
Mathematis
hes Fors
hungsinstitut Oberwolfa
h

Report No. 35/2001

Mini-Workshop:

Partial Di�erential Equations

August 5th { August 11th, 2001

The present meeting was organized by L. C. Evans (Berkeley), S. M�uller (MPI Leipzig)

and Ernst Kuwert (Freiburg). The idea was to bring together people in nonlinear partial

di�erential equations working on problems motivated by geometry and physi
s.

The 
entral issue in most talks is the regularity, or rather the singular stru
ture, of the

solutions. In many 
ases, like for example for Yang-Mills 
onne
tions, minimal surfa
es,

harmoni
 maps and for the Ginzburg-Landau fun
tional, the set of singularities is stud-

ied via geometri
 measure theory. Other te
hniques in
lude 
onvex integration, sto
hasti


pertubations and of 
ourse a priori estimates, like for example in the 
ase of wave maps. A

number of talks 
on
erned problems motivated by applied physi
s, su
h as non-Newtonian


uids, 
ombustion theory, 2D limits of 3D elasti
ity, 
uid mixtures and mi
romagneti
s.

However, te
hniques of geometri
 type play an important role also there.

The program 
ontained 24 talks presenting new developments and results. It was impor-

tant that there was still enough time for informal talks and dis
ussions. The parti
ipants

of the workshop 
ame from Germany, U.S.A., Italy, Fran
e, Switzerland, Sweden, United

Kingdom, Japan and Turkey.

The following abstra
ts are in 
hronologi
al order.
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Abstra
ts

Quantization, Bubbling and Regularity Issues

for Yang-Mills Fields and Harmoni
 Maps

Tristan Rivi

�

ere

(joint work with Gang Tian)

We 
onsider J-holomorphi
 maps from an almost 
omplex 4-manifold into any given al-

gebrai
 varieties whi
h are in the Sobolev Spa
e W

1;2

and whi
h are lo
ally approximable

by smooth maps. We prove that the singular set of su
h maps is made of isolated point

singularities.

Global Solutions for some Oldroyd Models of Non-Newtonian Flows

Nader Masmoudi

(joint work with Pierre Louis Lions )

We 
onsider some Oldroyd models of non-Newtonian 
ows 
onsisting of a strong 
oupling

between in
ompressible Navier-Stokes equations and some transport equation for an extra

part of the stress tensor. We prove global existen
e of weak solutions in dimension 2 or

3. The existen
e proof relies upon showing that some defe
t measures are equal to 0 and

hen
e enfor
ing weak 
onvergen
e to a strong one. This allows for a passage to the limit

in the nonlinear terms.

A Singular Limit Arising in Combustion Theory:

Fine Properties of the Free Boundary

Georg S.Wei�

The equation �

t

u

"

� �u

"

= ��

"

(u

"

) in (0;1) � R

n

, where �

"


onverges to the Dira


measure 
on
entrated at 0 with mass 1/2, has been used as a model for the propagation of


ames with high a
tivation energy. For initial data that are bounded in C

0;1

(R

n

) and have

a uniformly bounded support, we study non-negative solutions in the Cau
hy problem in

(0;1) � R

n

as " ! 0. We show that ea
h limit of u

"

is a solution on the free boundary

problem �

t

u��u = 0 in fu > 0g \ (0;1)� R

n

, jruj = 1 on �fu > 0g \ (0;1)� R

n

(in

the sense of domain variations and in a more pre
ise sense). For a. e. time t the graph of

u(t) has a unique tangent 
one at H

n�1

- a=2E e. x 2 R

n

. The free boundary �fu(t) > 0g

is up to a set of vanishing H

n�1

measure the sum of a 
ountably n� 1-re
ti�able set and

of the set on whi
h jruj

2

vanishes in the mean. The non-degenerate singular set is for a. e.

time a 
ountably n � 1-re
ti�able set. As key tools we introdu
e a monotoni
ity formula

and, on the singular set, an estimate for the paraboli
 mean frequen
y.
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Irregular Solutions to Stri
tly Quasi
onvex Paraboli
 Equations

Mar
 Oliver Rieger

In a joint work with Stefan M�uller (MPI for Mathemati
s in the S
ien
es ) and Vladim��r

�

Sver�ak (University of Minnesota) we study regularit y questions for nonlinear paraboli


equations. We prove existen
e of irregular solutions for paraboli
 equations of the type

u

t

(x; t)� divDF

�

ru(x; t)

�

= f(x; t);

u(x; 0) = 0;

where F is a strongly quasi
onvex fun
tion and f H"older 
ontinuous. In fa
t we 
onstru
t

a solution u whi
h is Lips
hitz 
ontinuous, but no where C

1

. Moreover u satis�es the


ondition divDF (ru) = 0 a. e. The proof uses the method of 
onvex integration and


onstru
tions inspired by the theory of mi
rostru
tures and is based on re
ent work of

Stefan M�uller and Vladim��r

�

Sver�ak for ellipti
 problems.

