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ABSTRACT. The aim of this Arbeitsgemeinschaft was to present the theory
of Algebraic Cobordism due to Marc Levine and Fabien Morel through the
lines of their original articles:

Inspired by the work of Quillen on complex cobordism, one first introduces
the notion of oriented cohomology theory on the category of smooth vari-
eties over a field k. Grothendieck’s method allows one to extend the theory
of Chern classes to such theories. When char(k) = 0, one proves the exis-
tence of a universal oriented cohomology theory X — *(X). Localisation
and homotopy invariance are then proved for this universal theory. For any
field k of characteristic 0 one can prove for algebraic cobordism the analogue
of a theorem of Quillen on complex cobordism: the cobordism ring of the
ground field is the Lazard ring L and for any smooth k-variety X, the alge-
braic cobordism ring Q*(X) is generated, as an L-module, by elements of non
negative degree. This implies Rost’s conjectured degree formula. One also
gives a relation between the Chow ring, the Ko of a smooth k-variety X and
Q*(X). The technical construction of pullbacks is the subject of two talks.
At the end one presents the state of advances on the conjectural isomorphism
between Levine-Morel construction of algebraic cobordism and the ”homo-
topical algebraic cobordism”, the cohomology theory represented by motivic
Thom spectrum in the Morel-Voevodsky Al-stable homotopy category.

The Arbeitsgemeinschaft was organised by Marc Levine(Boston) and Fabien
Morel(Minchen). It was well attended with over 40 participants.
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Introduction by the Organisers

Over the years, many different types and flavors of cohomology theories for alge-
braic varieties have been constructed. Theories like étale cohomology or de Rham
cohomology provide algebraic versions of the topological theory of singular co-
homology. The Chow ring and algebraic K are other (partial) examples, more
directly tied to algebraic geometry.

The partial theory ngg was extended to a full theory with the advent of
Quillen’s higher algebraic K-theory. It took considerably longer for the Chow
ring to be extended to motivic cohomology. In the process of doing so, Voevodsky
developed his category of motives, and this construction was put in a more general
setting with the development by Morel-Voevodskyof of A' homotopy theory. This
enabled a systematic construction of cohomology theories on algebraic varieties,
with algebraic K-theory and motivic cohomology being only two fundamental ex-
amples. These two cohomology theories have in common the existence of a good
theory of push-forward maps for projective morphisms. Not all cohomology theo-
ries have this structure, those that do are called oriented. In the Morel-Voevodsky
stable homotopy category, the universal oriented theory is represented by the P!-
spectrum MG/, an algebraic version of the classical Thom spectrum MU. The
corresponding cohomology theory MG/¢** is called higher algebraic cobordism.

In an attempt to better understand the theory M G/¢**, Levine and Morel con-
structed a theory of algebraic cobordism Q*. This is (conjecturally) related to
MGe** as the classical Chow ring CH* is to motivic cohomology and like CH",
)* has a purely algebro-geometric description. In addition to giving some insight
into MG/**, Q* gives a simultaneous presentation of both CH* and K, exhibit-
ing Ky as a deformation of CH*. Q* has also been used to give conceptually
simple proofs of various ”degree formulas” first formulated by Rost. These degree
formulas have been used in the study of Pfister quadrics and norm varieties, prop-
erties of which are used in the proofs of the Milnor conjecture and the Bloch-Kato
conjecture.

In this workshop, we describe aspects of the topological theory of complex
cobordism which are important for algebraic cobordism (Lectures 1-3) and give
the construction of Q* and proofs of its fundamental properties (Lectures 4-7). In
lectures 8-11, we show how Ky and CH* are described by Q*, how Q* recovers the
universal formal group law, give the proof the generalized degree formula for *
and use this to proof the degree formula for the Segre class. Additional applications
to Steenrod operations, further degree formulas and the use of these in the study
of quadrics and other varietes is given in lectures 12 and 13. Lectures 14 and 15
concern the construction of funtorial pull-backs in algebraic cobordism. The two
concluding lectures (16 and 17) give a quick sketch of the Morel-Voevodsky Al
stable homotopy category and describe what we know about MG/ and its relation
to motivic cohomology and 2*.

The workshop Algebraic Cobordism,organised by Marc Levin (Boston) and Fa-
bien Morel (Miinchen) was held April 4th—April 8th, 2005. This meeting was well
attended with 55 participants.
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Abstracts

1. Introduction to Classical Cobordism
ALEXANDER NENASHEV

The objective of this lecture is to remind the audience of the main definitions,
tools, methods, and results of the cobordism theory of topological manifolds. We
consider in parallel three cases: smooth (C*°) manifolds with no extra structure
(the non-oriented case), with orientation, and with quasi-complex structure (see
[3, Ch.12] for comments). These will be denoted by (i), (ii), (iii) or by using the
respective group notation: O, SO, U; the same applies to non-oriented, oriented,
and complex vector bundles. The main reference is [1].

1. Definition of the cobordism ring. Elementary computations. In each
of (i-iii), consider the set of diffeomorphism classes of closed manifolds of dimension
n with the structure in question. Call two such manifolds M and M’ cobordant if
there exists an (n + 1)-dimensional compact N, endowed with a structure of the
same type, such that dN = M'II M, where the bar refers to the reverse structure.
The set of cobordism classes, Q29 /Q59 /QU respectively, becomes an abelian group
with the addition [M] + [M’'] = [M I M’] and —[M] = [M]. Direct product of
closed manifolds makes Q7" = @,,>0Q5"* a commutative ring with 1 = [pt]. We
obviously have:

(i) QF = Z/2 (every element of QF is of order two since M = M in this case,
whence 2[M] = [M II M], which bounds the cylinder M x I), Qf = 0 since the
circle bounds, QF = Z/2 generated by the Klein surface which does not bound
anything three-dimensional.

(ii) Q59 = Z (an oriented point is a point endowed with a plus or minus), Q7° =0
since the circle bounds an oriented two-dimensional manifold, e.g. a disk (observe
that saying that S* bounds a Moebius band proves Q9 = 0 but does not work
here), Q5° = 0 since every closed oriented surface (a sphere with handles) bounds
an oriented 3-dimensional manifold; it is known but not elementary that Q5° = 0.
(iii) Here we only mention the obvious fact that QY = Z.

2. Classifying spaces / Grassmannians. Let G, (R""*) (resp. G, (R"15),
G (C™**)) denote the Grassmannian whose points are identified with the n-planes
in R"** (resp. oriented n-planes in R"** complex n-planes in C"**), and let
Gn = colim G, (R"*) (resp. G,,GS) denote the (resp. oriented, complex) infi-
nite Grassmannian of n-planes. These are also denoted BO(n), BSO(n), BU(n),
respectively. Denote v",4",v¢ the canonical vector n-bundle on the correspond-
ing infinite Grassmannian, where n refers to the complex dimension in the latter
case.

Main Fact. For any paracompact space B, there is a one-to-one correspondence

) B Gl [,

homotopy classes o isomorphism classes of vector
of maps B — G, bundles of rank n on B
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and the same for oriented (resp. complex) vector bundles of rank n and maps to
BSO(n) (resp. BU(n)). For this reason BO(n) (resp. BSO(n), BU(n)) is referred
to as the classifying space for vector bundles (resp. oriented, complex) of rank 7.

3. Characteristic classes. (i) To a non-oriented vector bundle ¢ of rank n over
a paracompact base B one assigns its Stiefel-Whitney classes w;(£) € HY(B;Z/2),
0<s<n.

(ii) To a complex vector bundle w/B of (complex) rank n one assigns its Chern
classes ¢;(w) € H*(B;Z), 0 < i < n; cyp(w) = e(wr), the Euler class of w consid-
ered as a real oriented bundle.

(iii) To a real £/B of rank n one also assigns its Pontrjagin classes defined as
pi(€) = (—1)ic2: (€ ® C) € H¥(B;Z), 0 < i < [n/2]. Though these are defined for
any real £, they are actually used for orientedbundles/cobordism.

The characteristic classes of each of the three types satisfy standard properties
including the product formula, e.g. c(w ® w') = ¢(w)c(w’), where ¢ refers to the
total Chern class. (For p;(§) the formula is only true modulo 2-torsion). See
[1, Chs.4,14,15] for details. Characteristic classes are used to define invariants of
cobordism classes of manifolds known as

4. Characteristic numbers. Let I denote a partition of n, i.e., an unordered
representation n = i1 + ...+ 1x, where all 74 > 1 are integers.

(i) For a closed non-oriented manifold M of dimension n, let 7, denote its tangent
bundle and wr(7ar) = wi, (Tar)-. . .-wi, (Tar) € H™(M;Z/2). The I-Stiefel- Whitney
number of M is wr(M) = (wr(7ar), [M]) € Z/2, where [M] € H,,(M;Z/2) is the
fundamental class of M and (,) is the Kroneker index (cap product).

(ii) For an oriented M of dimension 4n, let pr(M) = (pr(tar), [M]) € Z, the I-
Pontrjagin number of M. Here p;(7y) € HY(M;7Z), [M] € Hy, (M; 7).

(iii) For a (true) complex manifold K of complex dimension n, let c;(K) =
(cr(TK), [K]) € Z. One has ¢, (K) = e(K), the Euler characteristics of K.

The following fact, due to Pontrjagin, admits a simple proof: if M and M’ are
cobordant closed manifolds of dimension n, then w;(M) = wr(M') for all par-

changes.

5. Thom spaces/spectra. ([1, Ch.18]) For a vector bundle ¢ with a Euclidean
metric, define the Thom space Th(§) = E(£)/A, where E(§) is the total space
of £ and A ={v e E| |v] >1}; to = A/A denotes the infinite point of Th(§).
There is an expilcit construction that assigns to every oriented vector bundle &
of rank k over a smooth oriented manifold B and every continuous f : S"** —
Th(€), a cobordism class in 25¢ (move f to make it transverse to the zero section
B and then take the intersection f(S"**) N B). This yields a homomorphism
Ttk (Th(€),t0) — Q39. Considering it for the canonical oriented bundle 7* over
Gy, we state the following

Fundamental Theorem (Thom). For k > n + 1, m,.x(Th(7%),t0) — Q5° is
an isomorphism.
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One can define a spectrum M SO out of the spaces MSO(k) = Th(7%); in the
non-oriented and complex cases we get the spectra MO and MU out of Th(~*)
and Th(yg). The above theorem holds in all the three cases and can be stated
shortly as Q9 = 7, (MO), Q3¢ = 7, (MSO), QU = 7, (MU).

