Oberwolfach Leibniz

Association

Mathematisches Member of the
Forschungsinstitut ’ é

Oberwolfach
Preprints

OWP 2020 - 16
NIiCOLA OSWALD AND JORN STEUDING

Maximal Quaternion Orders in Quadratic
Extensions- in Hurwitz’s Diaries

Mathematisches Forschungsinstitut Oberwolfach gGmbH
Oberwolfach Preprints (OWP) ISSN 1864-7596



Oberwolfach Preprints (OWP)

The MFO publishes a preprint series Oberwolfach Preprints (OWP), ISSN 1864-7596, which
mainly contains research results related to a longer stay in Oberwolfach, as a documentation of the
research work done at the MFO. In particular, this concerns the Research in Pairs-Programme (RiP)
and the Oberwolfach-Leibniz-Fellows (OWLF), but this can also include an Oberwolfach Lecture, for
example.

A preprint can have a size from 1 - 200 pages, and the MFO will publish it on its website as well as
by hard copy. Every RiP group or Oberwolfach-Leibniz-Fellow may receive on request 30 free hard
copies (DIN A4, black and white copy) by surface mail.

The full copyright is left to the authors. With the submission of a manuscript, the authors warrant
that they are the creators of the work, including all graphics. The authors grant the MFO a
perpetual, non-exclusive right to publish it on the MFQ'’s institutional repository.

In case of interest, please send a pdf file of your preprint by email to rip@mfo.de or owlf@mfo.de
respectively. The file should be sent to the MFO within 12 months after your stay as RiP or OWLF at
the MFO.

There are no requirements for the format of the preprint, except that the introduction should
contain a short appreciation and that the paper size (respectively format) should be DIN A4,
"letter" or "article".

On the front page of the hard copies, which contains the logo of the MFO, title and authors, we
shall add a running number (20XX - XX). Additionally, each preprint will get a Digital Object
Identifier (DOI).

We cordially invite the researchers within the RiP or OWLF programme to make use of this offer
and would like to thank you in advance for your cooperation.

Imprint:

Mathematisches Forschungsinstitut Oberwolfach gGmbH (MFO)
Schwarzwaldstrasse 9-11

77709 Oberwolfach-Walke

Germany

Tel +49 7834 979 50
Fax +49 7834 979 55
Email admin@mfo.de
URL www.mfo.de

The Oberwolfach Preprints (OWP, ISSN 1864-7596) are published by the MFO.
Copyright of the content is held by the authors.

DOI 10.14760/0WP-2020-16



MAXIMAL QUATERNION ORDERS IN QUADRATIC
EXTENSIONS — IN HURWITZ’S DIARIES

NICOLA OSWALD & JORN STEUDING
Dedicated to Prof. Dr. Klaus Volkert at the occasion of his retirement

ABSTRACT. We present and comment on some unpublished work of
Adolf Hurwitz on quaternion arithmetic from his diaries.

KEYWORDS: quaternion integers, maximal order
MATHEMATICAL SUBJECT CLASSIFICATION: 11E88, 16H10, 01A60

1. A BRIEF HISTORICAL INTRODUCTION

Quaternions are hypercomplex numbers and were invented by William
Rowan Hamilton in 1843. They form a skewfield and their lack of
commutativity is not unrelated to matrix multiplication (as was observed
already by Arthur Cayley in 1858). Eversince their invention quaternions
have been studied intensively for several reasons. In the 1880s, Rudolf
Lipschitz started his number-theoretical investigations [14] that led him
to a quaternionic proof of the celebrated four squares-theorem of Joseph-
Louis Lagrange that every positive integer can be represented as a sum of
four squares, e.g.

2020 = 17% 4 197 + 23% + 29°.

Since quaternions are of the form
r=a+ fi+vj+dk with o, 8,7,0 € R

and three independent square roots i,j,k of —1 satisyfying i® = j2 = k? =
ijk = —1%, it follows that their norm, defined by

N(z) =z 2 =a® + %> ++° + &,

is a quadratic form in the coordinates of = (if we consider quaternions as
a four-dimensional vector z = (a, 3,7,9) with real entries); here 2’ :=

Date: July 2020.
This research was supported through the program “Research in Pairs” by the
Mathematisches Forschungsinstitut Oberwolfach in 2019.

