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This week was organized by H-G. Roos (Dresden), M. Stynes (Cork) and P.W. Hemker

(Amsterdam). During the meeting it seemed that the topi
 of \numeri
al methods for

singular perturbations" is more alive than ever. The subje
t deals with the numeri
al

solution of problems that 
hange their 
hara
ter if a parameter approa
hes a 
riti
al value.

It gets its momentum not only from the need to solve su
h partial di�erential equations

(PDEs) in s
ien
e and te
hnology, but also be
ause there exists an intrinsi
 interest in

fundamental questions that arise in the study of these numeri
al problems. Although

several books on the subje
t now have appeared and some essential issues have been thor-

oughly resolved, many problems still remain. In pra
ti
e the numeri
al solution of PDEs

with signi�
antly varying behaviour in di�erent parts of the domain of de�nition is still

a real 
hallenge. Often a singular perturbation parameter is responsible for this type of

behaviour. The 
hanging 
hara
ter of the di�erential equation results in many intriguing

theoreti
al questions.

During the week a most interesting ex
hange of ideas took pla
e. A total of 29 presenta-

tions were given. The subje
ts dis
ussed 
on
entrated on: parameter-uniform 
onvergen
e,

types of meshes used and ways to 
onstru
t (self-)adaptive meshes, aspe
ts of dis
retisation

methods (Galerkin least squares, dis
ontinuous Galerkin, non-
onforming FEM, stabiliza-

tion by bubble fun
tions, 
ross-wind di�usion, and domain de
omposition), a-priori and

a-posteriori error bounds, sho
k or boundary layer 
apturing and �tting, and solution

methods for the resulting dis
rete large linear systems.

A signi�
ant number (about 40%) of new people were invited, 
ompared with the previ-

ous meeting organized by the same group at Oberwolfa
h in 1998. This resulted in valuable

new viewpoints. The number of proposed presentations was mu
h larger than the number

than 
ould be a

ommodated. To promote the dissemination of new ideas, people who

gave a talk at the 1998 meeting generally had a lower priority when the organizers sele
ted

the le
tures to be given.

Many people made progress in ongoing 
ooperative proje
ts and also some new 
ollab-

orations were started. Although most joint work aimed at developing s
ienti�
 ideas and

writing joint resear
h papers, some people took the opportunity to plan new proposals for

international s
ienti�
 
ooperation in the framework of the European Resear
h Training

Networks.
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It be
ame apparent that some of the s
ienti�
 questions raised during the meeting still

require mu
h serious resear
h. The \hot" topi
s are: self-adaptive mesh adaptation (in-


luding the 
orresponding a-posteriori error estimators) in more than one dimension, and

the proper use of high-order methods.

Many parti
ipants expressed their enjoyment of the meeting to the organizers and most

found it extremely bene�
ial for their s
ienti�
 work. The meeting made 
lear that, sin
e

the last meeting at the Institute in 1998, signi�
ant progress has been made in many of

the topi
s mentioned above. At the present meeting many new ideas were put forward,

and fresh questions were raised that provide a 
hallenge for the years to 
ome.
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Abstra
ts

The Operator Splitting Method to solve Singularly Perturbed Problems

Lilliam Alvarez Diaz

The Operator Splitting Method is presented as an eÆ
ient numeri
al te
hnique to solve

singularly perturbed two-point boundary value problems.

The original problem is de
omposed in a series of simpler initial value problems of


ertain standard stru
ture, by using the roots of the operator 
hara
teristi
 equation.

Some spe
ial quadrature formulae, well adapted to solve numeri
ally the 
orrespondent

IVPs, are 
onstru
ted. The 
onvergen
e study of the operator splitting te
hnique shows

that, the sti�er the problem the better 
onvergen
e.

Some numeri
al illustrations are presented for some 
lassi
al tests, the Holdt problem

and some Sturm-Liouville type problems as S
hrodinger and Orr-Sommerfeld equations.

Diminution of numeri
al 
rosswind smear in finite volume methods for


onve
tion-diffusion problems

Lutz Angermann

A well-known but undesirable e�e
t in the appli
ation of standard upwind �nite volume

s
hemes to 
onve
tion-dominated di�usion problems is that interior layers (resulting, for

example, from dis
ontinuous data on the in
ow boundary) are per
eptibly smeared in

dire
tions perpendi
ular to the 
hara
teristi
s (
rosswind dire
tions).

To over
ome this disadvantage, �nite volume methods with a 
ertain \�tted" 
hoi
e of


ontrol volumes are presented. The key idea is to build 
ontrol volumes of whi
h the shape

depends on the the 
onve
tive �eld (so-
alled aligned 
ontrol volumes). In re
ent years,

several aligned �nite volume methods (AFVM) have been developed: AFVM with linear

interpolation (Angermann '96), AFVM with exponential interpolation (Angermann and

Gadau '00), AFVM with 
ux approximation using 
ux-density elements (Angermann '01),

An analysis of the arti�
ial di�usion terms shows that, for a �xed interpolation grid,

the �rst two of the proposed s
hemes yield a diminished 
rosswind di�usion in 
omparison

with other standard upwind �nite volume s
hemes. Currently, the investigation of the

third s
heme is in progress.

Numeri
al examples for upwind �nite volume methods with standard 
ontrol volumes

and for di�erent aligned �nite volume methods were given.

Dis
ontinuous Galerkin Finite Element

Methods for Adve
tion{Diffusion Problems

Markus Bause

Transport pro
esses in porous media are often strongly 
onve
tion-dominated. Lagrange-

Galerkin-methods (MMOC) are appropriate approximation s
hemes for su
h kind of prob-

lems. In existing error analyses of these methods the arising 
onstants depend normally

on norms of the solution or even re
ipro
ally on the small di�usion 
oeÆ
ient. Therefore,

the error 
onstants may explode in the hyperboli
 limit and the error estimates have no

meaning. New error estimates in whi
h the 
onstants depend on norms of the data and not

of the solution and do not tend to in�nity in the hyperboli
 limit are presented. For the

time dis
retization uniform 
onvergen
e with respe
t to the di�usion parameter of order
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O(k=t) is shown for initial values in L

2

and O(k) for initial values in H

2

. For the spatial

dis
retization with linear �nite elements uniform 
onvergen
e of order O(h

2

+minfh; h

2

=kg)

is proved for data in H

2

. By interpolation of Bana
h spa
es suboptimal 
onvergen
e rates

are derived under less restri
tive assumptions. The analysis is heavily based on a priori

estimates, uniform in the di�usion parameter, for the solution of the 
ontinuous and the

semidis
rete problem. They are derived in a Lagrangian framework by transforming the

Eulerian 
oordinates 
ompletely into sub
hara
teristi
 
oordinates.

