Mathematisches Mitgid der
Forschungsinstitut Z ? .
O be I’WO Ifa Ch Leibniz-Gemeinschafé/

Oberwolfach
Preprints

OWP 2017 - 13
GIUSEPPE GENOVESE AND DANIELE TANTARI

Overlap Synchronisation in Multipartite Random
Energy Models

Mathematisches Forschungsinstitut Oberwolfach gGmbH
Oberwolfach Preprints (OWP) ISSN 1864-7596



Oberwolfach Preprints (OWP)

Starting in 2007, the MFO publishes a preprint series which mainly contains research results
related to a longer stay in Oberwolfach. In particular, this concerns the Research in Pairs-
Programme (RiP) and the Oberwolfach-Leibniz-Fellows (OWLF), but this can also include an
Oberwolfach Lecture, for example.

A preprint can have a size from 1 - 200 pages, and the MFO will publish it on its website as well as
by hard copy. Every RiP group or Oberwolfach-Leibniz-Fellow may receive on request 30 free hard
copies (DIN A4, black and white copy) by surface mail.

Of course, the full copy right is left to the authors. The MFO only needs the right to publish it on its
website www.mfo.de as a documentation of the research work done at the MFO, which you are
accepting by sending us your file.

In case of interest, please send a pdf file of your preprint by email to rip@mfo.de or owlf@mfo.de,
respectively. The file should be sent to the MFO within 12 months after your stay as RiP or OWLF at
the MFO.

There are no requirements for the format of the preprint, except that the introduction should
contain a short appreciation and that the paper size (respectively format) should be DIN A4,
"letter" or "article".

On the front page of the hard copies, which contains the logo of the MFO, title and authors, we
shall add a running number (20XX - XX).

We cordially invite the researchers within the RiP or OWLF programme to make use of this offer
and would like to thank you in advance for your cooperation.

Imprint:

Mathematisches Forschungsinstitut Oberwolfach gGmbH (MFO)
Schwarzwaldstrasse 9-11

77709 Oberwolfach-Walke

Germany

Tel +49 7834 979 50
Fax +49 7834 979 55
Email admin@mfo.de
URL www.mfo.de

The Oberwolfach Preprints (OWP, ISSN 1864-7596) are published by the MFO.
Copyright of the content is held by the authors.



OVERLAP SYNCHRONISATION
IN MULTIPARTITE RANDOM ENERGY MODELS

GIUSEPPE GENOVESE AND DANIELE TANTARI

ABSTRACT. In a multipartite random energy model, made of coupled GREMSs, we determine
the joint law of the overlaps in terms of the ones of the single GREMs. This provides the
simplest example of the so-called synchronisation of the overlaps.

1. INTRODUCTION

In this note we concern on a multipartite random energy model, originally studied in the
bipartite case in [1], obtained coupling each level of M distinct generalised random energy models
(GREMs). We show the joint law of the overlaps to have a simple expression in terms of the
ones of the single GREMs. This provides a plain example of the so-called synchronisation of the
overlaps, recently introduced by Panchenko as a relevant property of multipartite systems [2].

The model is defined as follows. Let N,M € N,k € {1,..., M} and N, € Nwith >~ N, = N,
al®) == N,/N, ng = 0, n. —n._1 = 2V¥<. For each configuration o € Xy := {1,...,2V} we
can write o = (K1), .-, Hn))s Hiw) € {nw—1 +1,...,n.}. We divide each part respectively
into K1,... Ky hierarchical levels. For each level j of the hierarchy, each group of configu-
rations is divided in 2%=s further subgroups indexed by H(r,j), With of course Zj Ny j = Ng
and ¢, ; = N ;/N., j € {1,...,K,}. Each configuration can be thought of as a M-ple

= (,U'(1)7 e 7“(1\/1)) or as a Hn Kﬁ—ple g = (,u(l)l) s (LK) ey H(MGT)s - .,u(M’KM)). This
multipartite setting brings a somewhat heavy notation. To lighten it a little we let

Em,j = M(n,l) . M(n,j)

label the configurations in the j-th level of the x-th tree. With a slight abuse of notation we will
denote with the same symbol also the set of such configurations. However the correct meaning
will be always clear from the context.

