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Second main theorems and unicity of
meromorphic mappings with moving
hypersurfaces

Si Duc Quang

Abstract. In this article, we establish some new second main theorems for meromorphic
mappings of C™ into P™(C) and moving hypersurfaces with truncated counting functions.
As an application, we prove a uniqueness theorem for these mappings sharing few moving
hypersurfaces without counting multiplicity. This result is an improvement of the results
of Dulock - Min Ru [2] and Dethloff - Tan [4]. Moreover the meromorphic mappings
maybe algebraically degenerate.

1 Introduction

In 2004, Min Ru [8] showed a second main theorem for algebraically nondegenerate mero-
morphic mappings and a family of hypersurfaces in weakly general position. After that,
with the same assumptions, T. T. H. An and H. T. Phuong [1] improved the result of
Min Ru by giving an explicit truncation level for counting functions. Applying the second
main theorem of An - Phuong, Dulock and Min Ru [2] proved a uniqueness theorem for
meromorphic mappings sharing a family of hypersurfaces in weakly general position.

Recently, in [3] Dethloff and Tan generalized and improved the second main theorems
of Min Ru and An - Phuong to the case of moving hypersurfaces. They proved that

Theorem A (Dethloff - Tan [3]) Let f be a nonconstant meromorphic map of C™ into
P™(C). Let {Q;}!_; be a set of slow (with respect to f) moving hypersurfaces in weakly
general position with deg Q; = d; (1 < i < q). Assume that f is algebraically nondegen-
erate over K{Qi}ﬁzl' Then for any € > 0 there exist positive integers L; (7 = 1,....,q),
depending only on n,e and d; (j =1, ...,q) in an explicit way such that

| (g—n—1—=eT(r <Zd Q r) + o(Ty(r)).

2010 Mathematics Subject Classification: Primary 32H30, 32A22; Secondary 30D35.
Key words and phrases: second main theorem, meromorphic mapping, moving hypersurface, uniqueness
problem, truncated multiplicity.



Here, the truncation level L; is estimated by
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where [x] = max{k € Z ; k < x} for a real number z.
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By using this second main theorem, Dethloff and Tan proved a uniqueness theorem for
meromorphic mappings sharing slow moving hypersurfaces (see Theorem 3.1 [4]). However
in their result, the number of moving hypersurfaces is too big. An essential reason comes
from the fact that the truncation levels given in Theorem B actually are very weak.
Morever their proof of the uniqueness theorem is too complicate.

We also would like to note that, in all mentioned results on second main theorem of
Min Ru, An - Phuong and Dethloff - Tan the algebraically nondegeneracy condition of
the meromorphic mappings can not be removed.

Our aim in the present paper is to show some new second main theorems for meromor-
phic mappings and slow moving hypersurfaces with better truncation levels for counting
functions. Moreover the mappings maybe algebraically degenerate. Namely, we prove the
following theorems.

Theorem 1.1. Let f be a meromorphic mapping of C™ into P*(C). Let Q; (i =1,...,q)
be slow (with respect to f) moving hypersurfaces of P"(C) in weakly general position with
deg@Q; = d;, ¢ > nN +n+ 1, where N = (":d) —1 and d =lem(dy, ..., d,). Assume that
Qi(f) Z0 (1 <i<gq). Then we have

| T Zd )+ o(Ty(r).

nN+n+1f

Theorem 1.2. Let f be a meromorphic mapping of C™ into P"(C). Let Q; (i =1,...,q)
be slow (with respect to f) moving hypersurfaces of P"(C) in weakly general position with
deg@; = d;, ¢ > N + 2, where N = (”:er) —1 and d = lem(dy, ...,d,). Assume that f is
algebraically nondegenerate over K{Qi}q_ . Then we have

I 30 < 32 NGl ) + olry )



As an application of these second main theorems, we prove the following uniqueness
theorem for meromorphic mappings sharing slow moving hypersurfaces without counting
multiplicity.

