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The meeting was organized by R. Meise (D�usseldorf), B.A. Taylor (Ann Arbor) and

D. Vogt (Wuppertal). The 21 talks delivered during the meeting overed many di�erent

aspets of funtional analysis and omplex analysis as related to the theory of partial

di�erential equations. The abstrats of the talks are presented in alphabetial order.
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Abstrats

On a theorem of Lelong and Bremermann

Aydin Aytuna (Ankara)

The aim of this talk is to report on a partiular result obtained in the ongoing joint researh

with V. Zahariuta.

Theorem. Let M be a Stein manifold of dimension n and let p be a plurisubharmoni

funtion on M. Then there is an l, 0 � l � 2n + 2, suh that for every ompat subset

K �M and every " > 0 there exists a C > 0 and l analyti funtions f

1

; : : : ; f

l

on M suh

that

p(z)� " �

1

C

max

1�i�l

ln jf

i

(z)j � p(z) + " 8z 2 K:

I will say a few words about tyhe irle of ideas/problems that lead us to this result and

onsider some appliations.

Evolution for overdetermined systems

Chiara Bioti (Ferrera)

We are onerned with the problem of evolution for (overdetermined systems of linear

partial di�erential operators with onstant oeÆients; this means that we want to give

neessary and/or suÆient onditions for the existene of solutions of the assoiated Cauhy

problem. H�ormander gave a neessary and suÆient ondition for evolution in the ase of a

salar operator and Cauhy data on a hyperplane of R

N

in the lass of C

1

funtions. With

Prof. Neinovih we generalized this ondition to the ase of (overdetermined) systems and

Cauhy data on an aÆne subspae of R

N

of arbitrary odimension, always in the C

1

lass.

We obtain a neessary ondition whih naturally generalizes the one given by H�ormander,

but we need a stronger ondition for the suÆieny. These two onditions oinide in the

ase of Cauhy data given on a hyperplane, so that we �nd again that H�ormander original

ondition is neessary and suÆient for evolution. Then we generalized the above results

to the ase of (small) Gevrey funtions obtaining a neessary ondition and a stronger

suÆient ondition whih oinide in the ase of the hyperplane. Applying these results,

for instane, to the lassial heat operator

�

t

��

x

;

we �nd that the Cauhy problem admits at least a loal solution in the C

1

lass and in

the lasses 

(

�; s) of (small) Gevrey funtions of order s > 1 in the spae - variables x 2 R

n

and of order � � 2s in the time - variable t > 0.

Weighted (LF) - spaes of holomorphi funtions

Jos

�

e Bonet (Valenia)

We report on reent researh about the projetive desription of weighted indutive limits

of Fr�ehet spaes of holomorphi funtions. In the �rst part, whih is joint work with R.

Meise, we denote by VH = ind

n

HV

n

the (LF) -spae of entire funtions on C

n

isomorphi,

via the Fourier - Laplae transform, to the strong dual of the spae of quasi - analyti

funtions of Roumieu type on R

n

. We show that VH oinides with its projetive hull HV
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algebraially, but it has a stritly �ner topology. Aordingly the topology of VH annot be

desribed by weighted sup - semi-norms. In the seond part we report on joint work with

K.D. Bierstedt. We show that ertain weighted (LF) - spaes of holomorphi funtions on

the dis are a topologial subspae of its projetive hull if the weights in the original spae

are radial, vanish at the boundary and are of moderate growth. We use methods developed

by Lusky.

The loal Phragm�en - Lindel�of priniple and hyperboliity onditions

R

�

udiger W. Braun (D

�

usseldorf)

Reporting on joint work with R. Meise and B.A. Taylor, the loal Phragm�en - Lindel�of

ondition of H�ormander is haraterized for analyti varieties in C

3

. The haraterization is

given in terms of a �nite number of hyperboliity onditions in onoids. A onoid is similar

to a one, but may shrink towards its tip at a faster than linear rate. Whih onoids have

to be onsidered is deided by looking at the singularities of ertain limit varieties. Using

a theorem of H�ormander, this result yields a haraterization of the surjetive onstant

oeÆient partial di�erential operators

P (D) : A(R

+

)!A(R

+

)

in geometri terms.

A Glaeser type theorem for the spae of real analyti funtions

Pawel Doma

�

nski (Pozna

�

n)

Let ' : 


1

! 


2

be a real analyti map between open subsets 


1

� R

d

1

, 


2

� R

d

2

, we

de�ne C

'

(f) := f Æ'. We give a short survey of results of Glaeser, Bierstone, Milman and

Pawluki on loseness of the range of C

'

: C

1

(


2

)! C

1

(


1

).