Uniqueness Issues of Motion by Mean Curvature

Aaron Nung Kwan Yip

We des
ribe some approa
hes to study motion by mean 
urvature with sto
hasti
 pertur-

bations. Emphasis is put on the e�e
ts of noise on the non-uniqueness phenomena of the

motion. We demonstrate by simple examples that noise 
an give a natural sele
tion prin-


iple for \the" solution. The �rst example gives an almost surely uniqueness result. The

se
ond example provides a unique probability measure on the spa
e of solutions. Some

open problems 
on
erning the non-uniqueness phenomena and the Allen-Cahn equation

are dis
ussed.

Conservative Vortex Filament Dynami
s

Robert Jerrard

We introdu
e a measure theoreti
 notion of a weak binormal 
urvature 
ow, and we es-

tablish some basi
 properties. We use this notion to show that: if fu

"

(t)g is a sequen
e of

solutions of the Gross-Pitaevsky equation with initial data satisfying

(1) Ju

"

(0)! suitable ve
tor measure J

(2) small energy assumption

then Ju

"

(t) 
onverges to a measure J

t

, and

(1) if one 
an verify a small energy 
ondition at t > 0, then fJ

t

g

t>0

is a weak binormal


urvature 
ow; and

(2) this small energy 
ondition 
an be veri�ed if J

0

� round multipli
ity 1 m� 2-sphere.

Here Ju

"

=

P

det(u

"

x

; u

"

y

) e

i

^ e

j

.

On the Rate of Convergen
e of Finite-Di�eren
e

Approximations for Fully Nonlinear Equations

Ni
olai V. Krylov

In the �rst part of the talk we 
onsider the ellipti
 equation with 
onstant 
oeÆ
ients

F (u

x

i

x

j

(x); u

x=EE

(x); u(x); x) = 0 x 2 R

d

;
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where

F (u

ij

; u

i

; u; x) = sup

�2A

fa

ij

(�)u

ij

+ b

i

(�)u

i

+ 
(�)u+ f(�; x)g:

We prove that if h is the mesh size, then the rate of 
onvergen
e of �nite-di�eren
e ap-

proximations is not worse than h

1=3

.

In the se
ond part we 
onsider the paraboli
 equation with variable 
oeÆ
ients

sup

�2A

[L

�

u+ f

�

℄ = 0; s � T; x 2 R

d

where

L

�

z(s; x) := a

ij

(�; s; x)z

x

i

x

j
(s; x) + b

i

(�; s; x)z

x

i
(s; x)� 


�

(s; x) z(s; x) + z

s

(s; x):

We prove that in the 
ase regular 
oeÆ
ients the rate is estimated from above by h

1=21

.

Quadrati
 Tilt-Ex
ess De
ay and Strong Maximum Prin
iple for Varifolds

Reiner S
h

�

atzle

We prove that integral n�varifolds � in 
odimension 1 with H

�

2 L

p

lo


(�); p > n, p � 2

have quadrati
 tilt-ex
ess de
ay

tiltex

�

(x; %; T

x

�) = O

x

(%

2

)

for ��almost all x and a strong maximum prin
iple whi
h states that these varifolds


annot be tou
hed by smooth manifolds whose mean 
urvature is given by the weak mean


urvature H

�

, unless the smooth manifold is lo
ally 
ontained in the support of �.

Regularity for the Hyperboli
 Monge-Amp�ere Equation

Bernd Kir
hheim

We study gradients f = ru of solutions

def (D

2

u) = �1; u 2 W

2;1

(
;R

2

) 
 � R

2

:

If near some point x 2 
 the os
illation of rf is smaller that 1, then by a well-known

inter
hange of one dependent and independent variable we arrive in the situation of the

linear wave equation. We show that there might indeed be irregular points, where su
h a

transformation is impossible, but that the set of all su
h singularities is dis
rete.

