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ABSTRACT. Mathematical general relativity, the subject of this workshop, is a
remarkable confluence of different areas of mathematics. Einstein’s equation,
the focus of mathematical relativity, is one of the most fruitful nonlinear
hyperbolic PDE systems under study. As well, some of the most challenging
geometric analysis problems in Reimannian geometry and elliptic PDE theory
arise from the study of the initial data for Einstein’s equations. In addition,
these studies play a crucial role in modeling the physics of astrophysical and
cosmological systems. This workshop reflected the rapid progress seen in the
field in recent years, and highlighted some of the most interesting questions
under study in mathematical relativity.
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Introduction by the Organisers

Black holes and their stability: The black hole stability problem, a topic which has
generated intense work in the past ten years by researchers spanning the areas of
harmonic analysis, spectral theory, and partial differential equations all the way
to theoretical physics, remained one of the main areas of activity in this year’s
workshop. The proof of quantitative boundedness and decay estimates for solu-
tions of the wave equation on Kerr backgrounds in the entire sub-extremal range
la] < M, reported on in the previous 2009 Mathematical Aspects of Relativity
workshop, was complemented in this year’s workshop by the elucidation of the
remaining extremal case, in which |a| = M. Stability results for this case were
discussed, but even more surprisingly, instability results were also presented, in
the talk of Stefanos Aretakis. Another new direction for black hole stability has
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been that of black holes with negative cosmological constant, an area marked by
intense interest on the part of the string theory community. New results con-
cerning Schwarzschild-AdS and Kerr-AdS spacetimes were reported in the talk of
Jacques Smulevici, which included in particular a proof of logarithmic decay for
solutions of the wave and Klein-Gordon equation, and, moreover, a proof that
such rates are in fact sharp. The latter might suggest that all asymptotically AdS
space times are in fact non-linearly unstable, a statement with important impli-
cations for high energy physics. This would extend the conjecture, made already
at a 2007 Oberwolfach workshop on Analysis and Geometric Singularities, that
pure-AdS space-time is unstable; this conjecture is now substantially supported
by the recent numerical work which was presented in the talk of Piotr Bizon. (This
numerical work features the very interesting phenomenon that the instability ap-
pears to be driven by a mechanism similar to fluid turbulence, in which energy
is transported from low to high frequencies.) Yet another direction for the black
hole stability problem has been to consider what happens in higher dimensions,
where the zoology of stationary black holes is much richer. Harvey Reall reported
on a very pretty application of the Penrose inequality to infer non-linear instabil-
ity for certain higher dimensional black holes. This latter work was the original
motivation for the result presented in Bob Wald’s talk, which related a linear
stability-type statement directly to the validity of a local Penrose inequality.

The above multifaceted progress on linear aspects of the stability problem makes
a proof of the non-linear stability of the Kerr family (as solutions of the vacuum
Einstein equations) an exciting prospect for the years to come. A new and different
step in that direction was presented in the talk of Gustav Holzegel, which discussed
a proof of the existence of a large class of vacuum spacetimes without symmetries
which dynamically approach Schwarzschild or Kerr. These are constructed by
imposing “scattering type data” on the horizon and on null infinity, and solving
the Einstein equations “backwards”.

Several other important issues involving black holes and other asymptotically
flat space times were discussed at the meeting. Lydia Bieri presented extensions of
Christodoulou’s celebrated non-linear memory effect to the Einstein-Maxwell case,
and showed in particular that non-linear memory has also a non-trivial contribu-
tion arising from the total electromagnetic radiation. Hakan Andréasson reported
on a construction of spherically symmetric black hole solutions with collisionless
matter arising from a complete regular past. Carsten Gundlach presented numer-
ical evidence for a new type of critical behaviour at the threshold of immediate
merger in binary black hole systems.

Cosmology:. Turning to mathematical problems arising in cosmology, Qian
Wang spoke about a new local existence result in the spatially harmonic constant
mean curvature (CMCSH) gauge. In particular, she described how to obtain local
existence in H?® for s > 2. Needless to say, improved local existence results lead
to improved breakdown criteria, and are therefore of interest in the context of
proving global results.
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Jared Speck presented joint work with Igor Rodnianski concerning big bang
singularities in the scalar field and stiff fluid case. One particular consequence of
the result is that perturbing initial data for a spatially flat FLRW solution leads to
solutions that are similar to FLRW towards the past singularity. This constitutes
the first known result which gives a detailed description of the singularity (in-
cluding curvature blow up) for an open set of initial data. Juan Antonio Valiente
Kroon presented joint work with C. Liibbe concerning future global non-linear sta-
bility of FLRW spacetimes containing a de Sitter-like cosmological constant and
a radiation fluid.

Several important questions concerning oscillatory singularities in the spatially
homogeneous setting remain unanswered. These concern the generic behaviour as
well as the causal structure. In his talk, Alan Rendall presented joint work with
S. Liebscher and S. Tchapnda on this topic. In particular, a construction of an
unstable manifold of solutions converging to a heteroclinic cycle was described in
the class of magnetic Bianchi VIj solutions.

Regularity: Issues related to causality theory for metrics of low regularity appear
in many different contexts. In his talk, Piotr Chrusciel discussed this topic, and
presented a proof of the existence of a maximal globally hyperbolic development for
sets of initial data with low regularity. Philippe LeFloch presented a general theory
(developed together with several authors) for treating low regularity spacetimes
with symmetries.

Another promising direction for future research is that which has been opened
up by the study of interacting, impulsive gravitational wave-solutions of the vac-
uum equations, without symmetries, as discussed in the talk of Jonathan Luk.
These singular solutions lie below the well-posedness threshold of curvature in L?,
and their existence is yet another manifestation of the remarkable structure which
is present in the Einstein equations. The analysis of these solutions gives hope
that spacetimes which have been conjectured to have even more severe singular-
ities propagating on null cones, like those of generic vacuum black hole interiors,
will soon be understood in complete generality.

Initial Data sets and their properties: The study of initial data sets which sat-
isfy the Einstein constraint equations has been a major feature of all five of the
Oberwolfach meetings on mathematical relativity. Many important issues involv-
ing this topic remain unresolved, and are currently very active areas of research.
One of the long-standing issues is determining the extent to which the conformal
method can be used to parametrize and construct the range of solutions of the
Einstein constraint equations. For the constant mean curvature and near constant
mean curvature solutions, this is well understood, but for others it is not. Romain
Gicquaud discussed his recent results (with M. Dahl and E. Humbert) which pro-
vide a means for showing that, for certain sets of conformal data with non constant
mean curvature, the conformal method does produce solutions. Another issue of
long-standing interest is the positivity of the ADM mass in asymptotically flat
initial data sets. While such positivity for 3 + 1 dimensional spacetimes has been
known for a number of years, it is known for higher dimensional spacetimes only for
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spin manifolds. Lan-Hsuan Huang, reporting on research done with M. Eichmair,
D. Lee, and R. Schoen, showed that positivity holds for spacetime dimensions of
7+ 1 dimension or less.

A key tool used in the work reported by Huang is the “marginally outer trapped
surface”, or “MOTS”. These geometric structures play an increasingly important
role in the study of initial data sets and their development. In Greg Galloway’s
talk, MOTS play a major role in the formulation and proof (with M. Eichmair and
D. Pollack) of a new topological censorship theorem which uses criteria involving
initial data only to restrict the allowed asymptotic topology of such data sets.
The talk of Marc Mars (with M. Reiris) also discussed MOTS, focussing on the
relationship between MOTS (locally defined) and black holes (globally defined) in
stationary and static spacetimes.

Helmut Friedrich’s talk focussed on issues related to asymptotic properties of
asymptotically flat initial data sets. Working with time symmetric vacuum data,
he studies the relationship between those data sets which are asymptotically con-
formal to static data and those which are asymptotically static. The talk of Martin
Reiris dealt with an interesting phenomenon related to sequences of axisymmetric
initial data sets for which an inequality relating areas and angular momenta is
saturated. He shows (with S. Dain) that for such sequences, the limiting data
set exhibits the phenomenon of an “extreme Kerr throat”. The talk of Christine
Sormani addressed the mathematics of convergence of Riemannian manifolds. She
introduced the notion of “intrinsic flat convergence”, and discussed ways in which
this notion could be useful in studying initial data sets.
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Abstracts

Topological censorship from the initial data point of view
GREGORY J. GALLOWAY
(joint work with Michael Eichmair and Dan Pollack)

Topological censorship is a basic principle of spacetime physics. It is a set of
results, beginning with the topological censorship theorem of Friedman, Schleich,
and Witt [3], that establishes the topological simplicity at the fundamental group
level of the domain of outer communications (the region outside all black holes and
white holes) under a variety of physically natural circumstances. An important
precursor to the principle of topological censorship, which serves to motivate it,
is the Gannon-Lee singularity theorem [5, 6]. All of these results are spacetime
results, i.e., they involve conditions that are essentially global in time. From the
evolutionary point of view, there is the difficult question of determining whether
a given initial data set will give rise to a spacetime satisfying these conditions. In
order to separate out the principle of topological censorship from these difficult
questions of global evolution, it would be useful to have a pure initial data version
of topological censorship. We report here on some recent results along these lines;
cf., [2].

We first consider an initial data version of the Gannon-Lee singularity theorem
[5, 6] for 3-dimensional initial data sets. In this theorem, one considers a glob-
ally hyperbolic spacetime (M, g) which satisfies the null energy condition (NEC),
Ric(X, X) > 0 for all null vectors X, and which contains an asymptotically flat
Cauchy surface V. It is shown that if V' is nonsimply connected, m (V) # 0,
then M is future null geodesically complete. This theorem captures the idea that
nontrivial topology tends to induce gravitational collapse.

To obtain an initial data version of the Gannon-Lee singularity theorem, we first
need to decide on what should be meant by an initial data singularity theorem.
Let (V3,h, K) be a 3-dimensional initial data set in four dimensional spacetime
(M*, g), by which we mean V is a smooth spacelike hypersurface in M with induced
metric h and second fundamental form K. Certainly, in view of the Penrose
singularity theorem, conditions on an initial data set that imply the existence of
a trapped surface should be view as an initial data singularity theorem.

Let ¥ be a closed two-sided surface in V. Since it is two-sided it admits two
globally defined future directed null normal vector fields /4 (‘outward pointing’)
and [_ (‘inward pointing’). Let 61 and 6_ be the null expansions associated to [
and [_, respectively. Then recall, ¥ is a trapped surface if both null expansions
are negative, #; < 0 and _ < 0. Focusing on the outward null normal, if 8, <0
we say that X is outer trapped. If 6, vanishes identically, 8, = 0, we say that X
is a marginally outer trapped surface, or MOTS for short. In the time-symmetric
case (K =0), a MOTS is just a minimal surface.

Should conditions on an initial data set that imply the existence of a MOTS be
viewed as an initial data singularity result? From the point of view taken here, the
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answer is yes. As shown in [2], there is a Penrose-type singularity theorem that
applies to a noncompact Cauchy surface V that contains a MOTS 3. From this
result we conclude that conditions on an initial data set that imply the existence
of a MOTS should be viewed as an initial data singularity theorem.

We must take our point of view one step further to accommodate other basic
examples. There is a more general type of object in an initial data set that implies
a Penrose-type singularity theorem, which we refer to as an immersed MOTS.
Given an initial data set (V) h, K), we say that a subset ¥ C V is an immersed
MOTS if there exists a finite cover V of V with covering map p : V — V and a
MOTS X in (V, p*h, p*K) such that p(3) = .

The best known example of an immersed MOTS (that is not a MOTS) occurs
in the so-called RP? geon. The RP3 geon is a globally hyperbolic spacetime which
is double covered by the extended Schwarzschild spacetime. Its Cauchy surfaces
have topology RP? minus a point. The Cauchy surface V covered by the t = 0
slice in extended Schwarzschild spacetime contains a projective plane > which is
covered by the unique minimal sphere in ¢t = 0. Since it is not two-sided, ¥ is an
immersed MOTS, but not a MOTS.

It is easily shown that the Penrose type singularity theorem for MOTSs extends
to immersed MOTSs. We conclude that any result that implies the existence of
an tmmersed MOTS in an initial data set should be viewed as an initial data
singularity theorem.

We are now ready to state our initial data version of the Gannon-Lee result.

Theorem 1. Let (V3,h,K) be a 3-dimensional AF initial data set. If V3 is not
diffeomorphic to R3 then V3 contains an immersed MOTS.

Thus, if V3 is not R3, spacetime is singular, from the initial data point of view.
We note that the dominant energy condition is not required; if one assumes it
the conclusion can be refined slightly (see [2]). Theorem 1 may be viewed as a
non-time-symmetric version of work of Meeks, Simon and Yau [7], which implies,
without any curvature assumptions, that an asymptotically flat 3-manifold that is
not diffeomorphic to R? contains an embedded stable minimal sphere or projective
plane. However, while their work did not rely on the positive resolution of the
Poincaré conjecture, our proof of Theorem 1 makes use of the geometrization of
closed orientable 3-manifolds. Specifically it uses the fact that the fundamental
group of every closed orientable 3-manifold is residually finite. This fact is used
in the proof in conjunction with recent existence results for MOT'Ss; see [1] for an
excellent exposition of these existence results.

Now we turn to a brief discussion of topological censorship. The notion of
topological censorship may be described as follows: As the Gannon-Lee theorem
suggests, nontrivial topology tends to induce gravitational collapse. By the weak
cosmic censorship conjecture, the process of gravitational collapse leads to the
formation of an event horizon which shields the singularities from view. As a
result, nontrivial topology should become hidden behind the event horizon, and
the domain of outer communications should have simple topology.
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This notion was formalized by the topological censorship theorem of Friedman,
Schleich and Witt [3], which applies to globally hyperbolic spacetimes that satisfy
the null energy condition and that are asymptotically flat, i.e. that admit a regular
null infinity & = #+ U#~. Their theorem then asserts, roughly, that any causal
curve from .~ to £ can be deformed, with fixed end points, to .#. In physical
terms, observers traveling from .#~ to .#1 are unable to probe any nontrivial
topology. In [4] using their result, it was shown under similar conditions that
the domain of outer communications (DOC) D = [~ (#T) N I1T(# ) is simply
connected.

In the context of proving an initial data version of topological censorship, one
should think of the initial data manifold V' as representing an asymptotically flat
spacelike slice in the DOC, whose boundary V corresponds to a cross section of the
event horizon. At the initial data level, we represent this cross section by a MOTS.
By extending known results, it can be shown, assuming the null energy condition,
that there can be no immersed MOTS in the DOC. As such, for the initial data
version, we assume that there are no immersed MOTS in V' \ V. The following
initial data version of topological censorship shows that under these circumstances,
the topology of V' is essentially as simple as possible.

Theorem 2. Let (V,h, K) be a 3-dimensional asymptotically flat initial data set
such that 'V is a manifold-with-boundary, whose boundary OV is a compact MOTS.
If all components of OV are spherical and if there are no immersed MOTS in
V\ OV, then V is diffeomorphic to R® minus a finite number of open balls.