On the numeri
al solution of singularly perturbed PDEs using moving

mesh methods

George Be
kett

Numeri
al experiments are des
ribed that illustrate some important features 
on
erning

the performan
e of moving mesh methods for solving singularly perturbed partial di�er-

ential equations (PDEs). The parti
ular method 
onsidered here is an adaptive �nite

di�eren
e method based on one of the moving mesh methods proposed by Huang, Ren and

Russell [SIAM J. Numer. Anal. 31 (1994) pp.709-730℄. This talk shows how the a

ura
y

of the 
omputations on adaptive meshes depends on the 
hoi
e of monitor matrix, and a

monitor matrix is presented whi
h yields an optimal rate of 
onvergen
e. An algorithm

for the solution of the moving mesh system is presented in whi
h the mesh equations are

un
oupled from the physi
al PDE. The a

ura
y of various formulations of the algorithms

are 
onsidered and a robust time-step 
ontrol me
hanism is presented.

Uniform Domain De
omposition Methods for Conve
tion-Dominated

Diffusion Problems

Igor Boglaev

We are interested in iterative domain de
omposition methods for solving the adve
tion-

di�usion problem with paraboli
 layers

"�u+ b(x; y)u

x

� 
(x; y)u = f(x; y); in 
 = f(x; y) : 0 < x < 1; 0 < y < 1g;

u = g on �
; b(x; y) � �

�

> 0; 
(x; y) � 


�

> 0;

where " is a small positive parameter, �

�

and 


�

are 
onstants and �
 is the boundary of


.

Iterative domain de
omposition algorithms based on S
hwarz-type alternating pro
e-

dures for solving singularly perturbed problems have re
eived mu
h attention for their

remarkable speed and parallelizability, see, for example, [1-3℄ and referen
es 
ited there.

In [2℄, for solving the singularly perturbed adve
tion-di�usion problem in the presen
e

of only the ellipti
 boundary layers at x = 1 and y = 1 and in the 
ase of domain

de
omposition into two subdomains, the 
lassi
al S
hwarz alternating method and some

variants of it were analysed.

In [1℄, on the basis of asymptoti
 
riteria, representations of optimal interfa
e positions

for the S
hwarz alternating pro
edure were derived. In general, this approa
h leads to

nonuniform in the perturbation parameter 
onvergent domain de
omposition pro
edures.

In this paper, we introdu
e the multidomain modi�
ation of the S
hwarz alternating

method from [3℄. In this approa
h, the domain is partitioned into many nonoverlapping

subdomains with interfa
e �. Small interfa
ial subdomains are introdu
ed near the inter-

fa
e �, and approximate boundary values 
omputed on � are used for solving problems

on nonoverlapping subdomains. Thus, this approa
h may be 
onsidered as a variant of a
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blo
k Gauss-Seidel iteration (or in the parallel 
ontext as a multi
oloured algorithm) for

the subdomains with a Diri
hlet-Diri
hlet 
oupling through the interfa
e variables. Finite

di�eren
e s
hemes on subdomains are based on 
lassi
al upwind s
hemes and pie
ewise

uniform meshes of Shishkin-types.

Our purpose is to study the multidomain de
omposition algorithms applied to �nite dif-

feren
e approximations of the problem. We 
onsider two domain de
omposition algorithms:

the �rst one is based on de
omposition of the 
omputational domain into nonoverlapping

verti
al subdomains, and se
ond uses de
omposition into nonoverlapping horizontal subdo-

mains. We show that these algorithms 
onverge uniformly and possess load balan
ing. The

last property is very important for implementation of the iterative algorithms on parallel


omputers, sin
e it avoids loss of eÆ
ien
y due to any pro
essors being idle. Our numeri
al

results demonstrate that the proposed algorithms are eÆ
ient, sin
e they require few itera-

tions of the domain de
omposition algorithms and suÆ
iently small sizes of the interfa
ial

subdomains and still maintain stable approximations.

Referen
es

[1℄ M. Garbey, A S
hwarz alternating pro
edure for singular perturbation problems, SIAM J. S
i. Com-

put. 17 (1996) 1175-1201.

[2℄ T. Mathew, Uniform 
onvergen
e of the S
hwarz alternating method for solving singularly perturbed

adve
tion-di�usion equations, SIAM J. Numer. Anal. 35 (1998) 1663-1683.

[3℄ I. Boglaev, On a domain de
omposition algorithm for a singularly perturbed rea
tion-di�usion prob-

lem, J. of Comput. Appl. Math. 98 (1998) 213-232.

A posteriori error analysis for singular perturbation problems

Claudio Canuto

In this survey le
ture, I 
onsider the abstra
t setting of a family of topologi
al isomor-

phisms A

"

: X ! X

0

(X Hilbert spa
e) depending on a (small) parameter " > 0. Given

the problem A

"

u = f and approximations u

h

of u in X and f

h

of f in X

0

, I �rst relate

the error norm ku� u

h

k

X

to the residual norm kf

h

�A

"

u

h

k

X

0

, dis
ussing the dependen
e

on ". Next, in the relevant 
ase of u

h

given by a Galerkin approximation, I give a rep-

resentation of kf

h

� A

"

u

h

k

X

0

in terms of a multilevel Riesz de
omposition of the spa
e

X. This approa
h leads to a multilevel interpretation of 
lassi
al error estimators used in

�nite elements (based on the solution of lo
al problems, on the Zienkiewi
z-Zhou gradient

proje
tion, on lo
al residuals).

