (Example 3.18), for which we write more briefly
D(M). For every z € M there exists a unique x € T (U)o with v(z) = z. We write x = Z.
Clearly z — Z is a tangible multiplicative section of the ghost map, in fact the only one. By
the lemma we obtain a tangible supervaluation

v:R—=U, 0(z):=0v(2),
which covers v, in fact the only such supervaluation.

Looking again at Corollary 10.13 we now know that

v(Z(f)) € Corn(v(f)),

whenever v : R — M is a strong valuation and f € R[)].

11. THE TANGIBLE STRONG SUPERVALUATIONS IN Cov(v)

Given an m-valuation v : R — M, recall from §7 that the equivalence classes [p] of
supervaluations ¢ covering v form a complete lattice Cov(v). Abusing notation, we usually
will not distinguish between a supervaluation ¢ and its class [¢], thus writing ¢ € Cov(v)
if ¢ covers v. This will cause no harm in the present section. {N.B If you are sceptical
about this, you may always assume that ¢ is surjective, more specially, that ¢ = ¢, /E with
¢, the initial covering of v and E an MFCE-relation on U(v) (cf. Notation 6.14). These
supervaluations ¢ are canonical representatives of their classes [p].}

Lemma 11.1. Assume that ¢ : R — U and ¢ : R — V are supervaluation with ¢ > 1.
(i) If ¢ is tangible, then @ is tangible.
(ii) It ¢ is tangibly additive, then 1) is tangibly additive.
Proof. 1): is clear from the axiom D3 in the definition of dominance (cf. Definition 5.1).
ii): follows from Propositions 10.7 and 10.4.ii. O
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Starting from now we assume that v is a strong valuation (which means in particular that
M is cancellative). Let q denotes the support of v, i.e., g = v~1(0).

Notation 11.2. Cov(v) denotes the set of tangible supervaluations in Cov(v), and Covg(v)
denotes the set of strong (= tangibly additive) supervaluations in Cov(v). Finally, let

Covis(v) = Covi(v) N Covs(v),
be the set of tangible strong supervaluations covering v.

We already know by Example 10.16 that the set Covs(v) is not empty. Lemma 11.1 tells
us in particular that Covy(v) is an upper set and Covg(v) is a lower set in the poset Cov(v).

Let us study these sets more closely. We start with Covy(v). The initial supervaluation
vy : R — U(v) (cf. Definition 5.15) is the top (= biggest) element of Cov(v), and thus is
also the top element of Covy(v). This can also be read off from the explicit description of ¢,
in Example 4.5. The other elements of Cov(v) are the supervaluations ¢,/E : R — U(v)/E,
with E running through the MFCE-relations on U(v). We have to find out which MFCE-
relations £ on U(v) give tangible supervaluations ¢, /E.

Here is a definition which - for later use - is slightly more general than what we need now:

Definition 11.3. We call an equivalence relation E on a supertropical semiring U ghost
separating if for allz € T(U), y € U,

r~py = yeTWU)orz~g0.

If F is an MFCE-relation on U, then x ~g 0 only if z = 0. Thus, FE is ghost separating iff
T (U) is a union of EF-equivalence classes. This means that F is finer than the MFCE-relation
E; introduced in Examples 6.4.v, whose equivalence classes are the tangible fibers of vy and
the one-point sets in eU.

If p: R — Y is a surjective tangible supervaluation and F is an MFCE-relation on U,
then it is obvious that ¢/E : R — U/E is again tangible iff E is ghost separating. Thus we
see that ¢, /E; is the bottom (= smallest) element of Covy(v).

Now recall from Example 6.11 that, in the notion at the end of §10 (Example 10.16),

Uv)/E = D(M);

hence ¢, /E; coincides with the only tangible cover v of v with values in D(M), cf. Exam-
ple 10.16. We conclude that

Covi(p) = {9 € Cov(v) | ¥ > v}.

Again by Example 10.16 we know that v is strong. This ¢ is also the bottom of the
poset Covis(p).

We turn to Covg(v). We will construct a new element of this poset in a direct way. For
that reason we introduce an equivalence relation on R.

Definition 11.4. Let S(v) denote the equivalence relation on the set R defined as follows.
{We write ~, for ~g@).}
If a1,a0 € R then

ay ~y Gy <= either v(a;) = v(az) =0
or ey, ce € R, with v(cy) < v(ay), v(ce) < v(ag),
a1+ ¢ = ag + Co.
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It is easily checked that S(v) is indeed an equivalence relation on the set R, by making
strong use if the assumption that the valuation v is strong. This is the finest equivalence
relation £ on U such that a ~g a + ¢ if v(c) < v(a). Observe also that

ar ~y ay = v(ay) = v(az).
We claim that S(v) is compatible with multiplication, i.e.,
a1 ~y Gy = a1b ~, asb

for every b € R. This is obvious if a; € q or as € q, or b € q. Otherwise v(b) > 0, and
we have elements c1,co € R with v(c;) < v(ay), v(ce) < v(as), a3 + ¢1 = as + co. Then
a1b + ¢1b = asb + cob and

v(eb) = v(e)v(b) < wv(a;)v(b) = v(a;b)

for © = 1,2, since by assumption M is cancellative. Thus indeed a;b ~, azb.
We denote the S(v)-equivalence class of an element a of R by [a],. The set R := R/S(v)
is a monoid under the well defined multiplication

[a]v : [b]v = [ab]v

for a,b € R. The subset R\ q of R is a union of S(v)-equivalence classes and the subset
R\ q:=(R\q)/S(v) of Ris a submonoid of R. We have

R=R\q U {0}

with 0 = [0], = g.
_ Since a1 ~, ap implies v(a1) = v(az), we have a well defined monoid homomorphism
R — M, la], — v(a), which restricts to a monoid homomorphism

7:R\q — M)\ {0}
This map v gives us a supertropical semiring
U:=STR(R\ q, M \ {0},9),
cf. Construction 3.16. Notice that 7(U) = R\ q and eU = M. We identify 7(U)y = R.

Proposition 11.5. The map x : R — U given by
x(a):=0 if acq,  x(a):=la, e T(U)=R\q if a¢q,

15 a tangible strong supervaluation covering v.