The proof is similar to the proof of the Theorem 1, but some added care is needed
in dealing with the MOTS boundary. See [2] for details and further results.
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Construction of dynamical vacuum black holes
GusTAav HOLZEGEL
(joint work with Mihalis Dafermos and Igor Rodnianski)

In this talk, we construct a class of solutions to the vacuum Einstein equations
R,, =0,

which are non-stationary and asymptotically converge (at an exponential rate)
to a Kerr spacetime (M, gar.q) with |a| < M. These dynamical spacetimes are
constructed as solutions of a characteristic scattering problem from infinity with
scattering data prescribed on the event horizon and on null-infinity. More pre-
cisely, we prove the following

Theorem 1. Given suitable smooth scattering data on the horizon H* and
future null infinity ZT asymptoting to the induced Kerr geometry of parameters
la] < M, then there exists a corresponding smooth vacuum black hole spacetime
(M, g) asymptotically approaching in its exterior region the Kerr solution with
parameters |a| < M.

For simplicity (mainly the advantage of working with explicit expressions for
the curvature components), we will prove the above theorem for Schwarzschild and
explain carefully below why the proof carries through for Kerr as well.

Theorem 1 should be compared with the Kerr stability conjecture, which asserts
that sufficiently small perturbations of a Kerr spacetime (M, gas ) also form black
holes, which moreover eventually settle down to another member of the Kerr family
on their exterior. In this context, the above theorem promises that at least there
exists a “large” class of data (without any symmetry assumptions!) which exhibit
dynamical convergence to a stationary black hole spacetime. Such behavior was
previously known only in symmetry classes and for the special class of Robinson-
Trautman metrics, which converge to Schwarzschild at an exponential rate [5]
but — by construction — do not radiate through the horizon and are moreover of
limited regularity (C* for k < 123, see [6]). While the spacetimes of Theorem 1 are
suitably parametrized by their scattering data and hence admit the full functional
degrees of freedom, it should be kept in mind that generic perturbations of Kerr are
expected to exhibit polynomial tails. Therefore, at the level of “initial data”, the
subset of data leading to the solutions of Theorem 1 (i.e. exponential convergence)
is “small”.

Let us make some remarks about the proof. By interpolating the scattering data
on the horizon and null-infinity with a spacelike slice (which eventually gets pushed
to infinity) the problem is turned into a mixed characteristic-Cauchy problem,
which is well-posed in the smooth category, cf. [4]. The main problem, therefore,
is to propagate (uniformly) the exponential decay estimates. Here the reason one
needs to impose exponential decay becomes apparent: It is rooted in the famous
red-shift effect [7, 8] near the event horizon which — when solving backwards as
above — turns into a blue-shift leading to exponential growth of the solution. With
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this in mind it also becomes clear why Theorem 1 includes the case of extremal
Kerr, a = M: While for the forward problem the degenerate redshift of extremal
black holes leads to an instability of solutions along the horizon [1, 2], for the
scattering problem this degeneration is a benefit rather than a difficulty, which
may even allow one to establish a version of Theorem 1 for polynomially decaying
scattering data in the extemal case.

At the technical level, we work in a double-null foliation with the equations
phrased in terms of hyperbolic equations for the curvature components (Bianchi)
coupled with transport- (as well as elliptic) equations for the Ricci-coefficients
(structure equations), similar to [3, 11]. Of course, all these equations need to be
suitably renormalized in order to capture the decay to Schwarzschild (or Kerr).
In this formulation, the important null-condition is manifest at the level of the
Bianchi equations. The latter is crucial in the context of the r-weighted energy
estimates (cf. [10]), which we employ. Remarkably, these weighted estimates are
the only estimates required from the Bianchi equations. In particular, we neither
exploit the almost conservation law arising from 0; at this stage nor do we derive
a Morawetz estimate (hence an understanding of trapping is not required). It
is mainly for these two reasons that the argument applies to Schwarzschild as
well as Kerr. Finally, there is a remarkable (decay)-hierarchy at the level of the
transport equations which allows one to propagate the exponential decay also for
the Ricci-coefficients.

Details can be found in [9].
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On the isoperimetric structure of initial data sets
MICHAEL EICHMAIR

Let m > 0. The complete Riemannian manifold
4
R0 0, (14 5 ) S ()2

NI T 2
is time-symmetric initial data for the (n + 1)-dimensional Schwarzschild space-
time of mass m. We will refer to these Riemannian manifolds as “Schwarzschild of
mass m” for short. These Riemannian manifolds are conformally flat and scalar
flat. We will denote the centered coordinate spheres and balls by S, and B,
respectively. The coordinate sphere S(%)l/(n72) is called the horizon. The map

T #(%)2/ (n=2) is a reflection symmetry of Schwarzschild of mass m about the
horizon; it flips the two asymptotically flat ends.

We say that a complete asymptotically flat n-dimensional initial data set (M, g),
possibly with compact minimal boundary, is C*-asymptotic to Schwarzschild of
mass m > 0 if it has one asymptotically flat end and if there exist asymptotic

coordinates for that end such that

4
m

n—2
gij = (1 + W) Sij + O(|z|'™") as |z| — oo

holds up to and including derivatives of order k. Such initial data sets, in par-
ticular those of dimension three, have been subject of extensive investigation. A
landmark result on the structure of 3-dimensional initial data sets that are C*-
asymptotic to Schwarzschild of mass m > 0 due to G. Huisken and S.-T. Yau [9]
says that the complement of a certain compact region in every such initial data
set is foliated by stable constant mean curvature spheres {Xpy}o<cm<m,- These
spheres are parametrized by their (small) mean curvature H and they diverge
to infinity as H tends to zero, becoming rounder and rounder in the limit. The
leaf ¥ p is the unique stable constant mean curvature sphere of mean curvature
H that contains the centered coordinate ball By-4, where q € (%, 1], provided
H is sufficiently small (depending on g). The centers of mass of ¥y computed
with respect to the asymptotic coordinate system chosen above converge to the
“Huisken-Yau geometric center of mass” as H N\, 0. J. Qing and G. Tian [12]
improved the uniqueness result of Huisken-Yau by showing that the leaves are the
unique stable constant mean curvature spheres of their respective mean curvature
containing a certain large but fixed compact set in (M, g). L.-H. Huang has shown
that the Huisken-Yau center of mass coincides with other notions of the center
of mass (introduced and studied by Regge-Teitelboim, Beig—() Murchadha, and
Corvino-Schoen). She has also proven an extension of the result of Huisken-Yau
to initial data sets with more general asymptotics. An extension of the results of
Qing-Tian to more general asymptotics has been established by S. Ma in [10, 11].

The study of stable constant mean curvature spheres in 3-dimensional initial
data sets was initiated by work of D. Christodoulou and S.-T. Yau [4], who showed
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that the Hawking mass of such a surface is non-negative provided the initial data
set has non-negative scalar curvature. Note that stable constant mean curvature
surfaces are exactly the stable critical points for the classical isoperimetric problem
of finding the least area surface that encloses a given amount of volume. H.
Bray in his thesis [1] established a special case of the Penrose inequality using a
Hawking-type mass defined in terms of the isoperimetric data of asymptotically
flat three manifolds. In the process, he characterized the isoperimetric surfaces of
Schwarzschild of mass m > 0 where volume is measured relative to the horizon:
they are exactly the centered coordinate spheres. A natural and long-standing
conjecture of Bray’s is whether the leaves of the foliation through stable constant
mean curvature spheres of Huisken-Yau are in fact isoperimetric. In joint work
with J. Metzger [5] we answer this conjecture in the affirmative. Moreover, we
show that, as isoperimetric surfaces enclosing a given volume, the leaves of the
foliation are globally unique. The proof of this result connects with the uniqueness
result of Huisken-Yau only at the very end; the existence of isoperimetric regions
that are close to centered coordinate spheres is independent and relies on a delicate
quantitative refinement of Bray’s characterization of the isoperimetric regions in
exact Schwarzschild initial data. In further joint work with J. Metzger [6], under
the additional hypothesis that the initial data set have positive scalar curvature,
we strengthen the uniqueness result of Huisken-Yau and Qing-Tian to assert that
the leaves of the foliation {¥ g }o<m<m, are the unique connected large constant
mean curvature surfaces in the initial data set that enclose a given point. The
mechanism we use to obtain this result is that of the Schoen-Yau proof of the
positive energy theorem [13].

The techniques in the work of [9, 12, 6] are tied to 3-dimensional initial data sets
in many ways, except for the existence of the foliation, cf. the work of R. Ye [14].
In [7], we show in collaboration with J. Metzger that the existence of foliations
through isoperimetric surfaces, and the uniqueness of the leaves of this foliation as
isoperimetric surfaces enclosing a given volume, holds in all dimensions. The list of
geometries where isoperimetric regions have been characterized explicitly is short
and had been limited to highly symmetric geometries or to the case of isoperimetric
regions of very small volume; cf. Appendix H of [7] . The recent characterization
of closed embedded constant mean curvature surfaces in exact Schwarzschild that
are disjoint from the horizon due to S. Brendle [2] is an important ingredient in
the proof of the main result in [7].

In joint work with S. Brendle, we characterize the null-homologous isoperimetric
regions in Schwarzschild of mass m > 0. These results complement the work of
H. Bray [1]. If the enclosed volume is large, these regions are connected and
rotationally symmetric. If the dimension n is less than eight and if the regions are
not rotationally symmetric, then these regions are connected and their boundaries
intersect the horizon.
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Impulsive gravitational waves
JONATHAN LUK
(joint work with Igor Rodnianski)

Explicit solutions of impulsive gravitational waves were first found by Penrose [§],
building on earlier works of [1] and [3]. These are spacetimes satisfying the vacuum
Einstein equations such that the Riemann curvature tensor has a delta singularity
across a null hypersurface. However, the Penrose explicit solution was constructed
in plane symmetry. The impulsive gravitational wave thus has plane wavefront
and can only be thought of as an idealization that the source of the gravitational
wave is at an infinite distance. Moreover, plane symmetry also assumes that the
gravitational wave has infinite extent and automatically imposes the assumption
of non-asymptotic flatness.

The first study of general spacetimes satisfying the Einstein equations and ad-
mitting possible 3-surface delta singularities was first undertaken by Taub [10],
who derived a system of consistency relations linking the metric, curvature tensor
and the geometry of the singular hypersurface.
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We study the dynamical problem for general impulsive gravitational waves by
solving the characteristic initial value problem without symmetry assumptions.
Characteristic initial data is given on a truncated outgoing cone Hy and a trun-
cated incoming cone H intersecting at a two sphere Sy o.

To study the propagation of impulsive gravitational waves, the initial data on
the outgoing hypersurface Hy is prescribed such that the null second fundamental
form has a jump discontinuity across an embedded two sphere Sy, but is smooth
otherwise. The curvature tensor for the initial data thus has a delta singularity
across Sg_. On the initial incoming hypersurface, the data is smooth but other-
wise does not satisfy any smallness assumption. For this class of data, we prove
existence and uniqueness of local solutions, as well as a result on the propagation
of singularity:

Theorem 1 (L.-Rodnianski [4]). Given the characteristic initial data as above,
there ewists a unique local solution to the vacuum FEinstein equations R,, = 0.
Moreover, the curvature has a delta singularity across the null hypersurface em-
anating from the initial singularity prescribed on Soy_. The spacetime is smooth
away from this null hypersurface.

The theorem gives a precise description of how the singularity propagates. This
can be thought of as an analog in general relativity of the work of Majda on the
propagation of shocks in compressible fluids [6], [7].

In view of the examples of colliding impulsive gravitational waves found by
Khan-Penrose (2] and Szekeres [9], we also studied the collision of these impulsive
gravitational waves. More specifically, we prescribe a jump discontinuity across an
embedded two sphere in the null second fundamental forms both on the outgoing
and the incoming initial hypersurfaces. Locally, by Theorem 1, a unique solution
exists and the curvature has a delta singularity across each of the null hypersurfaces
emanating from the initial singularity. We show that we can understand the
spacetime after the interaction of the two gravitational impulsive waves, which is
represented geometrically by the intersection of these two null hypersurfaces. In
particular, while the two gravitational impulsive waves interact nonlinearly, the
resulting spacetime is smooth except on the union of the two null hypersurfaces
emanating from the initial singularities even beyond the interaction:

Theorem 2 (L.-Rodnianski [5]). Suppose on the initial outgoing hypersurface Hy,
the null second fundamental form has a jump discontinuity across the two sphere
So,u, but is smooth otherwise; on the initial incoming hypersurface H,, the null
second fundamental form has a jump discontinuity across the two sphere S, o but
18 also smooth otherwise. Then there exists a unique local solution to the vacuum
FEinstein equations R,, = 0. Moreover, the spacetime is smooth away from the
union of incoming null hypersurface H, & emanating from S,, o and the outgoing
null hypersurface Hy_ emanating from So y_-

The main difficulty in studying this class of spacetimes is that the Riemann
curvature tensor is not in L?. In this case, the standard energy estimates based
on the Bel Robinson tensor do not apply. In the proof, we introduced a new type
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of energy estimates, which is based on the L? norm of only some (renormalized)
components of the Riemann curvature tensor. Moreoever, we show that the space-
time geometry can be controlled only with the knowledge of these components of
the curvature tensor. In fact this allows us to prove existence and uniqueness of
solutions to the vacuum Einstein equations for a more general class of initial data.
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On the formation of Kerr-throats in (vacuum) axisymmetry.
MARTIN REIRIS

The Kerr family of black holes displays a remarkable property: fixed the angular
momentum J, and decreasing the mass from m? > |J| to m? = |J| a long neck
forms around the bifurcating sphere, ending up in an exact cylindrical state called
the extreme Kerr-throat. Moreover the area of the bifurcating sphere decreases to
the limit value of 87|J|. In this talk we show that this phenomenon is not specific
only to the Kerr family of black holes but rather it is a general phenomenon of
axisymmetry (at least). More precisely we show that

A. In any maximal, vacuum and axisymmetric initial data, the area of any
surface is always greater than eight times its angular momentum, namely

(1) A(S) > 8r|J(S)];

B. For any convergent sequence of initial data having a sequence of surfaces
saturating asymptotically the inequality (1), a long neck forms converging
to the extreme Kerr-throat.

Property B is achieved by proving the rigidity of the Kerr-throat an then applying
A. All these results are natural developments of the joint work with Sergio Dain

1].
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Black hole formation from a complete regular past for collisionless
matter

HAKAN ANDREASSON

An important question in the study of gravitational collapse is to identify phys-
ically admissible initial data, and it is natural to require that the past evolution
of the data is regular. However, most of the existing mathematical results which
ensure a regular past also ensure a regular future, cf. [11, 8], which rules out the
study of the formation of black holes. The exceptions being the classical result
for dust [10], and the recent result [9] for a scalar field. In the latter work, which
in part rests on the studies [6, 7], initial data whose past evolution is regular and
whose future evolution forms a black hole is constructed. Now, neither dust nor
a scalar field are realistic matter models in the sense that they are used by astro-
physicists. Dust is a perfect fluid where the pressure is assumed to be zero, and a
scalar field is merely a toy model. Thus, there is so far no example of a solution to
the Einstein-matter system for a realistic matter model possessing a regular past
and a singular future.

