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Non-integrated defect relation for
meromorphic maps of complete Kahler
manifolds into a projective variety intersecting
hypersurfaces

TrRAN VAN TAN AND VU VAN TRUONG

Abstract

In 1985, Fujimoto established a non-integrated defect relation for
meromorphic maps of complete Kéahler manifolds into the complex
projective space intersecting hyperplanes in general position. In this
paper, we generalize the result of Fujimoto to the case of meromorphic
maps into a complex projective variety intersecting hypersurfaces in
general position.

1 Introduction and statements

Let f be a meromorphic map of an m—dimension connected complex man-
ifold M into CPY, and let p, be a positive integer or +0o0 and D be a
hypersurface in CPY with Imf ¢ D. We denote the intersection multiplicity
of the image of f and D at f(a) by v(s,p)(a) and the pull-back of the normal-
ized Fubini-Study metric form Q on CPY by ;. The non-integrated defect
of f with respect to D cut by pg is defined by

Mathematics Subject Classification 2000: Primary 32H30; Secondary 32H04, 32H25,
14J70.
Key words and phrases: Nevanlinna theory, Second Main Theorem.



5[;)0](D) := 1 —inf{n > 0 : n satisfies condition (x)}.

Here, the condition (*) means that there exists a bounded nonnegative con-
tinuous function h on M with zeros of order not less than min{v(s py,po}
such that

(deg D)nSY; + ddlog h* > [min{v(s,py, po}l,

where we mean by [v] the (1,1)—current associated with a divisor v. By
([9], pp. 250) if M is a ball in C™, then the condition (x) is satisfied if
and only if there exists a continuous plurisubharmonic function v Z —oo
such that e*|¢| < ||f]|@°&P, where ¢ is a nonzero holomorphic function
on M with vy = min{v(s py,po}. In other words, there exists a continuous
plurisubharmonic function v # —oo such that ¥ < || f||4*¢ )" and v — log |¢|
is plurisubharmonic, where ¢ is a nonzero holomorphic function on M with
Ve = min{v (s py, Po}-

It is clear that 0 < 67°"(D) < 6¥°/(D) < 1, and 67°/(D) = 1if ImfND =
@. Moreover, if v(; py(z) > p for every z € f~*(D), then

sl (py > 1 -2,
p

m 1/2
For z = (21,...,2m) € C™, we set ||z]| = <Z |zj\2) and define

B(r)y={zeC™: |z <r}, Sr)={z€C™:|z|=r},

(0—-09), V= (ddcuzn?)’“, o = dlog||z||* A (ddﬂoguzu)“‘*l.

W~
3
—

dC

Let ¢ be a positive integer or +00 and v be a divisor on B(Ry) (0 < Ry <
+00). Set |v| := {2z : v(2) # 0} and vl := min{v, (}.
The truncated counting function of v is defined by

ol
NI (7, rq) == / n—()dt (0 <ry<r<Ry),

t2m—1

To



where

nO(t) = / V9.V, for m>2and
WINB(®)

nl(t) = Z pl for m=1.

2l <t

For a nonzero meromorphic function ¢ on B(R)), we denote by v, the
zero divisor of ¢ and set Ng] (r) = Nl,g (r).

Let f be a meromorphic map of B(Ry) into CPY. For arbitrary fixed ho-
mogeneous coordinates (wy : - -+ : wy) of CPY, we take a reduced represen-
tation f = (fo: -+ : fn), which means that each f; is a holomorphic function
on B(Ry) and f(z) = (fo(2) : -+ : fn(2)) outside the analytic set {z : fo(z) =
-+ = fn(2) = 0} of codimension > 2. Set || f|| = max{|fol,...,|f~]|}

The characteristic function of f is defined by

r

dt
Tf(T’aTo) 3—/—/Qf/\V_1, 0<rg<r< Ry

z§2m— 1
70 B(t)

We have
Ty(ryro) = / log]| fllo - / log|| 1o
S(r) S(ro)

For a hypersurface D of degree d in CP" defined by the homogeneous
polynomial @ € Clxg,...,zn], if Q(f) := Q(fo,- .., fn) Z 0 we denote

N (r, 7o, D)
€] ATl [0 L . 7o,
Ny (im0, D) i= Nogy(rio) and “0p(D) := 1 = limg sup =m0 5=

If lim, g, Tf(r,79) = +o00, then by an argument similar to the proof of
Proposition 5.6 in [9], we have

0< (D) < "Dy < 1. (1.1)

For brevity we will omit the character ¥ in the counting function, defect
number, and divisor if £ = +oc.