The multilevel paradigm allows us to give an interpretation of the appropriate s
alings

within these estimators, when they are applied to singularly perturbed problems. Thus,

for a model rea
tion-di�usion problem, the natural s
aling yields robust bounds for the

e�e
tivity index, as proven by Verf�urth (1998) and Ainsworth and Babuska (1999). On

the other hand, for the 
onve
tion-di�usion problem, the bound for the energy norm is

non-robust, as shown by Verf�urth (1998). We indi
ate a possible �x for that, based on the

use of a stabilized norm, whi
h 
ontrols an anisotropi
 order -1/2 norm of the streamline

derivative. We refer to the 
ontribution by A. Taba

o at the meeting for more details on

this norm.

5



Tra
king of sub-s
ales in finite element methods for the transient


onve
tion{diffusion equation

Ramon Codina

In this talk we des
ribe and analyze a �nite element formulation to solve the transient


onve
tion-di�usion-rea
tion problem

�

t

u+ Lu = f in 
� (0; T );

u = 0 on �
� (0; T );

u = u

0

on 
� f0g;

where L is the 
onve
tion-di�usion-rea
tion operator Lu := a � ru � ��u + �u, 
 � R

d

(d = 2; 3), a is a divergen
e-free velo
ity �eld, � > 0 is the di�usion 
oeÆ
ient and � � 0

is the (
onstant) rea
tion 
oeÆ
ient.

The variational formulation of the problem that we need reads: �nd u 2 L

2

(0; T ;H

1

0

(
))

su
h that

(�

t

u; v) + b(u; v) = l(v) 8 v 2 H

1

0

(
);(1)

b(u; v) := �(ru;rv) + (a � ru; v) + �(u; v); l(v) := hf; vi;

where (�; �) stands for the L

2

(
)-inner produ
t and h�; �i for the duality pairing in H

�1

(
)�

H

1

(
).

Many s
hemes 
an be employed to dis
retize in time. Sin
e our main 
on
ern is the

spa
e dis
retization, we will use the simple ba
kward Euler approximation. Our ideas

extend easily to any other algorithm.

Our aim is to present a �nite element method free of the os
illations asso
iated to the

standard Galerkin formulation when di�usion is small. Many of su
h methods have been

developed during the last two de
ades, among whi
h the SUPG, the GLS, the 
hara
teristi


Galerkin, the Taylor Galerkin, the residual free bubble stabilization, and others, 
an be

named.

Our starting point will be the de
omposition of the unknown into resolvable and sub-grid

s
ales, of the form u = u

h

+ u

0

. The former are intuitively asso
iated to the 
omponent of

the solution whi
h 
an be represented by the �nite element mesh, whereas the latter 
an

not be 
aptured. Nevertheless, its e�e
t onto the resolvable s
ale needs to be a

ounted

for. When introdu
ed in (1), they appear in two pla
es, namely, in b(u

0

; v

h

) and in the

dis
retized form of (�

t

u

0

; v

h

). The approa
h we will follow is similar to that presented by

Hughes et al. However, it is interesting to note that other methods share very similar


on
epts, as for example the nonlinear Galerkin method.

The main 
on
eptual ingredients of the formulation to be presented here are the follow-

ing. First, we let the sub-s
ales vary in time, and thus they need to be tra
ked. Se
ond, we

propose a 
losed-form expression for them at ea
h time step. This is ne
essarily heuristi
.

However, we des
ribe a Fourier analysis that provides some rationale to our proposal. A

very important point is that we take the sub-s
ales orthogonal to the �nite element spa
e.

Finally, we add some additional approximations that lead to a method whi
h is 
omputa-

tionally feasible, in the sense that its 
ost is similar (very often smaller) than that of other

stabilization methods.

Apart from a thorough des
ription of the method, we also provide some results of the

numeri
al analysis, whi
h show in parti
ular that the �nal s
heme is stable and optimally


onvergen
e under the usual assumptions on the mesh and the 
ontinuous solution.
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Iterative Methods for Conve
tion-Diffusion Problems

Howard Elman

We dis
uss numeri
al algorithms for solving the linear and nonlinear algebrai
 systems

that arise from dis
retization of the steady-state 
onve
tion-di�usion equation. We demon-

strate that algorithms based on splitting or pre
onditionings 
orresponding to relaxation

or in
omplete fa
torization are very e�e
tive for su
h problems, provided that some a
-


ount of the 
hara
ter of the underlying 
ow is taken into a

ount. We give both empiri
al

and analyti
 justi�
ation for this statement, and demonstrate its impli
ations for realis-

ti
 models. In addition, we show that the 
hoi
e of dis
retization has a strong impa
t

on performan
e of solvers, Dis
retizations under 
onsideration in
lude various stabilizing

methods based on upwinding. We 
ompare and 
ontrast the 
apabilities of these strategies

for 
omputing a

urate solutions eÆ
iently.

Dis
ontinuous Galerkin Methods for Conservation Laws

Joseph E. Flaherty

We des
ribe a dis
ontinuous Galerkin (DG) method for solving hyperboli
 systems of


onservation laws that may be used for singularly-perturbed paraboli
 systems. We review

several aspe
ts of the (DG) method in
luding basis 
onstru
tion, 
ux evaluation, solu-

tion limiting, and a posteriori error estimation. Fo
using on error estimation, we show

that the leading term of the spatial dis
retization error of one-dimensional problems using

pie
ewise-polynomial approximations of degree p is proportional to a Radau polynomial

of degree p + 1 on ea
h element. We also prove that the lo
al and global dis
retization

errors are O(�x

2(p+1)

) and O(�x

2p+1

) at the downwind point of ea
h element. This strong

super
onvergen
e enables us to show that lo
al and global dis
retization errors 
onverge

as O(�x

p+2

) at the remaining roots of Radau polynomial of degree p+1 on ea
h element.

Convergen
e of lo
al and global dis
retization errors to the Radau polynomial of degree

p+1 also holds for smooth solutions as p!1. These results are used to 
onstru
t asymp-

toti
ally 
orre
t a posteriori estimates of spatial dis
retization errors that are e�e
tive for

linear and nonlinear 
onservation laws in regions where solutions are smooth.

