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This meeting was organized by J.-M Bismut, J. Br�uning, and R. Melrose; it was attended

by 35 sientists from 8 ountries. The onferene must be onsidered very suessful in

view of the importane of the results ommuniated and the fruitfulness of the ensuing

disussions, even though many interesting mathematiians were not able to ome this

time, for a variety of reasons.

As usual, the topis of disussion were manifold but, nevertheless, entering around a few

major themes. A quite substantial number of talks dealt with questions of spetral theory

and L

2

-invariants on various singular spaes, like ompat singular spaes (Grieser: om-

pat semialgebrai sets, Shioya: Alexandrov spaes, B�ar, Weingart: ompat manifolds),

omplete nonompat Riemannian manifolds (Br�uning: manifolds with usps, Carron:

manifolds with at ends, Eyssidieux: Galois overings of omplex projetive manifolds,

Leihtnam: Etale groupoids, M�uller: loally symmetri spaes with �nite volume, Piazza:

Galois overings of ompat manifolds), or smooth spaes with singular metris (Callias).

Another fous of ative interest was the analyti torsion whih was addressed in the talks

of Bismut (holomorphi and de Rham torsion forms), Goette (the family ase), K�ohler

(quaternioni analyti torsion), Ma (analyti torsion on manifolds with boundary), and

Yoshikawa (relation between equivariant analyti torsion and modular forms).

The importane of the notion of gerbes for the subjet was demonstrated in talks by

Bunke and Melrose.

Finally, there was some interest in algebras of operators and funtions (Brasselet on fun-

tion algebras with omputable Hohshild homology, Shrohe on K-theory of the Boutet

de Monvel algebra) and in various questions related to geometri quantization (Alexeev on

group valued moment maps, Braverman on ertain nonompat K�ahler manifolds, Szenes

on ounting lattie points in polytopes).

The meeting showed learly that geometri analysis on singular spaes is an important

and still vigorously expanding subjet whih should be the objet of future Oberwolfah

meetings, too. The present team of organizers feels, however, that after onduting quite

a few meetings it may be time to leave this task to others.
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Abstrats

On the quantization of group valued moment maps

Anton Alekseev

Let g be a �nite dimensional Lie algebra. The Duo map Sg ! Ug establishes an alge-

bra isomorphism between the invariant polynomials (Sg)

g

and the enter of the universal

enveloping algebra Z(Ug). Let h � g be a Lie subalgebra. In general, the Duo maps for

g and h do not intertwine the natural embeddings Sh! Sg and Uh! Ug.

Let g be a quadrati Lie algebra, that is, a Lie algebra with an ad-invariant salar produt

B, and let h be a Lie subalgebra suh that the restrition of B on h be nondegenerate. We

show that there exists a natural extensions of the Duo map Q

g

: Sg 
^g ! Ug 
 Cl(g),

where Cl(g) is the Cli�ord algebra orresponding to B, suh that Q

g

and Q

h

are intertwined

by the natural embeddings indued by h! g.

We use this result to give an extension to quadrati Lie algebras of the reent result of

Huang-Pandzi and of Kostant on the Vogan onjeture for Dira ohomology.

Small Eigenvalues of the Yamabe Operator

Christian B

�

ar

We de�ne a di�erential topologial invariant of ompat manifolds by ounting the small

eigenvalues of the Yamabe operator for suitable Riemannian metris. We bound this

invariant from above and from below by the �-genus. For simply onneted manifolds it

turns out to be omputable in terms of the �-genus and one sees that it an distinguish

ertain exoti spheres. Hene it is not a homeomorphism invariant.

As methods we use a spetral omparison priniple due to Gallot and Meyer, re�ned

Kato inequalities, a surgery result for the Yamabe spetrum, and bordism theory. As a

geometri appliation we show that if a ompat spin manifold has suÆiently large

b

A-

genus, then it has a \nek of bounded size" for all metris. This is not true if one drops

the assumption of the

b

A-genus as one an e. g. see in the example of the torus.

Algebras of funtions on singular spaes

Jean-Paul Brasselet

The Hohshild homology of the algebra C

1

(M) of smooth funtions on a ompat smooth

manifold M has been proved to be isomorphi to the de Rham omplex of di�erential forms

on the manifold (A. Connes). In order to generalize suh a result for singular varieties,

one has to determine what are "good" funtions and "good" forms on a singular variety.

One idea omes from the onept of shadow forms, i.e. di�erential forms de�ned on the

smooth part of the singular spae X admitting poles of given order on the strata of a

suitable strati�ation of X. The ohomology of the omplex of shadow forms is isomorphi

to intersetion homology of X for a suitable perversity, related to the orders of the poles.

Another idea omes from the Teleman's loalization tehnique: "the Hohshild omplex

of C

1

(M), M smooth, is loalized along the main diagonal". This proedure explains the

loal harater of the Hohshild homology of the algebra C

1

(M) and is adapted to the

omputation of Hohshild homology of algebras whih are signi�ative for singular spaes:
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- the algebra of smooth funtions on R

n

whih are bounded at in�nity as well as all their

derivative,

- the algebra of funtions with suitable ontrolled properties on ones over smooth mani-

folds,

- the algebra of Whitney funtions on X losed in R

n

.

The results of this leture ome from joint works with A. Legrand, N. Teleman and M.

