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TRIVIAL SOURCE CHARACTER TABLES OF SLy(q)

BERNHARD BOHMLER, NIAMH FARRELL AND CAROLINE LASSUEUR

ABSTRACT. We compute the trivial source character tables (also called species tables of the
trivial source ring) of the infinite family of finite groups SL2(q) over a large enough field k
of positive characteristic ¢ via character-theoretical methods in the cases in which ¢ is odd,
2| (¢£1) when £ is odd, and ¢ = £3 (mod 8) when £ = 2.

1. INTRODUCTION

In the representation theory of finite groups in characteristic zero it is customary to work with
the ordinary character table, from which information about the representations of the group can
be recovered efficiently. In positive characteristic, representation rings are a convenient way
of organising information about direct sums and tensor products of modules, and they give
us a unified way to view ordinary and Brauer character tables. Given a finite group G and
a field F, the Green ring a(F'G) of FG is defined to be the free abelian group on the set of
isomorphism classes [M] of indecomposable F'G-modules, with addition given by taking direct
sums and multiplication induced by the tensor product over F. Then A(FG) := C ®z a(FQG)
is a commutative and associative C-algebra. When F' = C, a(CG) is the Grothendieck ring
of CG and every ring homomorphism a(CG) — C is given by a trace map t4 : [M] — tr(g, M)
with ¢ € G. After tensoring with C, the sum of these maps over a set of representatives
cc(G) of the conjugacy classes of G is an isomorphism - ...y tg : A(CG) = Dee) C
and hence A(CQG) is semisimple. In positive characteristic, on the other hand, if F' is a large
enough field of characteristic £ > 0 then the Grothendieck ring is R(F'G) := a(FG)/ao(FG,1),
where ag(F'G, 1) is the ideal of a(F'G) spanned by the difference elements [Ma] — [M;] — [M3]
where 0 — M7 — Ms — M3 — 0 is a short exact sequence of F'G-modules. In this case every
ring homomorphism R(FG) — C is given by a map t, : R(FG) — C where g € G is an
¢'-element and for a given FG-module M, t,(M) is the sum of the lifts to C of the eigenvalues
of g on the restricted module Res& (M). Once again, after tensoring with C, the sum of these
maps over a set of representatives cc(G)p of the ¢/-conjugacy classes of G yields an isomorphism

ZgECC(G)el tg :C ®Z R(FG) i} @CC(G)Z/ C.

In [BP84] Benson and Parker generalised such constructions and defined a species of any
subalgebra, ideal or quotient A of A(F'G), to be an algebra homomorphism A — C. Evaluating
the species of A(CG) at the simple CG-modules yields the species table of A(CG), which is in fact
just the ordinary character table of G. Similarly, if F' is large enough and of characteristic £ > (
then the species table of C®z R(F'G), calculated by evaluating the species of C®z R(FG) at the

Date: December 22, 2021.
2020 Mathematics Subject Classification. Primary 20C20, 20C33.
Key words and phrases. Special linear group, trivial source modules, p-permutation modules, species tables,
character theory, block theory.
The authors gratefully acknowledge financial support by DFG SFB -TRR 195 ‘Symbolic Tools in Mathematics
and their Application’. The present article started as part of the Project A18 thereof.
1



Trivial source character tables of SLa(q) 2

simple F'G-modules, is just the Brauer character table of G. Benson and Parker [BP84] went on
to prove that in the latter, positive characteristic case, many of the properties of representation
rings, species and ¢-blocks are governed by the trivial source ring a(FG, Triv), which is defined to
be the subring of a(F'G) generated by the (finite) set of all isomorphism classes of indecomposable
trivial source FG-modules. We will see in Section 2 that A(FG, Triv) := C ®z a(FG, Triv) is
semisimple. Evaluating the species of A(FG,Triv) at the indecomposable trivial source F'G-
modules yields a square matrix called the trivial source character table (or species table of the
trivial source ring), denoted by Triv,(G). This table provides us with information about the
character values of all trivial source FG-modules and their Brauer quotients at ¢-conjugacy
classes. For ¢-groups, Trivy(G) is just the table of marks. For all other groups, however, unlike
ordinary and Brauer character tables, only a very small number of trivial source character
tables have been published in the literature: [Ben84, Appendix] gives Triva(2(s5) and [LP10,
Example 4.10.12] gives Trivg(M;1).

The aim of this article is to calculate the generic trivial source character tables for the infinite
family of finite groups of Lie type SLa(g). Our main results are obtained in Theorems 3.6, 4.5
and 6.3 where we calculate Trivy(SLa(g)) using a block- and character-theoretic approach in the
following cases:

(1) q and ¢ are odd and ¢ | (¢ — 1), in which case the Sylow ¢-subgroups are cyclic;

(2) q and ¢ are odd and ¢ | (¢ + 1), in which case the Sylow ¢-subgroups are cyclic;

(3) ¢ = +3 (mod 8) and ¢ = 2, in which case the Sylow ¢-subgroups are quaternion groups of
order 8.

In all cases, we make extensive use of the known generic character table and block distribution of
SL2(q) as described in [Bon11]. When ¢ is odd our method and results strongly rely on the recent
classification of the trivial source modules in blocks with cyclic defect groups by Hiss and the 3rd
author in [HL21]. When ¢ = 2 and ¢ = +3 (mod 8) we first compute the trivial source character
table Trivo(PSLa(q)), where the situation is easier to deal with because the Sylow 2-subgroups
of PSLa(q) (¢ = £3 (mod 8)) are Klein-four groups, and 2-blocks with defect groups Cy x Co
have been classified up to source-algebra equivalence in [CEKL11]. This allows us to reduce our
calculations to the cases of PSLy(3) = 204 and PSLa(5) = 5. Then Trive(SLa(q)) is obtained
to a large extent via inflation from PSLy(g) because the centre of SLa(g) is contained in all the
non-trivial 2-subgroups. Indeed, inflation preserves trivial source modules, however, it must be
taken into account that vertices change as ¢ = 2 = |Z(SLa(q))|.

The paper is organised as follows. In Section 2 we summarise the background material we
will use throughout the paper. In particular, we introduce the trivial source character tables of
a finite group formally following the approach of Lux and Pahlings in [LP10, Section 4.10]. In
addition, we collect useful results about trivial source modules, the species of the trivial source
ring, and the group SLo(q) which we will use throughout our calculations of the tables. In
Section 3 and Section 4 we calculate Trivy(SLa(g)) in the cases in which ¢ is odd and divides
either ¢—1 or g+ 1. Next, we consider the characteristic £ = 2 and assume that ¢ = +3 (mod 8).
In Section 5 we compute Triva(PSLa(g)). From this we can deduce a large part of Trive(SLa(q))
and so in Section 6 it only remains to describe the 2-projective characters of SLa(q).

Further combinations for ¢ and ¢ will be studied in forthcoming papers.

2. NOTATION AND BACKGROUND RESULTS

2.1. General notation. Throughout, unless otherwise stated, we adopt the notation and con-
ventions given below. We let ¢ be a prime number and G denote a finite group of order divisible
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by £. We let (K, O, k) be an ¢-modular system, where O denotes a complete discrete valuation
ring of characteristic zero with unique maximal ideal p := J(O), algebraically closed residue
field £ = O/p of characteristic ¢, and field of fractions K = Frac(Q), which we assume to be
large enough for G and its subgroups in the sense that K contains a root of unity of order
exp(G), the exponent of G. We let F; denote the finite field with ¢ elements and assume that ¢
is odd. If r is a non-zero natural number, we denote by p, the group of the r-th roots of unity
in an algebraic closure F of F, i.e. p, ={{ €F | =1}.

For a subgroup H < G, we let [H] denote a set of representatives of the conjugacy classes
of H, [H/ =] a set of representatives of the conjugacy classes of H up to inverse, and [H]y a set
of representatives of the conjugacy classes of H of order prime to £. Given a positive integer n,
we denote by C,, the cyclic group of order n and by D,, the dihedral group of order n. The
quaternion group of order 8 is denoted by Os.

For R € {O,k}, RG-modules are assumed to be finitely generated left RG-lattices, that is,
free as R-modules. We let R denote the trivial RG-lattice. Given a subgroup H < G, we write
Res$ (M) = M [$ for the restriction of the kG-module M to H and Ind$(N) = N1 for the
induction of the kH-module N to G. Given a normal subgroup U of G, we write Inf& Ju (M) for
the inflation of the k[G/U]-module M to G. We write M* := Homy (M, k) for the k-dual of a
kG-module M, soc(M) for its socle, and if M is uniserial then we denote by ¢(M) its composition
length. If M is a kG-module and @ < G, then the Brauer quotient (or Brauer construction) of
M at @ is the k-vector space

M[Q] =M/ " tp(M™),
R<Q

where M© denotes the fixed points of M under @ and trg for R < @ denotes the relative trace
map. This vector space has a natural structure of a kNg(Q)-module, but also of a kNg(Q)/Q-
module, and is equal to zero if () is not an ¢-group. If S is a simple kG-module, then we let Pg
denote its projective cover, and we let Sc(G, @) denote the Scott module of the group G with
respect to the subgroup @ < G (see [Bro85], for a definition).

Unless otherwise stated, by an ¢-block we mean a block of kG. We write Bo(G) for the
principal ¢-block of G and By ~g4 Bs to indicate that there exists a source-algebra equivalence
between the ¢-blocks By and By. We denote by Irr(G) (resp. Irr(B)) the set of irreducible
K-characters of G (resp. of the ¢-block B). Since the blocks of OG are in bijection with the
blocks of kG via reduction modulo J(O), by abuse of notation and terminology, given an ¢-block
B of kG, we write Irr(B) for the set of irreducible K-characters of the corresponding block of
OG and talk about the ordinary irreducible characters of B. For a cyclic group H, we also write
H” instead of Irr(H). We let (—, —)¢ denote the standard inner product on the space of class
functions of G.

Finally, we refer the reader to [Linl8, Thé95, Bonl11] for further standard notation and back-
ground results in the modular representation theory of finite groups and on the special linear
group SLa(FF,).

2.2. Trivial source modules and trivial source character tables. We begin with a quick
review of the major properties of trivial source modules. We refer the reader to [BT10, §2],
[Bro85], [Ben98, §3.11 and §5.5], [Thé95, §27] for proofs and details of the results mentioned in
this section.

Given R € {O,k}, an RG-lattice M is a permutation RG-lattice if it admits a G-invariant
R-basis, whereas it is an f-permutation RG-lattice if it is a direct summand of a permutation
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RG-lattice. The indecomposable /-permutation RG-lattices are also called trivial source lattices
(trivial source modules over k), because they coincide with the indecomposable RG-lattices
having a trivial source.

It is well known that any trivial source kG-module M is liftable to an OG-lattice (see e.g.
[Ben98, Corollary 3.11.4]). More accurately, in general, such modules afford several lifts, but
there is a unique one amongst these which is a trivial source OG-lattice. We dengEe this trivial
source lift by M and we let x;; be the ordinary character afforded by K ®o M. Character
values of trivial source lattices have the following properties.

Lemma 2.1 ([Lan83, Lemma I1.12.6]). Let M be a trivial source kG-module with character x 17

and let x be an l-element of G. Then:

(a) X]/W\(JL') is a non-negative integer, equal to the number of indecomposable direct summands
of Resgw (M) isomorphic to the trivial k(z)-module; and

(b) x57(x) # 0 if and only if x belongs to some vertex of M.

