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The meeting was organized by Daniel R. Grayson (Urbana-Champaign), Bruno Kahn

(Paris) and Uwe Jannsen (Regensburg). During the meeting, twenty talks were given on

topi
s ranging from the algebrai
 K-theory of general rings to the motivi
 
ohomology and

K-theory of s
hemes, both of geometri
 and arithmeti
 nature.
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Abstra
ts

The obstru
tion to ex
ision in K-theory and in 
y
li
 homology

Guillermo Corti

~

nas

This is a report on the 
ontents of the paper [1℄.

Let f : A ! B be a ring homomorphism of not ne
essarily unital rings and I / A an

ideal whi
h is mapped by f isomorphi
ally to an ideal of B. The obstru
tion to ex
ision in

K-theory is the failure of the map between relative K-groups K

�

(A : I) ! K

�

(B : f(I))

to be an isomorphism; it is measured by the birelative groups K

�

(A;B : I). We show that

these are rationally isomorphi
 to the 
orresponding birelative groups for 
y
li
 homology

up to a dimension shift. In the parti
ular 
ase when A and B are Q -algebras we obtain an

integral isomorphism.

The main theorem was 
onje
tured in [5℄, where it was 
alled the KABI 
onje
ture.

Our proof 
ombines results of Wodzi
ki [7℄ and Suslin-Wodzi
ki [6℄ with Cuntz-Quillen's

proof of the ex
ision theorem in periodi
 
ohomology [4℄, as well as our own in�nitesimal

methods [2℄,[3℄.
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The homotopy limit problem for algebrai
 K-theory at the prime 2

Andreas Rosens
hon

(joint work with Paul Arne �stv�r)

Let k be a �eld of 
hara
teristi
 6= 2, and let k

s

be a separable 
losure. Denote by v
d(k)

the 2-
ohomologi
al dimension of k(�

4

) and by G

k

the absolute Galois group of k. We

show that the natural map

K=2(k) �! K=2(k

s

)

hG

k

is a weak equivalen
e on sup(v
d(k)� 2;�1)-
onne
ted 
overs.
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Relative K-groups and 
lass �eld theory for arithmeti
 surfa
es

Alexander S
hmidt

In the talk we explained the ingredients and methods of proof of the following result:

THEOREM : Let X be an arithmeti
 surfa
e, i.e. a two-dimensional regular 
onne
ted

s
heme, 
at and proper over Spe
Z , and let Y be the support of a divisor on X. Then

there exists a natural isomorphism of �nite abelian groups

re
 : CH

0

(X; Y ) �! ~�

t

1

(X; Y )

ab

Here ~�

t

1

(X; Y )

ab

is the abelianized modi�ed tame fundamental group whi
h 
lassi�es

�nite abelian �etale 
overings of U = X � Y that are at most tamely rami�ed along Y and

in whi
h every real point splits 
ompletely. CH

0

(X; Y ) is the relative Chow-group of zero


y
les.

Regulators and Arakelov motivi
 
omplexes

Alexander Gon
harov

Let X be a regular 
omplex proje
tive variety. Denote by Z

�

(X; n) the weight n higher

Chow group 
omplex of Blo
h. Let C

�

D

(X; n) be the Deligne 
omplex of weight n, de�ned

by Deligne as a sub
omplex of the Dolbeaux (bi-)
omplex of 
urrents. We 
onstru
ted a

homomorphism of 
omplexes

Z

�

(X; n) �! C

�

D

(X; n)

The 
one of this homomorphism, shifted by �1 is, by de�nition, the weight n Arakelov

motivi
 
omplex of X, denoted as C

�

A

(X; n). Its 
ohomology is 
losely related to the

arithmeti
 (Arakelov) Chow groups of Gillet-Soul�e.

Homology stability for unitary groups

Wilberd van der Kallen

(joint work with B. Mirzaii)

THEOREM : H

i

(U

�

2n

(R;�);Z)

�

=

H

i

(U

�

2n+2

(R;�);Z) for n � 2i + usr(R) + 3.