Paum.

Bakground ohomology of a holomorphi vetor bundle over a tamed K�ahler

manifold

Maxim Braverman

Let M be a omplete K�ahler manifold endowed with a irle group ation. Let W be

an equivariant holomorphi vetor bundle over M . The manifold M is alled tamed if

it is endowed with an invariant proper funtion � : M ! R satisfying ertain tehnial

onditions.

We introdue an invariant of the triple (M;W; �) alled the bakground ohomology.

By de�nition it is the ohomology of ertain deformation of the Dolbeault omplex of M

with oeÆients in W . We show that the bakground ohomology is rather stable with

respet to � and behaves very muh like a ohomology of a holomorphi bundle over a

ompat manifold. In partiular, we prove that it is semi-ontinuous in families. We also

prove analogues of Kodaira and Andreotti-Grauert vanishing theorems. We disuss some

appliation of these results to geometri quantization of non-ompat K�ahler manifolds.

Dira systems

Johen Br

�

uning

(joint work with Werner Ballmann and Gilles Carron)

The spetral theory of geometri operators on nonompat manifolds di�ers drastially

from the ompat ase, mainly through the possible presene of essential spetrum. To

ahieve signi�ant results, the geometri singularity has to be translated into a funtional

analyti model of the operators involved whih allows a detailed study. In this talk, we

desribe suh a model for singularities of the type U := (0; "

0

) � N), where 0 < "

0

� 1

and N is ompat, equipped with a metri of the form g := dx

2

� g

N

(x), with a smooth

family, g

N

, of metris on N ; we will apply the model to omplete manifolds with �nite

volume and pinhed negative urvature near in�nity.

The model we propose onsists of the following data:

1)we are given a C

1

-Hilbert bundle, � : H ! (0; "

0

), together with a ontinuous metri

onnetion �;

2) in addition, there is a family, A(x), of self-adjoint operators in H

x

:= �

�1

(x) with do-

main H

1

x

, suh that H

1

is a C

1

-Hilbert bundle, too, and both A and the natural embedding

beome C

1

-morphisms;

3) there is a C

1

-�eld of endomorphisms, , with the properties



�

= 

�1

= �;

[�; ℄ = 0;

A+ A = 0:
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Then it is readily seen that all �rst order geometri di�erential operators, D, an be written

in the form

D = (� + A);

on L

2

(H) for a suitably hosen Hilbert bundle with the above properties.

If one studies simple examples of ends in omplete Riemannian manifolds like ylinders

or hyperboli usps, then one is lead to onjeture that the oeÆient A in the orrespond-

ing Dira systems onverges at in�nity, in a suitable sense, modulo a �nite dimensional

perturbation. It is rather diÆult to make this intuition preise in some generality but

we an do it in the ase of manifolds with usps. This leads to several abstrat strutural

assumptions on the operator oeÆient whih imply preise desriptions of the essential

spetrum and onvenient index formulas in the Fredholm ase. The operators under on-

sideration will not be Fredholm in general, though, but they will be extended Fredholm

operators in the sense of Carron. Correspondingly, we an derive formulas for the extended

index under the additional strutural assumptions.

Families with orners, eta forms, and Deligne ohomology

Ulrih Bunke

Given a geometri family, then under ertain onditions the K-theoreti index of the

assoiated family of Dira operators an be re�ned to a Deligne ohomology lass. Low di-

mensional examples of these re�nements are the eta invariant, the determinant line bundle

and the index gerbe. The re�nement on level k exists i� the index of the family is trivial

on the k� 1-skeleton of the parameter spae. The re�nement still depends on hoies, but

if the parameter spae is ompat, then the set of all possible Deligne ohomology valued

re�nements is �nite.

Deligne ohomology as well as geometri families admit the notion of transgression. Com-

patibility of the re�nement with transgression was shown for the index gerbe, i.e. in level

2. This generalizes the result in level 1, i.e. the holonomy formula for the determinant line

bundle.

Spetral invariants in the presene of singularities

Constantine Callias

As a model of a di�erential operator with singularities on an algebrai set, let H be the

di�erential operator ��

n

+ �(x)=jp(x)j

�

on R

n

, where p is a homogeneous polynomial,

� is a positive smooth funtion of ompat support and � is an integer > 2. We prove

the existene of an asymptoti expansion of the distributional trae of the heat operator,

Tr�e

�tH

for � 2 C

1

0

(R

n

), as t ! 0+, with respet to the \power - logarithm" asymp-

toti forms t

k

log

j

, k 2 C , j 2 Z

+

. This extends the results on operators with irregular

singularities that were the objet of the artile in Math. Res. Lett. 2, 129-146 (1995),

whose methods are applied to this ase as well. The proof relies on an analysis of lassial

heat expansions as we approah the singularities together with a di�erential alulus of

funtions with \power - logarithm" asymptoti expansions in several variables. Expliit

omputations that demonstrate the power of this alulus are presented. Appliations to

alulations of indies, determinants and spetral invariants that provide ruial informa-

tion for inverse spetral problems are also disussed. In partiular, the hamiltonian of a

many-body system of partiles interating via a two-body singular interation is a speial

ase of the model operators above and the trae of the heat operator (in a �nite volume)
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is the partition funtion of suh as system. Guided by the examples of two-body systems

and weak interations we onjeture that the high - temperature asymptoti expansion of

the partition funtion of the many-body system determines the short - distane asymptoti

expansion of a spherially symmetri interation.