Theorem 1.3. Let f and g be nonconstant meromorphic mappings of C™ into P"(C). Let
Qi (i=1,...,q) be a set of slow (with respect to f and g) moving hypersurfaces in P™(C)
in weakly general position with deg@Q; = d;. Put d = lem(dy, ...,d,;) and N = (":d) — 1.
Let k (1 < k < n) be an integer. Assume that

(i) dim(ﬂ?zo ZeroQij(f))g m — 2 for every 1 <ip<--- <1, <gq,

(i) f =g on U;’Zl(ZeroQi(f) U ZeroQ, (g))
Then the following assertions hold:

2kN(nN +n+1)

a) If ¢ > y then f = g.
b) In addition to the assumptions (i)-(ii), we assume that both f and g are algebraically
- 2kN(N + 2)
nondegenerate over Kigne . If ¢ > g then f = g.

We note that the numbers of hypersurfaces in our results are smaller than that in the
results of Dulock - Min Ru [2] and Dethloff - Tan [4]. Also by introducing some new
techniques, we simplify their proofs.

Acknowledgements. This research was supported through the programme ”Ober-
wolfach Leibniz Fellows” by the Mathematisches Forschungsinstitut Oberwolfach in 2011.
The author wishes to express his gratitude to the institute.

2 Basic notions and auxiliary results from Nevan-
linna theory

2.1. We set ||z|| = (|21 + -+ ]zm\Q)l/Z for z = (21,...,2m) € C™ and define
B(r)={zeC":||z|| <r}, S(r)={zeC™:|z||=r} (0<r < o0).
Define
vm1(2) = (dd[]z[|])"" and
om(2) = dlog||z||* A (ddclog|\z||2)m_lon Cc™\ {0}.

2.2. Let F' be a nonzero holomorphic function on a domain 2 in C™. For a set a =
ol F

(o, ..., auy,) of nonnegative integers, we set |a| = a; + ...+ a,, and D*F = PO T

We define the map vg : Q) — Z by

vp(z) == max {k: D*F(z) =0 for all « with |a| < k} (z € Q).



We mean by a divisor on a domain €2 in C™ a map v : {) — Z such that, for each a € €,
there are nonzero holomorphic functions ' and GG on a connected neighborhood U C 2
of a such that v(z) = vr(z) — vg(z) for each z € U outside an analytic set of dimension
< m — 2. Two divisors are regarded as the same if they are identical outside an analytic
set of dimension < m — 2. For a divisor v on 2 we set |v| := {z: v(z) # 0}, which is
either a purely (m — 1)-dimensional analytic subset of Q or an empty set.

Take a nonzero meromorphic function ¢ on a domain 2 in C™. For each a € , we
choose nonzero holomorphic functions F' and G on a neighborhood U C 2 such that

F
p =5 on U and dim(F~'(0) N G(0)) < m — 2, and we define the divisors 12, v

by yg = Vr, v, = Vg, which are independent of choices of F' and G and so globally

well-defined on .

2.3. For a divisor ¥ on C™ and for a positive integer M or M = oo, we define the counting
function of v by
A1) = min {M, v(2)},

[ v(Z)vmr  ifm>2,
n(t) = [vINB(t)

> v(z) if m=1.
|2|<t

Similarly, we define  nlMl(t).

Define

r

N(T,I/):/ n(t) dt (1 <r<oo).

t2m—1
1

Similarly, we define N (r, ™)) and denote it by NM(r v).

Let ¢ : C™ — C be a meromorphic function. Define

Ny(r) = N(r V0, NLM](T) = N[M](T, I/g).

e

For brevity we will omit the character M if M = oo.

2.4. Let f : C™ — P"(C) be a meromorphic mapping. For arbitrarily fixed ho-

mogeneous coordinates (wg : --- : w,) on P"(C), we take a reduced representation
f=(fo: - : fn), which means that each f; is a holomorphic function on C™ and
f(2) = (fo(z) : -++ ¢ fu(2)) outside the analytic set {fo = --- = f, = 0} of codimension

1/2

> 2. Set [[f]l = (Ifo* + -+ [ful?)
The characteristic function of f is defined by

ﬂmz/mmm—/mmm.