We extend these a-posteriori estimates of spatial dis
retization errors to multi-dimensional

problems and, doing so, de�ne a multi-dimensional Radau-type polynomial. Error esti-

mates obtained in terms of this polynomial are shown to be (asymptoti
ally) 
orre
t for

linear hyperboli
 problems. We indi
ate the presen
e of a super
onvergen
e phenomena

on unstru
tured meshes of triangular elements and spe
ulate about its stru
ture.

The results of serial and parallel 
omputations are presented for unsteady model and


ompressible 
ow problems in one, two, and three dimensions. These in
lude mixing and

other 
omplex instabilities as well as sho
k problems. Solutions obtained by adaptive h-

and p-re�nement are 
ompared and 
ontrasted.

Analysis of a Defe
t Corre
tion Method on Shishkin{Type Meshes

Anja Fr�ohner

(joint work with Torsten Lin� and Hans-G�org Roos)

We 
onsider a linear singular perturbed boundary value problem on the unit interval

and the unit square. For small values of the pertubation parameter, it is well known that

standard numeri
al methods be
ome unstable and fail to give a

urate results. On the other
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hand are several stabilized methods like upwinding restri
tet to �rst order 
onvergen
e.

Already in the early 1980's Hemker proposed the use of defe
t 
orre
tion methods when

solving singularly perturbed problems. By means of defe
t 
orre
tion methods a low{order

stabilized s
heme is 
ombined with a less stable higher{order s
heme resulting in a higher

order (iterative) method with the advantage that only well 
onditioned dis
rete problems

have to be solved.

Numeri
al experiments indi
ate that defe
t 
orre
tion on layer adapted meshes is a

suitable method to a
hieve uniform (almost) se
ond order 
onvergen
e. We present the

main ideas of the proofs of almost se
ond order 
onvergen
e, uniform with respe
t to

the pertubation parameter, of the defe
t 
orre
tion s
heme 
ombining upwind and 
entral

di�eren
ing in one and two dimensions.

A Survey of Stabilized Finite Element Methods for Computational Fluid

Dynami
s

Thomas J.R. Hughes

Before the meeting, I was asked by one of the organizers, Martin Stynes, to present a

survey le
ture on stabilized methods. I interpreted this to mean an overview of the subje
t

that would provide an introdu
tion to more spe
ialized talks by others whi
h would follow.

I began with the s
alar, steady adve
tion-di�usion equation and des
ribed �rst the

Galerkin method and its well-known stability problems. Then I presented two stabilized

methods, SUPG and GLS, and 
ontrasted them with the 
lassi
al upwind/arti�
ial dif-

fusivity method. I dis
ussed their stability and a

ura
y properties, error estimates, and

numeri
al 
onvergen
e tests for a model problem. I then generalized the setting to the

unsteady 
ase, and presented a stabilized, dis
ontinuous Galerkin method with respe
t to

time on spa
e-time slabs. I again reviewed known error estimates and mentioned some

super
onvergen
e results. I presented some numeri
al 
onvergen
e studies for time- pris-

mati
 elements and slanty, 
hara
teristi
 dire
ted elements, and I also presented some

phase and amplitude results derived from Fourier analysis for the pure Galerkin and sta-

bilized versions. I then des
ribed symmetri
 adve
tive-di�usive systems and again quoted

known error estimates for the stabilized steady and unsteady 
ases. I next showed how

the in
ompressible Navier-Stokes equations 
ould be written as a quasilinear symmetri


adve
tive-di�usive system. In passing, I identi�ed the spe
ial 
ase of Stokes 
ow whi
h,

as an adve
tive-di�usive system stabilized in the usual way, is 
onvergent for all 
ombi-

nations of velo
ity and pressure interpolations, 
ir
umventing the usual Babuska-Brezzi

requirements of the Galerkin formulation. I then showed how, through the use of en-

tropy variables, the 
ompressible Navier-Stokes equations 
ould be written as a symmetri


adve
tive-di�usive system. This leads to the stabilized �nite element method automati
ally

satisfying the entropy produ
tion inequality, whi
h is the se
ond law of thermodynami
s

and the fundamental nonlilnear stability 
ondition of the theory. I also des
ribed the roles

played by stabilization, dis
ontinuous Galerkin, and residual- based sho
k 
apturing op-

erators on entropy produ
tion. I argued and presented numeri
al results supporting the

view that sho
k-
apturing operators are essential to attain 
lean sho
k pro�les without

spurious over-and under-shoots. The numeri
al results presented were for stru
tured and

unstru
tured meshes and a broad range of Ma
h numbers, in
luding 
hemi
ally rea
ting

hypersoni
 
ows at Ma
h numbers in the range 17 to 25. I then des
ribed 
al
ulations

involving turbulent boundary layers and I presented 
omparisons of results for stru
tured

and unstru
tured meshes with very large element aspe
t ratios up to 275,000. I then 
om-

mented on the types of graded meshes that are used by engineers in industry to 
al
ulate
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turbulent boundary layer 
ows. I 
losed with some brief, introdu
tory remarks on 
ur-

rent resear
h thrusts in stabilized methods, namely, multis
ale and residual-free bubbles

te
hniques, and the variational multis
ale formulation of Large Eddy Simulation.

On Higher Order FE Dis
retizations and Multigrid Solvers for the 3D

Navier{Stokes Equations

Volker John

This talk presents experien
es in using higher order �nite element dis
retizations in

the three{dimensional Navier{Stokes equations. Numeri
al studies of the 
ow through

a 
hannel around a 
ylinder show that the drag and lift 
oeÆ
ient at the 
ylinder 
an

be 
omputed mu
h more a

urate with isoparametri
 higher order dis
retizations than,

e.g., with stable non{
onforming dis
retizations of lowest order, see Figure 1. However,

stable non{
onforming dis
retizations of lowest order have the advantage that the arising

dis
rete systems 
an be solved eÆ
iently by multigrid methods. We present a new multigrid

approa
h for higher order dis
retizations whi
h is based on multigrid methods for stable

lowest order non{
onforming dis
retizations. This new multigrid approa
h proves to be

an eÆ
ient solver for the dis
rete systems arising in higher order dis
retizations. The

robustness of the solver is enhan
ed by using the multigrid method as pre
onditioner in a


exible GMRES method.

