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ABSTRACT. LZ2-spectral invariants play an increasingly important role in the
analysis of infinite geometric objects allowing for the action of a group. Typ-
ical such objects are covering spaces like Riemannian manifolds and graphs.
The aim is to understand the group and the geometry of the object. The as-
sociated L2-invariants can all be derived from the integrated density of states
—also known as spectral distribution function— of a suitable geometrically
induced equivariant Laplacian. On the other hand, the integrated density
of states is also a most prominent quantity in the study of Laplacians with
additional (dis)order included. Such operators arise in Mathematical Physics
and are known as random Schrédinger operators or more general equivariant
Hamiltonians. Here, the aim is to understand spectral consequences of the
underlying (dis)order.

While overall aims and specific perspectives on the integrated density
of states may be somewhat different, it turns out that typical questions in
both contexts concern its computation by averaging procedures, its continuity
features at certain points of the spectrum and some logarithmic integrals.

Mathematics Subject Classification (2000): IMU-classifications : 13, 4, 9.
Introduction by the Organisers

Both the study of L2-spectral invariants in geometry and the investigation of the
integrated density of states in mathematical physics have attracted much attention
in recent years. While the two topics are strongly related, the corresponding
communities are rather unaware of each others work and methods. The main aim
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of this mini-workshop was to bring together people from both fields and provide
a basis for interaction.

Accordingly, the first two days of the conference were spent with survey talks
solicited by the organizers to highlight concepts and methods. There were 9 such
talks with durations between 60 and 90 minutes. The second half of the conference
was devoted to more detailed investigations. Most participants used the opportu-
nity to present their current research in the area of the meeting. There were 13
such talks.

The results presented in those talks contained significant contributions e.g. to
the Atiyah conjecture about integrality of L2-Betti numbers for a completely new
class of groups by Peter Linnell, a mathematically rigorous derivation using von
Neumann traces of the asymptotics of the specific heat near absolute zero by
Mikhael Shubin, and approximation results for the integrated density of states in
various new contexts.

Altogether the conference was attended by 17 participants.
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Abstracts

The Wegner estimate: an overview and recent results
PETER D. HISLOP
(joint work with Jean-Michel Combes, Frederic Klopp)

The Wegner estimate plays a key role in the proof of the continuity properties
of the integrated density of states (IDS) [5, 14], and in the proof of Anderson
localization using multiscale analysis [1, 3, 16, 18, 17, 19]. It is a simple statement
on the probability that the eigenvalues of a local random Hamiltonian are close
to a given energy. In order to describe this, let H, be a random Schrodinger
operator on L2(R?). We let H, denote the local random Hamiltonian obtained
by restricting H, to A with self-adjoint boundary conditions. For a fixed energy
Ey and any € > 0 small, the Wegner estimate [24] is the bound

(1) P{dist(c(Ha), Ey) < €} < Cye®|AlP,

for exponents 0 < o < 1, and 0 < . For purposes of studying the IDS, the
exponent 3 = 1 is necessary in order to control the thermodynamic limit. Under
that condition, the exponent o determines the Holder continuity of the IDS.

In Wegner’s original work, estimate (1) with a = 8 = 1 was proved for lattice
models on ¢2(Z?) with Hamiltonians of the form H, = —A+V,,. The nonrandom
operator Hy = —A is the finite-difference Laplacian, and V,, is the random poten-
tial given by (V,,f)(n) = w, f(n). The family {wy, },,cza is a family of independent,
identically distributed random variables. Wegner assumed that the random vari-
able wy is distributed with a density ho of bounded support so that the probability
measure is dpg(s) = ho(s)ds. Much work in recent years has been devoted to prov-
ing Wegner’s estimate for more general random Hamiltonians (see [20] for a review
of some of the progress). These include Hamiltonians on the continuum with more
general random potentials. For random families of Hamiltonians on L?(R?) of the
form H,, = Hy+V,, there are two basic classes of random potentials V,, for which
an estimate of the form (1) has been proven: Potentials that are Z%ergodic, and
those that are R%-ergodic. The first class includes Anderson-type random poten-
tials, such as on the lattice, that are determined by a family of random variables
{w;} and, for models on RY, a single-site potential u. They have the form

() Vo(z) = D wiul(z = j).
jez4

The strongest results require that u be sign-definite, although there are results
for nonsign definite u such as [13] and [21]. Much less is known about R%-ergodic
random potentials. A Wegner estimate of the form (1) was proven for Gaussian
random potential in [11] and [15]. Recently, Bourgain and Kenig [2] proved Ander-
son localization for the Bernoulli-Anderson model for which the random variable
wo takes the values 0 or 1 with equal probability 1/2. This singular distribution
forced these authors to develop a new Wegner-type estimate based on multiscale
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analysis. Another important R?-ergodic model is the Poisson model for which
the impurities are distributed according to a Poisson process. A classic Wegner
estimate of the form (1) does not hold for this model either [12].

Returning the Z%ergodic Anderson-type potentials for random Schrédinger op-
erators on R?, a special case of our most recent result [6] is an optimal Wegner
estimate for which 8 = 1 and « is the Hélder exponent of the single-site probability
measure po. This implies that the integrated density of states (IDS) of random
Schrédinger operators with Anderson-type potentials on L2(R9), for d > 1, is lo-
cally Holder continuous at all energies with the same Holder exponent 0 < a < 1
as the probability measure for the single-site random variable. In particular, if the
probability distribution is absolutely continuous with respect to Lebesgue mea-
sure with a bounded density, then the IDS is Lipschitz continuous at all energies,
that is @« = 8 = 1 as in Wegner’s original lattice result. The single-site poten-
tial u € LE°(R?) must be nonnegative and compactly-supported. The unperturbed
Hamiltonian Hy must be periodic and satisfy a unique continuation principle. This
work also includes proofs of analogous continuity results for the IDS of random
Anderson-type perturbations of the Landau Hamiltonian in two-dimensions, cf.
[4, 8, 22, 23].

The new Wegner estimate for local random Hamiltonians with Z%ergodic And-
erson-type potentials (2) and general single-site probability measures pg has the
following form. For any € > 0, we define, as in [19], s(uo, €) as

(3) s(po,€) = sup po([E, E + €]).
EeR

For Holder continuous probability measures, that is, those for which po([Eo, Eo +
€]) < Cpye®, we have s(po,€) < Oy €. In applications to continuity of the IDS or
Anderson localization, the rate of vanishing of s(ug,€), as € — 0, is essential. If,
for example, pg is concentrated on a discrete set, our results do not provide this
control. Indeed, we note that for a probability measure pg, we have s(ug,€e) — 0
when € — 0 if and only if g is continuous with respect to the Lebesgue measure.
We prove the following optimal Wegner estimate, generalizing (1),

P{dist(c(Hyp), Eo) < €} < E{TrEx([FEo—¢, Eo+€])}
(4) < Cws(po, 2¢)[Al.

This implies, under the assumption that the probability measure is Hélder contin-
uous, the following continuity result on the IDS,

(5) 0 < N(E+¢€)— N(E) < Cps(po, ).

The proof of this result (4) employs a new spectral averaging result (cf. [9])
of the following form. Let u;j(z) = u(x — j), and let H(w;) = H;1 + wju?, be a
one-parameter family of operators, where H;. is Hy with w; = 0. Let Ep € R
be fixed and arbitrary, and consider an interval A, = [Fy, Fy + €], for some fixed
0 < e < co. We then prove

(6) /A dE/O dpo(w) (¢, u; ( . >U§¢> < 2ms(po, €) || 6],

T N
Hj —|—wjuj E — e
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The proof of (6) is based on an abstract estimate of the form. Let A and B be two
self-adjoint operators on a separable Hilbert space H, and suppose that B > 0 is
bounded. Then, for any ¢ € H, we have the bound

(7)), sup (B, 1

Be) < «(|B|l + | BII*)|I¢l*.
nez YEN.1] (A—i—(n-|-y)B)2+1 > (H H H H )H H

An application of these results to pointwise bounds on the expectation of the
spectral shift function (cf. [10]) is presented in [7].
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Survey of analytic L?-invariants
JOZEF DODZIUK

L2 Betti numbers were defined by Atiyah [1] in the following context. Let M be
a complete Riemannian manifold with an isometric, free action by a discrete group

I so that the quotient M = I'\ M is compact. The space H?z) (M) of L?>-harmonic

p-forms is a closed subspace of the Hilbert space L2AP (~]\~4 ) of square integrable
forms of degree p. The orthogonal projection P : L2AP(M) — H1(92) (M) belongs
to the von Neumann algebra N, (M) of bounded operators on L?AP(M) that
commute with the action of I'. This algebra has a trace trr and the L2?-Betti
numbers are defined as
p
b2
This definition is a part of a more general setup. Let A, denote the Hodge-
Laplace operator acting on p-forms. A, is essentially self-adjoint and, for every
A >0, xj0,7](Ap) belongs to N, (M). The spectral density function N, (A) is defined
as

(M) = dimrHé)M) = trpP.