*which also implies non-commutativity, e.g., ij = —ji
1
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a — Bi — vj — 0k is the conjugate of x. Hence, it is indeed natural to
relate sums of four integer squares with the norm of quaternions. For this
purpose, Lipschitz introduced £ := Z[i, j| as the quaternion counterpart of
Zin Q(i,j). This is in analogy to Gauss’ investigations on the arithmetic of
the set Z[v/—1] within the field Q(v/—1) of complex numbers with rational
real and imaginary parts.! It is not only the style of writing that makes
Lipschitz’s approach dfficult to follow, another obstacle is the lack of a
euclidean algorithm for these Lipschitz quaternion integers.

A decade later, Adolf Hurwitz [11] found a solution to this problem by
adjoining

p = %(1—|—i—l—j+k)

to Lipschitz’s ring which then leads to a euclidean ring H := L[p] =
Z[i,j,p]. This step from the naive ring £ to the larger ring H of
Hurwitz quaternion integers has a historical forerunner, namely Gotthold
Eisenstein’s treatment of Q(y/—3), where Z[/—3] is not euclidean while
Z[%(l ++/=3)] is. It was probably Hurwitz’s expertise in the development
of algebraic number theory in the nineteenth century that led him to
his elegant approach including the very beginnings of an ideal theory
for quaternions. A few months before his early death in 1919, Hurwitz
published his in some parts only sketched approach from 1896 as a detailed
and elaborated textbook [12] in order to “encourage younger colleagues to
promote this field by further investigations.”® In his review of Hurwitz’s
booklet, the young Erich Hecke wrote that “the book gives us an idea of
the treasures we might hope for when the lectures of the author, who died
so young, are published.” 1

It is the authors’ intention to publish a translation of Hurwitz’s lectures
on the number theory of quaternions [12] into English with additional
comments and historical remarks. Indeed, this topic is of particular
interest in terms of its historical development and there is already extensive
literature on the number theory of quaternions and other algebras; for
example, [2, 8] (with respect to the topic we will focus below). For the

tsince ij = k this ring equals Z[i, j, k|

tOf course, we could also write Z[i] or in place of i any other square root of —1 from
the quaternionic setting, however, we prefer to distinguish here and in the sequel the
commutative from the non-commutative case.

$“Es wiirde mich freuen, wenn diese Vorlesungen etwa jiingere Fachgenossen dazu
anregen wiirden, jenes Gebiet durch weitere Untersuchungen zu fordern.” This is from
the preface of [12].

T“Das Buch liBt ahnen, welche Schétze wir einmal bei der Herausgabe der
Vorlesungen des so frith verstorbenen Verfassers zu erhoffen haben.” [10]
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sake of brevity, however, we will limit ourselves quite considerably in this
note.

Hurwitz’s estate is archived at the Eidgendssische Hochschule Ziirich
where he was professor since 1892; quite a few of Hurwitz’s manuscripts
and texts are now available in digital form, in particular his extensive
diaries. During their research in pairs at the Mathematisches
Forschungsinstitut Oberwolfach (MFO) in September 2019, the authors
were investigating Hurwitz’s diaries with respect to quaternions and
some of their findings will be explained in the two subsequent sections.
Moreover, the authors learned from a commemorative plaque in the library
of MFO that the partner (Jack Todd) of a later researcher of quaternion
arithmetic (Olga Taussky) was involved in the rescue of this extraordinary
place of mathematical research after the end of Nazi-Germany.

2. QUATERNIONS IN HURWITZ’S EARLY DIARIES

The first examination of quaternions in Hurwitz’s diaries can be found
in diary No. 14, which he kept from January 1, 1896 to February 1, 1897.
An entry from August 30, entitled “Fuler’sche Identitdt Z?Zl x? Z?Zl v,
provides a new proof of Euler’s four square-identity or, in other words, the
norm equation for quaternions, i.e.,

N(xz-y)= N(x)- N(y) for arbitrary z,y € R[i, j].