Let V C CPY be a smooth complex projective variety of dimension
n > 1. Let Dy,..., Dy (k > 1) be hypersurfaces in CPY of degree d;. The
hypersurfaces D1, ..., D are said to be in general position in V' if for any
distinct indices 1 < i3 < -+ < iy < k, (1 < s < n+ 1), there exist
hypersurfaces D1, ..., D/ ,_  in CP" such that

VnD,Nn---ND,,NDiN---ND,,,_,=2a.

In particular for hypersurfaces Dy, ..., Dy in general position in V', we have
VEZD;jforall j=1,.. k.

In 1983, relating to the study of value distribution of the Gauss maps of a
complete minimal surfaces in R™, Fujimoto [8] introduced the new notion of
the non-integrated defect for a holomorphic map of an open Riemann surface
into CP"™ and obtained some results analogous to the Nevanlinna-Cartan de-
fect relation. In [9], he generalized his result in 1983 to the case of meromor-
phic maps of a complete Kahler manifold into the complex projective space
intersecting hyperplanes in general position. By using the technique of Dio-
phantine approximation introduced in [2,6,7], recently, Ru [13,14], Dethloff-
Tan-Thai [3,4] obtained Nevanlinna-Cartan defect relations for holomorphic
maps of C™ into a complex projective variety intersecting hypersurfaces in
general position. The purpose of this paper is to generalize the result of
Fujimoto [9] on the non-integrated defect relation to the case of meromor-
phic maps of a complete Kahler manifold into a complex projective variety
intersecting hypersurfaces in general position. A part of our paper is motived
by [3,4,13,14]. However, we would like to remark that in the proofs of these
papers, the result obtained by Ru in 1997 plays an essential role, but it does
not remain valid for our situation. Instead we use the Logarithmic Derivative
Lemma. Moreover, whereas in previous papers the truncation level of mul-
tiplicity depends on the number of hypersurfaces, in our situation we need a
truncation level of multiplicity that does not depend on this number.

Let V C CPY be a smooth complex projective variety of dimension n > 1
and let Dy, ..., D, (¢ > n+1) be hypersurfaces in CP" of degree d;. Assume
that Dy,..., D, are in general position in V. Denote by d the least common
multiple of dy,...,d,. Let € be an arbitrary constant with 0 < e < 1. Set

m = [4d""'2n +1)(n+ 1) deg V - %] +1 (1.2)

where [z] := max{k € Z : k < z} for a real number z.
With these notations, we state our main results:
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Theorem 1.1. Let f be an algebraically nondegenerate map of B(Ry) into
( N +md

V. Then, there exists a positive integer { < md

) such that

(g—n—1—qe)T¢(r,ro) < ZdN[ r,ro, Dj) + A(r),

where A(r) is evaluated as follows.
i) In the case Ry < oo,

A(r) < K(log*

1
+ log™ Ty (r, ro))
o—T

for every r € [ro, R) excluding a set E with fE dt < 00, where K is a
positive constant.
it) In the case Ry = 0o

A(r) < K (logr + log™ Ty (r, 7))
for every r € [rg, +00) excluding a set E" with [, dt < oc.
As a corollary of Theorem 1.1, we get the following defect relation.

Corollary 1.2. In the same situation as in Theorem 1.1, if (i) Ry < oo and

Te(r,r
lim sup Ty(rro) 10) =00
r— Ry log 7=

or (it) Ry = oo, then

q
> 0f(D) <n+1+ge

j=1

Theorem 1.3. Let M be a complete Kdhler manifold with Kdahler form w =
VLS, higdz; A dzy. Set

Ric w = dd°log(det(h;;)).

Assume that the universal covering M of M s biholomorphically isomorphic
to a ball B(Ry) (0 < Ry < o0). Let f be an algebraically nondegenerate

bt



meromorphic map of M into V. For some p > 0, if there exists a bounded
continuous function h > 0 on M such that

pQs + ddlog h* > Ric w, (1.3)

then for any € > 0 we have
q
Zdj[f](Dj) <n+1+qe+ pT
j=1

for some posivite integers €,T satisfying

N +md
e (VMY T < D )
< md ) an Sdm—(n+1)2n+ 1)drdeg V)

Let Dy be an arbitrary set of hypersurfaces in CPY satisfying following
conditions:

i) 1 < degD < k, for any D € Dy, and

i) (N D;)NV = @, for any (n+1) distinct hypersurfaces Dy, ..., D,y €
Dy..