Proof. 1t is obvious that x obeys the rules SV1-SV3 in the definition of supervaluations
(Definition 4.1). Due to our construction of U we have vy o x = v. Thus x also obeys SV4,
and hence is a supervaluation covering the strong valuation v. It is clearly tangible.

It remains to verify that x is tangibly additive. Let a,b € R be given with y(a) + x(b) €
T(U),ie., v(a) # v(b). Assume without loss of generality that v(a) < v(b). Then a+b ~, b.
This means that y(a + b) = x(b), as desired. O

We strive for an understanding of the set of all ¢ € Cov(v) which are dominated by this
supervaluation y. We need a new definition.
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Definition 11.6. We call a supervaluation ¢ : R — V wvery strong, if

SV5* :Va,b e R:ep(a) <ep(b) = ¢(a+b) = ¢(b).

Clearly SV5* implies that the m-valuation v is strong. If we require this property only for
a,b € R with ep(a) < ep(b) and (b) tangible, we are back to condition SV5 given above
(Definition 10.6). Thus, a very strong supervaluation is certainly strong. On the other hand,
every tangible strong supervaluation is very strong.

Lemma 11.7. If ¢ : R — V is very strong, then any supervaluation v : R — W dominated
by ¢ is again very strong.

Proof. Let a,b € R be given with ep(a) < e(b). It follows from axiom D2 that ep(a) <
ep(b), since ep(a) > ep(b) would imply er(a) > e (b). Thus p(a+b) = ¢(b), and we obtain
by D1 that ¢ (a + b) = ¢(b). O

Returning to our given strong valuation v : R — M, let Cov’(v) denote the subset of all
¢ € Cov(v) which are very strong. Lemma 11.7 tells us in particular that Cov}(v) is a lower
set in the poset Cov(v), and hence is Covg(v). We have

Covi(v) N Covi(v) = Covi(v) N Covs(v) = Covyg(v).

Theorem 11.8. The tangible strong supervaluation x : R — U from above (Proposition

11.5) dominates every very strong supervaluation covering v, and hence is the top element
of both Cov}(v) and Covis(v).

Proof. Let b : R — V be a very strong supervaluation covering v (in particular eV = M).
We verify axioms D1-D3 for the pair x, ¢, and then will be done. D2 is obvious, and D3
holds trivially since y is tangible. Concerning D1, assume that x(a;) = x(az2). By definition
of x this means that a; ~, as.

We have to prove that 1(a;) = 1(ag). Either aj,as € q, or there exist ¢;,¢y € R with
v(er) < v(ay), v(cy) < wv(az), ¢1 + a1 = ca + az. In the first case ey(ay) = er(az) = 0 hence
Y(a1) = ¥(az) = 0. In the second case we have

Y(ar) = ¢(a1 + ) = ¢(az + ) = ¢(a2)
since ¢ is very strong. Thus ¥(a;) = ¥ (as) in both cases. O

Notation 11.9. We denote the semiring U given above by U(v) and the supervaluation x
gwen above by p,. We call

@, B — U(v) =STR(R\ g, M\ {0},0)
the wnitial very strong supervaluation covering v.

In this notation
Covi(v) = {¢ € Cov(v)|p, >},
Covis(v) = {¢ € Cov(v) | B, > > v}

Let E(v) denote the equivalence relation on U(v) whose equivalence classes are the sets
[a], with a € R\ q = T(U(v)) and the one point set {x} with z € M. In other terms, the
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restriction E(v)|T (U) coincides with S(v)|R \ q, while E(v)|M is the diagonal diag(M) of
M. We identifty
U(v)/E(v) = U(v)

in the obvious way.
Proposition 11.10. E(v) is a ghost separating MFCE-relation and
By = o/ E(v).
Proof. Tt is immediate that F(v) is MFCE and ghost separating. For a in R\ q we have

ToE (po(@)) = Tsw)(a) = [a], = P, (a)
and for a € q
71'E(v)(QO”U(a)) = TE(@) (a) =0= @v(a)a
again, Thus 7g(,) is the transmission from ¢, to @,,. 0

Corollary 11.11. The MFCE-relations E on U(v) such that p,/E is very strong are pre-
cisely all E € MFC(U(v)) with E D E(v).

Proof. This is a consequence of our observations above (Lemma 11.7, Theorem 11.8, Propo-
sition 11.10) and the theory in §7, cf. Theorem 7.2. O

We now focus on the special case that R is a semifield. Slightly more generally, we assume
that every element of R\ q is invertible, while q may be different from {0}.

T(U(v)) = R\ q is a group under multiplication. Thus the results from the end of §8
apply. We have

Te(U(v)) ={a € R|v(a) = 1u} =0y,
with o} the unit group of the subsemiring
o, :={a€R|v(a) <1y}
of R. Notice that the set
m, =0, \0, ={a € R|v(a) <1y}

is an ideal of 0,, just as in the classical (and perhaps most important) case, where R is a
field and v is a Krull valuation on R.

By Theorem 8.11 and Corollary 8.12 we know that every MFCE-relation on U(v) except
E(v) is orbital, hence ghost separating. We have

wo/E(V) =,
viewed as a supervaluation. The other supervaluations ¢ covering v correspond uniquely
with the subgroups H of o} via ¢ = ¢,/FE(H); cf. Scholium 8.9.
Instead of U(v)/E(H) and ¢,/E(H) we now write U(v)/H and ¢,/H respectively. In
this notation

TU(v)/H) = (R\q)/H,
and ¢,/H : R — U(v)/H is given by
i ={ g N

Theorem 11.12. Assume that every element of R\ q is invertible (e.g. R is semifield).
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(i) Every strong supervaluation covering v is very strong. FEzcept v itself, viewed as a
supervaluation, all these supervaluations are tangible. In other terms,

Covs(v) = Cov(v) = Covis(v) U {v}.

(i) 2, = @u/1 +m,.

(iii) The tangible strong supervaluations ¢ covering v correspond uniquely with the sub-
group H of o} containing the group 1+ m, via ¢ = ¢,/H. Thus we have an anti-
isomorphism H w— @, /H from the lattice of all subgroups H of o} containing 1 + m,
to the lattice Covyg(v).