Np(A) = troxpo (Ap)-
Note that b1(92)(]\~4) = Np(0). The operator x[o,(Ap) has a smooth distributional
kernel ky(z,y) and

Np()\):/ftr@/@\(aj,x)dv

where the integration extends over a nice fundamental domain F for the action of
I' and trc denotes the ordinary matrix trace.
Other L?-invariants are defined in terms of the spectral density functions. Thus
Novikov-Shubin invariants [6], [7] are given by
y In(Np(A) — Np(0))

ap(M) = 1iAm sup 5

if Ny(A) — N,(0) >0 for all A > 0. We set «, (M) = oo™ otherwise.
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The determinant of A, is defined in terms of N,(\) as

o0

IndetrA, = / In A Np(A).
0+
¢ function regularization has to be used in order to handle the integration at
infinity and one makes an added assumption that the integral converges at the
lower end. Manifolds for which this holds are said to be of determinant class and
include all manifolds for which the Novikov-Shubin invariants are positive. Once
the determinants are defined, one defines the L?-torsion as

~ 1
(M) = 5 > (=1)PplndetrA,.
P

L?-Betti numbers and Novikov-Shubin invariants are homotopy invariants. One
way of proving this (which paved the way for defining the combinatorial L2-
invariants) is to prove that they are equal to their combinatorial counterparts
(cf. [3] and [4]) and then prove the invariance of these combinatorial objects.
Equivalence of analytic L? and topological L?-torsions is a deep result of [2].

The most important open problems in this field are what values do the L2-
invariants have.

e Atiyah’s Conjecture The original question of Atiyah [1] was whether
there exists a regular covering M of a compact compact manifold M such
that the L2-Betti numbers are irrational. The answer depends only on
the group I' and is negative for a very large class of groups. The problem
remains open despite considerable progress. See [5, Chapter 2].

e Novikov-Shubin invariants There is a circumstantial evidence that
Novikov-Shubin invariants are positive rationals but no clear reason why
that might be true. In all cases where the invariants have been computed
they are positive rationals or co™.

e Determinant conjecture asserts that detrA, > 0 in the context de-
scribed above. The determinant conjecture follows from the conjecture
about Novikov-Shubin invariants above.
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Combinatorial L2-Betti numbers
GABOR ELEK

The goal of the talk is to review the classical results of L?-theory in the context of
dimension theory. Let R be a ring, a dimension is a function on the left modules
over R satisfying the following properties.

e dimp(0) = 0, dimgr(R") = n, dimgr(M) > 0 for any R-module M.
The dimension function might take infinite values.

o If M ~ N, then dimr(M) = dimgr(N).

e If0 = M - N — P — 0 is an exact sequence of R-modules, then
dimp(M) 4+ dimg(P) = dim(N).

o dim(M) = suppc s dimp(P), where the supremum is taken over all fi-
nitely generated projective modules contained in M.

If K is a field or a skewfield, then the usual notion of dimension is a dimension
function, taking only integer values. For matrix rings R = Mat,x,(K) one has
dimp(M) = J5dimg (M) taking dyadic rational values. In the late thirties John
von Neumann gave examples of rings with dimension theories with arbitrary real
values. His first example is the rank closure of the direct limit ring [1], his sec-
ond class of examples are the group von Neumann algebras [2]. Using dimension
theory one can define Betti numbers for simplicial coverings [2]. Let K is a simpli-
cial complex with a free and simplicial I'-action, where K /I is a finite simplicial
complex. Let us consider the simplicial cochain complex:

(1) COK) % Y E) S - L oK)
Then it is a complex of CT'-modules, hence one can tensor it with the von Neumann
algebra NT. The resulting complex is the L?-cohomology complex:

1d®d

) NT © CO(R) ‘3% NT @ C(K) 487 ... 193¢

= NI'eC" (f? )
The dimensions of the cohomologies of the complex above are the L2?-Betti num-
bers. In the talk, we reviewed the properties of these numbers.
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Lifshitz tails
FrREDERIC KLOPP

On L?(R%), consider a homogeneous ergodic alloy-type random Hamiltonian
Hw = H() -+ Vw

where the background operator Hy is, e.g. a Z%periodic Schrédinger operator and
the random potential is given by

V(@)= Y wV(z—7)

v€EZ?

where V' is any non-negative compactly supported single site potential, and the
(wy)~ are non trivial, i.i.d. random variables.

One defines the integrated density of states (“IDS”) of H,, in the usual way.
Namely, for any energy FE, one shows that the limit

(E) = |A|h—>n—il-oo ’Tl‘ﬂ{eigenvalues of H,p < E}

exists; here, the operator H, 5 is H,, restricted to the cube A. It defines a non
decreasing, non random function of energy E. The almost sure spectrum of H,, is
the set of growth points of .

The main purpose of the talk is to present and explain the behavior of the IDS
at spectral edges. In many cases, it consists in a very fast decay which goes under
the name of “Lifshitz tails”.

We concentrate on the heuristics that explain the Lifshitz tails and underline the
importance of the local uncertainty principle induced by the background Hamil-
tonian Hy. We also explain the importance of the various assumptions on the
model in particular the sign definiteness of the single site potentials. Finally, we
discuss some technical tools (mainly from the theories of partial differential oper-
ators and of Schrodinger operators) that can be used to draw rigorous results and
proofs along the lines given by the heuristics. We discuss open questions.

REFERENCES

[1] K. Broderix, D. Hundertmark, W. Kirsch, and H. Leschke. The fate of Lifshits tails in
magnetic fields. J. Statist. Phys., 80(1-2):1-22, 1995.

[2] L. Erdés. Lifschitz tail in a magnetic field: the nonclassical regime. Probab. Theory Related
Fields, 112(3):321-371, 1998.

[3] L. Erdés. Lifschitz tail in a magnetic field: coexistence of classical and quantum behavior
in the borderline case. Probab. Theory Related Fields, 121(2):219-236, 2001.

[4] W. Kirsch and B. Simon. Lifshitz tails for the Anderson model. Journal of Statistical Physics,
38:65—76, 1985.

[5] F. Klopp. Internal Lifshits tails for random perturbations of periodic Schrédinger operators.
Duke Math. J., 98(2):335-396, 1999.

[6] F. Klopp. Internal Lifshitz tails for Schrédinger operators with random potentials. Jour.
Math. Phys., 43:2968-2958, 2002.

[7] F. Klopp and L. Pastur. Lifshitz tails for random Schrédinger operators with negative sin-
gular Poisson potential. Comm. Math. Phys., 206(1):57-103, 1999.



522 Oberwolfach Report 9/2006

[8] F. Klopp and T. Wolff. Lifshitz tails for 2-dimensional random Schrédinger operators. J.
Anal. Math., 88:63-147, 2002. Dedicated to the memory of Tom Wolff.
[9] I. M. Lifshitz. Structure of the energy spectrum of impurity bands in disordered solid solu-

tions. Soviet Physics JETP, 17:1159-1170, 1963.

[10] I. M. Lifshitz. Energy spectrum structure and quantum states of disordered condensed sys-
tems. Soviet Physics Uspekhi, 7:549-573, 1965.

[11] I.M. Lifshitz, S.A. Gredeskul, and L.A. Pastur. Introduction to the theory of disordered
systems. Wiley, New-York, 1988.

[12] G. Mezincescu. Lifshitz singularities for periodic operators plus random potentials. Journal
of Statistical Physics, 49:1081-1090, 1987.

[13] H. Najar. Lifshitz tails for random acoustic operators. J. Math. Phys., 44(4):1842-1867,
2003.

[14] S. Nakamura. Lifshitz tail for 2D discrete Schrodinger operator with random magnetic field.
Ann. Henri Poincaré, 1:823-835, 2000.

[15] S. Nakamura. Lifshitz tail for Schrodinger operator with random magnetic field. Comm.
Math. Phys., 214:565-572, 2000.

[16] L. Pastur and A. Figotin. Spectra of random and almost-periodic operators, volume 297 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathemati-
cal Sciences]. Springer-Verlag, Berlin, 1992.

[17] B. Simon. Lifshitz tails for the Anderson model. Journal of Statistical Physics, 38:65-76,
1985.

[18] B. Simon. Internal Lifshitz tails. Journal of Statistical Physics, 46:911-918, 1987.

[19] P. Stollmann. Lifshitz asymptotics via linear coupling of disorder. Math. Phys. Anal. Geom.,
2(3):279-289, 1999.

[20] P. Stollmann. Caught by disorder, volume 20 of Progress in Mathematical Physics.
Birkhauser Boston Inc., Boston, MA, 2001. Bound states in random media.

[21] A-S. Sznitman. Lifshitz tails and Wiener sausages. I. Journal of Functional Analysis, 94:223—
246, 1990.

[22] A-S. Sznitman. Brownian motion, obstacles and random media. Springer Monographs in
Mathematics. Springer-Verlag, Berlin, 1998.

Multi-scale Analysis and Localization
PETER STOLLMANN

This talk gives an outline of mathematical work concerning a phenomenon promi-
nently encountered in the physics of disordered systems and known under the
name of localization. A starting point was the explanation of the suppression
of effective transport in disordered media by P.W. Anderson who used random
Schrodinger operators in his analysis in the late '50s. Multi-scale analysis here
means an inductive scheme to prove exponential off-diagonal decay of the Greens
function of the problem. This method has been developed in the early '80s on
a rigorous mathematical level, [8, 7] and uses ideas from percolation theory. Of
the more recent progress, let me mention [4, 10, 9], where new models are treated
and a strengthening of the method has been obtained. A different way of proof
is the Aizenman-Molchanov [1] or Fractional Moment Method, for which there is
now a version in the continuum as well: see [3, 2, 5]. For monographs on random
Schrodinger operators, covering a great deal of the literature up to the year 00 we
refer to [6, 11, 12].
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L?-Betti numbers and measure equivalence
THOMAS SCHICK

This is a survey talk, reporting on work of Damian Gaborieau and Roman Sauer
about L?-Betti numbers and measure equivalence. It shows that even in the geo-
metric theory of L2-invariants, probability theory enters, albeit here in a rather
deterministic way.