Up to isomorphism, there are only finitely many trivial source kG-modules and we will study
them vertex by vertex. Thus, we denote by TS(G; Q) the set of isomorphism classes of indecom-
posable trivial source kG-modules with vertex ). Since projective indecomposable kG-modules
are trivial source modules with vertex {1}, with this notation, TS(G; 1) is the set of isomorphism
classes of PIMs of kG. Moreover, we set Ng(Q) := Ng(Q)/Q.

Proposition 2.2 (Omnibus properties of -permutation and trivial source kG-modules).

(a) The £-permutation modules are preserved under direct sums, tensor products, inflation,
restriction and induction.

(b) If @ < G is an L-subgroup and M is an (-permutation kG-module, then M[Q] is an {-
permutation kN ¢(Q)-module.

(¢) The vertices of a trivial source kG-module M are the mazimal (-subgroups Q of G such that
MIQ] # {0}

(d) A trivial source kG-module M has vertex @ if and only if M[Q] is a non-zero projective
kN (Q)-module. Moreover, if this is the case, then the kNg(Q)-Green correspondent f(M)
of M is M[Q)] (viewed as a kNg(Q)-module). Thus, there are bijections:

TS(G;Q) +— TS(Ng(Q);Q) +— TS(Ng(Q);1)
M — J(M) = MI[Q]
These sets are also in bijection with the set of {'-conjugacy classes of Na(Q).
(e) Let H < G. Then the Scott module Sc(G, H) is a trivial source kG-module lying in Bo(G).
If Q € Syl,(H), then Q is a vertex of Sc(G, H) and Sc(G, H) = Sc(G, Q).
(f) The trivial source kG-modules, together with their vertices, are preserved under source-
algebra equivalences.

Statements (a) to (e) are proved in [Bro85]. Statement (f) is given by [Thé95, (38.3) Proposition]
since source-algebra equivalences preserve vertices and sources.

Notation-Definition 2.3 ([BT10, §2])

1. Set Pgy == {(Q,E) | Q is an £-subgroup of G, E € TS(N(Q);1)}. The group G acts by
conjugation on Pg ¢ and we let [Pg ] denote a set of representatives of the G-orbits on Pg .
Then, given (Q,E) € [Pgy], we let Mg gy € TS(G;Q) denote the unique trivial source
kG-module (up to isomorphism) such that Mg g)[Q] = E given by Proposition 2.2(d).
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2. The trivial source ring a(kG,Triv) of kG is the Grothendieck group of the category of ¢-
permutation kG-modules, with relations corresponding to direct sum decompositions, i.e.
[M]+ [N] = [M & N], and endowed with the multiplication induced by the tensor product
over k. The identity element is the class of the trivial kG-module k. Moreover, a(kG, Triv)
is a finitely generated free abelian group with basis B := {[M(q p)] | (Q, E) € [Pg ]} -

3. Set Qg := {(Q,s) | Q is an f-subgroup of G, s € Ng(Q)r}. Again, G acts on Qg by
conjugation and we let [Qq ¢] be a set of representatives of the G-orbits on Qg . We have
[Qa.l = |[Pa.cll-

4. Given (Q, s) € Qg , there is a ring homomorphism

7875: a(kG,Triv) — K
[M] = Pr) (s)
mapping the class of an /-permutation kG-module M to the value at s of the Brauer character
e of the Brauer quotient M[Q)]. It is easy to check that Tg ; only depends on the G-orbit
of (@, s), that is, ’7'8;67 o = 7'87 , for every x € G. Moreoever, this ring homomorphism extends
to a K-algebra homomorphism

75¢ 1 K ®z a(kG, Triv) — K,

and the set {%3 <1 (Q,s) € [Qay]} is the set of all distinct species (= K-algebra homomor-
phisms) from K ®z a(kG, Triv) to K. These species induce a K-algebra isomorphism

I 5, :KezakG Triv) — [ K.
(@:5)€Qc, (@:5)€[Qa,¢]
The matrix of this isomorphism with respect to the basis B, denoted by Trivy(G), is called
the trivial source character table (or species table) of the group G at the prime ¢ and
is a square matrix of size |[Qgq ¢]| X |[Qa,e]l-

Convention 2.4 For the purpose of computations we see the trivial source character table as
follows, following the approach of [LP10, Section 4.10]. First, we fix a set of representatives
Q1,...,Q, for the conjugacy classes of ¢-subgroups of G where Q1 := {1} and Q, € Syl,(G),
and for each 1 < v < r we set N, := Ng(Q,), Ny := Ng(Q,)/Q.. Then, for each 1 <i,v <r,
we define a matrix

Tiy = [Tgms([M])]METS(G;QZ-),SG[N@]Z/ :
With this notation, the trivial source character table of G at ¢ is the block matrix

Trive(G) := [Tip)i<iv<r -

Moreover, following [LP10] we label the rows of Trivy(G) with the ordinary characters X57 instead
of the isomomorphism classes of trivial source modules M themselves.

Two non-isomorphic trivial source modules M and N with vertex (); may afford the same
ordinary character. Therefore two rows of Trivy(G) may be labelled with the same ordinary
character. However, this labelling brings additional information about the trivial source mod-
ules and they are distinguished by the values in 7;, for some v > 1.

Remark 2.5.

(a) The block T;; consists of the values of projective indecomposable characters of N; at the
!'-conjugacy classes of N;. In particular, T} ; consists of the values of projective indecom-
posable characters of G at the ¢’-conjugacy classes of G.
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(b) The trivial kG-module k is a trivial source module with vertex @, and k = Mg, j). For
every 1 < v <r and every s € [N,]y we have Tgvys(k) = 1 since k[Q,] = k.

(c) For f-subgroups Q;,Q, of G, it follows immediately from the definition and Proposi-
tion 2.2(c) that Tgms([M(Q“E)]) = 0 unless Q, <¢ Q;. In other words T; , = 0 if Q, £¢ Q;.

(d) fv=1and 1 <i <7, then M[{1}] = M and so

755 (M) = X (s)
for every M € TS(G;Q;) and every s € [G]y. In particular, for every M € TS(G;Q;) we
have
70y 1 ([M]) = dimy, M .
This explains the terminology trivial source character table and our labelling of the rows
by the characters.

(e) More generally, if (Q,s) € Qg with s =1 and M is any ¢-permutation kG-module, then
761 ([M]) = dimy, M[Q).

(f) Species values of G may be computed using species values of smaller groups through the
following formula [BT10, 2.16. Remarks]

G =730 0B o,

where (Qs) denotes the inverse image in Ng(Q) of the cyclic group (s) of Ng(Q) and
Brg‘?s> s A(k(Qs), Triv) — A(kN g4 (Q)/Q, Triv) denotes the ring homomorphism induced

by the correspondence M +— M[Q)] for trivial source k(Qs)-modules M. (See [BT10, 2.11.
Proposition].)

2.3. Blocks with cyclic defect groups. Many of the trivial source modules in the cases con-
sidered in this article lie in blocks with cyclic defect groups. Thus we review here how to read
these modules from the Brauer tree of the block. We refer the reader to [HL21] and the refer-
ences therein for more details.

Assume B is an ¢-block of kG with a non-trivial cyclic defect group D = Cyn. If e denotes

the inertial index of B and m := 2= the exceptional multiplicity of B, then e | £ — 1, there

e
are e simple B-modules and e + m ordinary irreducible characters. We may write

Ir(B) = It/ (B) U {x» | A € A},

where | Irt/(B)| = e and A is an index set with |A| := m. If m > 1, the characters {x) | A € A}
are the exceptional characters of B, which all restrict in the same way to the ¢-regular conjugacy
classes of G, and Irr’(B) is the set of the non-exceptional characters of B. We set xa 1= > yc5 X2
and Irr°(B) := Irr’'(B) U {xa}.

The Brauer tree o(B) of B is the graph whose vertices are labelled by the ordinary char-
acters in Irr°(B) and whose edges are labelled by the simple B-modules. If m > 1 the vertex
corresponding to xa is called the exceptional vertex and is indicated with a black circle in our
drawings of ¢(B). Furthermore, o(B) bears a type function associating a sign to each vertex in
an alternating way and which is defined as follows: if D; < D denotes the unique subgroup of
D of order ¢ and x is a generator of Dy, then a vertex x € Irr°(B) of o(B) is said to be positive
if x(z) > 0 and we write xy > 0, whereas it is said to be negative if x(z) < 0 and in this case we
write x < 0. See [HL21, §4.2]. Clearly the trivial character is always positive.

In order to understand trivial source modules lying in B, it is necessary to consider B up
to source-algebra equivalence. By the work of Linckelmann [Lin96], the source algebra of B
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is characterised by three parameters: o(B), the type function, and an indecomposable capped
endo-permutation kD-module W (B). Letting b be the Brauer correspondent of B in Ng(D;)
and ¢ be a block of Cg(D1) covered by b, the kD-module W(B) is defined to be a source of
the unique simple c-module. Moreover, B contains precisely e trivial source kG-modules for
each possible vertex ) < D. These trivial source modules are explicitly classified by [HL21,
Theorem 5.3], as a function of the three parameters mentioned above.

Remark 2.6 (Classification of trivial source modules in cyclic ¢-blocks). The description of the
trivial source B-modules can be split in three main cases.

1. Trivial vertex: The trivial source B-modules with vertex {1} (i.e. the PIMs of B) can be
read off from o(B) as follows (see [Ben98, §4.18]). If S is a simple B-module corresponding
to the edge

Xb Xc

of o(B) with yp, xc € Irr°(B), then the projective cover Pg of S has the form

PS = ngvc
S

where S = soc(Ps) = head(Ps) and the heart of Pg is rad(Ps)/soc(Ps) = V, @ V, for two
uniserial (possibly zero) B-modules V, and V.. The projective indecomposable character

corresponding to Pg is X@ = Xb + Xe-

2. Full vertex: When ¢ is odd and W (B) = k (the latter condition will always be satisfied in
the cases considered), the trivial source B-modules with vertex D are precisely the positive
hooks of B. The hooks of B are by definition the liftable uniserial modules

Hy=|§| and  Ho=|§

where S runs through the set of simple B-modules. When W (B) = k one of Hy and H, is a

trivial source module and the other has (k) as a source. If Hp is a trivial source module,

then X = Xb > 0 so Hy is a positive hook. Otherwise, H, is a positive hook. See [HL21,
b

Theorem 5.3(a) and (b)(1)]. When ¢ = 2, the only situation of interest for this article is
the classification of trivial source modules with full vertex D = C5. This case is treated in
Remark 2.7.

3. We refer the reader directly to [HL21, Theorem 5.3(a) and (b)(2)-(7)] for the description of
the trivial source B-modules with non-trivial, non-full vertices, and their ordinary characters.

Remark 2.7. When ¢ =2 and D =2 (Cs, then clearly e = m = 1, the Brauer tree is of the form

ocB)= 0 S
X1 X2

and, up to isomorphism, B contains precisely two indecomposable modules, both of which are
trivial source modules. Clearly Pg is the unique PIM and S is the unique trivial source B-

module with vertex D. We have XF(S\) = X1 t X2 and, by Lemma 2.1, xg = x; where i € {1,2}

is such that x; > 0.

