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Abstract

In connection with Galois Theory and Algebraic Curves, this paper investigates rational
functions h(x) = f(x)/g(z) € Fy(x) for which the value set V}, = {h(a) | a € F, U {oo}} is
relatively small. In particular, under certain circumstances, it proves that h(x) having a small
value set is equivalent to the field extension F,(z)/F,(h(z)) being Galois.

1 Introduction

Let g be a power of a prime p, and let I, be the finite field with ¢ elements. For any rational function
h(xz) € F,(x), its value set is defined as

Vi, ={h(a) |a € P'} CP' =F, U {c}.

If h(z) = L2 € F (z) is a rational function of degree d, that is, f(z),g(x) € F,[z] are such that

9(z)
ged(f(x),g(x)) =1 and d = max{deg f,deg g}, then one has the trivial bound
+1
[qTW <H#V <q+1 (1)

Hereafter, a rational function for which the lower bound in (1) is achieved will be called minimal
value set rational function, abbreviated as m.v.s.7.f..

*daniele.bartoli@Qunipg.it
Thborges@icme.usp.br
Huciane@im.ufrj.br



The previous definition is analogous to the well-known notion of minimal value set polynomials,
that is, polynomials f € F,[x] of degree d > 1 for which the value set V; = {f(«) | @ € F,} has the
smallest possible size (%W. Note, however, that minimal value set polynomials f(z) € F,[z], seen as
rational functions for which f(oco) = oo, may not give rise to m.v.s.r.f.. In fact, if a such polynomial
f is considered as a rational function in F,(z), then one can easily check that V; = {f(a) | « € P'}

satisfies

(%1-‘ if d divides q,

#Vy = (2)

(%1} + 1 otherwise,

where d = deg f. This immediately raises a few questions:

i) Do m.v.s.r.f. of degree d, where d 1 g, exist? Can they be characterized?
ii) What about the ones where d | g7 Do they all arise from minimal value set polynomials?

iii) More generally, can one characterize all rational functions h € F,(z) for which
#Vi, = [Z2] or #V), = [ ] + 17

Motivated by these natural questions, this paper investigates rational functions h € F,(z) with
somewhat small value set. It addresses many instances of the questions above. In particular, the
following main results are proved.

Theorem 1.1. If the rational function h(x) € F,(x) is such that Fy(x)/F,(h(x)) is a Galois exten-
sion, then either #V, = [%w or #V, = (%W + 1. Moreover, an explicit description of each case
can be provided.

Theorem 1.2. Let h(z) =
polynomials over F,, deg(g)
positive, and

f(x)/g(x) be a rational function, where f(x) and g(x) are coprime
=d

and deg(f) =d—s5,0<s<d. If§:=/g—(d—s)(d—s+1) is

— 1.

#Vh<’7

then Fy(x) | Fy(h(z)) is a Galois extension.

qg+1 2 +1
d (d—1)&

The paper is organized as follows. In Section 2, some notation are presented, and a connection
between rational functions h(z) € F,(x) and certain plane algebraic curves Cj, is established. Section
3 proves Theorem 1.1. Section 4 discusses rational functions of degree 3 as a prototype for the
following sections. Section 5, in connection with Galois Theory, proves the main facts regarding the
components of the plane curve associated to the rational function h(z). Section 6 proves a general
result which implies Theorem 1.2.

Remark 1.3. As the paper is still under revision, the proofs of some assertions are omitted. The
complete proofs will appear in a preprint.



2 Value set and algebraic curves

Given a rational function h(z) = f(x)/g(x), let us consider the algebraic curve C, : G(X,Y) = 0,
where

G(X,Y) = f(X)g(Y) = f(Y)g(X). (3)

Note that if h(x) is not a permutation of P!(F,), then one can always assume that g(x) has no roots
in F,. In this case, for any given a point P = (zg,y0) € C, N AG(2, q), we have

f(xo)/g9(x0) = [ (y0)/9(y0)-

This gives a close relationship between V, N\ F, = {a4,...,a,} and the affine F -points on curve Cj,.
Note that for n; := #h™'(a;), we clearly have >")_ n; =gq.