10
4

10
5

10
6

10
7

4.5

5

5.5

6

6.5

degrees of freedom

d
ra

g
 c

o
e

ff
ic

ie
n

t

Q1rot/Q0 Samarskij           
Q2/P1disc not isoparametrisch
Q2/O1disc isoparametrisch    
Q3/P2disc not isoparametrisch
Q3/P2disc isoparametrisch    
P1nc/P0 Samarskij            
P2/P1 not isoparametrisch    
P2/P1 isoparametrisch        

Figure 1. Drag 
oeÆ
ients at the 
ylinder 
omputed with di�erent dis
retizations

Model redu
tion in 
hemi
al kineti
s

Hans G. Kaper

(joint work with Tasso J. Kaper)

Realisti
 models of 
ombustion pro
esses and atmospheri
 
hemistry involve tens or hun-

dreds of 
hemi
al spe
ies and tens or hundreds of rea
tions. The rea
tions are played out

on widely disparate time s
ales, and the evolution of the system pro
eeds along 
ompli-


ated pathways, whi
h are often diÆ
ult to predi
t. We are interested in methods to redu
e

large systems of equations in 
hemi
al kineti
s.
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Model redu
tion methods fall into several 
ategories: systemati
 use of the 
lassi
al

equilibrium and steady-state approximations, geometri
 methods, singular perturbation

te
hniques, and approa
hes based dire
tly on a restatement of the 
hemi
al me
hanism,

su
h as lumping and sensitivity analysis. We are interested in geometri
 methods for model

redu
tion.

The methods use ideas from dynami
al systems theory and assume a separation of the

motion into fast and slow modes. In our talk we dis
uss algorithms proposed by Fraser

and Roussel, Maas and Pope, and Davis and Skodje for model redu
tion in 
hemistry. We

illustrate with a simple model from 
lassi
al enzyme kinet
s (Mi
haelis{Menten{Henri).

Non
onforming finite elements for 
onve
tion dominated problems

Petr Knoblo
h

The talk will be devoted to non
onforming �nite element dis
retizations of 
onve
tion{

di�usion equations stabilized by means of the streamline di�usion method. We shall be

mainly interested in 
ases when 
onve
tion dominates di�usion.

We shall present both theoreti
al and numeri
al results showing that the non
onforming

pie
ewise linear Crouzeix{Raviart element is not suitable for solving 
onve
tion{di�usion

equations in the 
onve
tion dominated regime. Therefore, we shall introdu
e a new 
lass of

non
onforming �nite element spa
es obtained by modifying the Crouzeix{Raviart element

using suitable non
onforming bubble fun
tions. The aim of these modi�
ations is to obtain

�nite element fun
tions satisfying a pat
h test of a higher order than usual. We prove that

the new �nite elements lead to optimal error estimates whi
h are uniform with respe
t

to the perturbation parameter and we shall demonstrate various numeri
al result showing

that the resulting dis
retizations are very robust and that the dis
rete solutions are mu
h

more a

urate than for the Crouzeix{Raviart element.

We shall also dis
uss the appli
ation of these new �nite elements to the numeri
al solution

of problems des
ribing in
ompressible materials and we shall further explain how higher

order non
oforming �nite elements leading to optimal 
onvergen
e results 
an be derived.

Robust error estimation for a singularly perturbed model problem on

anisotropi
 tetrahedral meshes

Gerd Kunert

We 
onsider a singularly perturbed rea
tion{di�usion model problem whi
h is dis
retized

by a standard FEM on anisotropi
 meshes.

As an important ingredient of adaptive algorithms, three a posteriori error estimators

are presented. Two estimators are of residual type while the third estimator is obtained

by solving a lo
al problem. For all three estimators a stringent analysis yields upper and

lower error bounds whi
h are uniform w.r.t. the small perturbation parameter ".

The error bounds are uniform also w.r.t. the the stret
hing ratio of the anisotropi


elements provided that the anisotropi
 �nite element mesh 
orresponds to the anisotropi


problem. This 
orresponden
e is measured by a so{
alled mat
hing fun
tion.

Hen
e the error estimation is reliable, eÆ
ient and robust for suitable anisotropi
 meshes.

A numeri
al example supports the anisotropi
 error analysis.
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Numeri
al Analysis of Large Eddy Simulation

W Layton

One very 
ommon 
laim of large eddy simulation (LES) is that it 
an , using 
entered

methods, simulate turbulent 
ow with 
omplexity independent of the Reynolds number.

This talk des
ribes work beginning mathemati
al support for this 
laim/
onje
ture. The

mathemati
al analysis is deli
ate be
ause of the redu
ed regularity in time that may be

assumed of turbulent velo
ity �elds. In two 
ases we prove su
h an error estimate of the

usual (
entered) FEM for a LES model. In the general 
ase the analysis just fails. The

talk des
ribes the physi
al basis of the model, the near wall modeling , developed by N.

Sahin, we use and the proofs.

Layer-adapted meshes for 
onve
tion-diffusion problems

Torsten Lin�

We 
onsider the model 
onve
tion-di�usion problems

�"u

00

� bu

0

+ 
u = f in (0; 1)

and

�"�u� b

T

ru+ 
u = f in (0; 1)

2

;

where 0 < "� 1 is a small perturbation parameter.

We derive a general 
lassi�
ation for layer-adapted meshes in 1D based on a hybrid

stability inequality that involves a negative norm.

In the se
ond part of talk an overview of previous results for a number of numeri
al

methods will be given. This in
ludes �nite di�eren
e s
heme, �nite volume and �nite

element methods, derivative approximation and problems with turning-point boundary

layers.

A Sequential Regularisation Formulation for In
ompressible

Navier-Stokes Equations

Ping Lin

Many mathemati
al models arising in S
ien
e and Engineering, in
luding 
onstrained

me
hani
al systems in roboti
s and vehi
le simulation, in
ompressible 
uid 
ows, lead to

di�erential equations with 
onstraints (or di�erential-algebrai
 equations (DAEs)). The

dire
t dis
retization of su
h models in order to solve them numeri
ally is typi
ally fraught

with diÆ
ulties. We thus need to reformulate the original problem to obtain a better

behaved problem before dis
retization.