6. Computation of cobordism rings. All the three cobordism rings in question
are isomorphic to polynomial rings as follows:

(i) Q9 =~ Z/2[xs, 24, 25,...], where we have one variable z,, in each degree n #
2" — 1. Tt is known that we can take zo, = [P3*¥], while the odd degree generators
are given by more sophisticated varieties. In elementary terms: [M] = [M’] in Q©
if and only if w;(M) = wr(M’) for all partitions I of n (the ‘if’ part is hard and
due to Thom).

(i) Q39/(2 — torsion) = Z[wg, s, T12,...]; [M] = [M'] in Q5© if and only if
wr(M) =wr(M') and pr(M) = pr(M’) for all partitions I of n ([5]).
(iii) QY = Z[zo, x4, x6, . ..], where one can put z2, = [PE] if p = k + 1 is prime.

Two complex manifolds are cobordant if and only if their Chern numbers coincide.

7. Divisibility properties of characteristic numbers. (i)For a smooth com-
plex algebraic curve K of genus g we have ¢1(K) = e(K) = 2 — 2g, hence ¢1(K) is
divisible by 2 for any such K.

If K is a non-singular algebraic hypersurface in ]P’gJrl of degree d, then for its Segre
number s, we have s,(K) = d(n+ 2 — d").(Recall that s, is in the same relation
to c1,...,cn as the polynomial ¢} 4 ...+ to the symmetric functions o4, ..., 0y,
in the variables ¢;.) In particular, if @ is a smooth n-dimensional quadric, then
$n(Q) = 2(n+ 2 —2"). If in addition n = 2" — 1, then 5,(Q) = 2(2" + 1 — 2");
the fact that this number is divisible by two but not by four was important in
Voevodsky’s proof of Milnor conjecture.

(ii) Arithmetical properties of Pontrjagin numbers can be deduced from Hirze-
bruch’s signature formula. If M is a closed oriented manifold of dimension 4, then
its signature (the signature of the intersection index form on the middle homology)
is equal to p1(M)/3, which is an integer. We conclude that p; (M) is divisible by
3 for any 4-dimensional M.

For M of dimension 8 the signature is given by (7pz(M) — p?(M))/45, from which
we deduce that 7Tpa(M) — p3(M) is divisible by 45 for any 8-dimensional M. See
[1, Ch. 19].

REFERENCES
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2. Quillen’s work on MU
BERNHARD HANKE

The geometrically constructed unitary bordism functor defines a (generalized)
homology theory on the category of CW-complexes. By way of the Pontrjagin-
Thom construction, this homology theory is represented by the unitary bordism
spectrum MU. The associated cohomology theory, if evaluated on smooth man-
ifolds, also has a geometric description, due to Quillen. This is based on the
existence of push forward maps MU*(X) — MU*~4(Y) for complex oriented
proper maps X — Y of relative dimension d between smooth manifolds. The
cohomology theory MU*(—) is complex oriented (in the sense of Adams): There

2
is a distinguished class in MU (CP*°) pulling back to the standard generator of

MU ’ (CP'). This classis considered as a universal Euler class (alias first Chern
class) for line bundles. Using it, a theory of higher Chern classes can be devel-
opped along the usual lines. Other examples of complex oriented theories are
ordinary cohomology and complex K-theory. However, MU*(—) turns out to be
the universal such theory:

Theorem 1. Let h* be an oriented commutative multiplicative cohomology theory.
Then there is a unique natural transformation

MU*(=) = h*(-)
preserving Chern classes.

In contrast to the familiar formula
c(E@F)=c(E)UcF)

calculating the total Chern class (in some complex oriented theory) of a Whitney
sum of two vector bundles, there is no such simple relation for the tensor product
of two bundles. However, based on the computation of MU*(CP* x CP*) as
a power series ring over M U™ in two indeterminates, Quillen observed that the
expression for the M U*-theoretic first Chern class ¢1(L1 ® Ls) (where L; is the
tautological bundle on CP° pulled back via either of the two projections) leads
to a formal group law over MU*. There is a universal graded formal group law,
supported by the Lazard ring IL*, and hence, we obtain an induced ring map

0:L*— MU*
carrying the universal formal group law to the one over M U™ constructed before.
The following is one of the main results in Quillen’s paper.

Theorem 2. The map J is a ring isomorphism.

Surjectivity of this map is proven by a clever use of MU *-Steenrod operations
and leads to the conclusion that MU* is generatated as a ring by the coefficients
occuring in the formal group law over MU*. For showing injectivity, Quillen
considers the composition of § with the Boardman (=Hurewicz) map

ﬂ]\f{]>x< —>Z[t1,t2,...]
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(deg t; = —2i) and shows that the inverse of the map defined by the power series
Zfio t;T"t1 is a logarithm of the image of the universal group law under /3 o 6.
Theorem 2 and the calculation of L* (due to Lazard) imply that there is a ring
isomorphism

MU* = Z[xl,{lig,l';;, .. ]

where deg x; = —2i.
Analogous results exist for unoriented bordism M O*. For instance, we have

Theorem 3. MO* is a polynomial ring over Z/2 in indeterminates x;, where i
runs through all positive integers not of the form 2% — 1 and the degree of z; is
equal to —1.

REFERENCES

[1] D.Quillen, Elementary proofs of some results in cobordism theory using Stennrod operations,
Advances in Mathematics 7 (1971), 29-59.

3. Oriented cohomology theories over a field.
SERGE YAGUNOV

The purpose of this talk was to “transplant” topological definitions to
the context of algebraic geometry and give several motivating examples playing
important roles in the sequel.

1. DEFINITION

Fix a base-field k and denote by Sch/k the category of separated schemes of
finite type over k and by Sm/k the full subcategory of smooth quasi-projective
k-schemes. Let R* be a category of commutative graded rings with unit. (We do
not assume the rings to be necessary graded commutative.)

A functor A: (Sm/k)°P — R* is called additive if A()) = 0 and AXITY) =
A(X)xA(Y). We define oriented cohomology theories following Quillen’s paper [6]
( see also Levine-Morel [3]).

Definition 1. An oriented cohomology theory on Sm/k is given by:

(1) An additive functor A*: (Sm/k)°P? — R*;

(2) For each projective morphism f:Y — X in Sm/k of relative dimen-
sion d, a homomorphism of graded A*(X)-modules f,: A*(Y) — A*T4(X)
called push-forward homomorphism or transfer.

A morphism of oriented cohomology theories is a natural transformation of func-

tors (Sm/k)°P — R* which commutes with transfer maps.
These data should satisfy the axioms below.
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Axiom 1 (Functoriality). (idx). = ida«(x); for projective morphisms Z gy
X in Sm/k, one has: (f o g)« = fvogu: A¥(Z) — A*T4+e(X), where d and e are
relative dimensions of the morphisms f and g, respectively.

Axiom 2 (Transversal base-change). Let f and g be transverse morphisms and
the square

/

wWw—Lsy

f! f

X—g>Z

is Cartesian in the category Sm/k.
Then g* f. = fL(g')*, provided that f (and therefore f') is projective.

Axiom 3 (Extended homotopy property). Let E — X be a vector bundle over
X € Sm/k and let p: V — X be an E-torsor. Then p*: A*(X) — A*(V) is an
1somorphism.

Axiom 4 (Projective bundle formula). Let E — X be a rank n vector bundle over
X € Sm/k and P(E) = Proj(Symm*(E)) be its projectivization. Let also s denote
the zero-section of the canonical line bundle over P(E) and 1 € A°(P(E)) be the
multiplicative unit element. Set & = s*s.(1) € AY(P(E)). Then A*(P(E)) is a free
A*(X)-module with basis (1,£,62,...,&"71).

Corollary 1. If E is a trivial vector bundle then €™ = 0.

The projective bundle formula enables us to define, following Grothendieck [2],
Chern classes as the coefficients of the equation:

& — (B .+ (=1 "cn(E) = 0.
It is often useful to consider the Chern polynomial:
ct(BE) =t" —ci(E)t" ' 4+ ... (=1)"c,(E).

The Chern classes satisfy the following natural properties:

1. Let £ — X be a line bundle. Then c1(£) = s*s.(1) € A'(X), where s: X — L
is the zero-section.

2. Functoriality. If F = E’ are isomorphic vector bundles over X then c¢;(F) =
ct(E"); for any morphism f: Y — X and any vector bundle E over X, one has:
el E) = ai(f*(B)).

3. Additivity formula. For an exact sequence 0 — E” — E — E’ — 0 of vector
bundles over X, one has: ¢;(F) = c:(E" )c (E').

4. Vanishing property. ¢, (E) = 0 for m > rk(FE).

These four properties uniquely define Chern classes.

In the opposite way (see [4]) starting from a theory supplied with an appropriate
“first Chern class structure”, it is possible to (uniquely) recover transfer structure
and check all the axioms above. Therefore, in the examples below we just sketch
the constructions of the first Chern classes and leave checking all the axioms as



Arbeitsgemeinschaft mit aktuellem Thema: Algebraic Cobordism 891

an exercise for the reader.

Following Quilen’s approach [6] (and unlike the axiomatic of Grothendieck) we do
not assume that ¢; (L&M) = ¢1(L)+c1(M). Similarly to the topological case but
with more technicalities [4], one can show that ¢ (L ® M) = F,(c1(L),c1(M))
where F,,(U,V) is a formal group law corresponding to the choice of an orien-
tation for the theory A. (Different orientations yield to automorphisms of the
corresponding formal group.)

All appearing formal power series actually become polynomials due to the follow-
ing fact:

Theorem 1. Chern classes are nilpotent.

2. EXAMPLES

1. Chow groups. We set AP(X) = CHP(X). This is an orientable co-
homology theory with additive formal group F,,(U,V) = U + V (such theories
called ordinary). The canonical choice of an orientation is given by the relation
c1(L(D)) = [D] € CH'(X), where L(D) denotes the line bundle corresponding to
the divisor D. This theory is universal additive (at least in characteristic 0) in the
sense that for any theory A* with additive formal group law there exists a unique
morphism of oriented theories @é gy CH" — A~
2. Another example of an ordinary cohomology theory is the even part of étale
cohomology: AP(X) = HéQtp(X, p®P), where (n,Chark) = 1. For a line-bundle
L € Pic(X) = HL(X,G,,) one sets: ¢1(L) = O(L) € HZ (X, ), where 9 is the
differential corresponding to the short exact sequence of sheaves:

O—>,LLn—>Gmﬁ>le—>O.