Here we consider collisionless matter governed by the Vlasov equation. Al-
though this is a simple matter model, it has rich dynamics and many features that
are desirable of a realistic matter model, cf. [1]. Indeed, it allows for anisotropic
pressure, there is a large number of stable and unstable spherically symmetric
and axially symmetric stationary solutions, there is numerical support that time
periodic solutions exist, it behaves as Type I matter in critical collapse, and it is
used by astrophysicists, cf. [5]. The following theorem is the main result.

Theorem 1. There exists a class of initial data J for the spherically symmetric
Einstein-Vlasov system with the property that black holes form in the future time
direction and in the past time direction spacetime is causally geodesically complete.

A consequence of this result is that for any € > 0, initial data can be constructed
with the property that the ratio m/r of the initial Hawking mass m = m(r), and
the area radius r, is less than e everywhere, such that a black hole forms in the
evolution. We formulate this as a corollary.

Corollary 1. Given € > 0, there exists a class J, of initial data for the spherically
symmetric Einstein-Viasov system which satisfy

Supm S 6,
r r

for which black holes form in the evolution.
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This result improves the main result of [4] and is analogous to the result [7] in
the case of a scalar field where conditions on the data are given which ensure the
formation of black holes. These conditions give no lower bound on 2m/r but involve
other restrictions. Another consequence of our result is the following corollary.

Corollary 2. There exists a class Js of black hole initial data for the spherically
symmetric Einstein-Viasov system such that the corresponding solutions exist for
all Schwarzschild time t € (—o0, 00).

In the future time direction this corollary was shown in [4], the improvement
here is that the solutions exist on the entire real line.

The present result relies in part on the previous studies [2], [3] and [4], which
now will be reviewed. In [3] global existence in a maximal time gauge is shown for
a particular class of initial data where the particles are moving rapidly outwards.
One of the restrictions imposed on the initial data is that

1) aup 2747)

r r

< kOv

where the constant kg is roughly 1/10. The situation considered in [4] is in a sense
the reverse since the initial data is such that the particles move rapidly inwards
and the quantity sup, 2m/r is required to be close to one. The main result of [4]
is that data of this kind guarantee the formation of black holes in the evolution.
The analysis in [4] is carried out in Schwarzschild coordinates, i.e., in a polar time
gauge. Now, particles that move inward in the future time direction move outward
in the past time direction. It is thus natural to try to combine these two results
with the goal of constructing solutions with a regular past and a singular future.
The conditions on the ratio 2m/r are clearly very different in [3] compared to [4],
and moreover, the Cauchy hypersurfaces are different since a maximal time gauge
and a polar time gauge are imposed in the respective cases. The main reason
why a maximal time gauge is used in [3] is due to the difficulties related to the so
called pointwise terms in the characteristic equations in Schwarzschild coordinates.
In [2] the problem of global existence for general initial data is investigated under
conditional assumptions on the solutions. The analysis along characteristics is
applied to a modified quantity for which the problems with the pointwise terms
in Schwarzschild coordinates do not appear.

Here we combine the strategies in [2] and [3] and show global existence for
rapidly outgoing particles in Schwarzschild coordinates. In particular the result
in [3] is improved by showing that the restriction (1) can be relaxed, and for
sufficiently fast moving particles 2m/r is allowed to be arbitrarily close to one. By
combining this result with the result in [4] we are able to construct data whose
past is regular and whose future contains a black hole.
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Conformal structures of static vacuum data
HeELMuT FRIEDRICH

In the Cauchy problem for asymptotically flat vacuum data the solution-jets along
the cylinder at space-like infinity develop in general logarithmic singularities at
the critical sets at which the cylinder touches future/past null infinity [1]. The
tendency of these singularities to spread along the null generators of null infinity
obstructs the development of a smooth conformal structure at null infinity. We con-
sider time reflection symmetric vacuum data which are given by an asymptotically
Euclidean metric h on R? that admits a smooth conformal 1-point compactifica-
tion at space-like infinity. For the solution-jets arising from these data to extend
smoothly to the critical sets it is necessary that the Cotton tensor of h satisfies a
certain conformally invariant condition (x) at space-like infinity [1], it is sufficient
that the initial three-metric A be asymptotically static at space-like infinity [2].
Data which are asymptotically conformal to static data at space-like infinity must
necessarily be asymptotically static for the solution-jets to extend smoothly [3].
The purpose of this article is to characterize the gap between these conditions.
We show that with the class of metrics which satisfy condition (*) on the Cotton
tensor and a certain non-degeneracy requirement is associated a one-form k with
conformally invariant differential dx. The conditions that this one-form be closed
and one of it integrals satisfy a certain equation provide a criterion under which
h is asymptotically conformal to static data at space-like infinity.
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Solutions of the constraint equations with non constant mean
curvature

RoMAIN GICQUAUD
(joint work with M. Dahl and E. Humbert)

Initial data for the Cauchy problem in general relativity are given by a triple
(M, g, K) where (M, ) is a Riemannian manifold and K is a symmetric 2-tensor
on M. M is to be interpreted as a Cauchy surface in the space-time solving the
Einstein equations, g corresponds to the induced metric and K to the second
fundamental form. As a consequence of the Einstein equations together with the
Gauss and Codazzi equations, the metric g and the tensor K cannot be chosen
independently one from the other. They are linked by the so-called constraint

equations:

Scal? + (trng(>2 - ’I? =0

2

g
diviK —dtry K = 0.

Constructing and classifying triples (M, g, K) solving these equations is an im-

portant problem in general relativity. One of the main methods to address this

question is the conformal method introduced by Y. Choquet-Bruhat, A. Lich-

nerowicz and J. York. It consists in prescribing part of the initial data and ad-
justing the other part to satisfy the constraint equations.

More precisely, we fix:

e (M, g) a Riemannian manifold (e.g. closed) of dimension n > 3,
e 7: M — R a function,
e 0 a symmetric traceless (¢”0;; = 0) and divergence-free (Vio;; = 0) 2-
tensor.
The unknowns are:

e ¢: M — R% a conformal factor,
o W a 1-form.

We define the metric g and the tensor K by:
g=0""?g,
K =75+¢ (0 +LW),
2n

where N = £ and L is the conformal Killing operator defined by

2
(LW)Z‘J‘ =V, W; +V,;W; — Ekakgi]‘.



Mathematical Aspects of General Relativity 2289

The triple (M, g, K) solves the constraint equations if and only if ¢ and W solve
the following system:

(1a) —74(71__21) A¢ + Scal ¢ +n(n — 1)72pN "1 = |LW + a\z o~ N1,
(1b) —%L*LW = (n—1)¢pNdr.

Equation (1a) is called the Lichnerowicz equation while Equation (1b) is called
the vector equation. L* is the formal L2-adjoint of L.
Remark that 7 = %ﬁij K;; is, up to a constant, the mean curvature of M in

the space-time solving the Einstein equations with initial data (M, g, K). In the
particular case of constant 7, Equation (1b) reduces to L*LW = 0 which implies
that W = 0 unless (M, ¢g) admits conformal Killing vector fields. Thus the study
of the system boils down to the study of the Lichnerowicz equation (la). This
equation appears as a generalization of the Yamabe problem and is now well
understood. We refer the reader to [1] for more details.

The major difficulty of the system (1) with d7 # 0 can be explained as fol-
lows. If we imagine that we can define some sort of order of magnitude A of the
function ¢, then from Equation (1b), W has order of magnitude AV. Looking at
Equation (1a), the two dominant terms are n(n —1)72¢Y and |[LW|2¢~"~1 which
both are of order AV ! while all other terms have lower order of magnitude. As a
consequence, it is hard to obtain a priori estimates for the solutions of this system.

The case of small dr can be treated by the implicit function theorem or by a
Banach fixed point argument. Recently, two different methods were introduced to
handle the case when d7 is not small.

The first one was introduced by M. Holst, G. Nagy and G. Tsogtgerel in [4, 5]
and refined by D. Maxwell in [7]. The naive idea is to remark that we implictly
assumed in our reasoning that the order of magnitude A was large. But if we
assume that A is small then other terms in the Lichnerowicz equation (la) can
dominate and hence yield an a priori upper bound for the solution. The following
theorem is taken from [7]:

Assume that (M, g) has Y (g) > 0 and that o # 0 but is small then there exists
at least one solution (¢, W) to the equations of the conformal method.

Here Y(g) is the Yamabe invariant of the metric g. The assumptions on o
may look a bit strange at first glance. However smallness is required to make the
scalar curvature term dominate alone the Lichnerowicz equation while o # 0 is an
essential ingredient to provide a positive lower bound for ¢. Indeed, if 0 = 0 and
dr is small, it can be proven that there is no solution to the system, see e.g. [2].

One the other hand, the second method addresses the case of potentially large
order of magnitude A. It was introduced by M. Dahl, E. Humbert and the speaker
in [2]. Heuristically, if A\ becomes very large then all subdominant terms in the
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Lichnerowicz equation should become negligible. Hence, we are left with the fol-
lowing relation between ¢ and LW
n(n—1)r?¢" ! = [LW|2 =N,

In particular, inserting this relation in the vector equation (1b), we get a non
trivial solution to the so-called limit equation:

1 1
pw = 2w 4T
2 n T

The exact theorem we prove is actually the following:

Assume that o #Z 0 if Y (g) > 0, that 7 > 0 and that the equation

1 1 d
LW =y = LW
2 n T

admits no non zero solution for any « € (0, 1]. Then the set of solutions (¢, W) of
the equations of the conformal method is non empty and compact.

As a consequence of a Bochner formula for the operator L* L, this equation can
be shown to have no non zero solution for any given function 7 > 0 provided that
the Ricci tensor of the metric is very negative. By a result of J. Lohkamp [6], these
metrics form a dense subset for the CY-norm.

This method has been adapted to the asymptotically hyperbolic context by A.
Sakovich and the speaker in [3].
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Stability of heteroclinic cycles and construction of oscillatory
singularities
ALAN D. RENDALL
(joint work with Stefan Liebscher, Sophonie Blaise Tchapnda)

In the theory of dynamical systems a heteroclinic orbit is a solution which con-
verges to one stationary solution as ¢ —+ —oo and to another stationary solution
as t — +oo. If {x;}, i =1,2,...n, is a finite sequence of stationary solutions of
the dynamical system & = f(x) with the property that for each i < n there is a
heteroclinic orbit starting at z; and ending at x; 1 then the resulting configuration
is called a heteroclinic chain. In what follows the points z; will be referred to as
the vertices of the chain. If, in addition, x,, = x1 the chain is called a heteroclinic
cycle. It is of interest to investigate the stability properties of objects of this kind.
In other words, if a solution starts close to a heteroclinic cycle, does it converge
to it as t — oo? If a solution has this property then, because the function f
vanishes at the vertices, this solution spends most of its time near the vertices.
It is therefore plausible that the stability is controlled by the behaviour of the
flow near the vertices. In favourable circumstances this is in turn controlled by
the eigenvalues of the linearization of the system about the vertices. 'Favourable
circumstances’ usually includes the requirement that the stationary points at the
vertices should be hyperbolic, i.e. that there are no eigenvalues with vanishing real
part. In the examples of interest in this report the condition of hyperbolicity is not
satisfied. The difficulty can nevertheless be overcome in this case and this issue is
not discussed further here. The solutions in these examples represent solutions of
the Einstein equations.

The behaviour of solutions of the Einstein equations, the fundamental equations
of general relativity, is hard to analyse mathematically. For this reason it is com-
mon to make the simplifying assumptions provided by symmetry conditions. Even
in the case of spatially homogeneous solutions of the Einstein equations, where the
PDE reduce to ODE (essentially everything depends only on time), complicated
dynamical properties and challenging mathematical problems remain. In what
follows one large class of spatially homogeneous solutions, the solutions of Bianchi
Class A, are considered. In order to have a complete system of equations a choice of
the matter content must also be made. The choices we concentrate on are vacuum
(no matter at all) and a magnetic field. The vacuum models can be described by a
four-dimensional dynamical system, the Wainwright-Hsu (WH) system. There are
invariant submanifolds defined by different symmetries of the spacetime metric,
called Bianchi types I, II, VIy, VIIy, VIII and IX. The most general of these types
are VIII and IX and they are represented by open subsets. There is a similar four-
dimensional system describing spacetimes of types I, II and VIy with magnetic
field. For convenience call it the magnetic system.

Physically the spatially homogeneous solutions represent cosmological models
and they have an initial big bang singularity. The issue of the structure of this
singularity has been a key question in general relativity for more than forty years.
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A heuristic picture of this structure was developed by Belinskii, Khalatnikov and
Lifshitz (BKL). The validity of this picture is still largely unclear although some
positive results are available. This picture can be applied to the spatially homoge-
neous case where it makes contact with ideas developed independently by Misner
at about the same time. In general it is not even clear how to translate the BKL
picture into clear mathematical conjectures. In the spatially homogeneous case it
can be formulated as saying that generic solutions converge to heteroclinic chains
of a certain type as the initial singularity is approached. The BKL picture also
includes the idea that generic inhomogeneous solutions should be approximated
by homogeneous solutions near the singularity, but this aspect will not be pursued
here. The natural conjecture in the Bianchi Class A case is that generic solutions
of Bianchi types VIII and IX are approximated in the past by heteroclinic chains.
Here a relation with the discussion of general dynamical systems above can be
seen. Note, however, that the direction of time has been reversed - here we con-
sider the dynamics in the limit ¢ — —oo which represents the singularity in the
WH system. The convention is that the physical time coordinate should increase
towards the future.

The variables in the WH system are dimensionless. This has the consequence
that self-similar spacetimes correspond to stationary solutions of the WH system.
The Bianchi type I subset is a circle consisting of stationary solutions called the
Kasner circle. Each Bianchi type II solution is a heteroclinic orbit joining two
points on the Kasner circle. Its projection on two of the variables is a straight
line. The Bianchi II solutions define many heteroclinic chains including many
heteroclinic cycles. For purposes of exposition we will concentrate on the simplest
case, a heteroclinic cycle with three vertices. It will be called ’the triangle’ in what
follows since under the projection already mentioned it maps onto a triangle. Until
very recently little was known about the extent to which Bianchi Class A solutions
can be approximated by heteroclinic cycles near their singularities. It was a big
advance when in was shown in [1] that there is a large class of solutions which are
approximated in this way. This was done by starting with particular heteroclinic
chains and proving the existence of corresponding solutions of Bianchi types VIII
and IX. An informal statement of the main theorem in the case of the triangle is
as follows.

Theorem 1 The triangle in the Wainwright-Hsu system has an unstable manifold
which is of codimension one.

In other words, among solutions starting close to the triangle those which converge
to it as t — —oo form a set of codimension one.