Under the same assumption of Theorem 1.3, we note that §¢(D) < 5;’)] (D)
for any positive integer p, the number m given in the formula (1.2) does not
depend on ¢, and the least common multiple of all deg D (D € Dj) is not
bigger than k!. Therefore, according to Theorem 1.3, it is easy to see that
for any € > 0, the cardinality of the set {D € Dy, : 07(D) > 2¢} is finite. By
this fact, we have the following corollary.

Corollary 1.4. The number of D € Dy, with §¢(D) > 0 is at most countable.

We finally give an application of Theorem 1.3 to the study of the Gauss
map of a complete regular submanifold of C*.

Let g = (g1,---,9x) : M — C* be a regular submanifold of C*, namely,
M be a connected complex manifold and g be a holomorphic map of M
into C* such that rank d,g = dim M for every point p € M. To each point
p € M, we assign the tangent space T, M of M at p which may be regarded
as an m—dimensional linear subspace of T, C", where m = dim M. On the
other hand, each T,C" is identified with T,C* = C* by an parallel trans-
lation. Therefore, to each T,M corresponds a point G(p) in the complex



Grassmannian manifold G(m, k) of all m—dimensional linear subspace of C*.
We call the map G : M — G(m, k) the Gauss map of g : M — C*. On
the other hand, the space G(m, ) is canonically imbedded in CPY, where

N = ( " ) — 1. Therefore, the Gauss map G may be identified with the
m

holomorphic map of M into CPY given as follows.
Taking holomorphic local coordinates (2 ..., zy) defined on an open set
U C M, we consider the map

A::Dlg/\.../\Dmg;U—>AmCH\{O}:CN+1\{O}v

991 99y Then G := - A locally, where  is the canonical

where D;g := (8—21_, B
projection map.

A regular submanifold M of C* is considered a Kéhler manifold with the
metric w induced from the standard flat metric on C*. Take p = 1,h = 1,

then by ([9], pp. 259) we have
Q¢ + ddlog h* = dd°||G|| = Ric w.
Therefore, we get the following corollary of Theorem 1.3 (with p =1,h = 1).

Corollary 1.5. Let g : M — C* be a complete reqular submanifold such
that the universal covering of M is biholomorphically isomorphic to B(Ry) (0 <
Ry < ). Let G : M — CPY be the Gauss map of g. Let V.C CPY be a
smooth complex projective variety of dimension n such that ImG C V and
G : M — V is algebraically nondegenerate. Then

q
Zé[é}(Dj) <n+l+gqge+T

j=1

for some posivite integers £, T satisfying

N +md
(< (N md dT< e )
< md ) an Sdm—(n+1)2n+ 1)drdeg V)’

Acknowledgements: This work was done during a stay of the first named
author at the Mathematisches Forschungsinstitut Oberwolfach, Germany. He
wishes to express his gratitude to this organization.
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2 Some lemmas

Let X Cc CPY be a projective variety of dimension n and degree /. Let
I'x be the prime ideal in C[zy, ..., zy] defining X. Denote by Clxy, ..., Zx]mn
the vector space of homogeneous polynomials in C|xy,...,zy]| of degree m
(including 0). Put Ix(m) := Clzo,...,zn]m N Ix.

The Hilbert function Hy of X is defined by

Hx(m) :=dimClxy,...,xN]m Ix(m). (2.1)

Lemma 2.1 ([4], Lemma 3.1). Forn > 1, we have Hx(m) > m+ 1 for all
m > 1.

For each tuple ¢ = (cg,...,cn) € Rggfl, and m € N, we define the m-th
Hilbert weight Sx(m,c) of X with respect to ¢ by

Hx (m)

Sx(m, c) := max Z I - c,
i=1

where I; = (Lio,...,Lin) € NéVH and the maximum is taken over all sets
{zh = g -xf{,’v whose residue classes modulo Ix(m) form a basis of the
vector space Clzo, ..., Tx|m,/ Ix(m).