3. For every smooth variety X € Sm/k consider the group Ko(X). Formally
adding the invertible Bott element 3 of degree -1 one gets the orientable coho-
mology theory with multiplicative group law F,(U,V) = U +V — gUV. To
obtain this formal group law one chooses the first Chern class for a line-bundle
L as c1(L) = (1 —[£Y])87L. We call a theory with the multiplicative group law
U+V —bUV periodic if b is a unit in A*(k). The theory Ko[3, 371] is the universal
multiplicative periodic theory.

4. Algebraic Cobordism. For this example we shall assume that our functor
A* is defined on the much wider category of T-spectra. Set AP(X) = MG/?PP(X),
where the algebraic cobordism theory MG/ is represented by the T-spectrum M G/
(see [7]). The identical morphism of the spectrum M G/ being restricted to its term
MG/(1) determines the morphism X MG/(1) — T A MG/ of the T-suspension
spectrum of M G/£(1) to the shifted spectrum of algebraic cobordism. This gives us
the canonical orienting element ¢ € MG¢*(MG/(1)). Since the space MG/(1) is
the Thom space of the canonical line bundle L., over the infinite projective space
P>°, one has the morphisms:

MGL(1) 2 Th(Loo) & Lo < P,
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where s is the zero-section. We set e = s*7% (€) € MG£*1(P>). In order to check
that the orienting element e induces first Chern classes, it is sufficient to verify
that e restricted to P! coincides (up to the sign) to o(1), i.e. the suspension of
1 in the group MG¢?1(P!). The computation in [5] shows that e = —o(1). This
construction of the Chern classes is in parallel to the topological one, given by
Conner and Floyd [1].
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4. Survey of basic properties of algebraic cobordism
JORG SCHURMANN

Let Schy be the category of seperated schemes of finite type over the base
field k, with Smj, the full subcategory of smooth schemes. Smooth morphism are
by definition quasi-projective. The following results are due to Levine and Morel
2, 3].

An oriented Borel-Moore (weak) Homology theory A, on Schy or Smy associates
to X a graded group A, (X), together with:

(1) A functorial pushdown f. : A.(-) — A.(-) for a projective morphism f,
which is additive.

(2) A functorial pullback g* : Ai(-) — Asiq(+) for a lci- (or a smooth) mor-
phism g of relative dimension d.

(3) An exterior product x : A;(-) x A;(-) — Aiy;(- x -), which is commutative,
associative and with unit 1, € Ag(k).

(4) A base change property g* f. = fLg’* for transversal (i.e. tor-independent)
cartesian squares.

(5) f« and ¢g* commute with exterior products.

Example 1. An universal example is given by the group M (X) associated to
the semigroup of isomorphism classes of projective morphism f :Y — X with Y
smooth. Here addition is given by the disjoint union, with the grading induced by
the dimension of Y, and 1y = [idx]. These groups have an obvious projective
pushdown, smooth pullback and exterior product.
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Let us continue with the defining properties of an OBM (W )H:

(6) Extended homotopy property.
(7) Projective bundle formula. Here the first Chern class operator é1(L) of a
line bundle L — X is defined in the case
OBMH: by ¢ (L) = i*i,, with ¢ the zero section. For an OBMH on
Schy, one assumes also a technical axiom CD.
OBMW H: by an additional datum, with ¢ (L) : A.(X) — A._1(X).
It should only depend on the isomorphism class of L, with ¢ (-) com-
muting with each other and with pushdown, pullback and exterior
products. Finally ¢;(-) has to satisfy the axioms (Sect) and (FGL).

As the notion suggests, OBMH = OBMWH, and an OBM(W)H on Schy,
induces one on Smy by restriction. Finally an OBMH on Smy is the same
as an oriented cohomology theory in the sense of the talk before. Here one uses
A (X) = A4*(X), é1(L) = c1(L) - and ¢1 (L) = é;(L)(1x) for X of pure dimension
d (together with additivity and 1x := const*1y).

Example 2. Go())[8,87], with deg(8) = 1 and Go(-) the Grothendieck group
of coherent sheaves, and Chow groups CH,.(-) are OBMH on Schy. A complex
oriented (co)homology theory in topology induces an OBMW H on Sche, where
one uses the corresponding Borel-Moore homology in even degrees.

;From now on we assume char(k) = 0, since resolution of singularities is used.

Theorem 1. There exists an universal OBM H on Schy, called algebraic cob-
dordism Q. (-) such that Q.(-) is also an universal OBM (W)H on Schy, and on
Smk.

Moreover, its construction implies the

Theorem 2. (1) M (X)— Q.(X) is surjective for all schemes X .
(2) Fori:Z — X a closed embedding with open complement j : U = X\Z —
X one has an exact localization sequence

0.(Z) 2 0,.(X) L5 0.U) — 0 .

(3) The ring homomorphism from the Lazard ring ¢q : L, =L7* — Q= *(k) =
0. (k) classifying the formal group law Fo of Q.(-) is an isomorphism.

The first two properties reflect the algebraic nature of ,(-) (they also hold for
Go(+)[8,871] and CH,(-)). The last property depends on the weak factorization
theorem. Its topological counterpart for complex cobordism QY (pt) is due to
Quillen [4]. It implies the

Corollary 2. (1) Let k C K'. Then can : Q. (k) — Q. (k') is an isomorphism,
with can induced form the OBM (W)H: X — Q.(X X k).
(2) Let k = C. Then can : Q.(C) — QY (pt) is an isomorphism, with can
induced form the OBM(W)H: X — QY (X (C)).
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Consider in the following cartesian diagram a projective morphism f on the smooth
scheme Y, which is transversal to the closed inclusion 7:

Y0@Y1—>XX{0,1}

L,

Yy ——— X x Al

Then fo = f:Yy — X and f1 = f : Y1 — X are called elementary corbordant,
and one gets an induced epimorphism M (X)/{elem.cob.} — Q.(X). But this
is in general not injective, e.g. for X = k and x = 1. If two smooth irreducible
projective curves are elementary cobordant, then they have the same arithmetic
genus.

Let A.(-) bean OBM (W )H and ¢4 : Q.(-) — A.(-) the classifying transformation
coming from the universal property. Let L, — A.(k) classify the formal group
law of A,(-). Since ¢4 commutes with first Chern class operators and exterior
products, one gets an induced transformation of OBM (W )H:

¢a () @r. Au(k) — Au() .

Theorem 3. (1) ¢x : Q* ()L Z[B, 7] — KO(+)[8, 87}] is an isomorphism
of OBMH on Smy. Here K°(-) ~ Gq(-) is the Grothendieck group of

coherent locally free sheaves.
(2) ¢cm: Qu(-) ®L, Z — CH,(+) is an isomorphism of OBM H on Schy,.

The first isomorphism is up to now not known for Schy, and its topological coun-
terpart is due to Conner-Floyd [1]. The second isomorphism depends once more
on the weak factorization theorem, and its topological counterpart is only true for
rational coefficients. The induced transformation

CH.() =~ () @1, Z — ,(- (0)) 8L, Z

for k = C is due to Totaro [5].
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5. The construction of algebraic cobordism
FRANZISKA HEINLOTH

Summary: On the category of separated schemes of finite type over a
base field k& (more generally, on each admissible subcategory) there is a universal
oriented Borel-Moore L,—functor €2, of geometric type, called algebraic cobordism.
An oriented Borel-Moore functor with products A, assigns to each separated
scheme of finite type over k (or each object of an admissible subcategory) a graded
group (in an additive way with respect to disjoint union). It has push—forwards for
proper morphisms, pull-backs for smooth equidimensional morphisms (increasing
degrees by the relative dimension) and first Chern class operators ¢; (L) (decreasing
degrees by one) for each line bundle L, together with an commutative associative
external product and a unit element 1 in the coefficients A, (k) (which hence form
a commutative ring with unit), such that all these data are compatible.

An oriented Borel-Moore L—functor is an oriented Borel-Moore functor with prod-
ucts and a homomorphism of graded rings from L, to the coefficients, where L,
denotes the Lazard ring with the homological grading.

For smooth irreducible Y we denote by 1y the pull-back of 1 along the structure
morphism Y — Spec(k).

An oriented Borel-Moore L-functor A, is said to be of geometric type, if it satisfies
the following three axioms:

(Dim) If Y is smooth and irreducible, L1,...,L, are line bundles on Y with r >
dimY’, then ¢;(Ly)o---0¢é1 (L) (1y) = 0.

(Sect) If Y is smooth and irreducible and ¢ : Z < Y is a smooth divisor, then
c1(Oy(2))(y) = ix(1z).

(FGL) If Y is smooth and irreducible and L, M are line bundles on Y, then
AL @ M)(ly) = Fa(éa(L),é1(M))(1ly), where Fy is the formal group
law induced by L. — A. (k).

There is a universal oriented Borel-Moore functor with products Z,:

Z4(X) is the free abelian group on isomorphism classes of cobordism cycles over
X (f:Y — X, Ly,...,L,), where f is projective, Y smooth and irreducible,
Ly,...,L, areline bundleson Y and dim Y —r = d (r > 0). Isomorphisms of cobor-
dism cycles are allowed to permute the line bundles. Push—forward is given by com-
position, pull-back by fiber product, and for a line bundle L on X the first Chern
class ¢1 (L) maps theclass [f : Y — X, Ly,...,L.Jto [f:Y — X, Ly,..., L., f*L].
The product structure is given by the product over k.

. is then constructed from Z, by imposing the relations (Dim) and (Sect), ten-
soring with L, and finally imposing the relations (FGL).

A calculation using (FGL), (Sect) and (Dim) for O(1, 1) on P™ x P™ shows that the
images of the coefficients of the universal formal group law under L, — . (k) lie in
the subring generated by the classes of projective spaces and Milnor hypersurfaces.
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6. Localization for algebraic cobordism
UWE JANNSEN

Given the definition and formalism of algebraic cobordism as introduced
in the previous lecture, the aim of this talk was to explain the following result
contained in section 6 of [1]. Let k be a field.

Theorem 1. ([1] Theorem 6.7) Assume that k has characteristic 0 (or that res-
olution of singularities holds over k). Let X be a separated scheme of finite type
over k, let v : Z — X be a closed subscheme, and let 7 : U — X be the open
complement. Then one has an exact sequence

0.(Z) 2 0,(X) L5 0.(U) — 0 .