5(r) 5(1)



2.5. Let ¢ be a nonzero meromorphic function on C™, which are occasionally regarded
as a meromorphic map into P*(C). The proximity function of ¢ is defined by

m(r, ) == /S( )logmaX (lel, 1)om.

The Nevanlinna’s characteristic function of ¢ is defined as follows
T(r,p) := Ni(r) +m(r, ¢).
Then
To(r) = T(r, ) + O(1).

The function ¢ is said to be small (with respect to f) if || T,,(r) = o(Tf(r)). Here, by the
notation || P” we mean the assertion P holds for all r € [0, 00) excluding a Borel subset
E of the interval [0, 00) with [, dr < oc.

We denote by M (resp. K¢) the field of all meromorphic functions (resp. small mero-
morphic functions) on C™.

2.6. Denote by Hgm the ring of all holomorphic functions on C™. Let () be a homoge-
neous polynomial in Hem [z, . .., x,] of degree d > 1. Denote by @(z) the homogeneous
polynomial over C obtained by substituting a specific point z € C™ into the coeffi-
cients of Q). We also call a moving hypersurface in P"(C) each homogeneous polynomial
Q € Hemlzo, ..., x,] such that the common zero set of all coefficients of @ has codimen-
sion at least two.

Let @ be a moving hypersurface in P"(C) of degree d > 1 given by

where Zy = {(ig, ...,1n) € N0 dg+ - 44, = d}, a; € Hem and w! = w® -+ - wir. We
n+d
n

consider the meromorphic mapping Q' : C™ — P¥(C), where N = ( ), given by

Q'(2) = (ar,(2) : -+ s ary (2)) (Za={1o, ..., IN}).

The moving hypersurfaces @ is said to be "slow” (with respect to f) if || T/ (1) = o(T¢(r)).
This is equivalent to ||Tar, (1) = o(T¥(r)) for every a;, # 0.

ar.
IJ

Let {Q;}]_; be a family of moving hypersurfaces in P"(C), deg @); = d;. Assume that

Qi = Z auwl-

IEIdi

We denote by K{Qi}gl:l the smallest subfield of M which contains C and all Z—§ with
a;; Z 0. We say that {Q;}{_, are in weakly general position if there exists z € C™ such

5



that all a;; (1 < ¢ <gq, I €Z) are holomorphic at z and for any 1 < iy < --- < i, < ¢ the
system of equations

{Qij(zxwo, ) =0

0<j<n

has only the trivial solution w = (0,...,0) in C"*!,
2.7. Let f be a nonconstant meromorphic map of C™ into P"(C). Denote by C; the set
of all non-negative functions h : C™\ A — [0, +oc] C R, which are of the form
o o+ +lgl
|G| + -+ |G|

where k,l € N, g1, ..., gi4x € K7\ {0} and A C C™, which may depend on gy, ...., g4, 1S
an analytic subset of codimension at least two. Then, for h € C; we have

/ log ho,, = o(Ts(1)).

S(r)

Lemma 2.8 (Lemma 2 [3]). Let {Q;}, be a set of homogeneous polynomials of degree d
in K¢lzo, ..., z,). Then there exists a function hy € Cy such that, outside an analytic set
of C™ of codimension at least two,

max [Qi(fo, - fu)| < hallfII%.
1€{0,...,n}

If, moreover, this set of homogeneous polynomials is in weakly general position, then there
exists a nonzero function hy € Cy¢ such that, outside an analytic set of C™ of codimension
at least two,

h2||f||d§ . max |Ql<f077fn)|
1€{0,...,n}

2.9. Lemma on logarithmic derivative (Lemma 3.11 [9]) . Let f be a nonzero
meromorphic function on C™. Then

‘ m(r, Daf(f >): O(log* T(r, ) (a € Z7).

2.10. Assume that £ is a subset of a vector space V' over a field R. We say that the set
L is minimal over R if it is linearly dependent over R and each proper subset of L is
linearly independent over R.