In this talk, we will 
onsider regularization methods. The regularized problem is often

a singular singularly perturbed problem. We will propose a method 
alled the sequential

regularization method (SRM) via a relatively simple example. An important improvement

of the SRM over usual regularization methods is that the problem after regularization

is less sti� and expli
it time integration 
an be used for the regularized problem. The

asymptoti
 expansion te
hnique is used to analyse the 
onvergen
e of the method. The

SRM is then applied to the in
ompressible Navier-Stokes equations

where the in
ompressibility 
ondition 
an be seen as a 
onstraint. The SRM formula-

tion keeps bene�ts of the penalty method, that is, velo
ity and pressure 
an be obtained

separately and no pressure-Poisson equation is involved. It provides a 
ompletely expli
it

11



pro
edure with theoreti
al justi�
ation so that the 
omputation is extremely simple. No

linear or nonlinear system needs be solved. Finite element and �nite di�eren
e spatial

dis
retization are analysed. In the 
ase that a large number of time steps are needed

a domain-de
omposition based parallelization is used to redu
e the 
omputational time.

With this 
ompletely expli
it pro
edure the parallel implementation and its message pass-

ing are very simple as well. Other appli
ations of the formulation to a large me
hani
al


hain with many 
losed loops and to mis
ible displa
ement in porous media in reservoir

simulation will be brie
y mentioned.

Stabilized finite element methods with sho
k-
apturing

foradve
tion-diffusion problems

G. Lube

(joint work with T. Knopp and G. Rapin)

The numeri
al solution of the s
alar adve
tion-di�usion-rea
tion model is still a 
hallenge

when adve
tion is strongly dominant. Among the many stabilized �nite element methods

that partly 
ure the failure of the standard Galerkin method, we mention the streamline-

di�usion (SUPG) method, the Galerkin/ Least-squares (GLS) method, and the algebrai


subgrid s
ale (ASGS) method. Nearly optimal global and lo
al a-priori error estimates are

available for su
h methods, 
f. [3℄. Nevertheless, su
h stabilized methods do not pre
lude

lo
al os
illations (over- and undershoots) in the vi
inity of sharp gradients of the solution.

These perturbations are very often not desirable in appli
ations sin
e they may deteriorate

the solution of nonlinear problems.

The small os
illations appearing in standard stabilized methods 
an be tra
ed ba
ked

to the fa
t that these methods are neither monotone nor monotoni
ity preserving. As a

remedy, it is possible to add a 
ertain amount of arti�
ial 
rosswind di�usion. Su
h linear

methods have been proposed for linear elements e.g. in [2, 7℄ leading to nearly optimal

pointwise error estimates in subregions away from dis
ontinuities. A re�ned linear method

has been proposed in [4, 5℄. Quite promising results were obtained using pie
ewise linear

or bilinear �nite elements. Unfortunately, the extension to higher-order elements is less

appropriate sin
e the arti�
ial 
rosswind di�usion is added in a non-
onsistent way.

The only feasible way to obtain high order a

ura
y with strongly redu
ed lo
al os
illa-

tions is to design a nonlinear method. The basi
 idea of sho
k-
apturing (or dis
ontinuity-


apturing) methods is to introdu
e arti�
ial 
rosswind di�usion in a 
onsistent or residual

(but still nonlinear) way. For a review of su
h methods we refer to [1℄ or [5℄. The numeri-


al analysis of su
h nonlinear �nite element methods is seemingly not 
omplete yet. Some

parti
ular results 
an be found in [6℄ or [5℄.

The goal of the present paper is to 
ontribute to the analysis of a 
ertain 
lass of nonlin-

ear sho
k-
apturing methods. This 
lass 
ontains the dis
ontinuity-
apturing/ 
rosswind-

dissipation (DC/CD) method [1℄ whi
h guarantees a proper balan
e of the 
rosswind dif-

fusion with the arti�
ial di�usion of the SUPG method. Here we prove an existen
e result

and dis
uss the question of uniqueness.

We pro
eed with a-priori estimates. First we show strong H1-
onvergen
e of the method

in 
ase of weak solutions. Then we prove global a-priori error estimates for smooth solutions

in
luding the e�e
t of additional 
rosswind stabilization. Then we present a-posteriori

error estimates. First we show that the standard upper estimate for a residual based

error estimator for the streamline-di�usion method 
an be extended to the sho
k-
apturing

s
heme. Then we prove su
h an estimate whi
h measures the error between the DC/CD-
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and the basi
 stabilized method (here SUPG) via 
ontrol of weighted lo
al residual in the

vi
inity of strong gradients.

The last part is devoted to the iterative solution of the nonlinear dis
rete problem.

We propose to use a very simple defe
t 
orre
tion method or method of frozen nonlinear

terms. This approa
h is very 
heap as opposed to the approa
h [5℄ where nonlinear GMRES

methods are 
onsidered.
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Maximum norm a posteriori error estimates and a robust adaptive

method for a 1D 
onve
tion-diffusion problem

Natalia Kopteva

A quasi-linear 
onservative 
onve
tion-di�usion two-point boundaryvalue problem is dis-


retized on arbitrary nonuniform meshes. We give �rst- and se
ond-order maximum norm

a posteriori error estimates that are based on di�eren
e derivatives of the numeri
al so-

lution and hold true uniformly in the small parameter. One of these estimates give a

theoreti
al framework for the following adaptive method based on an upwind di�eren
e

s
heme. The mesh used has a �xed number (N + 1) of nodes, and is initially uniform,

but its nodes are moved adaptively using equidistribution of the ar
-length of the 
urrent


omputed pie
ewise linear solution. It is proved that a mesh exists that equidistributes

the ar
-length along the polygonal 
urve and the 
orresponding 
omputed solution is �rst-

order a

urate uniformly in �. In the 
ase when the problem is linear, it is shown that after

O(log(1=�)= logN) iterations, the 
omputed solution is �rst-order a

urate in the L

1

[0; 1℄

norm uniformly in �.