L

2

ohomology of manifold with ats ends

Gilles Carron

Let (M

n

; g) be a omplete Riemannian manifold. We denote by H

k

(M; g) or H

k

(M) its

spae of L

2

-harmoni k-forms, that is to say the spae of L

2

k�forms whih are losed and

olosed:

H

k

(M) = f� 2 L

2

(�

k

T

�

M); d� = Æ� = 0g;

where

d : C

1

0

(�

k

T

�

M) �! C

1

0

(�

k+1

T

�

M)

is the exterior di�erentiation operator and

Æ : C

1

0

(�

k+1

T

�

M) �! C

1

0

(�

k

T

�

M)

its formal adjoint. The operator (d+Æ) is ellipti hene the elements of H

k

(M) are smooth

and the L

2

ondition is only a deay ondition at in�nity.

If M is ompat without boundary, then these spaes have �nite dimension, and we have

the theorem of Hodge-de Rham : the spaes H

k

(M) are isomorphi to the real ohomology

groups of M . For nonompat manifolds, there is no suh general interpretation. In

(1982, [D℄), J. Dodziuk asked the following question: aording to Vesentini ([V℄), if M

is at outside a ompat set, the spaes H

k

(M) are �nite dimensional. Do they admit a

topologial interpretation ?

We give the following omplete answer to this question. Let (M

n

; g) be a omplete

Riemannian Manifold with one at end E. Then

(1) If the volume growth of geodesi balls is at most quadrati, i.e. if

lim

r!1

vol B

x

(r)

r

2

<1;

then we have

H

k

(M; g) ' Im

�

H

k



(M) �! H

k

(M)

�

:

(2) If lim

r!1

vol B

x

(r)

r

2

= 1, then the boundary of E has a �nite overing di�eomorphi

to the produt S

��1

�T, where T is a at (n� �)-torus ; let � : T �! �E be the

indued immersion, then

H

k

(M; g) ' H

k

(M n E; ker �

�

);

where H

k

(M nE; ker �

�

) is the ohomology assoiated to the omplex of di�erential

forms on M n E whih are zero when pulled bak to T :

H

k

(M n E; ker �

�

) =

f�2C

1

(�

k

T

�

(MnE)); d�=0; pi

�

�=0g=fd�;�2C

1

(�

k�1

T

�

(MnE));�

�

�=0g: :

This theorem was already known for asymptotially eulidean manifolds, i.e. when eah

end is simply onneted ([C1, M℄).

This theorem is obtained as an appliation of the analysis we have developped in ([C2℄)

and of the work of Eshenburg and Shroeder whih desribes the endstruture of at

manifolds ([E-S℄, see also [G-P-Z℄). The preprint is available at: www.math.sienes.univ-

nantes.fr/arron
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L

2

-invariants for oherent analyti sheaves

Philippe Eyssidieux

After the pioneering work of Gromov (J.Di�. Geom 1992), several algebrai geometers

(most notably Campana and Koll�ar) reognized the fruitfulness of the following problem:

Let X be a omplex projetive manifold, � :

~

X ! X be an in�nite Galois overing of

X and L be a holomorphi line bundle on X. Study the Hilbert spae of L

2

holomorphi

setions of �

�

L (L

2

with respet to Gal(

~

X=X)-equivariant metris).

Cohomologial tehniques for oherent analyti sheaves are well known from the lassial

work by Oka, Cartan and Serre in the 1950s to provide eÆient tehniques to study linear

series. It is therefore very natural to onstrut a ohomologial formalism for studying

these L

2

- linear series.

Let (

~

X;O) be a omplex analyti spae endowed with a properly disontinuous ation

of a disrete group �. Let C

�

(

~

X) be the ategory of �-equivariant oherent analyti

sheaves on

~

X. Let A be the von Neumann algebra whih is the ommutant of the right

regular representation of �. Let � :

~

X !

~

X=� := X be the quotient map. For any

F 2 Ob(C

�

(

~

X)) we onstrut a sheaf of A-modules on X l

2

�

�

F � �

�

F , requiring that

s 2 F (�

�1

(U) should be `L

2

along the �bers '. The funtor F ! l

2

�

�

F is then exat.

Setting H

q

(2)

(

~

X;F ) := H

q

(X; l

2

�

�

F )� gives rise to a ohomologial Æ-funtor from C

�

(

~

X)

to (A-modules).

The ategory of hilbertian A-modules de�ned by Murray-von Neumann (on whih a real

valued dimension funtion is de�ned) an be embedded in an abelian ategory E(A), as

shown by Farber. This ategory is a subategory of (A-modules). Denote by C

�

(

~

X)



the

full subategory of C

�

(

~

X) onsisting of �-oompatly supported sheaves. We onstrut

a lift R�

(2)

: D

b

(C

�

(

~

X)



) ! D

b

(E(A)) of the preeding Æ-funtor, hereby proving an

analogue of Cartan's theorem A.

Consider an equivariant proper morphism f :

~

Z !