This multiplicativity is an important ingredient in Lagrange’s (or any)
proof of the four square-theorem. Hurwitz’s new and elegant proof relies
on the vector product (for details see [15]). Probably this was the starting
point for his interest in Lipschitz’s work [14] on sums of four squares and
quaternion arithmetic. Later entries consider, for example, “the treatment
of Lipschitz’s number systems’ and “orders of quaternions’. Obviously,
Hurwitz was not satisfied with Lipschitz’s approach; we can read in the
diary:

Lipschitz’s proofs do not seem sufficiently clear and a
direct justification would be desirable. Furthermore, the
following questions should be settled: Are zq, 29, 23, 24 the
bilinear [relations| of the x1, %, x3, x4, Y1, Y2, Y3, Ys, which
appear in Euler’s identity Y 22> y? = > 2? and is the
calculation with the units ey, es, e3,e4 determined by the
demand > e;x; > e;y; = > e;z; is then therewith the
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system of quaternions determined? And does something
. 8 8 8
similar is true for the formula > 22 "7 y2 = 35 227
On the following pages Hurwitz carried out some computations with
respect to the multiplicative structure of an “extended” Lipschitz’s number
system (which is now called a Clifford algebra).

FiGURE 1. Excerpt of the first page of Hurwitz’s
“Zahlentheorie der Quaternionen” in diary No. 14, p. 149.

Hurwitz wrote that in order “to eliminate this exception [he]
will change the notion of the integer quaternion”.

The entry “Zur Zahlentheorie der Quaternionen”, dated October 14,
1896, contains Hurwitz’s approach which led to his aforementioned article
[11], submitted about two months later and published almost immediately.
The essential difference to Lipschitz’s arithmetic becomes obvious very
quickly, namely the demand of division with remainder and euclidicity,
respectively. For this purpose Hurwitz used a different definition of

|“Es scheinen die Lipschitz’schen Beweise nicht ausreichend klar und eine directe
Begriindung wére wiinschenswert. Auch sollten folgende Fragen erledigt werden: Sind
21, 72, 23, 24 die bilinearen [Verbindungen| der z1, 2, x5, 24, Y1, Y2, Y3, Y4, welche in der
Euler’schen Identitit > 223" y? = 3 22 vorkommen und bestimmt man die Rechnung
mit den Einheiten ey, eq, e3,e4 durch die Forderung > e;x; Y e;y; = > e;z;; ist dann
dadurch das Quaternionensystem bestimmt? Und gilt etwa Ahnliches fiir die Fomel
S a2 Sy = 3282277 (Diary No. 14, pp. 144)
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quaternion integers (as we already mentioned in the introduction; see also
Figure 1).

In his treatment, Hurwitz systematically transferred the fundamental
concepts of elementary and algebraic number theory to the quaternion
numbers. In some places this transfer into the non-commutative structure
needed considerable computational efforts. The elaborated definitions of
greatest common divisor, units, group of integer quaternions coprime with
a given prime number p, prime quaternions, permutations of quaternions,
etc., which followed the satisfactory adaptation of the notion of quaternion
integers, can later be found in Hurwitz’s article [11] in a purposefully
structured way, as well as the vivid treatment of Euler’s problema curiosum
[9] on magic squares of squares.

When it is about certain orthogonal substitutions, it becomes obvious
that Hurwitz deliberately preferred the elementary approach wherever
possible; Cayley’s matrix calculus is circumvented almost everywhere. It
is precisely the fact that he was aware of the different approaches and
points of view that emphasizes particularly clearly his efforts to create
an elementary number theory at this point. The extensive generalized
explanations on orthogonal substitutions on the diary pages in between
166 and 182 are actually not included in Hurwitz’s publication.

With regard to the subsequent treatment of “Quaternionenordnungen”
in his diary, it is noticeable that Hurwitz later changed his terminology.
These occasionally confusing changes between different notions is

fortunately often clarified by precise definitions, as in this case of page
182:

A system of rational quaternions is called quaternion order
if sum, difference and product of any two quaternions of the
system are also in the system and if all quaternions of the
system can be represented linearly with integer coefficients
by a finite number of them.**

In modern terminology, an order O is a subring of some ring R such that
i) R is a finite-dimensional algebra over Q, ii) O spans R over Q, and iii)
O is a Z-lattice (see [13]).

Further diaries indicate Hurwitz’s continuous interest in quaternions
between 1896 and 1919. Diary no. 15, for example, contains an entry

**“Ein System von rationalen Quaternionen heiflt Quaternionenordnung, wenn sich
Summe, Differenz und Produkt irgend zweier Quaternionen des Systems ebenfalls in
dem System befinden und wenn alle Quaternionen des Systems linear mit ganzzahligen
Coefficienten durch eine endliche Anzahl unter ihnen darstellbar sind.”
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(written between May and June 1897) about “Algebraische Gebilde mit
Quaternionengruppe”, and in diary No. 25 from 1911/12 one can find a
short entry about “Quaternionen + bindre Substitutionen”, where Hurwitz
described the isomorphism between the two number systems of quaternions
and of substitutions. And the preceding and following entries in this
diary show that Hurwitz prepared notes for a seminar on (hyper-) complex
number systems.