Here � is a form parameter, � = �1, and the unitary group U

�

2n

(R;�) is the automor-

phism group of an orthogonal dire
t sum of n hyperboli
 planes. For instan
e, it 
ould be

the symple
ti
 group Sp

2n

(R) or the orthogonal group O

2n

(R) with respe
t to the form of

maximal Witt index. The unitary stable range usr(R) is de�ned to be the least M � 1 so

that

(1) For any r 2 R the elementary group E

�

2m+2

(R;�) a
ts transitively on unimodular

ve
tors v of a 
ertain length;

(2) (Bass's stable range 
ondition) For every v 2 R

n

with n � m+1 and v unimodular,

there is w 2 e

1

+ span(e

2

; :::; e

m

+ 1) su
h that (v; w) is unimodular.

The proof of the theorem uses a \nerve theorem" 
on
erning 
onne
tedness of a poset


overed by subposets that are indexed by a poset. It 
on�rms a 
onje
ture of Charney


on
erning high 
onne
tivity of a poset of unimodular sequen
es that span isotropi
 sum-

mands of R

2n

.
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Weil-�etale 
ohomology

Thomas Geisser

For a smooth variety X over a �nite �eld F

q

, we dis
uss a new Grothendie
k topology

introdu
ed by Li
htenbaum, 
alled Weil-�etale topology. There is a morphism of topoi


 : T

W

! T

et

from the Weil-�etale topos to the �etale topos, and we 
al
ulate the derived


omplex R


�

F for a Weil-�etale sheaf F . In 
ase G is a 
omplex of �etale sheaves, the


al
ulation simpli�es to R


�




�

G

�

=

R


�

Z
 G. We also give a 
al
ulation of R


�

Z, it is a

2-term 
omplex with 


�

Z = Z and R

1




�

Z = Q .

Applying this with G the motivi
 
omplex, one sees logi
al 
onne
tions between the

following 
onje
tures (this is based on ideas of Bruno Kahn):

Fix a smooth proje
tive variety X over F

q

and an integer n. Denote by

�

X the base


hange of X to the algebrai
 
losure of F

q

.

L(X,n): H

i

W

(X;Z(n)) is �nitely generated for all i

C(X,n): H

i

W

(X;Z(n))
 Z

l

�

=

H

i


ont

(X;Z

l

(n)) for all i and all primes l

T(X,n): � CH

n

(X)
 Q

l

! H

2n


ont

(X;Q

l

(n)) is surje
tive

� H

2n


ont

(

�

X;Q

l

(n)) is semisimple at 1 for the Frobenius a
tion

� numeri
al and rational equivalen
e agree on A

n

(X)
 Q

Then C(X,n) and C(X,dim(X)-n) ) L(X; n)) T(X; n). Conversely, if T(X,n) hold for

all X and n then so do C(X,n) and L(X,n). Moreover, provided C(X,n) and C(X,dim(X)-

n) both hold, there are formulae (expe
ted by Li
htenbaum) for spe
ial values of the

L-fun
tion of X.

Thomason's lo
alization theorem for non-
ommutative rings

Amnon Neeman

Thomason's key lemma, in his Grothendie
k Fests
hrift paper, asserts the following : Let

X be a s
heme, U an open subs
heme. The bounded derived 
ategory of ve
tor bundles on

U is , up to splitting idempotents, the quotient of the bounded derived 
ategory of ve
tor

bundles on X. In a 1992 paper I proved that the key lemma may be viewed as a spe
ial


ase of a formal statement about triangulated 
ategories . In re
ent work with Rani
ki, we

applied this to dedu
e a lo
alization theorem in the K-theory of non-
ommutative rings.

A

1

-representability of hermitian K-theory and Witt groups and Morel's


onje
tures on A

1

-homotopy groups of spheres

Jens Hornbostel

We show that hermitian K-theory and Balmer Witt groups are representable both

in the unstable and stable A

1

-homotopy 
ategory. In parti
ular, Witt groups 
an be

ni
ely expressed as homotopy groups of a topologi
al spa
e. The proof of the stable A

1

-

representability of hermitian K-theory relies on a motivi
 version of real Bott periodi
ity.