Repeating the argument in (Prop. 4.5 [5]), we have the following:

Proposition 2.11. Let @y, ..., ;. be meromorphic functions on C™ such that {®y, ..., Pr}
are linearly independent over C. Then there exists an admissible set

{a/i = (aib sy O{im>}7’,‘€:0 C ZT

6



with |a;| = 370 |ai| < k (0 < < k) such that the following are satisfied:
(i) {D%®y, ..., DY P }¥_ is linearly independent over M, i.e., det (D*®;) # 0.
(7) det (Dai(hfbj)): hF*1. det (Do‘@j) for any nonzero meromorphic function h on C™.

3 Second main theorems for moving hypersurfaces

In order to prove Theorem 1.1 we need the following.

Lemma 3.1. Let f be as in Theorem 1.1. Let {Qi}?:(]gﬂ) be a set of homogeneous
polynomials in K¢[zo, ..., x,] of common degree d in weakly general position, where N =
(”+d) — 1. Assume that Q;(f) Z0 (0 < i < n(N +1)). Then there ezist a subset B of

n

{Qi(f); 0<i<n(N+1)} and subsets I, ..., Iy of B such that the following are satisfied:
(i) I is minimal, I; is independent over Ky (2 <1 < k).
(i) B=U' L, LNL =0 (i#7) and tB > n + 1.
(i13) For each 1 < i <k, there exist meromorphic functions c, € Ky \ {0} such that

> caQa(f)€<Ufj> .
K

Qa(fIel; =t/ k,

Proof. Denote by Vfd the vector space of all homogeneous polynomials of degree d in
Kglzo, ..., zy]. Tt is seen that dim Vi = (") =N+ 1.

e Weset Ag = {Qi(f); 0<i<n(N+1)} We are going to construct the subset B,
of Ay as follows:

Since Ay > N + 1 = dim Vfd, the set Ay is linearly independent over K. Therefore,
there exists a minimal subset I{ over Ky of Ag. If §I7 > n+1 or (1), N(Ao \ IY),, = {0}
then we stop the process and set By = I?, A; = Ay \ Bo.

Otherwise, since (]?),Cf N (Ao \ If),cf # {0}, we now choose a subset I3 of Ag \ I}
such that I3 is the minimal subset of Ay \ 17 satisfying (I}),c, N (1)), # {0}. By the
minimality, the subset I3 is linearly independent over Ky If (I UIY) > n+ 1 or
(1Y U IS),Cf N(Ag\ (IPU IS)),Cf = {0} then we stop the process and set By = [} UIY, A; =
Ao\ Bo.

Otherwise, by repeating the above argument, we have a subset I3 of Ag\ (I{ U I3).

Continuiting this process, there exist subsets I, ..., I? such that: I? is a subset of
Ag\UI3 19, 19 5s linearly independent over Ky (2 < j < k), (I?), N (U;;ll If) o, # 0
1By > n+1 or <Bﬂ>lcf N (Ap \ BO)Kf = {0}. Also, by the minimality of each subset

I? (2 < i < k), there exist nonzero meromorphic functions ¢! € K; such that

> caQa<f>e(Uf§’) .
Ky

Qa(f)el J=1



o If 1By > n + 1, by setting B = By, I; = I? then the proof is finished.

Otherwise, we have (By)c, N (Ao\ Bo)c, = {0} We set Ay = Ao\ Bo. Then
dim(A;)x, < N +1—dim(By)x, < N and §4; > nN +1 > N > dim(4;)x,. Simi-
larly, we construct the subset B; of A; with the same properties as Bj.

o If 181 > n+ 1 then the proof is finished. Otherwise, by repeating the same argument
we have subsets Az, Bz and I?.

Continuiting this process, we have the following two cases:

Case 1. By this way, we may construct subsets By, ..., By with §B; < n (1 <i < N).
We set Byy1 = Ag \ ULy Bi. Then #Byy; > n(N +1) +1—n(N +1) = 1. Then
dim (BN+1>1<f > 1. On the other hand, it is easy to see that

dlm(BNH),C = dim (Ap) Zdlm ,C <N+1—-(N+1)=0.

This is a contradiction. Hence this case is impossible.