Navier-Stokes Equations in Rotation Form: a Robust Multigrid Solver

for the velo
ity Problem

Arnold Reusken

(joint work with Maxim A. Olshanskii)

The topi
 of this presentation is motivated by the Navier-Stokes equations in rotation

form:

�u

�t

� ��u + (
urlu)� u+rP = f in 
� (0; T ℄;

divu = 0 in 
� (0; T ℄:
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Linearization and appli
ation of an impli
it time stepping s
heme results in a linear sta-

tionary problem of Oseen type. In well-known solution te
hniques for this problem su
h as

the Uzawa (or S
hur 
omplement) method, a subproblem 
onsisting of a 
oupled nonsym-

metri
 system of linear equations of di�usion-rea
tion type must be solved to update the

velo
ity ve
tor �eld. In this talk we analyse a standard �nite element method for the dis-


retization of this 
oupled system and we introdu
e and analyse a multigrid solver for the

dis
rete problem. Both for the dis
retization method and the multigrid solver the question

of robustness with respe
t to the amount of di�usion and variation in the 
onve
tion �eld

is addressed. We prove stability results and dis
retization error bounds for the Galerkin

�nite element method. We present a 
onvergen
e analysis of the multigrid method whi
h

shows the robustness of the solver. Results of numeri
al experiments are presented whi
h

illustrate the stability of the dis
retization method and the robustness of the multigrid

solver.

On adaptive meshes for a singularly perturbed rea
tion-diffusion

equation with a moving 
on
entrated sour
e

Grigorii I. Shishkin

We 
onsider an initial value problem on an axis (�1;+1) for a singularly perturbed

paraboli
 rea
tion-di�usion equation in the presen
e of a moving 
on
entrated sour
e.

For su
h a problem, 
lassi
al �nite di�eren
e s
hemes 
onverge only when " � N

�1

+

N

�1

0

, where N and N

0

de�ne the number of nodes in the grids with respe
t to x (on

segments of unit length) and t. In the 
ase of pie
ewise uniform and pat
hed (in the

nearest neighbourhood of the moving sour
e) grids, we show that on a re
tangular sten
il

there does not exist a �nite di�eren
e s
heme 
onvergent for " � N

�2

+N

�2

0

. We dis
uss


onditions under whi
h the dis
rete solutions on a non-re
tangular sten
il (in the nearest

neighbourhood of the moving sour
e) are "-uniformly 
onvergent.
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Dis
ontinuous Galerkin Finite Element

Methods for Adve
tion{Diffusion Problems

Endre S�uli

In this talk we review some re
ent developments whi
h 
on
ern the error analysis of the

dis
ontinuous Galerkin �nite element method. After some histori
al notes, we begin by

dis
ussing the analysis of the method, as applied to the multi-dimensional linear adve
-

tion equation. In parti
ular, we highlight the fa
t that, unlike its 
ontinuous 
ounterpart,

the dis
ontinuous Galerkin �nite element method does not require streamline-di�usion

stabilisation. Error bounds for the hp-version of the method are then derived whi
h are

optimal, both with respe
t to the lo
al mesh-size h and the lo
al polynomial degree p.
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We then turn our attention to se
ond-order partial di�erential equations with dominant

hyperboli
 behaviour, following a re
ent paper by Houston, S
hwab and S�uli (2000). Oper-

ating within the general 
lass of PDEs with non-negative 
hara
teristi
 form, we 
onsider

the hp-version of the dis
ontinuous Galerkin �nite element method whi
h stems from a

dis
retisation of the di�usion term due to Baumann (1997); we shall relate Baumann's

dis
retisation to earlier work by Wheeler (1978) and Arnold (1982). We then 
onsider the

error analysis of the method and show a series of numeri
al experiments to illustrate the

error bounds. The examples in
lude adve
tion{dominated di�usion equations, problems

of mixed type, and degenerate ellipti
 equations (su
h as Grushin's equation). We review

the work of Wihler and S
hwab (2000) on robust exponential 
onvergen
e of the dis
on-

tinuous Galerkin method on two-element meshes in the singular perturbation of limit of

the di�usion 
oeÆ
ient 
onverging to zero. Finally, we 
omment on alternative dis
retisa-

tions of adve
tion{di�usion equations, su
h as the Lo
al Dis
ontinuous Galerkin method

of Co
kburn and Shu, following the re
ent papers by Castillo, Co
kburn, S
h�otzau, and

S
hwab (2000) and Co
kburn and Shu (2000).
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Anisotropi
 Multilevel Stabilization

of Conve
tion-Diffusion Problems

Anita Taba

o

A new fun
tional framework for 
onsistently stabilized dis
rete approximations to 
onve
-

tion-di�usion problems was re
ently proposed by S. Bertoluzza, C. Canuto and the author.

The key ideas are the evaluation of the residual in an inner produ
t of the type H

�1=2

and

the realization of this inner produ
t via expli
itly 
omputable multilevel de
ompositions

of fun
tion spa
es (su
h as those given by wavelets or hierar
hi
al �nite elements).

Here we provide further developments for su
h approa
h, obtained in 
ollaboration with

C. Canuto. We want to take into a

ount the anisotropi
 nature of the 
onve
tion-di�usion

operator and derive uniform (in the di�usion parameter) anisotropi
 estimates. To this

end, we develop a fun
tional framework involving anisotropi
 Sobolev spa
es whi
h depend
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on the velo
ity �eld. We represent the norm of a fun
tion in su
h spa
es as in�nite weighted

`

2

-sum of its wavelet 
oeÆ
ients; in this setting it is natural to use anisotropi
 biorthogonal

wavelets.

We propose a variational formulation of the exa
t problem whi
h is obtained by 
on-

sidering a variable order inner produ
t. It behaves like an H

�1=2

-inner produ
t where the

adve
tive part of the operator is dominant, whereas it behaves like an H

�1

-inner produ
t

where the di�usion part of the operator is dominant. The 
oer
ivity and the 
ontinuity

estimates of the asso
iated bilinear form involve anisotropi
 norms whi
h are very 
lose to

ea
h others.

When we apply a standard Galerkin method to this formulation we obtain stability

and error estimates, whi
h imply a uniform 
ontrol on the H

1=2

norm in the streamline

dire
tion.