~

X, then we have R�

(2)

(

~

Z; :) =

R�

(2)

(

~

X;Rf

�

:) (Leray spetral sequene). We also have an analogue of Atiyah's L

2

-index

theorem whih states that

P

q

(�1)

q

dim

�

H

q

(2)

(

~

X;F )) =

P

q

dimH

q

�

(

~

X;F ) (here H

q

�

is the equivariant ohomology).

This work was published in Math. Ann. (2000);simultaneously, independent work on

this topi was done by Campana and Demailly.
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Higher torsion invariants

Sebastian Goette

We ompare two generalisations of Franz-Reidemeister torsion to the family ase of families.

The higher analyti torsion form of Bismut and Lott arises in a Grothendiek-Riemann-

Roh theorem for at bundles. Let F !M be a at vetor bundle over the total spae of

a proper submersion p : M ! B, then the �brewise ohomology H = H

�

(M=B;F ) ! B

is again a at vetor bundle. The analyti torsion T ompares two natural harateristi

forms assoiated with F and H. If both bundles arry parallel metris, this form gives rise

to a ohomology lass T (M=B;F ) 2 H

even;�2

(B;R), the higher analyti torsion.

On the other hand, if dimM > 2 dimB, there exists a funtion h : M ! R whose �brewise

singularities are either of Morse type, or ubial and unfolded over B, and whose unsta-

ble tangent bundle is trivialised. If F admits a parallel metri and is �brewise ayli,

Igusa's higher Franz-Reidemeister torsion �(M=B;F ) measures the variation of the �bre-

wise Thom-Smale omplex over generi points in B.

Extending previous joint work with Bismut, we show that if h has no ubial singular-

ities, then T (M=B;F ) an be expressed in terms of a torsion lass T (M=B;F; h) similar

to Igusa's, and a harateristi lass

0

J of the vertial tangent bundle along the �brewise

singularities. This leads us to onjeture a general relation between the torsion lasses of

Igusa and Bismut-Lott.

As an appliation, we use the higher analyti torsion to detet in�nite families of smooth

bundles M

j

! B with di�eomorphi �bres that are homeomorphi but not di�eomorphi

as bundles.

Weyl's law for semialgebrai sets

Daniel Grieser

A semialgebrai set is a subset of R

N

whih an be desribed by a �nite number of poly-

nomial equations and inequalities. Let X be a ompat semi-algebrai set. Suh a set is

stratifyable. We assume that X has an open dense stratum 
 of dimension n. We equip


 with the Riemannian metri indued by restrition from the ambient spae. We prove

Weyl's law for 
, i.e.

N(�) = 

n

vol

n

(
)�

n=2

+O(�

n=2��

0

);

where 

n

is the 'usual' onstant, that is (2�)

�n

times the volume of the unit ball in R

n

,

and �

0

is some positive number. Here, N(�) is the number of eigenvalues of the Laplaian

on 
, with Dirihlet or Neumann boundary onditions. That is,

N(�) = supfdimV :

Z




u

2

� �

Z




jruj

2

g;

where V varies over subspaes of H

1

0

(
) or H

1

(
), respetively. Similar but weaker results

have been obtained previously by various authors, among them Nagase, Pati, Li-Tian, and

Gromov.

For the proof we use the lassial domain deomposition method, whih relies on the

minimax priniple for N(�). In order to make this work, we divide 
 into one large piee,
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a smooth manifold with boundary of volume lose to vol

n

(
), and many small piees of

diameter roughly �

�1=2

whih may be singular. The Weyl asymptotis then follows from

a Poinar�e inequality for the small piees. This inequality an be proved for 'standard

usps', i.e. usps de�ned indutively (over dimension) using monomials. By a theorem of

A. Parusi�nski X has a deomposition into suh standard usps.

Quaternion analyti torsion

Kai K

�

ohler

(joint work with Gregor Weingart)

Analyti torsions were introdued by Ray and Singer as real numbers onstruted using

ertain Z{graduated omplexes of ellipti di�erential operators ating on forms with oeÆ-

ients in vetor bundles on ompat manifolds. The real analyti torsion was de�ned for the

de Rham-operator assoiated to at Hermitian vetor bundles on Riemannian manifolds.

The omplex Ray-Singer torsion was de�ned for the Dolbeault-operator ating on anti-

holomorphi di�erential forms with oeÆients in a holomorphi Hermitian vetor bundle

on a ompat omplex manifold.

Thus it seems natural to investigate torsions for other Z{graded omplexes ourring in

geometry. We give a de�nition of an (equivariant) quaternioni torsion for quaternioni

K�ahler manifolds M , with oeÆients in the antiselfdual vetor bundles W. This is done

by deomposing the ation of a natural Dira operator on Salamon's omplex on these

manifolds

0 �! Sym

k

H 
W �! Sym

k+1

H 
  L

1;0

E

�


W

�! : : : �! Sym

2n+k

H
  L

2n;0

E

�


W �! 0

for a parameter k 2 N

0

even and TM 


R

C

�

=

H 
E. The Laplae operator de�ning the

torsion is the square of this Dira operator. Also we ompute the equivariant quaternioni

torsion for all known quaternioni K�ahler manifolds of positive urvature, i.e. for the

quaternioni symmetri spaes of the ompat type, with respet to the ation of any

element of the assoiated Lie group and any equivariant antiselfdual vetor bundle.

Finally we omment briey on the speial ase of hyperk�ahler manifolds, in whih the

quaternioni torsion an be expressed in terms of a Dolbeault-operator.