The main references are [1], in some sense the original article on the subject,
and [3, 4] which introduce the (different) approach we mainly describe in the talk.
A recommended gentle introduction (without too many details of proofs) is [2].

Two countable discrete groups G, H are called orbit equivalent if they have
equivalent standard free Borel actions. Here, a standard free Borel action is a
measure preserving action on the standard Borel probability space ([0, 1], Lebesgue
measure) such that for every group element the fixed set has measure zero. Two
actions are orbit equivalent if there is a measure preserving Borel-automorphism
a of the measure space such that almost every orbit of the first action is mapped
onto an orbit of the second action.
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If two groups are orbit equivalent then they are measure equivalent, i.e. they
admit commuting free Borel actions on a common measure space with Borel fun-
damental domains of finite positive measure.

The talk was mainly concerned with the following theorem due to Damian
Gaboriau:

Theorem: If G, H are two countable discrete groups which are orbit equivalent,
then their L*-Betti numbers coincide, i.e. bf)(G) = b,(f)(H) for all k > 0.

We present the proof of this theorem as given by Roman Sauer. Its main steps
are the following. First, one introduces a couple of algebras for a standard Borel
free group action as above. These play the role of the complex numbers, the group
algebra, and the von Neumann algebra of the group. It is important that they
depend only on the orbit equivalence relation, but not on the group.

Secondly, using homological algebra, one defines L2-Betti numbers for an orbit
equivalence relation; using also a finite trace on the von Neumann algebra intro-
duced. One should note that L2-Betti numbers of groups can be defined in quite a
similar way, using the algebras associated to the group instead of the equivalence
relation.

The main step is then to prove that the L2-Betti numbers of a group and of an
orbit equivalence relation generated by a group coincide. This uses the similarity
of the definitions, together with more homological algebra, and a great dose of
dimension theory for von Neumann algebras.

One should note that this is only an equality on the level of dimensions. Novikov-
Shubin invariants are e.g. not invariants of orbit equivalence.
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K-theorie, Gap-Labelling and Quasicrystals
JOHANNES KELLENDONK

I gave a review about the Gap-Labelling for aperiodic systems. Further infor-
mation including citations can be found in [1]. Quite generally, under gap labelling
one may understand an order preserving map from Gap(H ), the set of gaps in the
spectrum of a Schrodinger operator H with its natural order, into a countable
ordered group. This ordered group may have to be more complicated than the
integers, in case one has a complicated spectrum (e.g. a Cantor spectrum).
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The first approach was that by Johnson and Moser for Schrédinger operators
on the real line. Let a(E) be the density of zeros of a real solution ¢ of Hy = E1.
When working with the hull of the potential and assuming that it carries an
ergodic probability measure this density can be obtained as an average. « is
monotonically increasing and constant on gaps. Thus it defines an order preserving
map Gap(H) — R and one is interested in finding a countable discrete subgroup
of R which contains its image. Johnson and Moser calculated this group for almost
periodic potentials obtaining the so-called frequency module.

The K-theoretical approach which was proposed by Bellissard works with the
spectral of projections Pa of H on its states below the gap A € Gap(H). If A is
a C*-algebra which has the property that it contains all bounded functions of H
vanishing at infinity then these spectral projections belong to A. The ordered K-
group of A may serve as the target space of the gap-labelling map which assigns to a
gap A the Ky-class [Pa] of the spectral projection. This approach has two benefits:
first, A can be constructed so as to reflect the (aperiodic) order of the solid, and
second, Ky(A) is a topological invariant thus insuring a kind of stability of the
gap-label under perturbations. This is the abstract K-theoretical gap-labelling
which can be completed to a gap-labelling by real numbers if one chooses a trace
7 on A. The choice of the trace reflects the physical phase in which one supposes
the material to be. The trace induces a state 7. on the ordered Kjy-group and
when composed with the map above gives a gap-labelling into the real numbers,
A — 7,[Pa]. The gap-labelling group is by definition 7.(Ky(A)). Similar as for
the Johnson and Moser gap-labelling ergodicity properties on the trace identify
the gap-label of a gap with the value of the integrated density of states (IDS) at
the gap.

The choice of A is crucial. Taking A to be the algebra of bounded functions
of H vanishing at infinity is useless, as its K-theory is not only uncomputable in
the interesting cases but also does not contain much structure. For an aperiodic
system the algebra A can be constructed from the aperiodic structure. In fact, for
an aperiodic system the Hamiltonian is typically of the form H = —A 4+ V with
V(z) = >_,cpv(z —y). Here v is a local potential with short enough range and
P the aperiodic configuration, for instance, the set of equilibrium positions of the
atoms of an aperiodic solid. P is typically uniformly discrete. We suppose it is of
finite local complexity, , i.e. for all R the set of R-patches {(Br(z)NP)—z|z € P}
is finite. V' is an example of a P-equivariant function. In general we call a function
f on the euclidean space P-equivariant with range R if (Br(x)NP)—x = Bgr(y)N
P) —y implies f(z) = f(y). Let Cp(RY) be the sup-norm closure of all continuous
complex valued P-equivariant functions with finite range. It carries an R? action
by translation. Then the algebra of the aperiodic structure described by P is the
corresponding crossed product algebra Ap = Cp(R%) x R

The gap-labelling theorem for this case states that the gap-labelling group
T«(Ko(Ap)) is the countable subgroup of the real numbers generated by the rel-
ative frequencies of the local patches in P [2]. This supposes that the relative



526 Oberwolfach Report 9/2006

frequencies can be defined and, via ergodicity arguements, related with the trace
T on A.

It is not clear how to measure directly a gap label, i.e. the IDS at a gap.
Measuring it at a gap would require measuring the density of states for all energies
below the gap. There is, however, a quantity which equals the IDS at the Fermi
energy, provided the latter lies in a gap, and which has only to be measured near
the Fermi energy. This is the pressure per unit energy (a compressibility) on the
boundary of the system. Its relation with the IDS is topological, it can be obtained
by non-commutative topological methods [3].
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Spectral asymptotics of Laplacians on bond-percolation graphs
PETER MULLER

This talk is based on joint work with Werner Kirsch [6] and Peter Stollmann [8].

Spectral theory of random graphs is still a widely open field. The recent con-
tributions [1, 3, 7, 2, 4] take a probabilistic point of view to derive heat-kernel
estimates for Laplacians on supercritical Bernoulli bond-percolation graphs in the
d-dimensional integer lattice Z¢. On the other hand, traditional methods from
spectral theory are used in [6] to investigate the integrated density of states of
Laplacians on subcritical bond-percolation graphs. Depending on the boundary
condition that is chosen at cluster borders, two different types of Lifshits asymp-
totics are found [6] at the lower spectral edge E = 0 and the upper spectral edge
E = 4d. For example, the integrated density of states of the Neumann Laplacian
behaves as

(1) “ Nx(E) — Nn(0) ~exp{—E~Y2}”  as E |0

at the lower spectral edge for bond probabilities p below the percolation threshold
pe. The quotation marks in (1) indicate that, strictly speaking, one should take
appropriate logarithms on both sides. The Lifshits exponent 1/2 in (1) is indepen-
dent of the spatial dimension d. This is explained by the fact that, asymptotically,
Ny is dominated by the smallest eigenvalues which arise from very long linear
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clusters in this case. In contrast, for the Dirichlet Laplacian and p < p., we show
that

(2) “Np(E) ~exp{—E~4?}”  asE 0.

Note that Np(0) = 0. The Lifshits exponent in (2) comes out as d/2, because the
dominating small Dirichlet eigenvalues arise from large fully connected cube- or
sphere-like clusters. Thus, depending on the boundary condition (and the spectral
edge) different geometric graph properties show up in the integrated density of
states. The reader is referred to the literature cited in [6] for a discussion of other
spectral properties of these and closely related operators, for the history of the
problem and what is known in the physics literature. Lifshits asymptotics for a
Neumann Laplacian on Erdés—Rényi random graphs are studied in [5].

Let us now turn to the supercritical phase of bond-percolation graphs. Clearly,
one would not expect the contribution of the finite clusters to alter the picture
completely. But for the infinite percolating cluster, the story is different. We prove
in [8] that the percolating cluster produces a van Hove asymptotics

(3) “ NN(E)— Nn(0) ~ EY27 as E |0

in the Neumann case for p > p.. There is also an additional Lifshits-tail behaviour
due to finite clusters, but it is hidden under the dominating asymptotics (3).
Loosely speaking, (3) is true because the percolating cluster looks like Z? on very
large length scales (bigger than the correlation length) for p > p.. On smaller
scales its structure is more like that of a jagged fractal. The Neumann Laplacian
does not care about these small-scale holes, however. All that is needed for (3) to
be true is the existence of a suitable d-dimensional, infinite grid. In contrast, the
Dirichlet Laplacian does care about holes at all scales so that (2) continues to hold
for p > p. [8]. The reason for this is that low-lying Dirichlet eigenvalues require
large fully connected cube- or sphere-like regions, and this is a large-deviation
event.
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Spectral invariants of symmetric spaces via representation theory
MARTIN OLBRICH

Let X = G/K be a Riemannian symmetric space of the noncompact type. Here
G is a real, connected, linear, semisimple Lie group without compact factors, and
K C G is a maximal compact subgroup. It is the universal cover of compact locally
symmetric spaces of the form Y = I'\ X, where I' & 71 (Y') can be identified with
a discrete, torsion-free, cocompact subgroup of G. In this talk we are going to
discuss spectral invariants of the p-form Laplacians A, acting on L?(X, APT*X)
(with respect to I'):

bP(Y) = dimp(kerA,) (L*Betti numbers)
ap(Y) = sup{f] Trre 4 = O(t_g) ast — oo}
(Novikov-Shubin invariants) ,
1
Ay = 5 > (=1)P*'p logdetr(A])  (L2-torsion) .