The magnetic system for Bianchi type VIy solutions was first introduced as a
useful model for studying cosmological singularities in [3]. It contains a heteroclinic
cycle which can be related in a natural way to the triangle in the vacuum case.
Superficially it looks like it should have similar stability properties. This was
investigated in [2] where the following result was obtained.
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Theorem 2 The triangle in the magnetic system for Bianchi type VI has an
unstable manifold which is of codimension one.

The final results for the vacuum case and the case with magnetic field are very
similar and this is not surprising. What is surprising is that the proof of Theorem
2 is much more difficult than that of Theorem 1 and requires several essentially
new ideas. The difficulty arises through a difference in the eigenvalues of the
linearization at the vertices in the two cases. In both cases there is a zero eigenvalue
which, although important for the proofs, will be ignored here. It arises from the
fact that the stationary solution lies on the Kasner circle which is a manifold of
stationary solutions. There is a negative eigenvalue which will be denoted by —pu
and two positive eigenvalues which will be denoted by A; and As. In the vacuum
case ;1 < min{Ay, A\2}. The inequality satisfied by the eigenvalues is crucial for the
proof of Theorem 1. The eigenvalues \; and A\, are distinct and the notation will
be chosen so that A\; < A2. The eigendirection corresponding to the eigenvalue Ao
is tangent to one of the heteroclinic orbits belonging to the triangle. This latter
fact is not important for the proof of Theorem 1 but it is also true in the magnetic
case and it is important for the proof of Theorem 2. In that case it is still true
that pu < As.

If a heteroclinic cycle in a general dynamical system has the eigenvalue proper-
ties of the triangle in the magnetic system this is not enough to prove the analogue
of Theorem 2 for that cycle, even when the dominant outgoing direction belongs
to the cycle. An important additional property, which follows from the geometric
properties of the underlying application to the Einstein equations, is that there
exist certain invariant manifolds which cannot be expected to exist on the basis
of the eigenvalue structure alone. The existence of the unstable manifold in the
vacuum case is based on the graph transform approach to the stable manifold
theorem which makes use of a contraction property and the Banach fixed point
theorem. In the proof of Theorem 1 the norm in which the contraction is obtained
is built using the Euclidean metric defined by the coordinates in the Wainwright-
Hsu system. In the magnetic case the corresponding mapping is not a contraction
in that norm. This problem is overcome in [2] by using a different norm which is
associated to a metric which becomes singular on the boundary. This metric is of
the form yQy—ng dy? + yQ;ZQ dz? + dw? in suitable coordinates. It should be thought
of as a metric on a section transverse to one of the heteroclinic orbits belonging
to the cycle. The intersection of the section with the orbit itself lies at the origin
of the coordinates (y, z, w) with the Kasner circle being represented by y = z = 0.
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Stationary and static initial data sets with MOTS
MARC MARS
(joint work with Martin Reiris)

Mars, Marc
Given a spacetime, a marginally outer trapped surface (MOTS) is a codimension-
two, spacelike, oriented and compact embedded surface such that one of its two
null expansions vanishes identically. These surfaces signal the presence of a strong
gravitational field and, from a physics perspective, they are widely believed to
be closely related to black holes. Investigating this relationship is an important
problem in mathematical gravitation. Since the concept of black hole is global in
nature, while MOTS are defined locally, studying this relationship is a hard prob-
lem, which, in fact, is closely connected to the weak cosmic censorship hypothesis.
It becomes natural to study the simplest cases first.

Stationary spacetimes are an important class because they represent equilibrium
configurations and hence, constitute the class of end-states of many dynamical pro-
cesses. They are also simple enough so that the problem above becomes tractable.
The expectation is that stationary, asymptotically flat and globally hyperbolic
spacetimes containing a MOTS should be a black hole and that, moreover, the
MOTS should be a section of the corresponding event horizon. Indeed, if MOTS
are to be dynamical, quasi-local replacements of black holes, then in an equilib-
rium situation, where there is no evolution at all, they should simply coincide.
The aim of this talk is to address this problem.

The objective being to find global-in-time properties of spacetimes, the natural
setup is to make assumptions only at the initial data level. In order to ensure
that the corresponding maximal Cauchy development is stationary, it is necessary
(and sufficient) to assume that the initial data is a so-called Killing initial data,
namely a set D := (X™,q,K;p,J,T;N,Y) consisting of a standard initial data
set (X™, g, K; p, J) together with a symmetric covariant two-tensor 7, a scalar N
and a vector Y satisfying the so-called KID equations (see e.g. [5]).

In this definition, N, Y represent the lapse and shift of the Killing vector that
exists in the spacetime generated by the data. When the KID is asymptotically
flat we assume that A := N? — g(Y,Y) tends to a positive constant at infinity.

A particular case of KIDs are static KID, where additional equations (see [2])
are imposed to ensure that the Killing vector of the development is integrable.

There are at least two natural approaches to analyze whether the maximal
Cauchy development of an asymptotically flat KID containing a MOTS is a black
hole. The first one (A) consists in trying to determine sufficient information on its
maximal Cauchy development so as to make sure that it is a black hole spacetime
and, afterwards, study the relative position of the given MOTS and the intersection
of the black event horizon with the given initial data. The second approach (B) uses
a detour via the black hole uniqueness theorems. The idea is to extend the black
hole uniqueness theorems to stationary (or static), asymptotically flat initial data
sets containing a MOTS boundary. As a consequence, the spacetime generated by
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the data is automatically a black hole (in fact, within the corresponding uniqueness
class) and it only remains to show that the MOTS lies in the black hole horizon.

The first time approach (B) was implemented is due to P. Miao [1] who proved
that an asymptotically flat, vacuum, three-dimensional, time-symmetric (i.e. with
K = 0) and static Killing initial data set such that 0¥ is the outermost minimal
surface is necessarily isometric to a so-called Schwarzschild half-space.

The proof of this result relies heavily on the vacuum field equations. In [2, 3, 4]
an alternative approach based solely on energy inequalities was found that allowed
for much more general matter models and for general static KID (i.e. not nec-
essarily time-symmetric). Note that allowing for non time-symmetric static KID
is a relevant generalization because, given any such data, it is not true a priori
that its maximal Cauchy development admits a time-symmetric Cauchy hyper-
surface. Dealing with non time-symmetric KID introduces an important compli-
cation, namely the potential existence of so-called Killing prehorizons. These are
injectively immersed, but not necessarily embedded, hypersurfaces of > where A
vanishes identically (this corresponds to points where the Killing vector becomes
null in the spacetime development). The presence of these objects prevents from
applying the standard black hole uniqueness proofs. In the papers above, technical
conditions where added in order to deal with this extra difficulty.

In recent work in collaboration with Martin Reiris [5] we have followed approach
(A). The asymptotically flat KID is assumed to have a compact outer trapped
boundary, i.e. such that the mean curvature H of 9% with respect to the unit
normal towards ¥ satisfies H + trgx K < 0. This is a condition slightly stronger
than 0% being a MOTS. Our main result establishes that the maximal Cauchy
development of such data is a black hole spacetime.

For a more precise statement, let (M™, §) denote the future of ¥ in the maxi-
mal Cauchy development (M, §) of the data. Denote by S,, a coordinate sphere
{r = rg} in the asymptotically flat end and by X¥(r) the exterior of S,. Let
also T'(0%,d) = {p € ¥/disty(p,0X) < d}. An important object for the the-
orem is the so-called future Killing development of the data. This is a space-
time generated by dragging the initial data information with the Killing vec-
tor. It only exists on points where the Killing vector is transverse (i.e. where
N #0) and, in particular, on any connected, open subset {2 of the exterior region
YT defined as the connected component of {\ > 0} containing the asymptoti-
cally flat end. The future Killing development of € is the spacetime () :=
(2% [0,00),9p = =Adt? +Y @ dt +dt ® Y + g). Our main result reads [5]

Theorem 1. Let D be an m-dimensional (m > 3) asymptotically flat, stationary
initial data set with well-posed matter model satisfying the null energy condi-
tion. Suppose that 0% (if non-empty) is future outer trapped. Then the maximal
Cauchy development (M, g) of D satisfies
(1) There is r > 0 such that K(X¥(r)) can be isometricaly embedded in M™.
(2) There is d > 0, such that T(9%,d) N J~(K(XF(r))) = 0 where J= (V) is
the causal past of V' C M.
Moreover, T N 9% = ().
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Since the future Killing development K(X(¥) (7)) is asymptotically flat in a
spacetime sense and, according to (2), its causal past does no cover the whole
spacetime, this theorem states that the spacetime (M, g) is indeed a black hole.

As mentioned above, the presence of Killing prehorizons is an obstruction to
proving black hole uniqueness theorems (at least, with the present proofs). So, the
problem of studying whether Killing prehorizons are possible or not is interesting
on its own. Under suitable global hypotheses (both to the future and past), Killing
prehorizons have been excluded in the domain of outer communications [6]. Since
the theorem above only provides information to the future, this global result is
not directly applicable at the initial data level. Using an argument that only
requires initial data information, the following result on non-existence of Killing
prehorizons can be proved [5].

Theorem 2. Let D be an asymptotically flat static Killing initial data set satisfying
the null energy condition. Suppose X7 N 9% = (). Then, all Killing prehorizons
are embedded.

Combining these results a fully satisfactory static uniqueness theorem follows.

Theorem 3. Let D be an m-dimensional (m > 3), static, asymptotically flat,
Killing initial data satisfying the following assumptions:

A1. The matter model is well-posed and satisfies the null energy condition.
A2. The matter model satisfies the static black hole uniqueness theorem.
A3. X has outer trapped boundary.

Then (X7, g, K) can be isometrically embedded in a spacetime within the black
hole uniqueness class.

The notion of a matter model satisfying the static black hole uniqueness theorem
is defined in [5] and simply makes precise the requirement that black holes of this
matter model can be classified.

The strict inequality H 4 trgx, K < 0 is required for technical reasons. It would
be interesting to relax this to H +trgx K = 0, i.e. to the case of MOTS boundary.

Another interesting problem is to study whether uniqueness extends to axially
symmetric, stationary KID when m = 3 (and e.g. vacuum).
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The wave equation on extremal black holes
STEFANOS ARETAKIS

One problem that attracted a lot of interest during the past decade is the
understanding of the evolution of solutions to the wave equation

Oyt =0

on black holes spacetimes. This problem is also closely related to the stability of
black holes, the latter being solutions to the Einstein equations.

Previous works by Dafermos and Rodnianski [7], Andersson and Blue [1] and
Tataru and Tohaneanu [10] have independently provided quantitative decay rates
for solutions to the wave equation in the exterior region of slowly rotating Kerr
black holes. In fact, Dafermos and Rodnianski [8] presented analogous rates for
the general subextremal Kerr family. These decay rates hold for solutions and
all their derivatives up to and including the event horizon.

This talk concerns the case previously not covered, i.e. the extremal case. Ex-
tremal Kerr is characterized by the vanishing of the surface gravity on the event
horizon. Geometrically, this means that if V' is Killing and null normal on the
horizon then

ViV =0.

The above condition manifestly implies that there is no bifurcate sphere in the
extremal case. Note that from a classical physics point of view, the extremality
of the horizon implies that the redshift effect degenerates there. Furthermore,
from the quantum physics point of view, the same condition implies that the
temperature of the horizon vanishes and thus extremal black holes do not radiate.

For the problem at hand, the fundamentally new aspect (compared to the subex-
tremal case) is the degeneracy of the redshift effect on the horizon.

Instead of starting with extremal Kerr, one could first consider the simpler
extremal Reissner—Nordstrom black holes; the simplicity of the latter black holes
being manifested in their spherical symmetry. In this case, if Y is a translation-
invariant transversal to the horizon H vector field and 1) is a spherically symmetric
solution to the wave equation then we obtain that the quantity

HE) =Y + 24

is conserved along H, where M > 0 is the mass parameter. Since for generic
initial data H[¢] # 0, we have that for generic v either 1 or Y cannot decay!
Note that this result is in stark contrast with the subextremal case for which decay
is known for ¢ and all its derivatives.

In view of the fact that extremal Kerr is not spherically symmetric, the above
argument cannot be readily adapted to extremal Kerr. Nonetheless, we can prove
the following (S.A. 2012):

Let (M, g) be a 4-dimensional Lorentzian manifold containing an extremal az-
isymmetric horizon H. Let also V denote the Killing field null and normal to H
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and ® denote the azial Killing tangential to H and such that [V, ®] = 0. If the dis-
tribution of the planes orthogonal to the planes spanned by V and ® s integrable,
then we have a conservation law on the horizon H.

The conservation law holds for the spherical mean of an expression of ¢ and
first order derivatives of 1. Specifically, for extremal Kerr, we obtain that the
quantity

HEerr [y)(7) = /S (Msin29(T¢) FAM (Yo) + 2¢>

is conserved along the event horizon H.

We note that similar conservation laws hold for Majumdar—Papapetrou multi
black holes. Note further that the integrability condition of the above theorem is
consistent with general relativity in view of Papapetrou theorem. We also men-
tion that Lucietti and Reall [9] have recently extended the conservation laws to the
Teukolsky equation governing linearized gravitational (or electromagnetic) pertur-
bations of (extremal) Kerr.

The above conservation laws are completely determined by the local properties
of extremal horizons (namely, by the induced metric and the Christoffel symbols
[' on H) and hence do not depend on global aspects of the spacetime. Hence,
although they imply that not all quantities decay in the extremal case, they do
not provide a satisfactory picture of the evolution of solutions to the wave equa-
tion in the domain of outer communications. Nonetheless, in the case of extremal
Reissner—Nordstrom and extremal Kerr we were able to show the following insta-
bility results (S.A. 2010-2012):

For generic solutions 1 to the wave equation on extremal Reissner—Nordstrom
or extremal Kerr backgrounds we have:

Non-Decay:

The translation-invariant transversal to H derivative Y does not decay along
H.

Pointwise Blow-up:

|Ykz/1‘ — 400,

along H as advanced time tends to infinity k > 2.

Energy Blow-up:

Y0l p2 = +oo

as advanced time tends to infinity k > 2 for all k > 2 (the L? norm is taken over
spacelike hypersurface crossing H).

The above instability results concern the transversal to H derivatives of 1. For
the solutions 7 themselves, we can in fact prove the following stability result
(S.A. 2010-2011):

For all solutions v (with sufficiently regular initial data on Xg) to the wave
equation on extremal Reissner—Nordstrom and all axisymmetric solutions on ez-
tremal Kerr we have

1
Pointwise Decay: |¢(r,-)| < C-D - —

-
up to and including the event horizon H.
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Proving the above decay rate requires overcoming the degeneracy of the redshift
and circumventing the use of quantities which do not decay. This was made
possible by the construction of a novel current that captures the degenerate redshift
and the use of new Hardy-like inequalities. The so-called trapping was overcome
by constructing microlocal currents for axisymmetric solutions which completely
decouple from the redshift effect (and are in fact localized in phase space near the
region where trapping takes place). Removing the axisymmetry assumption for
the stability result remains an open problem.

It is our belief that extremality has opened a new area in the stability problem
and we are certain that more fascinating results are to be found.