The proof uses the cycles class of a divisor with normal crossings. Let W be a
smooth quasiprojective variety over k, and let £ = Zzl E; be a divisor with

normal crossings on W. This means that for any I C {1,...,m},
Er:=()Ei
il

is a smooth variety of pure codimension |I|.

Lemma 1. (see [1] Lemma 5.4) For any ring R and any power series
F € Rluy,...,un]], there is a unique decomposition

Fuy,...,um) :ZUIFI(ul,...,um)
I

where the sum is over all subsets I C {1,...,m}, ul = [L;c;ui, and where the
power series Fr is such that only the u; with i € I occur.

Example 1. For the universal formal group law in L[[u,v]] (L = Lazard ring) we
have
F(u,v) =u+v+ Z aijuv?
i>1,j>1

so that F{l} =1= F{Q} and F{l,g} = E,L->1 i>1 aijui_lvj_l.
Writing u+pv = F(u,v), [n]-pu=u+rpu+p...+ru (n times, for n > 1), define
the power series in L[[u1,. .., Un]]

G"t (U, um) = ] o ua 4R [ne] cFu2 E AR ] R U

and thus power series G7" """ (u1, ..., Um) € L[[u1,. .., uy]] for all 1.
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Definition 1. ([1] Definition 5.6) For the divisor with normal crossings E =
Yo niE; define its class in Q. (|E|) (with |E| = U™, E; = support(E) as

[E — |E|] == [E; — |E|, G} " (Ow (E1)|5y, - ... Ow (Em)lE))] -
I#£0

Here we write |[Y — X ,Li1Lo... L, :=[Y — X ,Lq,Lo,...,L,] for a formal
product of line bundles, and extend this to polynomials/power series by linearity.
This class lifts the class of the line bundle O (F) in Q. (W):

Proposition 1. ([1] Proposition 5.9) With the inclusion i : |E| — W one has
[E—W]:=i.[E— |E[]] = [idw,Ow(E)] .
In particular, [E — W] =[E" — W] if Ow(E) = Ow(E").

The proof of the localization theorem is long and involved, using resolution of sin-
gularities in a crucial way. We give a sketch, keeping the notation of the theorem.
0) The property j*i, = 0 is obvious, because Z N U = 0.

1) For showing the surjectivity of j* it is shown that already every cobordism cycle
[f:Y —>U,Ly,...,L,| € Z2.,(U) (with Y smooth, f projective, and Lq,..., L,
line bundles on Y), can be lifted to a cycle [f: Y — X, L1,...,L,] € Z.(X). In
fact, one can choose a factorization f : U — ]P’][}[ and a resolution of singularities
7:Y — Y of the closure Y of Y in P% which is an isomorphism over Y. Then
f — 7o f lifts f, and the line bundles L; can be extended to line bundles ¥; on Y.
2) Next one shows that the relations for cobordism can also be lifted from U to
X. For the relation (FGL), generated by differences

Y = U,Li,...,L.,L&M]—[Y - U,Ly,...,L,, F(L,M)],

we only have to lift line bundles from Y to Y, and there is no problem.

3) For the relation (Sect) one has to show that a generating element of (Sect)(U),
i.e., a difference

21 — Rk2 = [Y_>U7L17"'7LT—170Y(T)]_ [T_>X7,U*L17"'7/'L*LT—1] ’

where p @ T — Y is a smooth divisor, can be lifted to a similar difference
over X. Lifting 21 to a cycle [V — X, Li,...,L,] as in 1), by a further (em-
bedded) resolution one can achieve that the closure fi : T" — Y of T — Y
is again smooth. Then we may assume L, = Oy (T'), and so Z; — Z, with
Zo=[T — X ,0*Ly,..., 0" Ly_1], lifts 21 — 22 and lies in (Sect)(X).
4) For the relation (Dim) one has to lift every generating element in (Dim)(U),
ie.,

z=Y - Un"My,..., 7" My, L1,...,Lg],
where 7 : Y — T is smooth, T" is smooth and irreducible, and r > dim(T"). Let 2
be an arbitrary lift as in 1). By steps 2) and 3) it then suffices to show
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Lemma 2. ([1] Lemma 6.6) The class of Z in Q.. (X) lies in i,.Q.(Z).

In fact, we then may modify Z via (FGL) and (Sect) to get a lift in (Dim)(X).
For the proof of this lemma we may assume, by pulling the situation back to
Y, that Y = X and Y = U. In other words, we already have 7 : U — T. By
taking a smooth projective compactification of 7" and further applying resolution of
singularities we may assume that 7 extends to a (not necessarily smooth) morphism
7 : X — T, and that we have a projective birational morphism pu : X — X with
X smooth, p an isomorphism over U, and p~!(Z) a divisor with strict normal
crossings on X. In this situation we have (cf. talk 14):

Proposition 2. ([1] Proposition 6.4) [pn: X — X ] —i,[id: X — X] € i.Q.(Z).

By this result we may replace X by X and Z by Z (keeping U) to assume that X
is smooth and Z is a divisor with normal crossings. Let L, = 7*M; fori =1,...,r,
so that j*L, = j*L; for all i.

Lemma 3. ([1] Lemma 6.5) [idx ,L1,...,L,| — [idx ,L,..., L] € i.Q.(2).

For the proof of this lemma we may assume r = 1 and omit the indices. The
assumption implies L' & L ® Ox(A) for a divisor A supported on Z, and by
writing A = A; — Ay with effective divisors A; we reduce to the case that A is
effective. By assumption on Z it is then a strict normal crossings divisor on X.
Now, by the relation (FGL) we then have (omit idx)

[L']=[L®O0x(A)] =[F(L,Ox(A)] =[L]+[g(L,0x(A)),Ox(A)]

writing F'(u,v) = u + g(u,v)v. So it suffices to show [Ox(A)]| € Im(i,), but in
fact, by Proposition 1 this class is i.[A — |A| — Z]. By this lemma, we may

assume, for the proof of Lemma 2, that we have already L; = 7* M, for all 7. We
now proceed by induction on dim(7"). If dim(7") = 0 then we even have z = 0,
because every cobordism cycle with a trivial line bundle is 0. Let dim(7) > 0.
Writing M; = M ® N~! with very ample M, N and using the relation (FGL) we
may assume that M; is very ample and then, by Bertini, that My = Op(T}) for
a smooth divisor 77 — T. Let X’ = #71(T}) be the preimage of T} in X. Then
X" = X1+ A with effective divisors X7 and A, with supp(A4) in Z and no component
of X; having support in Z. Since U; = U N X is smooth (7 is smooth) and dense
in X1, we may, after replacing X by a resolution, assume that X; is smooth.
Writing then Ly = 77 1(M;) = Ox(X') = Ox(X1) ® Ox(A), we see as above
that it suffices to show that z = [idx ,Ox(X1), La, ..., L, | € Im(i,). But, by the
relation (Sect), this element is equal to (i1)«(z1), with 21 = [idx, ,i]La,...,i7 L, |,
where i1 : X7 < T is the immersion. By induction, since dim(77) < dim(7"), the
element z; lies in the image of Q.(X; \ Uy). By applying (i1). we get z € Im(i)
and have proved the Lemma 2.

5) By step 4), the kernel of j* : Q,(X) — Q.(U) is generated by differences
a—o=[f:Y—>X Li,....,L. | —[f:Y - X L|,...,L] with a|y = |y.
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6) We thus have to show that a difference o — o’ as in step 5) lies in the image of
ix. By resolution of singularities, the two morphisms f and f’ can be covered by
morphisms Y « Y” — Y’ with smooth Y”, which are the identity on U. Thus
we may assume there is a morphism p : Y’ — Y extending idy. Then we are left
with two cases:

1) lidy', L}, ...,L.] — [idy p*Ly,...,u*Ly], 2) [Y =Y ]~ [Y' - Y] .

But case 1) follows with Lemma 3, and case 2) with Lemma 1.

REFERENCES

[1] M. Levine and F. Morel, Algebraic Cobordism I., revised version.
http://www.math.neu.edu/ "~ levine/publ/Publ.html

7. Homotopy invariance property and projective bundle theorem
IVAN PANIN

The main aim of the lecture is to sketch the proof of the homotopy invari-
ance, of the projective bundle and of the so called extended homotopy invariance
property of the algebraic cobordism functor of Levine-Morel. Let k be a field. We
will assume that char(k) = 0 for the lecture. The following transversality lemma
will be used below. Let ¢ : Z — W be a smooth closed subvariety of a smooth
variety W. Then Q. (W) is generated by standard cobordism cycles of the form
[f : Y — W] with f transversal to . With this Lemma in hand it is easy to prove
the surjectivity part of the homotopy invariance, that is the smooth pull-back map
p* Q. (X) — Q. (X x Al) is surjective. The injectivity is proved with the use of
the first Chern class and the localization sequence. Thus for a finite type k-scheme
X the smooth pull-back p* : Q,(X) — Q.(X x AY) is an isomorphism for all N.
This statement is a part of tools used to prove the projective bundle theorem,
which we are going to state right now. For a finite type k-scheme X and a rank
n + 1 vector bundle and the associated projective bundle of lines ¢ : P(E) — X in
E and the tautological line bundle O(—1) on P(F) denote O(1) the dual of O(—1)
and write £ for the operator ¢1(O(1)). Set ¢; = &7 0 ¢* : Qu_ i (X) — Qu(P(E))
Then the homomorphism

Y 65 P2ty (X) — Q(B(E))
j=0 j=0

is an isomorphism. The extended homotopy invariance property is deduced from
the projective bundle theorem.
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8. Universal property of K-theory
JOEL RIoU

If A is a ring and b an element of A, we can define a formal power series
in two variables F/(X,Y) = X +Y — bXY; one can check that this series provides
a formal group law structure of dimension 1 on the ring A. If F'is a formal group
law, we say that it is multiplicative if it is of the previous form, and if it is, we say
that it is periodic if b (which is uniquely determined) is invertible. We recall the
fact that the set of morphisms from the Lazard ring L to A is in bijection with
formal group law structures on A. As a result, we have a map L — Z [ﬁ, ﬁ_l}
corresponding to F(X,Y) =X +Y — gXY.

Let k£ be any field, we denote by Smyj the category of smooth quasi-projective
k-schemes.