Since h(x) = h(y) for each z,y € h™* (), there are exactly Y, n? points in C, N AG(2, ¢). Also,
such a number strictly depends on the number of absolutely irreducible components defined over [,
of C,. Roughly speaking, if the degree of h (and then the degree of C) is small with respect to g,
the smaller the value set the larger the number of absolutely irreducible components defined over I,
of Cp,. This idea will be better detailed in Theorems 6.1 and 6.2. Actually, the type and the number

of components of C;, gives even more information.
_ [ 225 —5x44-522 22

Example 2.1. Let us consider the following example. Let h(x) = RS Er s s mran where

6 | (g+1). It can be proved that h(x) is a m.v.s.r.f.. The polynomial G(X,Y) = f(X)g(Y)—f(Y)g(X)
factorizes as

(X =YV)XY =Y+ 1)(XY —2X+Y + (XY =X+ 1)(XY + X -2V + 1)(2XY — X — Y +2).

The components of Cp, consist of the line X =Y and the five conics

1 2X — 1 X-1
V=a@)=1"x V=e®=Z37 Y=a)==7%"
X+1 X -2

Y:C4(X>:m, Y:C5(X):2X_1

Consider for instance the component Y = 2)){2:11. For each xy # —1 € F,, we have that h(zxy) =
h(ca(xg)) = h <M) On the other hand

zro+1

h(wo) = h(ca(x0)) = h(ca(c2(w0))) = - -+ = h(calca(- - - calx0))))-

This shows that all the components of C, can be “composed” in the following way: fromY = ¢;(X)
and Y = c;j(X) one gets Y = ¢;(c;(X)). FEach of the above conics can be represented by a 2 x 2
matriz with entries in Fy in the following way

aX + a p

= — g = : 4
vX 496 ) )




Table 1: Rational functions h(x) arising from particular subgroups H of G

23 —3z—1
03 $2+[L'
x4 —62241
Cy =, (p>2)
225 —2023+(10i—10)x2 +(5i—5)z—2 -9
Cs T DP () w , where i =5
28 —1524 42023 —62+1
Cs 2255z +522—2z (p>3)
S 264325 52343241
3 23223422
841424 +1
DB 2627422
D 4210 —2029425254-2027 —5826 420254252+ — 203 +4a2
12 4212 24211122029 — 1652° —924x7 + 178220 — 92425 — 16524+ 22025 — 24z +4
2
q° _r)qa+1
PGL(2,q) | =2

(z4—g)2+1

Clearly, the matriz (as the conic itself) is defined up to a scalar multiple, and its determinant does
not vanish and therefore we can suppose it is 1. Also, o can be seen as an element of PGL(2,q).
In the example considered above the sixz matrices associated with the line X =Y and the five conics
form a group isomorphic to the cyclic group Cg of order 6. Actually, we will show that this is not an
1solated case. Indeed, to each rational function h can be attached a group which correspond to lines
and conics which are components of Cp,; see Theorem 5.7.

3 Galois extensions and the smallest value sets

The aim of this section is to prove Theorem 1.1. We are going to construct rational functions with
“small” value set from certain Galois extensions. We begin with some preliminary facts.

Let G = PGL(2,q) be the automorphism group of the rational function field ' = F,(z). For
any subgroup H = {id = 6°,0,...,0% 1} of G of order d, consider its fixed field F** and the Galois
extension F' | F™ of degree d. The minimum polynomial of x over F is

pu(t) = ap + art + -+ ag t" ' + ¢4, (5)
where aj, = (—1)¢* D 0<iscrciy p<dt O (@) 0 (x) € Ftk=0,...,d—1.

Lemma 3.1. Following the notation above, for any k = 1,...,d such that ay is not a constant we
have F* = F,(ax(x)).

In Table 1, we list some examples of rational functions h(z) arising from particular subgroups H
of G such that F* =F,(h(z)). Actually, in these examples h(z) is always aq in (5).
Next proposition provides a link between the Galois group and the ramification structure of

Fy(2)[Fy(h(z)).



Proposition 3.2. Consider a rational function h(x) over F, of degree d > 2 such that the extension
field Fy(z) | Fy(h(x)) is Galois of degree d. For any divisor o of d denote by n, the number of places
in Fy(h(x)) that decomposes in o places in Fy(x). Then one of the following holds.

i) n1 =2 and ny, =0 for each a > 1,
it) d=24, ng=ng =mnijp =1, or
ZZZ) d:60, N2 = Mgy = N30 = 1.