References for the talk include: [2, 3, 4, 5, 6].
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Critical phenomena at the threshold of immediate merger in binary
black hole systems: the extreme mass ratio case

CARSTEN GUNDLACH

There has been some interest in the formation of black holes from particle collisions
in accelerators. Pretorius and Khurana [1] have simulated this numerically, using
two equal mass Schwarzschild black holes, boosted relative to each other, as the
particles. For the sake of argument, keep the initial separation (large enough to be
effectively infinite) and relative boost constant and vary only the impact parameter
in the initial data. Clearly, for large impact parameter the “particles” will shatter,
and for small impact parameter they will merge into a single black hole.

Clearly, there is more generally a “threshold of immediate merger” in the ab-
stract space of initial data, and it can be explored by varying any one parameter p
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of the initial data, such as the impact parameter. It is this threshold Pretorius and
Khurana were interested in, because of the “critical phenomena in gravitational
collapse” that Choptuik found around 1992 at the “threshold of gravitational col-
lapse” for spherically symmetric scalar field.

Choptuik’s initial work was generalised to other systems that have a threshold
between collapse and dispersion (as does the two black hole system considered by
Pretorius and Khurana). Most of these are spherically symmetric for simplicity,
but axisymmetric scalar fields and axisymmetric vacuum gravity have also been
looked at. One distinguishes type I and type II critical phenomena at the thresh-
old of collapse. Type I is perhaps more familiar: In this scenario there exists a
stationary solution with precisely one growing (unstable) perturbation mode. An
elementary calculation (which I went through in the talk) then shows that near
the threshold the time evolution hovers near this “critical solution” for a time T'
that scales as T' ~ —vIn |p— p«|, where p is any parameter of the initial data, p. its
value at the collapse threshold, and v is a universal “critical exponent”, calculated
to be the inverse of the growth rate of the one unstable mode.

Type II is not really relevant for my talk but is what Choptuik discovered and
is more surprising, and so merits a paragraph aside. Here the critical solution
is self-similar (homothetic) and it is not the survival time 7' of the metastable
star that scales with the initial data, but the mass M of the black hole that is
eventually made: M ~ |p — p.|?, with « once again related to the growth rate
(now per logarithm of time) of the one unstable mode of the self-similar critical
solution.

Back to the binary black hole case. Pretorius and Khurana found that the
number of orbits scales as n ~ —vyIn|p — p.| along any one-parameter family of
initial data such that the threshold is at p = p.. Hence they conjectured that
in ultrarelavistic collisions almost all the kinetic energy can be converted into
gravitational waves if the impact parameter is fine-tuned to the threshold. As a
toy model for the binary, they considered the geodesic motion of a test particle in
a Kerr black hole spacetime, where the unstable circular geodesics play the role of
critical solutions (of type I), and calculate the critical exponent ~.

With Leor Barack, Sarp Akcay and Alessandro Nagar, I have incorporated
radiation reaction into this model using the self-force approximation. That is, we
turn the toy model into a physical model of a finite mass ratio binary in the limit
where the mass ratio is much smaller than one.

The critical solution now evolves adiabatically along a sequence of unstable
circular geodesic orbits under the effect of the self-force. We confirm that almost
all the initial energy and angular momentum are radiated on the critical solution.
Our calculation suggests that, even for infinite initial energy, this happens over a
finite number of orbits given by n., ~ 0.41/n, where 7 is the (small) mass ratio.
We derive expressions for the time spent on the critical solution, number of orbits
and radiated energy as functions of the initial energy and impact parameter. I
won’t give them here.
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At the end, I speculated a bit about what this may mean for the equal (or
comparable) mass ratio case. Say the masses are equal and the two black holes
are nonspinning for definiteness. Then we believe that there is a unique critical
solution starting at infinite energy and and which ends with a merger only after
all the kinetic energy has been radiated to infinity (as far as compatible with the
area theorem). Any finite energy collision fine-tuned close to the critical impact
parameter (say) joins the critical solution at the appropriate energy, and leaves
it at a (much) lower energy depending on how good the fine-tuning was. Our
extreme mass ratio critical solution spiralled out from r = 3M (the light ring)
to 6M (the point particle ISCO), but the equal mass critical solution must be
spiralling in to avoid immediate merger by the hoop conjecture. But the two black
holes will be moving essentially at the speed of light all along, held together by
the gravity of their kinetic energy... It is quite unfamiliar, and worth exploring
more. At (relatively) low orbital energy, one may be able to use an adiabatic
approximation, similar to what we used for the extreme mass ratio case - here
this would mean a helical Killing vector approximation. But at high to infinite
energy I have no idea what this solution looks like. Our extreme mass ratio results
suggest that it only makes a finite number of orbits, perhaps very few. So perhaps
one could use a colliding impulsive waves approximation?
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Black hole instabilities and local Penrose inequalities
HARVEY S. REALL

(joint work with Pau Figueras, Keiju Murata)

In this talk I shall describe work done in Ref. [1] and a new paper to appear.

Vacuum black holes in four spacetime dimensions are believed to be stable
against gravitational perturbations. A qualitatively new feature that emerges in
higher dimensions is the possibility of black objects with unstable horizons. The
first example to be discovered was the Gregory-Laflamme instability of a black
string [2]. Later, heuristic arguments were presented which suggest that ”ultra-
spinning” Myers-Perry [3] black holes should suffer from a similar kind of instability
[4]. The existence of this instability has been confirmed by studies of linearized
perturbations [5, 6, 7, 8].

The equations governing linearized perturbations of higher-dimensional rotating
black holes are very complicated. It would be nice if there were a simpler method
of demonstrating black hole instabilities. In this talk, we will explain how the
existence of certain types of instability can be demonstrated using inequalities
analogous to the Penrose inequality.

The usual Penrose inequality is supposed to apply to any asymptotically flat
initial data containing an apparent horizon. We introduce the notion of a local
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Penrose inequality, in which one restricts attention to initial data describing a small
perturbation of a black hole. We use local Penrose inequalities to demonstrate
instability of certain stationary black hole solutions. If such a black hole is stable,
then initial data describing a small perturbation of the black hole must satisfy a
local Penrose inequality. Therefore, if we can find initial data that violates the
inequality then the black hole must be unstable. Constructing initial data usually
is much easier than solving the linearized Einstein equation so this is an easy
method of demonstrating instabilities.

We explain how the method can be used to demonstrate existence of the
Gregory-Laflamme instability and the instability of ultraspinning Myers-Perry
black holes. Next we consider the stability of the black ring solutions of Ref.
[9, 10]. So far, investigations of black ring stability have been heuristic. For a
given mass, there is a finite range of angular momenta for which there exist two
distinct ring solutions, referred to as ”thin” and ”fat” because of the shape of the
horizon. Heuristic arguments suggest that ”fat” rings should be unstable. We find
that this is indeed the case.

Finally, we consider the case of "non-uniform” black string solutions, which
we construct numerically. Such solutions exhibit an interesting change in their
stability around the critical spacetime dimension d = 13. Weakly non-uniform
solutions are expected to be unstable for d < 13 and stable for d > 13, which is
what we find. However, our results can be extended to finite non-uniformity, with
the surprising result that strongly non-uniform black strings appear to be stable
for d = 12,13.
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Stability of Black Holes and Black Branes
ROBERT M. WALD

I describe recent work with Stefan Hollands, discussed in much more detail in [1].

It is of considerable interest to determine the linear stablity of black holes in D-
dimensional general relativity. It is also of interest to determine the linear stability
of the corresponding black branes in (D + p)-dimensions, i.e., spacetimes M x TP

with metric of the form
p

(1) dsh ., =dsph + > _dz} .
i=1

where ds?, is a black hole metric. One can analyze this issue by writing out the
linearized Einstein equation off of the black hole or black brane background space-
time. One way of establishing linear stability is to find a suitable positive definite
conserved norm for perturbations. Linear instability can be established by finding
a solution for which some gauge independent quantity has unbounded growth in
time. However, even in the very simplest cases—such as the Schwarzschild black
hole and the Schwarzschild black string—it is highly nontrivial to carry out the
decoupling of equations and the fixing of gauge needed to determine stability or
instability directly from the equations of motion. It is particularly difficult to ana-
lyze stability when the background is stationary but not static. Thus, it would be
extremely useful to have a stability criterion for black holes and black branes that
does not require one to perform a complete analysis of the linearized perturbation
equations.

For the case of black branes, a simple criterion for stability was proposed by
Gubser and Mitra [2, 3], based on the analogy between laws of black hole mechanics
and the laws of thermodynamics. Another relatively simple stability criterion,
which has been proposed to be applicable to black holes, is the “local Penrose
inequality,” discussed in [4].

In our work, we establish a new criterion for the dynamical stability of black
holes in D > 4 spacetime dimensions in general relativity with respect to axisym-
metric perturbations: Dynamical stability is equivalent to the positivity of the
canonical energy, £, on a subspace, 7T, of linearized solutions that have vanishing
linearized ADM mass, momentum, and angular momentum at infinity and satisfy
certain gauge conditions at the horizon. This is shown by proving that—apart
from pure gauge perturbations and perturbations towards other stationary black
holes—¢ is nondegenerate on 7 and that, for axisymmetric perturbations, £ has
positive flux properties at both infinity and the horizon. We further show that £
is related to the second order variations of mass, angular momentum, and horizon
area by & = 62M — doa Q6% T4 — %5214, thereby establishing a close connection
between dynamical stability and thermodynamic stability. Thermodynamic insta-
bility of a family of black holes need not imply dynamical instability because the
perturbations towards other members of the family will not, in general, have van-
ishing linearized ADM mass and/or angular momentum. However, we prove that
for any black brane corresponding to a thermodynamically unstable black hole,
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sufficiently long wavelength perturbations can be found with £ < 0 and vanishing
linearized ADM quantities. Thus, all black branes corresponding to thermodyn-
mically unstable black holes are dynamically unstable, as conjectured by Gubser
and Mitra. We also prove that positivity of £ on T is equivalent to the satisfac-
tion of a “local Penrose inequality,” thus showing that satisfaction of this local
Penrose inequality is necessary and sufficient for dynamical stability. Although
we restrict our considerations to vacuum general relativity, most of our results are
derived using general Lagrangian and Hamiltonian methods and therefore can be
straightforwardly generalized to allow for the presence of matter fields and/or to
the case of an arbitrary diffeomorphism covariant gravitational action.
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Waves, modes and quasimodes on asymptotically Anti-de-Sitter black
hole spacetimes

JACQUES SMULEVICI
(joint work with Gustav Holzegel)

In this talk, we presented results concerning the behaviour of waves propagating
in asymptotically Anti-de-Sitter (AdS) black hole spacetimes. The presence of
an asymptotically AdS end strongly modifies the decay properties of solutions
compared to the asymptotically flat or de-Sitter case. Indeed, for asymptotically
AdS spacetimes, null infinity can be seen as a timelike boundary and, in the case
of Dirichlet boundary conditions, no radiation can escape through it. In the pure
AdS case, this leads to the existence of mode solutions, with finite energy, to the
scalar wave or the Klein-Gordon equation. These solutions are in particular time
periodic and therefore do not decay.

One may hope to bypass this obstruction to decay by considering black hole
spacetimes. To fix the notation, let us consider, for an asymptotically Anti-de-
Sitter spacetime (M, g) with cosmological constant A = —l% < 0, the equation

(1) Ot + %zp — 0,

where « is a constant.
In [9], we proved
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Theorem 1. Let (M,g) be a Kerr-AdS spacetime with parameters (M, a,l) for
which the boundedness theorem of [7] holds' and ¢ be a CH%,q solution of (1)
with o < % on this background. Assume moreover than one of the following three
conditions on the parameters hold:

1. a<1,

2. 1<a<2andla| <%,

3. a s sufficiently small depending only on M, | and .
Then, we have the decay estimate

x\—1
(2) 113 (s,.y S (log %) {H@ZJH?{LS(EO)]

AdS
for any t* > 2, where < allows a constant depending only on the parameters M,
a, | of the background spacetime and on «.

In the above theorem, the ¥;« foliation is a standard foliation, intersecting the
event horizon, by slices of constant t*, where t* is the standard time function in
Kerr-AdS-star coordinates (see [9]). The norms ||.||z1  and ||.|[5z _ are radially
weighted Sobolev type norms controlling respectively one and two derivatives. The
set CH? g is the space of functions which are continuous in time with values in
H? 4s- In particular, the Dirichlet conditions at the asymptotically AdS end are
incorporated in the condition that the solutions lie in the space CH? ;.

Remarks. 1. The condition a < %, known as the Breiterlohner-Freedman
bound, is related to the issue of well-posedness for (1). See [11, 1, 12, 6]

as well as the recent [13] for related work on this issue.

2. One can improve the (log t*)_1 weight in the decay estimate to (log t*)_k,

for any k > 1, if one is willing to commute more, i.e. the replace the H3 ;4
norm by a higher norm H}fd'g on the right-hand side of (2).

This logarithmic decay rate is much weaker than what can be proven in the
asymptotically flat case?. Hence, one may think that this estimate is far from
being sharp. However, distributions of quasinormal modes have been computed
numerically which approach the real axis exponentially (see [5]). Such convergence
typically leads to logarithmic decay rates. Moreover, in [9], we unravelled a new
trapping phenomenon and conjectured that it was responsible for this slow decay.
Indeed, this trapping phenomenon, which essentially consists in light rays unable
to cross the photon sphere (or its analogue in Kerr-AdS) and being reflected at
null infinity, is easily seen to be stable. We have recently managed to validate
these heuristics and proved

Theorem 2 ([10]). Let (M, g) denote a Schwarzschild-AdS spacetime, with mass
M and cosmological constant A = —l%. Let o« < 2. Let t§ > 0 be fived. Let

Lin particular both the no-superradiance condition ri > |a|l, with r4 the area-radius at the
event horizon, and the no-naked singularities condition |a| < I hold.

2For the reader interested in the asymptotically flat case, as well as for many more references,
we refer to the standard lecture notes on the subject, [3], for a detailed study of decay of linear
waves in black hole spacetimes.
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SCH? 4 denotes the set of CHA 5 solutions to (1). Then there exist a universal
(depending only on M > 0) constant C > 0 such that

2(x,.) T (3.,
lim sup  log(2 + t%) 1941 (Zex) Y]l (Z4)

B +00 yeSCH? . el + 1¥1m2 2,0

>C > 0.

In particular, this theorem shows that one cannot prove a uniform decay rate
faster than logarithmic3. The proof of this theorem relies on the construction of
the following approximate solutions or quasimodes, which we state only for the
conformal case for simplicity in the exposition,

Theorem 3 ([10]). Let (M, g) denote a Schwarzschild-AdS spacetime, with mass
M and cosmological constant A = —l%. Let ﬁg denote the conformal wave operator
Ly + l% Let (t,r,0, ) be standard Schwarzschildian coordinates on the black hole
exterior of M. Then, there exists a family of functions (¢ € H%,q)e>0 such that

® Yy = eiwet¢£(r7 0, 90);

o for all k >0, [|Ogtull s < Cem|ty[ gy _, for some C > 0 indepen-
dent of ¢,

e The support of Fy := Elgw is contained in [3M — §,3M + 9] ,

o ¢u(r,0,p) =0, for all T <3M — 9.