This allows us to prove rigidity for the 
ru
ial 
ases when we 
onsider either gradients

without rank-one 
onne
tions or gradients building a 
ow interfa
e.

Singular Yamabe Metri
s, Explosion for Superpro
esses and Thinness

Denis Labutin

The problem of des
ription of domains on the unit sphere, admitting 
omplete metri
s

with 
onstant s
alar 
urvature 
onformal to the standard metri
, oroginates in the works

of Loewner and Nirenberg, and S
hoen and Yau. We 
hara
terize su
h domains in the 
ase

of negative 
onstant s
alar 
urvature. The 
ondition is inspired by the notion of thinness

from potential theory.
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On a Class of Fully Nonlinear Equation Arising from Conformal Geometry

Guofang Wang

(joint work with Pengfei Guan)

Let (M

n

; g) be a 
losed Riemannian manifold. Its s
houten tensor is de�ned by

S

g

=

1

n� 2

(Rie

g

�

R

g

2(n� 1)

g):

Let �

k

(k = 1; : : : ; n) by the k-th elementary symmetri
 fun
tion and �

+

k

= f� = (�

1

; : : : ; �

n

) 2

R

n

j�

j

(�) > 0; j � kg. g is said to be in �

+

k

if at every point eigenvalues of its s
houten

tensor lie in �

+

k

.

�

k

-Yamabe problem: given a metri
 g

0

2 �

+

k

, is there a


onformal metri
 g = e

�2u

g

0

with

�

k

(g

�1

� S

g

) = 
onst?(1)

Equation (1) is equivalent to

�

k

(r

2

u+ du
 du�

1

2

jDuj

2

g

0

+ S

g

0

) = 
onst � e

�2u

(2)

Equation (2) is a fully nonlinear equation. Usually, su
h equations have no lo
al estimates.

Our main results:

(1) Equation (2) does have C

2

lo
al estimates in terms of inf u. More pre
isely,

kuk

C

2

(B

1=2

)

� 
;

where 
 depends only on inf

x2B

1

u.

(2) If M is lo
ally 
onformaly 
at and n > 2k, then �

k

- Yamabe problem has an aÆrma-

tive answer.

On the Geometri
 Approa
h to the Motion of Inertial Me
hani
al Systems

Adrian Constantin

(joint work with B. Kolev)

A

ording to the a
tion prin
iple, the spatially periodi
 solution, of one-dimensional me-


hani
al systems with no external for
es are des
ribed in the Lagrangian formulation by

geodesi
s on a manifold 
on�guration spa
e, the groupD of smooth orientation - preserving

di�eomorphisms of the 
ir
le. The periodi
 invariant Burgess equation

u

t

+ 3uu

x

= 0

is the geodesi
 equation on D with the L

2

right-invariant metri
. However, the exponential

map for this right-invariant metri
 is not a lo
al C

1

di�eomorphism and the geometri


stru
ture is therefore di�erent. On the other hand, the geodesi
 equation on D for the H

1

right-invariant metri


u

t

� u

txx

+ 3uu

x

= 2u

x

u

xx

+ uu

xxx

is a re-expression of the Camassa-Holmes model for shallow water waves. We show that the

exponential map in this 
ase is a C

1

lo
al di�eomorphism and that if two di�eomorphisms

are suÆ
iently 
lose on D, they 
an be joined by a unique length-minimizing geodesi
 - a

state of the system D transformed to another nearby state by a uniquely determined 
ow

that minimizes the energy.
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Re
ent Results on Wave Maps

Mi
hael Struwe

For any 
omplete Riemannian target manifoldN of bounded 
urvature and without bound-

ary, in joint work with Jala Shatah we show the existen
e of unique global solutions

u : R

1+m

! N to the Cau
hy problem for wave maps with initial data (u; u

t

)j

t=0

=

(u

0

; u

1

) 2 H

3

� H

s�1

(R

m

j

TN) having small energy in the 
riti
al norm s =

m

2

, provided

m � 4. Our proof pro
eeds by very dire
t estimates in physi
al (rather than frequen
y)

spa
e, using the re�ned Stri
harts estimate of Keel-Tao for the linear wave equation.