Proof. 1): This follows from the discussion above, since every tangible strong supervaluation
is very strong and, of course, the supervaluation v : R — M is also very strong.

ii): We know that ®, = ¢,/E(v) (Proposition 11.10). E(v) is ghost separating, hence
orbital. The subgroup H of o} with E(H) = E(v) has the following description (cf. Propo-
sition 8.8): If a € R\ q = T(U(v)), then a € H iff a ~, 1. This means that there exist
elements c1,c; € m, with a +¢; =1+ ¢2. Now a + ¢; = a(l 4 dy) with d; = £ € m,. Thus
an~y,liffael+m,.

iii): Now obvious, since @, is the top element of Covy 4(v).

O
We look again at the GS-sentence

Eo() (P(f)) glz p(ea(f)) (*)

from §10, valid for any ¢ € Covg(v), f € R[A], a € R™, ¢f. Theorem 10.11. Choosing here
any ¢ € Covys(v), we learned that (x) implies Kapranov’s lemma (Corollary 10.13). But the
statement (x) itself has a different content for different ¢ € Covys(v). If also ¢ € Covyg(v)
and ¢ > 1, then we obtain statement (x) for ¢ from the statement (x) for ¢, leaving f and
the tuple a fixed, by applying the transmission a, . Thus it seems that () has the most

content if we choose for ¢ the initial strong supervaluation @, : R — U(v).

We close this section by an explicit description of U(v) and @, in a situation typically
met in tropical geometry. Let R := F{t} be the field of formal Puiseux series with real
powers over any field” F', cf. [IMS, p.6]. The elements of R are the formal series

a(t) = Z c;t!
jel
with ¢; € F* and I C R a well ordered set, in set theoretic sense, (including I = @). Let
further M be the bipotent semifield T'(R~g) (cf. Theorem 1.5), i.e.,

with the max-plus structure.
We define a (automatically strong) valuation
v:F{t} - M
by putting
v(a(t)) = ymind

"For the matter of geometric applications, one usually needs F' to be algebraically closed, but here we can
omit this restriction.
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if a(t) # 0, written as above, and v(0) := 0. Here ¢ is a fixed real number with 0 < ¥ <1
(cf. [IMS]) loc. cit, but we use a multiplicative notation). Now o is the group consisting of
all series

CL(t) =y + Z Cjtj, Co 75 0,
>0
in F{t}, and 1+ m, is the subgroup of these series with ¢q = 1.
The equivalence relation S(v) on R* = T (U(v)) is given by

a(t)
) ~.. b(t —c1 v
a(t) ~y b(t) = b(t)e +m
This means that the series a(t) and b(t) have the same leading term ¢(a(t)) = ¢(b(¢)). Thus
the group of monomials
G:={ct/ |ce F*, jeR}
is a system of representatives of the equivalence classes of S(v). We identify

G=R"/S(v)=TU())/E(v).

Then U(v) = STR(G,Rs¢,v|G) = GUM in the notation of Construction 3.16, and our
supervaluation @, : R — U(v) is the map a(t) — £(a(t)), which sends each formal series a(t)
to its leading term. {We read ¢(0) = 0, of course.}

In short, applying v to a series a(t) means taking its leading ¢-power and replacing t by
Y, while applying ©, means taking its leading term.

Similarly we can interpret the bottom supervaluation © € Covys(v). The t-powers t/,
j € R, are a multiplicative set of representatives of the Ei-equivalence classes. Identifying

Uw)/E,={t | j € R},

we can say that 0(a(t)) is the leading t-power of the series a(t). The ghost map from
U(v)/E; = D(M) to M sends t to 9.

12. PUSHOUTS OF TANGIBLE SUPERVALUATIONS

Ifpo: R— Uandy: R— V are supervaluation on a semiring R, and ¢ dominates 1, then
we also say that ¢ is a coarsening of ¢ . Recall that this happens iff there is a transmission
a: U — V with ¢ = aog. If in addition ¢ is surjective, i.e., U = p(R) U ep(R), which
is no essential loss of generality, then « is uniquely determined by ¢ and v, and we write
a = oy, (cf. §5).

Assume now that v : R — M is a surjective m-valuation and ¢ : R — U is a surjective
supervaluation covering v (in particular M = eU). Moreover, let v : M — N be a surjective
homomorphism to another (bipotent) semiring N.

Definition 12.1. We say that a surjective supervaluation v : R — V is the initial coars-
ening of ¢ along v, if ¢ is a coarsening of ¢ and oy, s the initial transmission covering
v (cf. Definition 9.3). In the notation 9.7; which we will obey in the following, this means
that V- =U, and oy, = ay,. We then write 1 = v.(p).

In this way we obtain a map
Y« : Cov(v) — Cov(yv)

between complete lattices.
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[We could define such a map ~, also if v : M — N is not necessarily surjective. But in
the present section this will give no additional insight.]

In the following, we will tacitly assume that all occurring supervaluations are surjective,
again without essential loss of generality.

We write down a functional property of the initial transmissions ay,, which will give us
simple properties of the maps 7,. The map v : M — N is always assumed to be a surjective
homomorphism between bipotent semirings (as before).

Proposition 12.2. Let U and V be supertropical semirings with eU = eV = M and let
AU — V be a transmission over M (hence a homomorphism, cf. Proposition 5.10.ii1).

(a) Then there exists a unique transmission from U, to V., over N, denoted by A\, such
that

Ayoau, = Qyy oA

We thus have a commuting diagram

Vs,
s
U— U,
M ! N

with inclusion mappings M — U and N — U,.
(b) If ¢ :V — W is a second homomorphism over M then

Ay = (9\)7-

Proof. a): ay,A : U — V, is a transmission covering . Now use the universal property of
the initial transmission oy .
b): &M, 1 U, — W, is a transmission over N such that

Ey Ay = E oy A = awyEX.
By the uniqueness part in a) we conclude that A, = (£X),. O
As an immediate consequence of part b) we have

Corollary 12.3. The map 7. : Cov(v) — Cov(yv) is order preserving in the weak sense,
i.e., o > implies v.(¢) = V. (¥). O

Corollary 12.4. Ifp: R — U and ¢ : R — V are supervaluations covering v (in particular
eU = eV = M) with ¢ > 1 then

@) re(e) = (Qpp)y-

Proof. We have 1 = A\p with A := oy ,. From this we conclude that

7*(¢> = O‘Vm)‘@ = /\WOCU,WQO = Ava* (@)
Thus A, is the transmission from 7, (¢) to 7.(¢). O
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Starting from now we assume that the bipotent semirings M and N are cancellative; hence
v:R— M and yv: R — N are valuations. We define

!/

p:=9"10), q:=v"(0)=supp(v), ¢ :=v"'(p) = supp(yv).
Notice that p, q, q" are prime ideals of M and R, respectively.