Lemma 2.8. Let B be an £-block of kG with a non-trivial cyclic defect group D =2 Cyn. For
each 0 < i <, let D; = Cyi be the unique subgroup of D of order #*. Let 1 < v < n and let M
be a trivial source B-module with vertex D,. If Ng(D1) = Ng(D;) for each 1 < i < n, then for
every 1 <1 <wv we have
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that is, the Green correspondent f(M) of M in kNg(Dy).
Proof. Because M is a trivial source module, by [Thé95, Exercise (27.4)], we may write
G
ReSNG(D,-) =119 Ly

where Ly = M[D;] is the direct sum of all direct summands with a vertex containing D; and
every indecomposable direct summand of Ly has vertex not containg D;. Now, as M belongs to
a block with cyclic defect group, we also know that

where X is the direct sum of a projective kNg(D;)-module and kNg(D;)-modules lying in
blocks with defect groups not conjugate to D under Ng(D;). (See e.g. [Ben98, Lemma 6.5.1].)
Comparing both decompositions yields the claim. O

2.4. The special linear group SL2(¢q) and its /-subgroups. For the remainder of this article,
we assume that G := SLa(q) is the special linear group of degree 2 over the finite field F, where ¢
is assumed to be a positive power of an odd prime p. We write Z := Z(G) = {£I2} and set
G := G/Z = PSLa(q). We let n > 1 denote the maximal power of ¢ dividing |G| = q(q—1)(g+1),
that is, |G|, = ™.

For details on the structure of SLa(g) and its block theory, we refer the reader to [Bonll]. For
convenience we recall here the notation and important preliminaries from [Bon11], which we will
use throughout. We let U be the subgroup of G consisting of the unipotent upper-triangular
matrices. We let 7' and T” denote a split and a non-split torus of G, respectively. These are
cyclic groups of order ¢ — 1 and ¢ + 1, respectively, and we have isomorphisms

d:pg1 =F — T,a+ diag(a,a™"), d :pg — T,

where d’ : GLp, (Fp2) — GLo(F,) is an isomorphism defined and fixed by the choice of an
IFy-basis of F 2 and T" is defined to be d’(pq+1). We will often identify T" with 41 and T" with
Hg+1 Via these isomorphisms.

We let Sy and Sj denote Sylow ¢-subgroups of T and T” respectively. Then the tori decompose
into direct products T' = Syx Ty, and T’ = Sy xTy,. If g =3then T = Z so Cq(T) = Ng(T) = G.
Otherwise, N¢(T) = (T,0) =: N, where o := (? ') is an element of G of order 4. Similarly,
N’ := Ng(T") = (T, 0'), where ¢’ € G is an element of order 4 such that o/ = —I.

Lemma 2.9 (Some (-subgroups of G' [Bonll, Theorem 1.4.3]).
(a) If ¢ is odd, then the following assertions hold.
(i) If ¢ | ¢ — 1 then Sy € Syl,(G) and for any non-trivial £-subgroup Q of T, Ca(Q) =T
and Ng(Q) = N.
(i) If €| g+ 1 then S; € Syl,(G) and for any non-trivial £-subgroup Q of T, Cq(Q) =T’
and Ng(Q) = N'.
(b) If ¢ =2 and ¢ = 3 (mod 8), then the following assertions hold.
(i) So =27 = Cy, S, = Cy, and Q := (S, 0"y = Qg is a Sylow 2-subgroup of G. Moreover,
Nec(Q)/Q=C3, Ng(S2) =G, Ng(S;) =N

(i) A Sylow 2-subgroup of G is Q := Q/Z = Cy x Cy. Moreover,

Ne(Q) =, Ng(93/2) =(T"/Z,0'Z) = Dy 1.
(¢) If ¢t =2 and ¢ = —3 (mod 8), then the following assertions hold.
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(i) S2 = Cy4, Sy =272=Cs, and Q := (S2,s) = Qg is a Sylow 2-subgroup of G. Moreover,
NG(Q)/Q203> NG(SQ):Na NG(SQ) =G.
(i) A Sylow 2-subgroup of G is Q := Q/Z = Cy x Cy. Moreover,

Na(Q) = Uy, Ng(Sy/Z) = (T)Z,5Z) = Dy 1.

Proof. Part (a) is proved in [Bonll, Theorem 1.4.3 (a),(b)] for @ = Sy or S}, but the proof
holds more generally for any non-trivial ¢-subgroup @ of T" when ¢ | ¢ — 1, and for any non-
trivial £-subgroup @ of T" when £ | ¢ + 1. The claims about G = SLa(g) in (b) and (c) are

given by [Bonll, Theorem 1.4.3 (c), (d) and their proofs]. The claims about G = G/Z follow
immediately. O

Lemma 2.10. Assume ¢ is odd and let B be an (-block of kG for G = SLa(q) (q odd) with
a non-trivial cyclic defect group D =2 Cyn. Then the indecomposable capped endo-permutation
kD-module W (B) parametrising the source algebra of B (in the sense of §2.3) is the trivial
kD-module.

Proof. Let Dy be the unique subgroup of order ¢ of D. Then Cg(D) = Cg(D;) by Lemma 2.9.
Since D < Cg(D) it follows from Clifford theory that D acts trivially on the simple kCq(D1)-
modules, because their restriction to D is semisimple. Thus the simple kCq(D1)-modules are

trivial source modules. Now, by definition (see §2.3) W (B) is a source of such a simple module,
hence W(B) = k. O

2.5. The ordinary character table of SLy(q). For convenience, we reproduce the character
table of G = SLa(q) here, using the notation of [Bonll, Table 5.4] up to small changes.

We set T := [(1g—1 \ {£1})/ =], T := [(g+1 \ {£1})/ =] and write 'y, I, for the ¢'-elements
in I' and I respectively. We fix a non-square element zo € ;¢ (this is possible as ¢ is odd), and
set w=(}1) and u_ = (é “ ) Then a set of representatives of the conjugacy classes of G is
given by

{I2, —I2} U{uy,u—, —uq, —u_}U{d(a) |a € THU{d'(§) | € T}
Next, we recall that all ordinary irreducible characters of G arise as constituents of characters
induced from T by Harish-Chandra induction or induced from 7" by Deligne-Lusztig induction,
which we denote by

R:ZIrr(T) — ZIrr(G) and R :ZIrr(T") — ZTrr(G),

respectively. Then, we denote the trivial character of G by 14 and the Steinberg character by St.
We let ag (respectively 6y) denote the unique character of T' (respectively T”) of order 2. Then

R(Ozo) = R+(Oé0) + R,(ao) and R/(eo) = Rg_(eo) + R (00),
where Ry(ap), R/ (6p) € Irr(G). The remaining ¢ — 3 non-trivial characters a € Irr(T) satisfy
R(a) = R(a™?t) € Irr(G), giving us % more irreducible characters in Irr(G). Similarly, the
remaining ¢ — 1 non-trivial characters § € Irr(T") satisfy R'(6) = R'(0~!) € Irr(G), giving us
the final qg—l irreducible characters of G. In summary, we have

Irr(G) = {1g,St, R(c0), Ri(60)} U {R(a) |« € [T"/ =], 0® # 1}

U {R(0)|6¢€[T"]=]0*+#1}).

With this notation the character table of G = SL(q) is then as given in Table 1, where we let
qgo:=qif ¢ =1 (mod 4), and ¢y := —q if ¢ =3 (mod 4).
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Table 1: Character table of SLa(q).

Conjugacy class elp d(a) d’(¢) EUr
representative g e € {£1} ael cel’ e, 7€ {1}
No. of classes 2 W % 4
Order of g o(e) o(a) o(&) p.o(e)
Class size 1 q(g+1) q(g—1) q22_1
Ca(9) G T T Z xU
1o 1 1 1 1
St q 1 -1 0
R(a), a® #1 (¢+ Dale) | ala) + ala)™? 0 ale)
R'(0), 0 # 1 (¢ —1)6(¢) 0 —0(§) — 05" —0(¢)
Ry (a) . ao(a) 0 ao(e) =5
R (60) S 0 —00(§) | bole) =L

Convention. We identify the C-characters of G = PSLy(q) with the C-characters of G = SLa(q)
with the centre Z in their kernel. As a consequence, when ¢ = 2 we label the C-characters and
the ¢-blocks of PSLa(g) using the corresponding labelling in SLa(q).

2.6. Characters and conjugacy classes of N and N’. We use the notation for the ordinary
characters and conjugacy classes of N and N’ given in [Bonl1, Sections 6.2.1 and 6.2.2] and let

(V) = {Ly.eoxd,} U fxa | @ € [T/ =) o® £ 1),

Irr(N') = {1y, e/ XY U {xp | 0 € [T =],6% # 1.
Let 04 := o and let o0 := od(z1) for some non-square element z; € Fy. Let ¢/, := o and

o’ = o0d/(§) for some non-square element & € f441. Then a set of representatives of the

conjugacy classes of N is given by
{I2,—I2} U{oy,0-}U{d(a) |a €T},
and a set of representatives of the conjugacy classes of N’ is given by
{2, —L}U{ol, ol }U{d'(§) [ £ €T}
We refer the reader to [Bonll, Tables 6.2 and 6.3] for the character tables of N and N’.

3. SLa(q) WITH 2 # 4| (¢ — 1)

In this section we assume that G = SLy(¢) with ¢ odd and 2 # ¢ | ¢ — 1. By Lemma 2.9(a)(i)
the Sylow /f-subgroups of G are cyclic so all blocks have cyclic defect groups. Trivial source
modules in blocks of defect zero are just PIMs of kG, and the trivial source modules lying in
blocks with a non-trivial cyclic defect group are easily dealt with via Remark 2.6 and [HL21,
Theorem 5.3].
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Notation 3.1. In order to describe Trivy(G) according to Convention 2.4 we adopt the following
notation. We fix Qpy1 := Sg > Con and for each 1 < i < n we let QQ; denote the unique cyclic
subgroup of Qui1 of order ¢*=1. The chain of subgroups

{1} =Q1 <+ < Qny1 € Syl(G)
1s then our fized set of representatives for the conjugacy classes of £-subgroups of G. We fix the
following set of representatives for the ¢'-conjugacy classes of G:

(Glo = {£L} U{d(a) | a € Do} ULA(€) | € € Th} Udeur | &7 € {£1}).
For any2 <v<n+1,1<i<n+1, the columns of T;, are labelled by a set of representatives
for the {'-conjugacy classes of Ny, = Ng(Qy)/Qv = N/Qy as Ng(Q,) = Ng(T) = N for each
2 <wv<n+1 by Lemma 2.9(a)(i). However, since Q, is an {-group we will simply label the
columns of T; ., by the following fized set of representatives for the {'-conjugacy classes of N :
[Nlp :={xtL}U{d(a) |a e Ty} U{o, | T € {£1}}.

Moreover, in order to describe the exceptional characters occurring as constituents of the trivial
source characters, for each 0 < i <n we fir

(q—1),- 07" —1

7Tq,i = 9 s

we let mq := g0, and note that 7y, = 0. These numbers naturally come from the classification
of the trivial source modules in cyclic blocks in [HL21].

3.1. The /¢-blocks and trivial source characters of G.

Lemma 3.2. When 2 # (| g — 1 the £-blocks of G, their defect groups and their Brauer trees
with type function are as given in Table 2.

Table 2: The ¢-blocks of SLa(q) when 2 # ¢ | ¢ — 1.