Here A}, denotes the restriction of A, to the orthogonal complement of ker A,,.
We write o, (Y) = oo™ iff Ap has a spectral gap around zero. Since Y 2 BT these
spectral invariants coincide with the corresponding L?-invariants of T.

The fundamental rank frk(X) is defined algebraically as rkcG — rkc K. It can
be expressed geometrically as frk(X) = min{dim X* | k € K}, where X* = {x ¢
X | kx = x} is the fixed point set of k.

The compact dual X¢ of X is defined as follows: Let g, & be the Lie algebras of G,
K. Then we have the Cartan decomposition g = €@ p, and g¢ := £ @ ip is another
subalgebra of the complexification of g. Let G¢ be the corresponding analytic
subgroup of the complexification G¢ of G. Then G¢ is a compact group, and
X4 = @G?/K. We normalize the Riemannian metric on X< such that multiplication
by i becomes an isometry Tog X = p — ip = Topg X%

Using the Harish-Chandra Plancherel theorem [5] and results on relative Lie
algebra cohomology [2] one can compute the L2-invariants explicitely. It turns
out that their behaviour is almost entirely determined by frk(X). A proof of
the following theorem is given in [9]. It completes results previously obtained in
[3),[4,[1,[8],[7], and [6].

Theorem 1. Set n = dim X, m = frk(X). Let x(Y) be the Euler characteristic of
Y. Then we have
(a) b](f)(Y) #0&m=0and p= 3.
In particular, bg)(Y) =(-1)3x(Y) = %X(Xd).
(b) ap(Y) # oot & m >0 and p € 257, 24m]
In this range a,(Y) = m.
() TAX) A0 m=1.
In this case 72 (Y) = (—1)%7%\51(9(/3))(()(?)@)(, where X7 C X is a
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certain subsymmetric space with frk(X) = 0 and Qx is an explicitely
computable positive rational number.
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Geometric Theory of Lattice Vibrations and Specific Heat
MIKHAIL SHUBIN

(joint work with Toshikazu Sunada)

We discuss, from a geometric standpoint, the specific heat of a solid. This is a
classical subject in solid state physics which dates back to a pioneering work by
Einstein [4] and its refinement by Debye [3]. (See also [2, 5] for quantum theory
of crystal lattices, and [1] for a review on the theory of specific heat as it looks
from a physical points of view.) Using a special quantization of crystal lattices
and calculating the asymptotic of the integrated density of states at the bottom of
the spectrum, we obtain a rigorous derivation of the classical Debye T2 law on the
specific heat at low temperatures. The idea and method are taken from discrete
geometric analysis which has been recently developed for the spectral geometry of
crystal lattices (cf. [6] and references there).
The talk is based on [7].
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The Eigenvalue Distribution of Random Schrodinger Operators and
CMYV Matrices

Migar Stoicru

In addition to the Anderson localization, one can also study the statistical
distribution of the eigenvalues of random Schrédinger operators. It turns out that
in the regimes where the Anderson localization is expected, the local statistical
distribution of these eigenvalues is Poisson (no local correlation).

The first result on the local structure of the spectrum of the one-dimensional
Schrodinger operators was obtained by Molchanov in [5]. This was extended to the
multi-dimensional Anderson tight-binding model by Minami [4], using the proof
of the Anderson localization discovered by Aizenman and Molchanov [1].

A similar result holds for the eigenvalues of random CMV matrices; see [10]
and [11]. More precisely, for some classes of random CMV matrices, the local
statistical distribution of the eigenvalues converges to the Poisson distribution.
The same result holds for the distribution of the zeros of random paraorthogonal
polynomials on the unit circle. In [3], Davies and Simon extended these results to
zeros of regular random orthogonal polynomials.

The CMV matrices were introduced by Cantero, Moral and Veldzquez in [2].
These unitary matrices are intimately connected with the orthogonal polynomials
on the unit circle (see the monographs [6] and [7] on the theory of orthogonal
polynomials on the unit circle and the review article [9] on CMV matices).

A CMV matrix is a five-diagonal matrix realization for the unitary operator
z — 2f(2) on L*(T;p), where u is a non-trivial probability measure on the unit
circle T (we call a measure non-trivial if it is not supported on finitely many
points). For any such measure p we can apply the Gram-Schmidt procedure to
the set of polynomials {1, z, 22, ...} € L?(T, u) and get the set of monic orthogonal
polynomials {®q(z,du), ®1(z,du), ®2(z,dp), ... } € L*(T; u).

These polynomials obey the recurrence relation

where, for &4 (z) = Z?:o b;z’, the reversed polynomial ®% (z) is defined by @3 (z2) =
Z?:o Ek_jzj. The recurrence coefficients {ay,},>0 are called Verblunsky coethi-
cients; they are complex numbers of absolute value < 1.

If we apply the Gram-Schmidt algorithm to the sequence { 1, z, 271, 22, 272,
... } we get the set { xo(2), x1(2), x2(2), ... }, which is a basis of L?(T;u).
The CMV matrix associated to the measure u is the matrix representation of the
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operator f(z) — zf(z) on L?(T;u). It has the form:

ag  Q1po £1P0 0 0
Lo —0_41040 — P10 0 0
(2) C— 0 agpr —apaq 54_3P2 P3P2
0  pap1 —p2oi —Qi3ra  —p30e
0 0 0 @4p3 —0_44053

where p = /1 — |ag|?.

Note that the Jacobi matrices obtained in a similar way for orthogonal poly-
nomials on the real line are tri-diagonal matrices. As in the case of orthogonal
polynomials on the real line, an important connection between CMV matrices and
monic orthogonal polynomials is

(3) ®,(z) = det(zI —C™)

where C(™) is the upper left n x n corner of C.
If |ap—1| = 1, then the CMV matrix decouples between (n — 1) and n. The
upper left corner is an (n X n) unitary matrix

(4) ¢ = ¢t

{ao,ah...,an_l}

We will consider random CMV matrices and study the statistical distribution
of their eigenvalues. We will randomize the matrix C (n)

QO] gy Qi —
dependent identically distributed random variables a{o,o oz;, R 10371_2. The last
variable, a,,_1 will be chosen to be uniformly distributed on the unit circle. As
in the case of random Schrodinger operators, for various classes of n x n random
CMYV matrices, the local statistical distribution of the eigenvalues of these matri-
ces will converge (as n — 00) to the Poisson distribution. This fact indicates that,
as n gets large, there is no local correlation between these eigenvalues. Following

[10] and [11], we have:
Theorem. Consider the random CMYV matrices C(™) = C(n)

{ao,ah...,an_l}
Qp,Q1,...,0n_9o are i.i.d. random wvariables distributed uniformly in a disk of

radius v < 1, and a,—1 is another random variable independent of the previous
ones and uniformly distributed on the unit circle.

Consider the space ), = {a = (g, 01,...,an_2,a,-1) € D(0,7) x D(0,7) X

- x D(0,7) x T} with the probability measure P, obtained by taking the prod-
uct of the uniform (Lebesgue) measures on each D(0,7) and on T. Fiz a point
e% € T and let (™) be the point process defined by (™ = S"1'_ | 8.,, where
{z1,29,...,2n} are the eigenvalues of the matrix cm (each eigenvalue z; depends
ON Yy Oy - v ey Qly—1).

Then, on a fine scale (of order %) near €%, the point process ((™) converges to

the Poisson point process with intensity measure n % (where % s the normalized

Lebesgue measure). This means that for any fired a1 < by <ag <by < -+ < apy <

by taking in-

where
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b and any nonnegative integers ki, ko, ..., kny,, the sequence:

P, (C(n) (ei(90+ 2ra )7 e (0o+ 2ty )> =ki,... >C(n) (ez‘(00+2w§m)’ 61(904—%)) — km)

—a1 k — —a m —am km
QI)M..'e (bm m)%

converges to e~ (b1 -

as mn — oQ.

m

The same result holds if we consider singular rotation-invariant distributions:
Q, ={a=(ag,01,...,n_2,an_1) € C(0,7) x C(0,7) X --- x C(0,7) x T} with
the probability measure P,, obtained by taking the product of the uniform (one-
dimensional Lebesgue) measures on each circle C(0,r) (r € (0,1)) and on T.

Recent work of Simon [8] showed that if the Verblunsky coefficients are inde-
pendent random variables and with exponentially decaying distributions, then the
eigenvalues of the CMV matrices repel each other giving a “clock distribution” on
the unit circle. It would be very interesting to discover which distributions of the
random Verblunsky coefficients give a transition in the statistical distribution of
the eigenvalues from non-correlation (Poisson) to repulsion (“clock”).
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Elliptic operators on infinite graphs
JOZEF DODZIUK

Colin de Verdiere [1] defines elliptic operators A on functions f : V. — R from
the set V' of vertices of a graph K = (V, E) (without loops or multiple edges) as
follows. Let Af(x) = >, cy beyf(y). These operators are required to be local in



Mini-Workshop: L2-Spectral Invariants and the Integrated Density of States533

the sense that b, # 0 only when either x = y or x ~ y, i.e.  and y span an edge.
Such local operators in turn can be written as

(1) Af(@) =) agy(f(x) = f(y) + V(2)f ().

zrvy
A is elliptic if and only if a;, # 0 whenever  ~ y. Note that we do not require
that agy = ay, but we will consider only operators for which V(z) = 0 for all
x € V and agy > 0 for all oriented edges [z,y]. The main example is the graph
Laplacian

Yy~
We will show that simple analogs of results from PDE yield nontrivial consequences
and that even if one is interested only in the graph Laplacian, more general elliptic
operators of the form (1) arise naturally.
We have the following two elementary propositions.