Since the vy have constant in time H% ;¢ norms, they exhibits no decay. More-
over, a standard application of Duhamel’s formula shows that they are good ap-
proximations to the solutions of ﬁgzp = 0 with the data induced by ¥y up to a
time ¢t ~ e“?, hence the relation to Theorem 2.

All these results hold for solutions in the CH3,4 class, which, as mentioned
earlier, corresponds to imposing Dirichlet boundary conditions. Other boundary
conditions are however possible, depending on the value of a. In particular, local
well-posedness for asymptotically Anti-de-Sitter spacetimes has been proven in
[13] and boundedness of solutions will be studied in [8].

As far as nonlinear evolution is concerned, one naturally expects that this slow
decay will lead to instability. Thus, we conjecture that Schwarzschild-AdS and
Kerr-AdS are dynamically unstable. In this regard, note also that AdS itself
has been conjectured, independently by M.T Anderson and M. Dafermos, to be
unstable and that there is growing numerical and heuristic arguments supporting
this conjecture (see [2, 4]).
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Causality with continuous metrics
P1oTR T. CHRUSCIEL
(joint work with James Grant)

After a brief review of some (non-)existence and (non-)uniqueness for linear wave
equations on manifolds, and for the Einstein equations, I will describe some ideas
which enter in the proof of the theorem of existence of maximal globally hyperbolic
vacuum developments of general relativistic Cauchy data with H3 x H? initial data.
I will concentrate on the difficulties that arise when trying to carry out the required
causality arguments for metrics which are merely continuous. The talk is based
on my paper [1] and on a joint paper with James Grant [2].

[
2]
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On Big Bang Spacetimes
JARED SPECK
(joint work with Igor Rodnianski)

The purpose of this report is to summarize a new past-global stability result for
the Einstein equations. The result concerns the well-known Friedmann-Lemaitre-

Robertson-Walker (FLRW) solution on the manifold (0,00) x T? to the Einstein-
stiff fluid system. Relative to an arbitrary coordinate system, the equations are

1
(1a) Ric,, — §ng =T, (u,v=0,1,2,3),
(1b) D, T =0, (v =0,1,2,3),

where Ric,, denotes the Ricci tensor of g,,, R denotes the scalar curvature of
g, D, denotes the Levi-Civita connection of g,,, and T,, denotes the energy-
momentum tensor of a perfect fluid:

(2) T = (p+p)uu” +p(g~ )"

Above, p is the fluid’s proper energy density, p is the pressure, and u is the (future-
directed) four-velocity, which is normalized by

(3) gaﬁuauﬁ - _1.

In order to close the equations, we assume the equation of state of a stiff fluid:

(4) p=p.

The aforementioned FLRW solution can be expressed as

()
1

3
g=—dt’ +1**) (da?)?, p= gt_Q, ut =64, (t,z) € (0,00) x T3,
j=1

The solution has a Big Bang singularity at {¢ = 0} at which the Kretschmann
scalar ]I/{;r/n% blows up like ¢~

Our main goal in our upcoming article is to study small perturbations of the
FLRW solution from the point of view of the initial value problem. More precisely,
we view the solution (5) as having been launched by its Cauchy data on the
spacelike hypersurface ¥} := {t = 1}. We would like to answer the following
question: what happens if we perturb the Cauchy data of the FLRW solution? In
particular, does the perturbed solution also collapse into a Big Bang singularity
at some past time? The famous singularity theorems of Penrose and Hawking
(see e.g. [Pen65|, [Haw67]) ensure that under certain assumptions verified by
perturbed data, the resulting perturbed spacetimes are necessarily past-timelike
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incomplete. However, these theorems don’t provide any information about the
nature of the incompleteness. There are at least two possible scenarios behind
the incompleteness, and they are quite distinct. The first scenario is that the
incompleteness is caused by the blow-up of some curvature invariant, as is the
case at the FLRW solution’s Big Bang singularity. Another possibility is that the
incompleteness is caused by the development of a Cauchy horizon, as is the case
in e.g. the Taub family of solutions. Our main results confirm that for solutions
launched by near-FLRW data, the first scenario always occurs.

Before stating our main results in more detail, we first describe some important
prior work. In [ARO1], Andersson and Rendall constructed a family of spatially
analytic solutions to the Einstein-scalar field and the Einstein-stiff fluid systems.
The family has the same number of degrees of freedom as do the Einstein data,
and each solution has a Big Bang singularity. A neighborhood of the singularity
is foliated by a Gaussian coordinate system that synchronizes the singularity at
{t = 0}, and near the singularity, the spatial derivatives become negligible. We
remark that previous heuristic arguments had been given suggesting that a scalar
field or a stiff fluid could have such a mollifying effect on solutions near the sin-
gularity (see e.g. [BK72], [Bar78]). The solutions in [AR01] were constructed by
first solving a simpler system known as the velocity term dominated (VTD) sys-
tem. The VTD system is obtained by throwing away the spatial derivatives from
the original equations. The VTD solutions can be viewed as a family of ODE
solutions parameterized by the spatial coordinates. Andersson and Rendall then
used Fuchsian PDE techniques to construct a solution to the original equations
that converges to the VTD solution. This strategy is sometimes known as the
“backward” approach because it requires that one prescribe the asymptotics near
the singularity before constructing the solution. In the conclusions of [AR01], An-
dersson and Rendall stated that it would be desirable to prove an analogous result
from the point of view of the initial value problem. More precisely, they stated
that it would be desirable to show that an open set of near-FLRW Cauchy data (in
particular without the assumption of spatial analyticity) launches a solution with
a Big Bang singularity. Our main theorem confirms that such an open set exists.
This strategy is known as the “forward” approach (even though our choice of time
coordinate in our main theorem is such that we solve the Cauchy problem “back-
ward” in time). We also note that in [Rin01], Ringstrom proved (among many
other things) an analogous version of our main results under the assumption that
the solution is a member of the symmetry class Bianchi class A. These solutions
depend only on a time coordinate ¢t. We remark that unlike in our main results,
Ringstrom did not assume that the data are near-FLRW.

We now state our main results. A full proof will be given in an upcoming article.

Main Results. The spatially homogeneous, isotropic FLRW spacetime (5)
is a past-globally stable singular solution to (1a) - (4). More precisely, if initial
data for the system are given on the spacelike hypersurface >} and the data are
near-FLRW as measured by a Sobolev norm, then the maximal globally hyperbolic
development of the perturbed data contains a hypersurface ¥; of constant mean
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curvature (CMC) —1/3 that is near . Furthermore, the past of ¥ is foliated by
a family of spacelike hypersurfaces ¥; corresponding to a time function ¢ € (0, 1]
upon which the CMC condition k% (t,2) = —t~" holds. Here, k'; is the (mixed)
second fundamental form of ;. Relative to the time coordinate t, the perturbed
solution exists on the manifold-with-boundary (0,1] x T? and remains close in a
Sobolev sense to the FLRW solution.

Furthermore, certain time-rescaled versions of the volume form of ¥;, the mixed
second fundamental form, and the pressure have a non-zero, finite limit as ¢ | 0.
The limiting field components are functions on T® that are close to the corre-
sponding time-rescaled FLRW field components, which are globally constant. The
coordinate frame relative to which these estimates hold is such the FLRW solution
has the form (5) in this frame.

In addition, the spacetime ((0, 1] x T3, g) is past-timelike geodesically incom-
plete and inextendible beyond ¢t = 0. As t | 0, the 3—volume of the constant-time
hypersurfaces ; collapses to 0, the pressure p blows-up like =2, and the spacetiQme
Al

Vg
|Riem|Z

Kretschmann scalar |Riem|é blows-up like t~%. Furthermore, the ratio ‘

remains small for all ¢ € (0, 1], where W denotes the spacetime Weyl curvature
tensor. This shows that the curvature singularity is dominated by the Ric com-
ponents of Riem.

The main strategy of the proof is to study the Cauchy problem relative to
a CMC-transported spatial coordinate system. In order for this approach to be
viable, we must show that near-FLRW spacetimes contain a constant mean cur-
vature hypersurface. This is especially important in view of the fact that Bartnik
showed [Bar88| that some spacetimes do not contain any such hypersurfaces. Our
argument for their existence in near-FLRW spacetimes is based on a result of Bart-
nik [Bar84], which is itself an extension/modification of earlier work by Gerhardt
[Ger83].

In CMC-transported spatial coordinates (¢, ), where t € R and = € T3, the
spacetime metric can be decomposed as

(6) g = —n2dt? + gapdz®da’,

where n is the lapse. The lapse verifies an elliptic PDE that enforces the CMC
condition, and the Einstein-stiff fluid equations become a mixed elliptic-hyperbolic
system. Our analysis of solutions is based on a combination of L? energy estimates,
elliptic estimates, and sup norm estimates. We identified a hierarchy of special
structures that are visible in the aforementioned coordinates. Omne particularly
important ingredient is our identification of a new energy almost-monotonicity
inequality for the solutions under consideration. Roughly speaking, our derivation
of this inequality is based on using the lapse equation, the Hamiltonian constraint,
and the CMC condition in order to show that a certain quadratic spatial integral
has a favorable sign. In fact, the integral provides dynamic control over the lapse
and plays a key role in closing our stability proof. The integral arises during
our derivation of energy estimates for the fluid variables. Another important



Mathematical Aspects of General Relativity 2311

structure is that, roughly speaking, the lower order derivatives of the solution can
be treated as if they were ODEs with small sources. This allows us to derive sup
norm estimates for the lower order derivatives that are much stronger than the
the bounds implied by our energy estimates. These strong sup norm estimates
are essential for closing our main bootstrap argument. The assumption that the
matter is a stiff fluid is heavily used in the derivation of the sup norm estimates.
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Weakly regular spacetimes with symmetry
PuiLipPE G. LEFLOCH

In the past five years, the author established new existence results concerning the
initial value problem for Einstein’s field equations, when weak regularity, only, is
assumed on the initial data set and, therefore, on the spacetime itself. In this
theory, the essential metric coefficients belong to the Sobolev space H!, while
other metric coefficients are solely in the Lebesgue space L™ or even in L', while
the spacetime curvature is understood in the sense of distributions [5]. Under
the assumption of T2 symmetry, Gowdy symmetry, or plane symmetry, several
techniques were developed in order to construct future Cauchy developments with
weak regularity and to analyze their global geometry.

In particular, motivated by the work of Christodoulou [1] on the formation
of trapped surfaces along the evolution determined by the Einstein equations,
the author and Stewart [9] studied the global causal geometry of plane-symmetric
colliding spacetimes with (possibly impulsive) interacting gravitational waves, and
established the strong version of Penrose conjecture in the weak regularity class.

When T2 symmetry is assumed, the Einstein vacuum system can be expressed
in the so-calles areal coordinates When the time function is chosen to coincide
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with the area R of the surfaces of symmetry, the metric takes the form
9= (—dR? +a 2d?) +e*V(de+ Ady+ (G + AH) df)”
+ e 2VR?(dy + H df)®,

in which the coefficients U, A, n, a, G, H are functions of the time variable R and
the spatial variable 6. Here, R belongs to a real interval, while x,y, 6 belong to
the one-dimensional torus S'. The weak version of the field equations can be
defined fully geometrically by taking into account certain cancellation properties
and specifically, in areal coordinates, reads as follows in the sense of distributions:

(1) Four evolution equations for the metric coefficients U, A, n, a:
(Ra™'Ur)r — (RaUs)s = 2ROV,
(R! a_lAR)R — (R 'ady)y = e 2U04,
(a”'nr)r — (amp)o = Q" — R™>2(R*2(a™) ) .
(2lna)p = —R K2 e,
where K > 0 is a constant and the right-hand sides are defined by

QU .= (2R) 2 (a_l A2 — aAg),

Q4 = 4R e (—a ' UprAgr + aUpAy),

Q"= (—a U2 +aUZ) + (2R) 2e*V (a7 1A% — a A2).

(2) Two constraint equations for the metric coefficient 7:
1
TIR-i-ZR_?’eQ”KQ:aRE, ne = RF,

where
E:=(a'U}+aUj) + (2R) % (a7 ' AR + a 47),
F :=2URrUy + 2R 2%V AR Ayp.

(3) Four auxiliary equations for the twists:

(R etU=2nq (Gr + AHR))G =0, (R3 e g HR)(9 =0,
(R64U_2”a(GR +AHR))R =0, (R3 e aHR)R = 0.
(4) Two equations for the metric coefficients G, H:
Gr=—-AKe?"a 'R73, Hp=Ke?*"a 1R73.

In [8], the author and Smulevici propose a fully geometric, weak formulation of
the Einstein equations for T2 symmetric spacetimes, and solve the initial value
problem for the above system when the essential metric coefficients U and A
belong to H' in the variable § € S!, while the other metric coefficients have even
weaker regularity.

In [6], the author and Rendall investigate the coupling of the Einstein equa-
tions and the Euler equations of compressible fluids, when weak regularity only is
assumed, and contruct a global areal foliation of Einstein-Euler spacetimes with



Mathematical Aspects of General Relativity 2313

Gowdy symmetry. We also refer to the papers [3] and [4] for a review of these
techniques and to [2] for further results.
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Spacetime positive mass theorem in dimensions less than eight
LAN-HsuAN HUANG
(joint work with M. Eichmair, D. Lee, and R. Schoen)

We prove the spacetime positive mass theorem in dimensions less than eight. This
theorem states that for any asymptotically flat initial data set satisfying the dom-
inant energy condition, the inequality £ > |P| holds, where (E, P) is the ADM
energy-momentum vector of the initial data set. Previously, this theorem was
proved only for spin manifolds [4]. Our proof is a modification of the minimal
hypersurface technique that was used by the last author and S.-T. Yau to es-
tablish the time-symmetric case [3, 2]. Instead of minimal hypersurfaces, we use
marginally outer trapped hypersurfaces (MOTS) whose existence is guaranteed by
earlier work of the first author [1]. Since MOTS do not arise from a variational
principle, an important part of our proof to introduce an appropriate substitute
for the area functional used in the time-symmetric case. As part of our proof,
we establish a density theorem of independent interest that allows us to reduce
the general case of our theorem to the case of initial data that has harmonic
asymptotics and satisfies the strict dominant energy condition. A refinement of
the density argument allows us to approximate any given data set by one which is
identical with a Kerr slice outside a compact set preserving the dominant energy
condition. This enables us to give an alternative proof of the main theorem by
reducing it to the positive energy theorem.
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A conformal approach for the analysis of the non-linear stability of
radiation cosmologies

JUAN ANTONIO VALIENTE KROON
(joint work with Christian Liibbe)

The conformal Einstein field equations have proven to be a powerful tool to analyze
the stability and the global properties of vacuum, electro-vacuum and Yang-Mills-
electro-vacuum spacetimes —see e.g. [4, 5, 6, 9, 10, 11]. By contrast, to the best
of our knowledge, there has been no attempt to make use of conformal methods
to analyze similar issues in spacetimes whose matter content is given by a perfect
fluid. The work reported in this talk constitutes a first step in this direction. We
discuss the stability and the global properties of a class of cosmological space-
times having as a source a perfect fluid with trace-free energy-momentum tensor.
The solutions we construct are non-linear perturbations of a Friedman-Lemaitre-
Robertson-Walker (FLRW) reference spacetime. We have restricted our attention
to the simplest case from the point of view of conformal methods: perturbations
of a trace-free prefect fluid cosmological model with compact spatial sections of
positive constant curvature.