Block Number of Blocks Defect Brauer Tree with Type
oc
(Type) Groups Function/ Irr(B)
+ - +
1 O [ J O
Bo(G) Cen 1e = St
(Principal)
Ei= > R
ne[sy /=1\{1}
+ - +
Agg 1 O ° O
Cn R (ao) Zag R_(ao)
(o €TH\{1}, 0 =1) (Quasi-isolated)
Eag = Z R(CYOW)
n€lsy /=1\{1}
+ —
A (a=1)p—2 O ®
@ 2 Cyn R(a) Za
(e €[Th/) =], a* #1) (Nilpotent)
Eai= > R(am)
neSp\{1}
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Ay, + 2 (1} Irr(Ag, ) = {R(00)}
(6o € T)M\ {1}, 05 =1) (Defect zero) Irr(Ap, ) ={R_(0)}
Al %
{1} Irr(Ay) = {R'(0)}
O[T,/ =], 0% #1) (Defect zero)

Proof. Apart from the type functions of the Brauer trees, the information in Table 2 can be
found in [Bonll, Chapters 8 and 9]. The type function of o(By(G)) is immediate as the trivial
character is positive. Since the ¢'-characters of T take the value 1 on f-elements, it follows from
the character table of G (Table 1) that R4 (ap) and R(«) are positive. This determines the type
functions for 0(Aa,) and o(A,) for each a € [T}/ =], o® # 1. O

Lemma 3.3. When 2 # (| ¢q—1 the ordinary characters x g7 of the trivial source kG-modules M
are as given in Table 3, where for each 1 < i < n,

Tq,i Tq,i

Zi=)Y R() and Egp;=)» Rlaon;)
j=1 j=1

are sums of my; pairwise distinct exceptional characters in Bo(G), resp. Ay, and for any
a € Irr(Ty) with o # 1,

2mq,i
Eai = g R(am;)
j=1
is a sum of 2my; pairwise distinct exceptional characters in A,.

Remark 3.4. For the purpose of our computations, it is not necessary to know precisely which
exceptional characters occur as constituents of the trivial source characters, because they all
take the same values at the £’-elements.

Table 3: Trivial source characters of SLa(¢q) when 2 # ¢ | g—1.

Vertices of M Character x7; Block containing M
lg +Z, St+= Bo(G)
Ry (ap) + Zq, Asp
{1} R (6) Aby +
R(o) + 24 Ap, (@ € [T}/ =), a® #£1)
R'(9) Ay, (0 €T} =], 6% #1)
C, lg + =i, St+Z; Bo(G)
(<icn | TE@0)F S0 Ao
R(o) + Zq, Ap, (@ € [T/ =), a® #1)
1la, St By(G)
Cpn Ri(ap) Anp
R(«a) A, (@ € [T/ =), a® #£1)
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Proof. The ordinary characters of the PIMs lying in blocks of defect zero are immediate from
Table 2, and the characters of the PIMs lying in blocks with a non-trivial cyclic defect group
can also be read off from Table 2 using Remark 2.6(a).

The trivial source kG-modules with a non-trivial vertex all belong to ¢-blocks with a non-
trivial cyclic defect group. By Lemma 2.10 the module W (B) is trivial for all /-blocks B of G,
so we obtain the trivial source characters as follows. The characters xz; of trivial source kG-
modules M with full vertex Cyn are therefore directly identified using the Brauer trees from
Table 2 and Remark 2.6(b). The characters x g7 of trivial source modules M € TS(G;Cy)
with 0 < ¢ < n are obtained from the classification of the trivial source modules in blocks
with cyclic defect groups in [HL21]. More precisely, if M belongs to Bo(G) or A,, then [HL21,
Theorem 5.3(b)(2) and Theorem A.1(d)] yield the following characters x 7,

lg+Z; and St+ Z; in Bo(G),
Ri(ap) and R_() in Ag,,

and if M belongs to a nilpotent block 4, (a € [T}/ =],a® # 1), then X57 = R(a) + Ea; by
[KL21, Theorem 7.1(a)]. O

3.2. The /¢-blocks and trivial source characters of N.

Lemma 3.5. When 2 # { | ¢ — 1 the Brauer correspondents in N of the (-blocks of G with
non-trivial defect groups are as given in Table 4, where the labelling of the non-principal blocks
of N comes from [Bonll, Section 7.1.2]. The ordinary characters X700 of the kN -Green cor-

respondents f(M) of the trivial source kG-modules M with a non-trivial vertex are as given in
Table 5, where for each 1 < i <n,

Tq,i Tq,i

=N _ § =N _ E
=t = Xnj s and —ap,t T Xaon;
J=1 J=1

are sums of mq; pairwise distinct exceptional characters in Irr(Bo(N)), resp. Irr(ONb,,), and
for any o € Irr(Ty) with o® # 1,

27q.
=N _
Sayi E Xan;
7j=1

is a sum of 2mq; pairwise distinct exceptional characters in Irr(ON (by + by-1)).

Table 4: Brauer correspondents in N of the ¢-blocks of G,
when 2 # 0| g — 1.

Block of G Brauer correspondent Defect Brauer Tree o(b)
B b Groups with Type Function
+ - +
O ( O
Bo(G) Bo(N) Cin Ly =N c
gY = > Xn
n€lSy /=1\ {1}
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+ - +
Aag k®o OND C 7 ? -
) o o ey o
(a0 € TH\ {1}, a2 = 1) “ o ° *eo
:é\fo = Z Xeom

nelsy /=1\{1}

+ —

A, O [ ]

k®o ON(ba + ba—l) Cin Xo =N

(€ [T}/ =], o #1)
V= Y Xa
neSP\{1}

Table 5: The trivial source characters of the k/N-Green cor-
respondents when 2 # ¢ | ¢ — 1.

Character x—— of the
Vertices of M Character x 37 FM)

Green Correspondent

log+E; Iy + 2=V

(1 S Z < n) Rj:(a()) + an,i Xétto + E(])Yo,’b

R(a)+En; (@€ [T}/ =), a? #1) | Xxa+ Egﬂ-

la In

St €

Cen N
R:E(OCO) on()
R(a) (a € [T)/ =], a® #1) Xa

Proof. The partitioning of the ordinary characters of N into f-blocks can be determined by
examining the values of the central characters of N modulo ¢ using the character table [Bonll,
Table 6.2]:

e Irr(By(N)) contains 1y, € and x,, for all n € Irr(Sy) \ {1},

e Irr(ONby,) contains x£, and xqqy for all n € Irr(Sy) \ {1}, and

e for each a € Irr(Ty) with a? # 1, there exists a block containing Xy for all n € Irr(S).

All blocks of N have maximal normal defect groups so the Brauer trees are star-shaped with
the exceptional vertex in the middle (see e.g. [Ben98, Proposition 6.5.4]). Since 1y, €, Xa, and
Xo for a € Irr(Tyr) are all f-rational, these characters are non-exceptional. This fully determines
the shape of the Brauer trees given in Table 4. The type function of By (V) is immediate as the
trivial character is positive. It is also easy to see from the character table of N that ngo and Yo
(for each a € Irr(Ty) with a? # 1) are positive because o and « are '-characters so they take
the value 1 on all f-elements. This determines the type function for all remaining blocks.

The characters of the trivial source k/N-modules in the third column of Table 5 are obtained
via Remark 2.6, [HL21, Theorem 5.3(b)(2) and Theorem A.1(d)] and [KL21, Theorem 7.1(a)]
exactly as in the proof of Lemma 3.3.
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The correspondence between the characters x 17 of the trivial source kG-modules with a non-
trivial vertex and the characters X7an of their kN-Green correspondents is clear. Indeed, firstly
the Green correspondence and Brauer correspondence commute. Secondly, in all cases we have
a Morita equivalence between B and b that respects the labelling of characters by the discussion
in [Bonll, Section 9.3], and thirdly the Morita equivalence is a source-algebra equivalence as
W(B) = k and the type function also respects the labelling, so trivial source modules are

preserved. O

3.3. The trivial source character table of G. We fix one last piece of notation for the tables
below and set

0 ifg=1 (mod4)
K=
1 ifg=3 (mod4).

Theorem 3.6. Assume G = SLa(q) where q is a positive power of an odd prime and suppose
that 2 # | ¢—1. With notation as in Notation 3.1, the trivial source character table Triv,(G) =
[Tiv]i<iv<n+1 is given as follows:
(a) Typ =0 if v >i;
(b) the matrices Ty are as giwven in Table 6 for each 1 <i <mn-+1;
(c) the matrices T;; are as given in Table 7 for each 2 < i <n+1; and

)

(d) Tiw =T forall2 <v<i<n+1.
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3 b)(3
OF 0 (100 + (o) (1+5)(E)w o
Ao\@\/wﬂv w? 0 (v)0o AH‘M@V 3 (00)Fy rtup
0 T— 1 b 1S
T T T T UH
K D b (1# 0= /(1] 30)
(ImPeg +1)(5)P 0 (g + 1)((-P)o + (0)0) | (TP + DA HDEP || s 4 o)y
: : : — (u>1571)
(Tt mim)e| o (@ | (et () | RO |
1—1'by 1— ﬂ\.iw.KN +1 ﬂ\ﬁwkﬁﬁ 4+ @v +b T2 9g
T=#P1 41 I 1="Pug +1 1=#Dy(1 + D) + 1 112 4 O
5 (1# 0 1=/11>0)
2)0— -3)6 — - —b)(2
()6 (1-3)6—(3)0 0 (1—0)(2)g )4
() 1 (3)%— 0 (+%) 14 (%)%
b b b (1# o= /01l 3 0) ,
(Prz+1)(3)0 0 (Prz +1)((1_P)0 + (v)0) (Prz+1)(1 +D)(3)0 oz + (o) iy
("2 + ) 2 0 ("xg +1)(p)00 g+ 1) (15) 2 "oz + (00)Fy
Py - bug +1 Pu(T+D) +b =+18
br+1 I Pug + 1 Pu(1+b)+1 =+ 91
HESIERA AEE ENEX {17} 22
n3 (3),p (v)p 9k

T+u>1>110] Uy 19 9[qR],
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Table 7: T;; for 2 <7 <n+ 1.

ely d(a) or
e € {£1} a€ly T e {£1}
lg+Ei1 1+ 2mgi—1 1+ 2mg 1 1
St+2;_1 1+ 2mg1 1+2mg1 -1
Ri(a0) + Eag,i-1 e (1+2mgi-1) ap(a)(1 + 2mg,-1) +7v/—1%
(i(?T);/F_E]’O:z:U 2a(e)(1 + 2mg-1) | (ala) +ala™)(1 + 27mg,i-1) 0

Proof. By Convention 2.4 the labels for the rows of Trivy(G) are the ordinary characters of the

trivial source kG-modules determined in Lemma 3.3.

(a) It follows from Remark 2.5(d) and Notation 3.1 that T;, = 0 whenever v > i.

(b) By Remark 2.5(d), the values in T ; for 1 <i < n+1 (Table 6) are calculated by evaluating
the character of each trivial source module given in Table 3 at the relevant representative
of an ¢'-conjugacy class of G using the character table of G (Table 1).