Ne
kpin
hing in Mean Curvature Flow

Gerhard Huisken

(joint work with Carlo Sinestrari)

We 
onsider 
losed, smooth hypersurfa
es M

n

t

� R

n+1

moving by mean 
urvature, and

study the stru
ture of singularities under the assumption that the (n � 1)st elementary

symmetri
 fun
tion �

n�1

(�) of the prin
ipal 
urvatures is positive. It is shown that near a

singularity in 
ase one eigenvalue is near zero, the other eigenvalues of the 2nd fundamental

form have to approa
h ea
h other. This new a priori estimate is used to dete
t ne
ks in

the hypersurfa
es just before the singularity o

urs. It is shown that ea
h su
h ne
k 
an

be given a 
anoni
al parametrization with the help of 
onstant mean 
urvature foliations

along the ne
k and harmoni
 maps �xing the tangential parametrization. Finally it is

shown that surgery 
an be performed on ne
ks in su
h a way that the known a priori

estimates for the 
ow remain valid after surgery.

Ginzburg-Landau Fun
tional

H. Mete Soner

(joint work with R. Jerrard)

For u 2 H

1

(
;R

2

) we estimate the Ja
obian Ju = det (Du) (ve
tor of all 2� 2 minors

of Du) in terms of the GL fun
tional:

j

Z

�Juj � �

�

�

�

�

"

u

(spt�)

�

k�k

1

+ "

�

C(u)kD�k

1

; 8� 2 C

1




;

where � is a 
onstant, C(u) is a 
onstant depending only on �

"

u

and �

"

u

is the s
aled GL

fun
tional

�

"

u

(A) :=

1

ln(1=")

Z

A

1

2

jruj

2

+

1

4"

2

(1� juj)

2

)

2

dx:

If for a sequen
e fu

"

g

">0

, sup

"

�

"

u

"

(
) < 1, then the above estimate together with an

interpolation argument yields

Ju

"

* J in (C

0;�

)

�

8� > 0:

Moreover, J is a Radon measure whi
h is re
ti�able with integer multipli
ity. We dis
uss

appli
ations of this estimate to evolution problems.
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PDEs Involving Volume Preserving Maps

Yann Brenier

Euler equations of in
ompressible 
uids are known to be the equations of geodesi
 
urves

along the group of volume preserving di�eomorphisms for the L

2

metri
s. A good ap-

proximation 
lass for volume preserving maps is made up of permutation matri
es. From

numeri
al experiments, the 
on
ept of generalized 
ow 
omes up in a natural fashion. Some

results of a work published in CPAM, 1999, are reviewed.

2D Curvature Fun
tionals as �-limits of 3D Nonlinear Elasti
ity

Gero Friese
ke

Boundary Regularity for Nonlinear Ellipti
 Systems

Joseph Grotowski

We 
onsider questions of boundary regularity for solutions of 
ertain systems of se
ond-

order nonlinear ellipti
 equations. We obtain a general 
riterion for a weak solution to

be regular in the neighbourhood of a given boundary point. The proof yields dire
tly

the optimal regularity for the solution in this neighbourhood. The result is new for the

situation under 
onsideration (general nonlinear se
ond order systems in divergen
e form,

with inhomogeneity obeying the natural growth 
onditions).

Deformation of C

0

Riemannian Metri
s in the Dire
tion

of their Ri

i Curvature

Miles Simon

We examine the evolution of non-smooth (C

0

) Riemannian metri
s by the dual Ri

i

harmoni
 map heat 
ow. Appli
ations in
lude evolution of 'metri
 spa
es bounded from

above and below' in the sense of Aleksandrov.

Vorti
es in the Ginzburg-Landau Model of Super
ondu
tivity

Etienne Sandier

(joint work with Sylvia Serfaty)

The Ginzburg-Landau fun
tional writes, in the presen
e of a magneti
 �eld

J(u;A) =

1

2

Z




jr

A

uj

2

+ jh� h

e

j

2

+

K

2

2

(1� juj

2

)

2

where 
 � R

2

, u : 
! C , A : 
! R

2

, r

A

u = ru� i uA, h = 
ulrjA and K; h

e

2 R

+

are

parameters.