The problem of the non-linear stability of the irrotational Euler-Einstein system
for de Sitter-like spacetimes has been analyzed in [12]. This analysis shows that
FLRW background solutions with pressure p and density p related by a barotropic
equations of state of the form p = (y—1)pwith 1 <y < % are future asymptotically
stable under small irrotational perturbations. An extension of this analysis to the
case of fluids with non-zero vorticity has been given in [13]. It is notable that
the case of a pure radiation perfect fluid cannot be covered by the analysis of
[12, 13]. By contrast, from the point of view of conformal methods, the pure
radiation perfect fluid case turns out to be one of the simplest scenarios to be
considered. It should be mentioned that conformal methods have been used to
pose an initial value problem for the Einstein-Euler system at the Big Bang for
a class of cosmological models with isotropic singularities —see [1]. The methods
used in that work do not allow, however, to obtain global existence assertions
towards the future. Our main result can be stated as follows:
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Theorem. Suppose one is given Cauchy initial data for the Finstein-Fuler system
with a de Sitter-like cosmological constant and equation of state for pure radiation.
If the initial data is sufficiently close to data for a FLRW cosmological model with
the same equation of state, value of the cosmological constant and spatial curvature
k =1, then the development exists globally towards the future, is future geodesically
complete and remains close to the FLRW solution.

Similar future global existence and stability results can be obtained using the
methods of this article for a FLRW background solution with pure radiation equa-
tion of state, de Sitter-like or vanishing cosmological constant, A\, and &£ = 0, —1.
These models expand indefinitely towards the future, and remarkably, their scale
factor can be computed explicitly —see [2]. In the cases with A = 0, minor techni-
cal modifications need to be introduced to account for a null conformal boundary.
The stability of these models will be discussed elsewhere by means of different
(conformal) methods.

The restriction of our analysis to the case of perfect fluids with trace-free energy-
momentum tensor is a technical one. In the trace-free case the equation VAT, ur =0
transforms homogeneously under conformal rescalings. As a result, the majority
of conformal field equations for a radiation fluid can be treated with the same
methods used in the analysis of the Einstein-Maxwell case [5, 11]; only the equa-
tions for the fluid variables need to be analysed in more detail, to ensure that they
fit in correctly with the remainder of the system of partial differential equations
(PDEs). In the case of an energy-momentum tensor with non-vanishing trace, it
is an open question whether a suitable choice of conformal variables exist which
lead to a regular set of conformal field equations with matter.

In this article, we follow the conformal approach developed by H. Friedrich in
a series of articles [4, 5, 6, 7]. The key idea of our analysis is that by conformally
rescaling a solution (M, Guv) to the Einstein field equations with matter, one is able
to carry out a global stability analysis to the future in terms of a local analysis near
the conformal boundary of the conformally extension (M, g,,,,) where g,,, = ©2§,,,,
and © is a suitable conformal factor. The unphysical manifold (M, g,,,) does not
satisfy the Einstein field equations with matter. Instead, the conformally rescaled
metric g, and derived fields satisfy the conformal Einstein field equations with
trace-free matter. In these equations the matter content, which is not specified
at this stage, only appears in the form of source terms. The system needs to be
supplemented with suitable evolution equations for the matter variables once a
specific model has been chosen.

The system of equations given by the conformal field equations has more vari-
ables than, say, the so-called ADM evolution equations This feature is necessary
in order to obtain a closed system of first order symmetric hyperbolic PDEs which
is regular at points for which the conformal factor © vanishes. In particular, note
that the principal parts do not contain the conformal factor © and no negative
powers of © appear in the lower order terms of the equations. This is achieved by
the use of suitable variables which absorb formally singular terms involving the
conformal conformal factor. As already mentioned, in this work we have analyzed
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trace-free perfect fluids. The matter variables are the rescaled density, the spatial
components of the conformal fluid velocity and their first derivatives.

From the conformally rescaled fluid equations it is possible to deduce a sym-
metric hyperbolic system. In view of the presence in the geometric subsystem of
terms involving derivatives of the matter fields, it is necessary to extend the matter
subsystem by considering further unknowns representing these derivatives. These
new fields can be shown to satisfy suitable hyperbolic equations. Following the
approach of [3, 4], in order to obtain a closed system of evolution equations one
has to supplement the geometric part of the conformal field equations with appro-
priate gauge source functions As a result of the reduction procedure one obtains
a symmetric hyperbolic evolution system.

The reduction procedure leading to the evolution system discards certain com-
ponents of the geometric subsystem. These equations are, in turn, regarded as
constraints which need to be shown to hold at later times if their are satisfied
at some initial hypersurface —this is the so-called propagation of the constraints.
The propagation of constraints is shown by studying the evolution of the zero
quantities. The equations satisfied by the geometric zero quantities is obtained
following a procedure described in [5]. For the matter subsystem there are no
constraints for which propagation needs to be shown. Instead, it is necessary to
show that the fluid evolution equations imply the original equations from which
they are derived.

Given the overall evolution system for the geometric and matter fields, existence,
uniqueness and stability can be asserted using results for symmetric hyperbolic
systems which are local in time like the ones presented in [8]. The stability analysis
requires the knowledge of a reference spacetime. Hence, the reference FLRW
spacetime under consideration needs to be casted in the form of a solution to the
conformal field equations.
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Intrinsic flat convergence as a gauge invariant means of defining weak
convergence of manifolds

CHRISTINA SORMANI

In a variety of questions arising in general relativity, one needs a weak notion of
convergence of manifolds in order to understand how two different models are close
to one another. Recall that Schoen-Yau [11] proved that an asymptotically flat
Riemannian manifold with nonnegative scalar curvature whose ADM mass is 0
must be Euclidean space. If the ADM mass is close to 0, one may ask whether the
manifold close to Euclidean space. Ishibashi-Wald and Green-Wald ask how close
an inhomogeneous model of the universe is to the homogeneous description used
in the Friedmann model of cosmology [6] [4]. In these and in many other settings
one can see that the perturbations are not smooth and that one can have thin deep
gravity wells. Here we propose that the intrinsic flat convergence of Riemannian
manifolds provides a natural weak notion of convergence that can be applied to
provide an appropriate measure of closeness. It is possible that combining this
notion with the cosmological time function of Andersson-Galloway-Howard [2],
one can define a weak notion of convergence for those Lorentzian manifolds which
have such time functions.

The intrinsic flat distance between compact oriented Riemannian manifolds
with boundaries was defined by the author and Stefan Wenger in [15] building upon
work of Ambrosio-Kirchheim [1] and Gromov [5]. It extends Federer-Fleming’s
notion of a flat distance between submanifolds of Euclidean space that was applied
to solve the Plateau Problem [3]. Like the classical flat distance, a sequence of

manifolds M; BN M, can have increasingly thin wells which disappear in the
limit. Thus examples, like Ilmanen’s spheres of increasingly many splines, have
intrinsic flat limits even when no subsequence converges in the Gromov-Hausdorff
or smooth sense.

Like the Gromov-Hausdorff distance, the intrinsic flat distance is gauge invariant
(i.e. it does not depend on the coordinate charts) [15]. In fact, the intrinsic flat
distance between two Riemannian manifolds is 0, dz (M7, M) = 0, iff there is an
orientation preserving isometry between them [15].

A sequence of pointed oriented complete noncompact Riemannian manifolds,
(Mj,pj), are said to converge to (Moo, Poo) in the pointed intrinsic flat sense if
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for any R > 0, the balls converge: dr(B,,(R), B, (R)) — 0. By Wenger’s Com-
pactness Theorem, providing a uniform upper bound on the volumes of the balls
and the areas of their boundaries guarantees the existence of a subsequence which
converges in this sense [16]. In general, the limit space is no longer a Riemannian
manifold. It is an oriented weighted countably H™ rectifiable metric space called
an integral current space. Such spaces have biLipschitz coordinate charts covering
almost every point in the space [15]. See also the article of Urs Lang and Stefan
Wenger [8].

In joint work with Dan Lee [9][10], the intrinsic flat convergence has been applied
to study manifolds with small ADM mass and manifolds which almost achieve the
Poincare Inequality. We prove the rotationally symmetric case and propose more
general conjectures. These papers include methods for estimating the intrinsic flat
distances between Riemannian manifolds which can be embedded into a higher
dimensional Euclidean space. The rotational symmetry is used to provide that
embedding. The proofs are constructive.

In joint work with Sajjad Lakzian [7], new methods for measuring the intrin-
sic flat distance between manifolds which have diffeomorphic subregions are pro-
vided. This allows us to understand when a sequence of manifolds which converges
smoothly away from a singular set also converges in the intrinsic flat sense. Es-
sentially one must control the volumes of the bad regions and the areas of the
boundaries of the bad regions and ensure that the good regions are close in a
Lipschitz sense. Explicit bounds on the intrinsic flat distance are given. Sajjad
Lakzian is conducting further work in this direction in his doctoral dissertation.

In [13], the author studies the stability of the Friedmann model of cosmology
using the Gromov-Hausdorff distance. That is a Riemannian manifold which is
almost locally isotropic, allowing for both weak gravitational lensing and strong
gravitational lensing, is GH-close to a homogeneous space as long as one has
the uniform bounds needed to apply Gromov’s Compactness Theorem. Applying
Wenger’s Compactness Theorem instead, the author is working to prove such an
inhomogeneous model is close in the intrinsic flat sense to a homogeneous space.
One must show that almost isometries in the sequence converge to isometries of
the limit space.

One of the advantages of intrinsic flat convergence is that certain regions in
spaces will disappear in the limit. This may happen due to collapse, where the
volume of the region approaches 0, or due to cancellation, where two regions come
close together with opposite orientation. In joint work with Stefan Wenger [14], it
is shown that a sequence of compact oriented manifolds, M ;’, created by connecting
two standard spheres with increasingly tiny increasingly dense Gromov-Lawson
tunnels disappears completely in the limit: dz(M;,0) — 0. We conjecture that
sequences of manifolds with nonnegative scalar curvature and no closed interior
minimal surfaces (other than their boundaries) do not disappear in the limit unless
their volumes converge to 0. We prove that assuming Ricci > 0 or a uniform
contractibility of the spaces, one avoids such cancellation.
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In [12], the author examines which points in a sequence of manifolds disap-
pear and which converge under intrinsic flat convergence. If p; — p, then
liminf; oo Vol(By,(r)) > p(Bp. (r)) where p is the mass measure of the limit
space. In contrast, the filling volumes of spheres are continuous,

lim FillVol(0By,(r)) = FillVol(0By_ (r)).

J—00

A sequence of points can be prevented from disappearing in the limit if the filling
volume or the sliced filling volume of the ball around it can be bounded from below
by Cr™. If the balls have a uniform tetrahedral property or integral tetrahedral
property, their centers will not disappear [12].

The author is then able to prove an Arzela-Ascoli theorem for sequences of

functions, f; : M; — R, when M, N M. She proves level sets of certain
Lipschitz distance functions, fj_l(t) C Mj, converge in the intrinsic flat sense to
level sets of their limits, f.1(t) C My, for almost every ¢t € R [12]. In ongoing
discussions with Lars Andersson and Ralph Howard and their students, the author
is exploring the possibility that one may use this property of convergence of level
sets applied to the cosmological time function of [2] to define an intrinsic flat
convergence of Lorentzian manifolds which have such time functions.
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Instability of AdS — one year later
PI10TR BizoN
(joint work with Andrzej Rostworowski, Joanna Jalmuzna, Maciej Maliborski)

Anti-de Sitter (AdS) space is the maximally symmetric solution of the vacuum
Einstein equations R, — % 9o R+Agap = 0 with negative cosmological constant A.
In d + 1 dimensions the AdS metric takes the form
£2

cos?x
where (2 = —d(d —1)/2A, 0 < x < 7/2, —00 < t < 00, and dQ%,_, is the round
metric on S9!, My talk was concerned with global-in-time evolution of small
perturbations of AdS space. In the first part, I discussed our recent work [1, 2]
on spherically symmetric massless scalar field minimally coupled to gravity. In
this model, we gave numerical evidence that, for d > 3, arbitrarily small generic
perturbations of AdS evolve into a black hole after a time of order O(¢~2), where ¢
measures the size of a perturbation. On the basis of nonlinear stability analysis, we
conjectured that the instability is due to the resonant mode mixing that transfers
energy from low to high frequencies, or equivalently, from coarse to fine spatial
scales, until eventually an apparent horizon forms. This mechanism is reminiscent
of the turbulent energy cascade in fluids and may have implications in studies of
the gauge/gravity duality. To emphasize this relationship, I showed a preliminary
result indicating that the energy spectrum develops a universal power-law scaling
at late times.

In the second part, some work in progress generalizing the above result was
presented. First, the critical case d = 2 was discussed [3]. In this case, small
perturbations of AdS cannot lead to collapse because there is a mass gap between
AdS and the lightest black hole. Nonetheless, the turbulent instability is present
and is conjectured to lead to equipartition of energy for ¢ — oco. No tendency
for naked singularity formation was observed which suggests that weak cosmic
censorship holds in this model.

Second, partly motivated by the AdS/CFT correspondence, we considered the
Bianchi IX cohomogeneity-two vacuum model in 4 4+ 1 dimensions with negative
cosmological constant [4]. The results are qualitatively similar to the scalar field
case which indicates that the mechanism of turbulent instability of AdS is model-
independent.

(1) ds® =

(—dt2 + dz? + sin’z dQ%d,l) ,
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Finally, I mentioned very recent result of Maliborski on instability of Minkowski
space enclosed in a cavity [5]. His result demonstrates that the turbulent behavior
is not an exclusive domain of asymptotically AdS spacetimes but probably a typical
feature of solutions of Einstein’s equations with compact (or effectively compact)
spatial slices.
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Rough Solution of Einstein vacuum equation in CMCSH gauge
QIAN WANG

We consider very rough solutions to Cauchy problem for the Einstein vacuum equa-
tions (EV) in CMC spacial harmonic gauge, and obtain the local well-posedness
result in H® s > 2. The novelty of our approach lies in that, without resorting to
the standard paradifferential regularization over the rough, Einstein metric g, we
manage to implement the vector field approach to prove Strichartz estimate for
geometric wave equation Ug¢ = 0 directly.