Given any supertropical semiring U with eU = M, we now know that oy, : U — U, is a
pushout transmission (Theorem 9.12). Consequently, if ¢ € Cov(v), we now call v,(¢) the
pushout of ¢ along v (instead of “initial coarsening of ¢ along ~”).

The good thing is that we now have an explicit descriptions of U, and «, which we recall
from §9, c¢f. Theorem 9.11.

We start with a multiplicative equivalence relation E(U,v) on U defined as follows. For
z,yinU

T ~pway) Y < either x =y,
or both z,y € M and v(z) = v(y),
or exr €, ey € p.

The restriction E(U,~)|M is the equivalence relation E(y) given by v : M — N. We

identify every class [x]gw,y), * € M, with the image y(x) € N and then have
M/E(U,~) = N.
As proved in §9, we may choose® U, = U/E(U,~) and then have

Wy = TpWwa) ¢ [2]Bwa)-

Let x € T(U). If ex ¢ y, then [2]pw,) = {x}, but if ex € y, then [x]gw,) =0 € N. Thus
we see that T(U,) = U, \ N is the bijective image of {z € T(U) | ex ¢ y}. We identify
(%) g,y with z, if z lies in this set, and then have

TU) ={zeTU)ex¢p}, Uy={eeTU)|exdp}tUN.

Notice that the multiplicative monoid 7 (U,) has become a submonoid of 7 (U), since
E(U,~) is multiplicative, but the sum of two elements of 7 (U, ), computed in the semiring
U,, can be very different from their sum in U.

After all these identifications we have

Lemma 12.5. For any xz € U,
T if v € T(U),ex ¢ p,
ay~(z) = ¢ 0 ifeeTU),ex €p,
v(z) if x € M.
0

Clearly oy, maps T (U)o into (in fact onto) 7(U,)o. In other words, E(U,~) is ghost
separating (cf. Definition 11.3). This implies

Proposition 12.6. v.(Covi(v)) C Covi(yv).
We further have the following important fact.

Theorem 12.7. The pushout of the initial covering @, : R — U(v) of v is the initial covering
Oy 2 R = U(yw) of yv. In particular U(yv) = U(v),.

8Recall that ay, : U — U, is the solution of a universal problem.
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Proof. Recall that T(U(v)) = R\ q and T(U(yv)) = R\ ¢ with q = supp(v) and ¢’ =
supp(yv) = v~ !(p). Thus it is pretty obvious that U(yv) = U(v),. If a € R, we have

Yelpu)(a) = avs(pu(a));

hence, by Lemma 12.5, v.(p,)(a) = p(a) if v(a) = ep,(a) ¢ p, while 7.(¢,)(a) = 0 if
v(a) € p. These are precisely the values attained by ¢.,. 0

We now focus on the restriction
Vet : Covi(v) — Covy(yv)

of . to tangible supervaluations. It maps the top element ¢, of Covy(7y) to the top element
¢y of Covi(yv). But it almost never maps the bottom element v of Covy(v) to the bottom
element v of Covy(yv), as we will see below.

Our goal now is to exhibit a sublattice of Cov¢(v) which maps bijectively onto 7, ¢(Cov(v))
under the pushout map 7,;. For that we need a construction of general interest.

In the following we always assume that eU = M and T (U) is closed under multiplication.

Given an ideal a of M we introduce the equivalence relation

Et,a = Et,a(U) = EtﬂE(M\a),

with Ey and E(M \ a) the MFCE-relations defined in Examples 6.4.v and 6.12. Clearly Ei ,
is a ghost separating equivalence relation.

E := E;4(U) has the follows explicit description. Let z,y € U be given, If x € M, or if
z € TWU), but ex ¢ a, then x ~p y iff x = y. If z € T(U) and ex € a, then x ~p y iff
y € T(U) and ex = ey.

Definition 12.8. (a) We call the supertropical semiring U/E; o(U) consisting of the
E; o(U)-equivalence classes the t-collapse (= tangible collapse) of U over a and
we denote this semiring by ¢, q.(U).
(b) We call the natural semiring homomorphism

TEau) - U = ca(U)

the t-collapsing map of U over a, and we denote this map by mq, or mau if
necessary.
(¢) If ¢ : R — U 1is a tangible supervaluation covering v, we call the supervaluation

@/Et,a(U) = Ttaqa O P

the t-collapse of ¢ over a, and we denote this supervaluation by c; ().

(d) Finally, we say that U is t-collapsed over a, if w4 is an isomorphism, for which we
abusively write ¢, o(U) = U, and we say that ¢ is t-collapsed over a if ¢, 4(p)) = ¢
(which happens iff ¢, o(U) = U, since our supervalutions are assumed to be surjective).

We describe the semiring ¢; (U) more explicitly. Without essential loss of generality we
assume that e7 (U)o = M.
If Z is any subset of M, let U|; denote the preimage of Z under the ghost map vy,

Ul = {zelU]|exeZ}

Now, if U is t-collapsed over a, every z € U has a unique tangible preimage under vy. We
denote this preimage by Z, and then have

~

U= aUa
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with a = {Z|z € a}.
In general we identify
Ct,a(U)|M\u = U|M\u-
This makes sense since [z]g, , = {«} for any = € U|ppo. We then have
caU) = (Ulmae U M)Ua
and
U|M\a nM = M\Cl
After these identifications the following is obvious.

Lemma 12.9. (i) If x € U then

(@) x if x € M orex ¢ a,
Toa(z) =
" (ex) ifer€a

(ii) If ¢ € Covy(U) and a € R, then

alp)la) = v(a) if v(a) € a.