Consequen
es in
lude new results related to the proje
tive line, blow ups and homotopy

purity. Moreover, this should be
ome part of a proof of Morel's 
onje
ture on 
ertain

A

1

-homotopy groups of spheres, saying in parti
ular that the endomorphism ring of the

motivi
 sphere spe
trum should be isomorphi
 to the Grothendie
k-Witt group of the base

�eld.
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Equivariant K-theory for a
tions of diagonalizable group s
hemes

Gabriele Vezzosi

(joint work with A. Vistoli)

Let S be a separated 
onne
ted noetherian base s
heme, G a diagonalizable group s
heme

of �nite type over S a
ting on a regular noetherian separated algebrai
 spa
e X over S. If

X

r

denotes the lo
us in X where the dimension of the stabilizers is r, then we prove that

the inje
tions fX

r

,! Xg

r�0

indu
e an inje
tion of rings

K

�

(X;G) �!

Y

r

K

�

(X

r

; G)

whose image is a �ber produ
t of the rings fK

�

(X

r

; G)g

r

whose stru
ture maps are pull-

ba
ks and spe
ialization maps. This theorem on re
onstru
tion from the strata 
an be

applied to give a very re�ned lo
alization theorem and to the study of the K-theory (equi-

variant and non-equivariant) of smooth tori
 varieties.

K-theory of smooth tori
 varieties

Angelo Vistoli

(joint work with G. Vezzosi)

We give formulas for the equivariant K-theory ring of a smooth tori
 variety, both as

a subring of rings representations and by generators and relations. We also introdu
e a


lass of tori
 varieties, 
alled 
ombinatorially 
omplete, for whi
h the Merkurjev spe
tral

sequen
e, linking equivariant and ordinary K-theory, degenerates, giving a presentation of

the ordinary K-theory ring of these varieties.

Ve
tor bundles on S

2

P

2

Charles Weibel

If k is a �eld of 
hara
teristi
 zero, we show that K

0

(S

2

P

2

)

�

=

Z

6

inje
ts into K

0

(P

2

�

P

2

)

�

=

Z

9

and up to a fa
tor of 2, the image equals the invariant subring under the a
tion

of the symmetri
 group �

2

.

The main te
hni
al 
al
ulation is the K-theory of � = k[t

1

; t

2

; z℄=(t

1

t

2

= z

2

), whi
h is a

2-dimensional normal domain. This is done by blowing up the regular sequen
e (t

1

; t

2

) and

applying theorems of Corti~nas and Thomason. A Zariski des
ent 
al
ulation shows that

K

0

(S

2

P

2

) = K

0

(S

2

P

2

� A

n

), so that K

0

(S

2

P

2

) equals the homotopy K-group KH

0

(S

2

P

2

).
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Lo
alization in hermitian K-theory

Mar
o S
hli
hting

(joint work with Jens Hornbostel)

If A is a ring with involution in whi
h 2 is invertible, and S � A is a multipli
ative set

of nonzero divisors, then there is a homotopy �bration

�

U(T

S

) �!

�

K

h

(A) �!

�

K

h

(S

�1

A)

where

�

K

h

stands for Karoubi's �-hermitian K-theory spa
e,

�

U(T

S

) = 


�

W (T

S

) with

�

W (T

S

) the hermitian analogue of Quillen's Q-
onstru
tion applied to the exa
t 
ategory

T

S

of �nitely generated S-torsion modules of proje
tive dimension at most 1 and duality

Ext

1

A

(�; A) : T

op

S

�! T

S

.

In 
ase that f 2 A su
h that A and A=(f) are both regular and S = fF

n

g we have that

�

U(T

S

) '

�

U(A=(f)) (the latter being Karoubi's U-theory). In 
ase that A is a Dedekind

domain and S = A � f0g, we have

�

U

i

(T

S

)

�

=

L

p

�

U

i

(A=p). If R is a ring, there is a

homotopy �bration

�

U(R) �! K(R) �!

�

K

h

(R)

where the se
ond map is the hyperboli
 map.