Proposition 1. Maximum principle. Suppose Au(x) < 0. Then x is not a
local maximum of u.

Proposition 2. Harnack inequality. Suppose u > 0 and Au > 0. Then
Gy u(@) _ ey Oy
Zzwaz gz u(y) B Ay .

We next make two assumptions that are analogs of bounded geometry and
uniform ellipticity in the continuous setting. Namely, we require that our graph
has a bounded valence, i.e. that the number m(z) of edges emanating from = € V
is uniformly bounded and that there exist a positive constant C' such that C~! <

agy < C for all edges [x,y]. The following theorem follows from the maximum
principle [2], [3].

<

Theorem 3. Under the assumptions stated above, the initial value problem

Au(x) + 2—1: =0, u(z,0) = up(x)

admits a unique bounded solution for every bounded function ug(x).

Now consider the graph Laplacian A as a bounded operator on ¢2(V'). In [2] we
proved that A admits a positive ground state ¢, i.e. a positive function satisfying
A¢ = A\g¢ where \g = inf specA. The proof of existence and of properties of ¢
depend only on the maximum principle and Harnack inequality.

We want to study the long time behavior of the heat semigroup e ** = P, and
denote by pi(z,y) its kernel (i.e. matrix). Consider the renormalized semigroup

b, = Mg P [g]

where [f] denote the operator of multiplication by f. A calculation shows that
P, = e7*4 with A given by the formula

Au(z) =3 %wm ~uly))

Yy~
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which is of the form (1). Applying Theorem 3 the the operator A + 0/0t one
sees (cf. [2]) that P;1 = 1 which is equivalent to Pi¢p = e *!¢. This has as a
consequence |[2]

Theorem 4. Suppose K is a graph acted on freely by a nonamenable group so
that the quotient I' \ K is finite. Then

pe(z, ) = O(t_le_AOt).

In particular, trr(e7t2) = O(t~ e~ Mot),
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The Atiyah conjecture for congruence subgroups
PETER A. LINNELL

Let G be a discrete group and let £2(G) denote the Hilbert space {>_yec g9 |
ag €C, > cq lag|? < co}. There is a well defined multiplication ¢?(G) x £%(G) —
02°(G) = {Xyeq | ag € C, supyec |ag| < oo} given by

Z agg Z bnh = Z agbnhgh = Z (Z agr1bx)g.

gedG heG g,heG geG ze@G

Then the group von Neumann algebra N'(G) of G is {a € (?(G) | al?(G) C £2(G)}.
Let B(¢*(G)) denote the bounded linear operators on £2(G), acting on the left.
Then N(G) can be considered as a C-subalgebra of B(¢?(G)), and it can also be
described as {a € B(£*(G)) | (aw)g = a(vg) for all g € G and v € (*(G)}, or
alternatively as the weak closure of CG in B(¢?*(G)). Let U(G) denote the closed
densely defined unbounded linear operators affiliated to N (G). Then U(G) is a
quotient ring containing N (G); more precisely NV (G) is a subring of U(G) and
every element of U(G) can be written in the form af8~1, where o, 3 € N(G) and
3 is a non-zerodivisor in N (G). Algebraically we have

CG C N(G) C A(G) CU(G),

where the ring operations are compatible with these inclusions; the only caution
is that ¢2(G) is closed under multiplication if and only if G is finite.

U(G) is a finite von Neumann regular ring and has a nice dimension function
dim (¢, which is also defined on N(G)-modules. If e € U(G) is an idempotent,
i.e. e = €%, then e € N(G), so e € £*(G) and we may write e = > ayg. Then
dimp(g) eU(G) = a1. In the case |G| is finite, CG = N(G) = £*(G) = U(G), and
|G| dimN(G) M = dim@ M.
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We also need to describe pro-p groups, where p is a prime number which will
be fixed for the rest of this report. These are groups G for which the normal sub-
groups of p-power index give a basis for the identity which make G into a compact
Hausdorff topological group. For any group G, let d(G) denote the minimum ele-
ments required to generate G. If GG is a pro-p group, then the rank of GG is defined
to be supd(G/H), where H runs through the normal subgroups of finite index.
Thus the rank of Z,, the p-adic integers, is 1. On the other hand, Z,, contains free
abelian subgroups of uncountable rank. A torsion-free pro-p group of finite rank
is the same object as a torsion-free compact p-adic analytic (or Lie) group. For
positive integers d, u, let CS(d,u,p) = {A € Mq(Z,) | A = 1; mod p*} where I,
denotes the identity d x d matrix; this is a subgroup of finite index in GL4(Z,), and
is often called a congruence subgroup. We shall always assume that « > 2 in the
case p = 2. Then CS(d,u,p) is a torsion-free pro-p group of finite rank (we need
u > 2 in the case p = 2 to ensure that the group is torsion-free). Furthermore,
any group G which has a normal subgroup of index a power of p isomorphic to
CS(d,u, p) is a pro-p group of finite rank. We can now state

Theorem 1. Let G be a torsion-free pro-p group of finite rank. Then there is a
skew field D such that CG C D CU(G).

This is joint work with Dan Farkas, and also uses ideas that Thomas Schick has
shared with me. This theorem verifies the strong Atiyah conjecture for such G.
In particular if X is a finite CW-complex with fundamental group a torsion-free
pro-p group of finite rank, then all L?-Betti numbers are integers.

Here is a brief sketch of Theorem 1. Let Q denote the field of all algebraic
numbers in C. First the following is proven; full details can be found in [2].

Proposition 2. Let G be a torsion-free pro-p group of finite rank. Then there
exists a skew field D such that QG C D CU(G).

To prove this version of the Atiyah conjecture, it will be sufficient to prove
that if e is a positive integer, « € M.(QG) and a: £*(G)¢ — (?(G)¢ is the map
induced by left multiplication by «, then dim /() (ker &) is an integer. Here we use
Liick’s approximation results [3, §13] as generalized by [1, Theorem 1.6]. Suppose
G =Gy 2 G1 D -+ is a descending chain of subgroups with (),»,G; =1, G; <G
and |G/G;| < oo for all i. Let a;: £2(G/G;)¢ — (*(G/G;)¢ be the maps induced by
left multiplication by . Then dimyq)(ker &) = lim;_ |G/G;| ™" dime (ker o).
Therefore we want to prove for an appropriately chosen chain of normal subgroups
G;, that lim;_ ‘G/G1|_1 dim@(ker Oéz‘) € 7.

The key is that G has a “powerful” normal subgroup H of finite index; in the
case G is a torsion-free subgroup of finite index in GL4(Z,), we can take H to be a
congruence subgroup CS(d, u,p), where u is large enough so that this congruence
subgroup is contained in G. Let k be a field of characteristic p and let w(H)
denote the augmentation ideal of kH. Then we can form the associated graded
ring gr(kH) = @, w(H)"/w(H)"*!. The important property is that gr(kH) is
a polynomial ring R := k[X1, ..., X,], where r is the rank of H and R is graded
by total degree. Let I, denote the ideal of R consisting of all polynomials of
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total degree at least n together with 0, and for 8 € R, let 8,: R/I,, — R/I,
denote the R-module map induced by left multiplication by #. Then in the spirit
of Liick’s approximation theorems, it is not difficult to show that if 3 # 0, then
lim,,_, oo dimy (ker 5,,)/ dimg(R/1I,) = 0. Then a few algebraic tricks are required
to lift this to the required result that lim; .., |G/G;|~!dimc(kera;) € Z. In
particular suppose S is a discrete valuation ring with maximal ideal ¢S where
g € S such that S/qS is a field of characteristic p, and let J = ¢SG + w(G),
where w(G) denotes the augmentation ideal of SG. Then J is a maximal ideal of
SG such that SG/J is a field of characteristic p, and one can form the completed
group ring S|[[G]] with respect to the powers of J. An important property used in
the proof of Proposition 2 is that S[[G]] is a Noetherian domain.

To go from Q to C, ideas which Thomas Schick has shared with me are required.
Let A(G) denote the f.c. center of G, that is {g € G | g has only finitely many
conjugates}. If A(G) = 1, then certainly G has trivial center and the center of
U(G) is C. The following result is required.

Proposition 3. Let G be a group with A(G) = 1. If there is a skew field E such
that QG C E CU(G), then there is a skew field D such that CG C D CU(G).

Remark 4. Proposition 3 ought to be true without the hypothesis A(G) = 1.
However in practice one can embed G in a suitable group Gy with A(Gp) = 1.

Remark 5. There are several variations of Proposition 3; for example U(G) can
be replaced with an arbitrary finite von Neumann regular ring, and the coeffi-
cient fields Q and C with fields of nonzero characteristic. Furthermore by using
comments of Elek and his embedding of the group ring in certain reduced ultra-
products, it ought to be possible to extend Liick’s approximation results from QG
to CG in many situations.