Case 2. At the step k —th (k < N), we get #By > n+ 1. Then similarly as above, the
proof is finished. O

Lemma 3.2. Let f be as in Theorem 1.1. Let {Qi}?:(]gﬂ) be a set of homogeneous
polynomials in K¢z, ..., x,| of common degree d in weakly general position, where N =
("+d) — 1. Assume that Q;(f) #0 (0 <i<n(N+1)). Then we have

n

n(N+l 1
N
IT5r) < D = Nowp(r) +o(Ty(r)).
=0

Proof. By Lemma 3.1, we may assume that there exist the subsets

]i = {Qtz‘-‘rl(f)a ""Qti+1(f)} (1 S i S k)

and functions ¢; € ICp\ {0} (ta+1 <@ < t411), where t; = —1, which satisfy the assertions
of Lemma 3.1.

Since [; is minimal over Ky, there exist ¢;; € R\ {0} such that

Define ¢1; = 0 for all j > ¢;. Then Zt"““ c1;Q;(f) = 0.

Since {c1;Q;(f)}; ‘2 is linearly independent over K, there exists an admissible set



{oa, ..., 000} CZT (Jouj| <ty —1 < N) such that

D (en@i(f)) -+ D (a1, Qn(f))

Al = pee <611Q1 (f)) o Doz (Cltz Qtz(f))

Do (en@ulf) - DV (en,Qu()

o cn@a(f) o a1 CthQt2<f)
Camp) 7 X0
—pm. | P ( Qolf) ) P ) =@ A 2o

Qo(f) Qo(f)

Deita (CHQl(f)) co. Doty (Cltth2<f))

Now consider i > 2. We set ¢;; = ¢; 0 (t;, + 1 < j < t;41), then Z;":*;L_H ¢;Qi(f) €

(U;_11 Ij>lcf Therefore, there exist meromorphic functions ¢;; € Ky (0 < j < t;) such
that Zt S CZJQJ( )=
Define ¢;; = 0 for all j > t;11. Then Z M 6iiQi(f) = 0.

Since {c;;Q;(f )}2;11 +1 1s linearly independent over Ky, there exists {ozw}zitll L CZy
(laij| < tiy1 —t; —1 < N) such that

A=t D <cis@s<f>))ti“ = @)t der (D <Cz's@s<f>>>““

Jys=t;+1 Qo(f) Jrs=ti+1

—Qolf) " A £




Consider an 41 X (tx41 + 1) minor matrixes 7 and T given by

[ DU (cw@o(f) o DUery, Qu ()]
D2(c19Qu(f)) -+ DM2 (Cltk+1 Qtips ()
Dot (egQolf) Dy Qo ()

D221 (c0Qo(f)) +++ Dot (Cth+1 Quips (/)
Dez2t2(c0Qo(f)) -+ D (C2tk+1 Quiyr ()

T = : : :
Do (c0Qo(f)) -+ D3 (canyy, Quyyr (f))
Dkty+1 (ékoQO(f>) : Dkt (thk.+1 Qi (f))
Dout2(cpoQo(f)) -+ D%+ (cppyyy Quyys (f))
] Dt 41 (Ck0Q0<f)) . .' . D%t (thk.+1th+1 ) |
- o pan (O @ () )
D ( ) o (s
Aty ClOQO . Aty M)
D (2 0 o ag)
2ty 11 C20Jo . 2ty +1 M
D ( (f) ) p Qo(f)
T =

c;oQo<f>) a%g(cm;@tHl(f))
P ( P Qo)

Qkty+1 CkOQO(f)) . Oty +1 (thk.JA th+1 (f))
oo (s g (1)

Cktg 1 CkOQO(f)) . Okt (thk.ﬂ th+1 (f))
P ( Qo(f) P o) )|

Denote by D; (resp. D;) the determinant of the matrix obtained by deleting the (i+1)-th
column of the minor matrix 7 (resp. 7). It is clear that the sum of each row of 7T

(resp.T) is zero, then we have
k
D; = (=1)'Dy = (=1)! HAz' = (=1)"(Qo(f))"*+ Hfli
= (=1)"(Qo()*** Dy = (Qo(f))"™* Di.