Relative to the wave coordinates, Einstein vacuum equation takes the form of
a strictly hyperbolic, quasilinear equations,

(1) 870050 = N(¢,99)

where ¢ = (g,.) and the function N, (¢,0¢) is smooth in its arguments and
is quadratic in d¢. The study of local well-posedness of Einstein equation was
pioneered by Y.C. Bruhat [2] who proved a local in time existence result under
the assumption that ||(g, k)| gsxgs—1 with s > 4. By classic energy method and
Sobolev embedding, it was improved in [4] to s > 5/2 . The most significant
progresses toward the optimal regularity of initial data were the improvement to
s > 2 for Einstein vacuum equation under wave coordinates, which was achieved
in [7]-[9], and the work [11] for the general class of quasi-linear wave equation.

We consider vacuum Einstein equation under constant mean curvature and
spatial harmonic coordinate (CMCSH) gauge, which was raised by Andersson and
Moncrief in [1] to produce solutions in a more dynamic way.

Let g be a fixed smooth Riemannian metric on ¥ with Levi-Civita connection
¥ and Christoffel symbol f‘fj The solution of (EV) constructed in [1] is to find a
Lorentzian metric

g = —n’dt @ dt + gi;(da’ + Y'dt) @ (da? + YIdt)
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via a pair (g, k) that satisfies the vacuum Einstein evolution equations, the con-
straint equations and the CMCSH condition

(2) Trk :=¢"k;j =t and U’ =0
where U = U*0), denotes the vector field with
k. _ijrrk k _pk _ Pk
and I‘fj denotes the Christoffel symbol with respect to g.
This leads to an elliptic-hyperbolic system

Orgij = —2nki; + Ly gij
8tl<:ij = —Vian + TL(RZJ + Trk:kij — 2/{31mk;n) + ﬁyki]’

(3) —An+k|*Pn=1 |
AY? + RIYT = (=2nki! + 2VIYY) Ul 4+ 2Vinki — Vink?,

where the hyperbolic part is the Einstein evolution equations, and where the ellip-
tic part consists of the equations for the lapse and shift. It is natural to ask under
what minimal regularity on the initial data the CMCSH Cauchy problem is locally
well-posed. We proved in [13] the following result which shows the well-posedness
of the problem when the initial data is in H* x H*~! with s > 2.

Theorem For any s > 2, to < 0 and My > 0, there exist positive constants T,
M; and M5 such that the following properties hold true:

(i) For any initial data set (g%, k°) satisfying constraint equations with tq :=
Trk? < 0 and ||g° s (,,) + 1K mo-1(s,,) < Mo, there exists a unique
solution (g, k) € O(I,, H® x H*71) x C1(I,, H*~! x H*7?) to (2);

(ii) There holds

IV, kllz re + IV, kllLse o1 < Ma;
(iii) For 2 < r <'s, and for each 7 € I, the linear equation
{ Ogt) = 0, (t,x) € I, x &
¢(7'7 ) = ¢0 € HT(E)a at¢(77 ) = ¢1 € Hr_l(z)
admits a unique solution ¢ € C(I,,H") x C'(I,, H"~!) satisfying the

estimates

1] Loe e + 1|03 oo prr—1 < Ma|| (Yo, Y1) mrr x rrr—1
and

DY 1200 < Ma|(to, Y1)l e scr-13

where I, := [tog — Tk, to + Tx].

To improve the classical result on the local well-posedness of quasilinear wave
equation, the key step is to derive the Strichartz estimate for the wave operator
[g(4) with rough coefficients g (¢). A series of progresses was achieved by Smith
[10], Bahouri-Chemin [3] and Tataru [12] using parametrix constructions. One
interesting progress was made by Klainerman in [5] where a vector field approach
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was developed to establish the Strichartz estimate. Blended with the paradiffer-
ential localization procedure, this approach was further developed by Klainerman-
Rodnianski in [6] where they successfully improved the local well-posedness of (1)

in R3*! to the Sobolev space H* with s > 2+ % The core progress that enables

the improvement from s > 2 + %5 to s > 2 for (EV) under wave coordinate
was made in [9] by showing that Ric(h) relative to the frequency-truncated metric
h = g<) does not deviate from 0 to a harmful level. However, similar estimates
for Ric(h) can hardly be obtained for general quasilinear wave equation of type
(1). The sharp local well-posedness for type (1) in H® with s > 2 was achieved by
Smith and Tataru in [11] based on the wave packet parametrix construction.

A reduction to consider Ug_,,% = 0, with 0 < @ < 1, appeared in all the above
mentioned work, where g<a := Sxe(g(Sxe(¢))) is the truncation of g(¢) at the
frequency level A*. Here Sy := ) LA P, and P, is the Littlewood-Paley projector
with frequency A being a dyadic number. This regularization on metric is used to
phase-localize the solution, and in most of the works, to balance the differentiabil-
ity on coefficients required either by parametrix construction or by energy method.
Such a regularization on metric, nevertheless, poses major technical baggage, in
particular, to carry out the vector field approach in Einstein vacuum spacetime,
since Ric(g<») no longer vanishes. The analysis in [9] on the defected Ricci tensor
and its derivatives is a very delicate procedure, which relies crucially on full force
of Oh, hence, on their non-smoothed counter part 0g as well. One particular issue
tied to CMCSH gauge itself arises due to the lack of control on DY, the time
derivative of the shift vector field. Although DTY satisfies an elliptic equation,
that equation is not good enough to provide a valid control on DtY even in terms
of L?-norm. The loss of control over some components of g becomes a serious
hurdle in obtaining the control of Ric(h) and its derivatives. The potential issue
on Ricci defect forces us to abandon the frequency truncation on metric.

The important aspect of our analysis is to implement the vector field approach
directly relative to the non-smoothed Einstein metric g to establish the Strichartz
estimate with an arbitrarily small loss for the linearized problem Ugty = 0. This
confirms that, due to the better behavior of Ric, Einstein metric is in nature
“smooth” enough to implement the vector field approach without truncation on g
in Fourier space, and leads to the H?® well-posedness result with s > 2 for Einstein
equation and a simplification over the the methodology in [7]-[9]. Note that in
6], [7]-[9], deriving the bounded Morawetz type energy of derivatives of 1, with
Og.,o? = 0, is the main building block to obtain the dispersive estimate for P9y
required by Strichartz estimate. This procedure relies on H?, 0 > % norm of cur-
vature, which is impossible to be obtained relative to the rough and non-smoothed
metric. Our strategy is to derive the dispersive estimate merely using Morawetz
type energy for 1 itself. The analysis to control such energy is mainly focused
on the Ricci coefficients relative to Einstein metric. Although part of such anal-
ysis benefits from Ric = 0, the crucial estimates such as strichartz type norm
X[ 2o Tequire the bound of H?, o > 1/2 for Vk and V2g if only the classic L2°
Calderson-Zygmund inequality is employed. We solve this problem by modifing
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Calderson Zygmund inequality followed by taking advantage of the extra differ-
entialbity for %g, k that can be obtained by Strichartz estimates. The difficulty
coming from DrY still penetrates in key steps in the vector fields approach, where
all components of dg were typically involved. We exclude such term by modifying
the standard treatments including modifying energy momentum tensor, refining
TT* argument and curvature decomposition into more invariant fashion.
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Null Asymptotic Analysis of Spacetimes and Memory
LyDIA BIERI
(joint work with P. Chen, S.T. Yau)

To study astrophysical objects like galaxies, black holes and neutron stars we have
to investigate asymptotically flat solutions of the corresponding Einstein equations.
When performing an astrophysical experiment, we can think of ourselves as ‘sitting
at null infinity’ of the spacetime in question. Thus besides stability issues, it is
crucial to understand the null asymptotic analysis and geometry which describe
the physics. Precise geometric-analytic description of null infinity for the Einstein
vacuum (EV) equations are derived by D. Christodoulou and S. Klainerman in
[8]. T generalize these results in [1], [2]. The Cauchy problem is solved with more
general, asymptotically flat initial data, relaxing decay and regularity. In contrast
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to the original result, I establish the borderline case from the point of view of
decay of the data by relaxing the decay of the initial data by one power of r at
spatial infinity, indicating that this decay is sharp. My latest results in [4] yield
a precise description of null infinity for spacetimes including a non-isotropic mass
term. For further studies of the radiation field see my paper [3]. This geometric-
analytic approach turns out to be the perfect way to reach another major goal of
mathematical General Relativity (GR) and astrophysics: to precisely describe and
finally observe gravitational radiation, one of the predictions of GR. In order to
do so, one has to study the null asymptotical limits of the spacetimes for typical
sources such as mergers of binary neutron stars and binary black holes. In these
processes typically mass and momenta are radiated away in form of gravitational
waves. Whereas in the afore-mentioned stability proofs there are assumptions on
the smallness of the data, the results at null infinity hold for all data, including
large data such as for binary black hole or binary neutron star mergers.

D. Christodoulou showed that every gravitational-wave burst has a nonlinear
memory [7] displacing test masses permanently. See also [7] for further references
on earlier papers within a linearized theory. Together with my co-authors P.
Chen and S.-T. Yau I establish in [5] the nonlinear electromagnetic Christodoulou
memory effect of gravitational waves. We show that in the Einstein-Maxwell (EM)
equations there is a contribution from the electromagnetic field to the nonlinear
memory effect. We use N. Zipser’s studies of the Einstein-Maxwell equations [9],
[10] to further investigate null infinity. In [6] we apply the geometric-analytic result
to astrophysical data.

In this talk, we discuss the null asymptotics for spacetimes solving the EV and
EM equations. Further, we consider the nonlinear memory effect in the EM case
and compare our results to the EV situation. We answer mainly two questions
for the gravitational wave experiment. First, the electromagnetic field enters the
formula for the instantaneous displacement only at lower order. Second, the elec-
tromagnetic field contributes at highest order to the Christodoulou effect, i.e. to
the permanent displacement. We rely on the methods introduced in the works of
Christodoulou and Klainerman [8], Bieri [1], [2], [4] and Zipser [9], [10].

The nonlinear memory effect is governed by

o
»t - ¥ = —/ Z(u) du
— 00
(See [7] for a derivation in the EV case.) Here, ¥ denotes the asymptotic shear
of outgoing null hypersurfaces C,, and ¥ and X~ are limits of ¥ as u tends to
+00 and —oo, respectively. And Z is the (weighted) limit of the trace-free part
of the conjugate null second fundamental form of a closed spacelike surface S in
spacetime.
We find in the EM case [5], [6] that the total energy g radiated to infinity in
a given direction per unit solid angle is given by

+oo 1
F:/ (|E|2+§]AF|2>du
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with Ap denoting a component of the electromagnetic field. In the EV case [§],
[7] the Ap term is not there.

Christodoulou [7] relates X1t — X~ for the EV equations to a permanent dis-
placement of test masses. We [5], [6] investigate the corresponding question for
Yt — 37 in the EM case.

Theorem 1. [Bieri-Chen-Yau [5]] Let X1(-) = limy 00 2(u,-) and X7 () =
limy, oo X(u, ). Let

0 FO= [ (120 P g | Ar) [ )du

— 00

Moreover, let ® be the solution with ® =0 on S? of the equation

AO®=F—F .
Then T — ¥~ is given by the following equation on S*:

2) dib (St —%7) =Y @

We also show for the EM case in [5], [6] how X1 — X~ is equivalent to an overall
displacement Ax of the test masses in a laser interferometer gravitational wave
detector. In particular, we derive a formula of the form

Aw:—@Qﬁ—Zj.
T

To derive the solution at the observation point, denote the direction of observation
by £ € §2 C R3. Let X, Y be arbitrary vectors lying in the tangent plane at &,
i.e. in T¢S%. Let I be the projection to the plane through the origin orthogonal
to &.

<, > denotes the inner product. The solution at the observation point £ is
expressed as an integral over S? of a contribution from each & € S2:

(T - X)) (X, Y) =

1 <X, ¢ ><Y, ¢ >-L<Xxv>1¢?
F — Fy))(¢ : : 2 : d
( 1)(€) — <o >

Mg(ﬁl)

27'(' 5’652

Subscript [1] denotes the projection onto the sum of the 0 (I = 0) and 1% (I = 1)

eigenspaces of A . Multiplicity of the [th eigenspace 2] + 1, eigenvalue [({+ 1). For
derivation and discussion of this formula see [7]. For proof of our theorem 1 see
[5] and for further discussions and applications of our result we refer to our [6].

Thus we prove that the electromagnetic field contributes to the nonlinear Chris-
todoulou memory effect of gravitational waves. A typical source where large mag-
netic fields are generated and radiated away is the coalescence of a neutron star
binary. Our geometric-analytic investigations of the spacetimes yield exact solu-
tions, which hold for all data. In particular, they hold for large data describing
the astrophysical phenomena mentioned above.
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The Geometry of Static Spacetimes: Geometrostatics
CARLA CEDERBAUM

Geometrostatics is an important sub-domain of Einstein’s General Relativity. It
describes the mathematical and physical properties of static isolated relativistic
systems such as stars, galaxies, or black holes. For example, geometrostatic sys-
tems have a well-defined ADM-mass [1, 2]. If this mass is non-zero, they also have
a well-defined center of mass [3, 4, 5] induced by a CMC-foliation at infinity.

Geometrostatic systems are described by an asymptotically flat Riemannian 3-
manifold (M, g) and a lapse function N : M — R* describing the lapse of time in
the corresponding Lorentzian space-time (R x M,ds? = —N?2c2dt? + g), where c
denotes the speed of light. In the vacuum region outside the matter, these variables
satisfy the so-called vacuum static metric equations

NRic = V2N
AN = 0,

where Ric is the Ricci curvature tensor of g, V2N denotes the Hessian, and AN
denotes the Laplacian of N.

Using these equations and a covariant reformulation of them, I have obtained
several geometric, analytic, and physical results for geometrostatic systems [6].
For example, the lapse function N can be proven to be unique for a given metric
g that is known to be static. Complementarily, the metric g is unique given
the lapse function and a set of asymptotically flat wave-harmonic coordinates
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(coordinates harmonic with respect to ds?). This can be reinterpreted as saying
that geometrostatic systems have four degrees of freedom — which is relevant for
Bartnik’s conjecture on minimal mass extensions [7].

Furthermore, proving asymptotic estimates, I obtained information on the fall-
off of geometrostatic systems linking these variables to the center of mass (gener-
alizing [8]). Applying the conformal transformation v := N2g, U := ¢?In N into
pseudo-Newtonian variables, these asymptotic expansions allowed for a localization
of both ADM-mass mapy and CMC-center of mass Zoy o via

mADM:/g—UdU, and ECMC:/ (8—Uf—U@> dO‘,
) 1% ) 81/ 8V

where X is any surface enclosing the support of the matter, v and do are the outer
unit normal to and area measure of ¥ with respect to v, and & is the vector of
~v-harmonic coordinates.

Finally, I used Ehlers’ frame theory [9] to prove that the Newtonian limit (¢ —
o0) of ADM-mass and CMC-center of mass coincide with the Newtonian mass
and center of mass of the Newtonian limit — along any family of geometrostatic
space-times that possesses a static Newtonian limit. This might turn out useful
for the study of the static n-body problem [10].
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