FicUrRE 2. Concept of the letter to Julius Springer from
March 31, 1919, on page 102 of diary No. 30.
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3. QUATERNIONS IN HURWITZ’S LATER DIARIES

After a few years without noticeable entries on quaternions, we can
find in diary No. 28 from 1917, p. 186, the description of a topic for
a diploma thesis, “Die endlichen Korper”, for a student by the name
Herter*. Hurwitz referred here to the classification of finite fields by
Eliakim Hastings Moore, the teacher of Leonard Dickson who will play
a certain role later on. In his last diary from 1919, No. 30, p. 100,
Hurwitz came back to this task for his student. Building on results from his
1896 paper, Hurwitz formulated an open question concerning the number
of solutions of certain diophantine equations modulo a prime number.
This diary entry from March 21 was the starting point of about eighty
subsequent pages of investigations on quaternions.

SHE L ooyttt i Cip clossts idlemin. B
.%W@ ik, otV sl , A s
Ao Erienin Mor Rolla trrns Gkl Wmee. werhodiad gorsinchl Kt
.c:'-. =W d’-’“ﬁ L &e/»//fzmm& G?IZ;V @1&7&3 e df;%fm ?m aer
TG B/ &?904.4? Moﬁm@.&z (A 4 4%@ srchonlles 1t Crrigtr
n bonesganio. ;MM Bt setiv- Medorund Mﬂ-e:é:f I 3 17/ Carie

Lokl Woiae, e, i inafm; vl o gy Hrnes U sl B el
(ZA ftrnle reens "ft-.ag’f:f:"l‘-” . G% ’%

FIGURE 3. This is a draft of a preface from Hurwitz’s last diary
from summer 1919.

Certainly this last notebook is the most interesting one concerning
quaternions. It seems that Hurwitz was working out ideas at a certain
speed’, sometimes calculations and thoughts follow one another with no
direct link or with a connection only difficult to comprehend. Besides
the aforementioned outline of a topic for a thesis, and several interesting
letters to Julius Springer, the editor of Hurwitz’s Vorlesungen [12] (see
Figure 2), there is an interesting first draft of a preface with quite a few
differences to the later published one (see Figure 3); here Hurwitz stressed

*about whom we unfortunately could not find out anything
"From a letter to Polya from August 31, 1919, we know that Hurwitz was already
very ill. Maybe he indeed felt a certain time pressure.



8 NICOLA OSWALD & JORN STEUDING

that “the booklet on quaternions could stimulate the reader to think about
the foundations of number theory.”*

Moreover, one can find in this diary some reflections on the notion
of algebraic integers (see Figure 4) — a topic of utmost importance for
Hurwitz’ number theory of quaternions — and, in particular, his late and
extensive investigations on maximal orders catch the eye. We shall have a
closer look on these maximal orders here.

In algebraic number theory, algebraic integers are defined as roots of
a monic (minimal) polynomial with integer coeflicients and they form a
commutative ring. Their intersection with a number field (i.e., is a finite
algebraic extension of Q) constitutes an algebraically closed ring, called the
mazximal order (or the ring of integers). For example, the maximal orders of
the quadratic fields Q(v/—1) and Q(v/—3) are Z[v/—1] and Z[3(1++/-3)],
respectively; note that Z[/—3] is also an order in Q(v/—3) but it is not
algebraically closed (maximal). We refer to [13] for details.

-

gw&%w i
do Lo MW{J%M@ =7

o 71
%ﬁfﬂ:ﬁ ,sz m%ww‘iii., s

x.m%?.,e,&mm Mf%wﬁr“/ﬁ
A.L’tt)'u, %MWLVOM“/ Wma&/

%wnmm ' taiar ! MWM %‘Hw j\f{a~

- Durgpislincit s o s DA, dow g /th
MWMH&«L»%%M#— “ya '-)!”“Jv Mﬁw

oo Adls, 40 s o, , ;W “Jp Wy vt dog Fovron Bydy 1.y .. Pt

8L, ,.4«.,’,«;’ .;"mz.,,m ol s bl 0 Rodbos dier iz % Af{

e w&bf‘(a EV// »..»wa:./ﬁ ) Ao lthut 1 3
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FIGURE 4. Reflections Uber den Begriff der ganzen
algebraischen Zahl on page 152 of diary No. 30.