Lemma 2.2. Let X C CPY be an algebraic variety of dimension n and

degree . Let m > /\ be an integer and let ¢ = (co,...,cn) € R]ZVS“I. Let
{io, ... in} be a subset of {0,..., N} such that {x = (z¢: -+ :xy) € CPN :
Tig ==z, =0} NX =2. Then
1 1 2n+1)A
- > (e ded )t -
I () Sx(m,c) > T 1)(Czo +tGy,) - ax ¢

Proof. We refer to [6], Theorem 4.1, and [7], Lemma 5.1 (or [14], Theorem
2.1 and Lemma 3.2). O

Let f be a linearly nondegenerate meromorphic map of B(Ry) to CPY
with reduced presentation f = (fp : -+ : fny). Then by Proposition 4.5 in
[9], there exist N + 1 sets (o = (@1, ..., ®m) (0 <7 < N) of m nonnegative
integers such that |ag| + -+ + |ay| < N(]\QIH), and the Wronskian W, (f) :=
det(D* f, 0 <i < N) 2 0.




Lemma 2.3 ([9], Proposition 6.1). In the above situation, take constants
t,p with 0 < t(|ao| + -+ + |an|) < p < 1. Let Hy,...,H, (¢ > N+ 1) be
hyperplanes in CPYN in general position. Then, for 0 < ro < Ry there exists
a positive constant K such that for ro <r < R < Ry

2m—1
/ \z%*"'*”Hl(fv)vf’i(.fﬁfq(f)rtufut(qNUNK@ Ty(R.r0))".

Lemma 2.4 ([9], Proposition 4.10).

VHy () Hq(f) I/

W, .7
T Wa(h) =1

outside an analytic set of codimension > 2.

3 Proof of Theorems 1.1-1.3.

Let P; (j = 1,...,q) be homogeneous polynomials in C[z, ...,z x| defining
d
the hypersurfaces D;, degP; = d;. Set Q; = dej. Then, deg Q; = d and

1 1 1
EN][C](T, ro, Dj) = ENI[DJ( y(r,m0) = dN[ ]( ) (r,70). (3.1)
j j

Since Dy, ..., D, are in general position in V, we have ﬂ?lej NV =9. We
define a map CI) V — CP* ! by ®(z) = (Q1(x) : - : Q4(x)). Then @ is a
finite morphism (see [15], Theorem 8, page 65). We have that Y := im® is
a complex projective subvariety of CP9~! and dimY = n and

A =degY < d"-degV. (3.2)

This follows, in the same way as [15], Theorem 8, page 65, from the fact
that ® : V — CP9! is the composition of the restriction of the d-uple

embedding Pd|V -V — CPLil toV (Wlth L= ( N];/v’_d

projection p : CPL™1 — CP?!, defined by the linear forms Q1,...,Q, in
the monomials of degree d, since we have:

)) with the linear

degY = deg ®(V) < deg palv (V) < d" - degV.
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It is clear that for any 1 < iy < --- < ¢, < ¢ such that N7_yD;, NV = &, we
have

{y=@: - :y,) €ECPI gy =--- =9y, =0}NY = 2. (3.3)

Denote by {I1,...,1,,} the set of all I, := (I;1,...,1;,) € N¢ with I;; +
e + qu = m.

Let F be a holomorphic mapping of B(Ry) into CP%~! with the reduced
representation F = (Q"(f) - Da(f) e Qlmr(py - éqmq(f)), (note
that Q7'(f), ..., Q7 (f) have no common zero point outside the analytic set
(o= = f = O))

Define an isomorphism between vector spaces, ¥ : Clzy,..., 24,1 —

Clyts- -, Yglm by W(2) =y (i = 1,...,qn). Consider the vector space
H:={H €Clz,...,24,]1 : H(F) =0 }. Then F is a linearly nondegenerate
mapping of C into the complex projective space P := Ngen{H = 0} C
CP~1 and we will from now on, by abuse of notation, consider F' to be
this linearly nondegenerate map F : B(Ry) — P. By the definition of F) it
N +md
md )

For any linear form H € Clzy, ..., 2,,]1, since f is algebraically nonde-

generate, we have that H € H if only if

H( {11(1;) . Qélq(x), . 7Q{‘1m1(a:) e Qé‘fmq(x)) =0onV.

This is possible if and only if W(H)(y) := H(y™,--- ,y'm) =0 on Y. There-
fore, we get that W(H) = (Iy). On the other hand ¥ is an isomorphism.
Hence, we have

is clear that dim P < (

N +md
( md

) >dim P =dim () {H =0} =g, — 1 - dimH
HeH
= qm — 1-— lel(Iy)m = Hy('ﬂl) — 1. (34)

Let a be a family of Hy(m) sets a; = (1., m) (0 < ¢ < Hy(m) — 1)
such that W, (F) # 0 and |ao| + - - + |amy (m)-1] < (HY(m);l)HY(m).