(c) By Convention 2.4, the values in Tj; for 2 <i < n + 1 (Table 7) are given by the values of
the species 7'81_7 ¢ With s running through [N;] (identified here with [N],), evaluated at the
trivial source modules [M] € TS(G; Q;). By definition of the species and Proposition 2.2(d)
these are calculated by evaluating the ordinary character of the kN-Green correspondent
given in Table 5 of the trivial source kG-module labelling the relevant row, at the repre-
sentatives of the ¢'-conjugacy classes of N using the character table of N given in [Bonll,
Table 6.2].

(d) For each 2 < v < i < n+ 1, by Convention 2.4, the matrix T; . consists of the values
of the species 7'51 s+ With s running through [Ny]e (identified here with [N]x), evaluated
at the trivial source modules [M] € TS(G;Q;). However, by definition of the species,
TngQM ) =x m](s) and Lemma 2.8 shows that M[Q,] is the kN-Green correspondent
of M. Hence T;, =T;; forall 2 <v <i<n+1.

O

4. SLa(q) WiITH 2 # 0| (¢+ 1)

In this section we assume that G = SLa(¢) with ¢ odd and 2 # ¢ | ¢+ 1. By Lemma 2.9(a)(i)
the Sylow ¢-subgroups of G are also cyclic and we proceed as in Section 3.

Notation 4.1. We now adopt notation analogous to Notation 3.1, in order to describe Triv,(QG)
according to Convention 2.4. Here, we fixt Qni1 :=S) = Cpn. Then, as before, for each 1 <i < n
we let Q; denote the unique cyclic subgroup of Qni1 of order ¢! and

{1} = Q1 <+ < Qn+1 € Syl(G)
is our fized set of representatives for the conjugacy classes of £-subgroups of G. We keep the
same set of representatives for the {'-conjugacy classes of G:

Gl == {£L}U{d(a) |a €Te} U{d'(§) | § €Ty} U{eur |e,7 € {£1}},
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and we fiz the following set of representatives for the {'-conjugacy classes of N':
[N']p = {xL}u{d ()| €Ty} U{o, | T € {£1}}.

By the same arguments as in Notation 3.1, for any2 <v<n+1andany 1l <i<n+1 we can
label the columns of T;, by this fized set of representatives for the ¢'-conjugacy classes of N'.
Finally, for each 0 < i <n we fix

’ (g+1)e-(1— gii)

7Tq7i = 2 5
"o (q+1)—1 / _(Q+1)Z'£_Z_1
Trq’i T f - ﬂ-q7i - 2 )

A |
and let wg 1= 1y ,,.

Again, these numbers naturally come from the classification of the trivial source modules in
blocks with cyclic defect goups in [HL21].

4.1. The ¢-blocks and trivial source characters of G.

Lemma 4.2. When 2 # (| g+ 1 the {-blocks of G, their defect groups and their Brauer trees
with type function are as given in Table 8.

Table 8: The ¢-blocks of SLa(q) when 2 # ¢ | ¢+ 1.

Block Number of Blocks Defect Brauer Tree with Type
oc
(Type) Groups Function / Irr(B)
+ - +
1 O O (]
By(G) Cen la St =/
(Principal)
= > R@
nelsyN /=1\ {1}
— Jr —
Ay 1 o 0 ° o
o R, (60 E R'_(6
(6o € T)M\ {1},602 =1) (Quasi-isolated) +(%0) " -
Eby = > R'(6on)
nelsy 72N\ {1}
- +
Al (Q+1%z/ —2 ‘. R,%) 3
0 €[T;) =],0%#1) (Nilpotent) -
Sp:= > R(n)
nes; M\ {1}
Adg,+ 2 m Irr(AOéo,-l—) = {R4(a0)}
(ap € TH\ {1},03 =1) (Defect zero) Irr(Aqg,—) = {R—(a0)}
A, (g—1)p—2
? {1} Irr(Aq) = {R(a)}
(€ [TP]) =],0 #£1) (Defect zero)
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Proof. As in Lemma 5.2, the information in Table 8 can be found in [Bon11, Chapters 8 and 9],
except for the type functions of the Brauer trees. The type function of (By(G)) is immediate
as the trivial character is positive. Here, R (6y) and R'(f) are negative for each § € T;/ \ {1},
6% # 1, because 6y and @ are '-characters and take the value 1 on /-elements. This determines
the type functions of the remaining blocks. O

Lemma 4.3. When 2 # (| q+1 the ordinary characters X3 of the trivial source kG-modules M
are as given in Table 9, where for each 1 < i < mn,

" "
Ej:=) R(n;) and Ep ;=Y R(6on;)
i=1 i=1

are sums of m, ; pairwise distinct exceptional characters in Irr(Bo(G)), resp. Irr(Ay ), and for
any 0 € Trr(T),) with 6% # 1,

27r(’“-
E/G,i = Z R/(‘977j)
j=1

s a sum of 271':]77; pairwise distinct exceptional characters in Irr(Ay).

Table 9: Trivial source characters of SLa(q) when 2 # ¢ | g+1.

Vertices of M Character x3; Block containing M
1g + St, St+=’ Bo(G)
R (6o) + =, Ap,
{1} R (ag) At
R'(0) +E) Ay, (0 €T} =], 0% #1)
R(«) Ag, (@ € [T)) =], a® #1)
lg + St+E;, St +Z; By (G)
c AN A
(1 S i < n) 007:/ o / //\6]O 2
=0 Ay, (0 € [T/ =], 07 #1)
lg, & By (G)
an E/90’ E/90 A/Go
= Ay, (0 €T} =], 0% #1)

Proof. The arguments are as in Lemma 3.3. We can read the ordinary characters of all PIMs
from Table 8 (with the help of Remark 2.6(a) for the PIMs in ¢-blocks not of defect zero). Since
W (B) is trivial for all cyclic ¢-blocks of G, the characters of trivial source modules with full
vertex can be obtained from Table 8 and Remark 2.6(b).

Once again the trivial source modules M € TS(G; Ci) with 1 < ¢ < n require the most work.
Such modules in Bo(G) are given by [HL21, Theorem 5.3(b)(2) and (3)], and those in Aj are
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given by [HL21, Theorem 5.3(b)(7)]. Their characters can then be identified using [HL21, The-
orem A.1(d)]. Finally, if M € TS(G;Cy:) belongs to a nilpotent block Ay (0 € [T}/ =],6% # 1),
then x 7 = R(a) + Zq,; by [KL21, Theorem 7.1(a)]. O

4.2. The ¢-blocks and trivial source characters of N'.

Lemma 4.4. When 2 # (| g+ 1 the Brauer correspondents in N' of the £-blocks of G with
non-trivial defect groups are as given in Table 10, where the labelling of the non-principal blocks
of N' comes from [Bonll, Section 7.1.2]. The ordinary characters X7 of the kN'-Green
correspondents f(M) of the trivial source kG-modules M with a non-trivial vertex are as given
in Table 11, where for each 1 < i < n,

Tqi Tq,i
':\N/ e / :*N/ e /
= = E Xn» and S0, = g Xoon»
Jj=1 j=1

are sums of T, ; pairwise distinct exceptional characters in Irr(Bo(N')), resp. Irr(ON'b, ), and
for any 6 € Irr(T},) with 6* # 1,

2y s
':;N/ e !
=04 E Xon

Jj=1

is a sum of 2m, ; pairwise distinct exceptional characters of Trr(ON'(bj + by,_1)).

Table 10: Brauer correspondents in N’ of the ¢-blocks of G,
when 2 # 0| g+ 1.

Block of G Brauer correspondent Defect Brauer Tree o(b)
B b Groups with Type Function
+ - +
, @) { O
Bo(G) Bo(N') Cin Ly =V e
== Y X
nelsyN /=1\ {1}
+ - +
Ay o . O ° O
k®o ON'b m x5t =y Xon,
(60 € T,/ \ {1}, 6 = 1) K " " "
Eé\g = X6on

+ —
Al O °
k®o ON' (b + bj,_,) Cpn X =y’
0 el1,”/ =], 0% #1) e ,
Ze = Xon

nesS;M\{1}
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Table 11: The trivial source characters of the kN’-Green cor-
respondents when 2 # ¢ | ¢ + 1.

Verti Character X5Gh of the
ertices of M Character x 37 Creen com
lg + St+=] =
St +=] g
Cyi S/ X/9++Eév"
(1<i<n) H,O” o H]\(;;l
oot Xo, T =00,
Eh 01"/ =), £ 1) | xp+E0)
la 1yt
= o
Con 5/90 Xfc) g
0o Xleg
=, (0 [T =], 62 #1) X

Proof. The distribution of the characters of N’ into blocks can be determined by examining the
values of the central characters modulo ¢ using the character table of N’ [Bonll, Table 6.3]:

e the principal block contains 1y, ¢’ and xj, for each n € 5’;/\ \ {1},
e the second block contains ngjot and xp, , for each n € S\ {1}, and /
e for each § € T with 62 # 2, there is a block containing the characters X/0917 for alln € S,

As for N, every block of N’ has maximal normal defect groups so all Brauer trees are star-
shaped with exceptional character in the centre. As 1y, ¢’ and ngot are rational valued, they are
in particular {-rational characters and so they are not exceptional. Furthermore, xj is (-rational
(and therefore non-exceptional) only if § € Irr(7”) is an ¢'-character. This determines the shape
of the Brauer trees given in the table. Since the trivial character is positive, the type function of
the principal block is immediate. Since 6y and 6 € Irr(7},) with 6% # 2 are linear ¢'-characters,
they take the value 1 on /-elements. It follows from the character table of N’ that Xlgﬁ and xp
are positive for every 0 € Irr(Ty).

The module W (b) = W (B) is trivial for each block b of N’ (see §2.3). The ordinary characters
of the trivial source kN’-modules are obtained once again from the classification described in
Remark 2.6. In this case, for the listed characters of the trivial source kN’-modules with non-full
vertex we use [HL21, Theorem 5.3(b)(2),(7) and Theorem A.1(d)] and [KL21, Theorem 7.1(a)].

Lastly, for any 1 <1 < n, if [M] € TS(G; Cy) is such that xg; has 1¢ as a constituent, then

[f(M)] € TS(N';Cyi) and X7ip must have 1y as a constituent. This determines the corre-

spondence of characters in the principal blocks of G' and N’. The two trivial source modules
[M],[M'] € TS(G; Cy:) in Aj have the same ordinary character so up to the labelling of charac-
ters, the correspondences are also determined in this case. Finally, there is a unique choice for
X5am for any trivial source module [M] € TS(G;Ci) in a nilpotent block of G because, up to
isomorphism, such blocks contain a unique trivial source module with a given vertex Cl:. U
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4.3. The trivial source character table of G. Recall that
0 ifg=1 (mod4)
1 ifg=3 (mod4).