Proof of Theorem 1. We may assume that G # 1. Then X} G is also a pro-
p group of finite rank for all positive integers n, hence Proposition 2 is true for
this group and we deduce that the conclusion of Proposition 2 is true for the
group B := x*___G. Now the wreath product H := G ! Z contains the normal
subgroup B for which the Atiyah conjecture (in the form of Proposition 2) is true
and H/B = 7Z, and it is known that this implies the Atiyah conjecture for H. In
other words there is a skew field E such that QH C E C U(H). Since H has

trivial center (because G # 1), the result follows from Proposition 3. O

Finally we state the following open problem.

Problem 6. Let G be a torsion-free subgroup of GL4(Z). Does there exist a skew
field D such that CG C D CU(G)?
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Integrated Density of States of random Schrodinger Operators on
Manifolds

NORBERT PEYERIMHOFF
(joint work with Daniel Lenz, Olaf Post, Ivan Veseli¢)

In this talk we consider spectral properties of random Schrodinger operators on a
manifold X where the randomness enters via both the metric of the manifold and
the potential.

We first introduce the model (RSM): Let (X, go) be a non-compact Riemannian
covering of a compact Riemannian manifold (M, go) with infinite deck transfor-
mation group I'. Let (€2, P) be a probability space which parametrizes a family of
metrics {g, twen on X. These metrics are uniformly bounded w.r.t. go and their
Ricci curvatures are uniformly bounded from below. We also require that there is
an ergodic I'-action on € and that the deck transformations v : (X, g.,) — (X, gyw)
are isometries with corresponding unitary operators Uy, ,) : L?(X, Gy—1w) —
L?(X,g,). There is a family of Schédinger operators H,, = A, + V,, with non-
negative, jointly measurable potential V' : 2 x X — [0, 00) such that V,, := V(w, )
is in L{ (X). Finally, we require that these operators satisfy the equivariance

loc

condition
*
Uw,’)’H’y_lew,’y = H,.

Concrete examples of this model are a single periodic operator (in which case
Q = {0} and Hy = Ag + V) or random operators with alloy type potential
(RAP) or random Laplacians with alloy type conformal deformation of the metric
(RAM). In the model (RAM) we choose H, = A, and

go(@) = [ D _ e Wy z) | gol).

yel

The non-negative single site function v € C2°(X) satisfies v > Cxr (F = funda-
mental domain of the I'-action on X) for some constant C' > 0, and the coupling
constants 7 : {1 — [a, b] are independent, identically distributed random variables
on  with C!-density.

Ergodicity yields the following non-randomness properties of the spectrum.

Theorem (see [3]): Let {H,}q be as in (RSM). Then H, is a measurable
family of operators. The spectral components (essential, absolute and singular
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continuous, pure point) coincide for almost all {H,} and the discrete spectrum of
almost all {H,} is empty. For f € L>®(R) let

vols (7))
where E denotes expectation in ) and vol, denotes the Riemannian volume of the
metric g,,. The measure pg is called the density of states of { H,}. Its distribution
function N (X) = pr(X(—oo,n)) 15 called the integrated density of states (IDS). The
almost sure spectrum of H,, coincides with the points of increase of N ().

In the case of amenable groups I', the IDS can also be obtained via an exhaustion
process (see [6] for the case of almost periodic elliptic operators in Euclidean space).

Theorem (Pastur-Shubin trace formula for (RSM)): Let {H,}q be as in
(RSM), Ng(\) be its IDS, and T' be amenable. Any tempered Fglner sequences
I, C T induces a sequence of domains ¢(I,) = U,y vF C X. Let Hj denote
the restriction of H,, to ¢(I,) with Dirichlet boundary condition. Then we have
for almost all w €
#{i: N(HD) < A} .

NoQ) = vol,, (F)

Nu(A),

at all continuity points of Ni(X).

This result is derived from appropriate heat kernel estimates and uses an ergodic
theorem of Lindenstrauss [5].

We also have Wegner estimates for the models (RAP) and (RAM) (see [4]).
The strategy of proof is similar to [1].

Theorem (Wegner estimate for (RAM)): Let {A,}q be as in (RSM). For
any finite I C T, let AL denote the restriction of A, to ¢(I) C X with Dirichlet
boundary condition. For every p > 1 and every interval [1/a,a] C (0,00) there is
a constant C), o > 0 such that

E(tr(E[Afe,/\er (A£))) < vaael/p#l—i_’

for all finite I C T, € >0, and [\ — 2¢,\ + 2¢|] C [1/a,a], where [T :={y €T :
suppu(y~t) N (1) # 0}.

This result implies Holder-continuity of the IDS in the amenable case. As a
consequence, there are examples of manifolds with abelian deck transformation
groups which carry random Laplacians with continuous IDS, whereas the IDS of
the corresponding periodic operator has discontinuities. (Discontinuities of the IDS
of the periodic operator Ag coincide with L?-eigenvalues of Ay on X ; examples of
manifolds with such L?-eigenvalues can be found in [2].) Hence, this is a situation
in which the introduction of randomness improves the reqularity of the IDS.
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Uniform existence of the integrated density of states for quasicrystals
DANIEL LENZ
(joint work with Peter Stollmann)

We discuss results on uniform existence of the integrated density of states for
certain models for quasicrystals. The results are taken from [1, 2, 3], to which we
refer for details, references and proofs.

Quasicrystals are a special class of solids discovered in 1984 by Shechtman /Blech
/Gratias/Cahn. They exhibit a distinctive form of (dis)order, called aperiodic
order in the mathematical community. While there is (so far) no axiomatic theory
of aperiodic order, common models are based on Delone sets satisfying certain
regularity features.

A subset A of R? is called Delone if it is uniformly discrete and relatively dense.
Here, uniformly discrete means that there is a minimal distance between different
elements of A and relatively dense means that the maximal distance of an arbitrary
element of R? to A is bounded. Note that by a simple Voronoi type construction
we can replace Delone sets by tilings of the space with convex polyhedra. We will
assume the following regularity features.

Finite local complexity (FLC): For each R > 0, the set {(A —xz) N Br:z € A}
is finite, where Bg denotes the closed ball with radius R around the origin in R<.

Repetitivity: For each finite P C R?, the set {x € R : o + P C A} is either
empty or relatively dense.

Uniform patch frequencies (UPF): For every finite P C R?, and all (a,) in R9,

the limit
tH{ex € ap+ Bp:x+ P CA}

lim
exists. Here, ff denotes cardinality of a set and | - | denotes Lebesgue measure.

All these features can be thought of as order features. FLC is essentially a local
requirement, the other two are global requirements. They are trivially satisfied for
lattices. However, there is a huge amount of examples, which are not lattices and
in fact satisfy the following condition:

Aperiodicity: For t € R? with ¢t # 0, t + A # A.



540 Oberwolfach Report 9/2006

Our aim is to study operators associated to Delone sets satisfying the above
properties. These operators arise in the quantum mechanical treatment of qua-
sicrystals. They are defined as follows: A finite range operator A associated to a
Delone set A is a bounded operator

A: EQ(A) — ZQ(A)
such that there exists R > 0 with
e A(x,y) =0, if (xt+ Bg)N(y+ Br) =0.

o A(z,y) = A(t + z,t +y) whenever ((t+x+ Br)U (t+y+ Br)) NA =
t—f—((.’II—FBR)U(y—f-BR))ﬂA)

We want to study convergence of the normalized eigenvalue counting functions
N3 R — [0, 00),
_ t{Eigenvalues not exceeding A of A restricted to AN B, }
N 8B, N A

N3N :

for a selfadjoint finite range operator A.

Theorem. [1] Let A be a finite range operator associated to a Delone set
satisfying FLC, Repetitivity and UPF. Then, there exists a measure pa on R with
distribution function N, i.e. Na(N\) = pa((—o0, N]), such that the spectrum of A
equals the topological support of pa and N} — N4 with respect to the supremum
norm.

Results on vague convergence of the distribution functions were established
by Kellendonk in 1995 using techniques going back to earlier work of Bellissard.
Related result were also obtained by Hof in 1993 and 1996. The main point in
the theorem is the very uniform convergence result. The proof of this uniform
convergence is achieved by considering the distribution functions as elements of
the Banach space consisting of all bounded right continuous functions on R equiped
with the supremum norm and appealing to the following result.

Theorem. [1] Let A be a Delone set satisfying FLC, Repetitivity and UPF. Let
(B, || - |I) be a Banach space and

F : Bounded measurable sets in RY — B

be almost additive and A-invariant. Then, the limit lim,,_ o ﬁF (By) exists.

Here, A-invariance means that F(P) = F(t + P) whenever t + (P N A) =
(t + P) N A. Almost additivity means that F' is additive up to a boundary term.
More precisely, there exist C' > 0 and

b : Bounded measurable sets in R? — [0, 00)
with lim b(C,,)/|Cy| = 0 for every van Hove sequence (C},) and b(P) < b(P")+b(Q)
whenever P’ is the disjoint union of P and @, such that

o [|[F(UE_,P)) =325 F(P))|| < 328, b(P;), whenever the P;, j =1,...,k,
are disjoint up to their boundaries;
o [[F(P)]| < C|P[+b(P).
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For special Delone sets arising from so called primitive substitution a similar
result was proven by Geerse/Hof in 1991. Our proof relies on decomposing the
Delone sets in Voronoi cells on increasing length scales. Techniques of this kind
were also developed by Priebe in 2000 in her study of self similarity of Delone sets.

So far we have been concerned with a single Delone set and a single operator.
In fact, each Delone set A gives rise to a dynamical system (2(A),T"). Here, the
hull of A Q(A) is the closure in a certain topology of the set {t + A : t € R} of
translates of A. The map T is the action of R? on Delone sets by translations. Due
to the assumptions on A this dynamical system is minimal and uniquely ergodic.
The unique T-invariant probability measure on Q(A) will be denoted by m.