We attach to each couple of levels Gaussian centred r.vs J( j) , and JUil ]12(52’32) with

w ,i1tKk9,02
(r,d) (k:d) | _
BT =
E[Jém7,]12%2.’32)Jg(/’il’]l)/(m’h)} = 0o, 0 Ou e
K1,J17K2,72 k1,41 k2,32 K1:J1°" k1,51 K212 ko, jo

The levels interact via the following Hamiltonian
Key Kry

Hy(o) = ,/ Zamza D Ve Yy Yy e g ()
Jj=

(k1,k2) J1=1j2=1
(1.1)
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with

K, Ky Ki,
S0 = 3 S S v 1,
j Jj1=172=1

We define as customary for 8 > 0 (—%) the free energy to be
1
— —BHny (o) NERT
An(B) == N log E e PENL) A(B) = hj{’nAN(B). (1.2)

Of course as a consequence of Talagrand inequality Ay () is self-averaging as N — oo, so we
can always take the expectation w.r.t. the disorder, when needed.

Given two configurations o, ¢’ we can define the partial overlaps. We introduce M sequences
of numbers in [0, 1]

O:qé“)<q§”)<-~-<q§2<q§§3+1:1, ke{l,...,M}
and
Theo ! (o) = inf {j D (k1) 7 'u/(ijrl)} : (1.3)
So we define the overlaps through
—_—
Unioy ' oy = qﬂt(m)u’m ' (14)

Here and further we denote by Py g the Gibbs distribution associated to the model and by (-) 5, s
the quenched average of observables (we drop the subscript N in the thermodynamic limit).

We let x(q) := Ps (qumw’w < q) . The main result of this note is
Theorem. Let v be a random variable uniformly distributed in [0,1]. Then

1) (M) 4.1 -1
(qmwm . qM(MW,(M)) 2 (27 w),... 27 ). (1.5)

A larger class of non-hierarchical random energy models which includes the one under consid-
eration was studied by Bolthausen and Kistler in [3, 4]. We shall make use of some crucial ideas
from those two papers, in which the so-called Parisi picture (which could be also fairly named
the Derrida-Ruelle picture) i.e. variational principle for the free energy and the ultrametricity
of the overlap is proved. A precise form of their statement will be given below.

2. MORE ON THE MODEL

Prior to embark the proof of the Theorem, it is convenient to discuss a little more the model.
What follows is in a good part heuristics and rigorous proofs can be found in [3, 4].

First consider for simplicity the bipartite model with K7 = K5 = 1, defined by the Hamiltonian
(we set ) = a, a® =band oM = a)

N
Hy(0) ==/ 5 [anfL? +(1—a)J? + /2a(1 — a)chﬁg} . (2.1)

If we assume for definiteness aa? > (1—«)b?, there are two possibilities: either ca® < (1—a)b®+
2ac? or aa? > (1 —a)b? +2ac?. As the first case is less rich, we focus on the second one. At very
high temperature everything is ergodic and the free energy coincides with the annealed one. As
B > B1 := 2+/log 2/a+/a, the pi-subset freezes, i.e. its relative entropy goes to zero analogously
as in the first transition in a GREM and one can show that

PR (s 8) = 271y e 2 PD(0,a),
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where Z is a normalisation factor, z1 := 81/8, PD(0,z) denotes the normalised Poisson point
process with intensity p(t) = xt~*~! or Poisson-Dirichlet distribution. In this regime Ps(g,,, >
q) =1 — 1, while for any ¢,p > 0 Pg(puu > p) = Ps(quu > ¢, pvr > p) = 0. The free energy is
a convex combination (with «) of two REMs, one on the p subset at low temperature and the
other on the rest of the system at high temperature. As [ increases further, the total entropy
vanishes for 8 > By := 2y/log2//(1 — a)b? + 2ac? and the whole Gibbs measure converges
toward a Poisson-Dirichlet process

Pn g(o;8) == PD(0,z2),

with x5 := B5/8. The free energy is the convex combination of two REMs at low temperature.
Ps(quu > q) is unchanged, but Pg(pu > p) = P3(quu > ¢, pv > p) = 1 — x2. Note

Pﬂ(‘]uu’ > q,Pvv’ > p) = min (PB(qHu/ > Q) 5 PB(pl/V’ > p))

for any 8. We remark that, since ¢,p € {0,1} in this simple case, Ps(quu > q) = Ps(quu = 1)
and Pg(pu > p) = Ps(po = 1) (as g,p > 0, otherwise they are trivially one). Therefore the
first system starts freezing at higher temperature and so if the second systems is frozen then also
the first one is so (as in a two-level GREM). The whole picture is summarised as follows

B < B AL B =log2 (1+al +(1-a)%) . {4y =)y =(Q) =0;
Bi<B<fe AMB)=log2(208 +(1-0) (14 %)), (a)y=1-z1, (p)s = (Q)y = 0;
8> B Alal(ﬁ)=2ﬁ1og2(ag+(1—a)%), (s =1—21, (s =(Q)s=1-a