Theorem 4.5. Assume G = SLy(q) where q is a positive power of an odd prime and suppose
that 2 # £ | ¢ + 1. With the notation as in Notation 4.1, the trivial source character table
Trng(G) = [Ti,v]lgi,vgnﬂ is given as follows:

(a) Tin =0 if v > i
(b) the matrices T; 1 are as given in Table 12 for each 1 <i <n+1;
(c) the matrices T;; are as given in Table 13 for each 2 <i < n;
(d) the matriz Ty11n+1 s as given in Table 14; and

)

(€) Tip="Ti; forall2<v<i<n+1.
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(1#,0=/Jl1]30)

T+u>1>T1I0) VL oogT olqel,

T1(2)gg— ((1-3)0 + (3)0) e~ 0 (1 - D)(2)0z o
1=
kazm 0 wk? = D)y 4u2 o&m
wkzw 0 m\vkﬁﬁ - @vagﬁzm o%\m H“H._.:rﬁ
fu— 0 Pu(1 — D) =
I ! ! 21
¢ gt gt AHWWN%~M\<\W.H_WQV
FHe(3)ge— (=30 + (3)0) 5 0 u(1 - b)(3)pe .
1=
s u(3) 09— 0 (1 = D) 43 L (u>1>7)
s u(3)09z— 0 (T = D) 4 B v
AT I V(T —b) + b =498
=y 2 (=B b+ || RIS+ O
(1# o= /01] 3 »)
(3)o (1-p)o + ()0 (1+D)(z)o (o)1
(w7) = ()00 i (00)7y
b b b (1# 0= /213 9) .
(re+1)Ee— | (e +1((-3)0+ (3))— 0 (e +1)(1 = D)(3)9 0=+ (0) i
/= /
0,
v @kﬂlv 97 (2 + 1)(3)%- 0 (e +1) T\wv e | im0 T
- T M1 —b)+b 218
1 e b+1 1S + 91
{1¥}>5+%3 NEL {1¥}>3
“na (»)p e
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Table 13: T;; for 2 <7 < n.

el d’(£) oy
e e {£1} EeTy T e {£1}
g+ St+=]_, L+2m L+2my, 1
St+Z;_, 1+ 20, ) 1+2m), —1

Zbosi-1 ert! (1 + 27?2/#‘—1) 00(¢) (1 + 27T;/,Z-,1> 7/ —1r+1
Zboi—1 et (1 - 2”;’,1'—1) 00(¢) (1 + 27r;’,i_1> —7y/—1RFT

=61 20(e)(1+2mg; 1) | (0(8) +0(671)) (1+2mg;_4) 0

ji—1 i—1
(0 €T/ =],0% #£1) a 1

Table 14: Tn+17n+1.

el d'(¢) ol
e € {£1} EeTy T € {£1}

1o 1

1
=/ 1 1
=/ grtl b0 (&) TV —1rFT
= grtl 0o () —7V/—1rFT

o 20(¢) 0(&) +0(67) 0

(0 €T,/ =],0% #1)

Proof. The calculations for this table are completely analogous to those in the proof of Theo-
rem 3.6 except that we take the trivial source kG-modules from Table 9, their Green correspon-
dents from Table 11 and we use the character table of N’ from [Bonl1, Table 6.3]. O

5. PSLa(q) WITH ¢ = +3 (mod 8) AT ¢ =2

Throughout this section, we assume that £ = 2 and we consider the group G = PSLa(q) with
q = £3 (mod 8). By Lemma 2.9 the Sylow 2-subgroups of G are Klein-four groups Co x Cs.
The 2-blocks of G have defect groups isomorphic to Co x C, Cy or {1}, and in fact Bo(G) is
the unique block with full defect. Trivial source modules in blocks of defect zero are just PIMs
of kG, whereas trivial source modules in blocks of defect 1 are easily dealt with via Remark 2.7.
Therefore, in this case, it essentially remains to describe the trivial source modules lying in
the principal block. Moreover, as source-algebra equivalences preserve vertices and sources of
modules, it is enough to consider the principal block up to source-algebra equivalence, which
reduces our computations to PSLy(3) and PSLy(5).
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Notation 5.1. In this section, in order to describe Triva(G) according to Convention 2.4, we
adopt the following notation. We let Q3 be the Sylow 2-subgroup of G defined in Lemma 2.9,
that is,

o, [8607 ia=3 (mods),
ST (82,0Y/Z  ifq=-3 (mod 8).
It can be read from the character table of SLa(q) (Table 1) that all involutions in G are conjugate.
Thus we may fix the following set of representatives for the conjugacy classes of 2-subgroups of G:
S4/Z = Cy ifg=3 (mod 8),
S2/Z =2 Cy  ifq= -3 (mod 8).
We set Ty = [((pg—1)2 \ {1})/ =], Ty = [((gg+1)2 \ {1})/ =|. Then, the structure of the

quotients N; = Ng(Qi)/Q; (1 < i < 3) follows from Lemma 2.9(b),(c) and we choose the
following sets of representatives of their 2'-conjugacy classes:

(i) N1 =G and we set
[Ni]o :={Z}U{d(a)Z |a € To}U{d (§)Z | £ € Th}U{u,Z | 7 € {£1}};

Q= CoxCo, Qui={1}, and Qo :={

(i)
— <T’/Z,O'/Z>/Q2§D% if¢q=3 (mod 8),
2T T)2,02) Qs = Doy ifq=-3 (mod8),
and we set

Nyl = § LT AdE)Z € Ny|€eTly} ifqg=3 (modS8),
- {Bu{d(@Z eNz[acly}  ifg=-3 (mod8),

where 1 simply denotes the trivial element of Ny and the bar notation denotes left cosets
in the quotient No;

(iii) N3 = Cs =: (z) and we set [N3]y =: {1, z, 2%}.

5.1. The 2-blocks.

Lemma 5.2. When ¢ = +3 (mod 8) the 2-blocks of G = PSLa(q), a defect group, and their
decomposition matrices, resp. Brauer trees with type function, are as given in Table 15 and Ta-
ble 16.

Table 15: The 2-blocks of PSLy(¢q) when ¢ = 3 (mod 8).

Block Number of Blocks Defect Decomposition Matrix/
(Type) Groups Brauer Tree with Type Function
E S, S
1 1z 1 0 0
Bo(G) Cy x Cy St 1 1 1
(Principal) R .(6)l O 1 0
R.()\ 0 0 1
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1
%(qT —1)

Ao
1 I Aa =1{R
(a € [T/ =]\ {1}) (Defect zero) {1} rr(Aa) = {R(a)}
_ 5 n
/ 1 o S
AG % (% - ]-> 02 R'(0) R/(Q’V]Q)
0 e [T/ =\ {1}) (Nilpotent) (S = )

Table 16: The 2-blocks of PSLy(¢q) when ¢ = —3 (mod 8).

Block Number of Blocks Defect Decomposition Matrix/
oc
(Type) Groups Brauer Tree with Type Function
E S, S_
Bo(G) Cy x Cy St 1 1 1
(Principal) Ri(ag)| 1 I 0
R()\1 0 1
+ Sa -
A, 1{g-1 4 O O
A ’ ( ! ) Cy R(a) R(an?)
ac[TH/ =]\ {1} Nilpotent
: (Nilpotent) (55 = (n)
Al 1 (gq+1
’ $(5 1) {1 r(4y) = {R'(0)}

6T/ =\ {1}

(Defect zero)

Proof. Since G = G/Z = SLy(q)/{+12}, the block distribution, the number of blocks, the decom-
position matrices and the Brauer trees follow directly from Table 21 and Table 22 containing the
corresponding information for SLa(q). Therefore, it only remains to compute the type function

on the Brauer trees.

First assume that ¢ = 3 (mod 8) and let B € {4} | 0 € [T5"/ =]\ {1}}. A defect group of B
is D := S}/7Z = Cy with generator d'(£)Z, where d’(§) is an element of order 4 of T'. Moreover,
in all cases, 0 is a 2'-character of 7", so #({) = 1 and we read from the character table of G
(see Table 1) that R'(6)(d’(¢)) = —0(¢) — 0(¢)™! = —1 — 1 = —2. Hence we have R/'(f) < 0,
determining the type function on o(B).
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If g = -3 (mod8) and B € {4, | a € [Ty/ =]\ {1}}, then a defect group of B is
D := Sy/Z = Cy with generator d(a)Z, where d(a) is an element of T' of order 4. Again, in
all cases, « is a 2'-character of T, so a(a) = 1 and it follows from the character table of G that
R(a)(d(a)) = a(a)+a(a)~t = 1+1 = 2. Thus we have R(a) > 0, determining the type function
on o(B). O

Corollary 5.3. If G = PSLy(q) with ¢ = £3 (mod 8), then:

(a) Bo(G) ~s4 Bo(PSL2(3)) if ¢ =3 (mod 8);

(b) Bo(G) ~s4 Bo(PSL2(5)) if ¢ = —3 (mod 8).

Proof. The main result of [CEKL11] establishes that up to source-algebra equivalence a 2-block
with a Klein-four defect group is k[Cy x Cs], kA4 or Bo(s). Thus, as A4 = PSLy(3) and
25 = PSLy(5), the claim follows directly from the 2-decomposition matrix of Bo(kG) in Table 15
and Table 16 respectively. O

5.2. Trivial source modules in the principal block. We start with the description of the
trivial source kG-modules lying in the principal block, which is the unique block with defect
groups which are not cyclic.

Lemma 5.4. If G = PSLy(q) where ¢ = 3 (mod 8), then the trivial source kG-modules and
their ordinary characters are as given in Table 17.

TABLE 17. Trivial source Bo(PSL2(g))-modules for ¢ = 3 (mod 8)

Vertices | Module M Character x 17
{1} Py 15+ 5t
{1} Pg, St+R', (6o)
{1} Pg St+R’ (6p)
Co Sc(G,Ca) | 15+ St+R! (Ao) + R_(bo)
CQ X CQ k 15
Cy x Oy Sy R, (o)
CQ X 02 gf R/_ (90)

Proof. To begin with, by Corollary 5.3, Bo(G) is source-algebra equivalent to Bo(PSL2(3)).
Now, on the one hand, source-algebra equivalences preserve vertices and sources, hence trivial
source modules together with their vertices (see Proposition 2.2(f)). On the other hand, they
are Morita equivalences, hence preserve simple modules and composition factors, so that using
the induced character bijections and the 2-decomposition matrix of Bo(G) in Table 15, we may
assume that G = PSLy(3) = 2.

Next, we note that when g = 3 the principal block is the unique 2-block of kG. See Table 15.
Thus, the trivial source Bo(G)-modules account for all the trivial source kG-modules in this
case.

The PIMs are the projective covers P, P§+, Pg of the three simple modules k,S.,S_ and

the ordinary characters they afford are read off from the 2-decomposition matrix in Table 15.
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Next, the representatives of the conjugacy classes of non-trivial 2-subgroups are Q3 = Cy x C2
and Q2 = (5, thus by Notation 5.1 we have N3 = (5 and No = (5. It follows then from
Proposition 2.2(d) that

|TS(G;Cy x Co)| =3  and  |TS(G;C)| =1.
Because the simple modules k, Sy and S_ are all liftable and afford the ordinary characters
lg, R (o) and R’ (6y) respectively, which are all linear when ¢ = 3, we obtain directly that

k, S, and S_ account for all the trivial source kG-modules with vertex Cy x Cy. By Proposi-
tion 2.2(e), the unique trivial source kG-module with vertex Cs is the Scott module Sc(G, Cs),

and, by definition, it is a direct summand of /‘CTSQ- However, this induced module is indecom-

posable (see e.g. [Ben98, Remark after Theorem 4.3.3], which classifies the indecomposable
kA4-modules) and it is easy to compute that

e, 1%, = 1g + St + R/ (6o) + R ().
The claim follows. g

Lemma 5.5. If G = PSLy(q) where ¢ = —3 (mod 8), then the trivial source Bo(G)-modules
and their ordinary characters are as given in Table 18.