{ o(a) ifv(a) ¢ a,

We now look at the map
¢tq @ Covi(v) = Covi(v)
which sends each ¢ € Cov(v) to its t-collapse ¢ 4(¢) over a. It is clearly order preserving,
and is idempotent, i.e., (¢, q)? = ¢,qa. We denote its image by Covy .q(v). Its elements are
the t-collapsed tangible supervaluation over a which cover v.
Using the description of suprema and infima in the complete lattice Cov(v) in §7, it is an
easy matter to verify the following

Proposition 12.10. Covi(v) is a complete sublattice of Cov(v), and
¢tq @ Covi(v) = Covy(v)
respects suprema and infima in Covy(v). Thus, also Covy.q(v) is a complete sublattice of

Cov(v).

Remark 12.11. Independently of this proposition it is clear that Covi.q(v) is a lower set
in Covy(v) with top element ¢ q4(py). It follows that

Covieq(v) = {¥ € Cov(v) | cralpy) >0 >0 }.

This proves again that Covy .q(v) is a complete sublattice of Cov(v).

We return to the surjective homomorphism v : M — N and now choose for a the prime
ideal p =~71(0) of M.

Proposition 12.12. Let V := ¢, (U).

(i) The homomorphism ¢ : U — V induces an isomorphism (m ) : Uy=V, over N.
More precisely, using the identifications from above we have U, = V., and then
(Tip) is the identity of U,.

(11> AUy = QVy O Tp-

(iii) If ¢ € Covi(v) then 7. () = 7:(cep(9)).
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Proof. We have the identification
TWUlap) = T(V]anp)
(see above). On the other hand, o, maps Ul, to {On}, and ay,, maps V|, to {Ox}. Finally

avqlu = avalu =7
Thus it is evident that, under our identifications, U, = V, and then ay, = ay, o m.
Reading this equality as

idy, 0 auy = vy 0 Tp

we conclude by Proposition 12.2.a that (m,), = idy, . Finally, if ¢ € Cov¢(v), then

VelCip(9)) = avyocay(p) = avy(mp(p)) = ava(e) = Ylp).
O

Lemma 12.13. Let U, V be supertropical semirings with eU = eV = M, and A : U — V
a transmission over M with N(T(U)) C T(V). Assume further that U is t-collapsed over p.
Finally assume that A\, : U, — V,, is injective. Then X\ : U — V is injective.

Proof. The upper square of the of the diagram in Proposition 12.2.a restricts to a commuting
square

T(U|M\P) ; T(Uw)
o
TV T(V5)

id
Here the vertical arrows are restrictions of the maps A and A,. The vertical arrow on the
right is an injective map by assumption. Thus, also the left vertical arrow is an injective
map. The restriction A\|7(U|,) is a priori forced to be injective, since U is t-collapsed over
p. Finally A restricts to the identity on M. Thus, A is injective. 0

We now are ready for the main result of this section

Theorem 12.14. As before assume that T (U) is closed under multiplication.

(a) The pushout map
Vet : Covi(v) — Covi(yv)

restricts to a bijection from Covyp(v) to v.(Covi(vyv)). Consequently v.(Covy(yv))
is a sublattice of Covy(yv) isomorphic to Covy cp(v).
(b) If ¢,1 € Covy(v) then (@) = v.(¥) iff ¢ and ¥ have the same t-collapse over p.

Proof. a): Since we know already that v,| Covy ., (v) is a lattice homomorphism (Proposition
12.10), it suffices to verify the following: If ¢, ¢ € Covi(v) are t-collapsed over p and ¢ > 1),
but ¢ # 1, then 7.(p) # 7.(¥).

We have a unique surjective transmission A := ay,, : U — V with 1) = Ap. This implies
7 (1Y) = Av.(p) by Corollary 12.4. If A, would be an isomorphism then also A would be an
isomorphism by Lemma 12.13 above. But this is not true. Thus A, is not an isomorphism,
and this means that v.(¢) # v.(¢).

b): We know by Proposition 12.12 that v.(¢) = 7. (cp(¥)). Thus v (¢) = 7(¢) iff

x(cep(#)) = 72(cep(¥)). By part a) this happens iff ¢, (0) = cep(¥)). 0
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We turn to the image of the map 7. : Cov(v) — Covi(yv). Here we will put emphasis
on strong supervaluations. Thus we now assume in addition that the surjective valuation
v: R — M is strong.

If ¢ : R — U is a strong supervaluation covering v, then 7.(¢) = ay o ¢ is again a strong
supervaluation, as follows from Lemma 11.1.ii and the definition of “strong” (Definition
10.9). Thus

’Y*(COVmS((P)) - COVt,s(fyU)'
We have seen that 7.(¢,) = ., but we can only state that the pushout 7.(%,) of the initial

strong supervaluation @ : R — U(v) is dominated by &, : R — U(qv). On the other side,
the pushout ~,(0) of the bottom element v : R — D(M) of both Covis(¢) and Covi(v)
dominates 70 : R — D(N). Using the abbreviations

o = OéU(v);y; o = Oémﬁ, B = OéD(M),'y,

we thus have a commuting diagram

Uv) - U(v), = Ul0)
U(yv)
U(v) = (U),
[/ D) S D(M),
’ D(N)
R M ! N

v

with surjective transmissions over M and N respectively as vertical arrows.
The following questions immediately come to mind.

Questions 12.15.

(1) Can we expect that @, = 7.(p,)?

(2) Can we expect that yv = v,(0) ¢

(3) Is v.(Covy(v)) conver® in Cov(yv)?

(4) Is .(Covys(v)) convex in Covyg(yv)?
(

Recall that Covyg(yv) is convex in Covi(yv), and Covi(yv) is convex in Cov(yv), as we
have seen in §11.

Question (2) has a negative answer: If z € N \ {0}, then the tangible fiber of
x € D(M),|ex = z} is the union of the tangible fibers of D(M) over the points of vy71(z),
Y

9A subset Y of a poset X is called convex in X if y <z < z for y,z € Y, 2 € X implies that z € Y.
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and thus will quite often contain more than one point. The other questions will be answered
here completely only in a special case to which we turn now.