Then, in a joint work with M. Langenbruh (Oldenburg), we analyse the analogous problem

for C

'

: A(


2

) ! A(


1

), where A(
) denotes the spae of real analyti funtions on an

open domain in R

d

. We �nd neessary onditions for C

'

to have losed range or to be

open onto a losed subspae of A(


1

). We show that even injetive C

'

with losed range

need not be open onto its image. Finally, we give a haraterization of those injetive C

'

whih are open onto their images.

Appliations of extension operators to solution operators for PDE

Leonhard Frerik (Wuppertal)

For a losed set S � R

n

let D

S

denote the ideal of those test funtions on R

n

whih

are at on S. Then every onstant oeÆient linear PDO P(-D) ats surjetively on D

0

S

.

Conerning right inverses for P(-D) we give the following result:

Theorem. Let S � R

n

be ompat. Then P (�D) : D

0

S

! D

0

S

has a ontinuous linear

right inverse if and only if

i) P (�D) : D

0

! D

0

has a ontinuous linear right inverse and

ii) The spae E

p

(S) of those Whitney jets f on S whih solve the equation P (D)f = 0

has the property (DN).

From this we obtain the following:
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Corollary. Let K � R

n

be ompat, P 2 C [x

1

; : : : ; x

n+1

℄,

^

K := R

n

� f0g. Then P (�D) :

D

0

^

K

! D

0

^

K

has a ontinuous linear right inverse if and only if

i) P (�D) : D

0

(R

n+1

)! D

0

(R

n+1

) has a ontinuous linear right inverse and

ii) P is partially hypoellipti with respet to R

n

� f0g.

iii) The spae E(K) of all Whitney jets on K has the property (DN).

Morera theorems on manifolds

Eri Grinberg (Temple University)

This is joint work with Todd Quinto, Tufts University.

The lassial Morera theorem states that a ontinuous funtion of one omplex variable

is analyti in a region if it has vanishing ontour integrals over "all simple losed urves"

in that region. Many variations, extensions and generalizations of this result exist. For

instane, one an onsider only "large" urves, or even a family of urves obtained by

rotating and translating a �xed urve Gamma. We onsider extensions of the lassial

Morera theorem to funtions on omplex Riemannian manifolds. The tests of holomorphy

obtained involve ontour integrals over geodesi spheres. Both families of spheres with

�xed radius and with variable radius may be used. The proofs are loal and depend on

miroloal propagation of singularities of a Radon transform related to the Morera integral

and on a theorem of H�ormander, Kawai and Kashiwara regarding wave front sets.

Generalized funtions and operational alulus disussed by Fourier and

Heaviside

H. Komatsu (Tokyo)

As L. Shwartz says in his book "Th�eorie des distributions", it is generally believed that

Dira's Æ - funtion and Hadamard's �nite parts of divergent integrals are �rst examples of

generalized funtions and that Heaviside invented "operational alulus". In this talk I will

show that Fourier introdued Æ - funtions muh earlier than Dira and that he represented

solutions of partial di�erential equations by operational alulus more audaiously than

Heaviside.

Splitting of mixed Fr�ehet - Shwartz and (DF) - Shwartz power series spaes

D. Kunkle (Wuppertal)

We onsider the splitting problem for power series spaes that ombine a struture of

projetive and indutive kind, whih makes them redues projetive limits of a sequene

of duals of Fr�ehet - Shwartz spaes. We give onditions for their splitting, obtaining in

partiular splitting of pairs of Fr�ehet - Shwartz and (DF) - Shwartz power series spaes.
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Surjetive partial di�erential operators on spaes of real analyti funtions

M. Langenbruh (Oldenburg)

The leture is onerned with the basi question when

(1) P (D) : A(
)!A(
)

is surjetive. Here P(D) is a partial di�erential operator with onstant oeÆients, 
 � R

n

is open and A(
) is the spae of real analyti funtions on 
. H�ormander (1973) showed

that for onvex open sets 
, (1) is equivalent to a ertain Phragmen-Lindel�of ondition

valid on the omplex variety of the priniple part P

m

of P. SuÆient onditions for (1)

have been given by Kawai (1972) and Kaneko (1985) using (Fourier) hyperfuntions. In

the leture, we will present a new haraterization of (1) for general open sets 
 by means of

shifted elementary solutions whih are real analyti on an arbitrary relatively ompat open

subset of 
. This ontains and extends results of Andersson (1972), Kawai (1972), Zampieri

(1984) and Kaneko (1985). The haraterization also implies that in many situations, (1)

implies that P

m

is loally hyperboli and the loalizations of P

m

at1 are also hyperboli.