TABLE 18. Trivial source Bo(PSL2(g))-modules for ¢ = —3 (mod &)

vertices | module M character x3;
{1} Pk 1@4‘ St +R+(O&o) + R_(ao)
{1} P§+ St +R+(Oé())
{1} Py St+R_(ap)
CQ SC(@, CQ) 15 + St
CQ X 02 k 16
Sy
Cy x Cy k St
S_
S_
Cy x Cy k St
Sy

Proof. Similarly to the proof of Lemma 5.4, we may assume that G = PSLy(5) = 5 because by
Corollary 5.3, Bo(G) is source-algebra equivalent to Bo(PSL2(5)).

First recall that the representatives of the conjugacy classes of non-trivial 2-subgroups are
Q3 = Oy x Cy and Q2 = Cy. Now, the group algebra kPSL2(5) has exactly two 2-blocks,
namely the principal block (with a defect group equal to Q)3) and a block of defect zero. See
Table 16. Thus, it follows that Bg (PSL2(5)) contains three PIMs (see the 2-decomposition
matrix in Table 16), and all other trivial source kG-modules with vertex Co x Cy or Cs lie in
By (G). o o

By Notation 5.1 we have N3 = C3 and Ny = Cy, so it follows then from Proposition 2.2(d)
that

|TS(G;Cy x Co)| =3  and  |TS(G;C:)| =1.
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The PIMs in Bo(G) are the projective covers of the three simple Bo(G)-modules k, Sy, S_ and
the ordinary characters they afford are read off from the 2-decomposition matrix in Table 16.

As Ng(Q3) = Ay (see Lemma 2.9(b)(ii)), by Proposition 2.2(d), the three trivial source
modules with vertex ()3 are the Green correspondents in GG of the three simple 1-dimensional
kEA4-modules obtained in Lemma 5.4, which we denote in this proof by k, k,, &k}, in order to
avoid notation conflicts. The Green correspondent of the trivial module is the trivial module
and clearly affords the trivial character 1= . Next

dimg (kw ﬁ) — dimy (k:w ﬁ) —5

and if 1, and 1} denote the linear characters of 2, afforded by k, and k,, then it is easy to
compute that

Lo1§, = 151§, = St .
It follows that k&, T§4 and its k-dual £, ng; are indecomposable and both afford the Steinberg
character St. Then, we read from the 2-decomposition matrix that k,, Ti has three composition
factors, namely k,S,,S5_ and because
Homy (ko 14, k) = (St, 1g)g = 0 = (1, St)g = Homy(k, ko 1§,)
the trivial module is neither in the head nor in the socle of k,, T§4. Thus, by duality, both &, Tg

and k7, T§4 are uniserial of length three with Loewy series

Sy 5
k and k|
S_ St

It remains to compute the unique trivial source module with vertex Cy, which is the Scott
module Sc(G,Cy). Setting B := B/Z, we have 2|||B| = |B|/2 = 10 and so Proposition 2.2(e)
yields

Sc(G, Cs) = Sc(G, B),
which is easier to compute. Indeed, by definition, Sc(G, B) | k T% and this induced module
affords the character .
1516 =15+ St

since by [Bonll, §3.2.3] we have 151%= R(1) = 1g + St. Now, on the one hand a vertex of
Sc(G, Cy) is Oy, so 2 | dimy(Sc(G, C2)) and on the other hand both 1z and St have odd degree,
therefore we obtain that -

Sc(G, Cy) = Se(G, B) = k1%

is indecomposable and the claim follows. O

5.3. The trivial source character table.

Theorem 5.6. Assume G = PSLz(q) where ¢ = +3 (mod 8). Then the trivial source character

table Trivo(G) = [Tin|i<iw<s s given as follows:

(a) for q= +3 (mod 8), TLQ = T173 = T273 = 0,‘

(b) if ¢ =3 (mod 8), then the matrices T;, with 1 < v <1i <3 are as given in Table 19; and
(c) if ¢ = —3 (mod 8), then the matrices T, with 1 <v < i <3 are as given in Table 20.
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TABLE 19. T, with ¢ > v when ¢ = 3 (mod 8)

LZ d(a)Z d' &)z urZ
a €Ty £eTy, T e {£}
15+ St g+1 2 0 1
St -+, (60) et ! 2 e
St+ R’ (6o) M 1 = S
R'(0) + R'(6n°)
Tia O € [T/ =]\ {1}, 2(q—1) 0 2(—0(6) — 0(6)™") -2
Sy = (n))
B(e) g+1 | ala)+afa)™ 0 |
(e [TH/ =]\ {1})
1+ St+R/ (6o) + R"_(6o) 2q 2 -2 0
R'(6n*)
To 0 €T/ =)\ {1}, q—1 0 —0(6) —0(¢)~! -1
Sy = (n))
1z 1 1 1 1
Ts, R, (6o) o 0 -1 B
R (o) =t 0 ~1 “lorvg
| @z
£eTy,
1+ St+R (6o) + R_(6o) || 2 2
R'(6n*)
Ty .
(0 € [T/ =]\ {1}, 2| 0(&) +0(6) ‘ H 1] 2 ‘ 22 ‘
Sg = (m))
i 1)1 1
I ! ! Tss | Ry(6o) || 1] w | w?
Ts,2 R’y (60) 1 ! R.(0o) || 1|w?| w
R’”_(6o) 1 1

w := primitive 3rd root of unity

30
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TABLE 20. T;, with i > v when ¢ = —3 (mod 8)

17 d(a)Z d' &)z urZ
2
a €Ty £ery, Te{£}
15 + St +R+ (Oto) +R_ (Oéo) 2(q + 1) 4 0 2
St + Rt (ao) g1 2 -1 xLd
St +R_ (ao) 3gtl 2 ~1 e
R(a) + R(on®
7., (o) fiter) 2g+1) | 2@ +a@) | 0 2
(a € [T/ =]\ {1}, 55 = (n))
R'(6) 5
q—1 0 —0(8) — 0(8) -1
(0 e[Ty/ =\ {1})
15+ St g+1 2 0 1
T R
> (@) g+1 a(a) + a(a)™" 0 1
(a € [T/ =]\ {1})
- 1 1 1 1
T3 St q 1 -1 0
St q 1 -1 0
) d(a)Z
a € I'(Ty)
1g + St 2 2
T R
2 (@) 2 | aa) + ala)™ ‘ H 1 ‘ x ‘ z?
(a €T3/ =\ {1})
15 01] 1 1
15 1 1
< T35 | St 1| w w?
Taa ot ! ! St || 1] w? w
St 1 1

w := primitive 3rd root of unity
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Proof. To begin with, the fact that T} o = T1 3 = Tp 3 = 0 is immediate from Remark 2.5(c). So

we may assume that 1 < v < i < 3, in which cases we will split our analysis of the trivial source

modules with vertex ); 2-block by 2-block according to the block distribution in Table 15 and

Table 16.

- The matrix 77 ;. By Remark 2.5(a) the matrix 77 ; consists of the values of the ordinary
characters of the PIMs of kG evaluated at the 2'-conjugagy classes of G. Now, the character

of the three PIMs of Bo(G) are given in Table 17 and Table 18, namely

16 + St, St +Rq_(90), St +R/_(90) if q= 3 (mod 8) ,
lm + St +Ry (ap) + R—(), St +Ry (), St+R_(ag) if¢g=-3 (mod 8).

Next, when ¢ = 3 (mod 8), the PIMs in the blocks Aj (6 € [T/ =]\ {1}) with a defect group
isomorphic to Cy afford the characters R'(6) + R'(6n?) by Remark 2.7, whereas the PIMs in
the blocks A, (o € [T/ =]\ {1}) of defect zero afford the characters R(c).

When ¢ = —3 (mod 8), the PIMs in the blocks A, (o € [T/ =]\ {1}) with a defect group
isomorphic to Cy afford the characters R(a) + R(an?) whereas the PIMs in the blocks Aj
(0 € [T3)/ =]\ {1}) of defect zero afford the characters R'(6).

In all cases the values at the 2'-classes are read directly from the character table of SLa(q)
(Table 1).

- The matrix T5;. By Remark 2.5(d), the matrix 75 consists of the values of the ordinary
characters of the trivial source kG-modules with vertex Qo = C5 evaluated at the 2'-conjugagy
classes of G. Clearly, the blocks of defect zero cannot contain any module with vertex Cy. By
Lemma 5.4 and Lemma 5.5 the principal block contains precisely one such module, namely
Sc(G, Cy) affording the character

lg +St+R/ (o) + R_(6p) ifg=3 (mod8),
15+ St if g=—-3 (mod 8).

By Remark 2.7, Table 15 and Table 16, the blocks with a defect group isomorphic to Cy all
contain precisely one trivial source kG-module affording the characters

R(?) (0c(Ty/=\{1}, S5 =) ifg=3 (mods),
R(o) (a€e[Ty/ =1\ {1}) if g= -3 (mod B).
Again, in all cases the values at the 2'-classes are read directly from the character table
of SL2 (q)
- The matrix T3;. By Remark 2.5(d), the matrix T3 consists of the values of the ordinary
characters of the trivial source kG-modules with vertex Q3 = Cy x Cy evaluated at the 2'-

conjugagy classes of G. As Bo(G) is the unique block with full defect, the characters of these
modules are given in Table 17 and Table 18, namely

{IG, R/ (6y), R_(6p) ifg=3 (mod38),

15, St, St if g=—-3 (mod 8).

Again, the values of these characters at the 2’-classes are read directly from the character table
of SLa(q).

- The matrix T55. By Convention 2.4(a), the matrix Th2 consists of the values of the
species ng & With s running through [Na]y, evaluated at the trivial source modules [M] €
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TS(G; Q2). By Remark 2.5(f), s = 1 yields
75, 1([M]) = 7{22}{1@2 o Brd? o Res§, ([M]) .
Now, by Remark 2.5(d), 7'32}/ 1Q ? returns the k-dimension of Brgz o Resg2 (M), which is easily

computed as follows. Because Q2 = (5 the indecomposable direct summands of Resg2 (M) are

either trivial or projective and it follows that Brgg

returns only the trivial summands of the
latter module. By Lemma 2.1(a) the multiplicity of the trivial module as a direct summand
of Resg2 (M) is given by XM(Z) where z is the generator of ()2. Therefore, since the modules

[M] € TS(G; Q2) afford the characters

1z + St+R/ (60) + R_(60), R'(9n*) ifg=3 (mod38),

(6 € [T/ =]\ {1}, 85" = ()

lg+St, R(a) (e € [T/ =]\ {1}) ifg=-3 (mod )
and z is an element of type d'(£)Z € T'/Z with £ of order 4 when ¢ = 3 (mod 8), respectively
an element of type d(a)Z € T/Z with a of order 4 when ¢ = —3 (mod 8), we read from the
character table of SLa(q) that

XM\(Z) =2

in all cases.

Next, we prove that if M = Sc(G, Cy) = Sc(G, Q2), then
ngs([M]) =2 for each 1 # s € [Na]y .

By definition TSQ s([M]) is given by the Brauer character ¢ Mgy of M [Q2] evaluated at s.