We define hyperplanes H; (j =1,...,¢y) in the complex projective space
Pby Hj :=={(z1:-:2,,) € CP™ 1. 2z, =0} N P, (these intersections are
not empty by Bézout’s theorem, and they are proper algebraic subsets of P
since V¢ D, 1 <k <q).

10



Denote by £ the set of all subsets J of {1, ..., ¢y} such that #J = Hy(m)
and the hyperplanes H;,j € J, are in general position in P. Since ¥ is
an isomorphism and V(H) = Iy(m), L is also the set of all subsets J of
{1,...,qn} such that {y%i, j € J} is a basis of Clyi, ..., YgJm, Ty (m).

For each j € {1,...,q} and k € {1,...,qn}, we put

114 1 ] VP
Q) 0 b Hy(F)

where ||Q;|| (respectively ||Hg||) is the maximum of absolute values of the
coefficients of @); (respectively Hj). They are continuous functions with
values in R>o U {400} which take the value +o00 only on analytic subsets of
codimension 1 in B(Ry).

Let A be the set of all subsets J C {1,...,q} with #J = n + 1. For any
J € N, since the hypersurfaces D; (j =1,...,q) are in general position in
V, the function \;(z) := maxje"lQ( )l is continuous on V' and As(z) > 0 for

[E:
all x € V. On the other hand, b is compact, so there exist positive constants
¢y, c; such that ¢; > A\;(f(z )) > ¢y for all z € B(Ry). This implies that

Eo,(f) = log (F) = log >0,

d-log || f|l = meaflog |Q(f)] +O(1), for all J € N. (3.5)
J

Therefore, there exists a positive constant ¢ such that

qg—n—1
{jlv“'vjqfnfl}

Then, we have

S Eo,(f) <max Y Eq,(f) + O(1), (3.6)
This implies that

gdlog | f]l - Zlog@ ZEQJ O(1)
maXZEQ] O(1). (3.7)

JeN
jedJ
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Applying integration on the both sides of (3.7), and using Jensen’s formula,
we get

dqTy(r,ro) ZNQJ r,T0) / I}IE%CZEQ Jo+ O(1). (3.8)

jeJ

Since ImF C P and {Q™(f)---Qf(f), 1 <i < ¢n} have no common
zero point, for every J € £, the holomorphic functions {Q¥ (f) - -- Qé“’(f), s
J} also have no common zero point.

Then, for every J € L, we have

] = max | H(F)| + 0(1) = max |1 (1) -+~ QL ()] + 0(1) < [[£]" + O(1).
This implies that
Tp(r) <dm - Te(r)+ O(1). (3.9)
For every J € £ and i € J, we have
1] - 1Al £

Epy (F) = log 125y . o1
n(F) =108 " mrtmy T = 8 am - oy T OW
[
= log R éiq(f)| —dmlog || f]| +log || F|| + O(1)
= Y IjEq,(f) — dmlog| f|| + log | F|| + O(1). (3.10)
1<5<q

Let c, == (Eq,(f(2)), -+, Eq,(f(2))) for every z € B(Ry) \ D, where D
denotes the thin analytic subset where one of these functions takes the value
+00. By the definition of the Hilbert weight, there exists a subset .J, € L
such that

Sy(m,c,) = Z I - c,. (3.11)

On the other hand by (1.2) and (3.2) we have m > A. Hence, by (3.3) and
Lemma 2.2, for every J € N, we have

Sy(mc.) | 1 S o, (/(2)) - Cnt DA o B (f(=)).  (3.12)

mHy(m) — n+1 ! m 1<j<q

12



Then, by (3.10), (3.11) and (3.12), for every J € N, z € B(Ry) \ D, we have
o Y Fo, (1) < o)y RIS s gy, (1)

(n+1) & mHy (m) mo 15
- EmHE T+ g e U1
- mHY Z iiEq, (2 %1@%% (f(2))
- ZEH )+ dlog /()] - - log | F(:)]|
n M max Eo,(f()) +O(1)

m 1<j<q

< e Y B (F(2)) + dlog | 1) - - log | F(2)]
1€L

2n+1)A
+ DB S By, (7)) + 00, (3.13
NN/
This implies that, for every z € B (Ro) \ D,
1
— | <———
o ey KZJEQJ(f(Z)) mHY rggg;EH ) +dlog | £(2)]
(2n+1)A
- EIOgHF(Z)H ik > Eo,(f o),

1<<q

(3.14)

and by continuity this then holds for all z € B(Ry). So, by integrating and
by (3.8), we get

n+1
dqTs(r, o) ZNQJU T, To) mHy / IBSZ(ZEH
€L

n-+1

+d(n+ 1)Ty(r, 7“0) Tr(r,ro)

Jr(2n+1)n Z/g Eo,(f)o +0(1).