Stability of the RFB-Approa
h for Bilinear Elements

Lutz Tobiska

(joint work with L. P. Fran
a)

We 
onsider a 
onve
tion-di�usion problem of following type

�"�u + a � ru = f in 
; u = 0 f on �
;

with " a small, positive parameter. The standard Galerkin method with pie
ewise lin-

ear elements enri
hed with 
ubi
 bubbles upon eliminating the bubbles results in the

streamwise-di�usion (or SUPG) method [3℄. The 
on
ept of residual free bubbles has

been developed to re
over the 
orre
t asymptoti
 behaviour of the streamwise - di�usion

parameter in both the 
onve
tion dominated and the di�usion dominated 
ase [4, 2, 1℄. It

turns out that the stabilizing term arising in the residual free bubble approa
h is identi
al

to that, in the streamline di�usion method in the pie
ewise linear 
ase but di�ers from it

for polynomials of degree k > 1.

Mu
h less is known in the 
ase of quadrilateral elements. We study the nature of the

stabilizing term arising in the residual free bubble approa
h for pie
ewise bilinear fun
tions

on re
tangular grids. We show, that on the subspa
e of pie
ewise linear fun
tions the

stabilizing term is identi
al to that in the streamwise di�usion approa
h. However, on the

spa
e of pie
ewise bilinear fun
tions there is a 
ase in whi
h the stabilizing term is weaker


ompared to the term used in the streamline dl�usion method. In the parti
ular 
ase when

the dire
tion of the 
onve
tion is parallel to a diagonal of the quadrilateral, 
ontrol is lost

over the mixed derivatives iin the 
onve
tion -dominated limit.
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Higher{Order S
hemes on Improved Shishkin Meshes

Relja Vulanovi�


The simpli
ity of Shishkin pie
ewise equidistant meshes 
annot be a

epted as the only

reason for preferring them over Bakhvalov meshes, sin
e the latter produ
e mu
h better

results. If one wants to use modi�ed Shishkin meshes to improve numeri
al results, then

those meshes be
ome as 
ompli
ated as the Bakhvalov ones. However, there are modi�
a-

tions that are still pie
ewise equidistant. In this talk, we 
onsider some of those and show

that they are suitable for higher{order �nite{di�eren
e s
hemes whi
h are too 
ompli
ated

to apply on the fully non{equidistant Bakhvalov meshes.

More spe
i�
ally, some third{order s
hemes are 
onstru
ted for the quasilinear problems,

�"u

00

� �b(x; u)u

0

+ 
(x; u) = 0; x 2 (0; 1); u(0) = u(1) = 0;

where 0 < " << 1 and b and 
 are suÆ
iently smooth fun
tions with 


u

(x; u) � 
 > 0.

Three spe
ial 
ases are dis
ussed:

1. � = "

p

, p > 1=2

2. � = "

1=2

, b = b(x)

3. � = 1, b = b(x) � � > 0.

The third{order s
hemes are four{point s
hemes and are used only on equidistant parts of

the mesh, simpler standard se
ond{order s
hemes being applied elsewhere.

Ma
h-uniform 
omputing methods in 
omputational fluid dynami
s and

unstru
tured staggered finite volume methods

Pieter Wesseling

Motivated by the so-
alled homogeneous equilibrium method for 
avitating 
ow in hy-

drodynami
s (involving a non
onvex hyperboli
 system), we are interested in Ma
h-uniform

numeri
al methods (uni�
ation of 
ompressible and in
ompressible 
ow 
omputation meth-

ods). Ways to do this are des
ribed in Chapter 14 of Prin
iples of Computational Fluid

Dynami
s, Springer, 2001, by Pieter Wesseling. To fa
ilitate grid generation, we use un-

stru
tured grids, following the 
ontemporary trend in industry. To have good numeri
al

behavior for low Ma
h, we generalize the 
lassi
 stru
tured quadrilateral MAC (Marker-

and-Cell s
heme (Ri
hardson (1922), Harlow and Wel
h (1965)) to unstru
tured triangular

�nite volume grids. Questions to be answered are: What should the 
ontrol volume for u

n

be? How to 
onstru
t tangential velo
ity 
omponents in 
ell fa
e 
enters?

p

u
n

u
n

u
n

For Ma
h= O(1), do we obtain genuine weak solutions that satisfy the entropy 
ondi-

tion? What does 
onservation and monotoni
ity mean on unstru
tured staggered grids?

Guidelines are derived from spe
ial 
ases, su
h as a uniform Courant triangulation and a

one-dimensional row of 
ells on whi
h Riemann problems 
an be solved. Numeri
al results

indi
ate satisfa
tory a

ura
y for fully 
ompressible 
ows involving sho
ks and satisfa
-

tion of the entropy 
ondition. Realisti
-looking results are obtained with the homogeneous
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equilibrium model for 
avitating 
ow around a hydrofoil, in whi
h the Ma
h number varies

between 0.001 and 20.

Super
onvergent Approximation for Problems with Boundary Layers

Zhimin Zhang

Numeri
al approximations of problems with exponential boundary layers are 
onsidered

in both one and two dimensional settings. Standard �nite element methods are applied

with Shishkin type meshes. Gaussian quadrature is used on the di�usion term to de�ne a

dis
rete energy norm. With this dis
rete norm, super
onvergen
e results are established

under proper regularity assumptions.

In the one dimensional 
ase, super
onvergent rates of (N

�1

lnN)

p+1

type in the dis
rete

energy norm are proved for both rea
tor-di�usion and 
onve
tion-di�usion equations, where

p is the polynomial degree of the �nite element spa
e. In the two dimensional 
ase, a

similar super
onvergent error bound (N

�1

lnN)

2

+ �N

�1:5

lnN) is obtained for bilinear

�nite element approximation to 
onve
tion-di�usion equations.

As by-produ
ts, the same 
onvergen
e rates are valid in the L

2

-norm and mu
h improved


onvergen
e rate are also obtained in the L

1

-norm.

All error bounds are uniformly valid with respe
t to the singular perturbation parameter.

Numeri
al tests indi
ate that the error bound (N

�1

lnN)

p+1

is sharp in the sense that the

logarithm term 
annot be removed.

The analysis and numeri
al experiments indi
ate that as long as boundary layers 
an be

resolved by anisotropi
 meshes, super
onvergen
e phenomenon o

urs.

Edited by P.W. Hemker
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