APS Index theory for etale groupoids

Eri Leihtnam

(joint work with Paolo Piazza)

Connes has proved a ohomologial form of the index theorem for leafwise ellipti operators

on a losed foliated manifold (X;F). He onsidered the etale groupoid G

T

T

assoiated with

a omplete transversal T where G

T

T

denotes the set of paths of the holonomy groupoid of

(X;F) whose extremeties lie on T .

Gorokhosvky and Lott have given a heat superonnetion proof of Connes' theorem by

ombining tehniques of Bismut (the family index theorem) and Lott (the superonnetion

proof of the Connes-Mosovii higher index theorem for overings). The advantage of the

approah of Gorokhosvky and Lott lies in the fat that it provides an expliit representative

of the Chern harater of the index.

In this work, we use the onstrutions of Gorokhosvky and Lott to state and prove

an Atiyah-Patodi-Singer type index theorem for a lass of etale groupoids G and proper
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G�manifolds with boundary. We assume that the boundary Dira operator is invertible

and that the etale groupoid is (in some sense) of polynomial growth so that we are able

to prove the onvergene of the higher eta invariant. We also give an appliation to the

foliation ase.

Analyti torsion for manifolds with boundary

Xiaonan Ma

(joint work with Johen Br�un ing)

It is interesting in itself to understand various index theorems from the point of view of

loal index theory, and it also helps us to understand other geometri invariants suh as

the �-invariant or the analyti torsion. Let us briey reall the de�nition of the Ray-Singer

metri: Let F be a at vetor bundle on a ompat manifold, and let detH(X;F ) be the

determinant of the (absolute) ohomology of F . The Ray-Singer metri on the omplex line

detH(X;F ) is the produt of the standard L

2

-metri on detH(X;F ) and the Ray-Singer

analyti torsion.

In this talk, we prove at �rst a loal index version of the theorem of Gauss-Bonnet-Chern

for manifolds with boundary, equipped with a general Riemannian metri (whih needn't

have a produt struture near its boundary).

As a natural ontinuation of the above loal index theorem, we establish the anomaly

formula for Ray-Singer metris assoiated with a at vetor bundle on a ompat manifold

with boundary. We do not assume that metris on the at vetor bundle are at nor that

the Riemannian metris have produt struture near the boundary. Thus we generalize

the orresponding result of Bismut-Zhang to manifolds with boundary.

Pseudodi�erential algebras and index on manifolds with boundary

Sergiu Moroianu

(joint work with Robert Lauter)

Let M

N

be a ompat manifold with boundary together with a boundary �bration �X !

Y of losed manifolds with �ber F . Let x : X ! [0;1) be a boundary-de�ning funtion,

y and z loal oordinates on Y , respetively on F . The double-edge and the �bered usp

Lie algebras are the Lie sub-algebras of V(X) spanned over C

1

(X) by x

2

�

x

; x

2

�

y

; x�

z

,

respetively by x

2

�

x

; x�

y

; �

z

. They indue algebras of di�erential operators

de

Di�(X),

�

Di�(X). There exist algebras of pseudodi�erential operators 	

de

(X), 	

�

(X) ontaining

de

Di�(X) and

�

Di�(X), respetively, as all the di�erential operators. We ompute the

Hohshild homologies of these algebras and of some ideals and quotients. The results are

ertain geometri ohomology spaes, di�erent in the double-edge and �bered-usp ases.

As a orollary we dedue the existene of unique traes on these algebras. The traes an

be identi�ed in terms of double zeta-funtions in the spirit of the Wodziki residue. In this

setting we give an index formula for fully ellipti operators:

Index(A) = AS(A) +

^

Tr

�

([log x;B℄℄A);

where the �rst term is a loal expression in the symbol of A vanishing rapidly at the

boundary, while the seond is onentrated on the boundary.

9



We speialize to A 2

�

Di�

1

(X;E�E) ellipti, Y = S

1

, D a family of invertible operators

on �X ! S

1

with values in E and A near �X of the form A = x

2

�

x

I

2

+ Æ

x

, where

Æ

x

:=

�

�ix

~

r

�

�

D

�

D ix

~

r

�

�

�

;

�

�

is the unit vetor �led along S

1

and

~

r

�

�

= r

�

�

+

1

4

Tr(L

~

�

�

g

F

) is a orretion to the

onnetion on E.

Theorem. Let lim

a

�(Æ

x

) be the limit as x! 0 of the eta invariant of Æ

x

(the adiabati

limit). Then

Index(A) = AS(A)�

1

2

lim

a

�(Æ

x

):

On the disrete spetrum of the Laplaian on loally symmetri spaes of

�nite volume

Werner M

�

uller

Let X = G=K be a Riemannian symmetri spae of non-positive urvature and let � � G

be a disrete subgroup with vol(�nG) < 1. Let � be the Laplaian of X. Regarded as

operator � : C

1



(�nX) ! L

2

(�nX); � is essentially selfadjoint. It follows from the work

of Langlands on Eisenstein series that the spetrum of � onsists of a pure point spetrum

Spe

pp

(�) and an absolutely ontinuous spetrum Spe

a

(�). For arithmeti quotients

�nX, the point spetrum has deep onnetions with number theory. There are a number

of onjetures entered around the intrinsi and �ne struture of the point spetrum. Due

to the presene of a large ontinuous spetrum, eigenvalues tend to be highly unstable

and, therefore, are diÆult to study. We are onerned with the existene problem. Let

0 = �

0

< �

1

� �

2

� � � � be the possible eigenvalues of � and let

N

�

(�) = #fi j �

i

� �g

the eigenvalue ounting funtion. The following onjeture is due to Sarnak and the author.