Definition 1. On Smy, an oriented Borel-Moore LL-functor with products A* con-
sists of a graded L-module A*(X) for any X € Smy, with smooth pull-backs, projec-
tive push-forwards, external products and Chern operators ¢1(L) associated to line
bundles satisfying some reasonable properties. We then say that an oriented weak
cohomology theory is an oriented Borel-Moore LL-functor with products satisfying
additional axioms: the projective bundle formula (PB), the extended homotopy
aziom (H) and the following azioms (Dim), (Sect) and (FGL).

If A* is an oriented Borel-Moore functor, we say that it satisfies the (Dim)
axiom if for any family of line bundles Ly, ..., L, over X € Smy, we have ¢;(Lq)o
+-0¢&1(Ly)(1x) = 0if n > dim X, where 1y is the pull-back of 1 € A°(k) by the
structural morphism of X. The (Sect) axiom says that if D is a smooth divisor in
X that is the zero locus of a section of a line bundle L on X then i,(1p) = ¢1(L)(1)
where i: D — X is the inclusion. Provided the (Dim) axiom is true, it makes sense
to require that if L and L’ are line bundles on X € Smy, then

a(LeL)(1x)=F(é(L),é1(L)(1x)

where F' € A*(k)[[X, Y]] is the formal power series associated to the formal group
law on A*(k) corresponding to the morphism I — A* (k) which is part of the data,
this is the (FGL) axiom.

For any X € Smy, we consider the Laurent polynomials with coefficients in
the Grothendieck K-group of algebraic vector bundles on X, we denote it by
K(X) [B,B‘l} (we will only use Kjp-groups, so we drop the index). The ring
K(X) [ﬁ, ﬁ_l} is graded so that the cohomological degree of 3 is —1. Ome can
check that we get an oriented weak cohomology theory K (—) [ﬁ, ﬁ_l] on Smy, the
Chern operator ¢ (L) is the multiplication by the element ¢1(L) = (1 — [LV])3~ 1.
The formula for the first Chern class obviously implies that the formal group law
for this theory is given by the formal power series FI(X,Y) = X +Y — XY, so
that this formal group law is multiplicative and periodic, the following theorem
states that it is the universal one:
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Theorem 1. Let k be any field. For any oriented weak cohomology theory A*
on Smy with multiplicative and periodic formal group law, there exists a unique
morphism of oriented weak cohomology theories:

cha: K(=) [8,87] = A*(-)

Corollary 3. Let k be a field admitting the resolution of singularities. Then, for
any X € Smy, the natural morphism is an isomorphism:

O(X)Z[5,67Y] = K(X) [5,57]

Under the assumption of the corollary, the universal property of algebraic cobor-
dism, the fact that it satisfies the projective bundle formula and extended homo-
topy invariance and the previous theorem imply that the two theories considered
here are universal, and then canonically isomorphic.

Corollary 4 (Grothendieck’s Riemann-Roch). Let f: X — S be a projective
morphism between smooth k-schemes. Then we have a commutative diagram:

K(X)—%& CcH*(X)q
f*l lm»—q‘*(:v.Td(Tx)).Td(Ts)_l
K(S) —<% cH*(S)qg

where T'd(Ty) denotes the Todd class of the tangent bundle of a smooth schemeY
and ch the Chern character.

The proof of this corollary consists in defining a weak cohomology theory A*
such that A*(X) = CH*(X)q [ﬁ, ﬁ_l} by twisting the additive formal group law
on Chow group to get a multiplicative one, this is achieved by keeping the same
smooth pull-backs as for Chow groups, the projective push-forwards are defined
using the formula given in the statement of the corollary; for this new theory, the
first Chern class of a line bundle X is ¢f'(L) = (1 —exp(—[L]))3~! where [L] is the
class of L in the Picard group of X, if we apply the theorem 1 to this theory, we
will get a map cha: K(—) [6, 6’1} — A* compatible with push-forwards, so we
only have to check that ch 4 is the Chern character which is easy to do. The first

step in the proof of theorem 1 is to define a map chy: K(X) [ﬁ,ﬁ_l} — A*(X)
for any smooth k-scheme X. If one uses the compatibility that ch should have
with Chern operators ¢;, one can prove that chs4 must be unique and finds a
candidate for ch 4. In the second step, one has to check that this ch 4 is compatible
with all the data: smooth pull-backs, Chern operators ¢;, external products and
projective push-forwards; this is easy except for projective push-forwards. In the
third step, one checks the compatibility of ch 4 with push-forwards, we can split this
in two cases: projections from projective spaces P% — X and closed immersions
between smooth schemes. The case of projective spaces turns out to follow from
the following proposition:
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Proposition 1. Let k be a field and A* an oriented weak cohomology theory on
Smy with multiplicative formal group law (i.e. F(X,Y) =X +Y —bXY, with
be A7Y(k)). Let X be an object of Smy, and E be a vector bundle of rank n + 1
on X. We denote by p: P(E) — X the projection from the projective bundle
associated to E. Then, in A" (X), we have:

p*(l) ="

The compatibility of ch 4 with push-forwards associated to a closed immersion
is checked in the same manner than in Fulton’s book [1]: using the deformation to
the normal cone, one can reduce oneself to checking the compatibility for closed
immersions of the form s: X — P(E @ Ox) where F is a vector bundle on X and s
is given by the point of homogeneous coordinates [0 : 1], which finishes this sketch
of proof.
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9. O*(k) and the Lazard ring
ANNETTE HUBER-KLAWITTER

The aim of the talk was to give an exposition of the proof of the following
result of Levine and Morel:

Theorem 1. ([1, Theorem 12.6]) Let k be a field of characteristic 0. Let L, denote
the Lazard ring. Let ), be algebraic cobordism over k. Then the structural map

L. — Q. (k)
s an isomorphism.

Injectivity is shown along the lines of the topological case. A natural map
Oy (k) — Z[t1,ta,...] is constructed. (It is the map to a twisted version of Chow
theory given by the universal property of algebraic cobordism.) Its composition
with the map of the theorem agrees with the standard embedding of the Lazard
ring into the polynomial ring (see [1, Lemma 12.2]).

Hence the real issue is surjectivity. The Theorem is easily seen to follow from the
following two Lemmas:

Lemma 1. ([1, Theorem 4.16]) Let k be a field. Then the natural map

18 an 1somorphism.
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Lemma 2. Define additive cobordism as
094 =0, oL Z.
Let k be a field of characteristic 0. Then
Q(k)=0.

The proof of Lemma 2 can be reduced to proving the vanishing of the class [Y]

of a smooth projective variety of dimension d > 0 in additive cobordism, i.e., to
expressing [Y] in terms of the coefficients of the formal group law in . (k). These
coefficients are known. In particular, [P!] occurs.
In the special case Y a smooth hypersurface of P4t! of degree n the axioms of
algebraic cobordism together with the formulas for the class of a normal crossings
divisor imply easily that [Y] = n[P!] = 0. The general case is carefully reduced
to this special case via resolution of singularities. The key property of additive
cobordism which is used in the argument is birational invariance:

Proposition 1. ([1, Proposition 12.5]) Let char(k) = 0. Let W, W’ be birationally
isomorphic smooth projective varieties. Then [X] = [X'] in Q24(k).

The proof of this proposition uses the deep fact ([2], [3]) that any birational map
can be factored by a sequence of blow-ups and blow-downs with smooth centers.
The case of such blow-ups can be computed directly.

REFERENCES

[1] M. Levine, F. Morel, Algebraic Cobordism I, revised wversion, Preprint 2002,
http://www.math.nev. edu/~levine/publ/Publ. html

[2] D. Abramovich, K. Karu, K. Matsuki, J. Wlodarczyk, Torification and factorization of bi-
rational morphism, Preprint May 2000, math. AG/9904135.

[3] J. Wlodarczyk, Toroidal varieties and the weak factorization theorem, preprint June 2001,
math. AG/9904076.

10. Degree formulas
ALEXANDER SCHMIDT

In the whole talk the letter k& will denote a field of characteristic zero. The
reference for all the results below is [1] where you also find a discussion for the case
when k has positive characteristic. We denote by Sch/k the category of separated

schemes of finite type over k and by Sm/k its full subcategory consisting of smooth
quasi-projective k-schemes. Let A, be an oriented Borel-Moore weak homology
theory on Sch/k. Suppose that A, is generically constant ([1], Definition 13.1).
Then, for X € Sch/k reduced with irreducible components X3, ..., X,, we obtain
([1], Definition 13.4) degree maps

degi: A*(X) HA*—dim(Xi)(k)v 1= 1,...,7“.

Assume, in addition, that A, satisfies the localization property ([1], Definition
13.5). Then we have the following theorem, called the generalized degree formula.
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Theorem 1. Let X € Sch/k be reduced. Assume that, for each closed mtegml
subscheme Z C X, we are given a projective birational morphism Z—>ZwithZe
Sm/k. Then the A (k)-module A,(X) is generated by the classes [Z — X]. More
precisely, let X1, ..., X, be the irreducible components of X. Let o be an element in
AL (X). Then, for each closed integral subscheme Z C X with codimx Z > 0 (i.e.
Z does not contain a generic point of X ), there is an element wz € A,_gim(z)(k),
all but finitely many zero, such that

a—ZdegZ X — X] = Z wz - [Z — X].

Z, codimx Z>0

By [1], Corollary 13.3, algebraic cobordism is generically constant, and for a
morphism f: Y — X of smooth, projective irreducible varieties over k, we obtain
the element deg(f) € Qq(k), d = dim(Y) — dim(X). For X € Sm/k, projective
and irreducible, we consider the ideal

M(X) C Q.(k)

generated by the classes of smooth, projective k-schemes Y with dim(Y") < dim(X),
such that there exists a k-morphism Y — X. The follwing theorem follows imme-
diately from the generalized degree formula.

Theorem 2. For a morphism f:Y — X between smooth projective irreducible
k-schemes, one has

[Y] —deg(f) - [X] € M(X).