On page 139, the correspondence between 2 x 2 matrices and quaternions
given as linear combinations of the fundamental units is considered. We

{“Die Schrift soll den Leser namentlich dazu anregen, iber die Grundlagen der
Zahlentheorie eingehend nachzudenken.”
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shall explain this in our notation here briefly. Quaternions may be
introduced by writing complex entries a = o + fv/—1,b = v+ dv/—1
in a 2 X 2 matrix, namely

B a+Bv—-1 ~v4+06v/-1
B —y+6/—1 a—Bv-1
= a-1+8-I14+v-J+6-K,

VR
|

R
Q o

where

0 1 0 -1
() (A

are skew-hermitian matrices according to the base 1,1, j, k of the skewfield
of quaternions. This construction is due to Cayley and the case of § = 6 =
0 leads to his matrix representation of the complex numbers. Following this
approach, Hurwitz is finally led to quaternions with complex coordinates
(as considered already by Hamilton as “biquaternions”). He investigated
transformations of a group of such “complex” quaternions with respect to
real quaternions.

This search for suitable extensions of quaternions accompanied Hurwitz
throughout the final pages of his last diary. On page 149, just before
his thoughts on algebraic integers, he returned to a question from
page 75 about a proposed generalization of coefficients to real numbers
VA, VB,VAB (see Fig 5). Hurwitz referred here explicitly to pages
211 and 327 in the book “Niedere Zahlentheorie” [1] of Paul Bachmann,
where sums of squares with corresponding coefficients are discussed. Such
kind of quaternions had already been investigated earlier by Dickson
[4]; however, the arithmetical context is new. We want to highlight
some notations written with pencil next to his investigations of the
multiplicative structural:

Does it make sense zu ask: Which are all fields of
quaternions? Or at least all finite fields of quaternions? i.e.
those which contain only finitely many linearly independent
quaternions?®

$“Hat es einen Sinn zu fragen: Welches sind alle Quaternionenkorper?  Oder
wenigstens alle endlichen Quaternionenkorper? D.H. welche, in denen nur endliche
viele linear unabhéngige Quaternionen sind?”



10 NICOLA OSWALD & JORN STEUDING
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FIGURE 5. Special coefficient for quaternions appear on
page 149 of diary No. 30. The research questions, written
with pencil, were framed by the authors.

The language here is difficult to understand without the context.
Further “finite fields of quaternions” (endlichen Quaternionenkdrper) are
skewfields of quaternions whose coefficients are elements of finite algebraic
extensions. Hurwitz’s questions do indeed lead to interesting observations
with regard to maximal orders. From the subsequently discussed example,
the "non-commutative limits” of Dedekind’s definition (see Fig. 4) become
much clearer than with the quaternions of rational coefficients.

Starting from page 154, Hurwitz investigated the set of quaternions
with coefficients from the Gaussian number field Q(y/—1) (still with the
ordinary imaginary /=1 from the complex plane). As before, his aim
was to find the counterpart of the ring J of integers in the skew field
of quaternions with rational coefficients. His considerations were not
published and since they were written in parallel to the gain in knowledge,
they are — as interesting as they are — difficult to read. In the following
we take a closer look at them.

Hurwitz’s approach may be considered as an analogue of extending the
arithmetic of rational numbers to algebraic extensions. After some lengthy
computations including various case distinctions and different strategies,
on page 189 (see also Figure 6), Hurwitz finally achieved a list of eight
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integral domains, some being contained in another, and claimed that there
are four mazimal orders of integers. This is pretty different to the situation
in algebraic number theory or even Hurwitz treatment of quaternion
integers in his booklet [12] where always a unique maximal order exists!