Entire solutions of ertain partial di�erential equations

B. Q. Li (Miami)

We onsider entire solutions of partial di�erential equations de�ned by Fermat varieties

and give haraterizations of solutions of the equations.

Algebrai varieties on whih the lassial Phragm�en - Lindel�of theorem holds

R. Meise (D

�

usseldorf)

(Joint work with R.W. Braun and B.A. Taylor).

An algebrai variety V in C

n

has the property (SPL) if the following holds: There exists

A � 1 suh that eah plurisubharmoni funtion u on V whih satis�es

u(z) � jzj+O(jzj); z 2 V

and

u(z) � 0; z 2 V \ R

n

already satis�es

u(z) � AjImzj; z 2 V:

The lassial Phragm�en - Lindel�of Theorem states that C

n

satis�es (SPL) for A = 1. If

P

m

2 C [z

1

; : : : ; z

n

℄ is homogeneous of degree m � 2 and P 2 C [z

1

; : : : ; z

n+1

℄ is de�ned

as P (z

0

; z

n+1

) := P

m

(z

0

) � z

n+1

, then P (D) : D

0

(R

n+1

) ! D

0

(R

n+1

) admits a ontinuous

linear right inverse i� V (P ) satis�es (SPL). The aim of the talk was to explain the following

result:

Theorem. An algebrai surfae V in C

n

satis�es (SPL) i� the following onditions hold:

(1) V(P) satis�es the loal Phragm�en Lindel�of ondition PL

lo

(�) at eah � 2 V (P ) \

R

n

.

(2) For eah real simple urve  in R

n

and d � 1 the limit variety T

;d

V satis�es

PL

lo

(�) at eah of its real points.

(3) For eah real priniple urve  in R

n

, d � 1, and eah � 2 (T

;d

V )

reg

\ R

n

, V is

(; d) - hyperboli at �.

The onditions (1) - (3) are neessary for eah pure k - dimensional algebrai variety V in

C

n

to satisfy (SPL).
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Landau - Pollak dimension theorem and Gabor analysis

V. P. Palamodov (Tel Aviv)

An arbitrary square integrable funtion an not be expanded in a series of Gabor funtions

(Weyl-Heisenberg orbit of the Gaussian), if the ell area of the lattie is equal 1 (ritial

density). However it an be done for funtions f satisfying mild smoothness ondition and

the lattie of ritial density is extended by means of "sharp" elements. The oeÆients of

this expansion an be estimated in terms of salar produts of f with the Gabor funtions.

It implies that a funtion f is properly approximated by a linear ombination of the elements

of the Gabor series supported by the points of the lattie in a domain D of the phase spae,

provided the salar produts of f are small in the omplement to D. This is a generalization

of the Landau-Pollak dimension-theorem for several variables and domains D of arbitrary

shape, whereas the original result onerns only bandlimited funtions and domains that

are produts of time and frequeny intervals.

Hypoelliptiity and loal solvability in Gevrey lasses

L. Rodino (Torino)

We present the following result, obtained in ollaboration with A. Albanese and A. Corli.

If P, a linear partial di�erential operator with analyti oeÆients in an open set 
 � R

n

, is

hypoellipti with respet to the Gevrey lasses of order s, then the transposed operator P

t

is

loally solvable in the same Gevrey lasses at any point of 
. The proof, in terms of abstrat

funtional analysis, extends to more general topologial vetor spaes. Appliations are

given to ertain lasses of PDE.

Existene of ontinuous linear extension maps for spaes of Whitney jets

J. Shmets (Liege)

The material of the talk omes from a long standing joint work with Manuel Valdivia.

If 
 is a proper open subset of R

n

(resp. C

n

), BC

1

(
) (resp. H

1

(
)) designates the

Fr�ehet spae of the C

1

- funtions (resp. holomorphi funtions) on 
 whih are bounded

on 
 as well as all their derivatives, endowed with its anonial topology. Given 
 � R

n

,

it is possible to onstrut an open subset D




of C

n

suh that D




\ R

n

= 
 and (u+ i v 2

D




) u 2 
) suh that the following key result holds:

Theorem. There is a ontinuous linear map T




: BC

1

(
)!H

1

(
) suh that for every

f 2 BC

1

(
), s 2 N and " > 0, there is a ompat subset K of 
 suh that

jD

�

(T




f)(u+ i v)�D

�

f(u)j � "

for every u+ i v 2 D




and � 2 N

n

0

verifying u 2 
 nK and j�j � s.

This key result leads to results mentioned in the title; e.g.