In Table 2 we list for each subgroup G of PGL(2, q) all the possible configurations of short orbits

g+1

|GJ and the value set of n

according to [1]. Here A is the difference between the lower bound

where F,(z) | F,(n) has G as Galois group.

Theorem 3.3. Let h(z) € F,(x) be a rational function for which F,(z)/F,(h(z)) is a Galois exten-
sion, and let G < PGL(2,q) be such that Gal(F,(x)/F,(h(z))) = G. Then

A= #V, — [%w € 0,1}

18 giwen according to Table 2.

Table 2: Oberwolfach table

Group G |Conditions Short Fg-orbits |Value set size Lower bound |A
g=1 (mod 4) 20, = +2 il 1
o ¢g=1 (mod 4) —— el ol 0
? g=—1 (mod 4) 20, ely2 ol 1
g=—1 (mod 4) —— a1 ol 0
d | q+1, q+1 g+l
_ - T e 0
g=1 (mod 4)
dlg—1
|_q1 oy 20, S 14 1
Cypd>g [1=1 (mod )
g=—1 (mod 4) d d
dlg—1
la—1, 20, =l 49 =y 1
¢=—1 (mod 4)
g=1 (mod 4) 30, =6 1 3 | 1
g=1 (mod 4) 10, 2 +1 2 +1 0
Do —— i pas]
g=—1 (mod 4) 20, T t2 i 1
g=—1 (mod 4) —— el ol 0




Group |Conditions Short Fg-orbits |Value set Lower bound |A
d] 5% g =1 (mod 4) [20, T hetl 1
d| % g=1 (mod 4) |— o 7] 0
dl(g+1)
dt et 10, atid 4 | 0
¢g=1 (mod 4)

Doq d>2d|q;_l7q51(m0d4) 10, 20, %i_{_g q2;d1+1 !
d| %L g=1 (mod 4) 10, ol b7 +1 0
df(g—1)

d," q;21 1027 10d q—21d—d ) q—21d—d 41 1
g=1 (mod 4)
d| 5t g=—1 (mod 4)/10, 111 sl 0
d| =L g =—1 (mod 4)]10,, 20, =12 4 g ot 1
g1, d1 %!
10,, 10 al-d | g 1
¢g=—1 (mod 4) » o .
d| L g =—1 (mod 4)—— S 0
d | ‘I;—I,qz—l (mod 4))204 q+;d2d+2 %11 1
d|(qg+1), df 5 +1-d +1-d
g= -1 (mod4)2 104 S+l T 1 0
=1 (mod 12) 104, 20,4 P43 T+l 1
5 (mod 12) 106 T ot 0
4 q—9 (mod 12) 10, 10, %7% 5+ 1
4 q= 7 (mod 12) 204 q+112 g + 2 (]1;27 + 1 1
g =11 (mod 12) —— ot v 0
¢ =3 (mod 12) 10, -t 41 ot 0
g=1 (mod 24) 10¢, 10g, 105 W +3 q2;41 +1 1
mod 24 10y, TRl St 0
24 24
7=5 (mod 24) 105, w41 St 0
q= 7 (HlOd 24) 1087 q+214_8 + 1 (]2;47 + 1 0
o |g=9 (mod2y) 10y, 104 a0 4 9 Gt L
=11 (mod 24) 10, %H Sr+1 0
¢ = 13 (mod 24) 10, 105 168 o T 1
g =17 (mod 24) 104, 105, et1-6-12 4 9 41 1
¢ =19 (mod 24) 103, 1012 quf_m +2 % +1 1
3 (mod 24) —— % e 0
=1 (rnod 60) 101, 103, 1039 =202 13 ot 1