10



Since jj(Uf;1 I;) > n+1and Qo, ..., Qs are in weakly general position, by Lemma 2.8
there exists a function ¥ € Cy such that

1f () < W(2) - max (|Qi(f)(2)]) (= € C™).

Fix zy € C™. Take ¢ (0 <14 <t;) such that |Q;(f)(20)| = maxo<;<¢, |Q;(f)(20)|. Then
[Do(zo)l - IFGll* _ — IDszo)l (WG Y, o). 1Pil)l
[T 1Q5(f)(=0)] Htk+1 Q5 (f)(=0)] (|Qv:<f)(zo)!)S %) Ht'“+1 Qi (F)(=0)

This implies that

o [ Do(z0)l-If (0)[1* _ < oot (W2 - | Di(20)|
T 1D — < (z0) <H§’:&,j#|@j<f><%>|>)

oot | Di(20)| log™ W(z).
= log <HJ UG >r)+ g ¥ ()

Thus, for each z € C™, we have

o [N <2 v 1DiC2)] s
8 e o)) = (HJ NCIGIE >|)+1 8" ¥(z)

& :;W( . |Dié2j)<|f><z> )test 90c)
© HResfoine
[ o1l c10Qo(f) anr [ Cltr o (f)
v < Qo) ) P ( Qo) )
Qo(f) th+1 (f>
- Qo(f) Qo(f)
Note that . = det : : :
¢ Q;(f) ' ' '
Hj’:ol,#i T CkoQo(f) Ohty iy Chtirq th+1 (f)
@ld) P ( Qo) ) P ( Qol) )
Qo(f) Qupr (f)
Qo(f) Qo(f)

(The determinant is counted after deleting the i-th column in the above matrix)

By the lemma on logarithmic derivative, for each ¢ and ¢ € Ky we have

c@;(f) o €Q;(f)
G R
Qo(f) Qo(f)
< 0(10g+ T, () )) +T.(r) = o(Ty(r))
Qo(f)

11




Therefore, we have

|l szﬁj igj—% )=olt) 0 <i<n)

Integrating both sides of the inequality (3.3), we get

] Ao + ] (—t Dol ) m
H/s(r) eIl /sm P\ o)’

tht1 ‘Dzl ) .\
< Z/ log* (Htkﬂ ) Um+/9(r) log™ ¥(z)om

il

D; o
= m(“ e Gt )+O<Tf<r>> = o(T(r)).
Jj=0,j#i Qo(f)

By Jensen formula, the above inequality implies that

tet1

(3.4) || dTy(r) + Npy(r) ZNQ ) < o(Ty(r)).

We see that a pole of Dy must be pole of some ¢;, or pole of some nonzero coefficients a;;

of Q); and
) < O( ZN + D N(r) = o(Ty(r)).

a; 170
Therefore, the inequality (3.4) implies that
tr4+1
(3.5) | dTy(r) < ZNQ — Np,(r) + o(T¢(r)).

Here we note that D; = (—1)"Dy, then v}, = v}, .
We now assume that z is a zero of some functions Q;(f). Since ty41 +1>n+1 and z

can not be zero of more than n functions Q;(f), without loss of generality we may assume
that z is not zero of Qo(f). Then

0 . 0
Vpetsaits (CsiQi(f))(Z) = BEZ™ with gsltmm—ﬁezi“ Vmcsmo‘“s—ﬁfg@i(f)(z)}
> min - fmax{0,vh,5)(2) = |, s — B} = (84 D (2)}

BEZT with ast, | +;—PBEZT

Z maX{O, VQz(f)(Z) - N} - (N + 1>VCO.;(Z>
foreach 1 <i <t 1,1 <j<ty—ts 1,1 <s<k+1, wherety=0..

12



Put I(2) = (N + 1) 5, 0% (s — fe )02 (). Then

tkt1

(3.6) vp(2) = > max{0,19 5 (z) = N} = I(2).

=0

We note that if z is not zero of a function Q;(f) with ¢ # 0, replacing Dy by D; and
repeating the same above argument we again get the inequality (3.6). Hence (3.6) holds
for all z € C™. It follows that

tet1 tp—1

Z Voup(2) = vpy(2) < Z min{ N, v,y (2)} + 1(2).