Conjeture: If rkG > 1, then N

�

(�) satis�es Weyl's law, i.e.,

N

�

(�) �

vol(�nX)

�(n=2 + 1)(4�)

n=2

�

n=2

as �!1. Here n = dimX.

Using the trae formula, Selberg has shown that this holds for the prinipal ongruene

subgroups �(N) of SL(2;Z). Efrat has established the onjeture for the Hilbert modular

groups. St. Miller proved that it holds for SL(3;Z). Our main result is the following

theorem.

Theorem Let � � SL(n;R) be a ongruene subgroup. Then Weyl's law holds for �.

More generally, we may take any number �eld F and the algebrai group G over Q obtained

from SL

n

by restrition of salars from F to Q . Then Weyl's law holds for every ongruene

subgroup of G(Q ).

The proof of this theorem relies on the following results:

(1) The Arthur trae formula,

(2) the theory of Eisenstein series,

(3) the theory of Rankin-Selberg L-funtions,

(4) the desription of the residual spetrum for GL

n

by Moeglin and Waldspurger.
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On the ut and paste invariane of Novikov's higher signatures.

Paolo Piazza

(joint work with Eri Leihtnam)

Let M be a ompat orientable manifold (without boundary) and let L(M) the Hirze-

bruh L-genus of M . It is well known that the integer �(M) :=< L(M); [M ℄ > satis�es

the following properties:

(i) it is a homotopy invariant.

(ii) it is a ut-and-paste invariant.

By ut-and-paste invariane is meant the following: if

M

1

= M

+

[

(F;�

1

)

M

�

; M

2

= M

+

[

(F;�

2

)

M

�

;

with �M

+

= F = ��M

�

, �

j

2 Di�eo(F ), then �(M

1

) = �(M

2

) :

Let � be a �nitely generated disrete group. One might wonder whether these two

properties are still true for Novikov's higher signatures �((M; r); [℄) assoiated to a pair

(M; r : M ! B�) and to the ohomology lasses [℄ in H

�

(B�;R):

�((M; r); [℄) :=< L(M) [ r

�

[℄; [M ℄ > :

The �rst property is known as the Novikov onjeture and is still open for an arbitrary

� as above (although established for several lasses of groups); the seond property is in

general false. Nevertheless, one an give suÆient onditions on � and on F ensuring that

the ut-and-paste invariane property does hold. In order to understand how it is possible

to do so we work with the index lass assoiated to the signature operator on the overing

de�ned by (M; r : M ! B�). This is a lass Ind(D

(M;r)

) 2 K

�

(C

�

r

�). We show that if

(M

1

; r

1

: M ! B�) is ut-and-paste equivalent to (M

2

; r

2

: M ! B�) then

Ind(D

(M

1

;r

1

)

)� Ind(D

(M

2

;r

2

)

) = hsf(D

F

(�)) in K

�

(C

�

r

�):

On the right hand side, the higher nonommutative spetral ow of a suitable S

1

-family

of operators on F appears. Let m = [(dimM + 1)=2℄ and assume that the m� th Novikov-

Shubin invariant of (F; r

1

j

F

! B�) is equal to 1

+

; under this assumption on F we show

that hsf(D

F

(�)) = 0 in K

�

(C

�

r

�)
Q. Thus, in this ase, Ind(D

(M

1

;r

1

)

) = Ind(D

(M

2

;r

2

)

) for

two ut-and-paste equivalent pairs.

If in addition � is suh that the Baum-Connes map K

�

(B�) ! K

�

(C

�

r

(�)) is ratio-

nally injetive then from the equality of the two index lasses we get the equality of the

higher signatures. Summarizing: �((M

1

; r

1

); [℄) = �((M

2

; r

2

); [℄) for two ut-and-paste

equivalent pairs satisfying the two assumptions above.

This result was �rst proved by Leihtnam-Lott-Piazza for Gromov-hyperboli groups by

working in the nonommutative de Rham homology of the Connes-Mosovii algebra. It

was then proved in the above more general form by Leihtnam-L�uk-Krek using algebrai

surgery. The proof presented in this talk is a purely analyti treatment of the latter result.
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A geometri desription of equivariant K-homology

Thomas Shik

(joint work with Paul Baum and Nigel Higson)

Equivariant homology theories play a more and more important role in modern geomet-

ri topology. In partiular, they feature in various isomorphism onjetures. We study

equivariant K-homology, the left hand side of the Baum-Connes onjeture.

K-theory has a very geometri desription in terms of vetor bundles (under appropriate

onditions also its equivariant version). Contrarily, de�nitions of equivariant homology are

given in terms of Kasparov's KK-theory, or using homotopy theory (done by L�uk-Oliver),

and are not very intuitive.