Assume that R\ q is a group under multiplication. Then we can give a very explicit
description of the map 7., and even 7,.

Now M\ {0} =v(R\q) and N\ {0} = ~v(M \ {0}) are groups, i.e., M and N are bipotent
semifields. This forces p =0 and q = ¢'.

Since p = 0 we conclude from Theorem 12.14 and Proposition 12.12 that ~, is an iso-
morphism of the lattice Covy(v) onto its image 7v.(Covy(v)), By §8 the MFCE-relations on
U(v) except E(vy) are orbital, hence ghost separating. Thus Cov(v) = Covi(v) U {v} (as
essentially observed in §11). We have +,(v) = v, and we conclude that -, is an isomorphism
from Cov(v) onto its image.

We have M = T'U {0} with I an ordered abelian group. Let A := v7!(1y). This is a
convex subgroup of I', since v : M — N is an order preserving monoid homomorphism.
The map 7 induces an isomorphism from M/A =T/A U {0} onto N. In the following we
assume without loss of generality that N = M /A and + is the map = — Ax from M to N.
Excluding a trivial case we assume that A # 1.

Returning to the notation from the end of §11 we have o} = {a € R | v(a) € 1)} and
0o, ={a € R|v(a) € A}, furtherm, = {a € R |v(a) < 1y} and m,, = {a € R|v(a) < A}.
{v(a) < A means v(a) < ¢ for every § € A.}

If H is a subgroup of o) then H is also a subgroup of o
Thus H gives us a transmission

THU(®v) - U(U) — U(U)/E(H)

*

: . ,
Sv» Since o0y is a subgroup of o7,

over M and a transmission
7TH,U(’Y’U) : U(V”) — U(VU)/E(H)
over N. {Previously both maps sloppily had been denoted by 7.}
Theorem 12.16. If H is any subgroup of o}, then
(@) (Tru@)y = THU@),
(b) (pu/H) = 0/ H.
Proof. a): Let V :=U(v)/E(H). We are done by Proposition 12.2.a if we verify that

TH,U(yw) © QUw),y = OV,y OTHU(v)-

This is easily verified by use of Lemma 12.5.
b): We know (Theorem 12.7) that
P = Yalpn) = QAU (v),y © Pu

Thus

(P'yv/H = THU(y) © QU@w)y © Po-
On the other hand

Ye(oo/H) = avy(p/H) = avyoThruw) o Po.

By step a) we conclude that indeed

V+(po/ H) = ¢/ H.
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We learned before (§8, §11) that the elements ¢ of Covy correspond uniquely with the
subgroups H of of via ¢ = ¢, /H, and now conclude by Theorem 12.16 that

1+(Covi(v)) = {py/H | H < 0}}.
(“ <7 means subgroup). On the other hand

Covi(yv) = {py/H | H <07}
Thus, 7.(Cov¢(v)) is an upper set of the complete lattice Cov¢(yv) with bottom element

7(0) = pn/oy.

This element is definitely different from

% - SO’Y”/Ozvﬂ
since o?, /05 = A. Thus question 12.15.(2) has a negative answer (which we know already),
while question 12.15.(3) has a positive answer.
How about question 12.15.(1)?7 The top element of Covs(v) is @,. We saw in §11 that
P, = ¢»/1 +m,, and now conclude by Theorem 12.16 that

(@) = $p/1+m,.
But
Pyp = pr/l + My,
and m,, is definitely smaller than m,. Thus ., 2 7.(®,). Question 12.15.(1) has a negative
answer.
Returning to the general situation, but still with v : R — M strong, we should expect
that ¥, £ 7.(®,) except in rather pathological cases. Indeed, it seems often possible to

pass from v : R — M to a strong valuation v : R— M , with R a semifield by a localization
process (which we did not discuss), and to argue in Covy (7). We leave this matter to a future
publication [IKR].

Concerning applications, the strong supervaluations seem to be more important than the
others. But the fact that .(%,,) differs from @, while v.(¢,) = ¢,,, indicates that it would
not be advisable in supervaluation theory to restrict the study to strong supervaluations
from start, as said already in the Introduction.

13. EPILOG: IQ-VALUATIONS ON POLYNOMIAL SEMIRINGS AND RELATED
SUPERVALUATIONS.

Since the semiring of polynomials over a supertropical domain is no longer supertropical
(or analogously, the semiring of polynomials over a bipotent semiring is no longer bipotent),
we would like a theory generalizing valuations to maps with values in these polynomial
semirings. Unfortunately, the target is no longer an ordered group (and is not even an
ordered monoid), so the theory must be framed in a somewhat broader context.

In this - compare to its goals- short section, we formulate some concepts of this paper
in the more general context of monoids with a supremum, instead of ordered monoids, and
show for example how this encompasses Kapranov’s Lemma. Recall that an operation a V b
on a set S is called a sup if it has a distinguished element 0 and satisfies the following
properties for all a,b,c € S:

(1) 0Va=a;
(2) aVb=0bV a;
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(3) aVa=a;
(4) aVv (bVe)=(aVb)Vec.
In this case, we can define a partial order on S by defining a < b when a vV b = b. Then
the following properties are immediate for all a, b, c € S:
(a) 0 <aq;
(b) avVb>aand aVb>b;
(¢c)if a < cand b < ¢, then a Vb < c. (Indeed, if a Ve = c¢and bV e = ¢ then
(avb)Ve=(aVe)V(bVe)=cVe=c.)
We also say that a given sup z V y on a monoid M is compatible with M if a(z V y) =
ax V ay for all a,z,y € M.
In order to axiomatize this in the language of semirings, we recall that an idempotent
semiring R satisfies the property that x +x = x for all x € R.

Proposition 13.1.

(i) Every idempotent semiring R can be viewed as a multiplicative monoid with a com-
patible sup V defined by
zVy:=z+y.
(ii) Conwversely, given a monoid M with a compatible sup, we can define an idempotent
semaring structure on M, with the same multiplication, and with addition given by
rT+y:=xVy.

Proof. All of the other verifications are immediate. 0

Remark 13.2. If R is an idempotent semiring, then so is the polynomial semiring R[\| as
well as the matriz semiring M, (R).