Integrating both sides of the above inequality, we get

tet1 trt1

ZNQ — Np,(r) < ZN[N] ) + o(T}(r)).
Combining this and (3.5), we get
n(N+1)
GRS LN ) + olTy(r)).
The lemma is proved. U

Proof of Theorem 1.1.

We first prove the theorem for the case where all Q; (i = 1,...,q) have the same degree
d. By changing the homogeneous coordinates of P"(C) if necessary, we may assume that

a;;, 0 for every i =1, ..., q. We set Q; =

Q, Then {Q, _, is a set of homogeneous
z[l
polynomials in K¢[xo, ..., z,] in weakly general position.

Consider (nN +n+ 1) polynomials Q. , ..., Qimwn“ (1 <1; <gq). Applying Lemma 3.2,
we have

nN+n+1

| Ty(r) <

nNJrnJrl

Ngg (r) + o(Ty(r) Z ngj ) + o(T}(r)).

Q=

J=1

Taking summing-up of both sides of this inequality over all combinations {iy, ..., iyNini1}
with 1 <141 < ... < ipnint1 < ¢, we have

: < X PR+ olT5 ().

nN+n+1
H YT L

The theorem is proved in this case.
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We now prove the theorem for the general case where deg ); = d;. Then, applying the
d

above case for f and the moving hypersurfaces Q;’T (1 =1,...,q) of common degree d, we

have
L ry < SINEL )+ o(Ty)
nN +n+1 —j_ d Q¥4
N
< Z 1 Ncgj )+ o(Ty(r))
- Z 7l NG () + o(Ty(r).
The theorem is proved. U

Proof of Theorem 1.2.

By repeating the argument as in the proof of Theorem 1.1, it suffices to prove the
theorem for the case where all (); have the same degree.

By changing the homogeneous coordinates of P*(C) if necessary, we may assume that

a;;, # 0 for every i =1, ..., q. We set Q; =

Qz Then {Q, _, is a set of homogeneous
7,[1
polynomials in K¢[xo, ..., z,] in weakly general position.

Consider (N + 2) polynomials Q;,, ...,QiNH (1 <i; < gq). We see that dim(@ij 1<
J< N+2)¢ Ko < N+1 < N+2. Then the set {Q;,, ..., Qiy,, } is linearly independent

iYi=1 -
over IC{Q JL Hence, there exists a minimal subset over IC{QZ-}‘?:N for instance that is
{Q“, .. Q“} of {Qs,. ...,QiNH}. Then, there exist nonzero functions ¢; (1 < j <t) in

K{Qz}3:1 such that
Qi+ + Qi =0
Since @y, ...., Qiy,, are in weakly general position, ¢ > n + 2. Setting F; = ¢;Q;(f), we

have
Fr+---F_,=—-F,.

Choose a meromorphic functions h so that F'= (hF} : ---: hF;_1) is a reduced represen-
tation of a meromorphic mapping F' from C™ into P"(C). It is seen that

—_

t—

Np(r) < ) (N(r) + Noy p (1) = o(T;(r)).

=

On the other hand, by the minimality of the set {Qm ey Qit}, then F' is linearly nonde-

14



generate over C. Applying the second main theorem for fixed hyperplanes, we get
| Te(r) < ZNJFQ] ) +o(Tr(r))

Z N[t 2] ) + N[t 2]( )) _|_tN}[Lt72}(7“) + o(Tr(r))

N+2
[t—2] [N]
ZNQL () () +o(T5(r ZNQL () (1) +o(T¢(r)).
It follows that
1 e Ly
| Ty(r) = ETF( )+ o(Ty(r) Z No ) +o(Ty(r)).

Taking summing-up of both sides of this inequality over all combinations {i,...,in2}
with 1 <141 < ... <iyio < ¢, we have

| s Zd 1)+ oI 1),

The theorem is proved. U

4 Uniqueness theorem for meromorphic mappings shar-
ing moving hypersurfaces

In order to prove Theorem 1.3 we need the following.