After a motivational introdution to the Baum-Connes onjeture, a very geometri and

onrete de�nition of equivariant K-homology for proper ations of disrete groups is the

main part of the talk. The yles are simply (ertain) di�erential operators on equivariant

manifolds. We sketh the problems and the solution to prove that this oinides with

the previous de�nition. This implies ertain �niteness properties for the K-theory of the

C

�

-algebra of groups for whih the Baum-Connes onjeture is true.

One appliation is a geometri desription of an equivariant Chern harater, omputing

(omplexi�ed) equivariant K-homology in terms of equivariant homology.

K-theory of Boutet de Monvel's algebra

Elmar Shrohe

(joint work with S. Melo and R. Nest)

We onsidered the algebra A of all operators of order and lass zero in Boutet de Monvel's

alulus on a ompat manifold X with boundary. A is known to be a Fr�ehet-�-subalgebra

of L(H), where H is the Hilbert spae L

2

(X) � H

�1=2

(�X). Its losure A therefore is a

C

�

-algebra. We studied its K-theory.

Assuming that all onneted omponents of X have nonempty boundary, we show that

K

1

(A) ' K

1

(C(X)) � ker�, where � : K

0

(C

0

(T

�

_

X)) ! Z is the topologial in-

dex and T

�

_

X denotes the otangent bundle of the interior. Also K

0

(A) is topologi-

ally determined. In ase the boundary has torsion free K-theory, we get K

0

(A) '

K

0

(C(X))�K

1

(C

0

(T

�

_

X)).

Geometry and analysis on Alexandrov spaes

Takashi Shioya

It is interesting to study the spetral properties of Alexandrov spaes under perturbations

with respet to the Gromov-Hausdor� topology. We have a natural C

0

Riemannian metri

de�ned outside the measure zero singular set of an Alexandrov spae, and this indues

the (1; 2)-Sobolev spae. The Laplaian is de�ned as the generator of the energy form.

A remarkable property is that the Poinar�e inequality holds on eah metri ball, where

the Poinar�e onstant is estimated independently of the spae and depends only on the

dimension and the lower urvature and volume bounds. This is essential to obtain the

ontinuity of the spetral struture of an Alexandrov spae with respet to the Gromov-

Hausdor� topology under lower urvature and volume bound.
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Trigonometri partial fration deompositions and appliations

Andras Szenes

(joint work with Mih�ele Vergne)

Questions of lassial enumerative geometry may be analyzed using loalization teh-

niques. One of the �rst suh methods was Bott's residue formula for harateristi num-

bers of omplex manifolds. Reently, starting with the work of Witten on nonabelian

loalization, and then from the papers of Je�rey and Kirwan a new priniple emerged: the

manifold is obtained as a quotient by a group ation, but the harateristi numbers are

still obtained from ontributions at the �xed points of this ation. In the simplest ase of

a torus ation, this priniple gives a new and eÆient way to ompute volumes of onvex

polytopes. We desribe joint work with Mih�ele Vergne, whih ontains an extension of

this method, allowing one to ompute the number of lattie points in polytopes. The result

is based on a re�ned partial frations deomposition for trigonometri rational funtions.

This type of deomposition an be suessfully applied to other problems, for example to

the omputation of the oeÆients of Verlinde polynomials.

Adibati Limit and Szeg}o projetions

Grigore Raul Tataru

Given a Riemannian manifold (X; g), ompat without boundary, an adapted omplex

struture an be introdued on T

�

X near the 0-setion suh that the oball bundles B

�

�

X =

fg(x; �) � �

2

g are stritly pseudoonvex for � small.

Our objetive is to prove that the �bre integration map:

H(B

�

�

X)

�

=

S(C

1

(S

�

�

X)) 3 u �! Tu(x) =

Z

S

�

�x

X

u(x; �)d� 2 C

1

(X)

is an isomorphism for � small enough; above H(B

�

�

X) stands for the spae of holomorphi

funtions on the interior of B

�

�

X smooth up to the boundary identi�ed with the range of the

Szeg}o projetion on S

�

�

X. T is known to be an isomorphism for X = R

n

(H}ormander) and

X = S

n

(Lebeau) and Fredholm in general (Boutet de Monvel-Guillemin); also a variant

of the map, integration over the balls B

�

�x

X instead of the spheres S

�

�x

X, was proved to be

an isomorphism for � small (Epstein-Melrose).

The proof is based on studying the behavior of the Szeg}o projetions S

�

on S

�

�

X as �& 0;

it is shown that they an be understood as an element of an algebra 	

�

aH

of operators on

S

�

X � [0; �

0

). A general element of this algebra, A 2 	

�

aH

(S

�

X), `restrits' for eah � > 0

to be a standard Heisenberg operator on S

�

X; its limit at � = 0 is a family N(A) of

translation invariant Heisenberg operators N(A)

x

on T

x

X � S

�

x

X, x 2 X.