De�ning H




1

=

logK

2max




j�

0

j

, where �

0

= h

0

� 1 and h

0

solves

(

��h

0

+ h

0

= 0 
;

h

0

= 1 �


We prove that for h

e

< H




1

+ 
 log logK, the number of vorti
es for a minimizer of J in

bounded independently of K.
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Nonuniqueness for the Yang-Mills Heat Flow

Andreas Gastel

For the Yang-Mills heat 
ow in dimensions 5 � m � 9, we �nd smooth initial 
onne
tions

r

n

on the trivial bundle R

m

� SO (m) su
h that the follo wing holds:

For every n 2 N, rn, when evolved by the Yang-Mills heat 
ow, develops a point

singularity in �nite time. After the point singularity, there are at least n di�erent smooth


ontinuations of the 
ow. Moreover, di�erent 
ontinuations of the same 
ow 
an develop

on di�erent bundles (after the singularity), whi
h 
an be proven for m 2 f6; 8g.

S
aling Laws for the Cross-tie Wall

Felix Otto

This is joint work with A. deSimone, S. M�uller and R.V.Kohn. By a 
ombination of

heuristi
 and rigorous analysis, we derive a s
aling law for the periodi
ity w of the 
ross-

tie wall in the material parameters d(ex
hange length), Q(anisotropy) and �lm thi
kness

t. Starting point in the mi
romagneti
 model, whi
h is a non
onvex, nonlo
al variational

problem. Key ingredient is the identi�
ation of the spe
i�
 energy of the N�eel wall in
luding

the next order term.

Stokes Equations for Mixtures

Jens Frehse

We 
onsider a stationary 
ase of a model for mixtures of 
uids, where the vorti
ity term

is negle
ted. It reads (
. f. Rajagopal's book)

�

X

k

�

ik

�u

k

= �r%

i

p+ f%

i

div(%

i

u

i

) = 0;

Z

% dx = 1; % � 0

Hypothesis: (�

ik

) positive de�nite, f 2 L

1

\ L

1

, pressure law p(%) � %




, % =

P

%

i

.

Theorem (in R

3

): 9 solution % 2 L

1

u 2 H

1;q

0

, q < 1. The 
ase with Diri
hlet

boundary is treated via penalization, the zero boundary 
ondition is formulated in the

limit by a tra
e operator.

A PDE Approa
h to Singularities of Minimal Submanifolds

Leon Simon

This talk introdu
ed a method for 
onstru
ting new examples of minimal (i.e. zero mean


urvature) hypersurfa
es, based on the observation that a positive solution of the equation

on a domain 
 � R

n

n

X

i=0

D

i

 

D

i

u

p

1 + jDuj

2

!

=

m

u

p

1 + jDuj

2

(�)

has a \symmetri
 graph" G � f(x; u(x)!) : x 2 
; ! 2 S

m

g whi
h is minimal. Here

m 2 f1; 2:::g is given and n � 2.
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A singular solution of (�) is a fun
tion u : 
 ! R whi
h vanishes at at least one

point and whi
h is expressible, lo
ally near ea
h point of 
, as the uniform limit of a

sequen
e of positive solutions of (�). The symmetri
 graph G of su
h a singular solution

has singularities pre
isely where u vanishes, i. e. singG = f(x; 0) : x 2 
; u(x) = 0g.

Various properties of (�) were dis
ussed, in
luding examples of singular solutions and

the fa
t that graph solutions are automati
ally H�older 
ontinuous with exponent

1

2

.

Edited by Ernst Kuwert
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04103 Leipzig

Prof. Dr. Gerhard Huisken

gerhard.huisken�uni-tuebingen.de

Mathematis
hes Institut

Universit�at T�ubingen

Auf der Morgenstelle 10

72076 T�ubingen

Prof. Dr. Robert L. Jerrard

rjerrard�math.uiu
.edu

Department of Mathemati
s

University of Illinois

273 Altgeld Hall MC-382

1409, West Green Street

Urbana, IL 61801-2975

USA

Dr. Bernd Kir
hheim

bk�apoll.mis.mpg.de

Max-Plan
k-Institut f�ur Mathematik

in den Naturwissens
haften

Inselstr. 22 - 26

04103 Leipzig

Dr. Herbert Ko
h

ko
h�mathematik.uni-dortmund.de

Fa
hberei
h Mathematik

Universit�at Dortmund

44221 Dortmund

Prof. Dr. Ni
olai V. Krylov

krylov�math.umn.edu

Department of Mathemati
s

University of Minnesota

127 Vin
ent Hall

206 Chur
h Street S. E.

Minneapolis, MN 55455

USA

Prof. Dr. Ernst Kuwert

kuwert�mathematik.uni-freiburg.de

Mathematis
hes Institut

Universit�at Freiburg

E
kerstr.1

79104 Freiburg

Dr. Denis A. Labutin

denis�math.ethz.
h

Mathematik Departement

ETH-Zentrum

R�amistr. 101

CH-8092 Z�uri
h
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Prof. Dr. Stephan Lu
khaus