Theorem. If the losed subset F of R

n

is ompat or suh that R

n

nF = 
 is bounded, then

the existene of a ontinuous linear extension map from the spae E(F ) of the Whitney jets

of F into C

1

(R

n

) implies the existene of suh a map from E(F ) into H

1

C

1

(
).
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In this statement H

1

C

1

(
) is the Fr�ehet spae of the funtions f de�ned on R

n

[D




verifying f j

R

n

2 C

1

(R

n

), f j

D




2 H

1

(D




) and

lim

z!x

D

�

(f j

D




)(z) = D

�

(f j

R

n

)(x) 8� 2 N

n

0

; 8x 2 �

R

n

F

endowed with the seminorms

sup

j�j�m

kD

�

fk

b

m

[D




:

The extension to the ase of losed subsets of R

n

holds if and only if F satis�es the Frerik

- Vogt ondition. The extension of these results to the spaes of the ultra-di�erentiable

jets/funtions has been indiated.

Ellipti di�erential operators on manifolds with onial singularities

E. Shrohe (Potsdam)

In my talk I tried to illustrate how methods from singular pseudodi�erential analysis and

funtional analysis an be brought together to obtain new results for paraboli equations.

Blowing up near the tip, a manifold with a onial singularity beomes a manifold with

boundary, say B , the boundary �B = X being the ross-setion of the one. Instead

of di�erential operators on the singular manifold we then study Fuhs type degenerate

operators, i.e. operators whih in a neighbourhood of the boundary have the form

A = t

��

�

X

j=0

a

j

(t; x;D

x

)(�t�

t

)

j

:

Here we have hosen oordinates (t; x) on [0; 1)�X, and a

j

is smooth in t, taking values

in di�erential operators of order �� j on X.

The operator A naturally ats on sales of L

p

-Mellin-Sobolev spaes, H

s;

p

(B ), s;  2 R,

1 < p < 1. Here, however, we onsider it as an unbounded operator, initially de�ned

on C

1

0

(int B ), and study its losed extensions in H

0;

p

(B ), whih is a weighted L

p

-spae on

B . Under ertain elliptiity onditions (i.e. invertibility assumptions for both the prinipal

symbol and the onormal symbol) one an desribe all these extensions.

We next address the question of maximal regularity, whih is important for many appli-

ations. Aording to a theorem of Dore and Venni, maximal regularity follows from the

boundedness of the purely imaginary powers, i.e. an estimate kA

is

k

H

0;

p

(B)

� C

p

e

�jsj

, s 2 R.

Using an adapted pseudodi�erential alulus for parameter-dependent operators, we

�nd onditions that allow us to onstrut a parametrix to A � � whih oinides with

the resolvent and gives us very preise information on its struture { indeed suÆient to

hek Dore and Venni's riterion. As an example, we an treat the ase where A is the

Laplae-Beltrami operator for a onial metri on B , provided dim B > 4.

In a next step, we see how this an be ombined with an abstrat result of Cl�ement and

Li in order to obtain solvability of ertain quasilinear evolution equations (joint work with

S. Coriaso (Torino) and J. Seiler (Potsdam)).
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Higher order tangents to analyti varieties along urves

B. A. Taylor (Ann Arbor)

(Reporting on joint work with R. Meise and R. Braun).

Let V be an analyti variety in an open set in C

n

ontaining the origin and with 0 2 V .

We suppose V is purely d-dimensional. For a urve

(t) = ft+ �

2

t

d

2

+ : : : ; d

j

=

j

q

; j � 1; j�j = 1g

de�ne

V

t

= fw : (t) + t

d

w 2 V g:

Then the urrents de�ned by V

t

onverge to a limit urrent T

;d

V as t! 0. T

;d

V is either

zero or (supported by) an algebrai variety in C

n

of pure dimension k. Properties of suh

limit urrents and examples are given. The results are applied in other plaes to derive

neessary onditions for varieties to satisfy the loal Phragmen - Lindel�of ondition.

The bounded fatorization property for Fr�ehet spaes

T. Terzioglu (Tuzla/Istanbul)

The aim of this talk is to report on results obtained in ongoing researh done with V. P.

Zahariuta and M. Yurdakul about Fr�ehet spaes E,F,G suh that eah ontinuous linear

operator T : E ! F whih an be expressed as T = R Æ S with S 2 L(E;G), R 2

L(G;F ) is bounded. If this happens, we write (E;G; F ) 2 BF . We give a haraterization

of the relation BF for triples of Fr�ehet spaes following the approah used by Vogt in

haraterizing pairs (E; F ) 2 B. In ase (E; �(B)) 2 B and (�(C); F ) 2 B where �(B)

and �(C) are nulear, we prove (E; �(B)

^




�

�(C); F ) 2 BF . With the help of this result

we an really di�erentiate BF and B. In ase E, G and F are all K�othe spaes we show

that if (E;G; F ) 62 BF then there are quasidiagonal unbounded Operators S : E ! G,

R : G ! F suh that T = R Æ S is also quasidiagonal and unbounded. This extends a

reent result of Djakov and Ramanujan.