Both of these assertions fail when we substitute “bipotent” for “idempotent.” Thus, it
makes sense to pass to idempotent semirings when studying polynomials and matrices. In
the case of semifields, we actually have a lattice structure.

Proposition 13.3. If R is a semifield, where V is given by addition (as in Proposition 13.1),
then there is a compatible inf relation N given by x Ny := xx—fy (taking O A O = 0), thereby
making (R,V,\) a distributive lattice satisfying

(xVy)(zANy)=zy, Vr,y€R. (13.1)
Proof. Property (13.1) follows at once from the definitions, and implies that a(z A y) =
ax A ay, as well as associativity of A. To check distributivity, we need to check
(xANy)Vz=(zVz)A(yV=2).
Since < is clear, we only check >, and also may assume x,y, z # 0. Now

xry
cANYy)Vz=——++2
(zAy) Py

> Ty Z:v+y+z
Tty +z r+y+=z (13.2)
(w42t (z42)(y+2)

r4+y+z (x4 2)+ (y+ 2)
=(xVz)A(yV=2).
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Having the translation of the sup relation to semirings at hand, we are ready to reformulate
some of the results of this paper. But first it is instructive to introduce a parallel of the
ghost surpassing relation.

Definition 13.4. y£ 2 < Ja € R withy =z + a.
Clearly, { is a transitive binary relation on R.

Definition 13.5. R is an upper-bound semiring, written ub-semiring, if the relation = is
anti-symmetric; i.e.,

rEyammdyEr < z=uy.

The reason for this terminology is that now the relation { gives a partial ordering on the
set R (a <biff b+ a), and z + y is an upper bound of z,y in this ordering.

Remark 13.6.

(i) The condition that a semiring R is ub can be rephrased as follows:
For any a,b,xr € R, if t +a+ b=z, then x + a = x.
(i) Any ub-semiring R has the property that a +b = 0 implies a = b =0, by (i). (Take
x=0.)

Proposition 13.7. Any idempotent semiring is an ub-semiring.
Proof. It x4+ a+ b= z, then

r+a=(r+a+b+a=v+a+b=u.

Lemma 13.8. Any ub-semiring satisfies the following properties:

(i) Ifr+a+b=ux, then x4+ a = x.
(ii) Ifa+b=0, thena=0b=0.

Proof. (i): Obviously x + a £ z, and the hypothesis implies * = (x +a) + b  x + a, so
x + a = x by anti-symmetry.
(ii): Take z =0 in (i). O

If R is any semiring, let R[\] = R[A1,...,\,] denote the polynomial semiring over R in a
set of variables A = (Aq,..., A\y).

Proposition 13.9. Every supertropical semiring U is upper bound, and UMy, ..., \,] is
upper bound for every n.

Proof. We have to check the condition in Remark 13.6.i. Let z,a,b € U be given with
r+a+b = x. We have to verify that z+a = z. Multiplying by e we obtain ex+ea+eb = ex,
hence ea < ex and eb < ex. If ea < ex, then x + a = x right away.If eb < ex, then x4+ b = x,
hence * = x +a + b = x + a again. There remains the case that ea = eb = ex. Now
x4+ a+ b= ex, hence x is ghost, and x + a = ex = = again. This proves that U is ub.

Let now f,g,h € U[\i,...,\,] be given with f + g+ h = f. We write f = > ;N\,
g=>_ B\, h = v\ Then a;+ B;+7; = a; for every i, and we conclude that o; + 3; =
for every i, hence f 4 g = f, as desired. O
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The reason we want to consider the idempotent semiring M[A] is that we want to extend
any m-valuation v : R — M to the map 0 : R[\| — M[\], where we define

@(2)%w”gw):§:m%m?uag (13.3)

Since M )] is no longer bipotent in the natural way, we would like to generalize Definition 2.1
to permit valuations to idempotent semirings.

Unfortunately, ¢ as defined in (13.3) need not satisfy property V3 of Definition 2.1,
since 9(fg) could differ from @(f)o(g). Indeed, if f = >, ;A" and g = . B;N, with

i=(i1,...,1,) and j = (j1,...,Jn), then writing fg=>", <Zi+j:k ozzﬂj) ¢ we have

i(fg) = Zv( > aiﬁj)A’“

k itj=k

<33 wlau(g)N

k itj=k

= (Z v(ozi)/\i> (Z v(ﬁj))\j> ,
where there could be strict inequality. Accordingly, we need a weaker notion:

Definition 13.10. An ig-valuation (= idempotent monoid quasi-valuation) on a semir-
ing R is a map v : R — M into a (commutative) idempotent semiring M # {0} with the
following properties:

IQV1:v(0) =0,
QV2:v(1) =1,
IQV3 :v(xy) <wv(r)v(y) Vr,y € R,

IQV4A :v(x+vy) <v(x)+wv(y) Vz,y € R.
{NB:Here we use the partial order introduced above following Definition 13.5.}

Proposition 13.11. Suppose M is a bipotent semiring and v : R — M is an m-valuation.

(i) Then the map © : R[]A\] — M[A] given above is an ig-valuation.
(ii) For any given a € M", the map €, 00 : R[]\ = M is again an ig-valuation. {Here
£, denotes the evaluation map f(X) — f(a), as in the previous sections.}

O
If v is strong we can do better.

Theorem 13.12. Assume that v : R — M is a surjective strong m-valuation. Then, for
any a € M", g, 00 : R[A] = M 1is again a strong m-valuation.

Proof. By an easy induction we restrict to the case of n = 1. Given f = >, a;\', g = Zj BiXt
in R[\] we have to verify the following:

(1) ea®(fg) = €a0(f) - €a0(9);
(2) If e,0(f) < €40(9g), then e,0(f + g) = €,0(9g)-
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(1): We know already that

ea0(fg) < a0(f) - €40(9).
Due to the bipotence of M we have smallest indices k£ and ¢ such that
ead(f) =Y v(ai)a’ = v(ax)a",

catlg) = D v(Bal = v(f)a’.