lu
khaus�mathematik.uni-leipzig.de

lu
khaus�mis.mpg.de

Fakult�at f�ur Mathematik/Informatik

Universit�at Leipzig

Augustusplatz 10

04109 Leipzig

Prof. Dr. Nader Masmoudi

masmoudi�
ims.nyu.edu

Courant Institute of

Mathemati
al S
ien
es

New York University

251, Mer
er Street

New York, NY 10012-1110

USA

Dr. Christof Mel
her


hristof.mel
her�mis.mpg.de

Max-Plan
k-Institut f�ur Mathematik

in den Naturwissens
haften

Inselstr. 22 - 26

04103 Leipzig

Prof. Dr. Stefan M�uller

Stefan.Mueller�mis.mpg.de

Max-Plan
k-Institut f�ur Mathematik

in den Naturwissens
haften

Inselstr. 22 - 26

04103 Leipzig

Prof. Dr. Mohameden Ould Ahme-

dou

ahmedou�sissa.it

SISSA

via Beirut 4

I-34014 Trieste

Prof. Dr. Felix Otto

otto�iam.uni-bonn.de

Institut f�ur Angewandte Mathematik

Universit�at Bonn

Wegelerstr. 6

53115 Bonn

Mar
 Oliver Rieger

rieger�mis.mpg.de

Max-Plan
k-Institut f�ur Mathematik

in den Naturwissens
haften

Inselstr. 22 - 26

04103 Leipzig

Prof. Dr. Tristan Riviere

riviere�math.ethz.
h

Tristan.Riviere�math.polyte
hnique.fr

CMLA

ENS Ca
han

61, Avenue du President Wilson

F-94235 Ca
han Cedex

Prof. Dr. Etienne Sandier

sandier�univ-paris12.fr

Departement de Mathematiques

Fa
ulte des S
ien
es de Tours

Universite de Tours

Par
 de Grandmont

F-37200 Tours

Reiner S
h�atzle

s
haetz�math.uni-bonn.de

Mathematik Departement

ETH-Zentrum

R�amistr. 101

CH-8092 Z�uri
h

Prof. Dr. Leon M. Simon

lms�math.Stanford.edu

Department of Mathemati
s

Stanford University

Stanford, CA 94305-2125

USA

Prof. Dr. Miles Simon

msimon�mathematik.uni-freiburg.de

Mathematis
hes Institut

Universit�at Freiburg

E
kerstr.1

79104 Freiburg

12



Dr. Knut Smo
zyk

smo
zyk�mis.mpg.de

Max-Plan
k-Institut f�ur Mathematik

in den Naturwissens
haften

Inselstr. 22 - 26

04103 Leipzig

Prof. Dr. H. Mete Soner

msoner�ku.edu.tr

Department of Mathemati
s

Ko
 University

Rumelifener Yolu

Sariyer

80910 Istanbul

TURKEY

Prof. Dr. Klaus Ste�en

steffen�mx.
s.uni-duesseldorf.de

Mathematis
hes Institut

Heinri
h-Heine-Universit�at

Geb�aude 25.22

Universit�atsstra�e 1

40225 D�usseldorf

Prof. Dr. Mi
hael Struwe

mi
hael.struwe�math.ethz.
h

Mathematik Departement

ETH-Zentrum

R�amistr. 101

CH-8092 Z�uri
h

Dr. Guofang Wang

gwang�mis.mpg.de

Max-Plan
k-Institut f�ur Mathematik

in den Naturwissens
haften

Inselstr. 22 - 26

04103 Leipzig

Dr. Georg Sebastian Wei�

gw�ms.u-tokyo.a
.jp

Graduate S
hool of

Mathemati
al S
ien
es

University of Tokyo

3-8-1 Komaba, Meguro-ku

Tokyo 153-8914

JAPAN

Prof. Dr. Nung Kwan Yip

yip�math.purdue.edu

Dept. of Mathemati
s

Purdue University

West Lafayette, IN 47907-1395

USA
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