S5




Group |Conditions Short Fg-orbits |Value set Lower bound |A

=9 (mod 60) 1019 e 1 ot 0

g =11 (mod 60) 101, q+(1;0 241 qg_(}l +1 0

g =19 (mod 60) 104 % +1 % +1 0

g =21 (mod 60) 1010, 1012 % +2 qg_gl +1 1

g =29 (mod 60) 103 % +1 % +1 0

g =31 (mod 60) 1012, 109 e+ 2 ot 1

g =41 (mod 60) 1012, 103 e+ 2 ot 1

g =49 (mod 60) 1049, 103 W +2 % +1 1

=59 (mod 60) —— = g 0

zr pmgq:p 10, ! pim+1 0

ZyxCo [d|(q—1),d| (" —1) 10, 104m |17 12 Bl |1
1Opm+1> gt1-1—p™m—pm(p™—1) q—p*"

PSL(Z’pm) h = ka 1Opm(pm_1) pm( 2m 1)/2 + 2 m(me_l)/2 + 1 1
— Fl-1— —p™

h = (2]{; + 1)777, 10pm+1 W +1 m(;gzrf,l) 2 +1/0
1Opm+1> g+1—1—p™ —p " (p™—1) q—p*™

PGL(2,pm) h =2km 1Opm(pm_1) P (pPm—1) + 2 P (p2r_1) +1 |1

— +1-1— ™
h= 2k +1)m 10pm 14 b + 1 mm=n 1 |0

Remark 3.4. The examples listed in Table 2 provide m.v.s.r.f., depending on the characteristic of
the field and the size of the subgroup.

4 Degree three rational functions

In this section, we provide a more specific description of the spectrum of possible sizes of the value
set of a degree-three rational function h(x). The results here, which are interesting on their own,
will serve as prototype for what will be proved in the next sections. Assume char(k) # 2,3, and
suppose d # 0. Without loss of generality, up to Méebius transformations, we can consider h(x) =
% € F,(z). The curve C, has equation (X —Y)F(X,Y) = 0, where

F(X,Y) = XY +dX* + (d — b)XY + (ad — ¢)X + dY? + (ad — ¢)Y + bd.

We start investigating the main features of the curve F(X,Y) = 0. We will need these technical
results later on.

Proposition 4.1. If D is the projective closure of F(X,Y) =0, then the following holds.

i) (1:0:0) and (0:1:0) are two ordinary singularities of D.



it) The remaining singular points of D, if any, lie on the pair of lines

ad — ¢
X-Y)X+Y =0.
( )( +Y + 5d ) 0

iii) The curve D has a singular point on the line X +Y + 2%=<¢ = 0 if and only if

2d
o~ ()

and

(ad — c) ((ad —c)?+ 4d3> = 0.

In this case, the singular point is P = (“g;c :0:1).

iv) The curve D has a singular point on the line X —Y = 0 if and only if

27(ad — ¢)* = b(b — 9d)*.

3¢+ (b —9d), /%
That is, a = 2 . In this case, the singular point is P = (\/éz \/g 1)1

v) The curve D is reducible if and only if ¢ = ad and b = 9d. In this case, we have
F(X,Y) = <XY — V=AY +V=dX — 3d) (XY +VZdY — V—dX — 3d)

In particular, F(X,Y) is reducible over Fy if, and only if, —d € F, is a square.

Moreover, if D is irreducible then D has genus g(D) = 0 in cases (3) and (4), and genus g(D) =1
otherwise.

Recall that we are interested in the number of points in C, N AG(2, q). By [2, Theorem 9.57] the
number R, of points in D N PG(2, q) satisfies
g+1—-29/q—3+9g<R,<q+1+4+29/q+3—g.
Denote by ¢ the line X —Y = 0. Concerning the curve Cj, we have the following possibilities.
i) D is irreducible. So C;, factorizes as

(X —Y)F(X,Y)

"'Where the choice of \/g in P= (\/g : \/g : 1) follows the same choice of \/g made in the definition of a.



and the number of points in C, N AG(2, q) is

20-2/G—-T< 4, +g+1-20/G-3+9-0<R, <

NAG(2,9) DmPE(Zg)
< ¢ Hq+1+4290/0+3-9-2<2¢+2q+1,
NAG(2,q) DQI;C?(ZQ)

where we deleted the ideal points of X —Y = 0 and of D and the (possible) intersection points
in /ND.

ii) D is reducible and it is the union of two conics not defined over IF,. It is easily seen that the
two conics intersect at ¢ and at the ideal line. So, the size of C;, N AG(2,q) is q.

iii) D is reducible and it is the union of two conics defined over F,. As above the two conics intersect
at ¢ and at the ideal line and the size of C, N AG(2, q) is either 3¢ — 2 or 3¢ — 6, depending on
3d being or not a square in F,.