Fr�ehet quotients of A(R

d

)

D. Vogt (Wuppertal)

Report on joint work with P. Domanski and L.Frerik.

The investigation of the Fr�ehet struture of the spae A(
) of real analyti funtions on

an open set 
 � R

d

turned out to be the basis for various interesting results. The Fr�ehet

subspaes were haraterized by Domanski and Langenbruh. Domanski and the speaker

proved that all omplemented Fr�ehet subspaes of A(
) are �nite dimensional (basi for

their proof that A(
) admits no Shauder basis). For the Fr�ehet quotients it was only

known that they ful�ll the very restritive ondition (

�

�


) and this was an ingredient for the

previously mentioned result. It was proved only very reently that there exist nontrivial

Fr�ehet quotients. We give the following haraterization:

Theorem. A Fr�ehet spae E is isomorphi to a quotient of A(
) if and only if E 2 (

�

�


)

and is n

j

- nulear.

A prinipal tool whih is of independent interest is:

Theorem. For a Fr'ehet spae E we have Ext

1

(A(
); E) = 0 if and only if E 2 (

�

�


).
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The derived funtors of Hom in the ategory of loally onvex spaes

J. Wengenroth (Trier)

We onsider the derivatives Ext

k

(E; �) of the funtor L(E; �) (for a �xed loally onvex

spae E) ating on the ategory of l..s. After explaining the relevane of Ext

1

for splitting,

extension and lifting problems and the role of Ext

k

for the stability of Ext

k�1

(E; �) = 0

we briey reall the behaviour of Ext

k

(E;X) for Fr�ehet spaes X and the onnetion to

the ountable projetive limit funtor. The main result deals with a onjeture of V.I.

Palamodov:

Ext

k

(E;X) = 0 for all k 2 N if E is a metrizable l..s., X is a omplete (DF) - spae and

one of them is nulear.

Using properties of the projetive limit funtor for unountable spetra we obtain answers

to Palamodov's question at least if we assume the ontinuum hypothesis: For eah in�nite

dimensional nulear (LB)-spae X we then have

(1) Ext

k

(E;X) = 0 holds for k � 3 and eah l..s. E.

(2) There is a normed spae E with Ext

1

(E;X) 6= 0.

(3) Ext

1

(K

N

; X) = 0 and Ext

2

(K

N

; X) 6= 0.

On some linear topologial invariants

V. Zahariuta (Metu, Ankara and Sabani University, Istanbul

Joint work with T. Terzioglu and M. Yurdakul.

Let E be a loally onvex spae, U(E) (B(E)) be the set of all neighbourhoods of zero

(absolutely onvex bounded sets). If F : R

+

! R

+

, '(t) ! 1, then (


'

), (DN

'

) are

Vogt's interpolation lasses. We denote by (QN) and (AN) the lasses of all quasinormable

(Grothendiek) and, respetively, asymptotially normable (Terzioglu - Vogt) spaes. We

say that E satis�es strit 


'

(E 2 (s


'

)) if

9M 2 B(E)8U 2 U(E)9V 2 U(E)9C : V � C'(t)M +

1

t

U; t > 0;

We write

�

E 2 (s


'

)

�

if E = F

0

and M is supposed to be equiontinuous.

Proposition. Let ' satisfy the ondition:

9� > 1 :

'(t

�

)

'(t)

!1: (�)

Let E be a Fr�ehet Shwartz spae. Then E 2 (


'

) i� E 2 (s


'

).
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Theorem. E 2 (DN)

'

implies E

0

2

�

s


'

�

.

Theorem. Let ' satisfy (*) and E be a Montel K�othe spae admitting a ontinuous norm.

Then E 2 (
)

'

i� E

0

2 (DN)

'

.

We say that E is stritly quasinormable (E 2 (sQN)) if

9M 2 B(E)8U 2 U(E)9V 2 U(E)8Æ9� : V � �M + ÆU ;

if E = F

0

and M is equiontinuous here, then we write E 2

�

sQN

�

. We de�ne the lass

(AN) as the union of all lasses (DN)

'

. For Fr�ehet spaes (QN) = (sQN) (Grothendiek)

and (AN) = (AN) (Terzioglu - Vogt).

Theorem. E 2 (AN) implies E

0

2 (sQN).

Edited by Daren Kunkle
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