Lemma 4.1. Let f and g be nonconstant meromorphic mappings of C™ into P™(C). Let
Q; (i=1,...,q) be slow (with respect to f and g) moving hypersurfaces in P™"(C) in weakly
general position with deg@; = d;. Put d = lem(dy, ...,d;) and N = (”:d) — 1. Then the
following assertions hold:

(i) If q > 2O dhen || Ty(r) = O(T,(r) and || Ty(r) = O(Ty(r)).

(i) If both f and g are algebraically nondegenerate over ’6{@1’}321 and q >
| T¢(r) = O(Ty(r)) and || To(r) = O(T¢(r)).

INOVED) 4o

Proof. (i) It is clear that ¢ > nN +n + 1. Then applying Theorem 1.1 for f, we have
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[N]
iy Zd%w )+ olT(r)

<Z Ng r) + o(T,(r))

Z

q
N

< Z € Nég?(f)(ﬂ + o(Ty(r))

i=1

<gN Ty(r) 4 o(Ty(r)).

Hence || T,(r) = O(T(r)). Similarly, we get || T¢(r) = O(T,(r)).

(ii) By applying Theorem 1.2 instead of Theorem 1.1 in the proof of the first assertion,
we will get the proof of the second one. O

Proof of Theorem 1.3. We assume that f and g have reduced representations f = (fo :

-t fn)and g = (go : - -+ : gn) respectively.

a) By Lemma 4.1 (i) , we have || T¢(r) = O(T,(r)) and || T,(r) = O(T¢(r)). Suppose
that f and g are two distinct maps. Then there exist two index s,t (0 < s < t < n)
satisfying

H := f.gi — figs £ 0.
Set S = U{ﬂ?zo ZeroQq, (f); 1 <ig < --- <4 < q}. Then S is either an analytic subset

of codimension at least two or an empty set.

Assume that z is a zero of some @Q;(f) (1 <1i <gq) and z € S. Then the condition (iii)
yields that z is a zero of the function H. Also, since z € S, z can not be zero of more than
k functions Q;(f). Therefore, we have

I
Wi(z)=1> Z Zmln{l,ygi(f)(z)}.
i=1

This inequality holds for every z outside the analytic subset S of codimension at least
two. Then, it follows that

(4.2) >+ Z Nolo

On the other hand, by the definition of the characteristic function and Jensen formula,
we have

NH<T) = / log’fsgt_ftgsyo'm
S(r)

S/l%MMﬁ/ log |||/
S(r) S(r)
= Ty(r) + T, (r).
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Combining this and (4.2), we obtain

1]
T;(r) ZNc[gzm (r).
Similarly, we have
1<~
Ty(r) +Ty(r) 2 7D Nolig) (1)
i=1

Summing-up both sides of the above two inequalities, we have

1
2ATy(r) +Ty(1) 2 7D Noip (1) + 7D Nolip (7)

i=1 i=1

1
4.3 >y .
(43) —;kN d“ﬁ(f) +ZkN d/d (r)

From (4.3) and applying Theorem 1.1 for f and g, we have

2Ty(r) + 1) = 30 N0, +Zm NG

(Ty(r) + Ty(r)) + o(Ty(r) + Ty(r)).

2kN (nN+n+1)

Letting r — +o00, we get 2 > & q < =——;——. This is a contradiction.

— kN nN+n+1
Hence f = g. The assertion a) is proved.

b) By Lemma 4.1 (ii) , we have || T¢(r) = O(T,(r)) and || Ty(r) = O(T¢(r)). Suppose
that f and g are two distinct maps. Repeating the same argument as in a), we get the
following inequality, which is similar to (4.3),

(4'4) 2(Tf( > Z k)N d/dz(f + Z k:N d/d )

From (4.4) and applying Theorem 1.2 for f and g, we have

2ATH0) + 1) 2 3 TN, +ZkN e

=1

d ¢
< kN N + Q(Tf(r) + Ty(r)) + o(Ty(r) + Ty(r)).
%‘JZ\HZ). This is a contradiction.

Letting r — +o00, we get 2 > &g <

kN s
Hence f = g. The assertion b) is proved. O
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