1<5<q

(3.15)

13



We have

| HFHHy(m)—H
e = [ eton Ty 00
i€l

o

< (Hy(m) + 1)Tp(r,ro) + /S( )f?éflog |HT511)

€L

For an integrable function 4 > 0 on S(r), by Lemma 3.5 in [1] we have

/1og ho < log/ ho + log 2.
Sr S(r)

Therefore, for any ¢,p with 0 < t(Jag| + -+ + |an|) < p < 1, by Lemma 2.3
we have

t/ max log —I—t/ log |20 TN |5
S(r) LeL | 11 Hz‘(F)| S(r)

ieL
Ot0+"'+04NWa r
/ maxlog <)|ta
S(r)

LeL [T H:(F)
ieL
/ a0+"'+OéNWa(F> '
Zlog ‘ o
S(r) Lec H HZ(F)
i€l
oco—i— +06NW (
< ]0g+/ ’ ‘ o+ K,
2 o
2m— 1 »
ngog”LKL( _TIOgTF(Rﬂ"O)) + Ky
LeL
2m—1
< K (log* +log™ T4(R, 7)) (3.17)
-

where K, K, K are positive constants.
On the other hand, by Lemma 2.4 in [10], we have

Ro—T

Tf (7" + —GTf(’I“, TO) s 7’0)

< 2T%(r, 1)

14



outside a set E of r such that fE T 7 —dr < oo in the case Ry < oo and

1

Te(r + ,
f( Ts(r, 7o)

ro) < 2T4(r,10)

outside a set B’ of r such that fE, dr < oo in the case Ry =

Take R = r + 87{;%;:0) if R <ooand R=r if RO = 00, then by

(3.17) we get

+T (r,ro0)

/ max log ’%‘0 < A(r) (3.18)

S(T) LeL 1
3

where

A(r) < K(log* +log™ Ts(r, 1))

R() - T
outside a set E of r such that fE R 7 —dr < oo in the case Ry < oo and
A(r) < K(logr + log™ Ty (r, 7’0))

outside a set E’ of r such that f = dr < 0o in the case Ry =
By (3.15), (3.16), and (3.18) we have

dqTs(r,mo) ZNQJ(f) r,To)

e Zgén; Y Lo, o) - %NWQ (r, 7o) + A(r)
Fd(n+ DTy(rro) — A () 4 CRE DR 2D 5 / Eo,(f)o
1<j<q 7 5
< %&)Tm, ro) — %&)NWQ (r, o) + A(r)
T d(n + DTy(r,ro) + 22 1) (n 2 / Eo.(f)o + O(1).
(3.19)

15



For each j € {1,...,q}, by Jensen’s formula, we have

/ Eo,(f)o < d / log [|fllor — / log |, (f)|o + O(1)
S(r) S(r) S(r)
< dTy(r,m0) — No,(p)(r,m0) + O(1) < dTy(r,70) + O(1).

By (1.2), (3.2), and by Lemma 2.1 we have
1 1 1
Cn+1)(n+1)dA e q (n+1)d _€ (3.21)

m 4

Therefore, by (3.9), (3.19), and (3.20), we get

q
€
dqTy(r,ro) — Z N, (r,mo) < ((n+1)d + q§)Tf(7“, o)
j=1

n+1
mHy (m)

Nw(p) (T, 7’0) + A(’f’)

This implies that

n+1
——F N, A(r). (3.22
mHy(m) Wa(F) (T7 700) + (T) ( )
For each J := {ji,...,juym)} € L, then there exists a constant v, €
C, vy # 0 such that

Tjin Y Litry (my? Litry (mya
WalF) =7 Wal(Qy" (f) - Q4™ (f), -, Q™ (f) Qg ™™ ().