Isovariant �etale des
ent and Riemann-Ro
h for algebrai
 sta
ks

Roy Joshua

We extend Thomason's des
ent spe
tral sequen
e to algebrai
 sta
ks that are �nitely

presented over a ni
e base s
heme. Appli
ations to Riemann-Ro
h for Artin sta
ks and

de�nition of �ner 
ohomology theories for algebrai
 sta
ks are also dis
ussed.

Twisting quadrati
 bundles

Boas Erez

(joint work with M. J. Taylor and P. Cassou-Nogues)

Let G be a �nite group and let X ! Y be a G-
over of s
hemes over Z[1=2℄. Assume

X ! Y is tame with odd rami�
ation and suppose we are given a quadrati
 bundle E over

Y and an orthogonal representation � : G! O(E). We dis
uss work in whi
h we show

(1) how to de�ne a quadrati
 bundle E

�

(the twist)

(2) how to relate the 
ohomologi
al invariants of E

�

to those of E and �.

The novel feature is the appearan
e of a 
lass involving the a
tion of inertia and the

a
tion on the restri
tion of E to the generi
 point of the bran
h divisor. In a sense this


lass is an equivariant de
omposition of the rami�
ation 
lass whi
h appeared �rst in the

work of Serre and Esnault-Kahn-Viehweg.
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Galois stru
ture of Zariski 
ohomology on 
urves

Bernhard K

�

o
k

Let X be a smooth proje
tive 
urve over an algebrai
ally 
losed �eld k, G a �nite

subgroup of the automorphism group Aut(X=k) and E a G-equivariant lo
ally free sheaf

onX. We gave a formula for the equivariant Euler 
hara
teristi
 �(G;X; E) := [H

0

(X; E)℄�

[H

1

(X; E)℄ (
onsidered as an element of the Grothendie
k group G

0

(k[G℄) of all f. g. k[G℄-

modules) in terms of the degree and rank of E , the genus of the quotient 
urve Y := X=G

and 
ertain lo
al rami�
ation data asso
iated with the 
anoni
al proje
tion � : X ! Y .

Furthermore, if � is weakly rami�ed, we used this formula to express �(G;X;O

X

(D)) as

an integral linear 
ombination of the 
lasses of 
ertain expli
itly de�ned proje
tive k[G℄-

modules (in the Grothendie
k group K

0

(k[G℄) of all f. g. proje
tive k[G℄-modules), under

a 
ertain assumption on the equivariant divisor D on X. This result generalizes a theorem

of Nakajima from the tamely to the weakly rami�ed 
ase. Finally, we applied this result

to expli
itly determine the k[G℄-module stru
ture of the spa
e H

0

(X;


X

(S)) of global

meromorphi
 di�erentials whi
h are logarithmi
 along a G-stable non-empty �nite set S of

points on X 
ontaining all rami�ed points. This latter result generalizes a result of Kani

again from the tamely to the weakly rami�ed 
ase.

On arithmeti
 resolution for �etale 
ohomology

Kirill Zainoulline

Let X be a smooth aÆne variety over a �eld k. Let x = fx

1

; :::; x

n

g be a �nite subset of

pionts of X. Let U = Spe
O

X;x

be the lo
al s
heme at x and K = k(X) the generi
 point.

Let G be a bounded 
omplex of lo
ally 
onstant 
onstru
tible sheaves of Z=nZ-modules

on the �etale site of X, with (n; 
har(k)) = 1. Then the Gersten-type 
omplex for �etale

hyper
ohomology with supports

0! H

q

(U;G)! H

q

(K;G)!

a

u2U

(1)

H

q+1

u

(U;G)!

a

u2U

(2)

H

q+2

u

(U;G)! :::

is exa
t.

This generalizes previously known results 
on
erning Gersten resolution for �etale 
oho-

mology.

Syntomi
 regulators on the algebrai
 K-theory of �elds and 
urves

Rob de Jeu

Syntomi
 regulators are de�ned on the K-theory of a large 
lass of varieties over the

spe
trum of a dis
rete valuation ring R (with �eld of fra
tions K of 
hara
teristi
 0). We


ompute the syntomi
 regulator on 
ertain subgroups of the K-groups of �elds and 
urves.