Finally, we deduce from the generalized degree formula a degree formula due to
M. Rost. For X smooth projective of dimension d, we set

Sd(X) - _degNd(Cla <o ,Cd)(TX) S Za

where Ny is the d-th Newton polynomial, T'x is the tangent bundle of X and
deg: CHo(X) — Z is the usual degree map. If d is of the form p™ — 1 where p is a
prime number and n > 1, then s4(X) is divisible by p. We have the following

Theorem 3. Let f: Y — X be a morphism between smooth projective varieties of
dimensions d > 0. Assume that d = p™ — 1 where p is a prime number and n > 1.
Then there exists a zero-cycle on X with integral coefficients whose degree is the
integer

sa(Y) sa(X)

p

— deg(f) -
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11. Cobordism and Chow groups
CHRISTIAN SERPE

Evidently the theory Q% := Q, ®p, Z is the universal additive Borel-
Moore weak homology theory on Sch/k. The main goal of this talk is to show
that this theory is isomorphic to the Chow theory. In the second part a filtration
on cobordism is given. We closely follow section 14 of [1]. For the hole talk we
assume that £ is a field of characteristic zero. By the universality of {2, and the

fact that the group law of CH, is additive we get a morphism

Lemma 1. Let X € Sch/k,Y € Sm/k irreducible and f : Y — X be a projective
morphism. Furthermore, let f(Y) — f(Y) be a resolution of singularities (i.e. the

morphism f(Y) — f(Y) is birational, projective and f(Y) € Sm/k). Then we
have

¥ L X = {deg(Y/f(Y))[f”(?) = Xz if dimY = dimf(Y)

H
0 otherwise.

Proof. Apply the generalised degree formula to [Y — f(Y')] and use the fact that
0 ~ 7, O

We denote by Z.(X) the free abelian group on the set of closed integral subschemes
for a scheme X € Sch/k, graded by dimension. We define a morphism

¢ Z(X) — Q(X) @0, Z

by ¢(Z) = [Z — Z — X]qaa, where Z — Z is a resolution of singularities of Z.
From Lemma 1 it follows that this is independent of the chosen resolution. We
have the following observation for the morphism ¢:
e The composition ¢ : Z.(X) — Q.(X) ®L, Z — CH,(X) is the canonical
morphism.
e ¢ is surjective (by Lemma 1)
e ¢ is compatible with projective push forward (by Lemma 1)

By using resolution of singularities and the fact that Q¢ has by definition the
additive group law one can deduce

Proposition 1. The morphism ¢ factors through rational equivalence.
So all together we have proven

Theorem 1. The canonical morphism

is an isomorphism of oriented Borel-Moore weak homology theories on Sch/k and
¢ induces the inverse.

From this one can deduce the following two corollaries.
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Corollary 5. For X € Sch/k the canonical morphism
18 an tsomorphism.

Corollary 6. Let X be a smooth scheme over k.
(1) If dim(X) =1 we have Q1 (X) ~ Ko(X).

~——

(2) If dim(X) = 2 we have Q) (X) ~ Ko(X) = ker(Ko(X) 25 HY (X, 7).

To get a filtration on Q. (X) for a X € Sch/k we define F("Q, (X) as the subgroup
of 2.(X) which is generated by classes [V’ Ix | with Y smooth, irreducible, and
dim(Y) — dim(f(Y)) > n. We have the following observations:

o FIMQO,(X) is a Q*(k) submodule of O, (X)

o FMQO, (k) ~ Qusn(k)

o FWQ,(X) ~ ker(Q.(X) — CH,(X) (by theorem 1)

From the generalised degree formula one can deduce
Theorem 2. Let X € Sch/k and n > 0. Then we have

FMQ(X) ~ Lesn Q. (X).
Now for the associated graded it follows

Corollary 7. For X € Sch/k there is a surjection
L, ®z CH, — Gr*Q.(X)
of bigraded abelian groups.

REFERENCES

[1] M. Levine and F. Morel, Algebraic Cobordism I. revised version.
http://www.math.neu.edu/~ levine/publ/Publ.html

12. Steenrod operations and other degree formulas
JENS HORNBOSTEL

Consider an Eilenberg-Steenrod cohomology theory E*( ) defined on
topological spaces such as singular cohomology H*( ,Z), topological K-theory
K*( ) or complex cobordism MU*( ). A stable cohomology operation of degree d
is a natural transformation of functors E* — E*T% compatible with the suspension
isomorphism. By the Brown representability theorem, the cohomology theory E*
is representable in the stable homotopy category SH by a spectrum E. It follows
that the ring of all stable E-cohomology operations is isomorphic to [E, S* AE|gy.
When E* = H*( ,Z/p) is singular cohomology with mod p-coefficients, then the
spectrum is called the mod p-Filenberg-Mac Lane spectrum and the ring of of
cohomology operations is called the mod p-Steenrod algebra and denoted by A7.
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Theorem 1. If p is a prime number, then A} is isomorphic to the Z/p-algebra

generated by elements P for alli > 1 of degree 2i(p—1) and 8 of degree 1 modulo
the Adem relations.

The element (3 is called the Bockstein. If p = 2, then the generators P* are tradi-
tionally denoted by S¢?'.

The action of stable cohomology operations on cohomology groups provides a re-
finement of cohomological invariants. Stable cohomology operations appear in
computations of stable homotopy groups of spheres via the Adams-Novikov spec-
tral sequence and in the construction of other orientable cohomology theories
from MU* via the Landweber exact functor theorem. See standard textbooks
on homotopy theory such as [6] for more details. Morel and Voevodsky ([5],

[7]) have constructed the stable Al-homotopy category SH(k) which is the al-
gebraic analogue of SH for algeraic varieties over a base field k. Moreover they
construct a motivic Eilenberg-Mac Lane spectrum that represents bigraded mo-
tivic cohomology H>,( ,7Z) and similar for finite coefficients (see [5],[7] and lec-

tures 16,17). Voevodsky [8] constructs stable bigraded cohomology operations
Pt H>( |Z[p) — H*HZ(’)_U’*H@_I)( ,Z/p) which conjecturally gener-

mot mot
ate the bigraded endomorphism algebra over H,.>> (k,Z/p) of the mod p-motivic
Eilenberg-Mac Lane spectrum in SH(k) if p does not divide char(k). He also es-
tablishes an isomorphism CH" (X)) & Hgﬁ)’f (X,7Z). The induced action of the P?
on CH, := CH,®7Z/p conjecturally coincides with the Steenrod operations which
Brosnan [1] constructed using equivariant Chow groups. They have been used by
Merkurjev to prove a certain degree formula [4, Theorem 6.4] and reprove some

results on quadrics (see lecture 13). In this lecture, we sketch another defition due

to Levine [2] of the action of Steenrod operations on CH" in char(k) = 0 based on
algebraic cobordism (which coincides with Brosnan’s in this case). From now on,
we fiz once and for all a prime p. Consider the functor CH,[b] := CH,[b1, b2, ...]

where b; is a variable of degree p’ — 1. Then there is a procedure to twist this
theory, that is its first Chern class and its pull-backs as in [2, section 4]. The
formal group law of this twisted theory C'H.,[b](*) is no longer additive, but it is
additive on the mod p-theory CH,[b]®®) by [2, Proposition 9]. Consequently, the
transformation S : Q. — CH, [b](b) factors as S : CH, — C’}I*[b](b). Considering
series of non-negative integers R = (rq,72,...), we may write S = >, Sgb® and
similar mod p. (Observe that S(; ¢, ..) corresponds to Pt.) The factorization of S
mod p implies [2, Lemma 11]:

Lemma 1. For all R # (0,0,...), Sr(Qs0(k)) is contained in p.CH,.(k)(= p.Z).

Hence for any smooth projective variety X of dimension |R| > 0 (where |R| :=
ri(p — 1) + ra(p? — 1) + ...), we see that Sg(X) is divisible by p. This applies
in particular to S, .. 0,1,0,...) With 1 in degree 7 which can be shown to coincide
with the s,:_; of [3, section 13] and lecture 10. We set sg := STR and show

that sp(X) = %deg(cR(—TX)) (modp) where cp is the twist of the first chern
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class and Tx is the tangent bundle of X. (This formula shows that Levine’s sg
equals Merkurjev’s RP.) As S(X xY) = S(X)S(Y), it follows [2, Lemma 12]
that sp(X xY) = 0 if X and Y are smooth projective varieties of dimension
> 1. Combining all this with the generalized degree formula [3, Theorem 13.6]
(see lecture 10), Levine [2, Theorem 13| can give a new proof of the degree formula
of Merkurjev mentioned above:

Theorem 2. Let f : Y — X be a morphism of smooth projective varieties over k
of dimension |R| for some R = (r1,72,...) as above. Then

sr(Y) = deg(f) - sr(X) mod (p, (X))

where 1(X) C Z is the ideal generated by the degrees of all field extensions of all
closed points of X.
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13. Some applications
STEFAN SCHROER

Let k be a ground field, X a smooth proper scheme, d = dim(X). Let
nx be the greatest common divisor for the numbers deg(x), where x € X ranges
over the closed points. Merkurjev considers numbers RP(X) € Z/nxZ defined as
follows [5]. Let p be a prime different from the characteristic of the ground field
k, and R = (r1,72,...,7,) be a finite sequence of integers r; > 0. Let cr be the
symmetrization of the polynomial

(X1 X )P (Kt oo Xy )P0
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which has degree deg(R) = >_7;(p* — 1). We may view the variables X; as Chern
roots and obtain for dim(X) = deg(R) a zero cycle cr(—Tx) € CHo(X). The
degree of cr(—Tx) is always divisible by p. Merkurjev defines

_ deg(cr(—Tx))

p
and calls the scheme X RP-rigid if RP(X) # 0. One should think of cgr(—Tx)
as an action of an element in the Milnor basis of the Steenrod algebra. Using
Brosnan’s definition of Steenrod operations on Chow groups [1], the definition
extends to proper schemes that are not necessarily smooth. Using the degree
formula RP(X) = deg(f)RP(Y) modulo ny for any f: X — Y, Merkurjev proves
the following:

RP(X) modulo nx

Theorem 1. Let o be a correspondence from X to Y, for example the graph
of a rational map. Suppose that X is RP-rigid, that v,(nx) < vp(ny) holds for
the p-adic valuations, and that p does not divide the degree of a over X. Then
dim(X) < dim(Y).

Using this result, Merkurjev gives short elegant new proofs for three results on
quadratic forms. The first result is due to Hoffman [2]:

Proposition 1. Let X and Y be two smooth anisotropic quadrics. Suppose
dim(X) > 2" — 1, and that Y becomes isotropic over the function field k(X).
Then dim(Y) > 2™ — 1.

The second result is due to Izhboldin [3]:

Proposition 2. Suppose in addition that dim(Y') = 2" — 1. Then X becomes
isotropic over the function field k(Y").

The last applicationdue to Karpenko [4]. Suppose X is a Brauer-Severi variety
admitting an Ox(2), and let Y C X be a smooth divisor with ideal isomorphic
to Ox(—2). Such Y is a twisted form of a smooth quadric, which are also called
involution varieties.