Therefore, albeit not inbuilt in the model, a GREM-like hierarchical structure naturally
emerges. A way to visualise that in the general model defined by the Hamiltonian (1.1) is
as follows. Recall that ¢, ;, k € {1,..., M}, j € {0,..., K.} denote the configurations up to the
j-th level of the k-th GREM. Then the phase space is naturally coarse-grained by the class of
sets {Liy j1s Lis i }jijg:; We think of each level now as an atom and we can consider the
power set

p=p{li1,. bk A, O -
According to [3, 4] a chain T is defined to be an increasing (finite) sequence of sets in g:
I' = {Ty}n=o,.. .k, for a given K < Y K., withT,, € p, ', C I'p,4q and Ty = 0, I'x =

{1,053 b1 kys s b1y Uarwy b- To each T we associate two sequences {avy, fn=1,. x and
v :={Vn}tn=1,.. k. The a, represent the relative sizes of the I,

i
log, ‘Ui,j:zgern Ej‘
Qp 1= ) s

N

easily computed from the numbers a®) and Sk,;5 the 7y, are variances defined by

M
2 K K1,k
D WD SN UL S N T
k=1

Jile €T /Th_a (r1,m2), (G1,32) ¢
: {Z,,-,l)jl ,Z,{z,jz}el‘n/l‘nq

From c, and 7, we can define another sequence of critical inverse temperatures {3, }n=1,.. K,
Bn = Vaylog2y, 1. Of course for a generic chain {8, },=1,. x is not monotone, but we can

conveniently confine our attention to those chains for which 51 < 83 < ... < Bx. We denote by
T the set of such chains.



To fix the ideas, let us consider again a bipartite REM with K7, K5 levels. The Hamiltonian
reads (recall a®) = o, a® =1 —a)

K Ko K1 K
|N 1) (1,5 2) (2,5 1,41)(2,5
Hy(o) == — 5 aZag )Jlglj) +(1—-a) Zag )J,gzj) +v2a(l —a) Z Z cjhj2J€(1)jl€)£)j;2)
Jj=1 J=1 Ji=1j2=1
(2.2)
For a given I € T of length K, we set forn=1,..., K
N 1) (1,5 2) £(2,5
PRSP SR S RUTSI SRR
jily, ;€ /Tt jila €T, /Th_1
+ V2a(l-a) > Cjr o L) 292)
J1,32 @1.’]‘1@2,]'2 ’
(41,92) +£1,57 €255 €00 /Tn—1
so that we can decompose the Hamiltonian (2.2) according to
K
Hy(o) =Y H,, (2.3)
n=1

and the partition function can be written as

Zn(B) = 2675H1 Z e PHz .. Z e BFHn
{I'1} {T2/T1} {Tn/Tn-1}
Now we see the following scenario. At S small enough the annealed approximation holds and
the overlaps are set to zero. Then f increases, 5 > (31, and the configurations in I'y freeze. Then
H, depends in fact on configurations in ' /Ty, i.e. H; and all the other addenda in the r.h.s.
of (2.3) become independent as N — co. Thus the partition function asymptotically factorises

Zn(B) ~ Z e PH1 Z e~ B(H—H)
{r1} {Z/T'1}
as two independent REMs: the first one on the space of configurations I'y is at low temperature,
the second one on the remaining configuration space is at high temperature (with the right
variance /Y. <,72). The free energy is a convex combination w.r.t. oy (i.e. the relative size
of I'1) of these two REMs. As in the previous example, we have convergence of the marginalised
Gibbs measure to a Poisson-Dirichlet distribution
1 B B ,
Py B) =27t Y e PO 25 PD(0,y),
/Ty
with 27 :=1— 81/8 and Z; an opportune normalisation. Since H; and Hy remain independent

for all 5 > 1 we can iterate this procedure: for instance as g > (5 also I's freezes and Hy
becomes asymptotically independent on Hg; thus the partition function is factorised as

ZN(B):ZefﬁHl Z o—BHz Z o~ B(H—Hi—H>)

{T1} {T'2/T'1} {Z/T2}

These are three independent REMs on configurations I'y, T's/T'; and 3 /T'5, the associated free
energy is given by a convex combination of the low temperature free energy of the first two REMs
and the high temperature free energy of the third one and

PO(Ty B) == 2371 Y e P 25 PD(0, ),

/Ty
4



with 29 := 1— 85/ and again Z5 a normalisation. Going on this way we recover the free energy
and the Gibbs measure as a GREM-like structure along the chain. At zero temperature the
free energy of the model is just the convex combination of those of REMs at low temperature,
each defined on an element of the chain. This construction can be made for every chain in 7.
Of course for fixed 3, the more REMs are at low temperature, the higher is the free energy.
According to this criterion one can select the chain along which the free energy is maximal. By
the above construction it should be clear that such a chain, here denoted by I'*, is unique.