For number �elds, this means that on a large part of K

(n)

2n�1

, for n � 2, the syntomi


regulator is given by Coleman's p-adi
 polylogarithm, and 
onje
turally this should be

the 
ase for the whole of K

(n)

2n�1

. For a 
urve C over a number �eld k � K and a �xed

element � 2 K

(3)

4

(k) of 
ertain type (
onje
turally, everything) the syntomi
 regulator of

this element followed by pairing with a global 1-form ! on C and the tra
e to K 
an be

expressed as a Coleman integral over C (involving ! and the ingredients of �) at least

for almost all 
ompletions K of k. For a �nite number of 
ompletions, other te
hni
al

assumptions may be ne
essary.
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Semitopologi
al spe
tral sequen
e

Christian H

�

asemeyer

(joint work with E. Friedlander and M. Walker)

A spe
tral sequen
e E

p;q

2

(sst) = L

�q

H

p�q

(X) ) K

sst

�p�q

(X) is de�ned for any smooth

quasiproje
tive variety X over the 
omplex numbers, and we give natural transformations

of spe
tral sequen
es and abutments from the motivi
 spe
tral sequen
e to the semitopo-

logi
al above to the Atiyah-Hirzebru
h spe
tral sequen
e of the analyti
 spa
e asso
iated

to X. Here L

�

H

�

denotes the morphi
 
ohomology of Friedlander and Lawson and K

sst

the singular semitopologi
al K-theory of Friedlander and Walker. We also give some ap-

pli
ations of this result.

Algebrai
 K-theory and tra
e invariants

Lars Hesselholt

Let V

0

be a dis
rete valuation ring with quotient �eld K

0

of 
hara
teristi
 0 and perfe
t

residue �eld k

0

of odd 
hara
teristi
 p. Let X be a smooth V

0

-s
heme, and let i (resp. j)

denote the in
lusion of the spe
ial (resp. generi
) �ber. We show|in 
ollaboration with

Thomas Geisser|that there is a natural exa
t sequen
e of sheaves of pro-abelian groups

on the small �etale site of Y ,

0! i

�

R

q

j

�

Z=pZ(q)! i

�

�

W

�




q

(X;M)

1�F

��! i

�

�

W

�




q

(X;M)

! 0:

Here W

�




�

(X;M)

= W

�




�

X

(logY ) is the de Rham-Witt 
omplex of X with the log stru
ture

given by the spe
ial �ber, and

�

W

n




q

(X;M)

=W

n




q

(X;M)

=pW

n




q

(X;M)

is the redu
tion modulo p. (The quotient of i

�

W

n




�

(X;M)

by the log-di�erential graded ideal

generated by W

n

(m

0

O

X

) is the de Rham-Witt 
omplex W

n




�

(Y;M

Y

)

of Y with the indu
ed

log stru
ture.)

Let V be the henselian lo
al ring of X at a generi
 point of Y , and suppose that the

quotient �eld K 
ontains the p

v

th roots of unity. Then we use the exa
t sequen
e above|

in 
ombination with results on topologi
al 
y
li
 homology obtained in 
ollaboration with

Ib Madsen|to show that the 
anoni
al map

K

M

�

(K)


Z

S

Z=p

v

(�

p

v

)

�

�! K

�

(K;Z=p

v

);

whi
h takes � 2 �

p

v

to the 
orresponding Bott element b

�

2 K

2

(K;Z=p

v

), is an isomor-

phism. This is the value of the Quillen K-groups predi
ted by the Beilinson-Li
thenbaum


onje
tures (whi
h re�ne the Li
thenbaum-Quillen 
onje
ture).
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Perfe
t forms and the K-theory of Z

Herbert Gangl

(joint work with P. Elbaz-Vin
ent and C. Soul�e)

For N = 5 and N = 6, we 
ompute the Voronoi 
ell 
omplex atta
hed to real N-

dimensional quadrati
 forms { whi
h is provided by the so-
alled perfe
t forms { and we

obtain the homology of GL

N

(Z) with trivial 
oeÆ
ients, up to small primes. We also prove

that K

5

(Z) = Z and K

6

(Z) has only 3-torsion.

Edited by Christian H�asemeyer
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