Proposition 3. Suppose the Brauer—Severi variety X contains no nontrivial lin-
ear subvarieties. Then the twisted quadric Y remains anisotropic over the function

field k(X).

Here a subscheme L C X is called linear if L ® k € X ® k is a linear subscheme
in the classical sense.
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14. Construction of pull-backs in algebraic cobordism, partl
ANIA OTWINOWSKA

The motivation for this talk (and the next one) was to prove that
* is the universal oriented cohomology theory on the category Sm/k of smooth
schemes over k, or equivalently that {2, is the universal oriented Borel-Moore
homology theory. This reduces to proving the existence of functorial pull-back
maps f* : Qu(X) — Quidim f(Y) for non-necessarily smooth maps f:Y — X
between smooth schemes over k. As any such f is the composition of its graph I'; :
Y — X x Y followed by the smooth projection pri : X x Y — X, one reduces
to the case where f is a closed embedding between smooth schemes, or more
generally a locally complete intersection map. Mimicking Fulton’s deformation
to the normal cone, one proves (see next talk) that it is enough to deal with the
case where f : D — X is a strict normal crossing divisor (SNC) : the irreducible
components of D are smooth, with smooth intersections of expected dimensions.
Given D = (L, s) a strict normal crossing divisor on X with support |D| (where
L denotes a line bundle on X and s: X — L a section) one would like to define
a pull-back

z(x) 2 o, (b))

(Y 5 XLy L) = (¢"D — D], Ly, Ly)
The following two problems can occur :
1) if ¢(Y') C | D] then the divisor ¢* D of |D| is not defined.
2) even if ¢(Y) ¢ |D|, the divisor ¢* D may not be smooth, or even SNC. To solve
these problems one first defines a modified cycle group :

Definition 1.
Z.(X)p =
<{(Y X, Ly, L) € Z,(X) | either ¢(Y) C | D] or ¢* D is SNC’}>

This in the subgroup of Z,(X) spanned by cycles in good position w.r.t. D.
Hence one can define the pull-back :

Definition 2.

D(.
Z.(X)p 24 a._.(D))

Y % DLy, , L)
iff(Y)c D
fP(Cl(L?V" ’Cl(LrD))([f*D - |f*D|]
iff(Y)Z D

(Yi}Xlef"aLT) =
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In the first part of the talk, one defines a modified cobordism group Q.(X)p

with a natural map Q. (X)p 2, 2, (X). The quotient group Q. (X)p is obtained
from Z,(X)p by mimicking the construction of {2, (X) from Z,(X). In the second
part we consider the diagram

and prove the

Theorem 1. The triangle

Z(X)p —»Q*(TX)D

D(.) v
Q—1(|D])

1s well-defined and commutative.

In part 2 the map A is shown to be an isomorphism, completing the proof of
existence of functorial pull-backs.
The key point is deformation to the normal cone.

15. Construction of pull-backs in algebraic cobordism, part 2
JORG WILDESHAUS

The purpose of this talk was to construct general pull-backs for 2.,
using the construction of the previous talk. It was first observed that this can be
done in various settings, of which the two most important ones are the following:
(1) arbitrary pull-backs for €. on the category Smy, (2) l.c.i.-pull-backs for €2,
on the category Schy. For (1), we just need the definition and basic properties
of Q.(X)p as developed in talk no. 14. For (2), we need to accept that a similar
definition, with analogous properties is still possible when X is only in Schy, and
the effective divisor D is not necessarily an NC-divisor.

We first stated the Moving Lemma:

Theorem 1. The canonical map
Ux : Qe (X)p — Qu(X)

18 an 1somorphism.
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Using this, we then proceeded to construct [.c.i.-pull-backs. Given the definition
of l.c.1., and the presence of smooth pull-backs, what remained to be done was to
construct pull-backs for regular closed immersions. The obvious solution for a
codimension one regular immersion 7p : D < X is to define the pull-back ¢}, as

-1
i (X)) 75 0.X)p 2Y e, (D)

where D( ) : Q. (X)p — Q._1(D) is the “intersection with the divisor D” defined
in talk no. 14.

For a regular closed immersion 7 : Z — Y, one follows Fulton’s method of defor-
maion to the normal cone. Consider the blow-up W of Y x P! along Z x 0, and
remove the proper transform of Y x 0, to get an open subset U of W. W projects
to Y, and it was explained how to produce elements in .41 (U) from an element
n € Q. (Y). This involves the surjectivity of the projective push-forward

Qi1 (W) — Qi1 (Y x P .

In fact, using localization, one shows that the push-forward is surjective for mor-
phisms associated to a blow-up along a regular immersion. Furthermore, one can
control the kernel. This shows that the elements in Q,41(U) produced from 7 all
have the same pull-back under 7y, where V is the intersection of U and the excep-
tional divisor in W. (¢}, is defined since V is a divisor in U.) One observes that V'
is the normal bundle of the immersion ¢. This bundle is of rank d, if d denotes the
codimension of ¢. The homotopy property then tells us that the pull-back induces
an isomorphism between Q. _4(Z) and Q,(V). Combining everything, one gets

QYY) — Qu_a(Z) .

Nothing was said about the properties needed to check that this construction in-
deed gives rise to a well-defined pull-back for [.c.i.-morphisms.
In the last part of the talk, we sketched the proof of the Moving Lemma.

16. The A'-homotopy approach to algebraic cobordism: Part One
OLIVER RONDIGS

Let k be a field. The goal, motivated by algebraic topology, is to represent
cohomology theories on Sm/k by objects in a triangulated category, the stable
motivic homotopy category. It is obtained by formally inverting certain maps of
stable versions of spaces over k. Smooth schemes over k are not flexible enough to
be used as spaces over k, since quotient space constructions do not make sense.

Definition 1. Let sSet be the category of simplicial sets (set-valued presheaves
on the category of finite non-empty ordinals and monotone maps). A space over
k is a functor A: (Sm/k)°P — sSet which is a sheaf for the Nisnevich topology on
Sm/k. Let Spc(k) be the category of spaces over k.
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The choice of the Nisnevich topology will be justified below. Any smooth scheme
X over k defines a representable space over k, denoted by X : (Sm/k)°P — sSet.
The value of X at Y € Sm/k is the discrete simplicial set Homgy, /5 (Y, X). This
gives a full embedding Sm/k < Spc(k). Any simplicial set K defines a constant
space over k, the Nisnevich sheafification of the functor Y — K. There is a notion
of pointed space over k, where a basepoint in A is a map Spec(k) — A. Adding a
disjoint basepoint to a space A over k produces A, = A][Spec(k). Let Spce(k)
be the category of pointed spaces over k. It is closed symmetric monoidal under
the smash product AA B = A x B/AV B, with unit T° = Spec(k).

Example 1. Let p: X — Y be a vector bundle in Sm/k, with zero section z: Y —
X. The Thom space Th(p) of p is the pointed space over k obtained as the quotient
of the inclusion X — z(Y) < X of spaces over k. Let T := Th(A' — Spec(k)).
Note that Th(p x q) = Th(p) ATh(q). In particular, T"™ is the Thom space of the
trivial bundle A™ — Spec(k).

Once the correct class of weak equivalences in Spc(k) is set up, Thom spaces
behave as in topology — see the analog of the tubular neighborhood theorem 1.

Definition 2. A map f: A — B of spaces over k is a stalkwise equivalence if
the maps f.: Ar — B, induced on stalks are weak equivalences of simplicial sets.
Recall that any simplicial set K has a nice topological space |K| as a geometric
realization, and a map g of simplicial sets is a weak equivalence if the induced map
lg| is a homotopy equivalence. Recall also that the stalks in the Nisnevich topology
are the henselizations of the local rings.

The stalkwise homotopy category H (k) of spaces over k is obtained by formally
inverting the stalkwise equivalences. It is not good enough for our goal, since Sm/k
still embeds fully in the stalkwise homotopy category. To see that H(k) is indeed
a category, one shows that stalkwise equivalences are part of a model structure on
spaces over k [2]. The internal hom on Spc(k) is compatible with the stalkwise
equivalences and thus induces an internal hom Homyy () (—, —) on Hs(k) [1].

Definition 3. A space C over k is Al-local if the projection AL, — X induces an
1somorphism
HO_HmS(k) (X,C) — HO_Hms(k) (A}(, C).

for every X € Sm/k. A map f: A — B of spaces over k is a weak equivalence if,
for every Al-local space C' over k, the induced map

Homyy (1) (B, C) — Homy 1y (4,C)
18 an 1somorphism.

The motivic unstable homotopy category H(k) of k is obtained by formally in-
verting the weak equivalences in Spc(k). The pointed version is denoted Hq (k).
As above, H(k) is a category, because weak equivalences belong to a model struc-
ture on Spc(k) [4]. Any stalkwise equivalence is a weak equivalence. The map
Al — Spec(k) is not a stalkwise equivalence, but a weak equivalence.
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Example 2. In H(k), P! is isomorphic to a suspension. The diagram

Al — {0} ——= Al

L

Al ——— P!

is a homotopy pushout square in which A' is contractible. Hence P' ~ S' A G,,,
where St is the simplicial circle and G, is the space over k represented by At —{0}
and pointed by 1. By collapsing A to the point Spec(k), one sees that Pt ~ T.

There are at least two good reasons for choosing the Nisnevich topology. One
is that any smooth connected scheme of dimension d has vanishing Nisnevich
cohomology in degrees > d. The other is the Homotopy Purity Theorem, which
is essentially due to the fact that any smooth pair Z <— X Nisnevich-locally looks
like A? < Adte. Tt fails in the Zariski topology.

Theorem 1 (Morel-Voevodsky). Let i: Z < X be a closed embedding in Sm/k,
and let q denote the normal bundle of i. In He(k) there is an isomorphism

X/X —i(Z) = Th(q).

One consequence of theorem 1 is the Gysin long exact sequence for any coho-
mology theory represented by a spectrum over k — see corollary 8. Another con-
sequence is a motivic Pontrjagin-Thom construction: Any projective connected
X € Sm/k of dimension d admits a vector bundle p of rank n over X such that

e Tany +p= 0" in Ky(X), and

e there is a non-trivial map T"*% — Th(p) in He(k).
Details may be found in [7, Section 2|. The latter indicates that a situation in
which smashing with 7' is invertible is desirable.