Each finite range operator A on A can naturally be extended to a family (Ar) of
operators Ar : £2(T') — £?(T) for T € Q(A). These operators belong to a certain
C*-algebra A which carries a trace given by

7T:A—R,7(A) = /trp(Mpr)dm(F),

where trr denotes the usual trace on the bounded operators on ¢2(T"), f > 0 is
an arbitrary function on R? with [ f(z)dx = 1, and My : £3(T') — ¢3(T') is just
multiplication by f. The distribution function N4 arising above as limit is given
by an explicit Shubin-Pastur type trace formula as follows:

Theorem [1, 2] With the notation above, and the spectral family Es of the
selfadjoint finite range operator A, the formula Na(\) = T7(Ea((—o00,A])) holds
for every A € R.

We finish this text with two open questions:

(1) Do similar results on uniform convergence of the distribution functions
hold in the context of operators on graphs which are periodic with respect
to an action of an amenable group?

(2) Do similar results on uniform convergence of the distribution functions
hold in the context of operators on graphs which are periodic with respect
to an action of an residually finite group?

Note that in the setting of the questions the situation is more regular than our
situation in the sense that the operators are periodic but is also less regular in the
sense that the group is not Euclidean space any more.
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Open questions in tiling cohomology
JOHANNES KELLENDONK
(joint work with Ian F. Putnam)

We consider a tiling or a Delone set P in the Euclidean space R?. We suppose
that it is of finite local complexity, i.e. for all R the set of R-patches {(Bgr(z) N
P) — z|x € P} is finite. The tiling defines a topological space Qp, also called its
hull, which is the completion of the set of its translates w.r.t. the tiling metric.
Equivalently, it is the spectrum of the C*-algebra of P-equivariant functions.

The cohomology of P is by definition the Cech cohomology H(Qp,Z) of its hull.
It is computable for quasi-periodic tilings [2, 3].

Another cohomology group related to the tiling plays a role: the Lie-algebra
cohomology H(R?, C>*(Qp,R)) of R? with coefficients in the real functions on
Qp which are smooth w.r.t. the translation action. An analog of the Cech-de
Rham complex provides us with a graded ring homomorphism 6 : H(Qp,Z) —
H(RY C>*(Qp,R)).

Cohomology captures topological information about the dynamical system. If
we are also given an invariant Borel probability measure p on the hull then we can
capture some of the geometric structure which comes from the (euclidean) geome-
try of the R%-orbits. We do this by exploiting Ruelle-Sullivan currents associated
with sub-actions. These yield linear functionals on dynamical cohomology which
we combine into a graded homomorphism H(R?, C*(Qp,R)) — H(R% R) = AR
into the exterior algebra of the dual of R%. The Ruelle Sullivan map is the com-
position of the two 7, : H(Qp,Z) — ARY". Based on our calculations with
quasi-periodic tilings we conjecture [1]:

Conjecture Let P be a repetitive Delone set of finite local complexity. Sup-
pose that the translation action on its hull is uniquely ergodic. Let i be the er-
godic measure. Then P is aperiodic (i.e. has no periodic direction) if and only if
T.(H (2p, 7)) is dense in R
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Metric graphs and their smooth approximations
OLAF PosT
(joint work with Peter Hislop)

In the first part of the talk we introduce the concept of a metric graph and its
relations with the discrete graph Laplacian and the Laplacian on a suitable ap-
proximation of the metric graph. In the second part we present a joint work with
Peter Hislop on exponential localization on a random radial (metric) tree graph.

A metric (or quantum) graph is a discrete graph G = (V, E) where we associate
a length /. to each edge e € E. In particular, we identify e with the interval (0, £.).
The natural Laplacian on a metric graph is the differential operator given by
(Af)e = —f2 on the interval e = (0, ¢.) with boundary conditions at the vertices
turning A into a self-adjoint operator Ag in Ly(G) = @, La(e). Therefore, a
metric graph is a 1-dimensional space rather than a 0-dimensional space in the
discrete graph case (where the natural Laplacian is a difference operator). If all
lengths /. are the same, there is a simple relation between the spectrum of the
metric graph Laplacian Ag and the discrete graph Laplacian (cf. [Cat97]). A
general survey on metric graphs can be found in [Kuc04, Kuc05].

In some respects “natural” boundary conditions are given by the so-called
Kirchhoff boundary conditions: the continuity and flux conservation at each ver-
tex v € V, namely

fo(0) = fe(v)  and  f'(v) =) fi(v) =0

eckE
for all e, es in E, (the set of edges adjacent to the vertex v € V') where f/(v) is
the derivative on the edge e at the vertex v towards the vertex. More generally,
we can replace the second condition by f’(v) = ¢q(v)f(v) for some real number
q(v) at each vertex and obtain a d-potential of strength ¢(v) at each vertex v.
For a general discussion of boundary conditions we refer to [KS99]. The Kirchhoff
boundary conditions are natural in the following sense:

Suppose that X. is a smooth approximation of the metric graph, e.g., the
(smoothened) e-neighbourhood of G if G is embedded in R”. One can define
more abstract models of approximations (cf. [EP05, Pos06]), e.g. the surface of
a tubular neighbourhood of G in R3. We assume that the metric graph and its
approximation is uniform in the sense that the vertex degree is uniformly bounded
and the edge lengths have a uniform lower positive bound. For the approximation
X we assume that the building blocks (the vertex and edge neighbourhoods) do
not vary too much (in a sense stated precisely in [Pos06]). If the approximation
X. has boundary, we impose Neumann boundary conditions on Ax_.

The main result of [Pos06] is the following (cf. [RS01, KZ01, EP05] for the
compact case and the convergence of the discrete spectrum):

Theorem. With a suitable identification operator J.: Lo(G) — Lo(Xc) the con-
vergence ||[(Ax. +1)71J. — J.(Ag + 1) — 0 as ¢ — 0 holds. In particular,
the spectrum of Ax_ converges to the spectrum of Ag in every compact spectral
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interval. The same statement is true for the essential and discrete spectrum, re-
spectively.

In the second part of the talk we consider a radial metric tree, i.e., a tree
graph where the length ¢, = ¢, and the vertex degree d(v) = d,, > 3 depend
only on the generation n (discrete distance from the root vertex o). We also
add a d-potential ¢ = (q(v)), > 0 at each vertex (via the boundary condition
f'(v) = q(v)f(v)) which we assume to depend only on the generation, ¢(v) = g¢y.
In the random case we assume that (g, ) are independent i.i.d. random variables.
Using a symmetry reduction result for radial trees (cf. [Sol04]) we can reduce the
problem to a problem on the half-line R, with generalized point interactions at a
vertex, namely f(v_) = (d, — 1)""2f(vy) and f'(v_) = (d,, — 1)*/2f'(vy) where
v = v, are the vertices with distance ¢, from the following one and vy = 0. In
a second step we can reduce the problem to a discrete transfer matrix problem
(using the discretization (f(v_), f/(v—)). Our main result is the following:

Theorem. Suppose that the probability measure Py of a single site potential qq
has a density po with compact support in [0,00) (i.e., dPy(q) = po(q)dq). Then
the continuous Laplacian with radial random i.i.d. d-potentials at each vertex has
almost sure spectrum ¥ = [0,00). Furthermore, the almost sure spectrum is pure
point, and each eigenfunction decays exponentially with decay rate v(\) given by
the Lyapunov-exponent of the transfer matriz.

More general models are possible, e.g., random length (¢,), random vertex
degrees (d,) or even random graph decorations (e.g., attaching a line segment at
a vertex). In the non-radial case, the behaviour is completely different: one has

absolutely continuous (ac) spectrum at weak disorder near the ac-spectrum of the
unperturbed tree Laplacian (cf. [ASWO05]).
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Spectral properties of Anderson-percolation Hamiltonians
IVAN VESELIC

We report on results on spectral properties of Laplacians on percolation graphs and
more general Anderson-percolation Hamiltonians. The results are mostly taken
from the papers [4, 5, 3], to which we refer for further references, generalisations
of the results presented here, and more details.

In this report we will for simplicity restrict ourselves to the following situation.
We consider the graph with vertex set Z?, where two of the vertices are joined
by an edge if their ¢! distance is equal to one. The group I' := Z< is acting on
the graph by translations. Denote by {Ar}rcon the exhaustion of Z? by cubes
Ap:=7%n[-L/2,L/2)%

We construct a probability space (€, A, P) associated to percolation on Z?. Let
Q) = X,cz4]0,00] be equipped with the o-algebra A generated by finite dimen-
sional cylinders sets. Denote by P a probability measure on {2 and assume that
the measurable shift transformations 7,: Q — Q, (7yw), = w;—~ are measure pre-
serving. Moreover, let the family 7., € I" act ergodically on 2. By the definition
of 7,7 € T the stochastic field ¢: Q x Z? — [0, 00] given by q(w, ) = wy,z € Z%
is stationary or equivariant, i.e. q(Tyw,x) = q(w, x —~). The mathematical expec-
tation associated to the probability P will be denoted by E and the distribution
measure of qg by p.