Sine the limit at � = 0 is just the R

n

ase and T is an isomorphism there, the same

holds for small �.
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Calulation of the Heat Kernel CoeÆients

Gregor Weingart

By the work of Minakshisundaram{Pleijel the heat kernel of a selfadjoint di�erential

operator L of Laplae type on setions of a vetor bundle E has an asymptoti expansion

k

L

t

(x; y) �

1

p

4�t

n

e

�

dist

2

(x;y)

4t

X

��0

t

�

a

�

(x; y)

with oeÆients a

�

(x; y) whih arry important geometri information about the operator

L. If we trivialize the bundle E using radial parallel transport we an ompare L with the

standard eulidian Laplaian � and get as a more or less formal onsequene of the above

asymptoti expansion the intertwining property of the heat kernel oeÆients

(�1)

k

k!

h

L

k

 

i

(x) =

k

X

�=0

(�1)

�

�!

h

�

�

(ba

k��

( � ; y) (y))

i

(x)

where the ba

k��

(x; y) := a

k��

(x; y)j(x; y) are the oeÆients resaled by the Jaobian

j(x; y) of the exponential map in x with respet to the Riemannian metri de�ned by the

prinipal symbol of L.

Without loss of generality we an simplify the problem notationally and onsider a trivial

vetor bundle V �E on a eulidian vetor spae V and a di�erential operator L of Laplae

type ating on setions of V � E besides the eulidian Laplaian �. If we assume in

addition that the exponential map in the origin for the symbol metri of L is the identity

map of V we an use the intertwining property of the heat kernel oeÆients ba

�

to get the

formula

Theorem: (Polterovih's inversion formula)

(ba

k

 )(0) =

r

X

l=0

�

�

1

4

�

l

�

r +

n

2

r � l

�

(�1)

k+l

(k + l)!

L

k+l

(

1

l!

jxj

2l

 )(0) r � k � 0

where jxj

2

is the distane funtion to the origin with respet to both the eulidian and the

symbol metri. Note that the oeÆients ba

�

are not well{de�ned but in a neighborhood of

the origin and in fat the intertwining property is strong enough to �x their in�nite order

jets in 0 ompletely. These jets are elements of (the ompletion of) SymV

�


 E and the

orresponding formal power series jet

1

ba(z) :=

P

��0

jet

1

ba

�

z

�

is given by:

Theorem: (Inversion formula)

jet

1

ba(z) = e

z�

(2z)

�N

�

total

( e

�zL

e

z�

)

℄

where �

total

( e

�zL

e

z�

) 2 SymV 
 EndE is the total symbol of the di�erential operator

e

�zL

e

z�

in the origin, ℄ is the musial isomorphism and N is the number operator of

SymV

�

. Looking losely at this formula we note that quite remarkably the oeÆient of

z

k

in the formal power series e

�zL

e

z�

must be a di�erential operator of order � k in the

origin, beause otherwise (2z)

�N

is unde�ned and the inversion formula makes no sense.

However the origin is a rather singular point for this operator as its prinipal symbol of

order 2k vanishes exatly at the points where the symbol metri agrees with the eulidian

metri.
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K3 Surfaes with Involution,

Equivariant Analyti Torsion, and

Automorphi Forms on the Moduli Spae

Ken-Ihi Yoshikawa

Let L

K3

be the the even unimodular lattie of signature (3; 19). Then, it is isometri

to the 2 nd integral ohomology lattie of a K3 surfae. Let M � L

K3

be a primitive

2-elementary hyperboli sublattie with rank r(M).

Let (X; �) be a K3 surfae with involution. Then, the pair (X; �) is alled a 2-elementary

K3 surfae of type M if the following onditions are satis�ed:

(1) � is anti-sympleti, i.e., 8 � 2 H

0

(X;


2

X

), �

�

� = ��.

(2) The invariant part of H

2

(X;Z) w.r.t. the � ation is isometri to M .

Let (X; �) be a 2-elementary K3 surfae of type M . Let Z

2

� Aut(X) be the subgroup

generated by �. Let X

�

be the �xed point set of �. Then, X

�

is either empty or the disjoint

union of ompat Riemann surfaes. Let X

�

=

P

i

C

i

be the irreduible deomposition.

Let  be an �-invariant K�ahler metri on X. Let �

Z

2

(X; )(�) be the equivariant analyti

torsion of (X; ). Let �(C

i

; j

C

i

) be the analyti torsion of (C

i

; j

C

i

). For the triplet

(X; �; ), we introdue the quantity:

�

M

(X; �; ) = Vol(X;



2�

)

14�r(M)

4

�

Z

2

(X ; )(�)

Y

i

Vol(C

i

;



2�

j

C

i

)�(C

i

; j

C

i

)

� exp

"

1

8

Z

C

i

log

�

� ^ ��



2

=2

�

Vol(X;



2�

)

k�k

2

L

2

�

�

�

�

�

C

i



1

(C

i

; j

C

i

)

#

:

Then, �

M

(X; �; ) is independent of the hoie of . Regard �

M

as a funtion on the

moduli spae of 2-elementary K3 surfaes of type M , denoted by M

0

M

.

Sine M

0

M

is an arithmeti quotient of a symmetri bounded domain of type IV with a

divisor D

M

removed, one an onsider automorphi forms on M

M

:= M

0

M

[ D

M

. In fat,

we onsider automorphi forms on M

M

with values in some line bundle �

q

M

on M

M

. An

automorphi form of weight p with values in �

q

M

is alled an automorphi form of weight

(p; q). The Petersson norm on �

q

M

is denoted by k � k.

Theorem For some m 2 N, there exists an automorphi form �

m

M

of weight ((r(M) �

6)m; 4m) with zero divisor mD

M

suh that �

M

= k�

m

M

k

�

1

2m

.

Edited by Johen Br�uning
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