Now, suppose that h(z) is a permutation of P!. Then, the size of C;, N AG(2, q) is between ¢ — 1
and ¢ (depending on h(co) = oo or not). This clearly corresponds to case (ii).

On the other hand, suppose h(z) is a m.v.s.r.f., or, more in general, its value set has size ¢/3 +¢,
with € < (¢—2,/g—1)/6. Let n; be the number of elements a € F, for which #h~ () = 4,4 =0,...,3.
Then

n1+n2+n3 :q/3+6,
ni + 2ny + 3ng = q.

We conclude that ns satisfies
3ns+2(q/3+€—n3) > qg=—n3 > q/3 — 2.
This means that the number of points in C;, N AG(2, q) is at least
ny + 4ng + 9ng = (g + 2ng + 3ng) + 2(ng + 2n3) + 2n3 > ¢+ 2(2¢/3 — €) + 2q/3 — 4e = 3q — Ge.

Since € < (¢ — 2,/q — 1)/6, this case corresponds to case (3). This concept will be generalized and
clarified in Theorem 6.2.

5 Components of the curve C;, associated to a rational func-
tion h(x)

As we have seen in (4), there is a natural correspondence between elements of PGL(2, ¢) and degree
one rational functions arising from the factorization of f(X)g(Y) — f(Y)g(X). Also, in the previous
section we saw that for degree three rational functions h(z) = m%idbm € IF,(z) the curve Cy, splits
into three components, which form a cyclic subgroup of order three in PGL(2,q). The aim of this
section is to collect several results that will establish such a relationship for a more general rational

function.



Proposition 5.1. Let K be any field and H = {o;(t) = % c i =1,...,n} a finite subgroup of
Aut(K(t)) = PGL(2,K). Then the polynomial

n

G Y) =TT (e +d)x — (@Y +5)

i=1

has the following properties.
i) GIX,)Y)=(X-Y)H(X,Y), where H(X,Y) is symmetric. In particular, G(X,Y) = —-G(Y, X).

i) There exists a degree-n polynomial f(t) € K[t], coprime with g(t) := [[(c;t + d;), such that
i=1

G(X,Y) == f(X)g(Y) = f(Y)g(X). (6)

Moreover, the number of linear factors of G(X,Y) is a divisor of deg g(t). In particular, if G(X,Y)
has a nonlinear factor then § < degg(t) <n — 1, and the number of linear factors is upper bounded

by 5.
Lemma 5.2. Let K be any ﬁeld Let *9 and f(t) be rational functions in K (t), with ged(u(t),v(t)) =

v(t)
ged(f(t),g(t)) = 1. Then == G K < (t)> if and only if there exist homogeneous polynomials Ty, Ty €
K[X,Y] of the same degree such that

u(t) =Ti(f(t), g(t)) and v(t) = To(f(t), 9(1))-

Lemma 5.3. Let K be any field. If T1,T, € K[X,Y] are homogeneous polynomials of the same

degree, then
Tl(X7 Y)TQ(Z7 W) B TI(Z7 W)T2(X> Y)

XW -YZ
is a homogeneous polynomial in K[X,Y,Z W].

Proposition 5.4. Let K be any field. For any subgroup H < Aut(K(t)), let f(t) and g(t) be the
polynomials given by Proposition 5.1. Then

i) Gal <K(t)/K (%)) — H, and
it) A rational function 8 € K(t) is H-invariant if and only if
u(X)o(Y) = u(Y Ju(X) = (F(X)g(¥Y) = F()g(X) ) A(X,Y)

for some h(X,Y) € K[X,Y], homogeneous in the variables f(X),g(Y), f(Y) and g(X).