Following Hurwitz’s notation (closely), one of the four maximal orders
is denoted by Z; and consists of the quaternions

(1) %(I{O —|— lilil + I{Q’ig —|— Iig’ig)
with coefficients k1, ..., k4 satisfying the congruences
Ko = K1 + Ko + k3 mod 2 and K1 = ko = kg mod (14 +v—1);

notice that the coefficients here and in the sequel are from the ring Z[v/—1]
of Gaussian integers and the congruences as well have to be understood
with respect to this ring. The other three maximal orders come in a triple
T84, Lgp and Zg., where Zg, is given by the quaternions (1) for which

ko =k1V—1, and ko =kr3vV—1 mod 2

holds, and Zg, and Zg. result from Zg, by cyclic permutation of the units
(see Figure 6). Hurwitz’s calculated these maximal orders correctly by a
method similar to the one in the fourth lecture of his booklet [12]. To be
explicit we thus may take

hl = %(1 -+ —1i1), hg = h‘/l == %(1 -V —1’i1),
h3 = %(22 + —1i3), h4 = hg = %('LQ -V —123)
as base for Zg,, where the conjugation here is the one in Z[/—1].
A few years later, Dickson [7] was following the same line of inquiries,
however, his main result already deals with a general quadratic number
field Q(©). In the case of ©2 = d = 4n + 3 for some integer n, the bases

for his maximal orders are, in his notation and writing i, j, k for Hurwitz’
set of square roots i1, 49,43 of —1, given by

I:={1,3(1+i+j+k),j+ fink+ f+g},
where
f=i1+06)(1+k) and g=1i(14+0)(1+]),
as well as
and two further by cyclic permutation of the units. This result actually
includes Hurwitz’s four maximal orders for the special case © = v/—1 (in

which case n = —1). In order to see that, a short computation shows
that the base {hy, he, hs, hy} for Zg, and ¥ = {d;, ds,ds,d,} (in the same
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FIGURE 6. List of “Integritiatsbereiche des Gaufschen
Quaternionenkorpers” on page 189 of diary No. 30.

sequence as above, i.e., d; = 1 etc.) are transformed into one another
according to

00 +—1 0 d,

rto —v=T o0 do
(hl’h2’h3’h4)_ 01 0 V=1 ds
00 0 —/—1 dy
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and identifying i1, 79, 73 with i, j, k, resp.

1 10 0 hq
0 01 1 h
<d17d27d37d4> = B /__1 0 0 0 hz
0 0 0 /-1 hy

By cyclic permutation, this shows that the triples of Hurwitz and Dickson
correspond to each other. By a similar reasoning one finds that also
the remaining maximal orders coincide. Thus, the result from the last
diary and the corresponding case of Dickson’s more general result coincide.
Hurwitz’s attempt to consider a quaternion analogue of the for algebraic
number theory and its development in the 19th century so essential topic
of extending the integers was anticipating the celebrated work of Dickson,
and, furthermore, Hurwitz’s approach along the lines of his booklet would
indeed permit the generalization Dickson had.

The very last entry of his diary deals with some techniques from the
dissertation “Zahlentheorie der Tettarionen” [16] of his pupil Gustave Du
Pasquier to the aforementioned problem (see Figure 7). In the 1920s
Dickson published quite a few papers and books on the arithmetic of
algebras (and quaternions in particular; see his monographs [5, 6], and
we refer to [2, 8] for their mathematical impact). Later in the twentieth
century, with the work of Heinrich Brandt, Martin Eichler and Marie-
France Vignéras [17] to name just a few, research into the number theory
of quaternions shifted more towards ideal theory. A similar phenomenon
of non-unique maximal orders has been discovered in the ring of octonions
by Harold Scott MacDonald Coxeter [3].

4. CODA

It is remarkable that Hurwitz, at that late time of his disease, had
the ambition, energy and a cool head to continue his investigations on
quaternions. Embedded in the above calculations is the copy of a very
personal document, the medical certificate of his family doctor as well as
his request to the President of the Highschool Council, K. Gnehm, “since
the discomforts have increased noticeably in the last few months, to be

dispensed from the lecture during the coming winter semester.” % Hurwitz
himself offered:

11“[...] da die Beschwerden in den letzten Monaten merklich zunehmen, wéahrend des
kommenden Wintersemesters von der Vorlesung dispensiert zu werden.”
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FIGURE 7. This shows the penulitmate page (page 211) in

Hurwitz’s diary; on page 178 appears the last written date
and it is Sunday, 5th of October 1919.

I would be very grateful if you, on the basis of the enclosed
medical certificate, would release me from the obligation to
give the lecture on alg. equations which I have announced,
and thus agree that next winter I will only give the
mathemat. Seminar.|

This planning could not be realised. Hurwitz died from kidney malfunction
on November 18, 1919. With his extensive and valuable estate he left a
great treasure to the history of mathematics.
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