Definition 4. A spectrum E over k consists of a sequence (Ey, F1,...) of pointed
spaces over k, together with structure maps on: T N\ By, — Ep11 for every n > 0.
A map of spectra over k is the obvious thing.

Example 3.

e The sphere spectrum over k is given by the sequence I = (T°, T, T"?,...).
Every structure map is the identity. Similarly, any smooth scheme X over
k has a suspension spectrum L°X = (X, TA X, T2 AN X, ...).

o Let Spc(k)™ be the category of simplicial Nisnevich sheaves with trans-
fers (additive contravariant functors from the category of smooth finite
correspondences over k to the category of simplicial abelian groups [5]).
Forgetting the addition induces a functor u: Spc'™ (k) — Spc(k) which has
a left adjoint Z* : Spc(k) — Spc™ (k). Set HZ,, := uZ"(T""). Structure
maps of HZ are induced by the fact that w and Z are monoidal:

T ANHZy, — uZ™(T) ANuZ™ (T™") — uZ™ (T ANT™™) = HZp 4 1.

where the first map is unity A id
One may also deduce that HZ is a commutative ring spectrum over k.
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e Asin topology, there is a universal bundle v, of rank n obtained as the col-
imit over m of the tautological bundles ¥ — Gr,, (A™+™). Set MG, :=
colim,, Th(7]). The bundle pulls back to the direct sum " & O. By
example 1, this induces a structure map T N MGl,, — MG/l,, 1. Again
MGY is a ring spectrum over k.

There is an obvious notion of levelwise equivalence of spectra over k, which
produces a levelwise homotopy category Hievel(k). It is not stable, because the
suspension functor S A — does not induce an equivalence on Hieye1(k). To remedy
this, a coarser notion of equivalence of spectra over k has to be introduced.

Definition 5. Abbreviate Homy, 1) (T, —) by Qr. A spectrum G over k is an
Qr-spectrum over k if for any n > 0, the morphism G,, — QrGp,11 induced by
the structure map is an isomorphism in He(k). A map f: E — F of spectra over
k is a stable equivalence if, for any Qr-spectrum G over k, the induced map

Homp,,,, k) (F, G) — Homgy,_ () (E, G)
18 an isomorphism.

Formally inverting the stable equivalences in the category of spectra over k
produces the stable motivic homotopy category SH(k) of k. Again stable equiv-
alences are part of a model structure, so SH(k) is a decent category. Almost
by construction T'A —: SH(k) — SH(k) is an equivalence. Since T is itself a
suspension by example 2, SH(k) is then a triangulated category. The suspension
S1 A — induces the shift functor, and the triangles are induced by cofiber sequences
E <« F — F/E of spectra over k. The cyclic permutation on T"3 is homotopic
to the identity, thus SH(k) has a closed symmetric monoidal product which is
compatible with the triangulated structure [3]. The unit is the sphere spectrum.
Due to its excellent properties, SH(k) is the perfect place to shop around for
cohomology theories on Sm/k.

Corollary 8. Let E be a spectrum over k and X € Sm/k. Then
EP9(X) := Homgp (1) (E° X, SP I AT AN E)

defines a cohomology theory on Sm/k having the extended homotopy property and
long exact sequences of Gysin, Mayer-Vietoris and blow-up type.

Here is one example of a representable cohomology theory. See [6] for a proof.

Theorem 2 (Voevodsky). The cohomology theory represented by HZ coincides
with Bloch’s higher Chow groups.
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17. The motivic Thom spectrum MG/ and the algebraic cobordism
(=)
JOSEPH AYOUB

This is a report on a ”"work in progress” of F. Morel and M. J. Hopkins.
Their work is a step toward the identification of the motivically defined theory
MG¢?**(—) with the geometrically defined one Q*(—). Namely, they prove:

Theorem 1. For any smooth k-variety X the natural graded homomorphism
MGE**(X) — Q*(X) is surjective.

The plan of the lecture was:

(1) Some basic properties of MGY.
(2) The computation of MG¢***(k).
(3) Proof of the main theorem.

From now one, the base field k is fixed and all our varieties will be k-varieties. For
simplicity we shall assume k to be of characteristic zero.

1. SOME BASIC PROPERTIES OF MG/

In this first part, we transpose from the topological to the motivic context some
classical properties of the Thom spectrum. We denote by T' = A!/G,,, one of the
motivic spheres. When speaking about spectra, we shall always mean T-spectra.
The Al-homotopy category of spectra is a triangulated category denoted by SH(k)
(cf. Morel [1]).

Let us recall that as in algebraic topology, the motivic Thom spectrum is defined
by the collection: (S°, Th(v1),...,Th(v,),...) together with the usual assembly
maps. Here ~,, is the tautological vector bundle on the infinite Grassmanian of
n-planes. For a smooth variety X, we put MG 1(X) = [ X, MGL N\ Tp — 24]].

Lemma 1. MG/ is an oriented ring spectrum.

The proof is exactly the same as the classical one. It is based on the identifica-
tion of T'h(vy;) with the pointed space (P>, x).

As a consequence, we can define for a line bundle £ on X a first Chern class

c1(£) € MGF*1(X) by the composition: X L pe L MGEAT. Using this,

one obtain a projective bundle formula by the usual method, and then the other
Chern classes for vector bundles. This can be used to define the Thom classes:
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Definition-Construction 1. Let V/X be a vector bundle of rank r. The Thom
class t(V) of V lives in MGL?""(Th(V)). It is defined in the following manner:
Recall that one model of Th(V) is P(V + 1)/P(V). Thus one have a long exact
sequence (which breaks into short ones):

MG~ (Th(V)) MGe*(P(V + 1)) MGe*(P(V))

MGe*(k)[1,u,...,u"] MGe*(k)[1,u,...,u""1

We then define t(V) to be the element of the middle group equal to u” — cy.u™ 1 +

-+ (=1)"¢, where ¢; are such that the image of t(V) became zero in the last
group. The ezxactness of the sequence give us a unique anteced ent of t(V) in the
first group. This is the Thom class.

A consequence of this construction is:
Lemma 2. MG/ is the universal oriented ring spectrum.

Indeed let E be such a spectrum. The construction above still make sens for F.
In particular if we take the Thom classes of v,, we get maps: Th(y,) — EAT"
yielding the unique map of spectra MG/ —— E. Later on, we shall apply this to
E = HZ, the motivic cohomology spectrum, to get the morphism: MG¢ +— HZ.
The next step of our study is the Thom isomorphism. Let V/X be a vector bundle
of rank r. Define (as in topology) the reduced diagonal: Th(V) — Th(V) A X+
using the pull-back square:

Yy —=V x0

.

X -2 XxxX

Theorem-Definition 1. For any oriented ring spectrum E, the following com-
position:

EANTh(YV) —=EANTh(V)AXy —=EANENT"ANXy ——=FENT"NX4
18 an tsomorphism. It is called the Thom isomorphism.

Roughly speaking, the above result says that an oriented ring spectrum does
not make the difference between the Thom space of a non trivial vector bundle
and the Thom space of a trivial one with the same rank. A consequence of that is
a natural isomorphism: E**(Th(V)) = E*72"*~"(X).

We end this section by constructing transfers map for MG¢?**(—). It is sufficient
to consider the case of a closed immersion and the projection of a projective space
over X. The second case follow easily from the projective bundle formula. For a
closed immersion we need to use the Thom isomorphism. Indeed, let 7 : Y C X be
a closed immersion. We denote by v;, vx and vy the normal bundles of i, X and
Y. Note that vx and vy are not vector bundles in the usual sens but only virtual



918 Oberwolfach Report 16,/2005

one (that is of negative rank). As in topology, we can form the composition in
SH(k): Th(vx) —Th(i*vx ®v;) == Th(vy) When applying E** we get
a map in the opposite direction: E**(Th(vy)) — E**(Th(vx)). Now using the
Thom isomorphism, we have the identifications

E*’*Th(VY) ~ E*+2dy,*+dy (Y) and E*7*Th(VX) ~ E*+2dX7*+dX (X)

Where dx and dy are the dimension of X and Y. Then denoting ¢ = dx — dy
the codimension of Y in X, we obtain the wanted transfer map: E**(Y) ——
E*T2ex¥e(X). As a consequence, E***(—) is an oriented Borel-Moore cohomol-
ogy theory. In particular using the universality of 2*(—) we get the natural ho-
momorphism in Theorem 1.

2. THE COMPUTATION OF MG/#***(k)

The main step of the proof of Theorem 1 is the following proposition:

Proposition 1. The canonical homomorphism given by the formal group law:
L. — MG{=27*(k) is an isomorphism.

The injectivity of the above homomorphism is easy: one use for example a
complex realization. There is also a purely algebraic proof based on a Quillen
trick... The main difficulty is to show the surjectivity. For this one need a difficult
lemma:

Lemma 3. The canonical morphism of spectra: MGl —— HZ induce an isomor-
phism!:
MGl/(xq,. .., 2pn,...) —> HZ

Where x; are generator of the Lazard ring.

Assuming Lemma 3, the proof of Proposition 1 goes by induction on *. The
point is that for N > 0, one have [T", HZ] = 0 by Voevodsky cancellation theo-
rem. Using a stability argument,the Lemma 7 implies that

TN, MG{/(x1,...,25)] = 0.
Then if we apply [T, —] to the distinguished triangle:
MGl/(x1,...,2n_1) NTN Z5% MG/ (21, ...,an-1) — MGE/(x1,...,xN) —

we get a surjection: xx : Z —— MGL2N=N /(zy,... xn_1)(k). Using the induc-
tion hypothesis, one deduce that: Ly —— MG¢—2V:=N(k) is indeed a surjection.

IThe quotient ring spectrum MG£/(x1,...,Tn,...) is not so easy to construct. Some serious
technical difficulties arise if one try to do this naively. One way to overcome these difficulties is
to work in a category of MG/-modules.
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3. PROOF OF THE MAIN THEOREM

A consequence of Proposition 1 is that MG#?**(—) is generically constant. More-
over, we have a weak form of the localization property, namely: given a smooth
pair (Y C X) with Y of codimension ¢, one have an exact sequence:

MGE*720* 7Y ) ——= MGL***(X) —— MG/**(X - Y)

These properties suffices to derive a generalized degree formula (see [2], [3])
for MG¢?***(—). In particular, this implies that MG¢***(X) is generated as a
MGe=2%7*(k) = Ly-module by cobordism cycles: [Z — X] with Z a desingular-
ization of a closed subset of X. This clearly implies Theorem 1.
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