10



Lemma 5.5. Let H be a subgroup of Aut(F,(t)) of order n such that the polynomial g(t) in Propo-

sition 5.1 is constant. That is, all elements in the group H are linear. Then H is isomorphic

to semadirect product of an elementary abelian p-group of order p™,m > 0, with a cyclic group of

order N, with N|(q¢ — 1). Moreover, for N > 2, if H = {a;t + b; : i = 1,...,n = Np™} and

F(X)=]1[(a;X +b;), then up to a linear change of variables, there exists a p-linearized polynomial
i=1

f(X) € F[X] of degree p™, and an integer N, divisor of p™ — 1, such that F(X) = f(X)V.

Corollary 5.6. Let H be as in Lemma 5.5. If a rational function % € F,(t) is H-invariant, then

up to a linear change of variables, we have
u(X)u(Y) —u(¥)o(X) = (FEON — FY)R(FE)Y, F)Y)

for some h(X,Y) € K[X,Y].

Using the previous results, we arrive at the following theorem, which gives the general setting in
which Example 2.1 falls.

Theorem 5.7. Let G(X,Y) = f(Y)g(X)—f(X)g(Y). The factors of degree d < 2 of type ¢;(X,Y) =
a; XY + b X + ;Y + d;, where a;d; — byc; # 0, (removing repetition, if any) are associated to the
elements o;(t) := =% ¢ Aut(F,(z)) = PGL(2,q) and have the induced group structure.

ajt+c;

Corollary 5.8. Let G(X,Y) = f(Y)g(X) — f(X)g(Y). If the group of factors of degree d < 2 of
G(X,Y) has order N, then there exists polynomials f; and fy such that

) GUX,Y) = FV)g(X) = FX)g(¥) = (£ (X) = (X)) TTAK. ),
ii) max{deg f1,deg fo} = N.

In particular, if the group is cyclic of order N # 0 mod p, (N > 2), then a linear change of variables
gives f1(Y)g1(X) = fi(X)g: (V) = XV - Y™

6 Minimal and almost minimal value set rational functions

Finally, we present our main result on minimal values set rational functions. Also, Theorem 6.2
partially extends these results to rational functions having values sets of size “close” to the minimum.

Theorem 6.1. Let h(z) = f(x)/g(x) be a non constante rational function, where f(x) and g(x)
are coprime polynomials over F,. Without loss of generality we can suppose that deg(g) = d and

deg(f) =d—s, 0 < s <d. Consider the curve Cy, defined by G(X,Y) =0 as in (3). Then
i) If a line € is a component of Cp, then {: X —aY — =0, with o® = 1.

i) No curves of equation Y = a, X" +a, 1 X" '+ 4+agor X =, Y +a, Y+ + ap,
r>1, a,. # 0, are components of Cy,.
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iii) If s is comprime with p all the lines which are components of Cp, are
i X=a'Y+B( —-1)/(a-1), i=1,...,N, (7)
for some a, 5 € F,,a® =1 of order N | s.

i) If N is the number of lines contained in C,, then Cy, is equivalent to
XV -y ][ HxY)=0
with deg(f;) > 1.

v) Suppose that there exist N linear components of Cp, of type (7). Then any other component of
Cp, with ideal part different from X'Y7 has degree at least N.

vi) Cp, can contain at most d components.
vii) If Cy contains d components, then they are s lines and d — s conics.
Finally, we analyze the case in which the rational function is close to be a m.v.s.r.f..

Theorem 6.2. Let h(z) = f(x)/g(x) be a rational function, where f(x) and g(x) are coprime
polynomials over Fy, deg(g) = d and deg(f) =d—5,0<s<d. If 0 :=/g—(d—5)(d—s+1) is
positive, and

-1

2
LV, < {qﬂ}r(é +1

d d—1)d?
then

i) Ci, contains d absolutely irreducible F,-rational components.

it) Cp, contains s lines of type X = oY + B; and d — s conics of type XY + X + 6, + ¢, =0.
iii) The extension Fy(x) | Fy(h(z)) is Galois of degree d.

Corollary 6.3. Suppose § := /q — (d — s)(d — s+ 1) > 0. Then there exists no rational function
h(zx) of degree d over F, for which

q+1 Wrﬂ 62 +1 .

[TW”S#V}‘[ d d—1)&

Proof. By Theorem 6.2, the extension F,(z) | F,(h(x)) is Galois of degree d. Now, Table 2 shows

that in all these cases the difference between #V} and (%W is at most 1. O
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