On the other hand, by (3.4) and Lemma 2.4,

[Hy (m)—1]
iy (m) S Z VQ?“(f)~-Q?”(f>'

14 I; I
JHy('m,)1
1 (/) Qq ) 1<i<Hy (m)

I I;
Q71 ()1 ()@
I I; Lt ()1 Lt (m)a
Wa (@1 (9@ 11 (1), Y O (1.0, Y () (1))
(3.24)

16



Hence, for all J € L, we have

YUy (m)=1]
UWo(F) =V 1
= QI Qi (1, Y (1 ) 1<i§(m) 2@ ()

> 3> Lilva, —ver ). (3.25)

1<j<q ieJ

I
JHy (m)4

For every z € B(Ry), let ¢, := (c1z,...,¢q.) Where ¢, == vg,n(2) —

gj‘(’;;" )= 1]( ). Then, by definition of the Hilbert weight, there exists J, € £

such that
[H (m)-1]
ey == X S hylanle) - A0
i€J; 1<<Lqied,
Then, by (3.3) and Lemma 2.2, for every K € N we have

(Hy (m)—1]
mHy Z 2 s (va,0(2) = v 07" (2))

1<j<qz€Jz
1 [Hy (m)~1]
= ntl Z (VQj(f)(Z) Yo, (z))

jeK
(2n+ 1A [y (m)—1]
= max (ve,0(2) g, (%))

1
—1 2 (a,n(2) — v ()

jEK

A%

_ (@2n+1)A Z (

1<i<q

[(Hy (m)—1]
vo,(n(2) — Vle(/f) (Z))

Combining with (3.25), for every K € N and z € B(Ry), we have
1 1

[Hy (m)—1]
[ —— P Z —_— Vo. Z)— UV~ z
- > (v, (2) - éj(yf()) ().
1<5<q

17



This implies that
n+1

[Hy (m)—1]
- - > o —
mHy (m )Vwa( ) II?E%KK (VQJ(f) Yo, )
(n+1)2n+1)A Hy (m)—1
- — > () —vg =)
1<i<q

(3.26)

On the other hand, since the hypersurfaces D; (j = 1,...,q) are in general
position in V, we have that for any z € B(R)) there are at least (q-n) indices
g of {1,...,q} such that vy, (2) = 0. Thus, we have

q

[Hy (m)—1]y [Hy (m)—1]
Z(%(f) Q]E/f) )—fﬁ% (va; — fo) )-
j=1 jeJ

Therefore, by (3.26) we have
n+1

§ ' yUy (m)—1]
_ > .
mHy(m) VWa(F) - s (VQ7(f) Q](f) )

(n+1)2n+1)A Z (

Yy (m)—1]
- ().

VQj(f)(Z) Va0

1<i<q
(3.27)
So, by integrating and by Jensen’s formula, we get
nt+l [Hy (m)—1]
W()NW"‘ > Z NQJ 7“ TO NQjZ/f) (r’ TO>)
1)(2 DA
- DEEDE S Ny )
1<i<q
1
>3- (i) 2
(n+1)(2n + 1)dgA
- - > Ty - o)
1<y<q
621 Hy (m)—1 qe
= (Nayn(rro) = Nyt ™y ro)) = T5(r).
j=1

18



Combining with (3.22) we get
dlg—n—1—qe)Ts(r,r) < ZN[Ij{f)m) U(r re) + A(r).
Combinning with (3.1) we have

q
1 m)—
(q—n—1—qe)T¢(r,m) < g EN}HY( ) 1](7"7 ro, Dj) + A(r).
J

Combining with (3.4), we complete the proof of Theorem 1.1. 0J
We next prove Theorem 1.3.

Let W : M — M be the universal covering of M. Then f fw: M — Vis
also algebraically nondegenreate. Moreover, it holds that 6 I D;) < (55? (D;).

Hence, if Theorem 1.3 is true for fthen it is also true for f. Therefore, we
may assume that M = B(Ry) for some Ry (0 < Ry < 00). According to (1.1)
and Corollary 1.2, it suffices to prove Theorem 1.3 for the case Ry = 1 and

Te(r,r
lim sup f<—10) < 00
rel log

Then, by (3.9) we also have

Tr(r,m0)

hm sup F— < OQ. (328)
log —— T
We now prove that
q
Z 550HY(7”)_1](D]-) <n+1+4ge+ pT. (3.29)
j=1
N +dm
o 0 g )

— _(nt)(Hy(m)—1)
where T':= r =" 60 0A) S do @ DE deE )

Indeed, assume that the inequality (3.29) does not hold. Then, by defi-
nition of the non-integrated defect, there exist nonnegative constants 7; and
continuous plurisubharmonic functions u; # —oo (1 < j < ¢) such that

q
(=) >n+1+qe+pT, € < || f||%™ (3.30)