Therefore the results of [3, 4] (for the case of our interest) can be precisely formulated as
follows. Let v € T and Agream(7y; 8) denote the GREM pressure computed on the hierarchical
structure y. We have

Theorem (Bolthausen and Kistler). It holds
lim Ax () = m E[Ax (8)] = A(8) = min (Acrea (3 5)) .

Moreover there is a 3* such that for each triad of configurations (o,0',0") € X3
li]{]n Py 5 (d(o,0") < max{d(c,d"),d(c’,0")}) =1 (2.4)

holds for B > pB*.

3. PROOF

Now we are ready to give the proof of our statement. For simplicity we keep working mostly
in the bipartite case. We convey to fix the optimal chain T'* once for all. The sequences {a, },
{v»} and {B,} will be always referred to I"*.

A direct computation from (1.1) and (1.2) yields

1)y _ _
PNﬁ(q#(l)MEl) >q;) = <1{[1,j=€1,j’}>N’B =1- a(l)ﬂ2a2 5a;1)AN»
J
PN7ﬁ(qM(2)N, Z q(2)) = <1{z2 j:gz j/}>N =1—- %8 (2)AN,
() . , B al )52(1 —a)? a;

(1) @) 1 1
Pyl = G Gncrity) = G2 ) <1{<m-17ez,j2>=<ea,j17%,3-2>}>N,5 ~ T el Y
On the other hand we know that the free energy is a convex combination of REM ones along I'*.
Therefore its derivatives can be explicitly computed. We set
ni(j) :==min{n : b1; €y}, no(j):=min{n : ls; €7}, n(j1,J2) := max(ni(j), na2(k)) .
Then
2o’ B<p
0 mA= = " ") (3.1)
3 B/, () log 2a2m B2 By
2 (1—a)2a§.2)
gma=1""7 . B < Bnai) (3.2)
I B/ Cny () log 2(1 — ) Tra ) B 2 Brys) 5
20(1 — a)c; < Bn(iy.i
acjkA _ ﬂ ( ) ik - ﬁ ﬁ (]15.72) (3.3)
B ®n(j1,52) log 22a(1 — a) Yr(i1r72) B2z Bn(jlan) :

5



As N — oo the two expressions for the derivatives have to be equal. Therefore we see at once
that if n1(j1) = n2(j2) = 7, then

1 2
Pﬁ(qu(mu(l)’ > q](' )) = Pﬁ(qu@w@)’ > qj(' ))

1 2 0 B < Bn
= Ps(uiynay 2 qﬁl)’ Uy’ = q§ )= {1 - %ﬂ B> Br. (34)
Otherwise we have
my,_ )0 B < Bnii)
PB(QM(1>H(1)’ > 4a; )= {1 B Bnb(j) 3> 8 0 (3.5)
= Pni(g) »
0 B < Bras)
2
Ps(dnayney = qJ(' )) B {1 - Lném B> ﬁnz(?) (0
= Pna(4) »
and
(1) @,_ )0 B < Buiir.je)
Ps(@uoynay 2 Gy Quaney 2 9, ) = {1 — ﬁ"(ﬂéd’z) B> Buir.ja) (3.7)
= FniJ1,J32)

As 1 — 8, /0 is decreasing in n, formulas (3.4) and (3.5), (3.6), (3.7) establish directly

Pﬁ(q#(l)p(l)’ Z q(l)a qp.(z),u.(g)’ Z q(2)) = min (Pﬁ(q#(l)u(l)’ Z q(l))? Pﬁ(q#(z)p(g)’ Z q(2))) . (38)

In the multipartite case the above formula immediately generalises as

(1) (1) (M) (M) _ o (k) (k)
Ps (quﬂ’m 24 Qa4 ) - [{Pﬁ (qﬂmﬂm = )}K—L...,M] (39)

This is the synchronisation property from which we are going to readily deduce (1.5). Let
v~ U(0,1). We have

M .
Py (q“u)ﬂ’m = q(l)""’quw)M'(M) > q! )) - [{Pﬁ(q“(“)“/(“) > q" )}ne{l M}]

= P3 (v < minM} Pﬁ(q#(»)#@ > q(m)))

re{l,...,
= Pylar'(1-v)>qW .. ayf (1 —v) > ¢™M),

which concludes the proof.
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