Define for w € 2 the random vertex set X (w) := {z € Z? | ¢(w,z) < oo} and
denote by the same symbol the induced subgraph of Z?. In other words, if q(w, x)
is infinite, we delete the vertex x together with all incident edges, otherwise we
retain it in the graph. For each w let A,: D(w) — D(w), D(w) := *(X(w)) be
the adjacency operator of the graph X (w). Define now an Anderson-percolation
Hamiltonian by

H,:=A,+q¢w,"): D(w) — D(w)
where (¢(w, -)¥)(x) = q(w, z)1(z) is a random potential. In the sequel we may or
not assume

(1) Jp€]0,1[ such that u({0}) =p and u({oc})=1—-p
(2) q(-,x),z € Z* are ii.d. random variables
Let us consider two examples of random potentials. Set V(w,z) = 2d —

degy () (x) > 0. Then the two operators A, + V(w, ) are sometimes called Neu-
mann, respectively Dirichlet Laplacian on X (w) (up to a constant). The fixed sign
of the potential V' is useful for Dirichlet-Neumann-bracketing estimates.
Remark. More generally, Anderson-percolation Hamiltonians can be defined
on covering graphs with a free, coompact group action. For certain results it is
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required that the group is amenable. The structure of the stochastic process ¢
generalises in an obvious manner to this setting. It is possible to carry out a
similar analysis on bond or mixed percolation graphs. Rather than considering
the adjacency operator, one can derive similar results for equivariant, hermitian,
finite hopping range operators. In this generality, some of our results are new even
in the periodic case when {2 contains only one element.

Denote by 04isc, Oess, Tacs Ose, Opp the discrete, essential, absolutely continuous,
singular continuous, and pure point part of the spectrum, and by o;, the set of
eigenvalues which posses an eigenfunction with finite support. For each A; denote
by HL the truncation of H, to £(Ar(w)), Ar(w) := Ap N X (w) and the associated
normalised eigenvalue counting function by NZ(E) := 25 Tr[x)— oo 5 (HE)]. The
distribution function, given by an averaged trace per unit volume, F — N(E) =
E {((50, X]—oo,E](Hw)50>} is called integrated density of states (IDS). Denote by v
the measure on R associated to N. The following theorem establishes the non-
randomness of basic spectral quantities and a relation between the IDS and the
spectrum.

Theorem 1. There exists an Q' C Q of full measure and subsets of the real
numbers ¥ and Y,, where o € {disc, ess, ac, sc, pp, fin}, such that for all w €
o(H,)=%Y and o.(H,) =23, forany e=disc,ess,ac,sc,pp,fin

and

(3) lim NZ(E)= N(E) at all continuity points of N

L—oo

Moreover, Y45 = ) and ¥ = suppv. Under assumption (1) the convergence (3)
holds for all £ € R.

There is a probability threshold p. such that if u({oc}) < 1 — p. and (2) holds
(4) an infinite component X *°(w) of the graph X (w) exists a.s.

In this case one can consider the adjacency operators A on X °°(w) and the anal-
ogous statements to the above theorem hold. We denote the associated quantities
using a superscript >, e.g. N°° for the IDS of A .

Theorem 2.
(1) Xfin = SUpp Vpp.
(ii) Denote by A® the adjacency operator of the subgraph of Z¢ induced by G.
If (1) and (2) hold, then
Yiin =% :={F c R |3 finite G C Z¢ and f € £*(G) such that HEf = Ef}

(iii) If (4) holds we have X%, = supp v, .
(iv) If (4) and (2) hold then X% = Xgp.
The set 3 is dense in [—2d, 2d] and consists of algebraic integers. The next theo-

rem provides estimates in the spirit of Wegner and Delyon /Souillard for Anderson-
percolation Hamiltonians.

Theorem 3. Assume (2), then:
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(i) ¥ =[-2d,+2d] + supp plr.
(i) Xfin D X+ supp plr
(iii) If p = pe + (1 — p)doo, i.e. 1 has no atoms at finite values, then the IDS of
H_, is continuous.
(iv) Assume that for a,b € R the measure p is absolutely continuous on the
interval Ja — 2d,b + 2d|, i.e. pi|jq—24,b424[(dx) = f(x)dr, and that f € L*°.
Then, for every interval I with dist(7,]a,b[®) > § > 0 we have

(5) E{Tr [x:(H;)]} < C 1] L

 od+2 (b—a+4d+1)\2 Lf e
where C' = 2 (bmadidtl) n(Ja—2d,b+2d]) °

It follows that the constant C' in (5) is an upper bound on the density of states,

e. d]ZJ(EE) < C for all E €]a,b.

If (2) holds and p = %X[o,u + %5465 + %500, the Wegner estimate (5) is valid for
all energies ' < 2d. Moreover, by [1] Lifshitz asymptotics hold at min ¥ = —2d.
Thus one can prove using a multiscale analysis, see e.g. [2], that for some a €]0, 1|
the spectrum of H, in U = [-2d,—2d + «] has no continuous component and
consists of a dense set of eigenvalues, whose eigenfunctions decay exponentially in
space almost surely.

Denote by o.(H,,) the set of eigenvalues of H,. Then

(6) Ypin G 0e(Hy) G Xpp  for almost all w

Here the sets X;, and X,, are almost surely non-random, and X, D Y + 4d.
The set o.(H,) N U is non-empty almost surely and disjoint to > + 4d. By the
Wegner estimate the IDS is absolutely continuous in U, therefore for any £ € U
the probability P{E in an eigenvalue of H,} vanishes and U is even disjoint to
Y tin. Thus we have a highly fluctuating set o.(H,,) strictly sendwiched between
two almost surely non-random sets X ¢;, and .
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L?-invariants for manifolds with boundary
THOMAS SCHICK
(joint work with Eckehard Hess, Wolfgang Liick)

In this short and informal talk we present some rather old results about ana-
lytic L?-invariants for manifolds of finite volume, compared to combinatorial L?2-
invariants of certain (canonical) compactifications, and present some of the most
important open questions.

More precisely, let (M°, g) be a complete Riemannian manifolds of finite volume
and with universal covering of bounded geometry. Then, analytic L-invariants
can be defined using the heat kernel of the universal covering and a fundamental
domain, compare [2] for the L?-Betti number. On the other hand, assume that M°
is the interior of a compact manifold M with boundary. Using a finite triangulation
of the latter, combinatorial L?-invariants of M are defined.

We now want to relate these two different sets of invariants. The comparison
uses as an intermediate step analytic L?-invariants of the compact manifold with
boundary, which coincide with the combinatorial ones (compare e.g. [2]).

We study in particular the following situation: the interior of M admits a
complete metric of constant curvature —1 and of finite volume. Then, by a quite
general result of Cheeger and Gromov, the combinatorial L?-Betti numbers of
M are equal to the analytic L?-Betti numbers of M°. This works much more
generally, we only need that the boundary of M, consisting of flat manifolds, has
vanishing L2-Betti numbers, and that the universal covering of M° has bounded
geometry.

In [4], the Novikov-Shubin invariants are considered in this case. This is more
complicated, because the Novikov-Shubin invariants of the boundary of M are
non-vanishing. Nonetheless, Lott and Liick can prove that the Novikov-Shubin
invariants are always positive if dim(M') = 3, and give certain estimates.

The case of dimension 3 is particularly interesting, because by the Thurston
conjecture, there is a precise decomposition of an arbitrary compact 3-manifold
into pieces with nice geometry. Among those pieces one has compact manifolds
with boundary whose interior admits a complete hyperbolic metric of finite volume.

The most elaborate work concerning the above question is carried out about
the L2-torsion. Indeed, we have the following theorem of Wolfgang Liick and the
author [5]:

Theorem: If M is a manifold of dimension as above, then the L?-torsion of M
is proportional to the volume of the hyperbolic manifold (M°, g), with the same
constant of proportionality as for closed hyperbolic manifolds.

The constant of proportionality is shown to be non-zero in all odd dimensions
by Hess and the author in [3]. This calculation is extended to all symmetric spaces
of fundamental rank 1 by Olbrich in [6].

Despite all these results, many questions are still wide open. We list some of
the more important ones.
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e Find more precise estimates for the Novikov-Shubin invariants of mani-
folds whose interior admits a complete hyperbolic metric of finite volume.
Led by the general result about L?-Betti numbers, I conjecture that they
are strictly smaller than in the closed case (i.e. strictly smaller than the
contribution coming from the complete interior).

e Extend the calculation to other locally symmetric spaces. One should first
attack the rank one case, but the case of higher rank is potentially even
more interesting (albeit more complicated because of the intricate struc-
ture of the ends of a finite volume locally symmetric space of higher rank).
The conjecture is that the L?-Betti numbers and the L?-torsion should be
given by the complete interior. For the Novikov-Shubin invariants, I only
expect to be able to get estimates, but hopefully one can show that they
are always finite.

e In the case of hyperbolic manifolds, the finite volume condition might be
weakenalbe. In particular, one should study convex cocompact hyperbolic
manifolds. Of course, here the “analytic” invariant will not be given by
an integral over a fundamental domain (this being of infinite volume).
Further inspiration is needed to get the correct analytic expression in this
case.

e One should extend the calculations to other L2-invariants. I'd stress in
particular the L2-eta invariant or L2-tho invariant, respectively. Their
geometric significance was worked out in [1, 7]. Here, one of the difficulties
will be to give a convincing invariant definition of these invariants for
manifolds with boundary to start with.

e The last question I want to mention concerns manifolds with boundary
which admit not quite a locally symmetric metric (of finite volume) on the
interior, but only asymptotically so. I'd expect that most of the results for
the truly locally symmetric case carry over. However, the proofs available
so far have to be modified, in particular for the L?-torsion, and much more
care is needed to get uniformity in some of the estimates one needs along
the way.
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