J=1
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and u; — log|p;| is plurisubharmonic where ¢; is a nonzero holomorphic
1} = HY(m -1 545 [Hy(m)*ll.

function with Vg, = min{u( 7 Dj) ( ) = TYQip)

On the other hand, by (3.27) we have

< e
(Hq 1czj(f) A A Z

W (F) 1<5<q

L (n+1)(2n+1)A\ mHy (m)
where A := (1 — = )

Therefore,

W
= Jog |zt ran o E :—u
(11 @xf dj

is plurisubharmonic on B(1).
By (cf. [9], pp. 252), the condition (1.3) is satisfied if and only if there
exists a continuous plurisubharmonic function w # —oo on B(1) such that

e"dV < || f[*Ven

where dV denotes the volume form of B(1).

Set
ti= 2
d((g—n—1— oy — EREEER) B — (g + -+ 1) A)

and u = w + to,

where B := %&m) Then u is plurisubharmonic and so subharmonic on the
Kéhler manifold M.
By (3.21), (3.30) we have

2 (Hy(m) = DHy(m)

t(laol + -+ + lan]) <
(law| ) S 104t mA) ’

pT
I(I=m)—n—1-—qe

<1 (3.31)
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(note that 0 < A < B). Then, we have

e"dV < e[| fI* Vi

= |Za0+m+aN WQ(F) ’t (DI AL ug||f||2me
( ;1':1 Qj(f )
(B30 tta W, (F . |
< |Z o+-tan - ( ) A|t||f||tZJ:1dAnJ||f||2pvm
(T15= @s(h)
= ’Zao-i-n--i-az\r Wa<F) — ’t”thd(q—n—l—Hf;trln)_(n+1)(z;z+1)qA)B) »

(T1%2, Qi ()

Therefore, by the help of the identity Vin = 2m||z||*™ o A d||z]] we get that

n (n+1)(2n+1)gA
[ e [ ppresen Ty ppalemiagitneimn)y,
o o (I, Qi)

1
< 2m / & / jgortertan__Wall)__yy ppea(amni gty - 0G0008) o g
o (IT5= Qi(f))

(3.32)

By (3.7) and (3.14) we have

log 1A 1 max > By, (F) +d(n+ 1) log || f|
[T} Qi()] ~ mHy(m) Lec &
n+1 2n+1)(n+ 1A
- gy > Eq,(H+001)
m
1<i<q
n+1 ||F”Hy(m)+1
= —  maxlog ————— +d(n+1)lo
ity (m) B2 B [, om0+ D esl
+1 o2n + 1 +1A dq
!H Q;(f)]
n—+1 1
= ——logmax +d(n+1)log| f|
mHy (m) " ° LeL |1, Hi(F)]
n+1 (2n+1)(n+1)A 1 £%
+ ————log||F|| + log +O(1)
mHy (m) m | TT5-, Qi (1)l
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69 0l 1 d(n
< "l s )+
it (o) 8 2 T ] Ty

L Ent DA

+1)

) g ]
K

NGRS

Therefore,

ntl q<n+1><2n+1>A) mHy (m)

e ) e
T2, Q) S e L, (F Hy)|

This implies that

wa(P)l-

1 _an+1)(2n+1)A

e ) W)
T, Q1 S 2T, B(F)]

(3.33)

[WalF)]-

By (3.31), there exists p’ such that t(Jao| + -+ + |an|) < p' < 1. Then by
(3.32), (3.33) and by Lemma 2.3, we have

el 2m—1 ap+tan ‘WOC(F)V
/B< s 2‘“/ ¢ / 2 e

/

2m—1
zm/§2m Y KL( R Tr(R,10))" d¢

tez B¢
—2m Y K /52"‘ Y i 1TF(R ro))” dg (3.34)
LeL 6

forrg <€ < R< 1.
According to Lemma 2.4 in [10], if we choose R = { + = 5r ooy then

TF(R7 TO) < 2TF(€7 TO)

outside a set £ with [, 1—L§df < 00.
Therefore, by (3.28) and (3.34) we have

2m—1 ,
/ e“dV < ZK’/5 (loglig)pd§<oo.

Lel
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On the other hand, by the result of Yau [16] and Karp [11], we have neces-
sarily

/ e"dV = oo
B(1)

because B(1) has infinite volume with respect to the given complete Kéhler
metric (cf. [16], Theorem B). This is a contradiction. Therefore, we get

(3.29). This completes the proof of Theorem 1.3. OJ
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