J

We chose some ¢ € R with v(c) = a. Since v is strong and k, ¢ have been chosen minimally
we have

v ( Z aiciﬂjcj> = v(apc®Bec’) = €, 0(f) - €a0(g).

i+j=k+0
Thus

ead(fg) =) v ( > aiciﬁjC])

i+j=r
2 Z (% ( Z aiciﬁjcj>
i+j=k+¢ \i+j=k

= £,0(f) - €40(g)-
We conclude that
ea0(fg) = €a0(f) - €a0(g)-

(2): Assume that ,0(f) < €,9(g). Using the same k, ¢, and ¢ as before we have for all

v(aic) < o(Bect),
v(Bic') < v(Bec?).
Now

ad(f+9) =) ol(as + B)e],

and v[(a; + B;)c'] < v(Bect) for all i, with
v[(o + Bo)c] = v(Bect).
Thus,
£a0(f + g) = v(Bec’) = e,0(9).
O
In particular, we could take v to be the natural valuation on the field of Puiseux series

with rational exponents, as used in [G], or with real exponents as introduced above in §11.
Let us formulate the analogue of Definition 4.1 in the realm of semirings with ghosts.



60 Z. IZHAKIAN, M. KNEBUSCH, AND L. ROWEN

Definition 13.13. An ig-supervaluation on a semiring R is a map ¢ : R — U from R to
a ub-semiring U with ghosts, satisfying the following properties.

IQSV1: p(0) =0,

IQSV2: p(1) =1,

IQSV3:Ya,be R : p(ab) < ¢(a)p(b),

IQSV4:Ya,be R:ep(a+b) <e(p(a)+ ¢(b)).

Here again we use the ordering given by the relation }=. This is justified by Proposi-

gs
tion 13.9.
We are ready for the main purpose of this epilog.

Theorem 13.14. Assume that ¢ : R — U is a surjective strong supervaluation, and
v:R—elU=M
is the strong m-valuation covered by ¢. Let a = (ay,...,a,) € U™ be given, and let b =
(eay,...,ea,) € M™.
(i) ¢ can be extended to an ig-supervaluation ¢ : R[N — U[\| by the formula

%) <Z ai/\i) = Z o(ay) N

(i) e, 0 @ : R\ — U is a strong supervaluation. It covers the (strong) valuation e, 0 U :

R\ — M.
Proof. (i): If a,b € R then we know from §10 that ¢(a) + ¢(b) = ¢(a + b). This implies

gs
p(a) +¢(b) = la+b), ie.
pla+b) < pla) + ¢(b). (%)
An argument parallel to the one before Definition 13.10 now tells us that for f, g € R[)]
we have
o(fg9) < @(f) - ¢(9).
Clearly ¢ extends ¢, in particular @(0) = 0, ¢(1) = 1. From (x) it is also obvious that
P(f +9) < @(f) + @(g), hence
ep(f +9) <ep(f) +ep(g).
Thus, ¢ is an ig-supervaluation. Clearly ep(f) = 0(f) for all f € R[A]. {By the way, this
gives us again that ep(f + g) < e@(f) +ep(g).}

(ii): Again we restrict to the case of n = 1 by an easy induction. It is pretty obvious that
£qa9 : R[A] — U obeys the rules SV1, SV2, SV4 from §4 (Definition 4.1), and e - ,p(f) =
ep0(f) for every f € R[A. Given f =Y, ;A\, g = >, A" in R[] it remains to prove the
following:

(1) 2,8(f9) = <i(f) - ala). N
(2) I cap(f) < €aplg) then ep(f + g) = cap(9)-
(1): Let k, ¢ be the minimal indices such that

e elaa’ = eplar)a’ = e,3(F) (%)

]
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e e(Bi)a’ = ep(Br)a’ = ecad(y), (% %)

(as in the proof of Theorem 13.12). We know by Theorem 13.12 that

c(ea 0 @)(fg) = ep(ar)a® - ep(Br)a’ = e(eq 0 P)(f) - elea © &)(9)-
We chose some ¢ € R with ¢(c) = a. Using (*) we obtain

(ca© @)(fg) = Z@(Zazﬁj)

i+j=r

(5

i+j=r

<ZZ e(5¢)

r i+j=r

= > plaa - p(B)a’
.3
There is a single v-dominating term in this sum iff there is a single v-dominating term on
the left of (xx) and of (x % %), so we conclude that

5(16(](9) = 5a@(f) ’ 5(1&(9)
in all cases, using the fact that tangible elements x,y of U with x < y, ex = ey are equal.

(2): This can be proved in the way analogous to claim (2) in the proof of Theorem 13.12.
U

Thus, for U a supertropical semiring, the evaluation map returns us from ig-supervaluations
with values in U[)] to the firmer ground of supervaluations.

Looking again at Theorem 10.11 we realize now that the theorem gives pleasant examples
of pairs of supervaluations which obey a “GS-relation” in the following sense.

Definition 13.15. If p: A -V and 0 : A — V' are supervaluations on a semiring A with
values in the same supertropical semiring V', then we say that p surpasses o by ghost,
and write p = o, if pla) & o(a) for every a € A.

gs

gs

In this terminology Theorem 10.11 reads as follows:

Theorem 13.16. Let ¢ : R — U be a strong supervaluation. Then for any a € R" the super-
valuation €y 0@ : R\, ..., \y] = U surpasses the supervaluation poe, : R[A, ..., A\, = U
by ghost.

Of course, we should look for other examples of pairs of supervaluations p: A — V and

o: A — V with p £ 0. Here the “classical” case that A is a semifield, or even a field,
£s
and eV is cancellative, is perhaps not the most interesting one. Indeed, for such pairs p, o

we have ep(a) > eo(a) for every a € A, and this forces ep(a) = eo(a) since for a # 0 also
ep(a™) > eo(a'). Thus p and o cover the same valuation ep = eo : A — eV. But for the
pairs occurring in Theorem 13.16, where A is a polynomial semiring, the valuation ep and
eo usually will have even different support, and p can be a very interesting “perturbation”
of o by ghosts.
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The phenomenon of “surpassing by ghost” for supervaluations shows clearly the impor-
tance of studying valuations and supervaluations on semirings instead of just semifields. We
defer a thorough study of the GS-relation for supervaluations to a future occasion.
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