Moreover, by Remark 2.2(d), M[Q2] seen as a kNay-module is the kN2-Green correspondent of
M, which is again the Scott module with vertex ()2, that is,

M[Q2] = Sc(N2, Q2)

(see [Bro85, §2]). Thus it suffices to prove that the ordinary character XJ\T[Q\} takes value 2
2

at all the 2'-conjugacy classes of No. Now, by Lemma 2.9(b),(c) for both congruences ¢ = +3
(mod 8), the normaliser Ny =: Dy, is a dihedral group of order 4w with w odd. Clearly,
Scott modules belong to the principal block because they have a trivial composition factor by
definition, and Bo(Day) ~s4 k[C2 x C3] by the main result of [CEKL11] as Dy, is 2-soluble.
Over k[Cy x Cy], if Ry < Cy x Cy of order 2, then it is straightforward to compute that

U = Sc(Cy x Ca, Ry) = k15274

and affords the ordinary character X = loyxey + 1p where 1, € Irr(Co x C2) \ {loyxey b It

follows then directly from the character table of Dy, (see e.g. [JLO1, §18.3]) and the above
source algebra equivalence that Irr(Bg(Dyy)) = Lin(Bg(D4y)) and X5 is the sum of two
2

linear characters. The claim now follows from the fact that all the linear characters of Dy,
take value 1 at all 2'-conjugacy classes (see [JLO1, §18.3]).

Finally, assume that [M] € TS(G; Q2)\{Sc(G,C2)} and s # 1. Then M belongs to a block B
of the form A} (6 € [T3)/ =]\ {1}) if ¢ = 3 (mod 8), resp. of the form A, (o € [T/ =]\ {1})

if ¢ = —3 (mod 8), with cyclic defect group Q2 = Cs. By definition of the species 7'527 s and
Remark 2.2(d) we have

G o ~
Gy (M) = X g 3)
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where 5 is a pre-image of s in Ny and M[Q2] is seen as the kNa-Green correspondent of M.
Now, the latter module must lie in the Brauer correspondent of B at the level of Ny and the
theory of blocks with cyclic defect groups yields that M[Q2] is the unique simple kN2-module.
Then, by [Bonll, Theorem 7.1.2, §6.2.2. and §6.2.3] we have

X — =Ind¥(#) ifg=3 (modS8),

M[Q2] N
X = Ind} (o) ifg=-3 (mod &),

seen as characters of G. Thus, it follows from the character tables of N’, resp. N, (see [Bonll,
Table 6.2 and Table 6.3]) that for s = d’(£) with £ € I'),, resp. s = d(a) with a € I'y,

{ng,s(M) =06 +0(6)~" ifg=3 (mod8),

75, (M) =a(a) + ala)™" ifg=-3 (mod8),

as required.

- The matrix T35. By Convention 2.4(a), the matrix 732 consists of the values of the

species 752 8 with s running through [Na]o, evaluated at the three trivial source modules
[M] € TS(G;Q3). As in the previous case, if s = 1, then

76,1 ([M]) = dimy <Br83 oRes§, (M)) = x=(2)

where 2z is the generator of @2, which is of type d'(£)Z € T'/Z with £ of order 4 when ¢ = 3
(mod 8), respectively an element of type d(a)Z € T'/Z with a of order 4 when ¢ = —3 (mod 8).
Since the three modules [M] € TS(G; Q3) afford the characters

la, R (o), R (6p) ifqg=3 (mod8),
e, St, St if g= -3 (mod 8),
we read from the character table of SLa(g) that
Xg7(2) =1

in all cases, as required.
Next, we claim that

75,s([M]) =1 V[M] € TS(G;Q3),Vs € [No]y .
First, notice that by Remark 2.5(e), the above argument yields
dimy M[Q2] = 75, 1([M]) =1 V[M] € TS(G;Qs).
Now, N5 has a unique trivial source module with vertex Cy, namely the trivial module. Indeed,
this follows from Proposition 2.2(d) as N2 = Dg11 when ¢ = 3 (mod 8), respectively Ng =
Dq%l when ¢ = —3 (mod 8), so that in both ca;es the subgroups of order 2 are conjugate

and self-normalising. Therefore, we conclude that M[Qo] = k for every [M] € TS(G;Q3). In
all cases, by definition 7'52’ J([M]) is equal to the Brauer character of the trivial kN-module
evaluated at s, hence equal to 1, proving the claim.
- The matrix T53. Because N3 = C3, by Remark 2.5(a) the matrix T3 3 of Trive(G) is just
the ordinary character table of the cyclic group Cj.

O
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6. SLa(q) WITH ¢ = £3 (mod 8) AT £ =2

Throughout this section, we continue to assume that £ = 2 and we now consider the group
G = SLy(q) with ¢ = £3 (mod 8). By Lemma 2.9(b) the Sylow 2-subgroups of G are quaternion
groups Qg. The 2-blocks of G have defect groups isomorphic to Qg, C4 or Cs, and By(G) is
the unique block with full defect. As all non-trivial 2-subgroups contain the centre Z of G
and inflation of a trivial source module is again a trivial source module, we may reduce a large
amount of our computations to the results obtained for G = PSLy(q) in the previous section
and it essentially remains to list the PIMs of G.

Notation 6.1. In this section we adopt the following notation. We let Ry be the Sylow 2-
subgroup of G defined in Lemma 2.9, that is,

o fishe) =3 (mods),
‘T (So,0)  ifg=-3 (mod 8).

All subgroups of order 4 in G are conjugate, thus we may fix the following set of representatives
for the conjugacy classes of 2-subgroups of G:

S,~Cy ifq=3 (mod )
So=2Cy ifg=-3 (m0d8)’

Then, the structure of the quotients N; = Ng(R;)/R; (1 < i < 4) follows from Lemma 2.9 and
we choose the following sets of representatives of their 2'-conjugacy classes:

(i) N1 =G and we set
[Nl = {L}U{d(a) | a € To} U{d(&) [ £ € Ty} U{ur | 7 € {£1}};
(ii) No = G/Z = G and we set
Naly = {12} U{d(@)Z | a € Ty} U{A(E)Z | € € Ty} Ufur Z | 7 € {21}

Ry = Qg, R3:= { Ry:=722=Cy and R;:={1}.

(iii)

_ {N’/Rg ifg=3 (mod 8),

5 N/Rs  ifgq=-3 (mod 8),
and we set
(Naly = {1} U {EE i‘g, | £eTl} ifqg=3 (mod8),
- {1}u{d(a) e N3 |a €Ty} ifg=-3 (mod 8),

where 1 denotes the trivial element of N3 and the bar notation left cosets in the quo-
tient N3;

(iv) Ny = C3 =: (x) and we set [Nyl =: {1, 2,2°}.
With this notation, Trive(G) = [T v]1<iv<a with Tj, = [Tgv s

([MD]METS(G;Ri)vse[Nv]Q' :

6.1. The 2-blocks.

Lemma 6.2. When q = £3 (mod 8) the 2-blocks of G, their defect groups, and their decompo-
sition matrices or Brauer trees are as given in Table 21 and Table 22.

Proof. All the information in Table 21 and Table 22 can be found in [Bonll, Chapters 8 and 9].
O
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Table 21: The 2-blocks of SLa(q) when ¢ = 3 (mod 8).

Block Number of Blocks Defect Decomposition Matrix/
oc
ype roups rauer Tree
T G B T
E Sy S-
lg 1 0 0
St 1 1 1
1 R (6)] 0 1 0
RL(0 0o 0 1
Bo(G) O (6o)
1 1
(Principal) R (o) 0
R_ (ao) 1 0 1
R'(6;) \ 0 1 1
(61 € [SY/ =] is of order 4)
—1 -
Aa 3 (qT - 1) ) 5 O
Oy R(a) R(an)
S
Ay 2 (q%l - 1) oO———e
04 R'(9) XA

(6 € [T/ =]\ {1})

(Nilpotent)
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Table 22: The 2-blocks of SLa(q) when ¢ = —3 (mod 8).

Block Number of Blocks Defect Decomposition Matrix/
oc
(Type) Groups Brauer Tree
kE Sy S_
i¥e! 1 0 0
St 1 1 1
X R.)[ 0 1 0
R’ (6 0 0 1
Bo(G) Qs (6)
R 1 1 0
(Principal) +(a0)
R_ (Oé(]) 1 0 1
Rler) \ 2 1 1
(o € [S%/ =] of order 4)
_ Sa
4 2 (qu - 1) O °
Cy R(o) XA
3 .
(e T/ =\ {1}) (Nilpotent) (52 = 1), xa = X Blo)
1
4 H o) S
Co R(0) R/ (6m)
0 € [T/ =]\ {1}) (Nilpotent) (55" = (m)

6.2. The trivial source character table.
The trivial source character table Trive(G) = [Tj4]i<iw<a of G is now up to a large extent
obtained via inflation from G. For this reason, we write 7} ,(G) for the matrix T}, of Trive(G)
and T; ,(G) for the matrix T, of Triva(G).

Theorem 6.3. Assume G = SLy(q) where ¢ = +£3 (mod 8). Then the trivial source character
table Trivo(G) = [Tiw|i<iw<a s given as follows.
(a) For ¢ = £3 (mod 8) the following holds:
(i) T“,—Oforevery1<z<v<4
(i) Tia(G) = Tia(G) = Ti11 (@) Jor every 2 < i <4
(111) T3 3( ) T2 Q(G), T473(G) = T&Q(é), T4,4(G) = T373(é).
(b) If ¢ =3 (mod 8), then the matriz Ty is as given in Table 23.
(c) If g = —3 (mod 8), then the matriz T 1 is as given in Table 24.



Trivial source character tables of SLa(q) 38

TABLE 23. T3 when ¢ =3 (mod 8)

L d(a) d’(¢) Ur
a €Ty ey, T e {£}
la¢ + St +R(ao) + R— () 2(qg+1) 4 0 2
St+R4 (o) + Ry (o) + R'(61) || 3¢—1 2 —4 T/—q—1
St+R_ (o) + R_(6o) + R'(61) || 3¢—1 2 —4 —7v/—q—1
4
R (977
Th J; o) 4(q-1) 0 4(=0(¢) —0(&)™") —4
(0 € [T30/ =]\ {1}, 85" = (m)
e ) g +1) | 2f0t0) +a(@) ™) 0 2
(a €T3/ =]\ {1}, 53 = (n))
TABLE 24. Ty when ¢ = —3 (mod 8)
I d(a) d’(¢) Ur
2
a €Ty gery, T e {£}
lg + St +Ry(ao) + R—(aw) + 2R(aa) || 4(g+1) 8 0 4
St + R (ao) + R, (6o) + R(a1) 3g+1 4 -2 1+74q
St+R_ () + R (6) + R(a1) 3qg+1 4 -2 1-71./4q
- Rlor)
Tia =1 A(q+1) | 4aa) + ala)™") 0 4
(a €T3/ =\ {1}, S5 = (n))
R'(0) + R'(9
(O o 2%g-1) 0 2-0(6) -0 | -2
(0 € 15/ =]\ {1}, 85" = ()
Proof.
(a) Again, the fact that T;, = 0 for every 1 < i < v < 4 is immediate from Remark 2.5(c). This
proves (i).

Next, we notice that the subgroups Rs, R3, R4 all contain the centre Z = Ry. The following

assertions follow immediately.

1. For every 2 < i <4 and every M € TS(G, R;) we have M[Ry] = M (as kNa-modules).
Therefore, as our choices of [N1]or and [N2]or agree modulo Z, by definition of the species
we have T; 1(G) = T; 2(G) for every 2 <i < 4.

2. For every 2 < i < 4, we have R;/Z = Q;—1 (where Q;_; is as defined in Notation 5.1),
and so any trivial source module in TS(G, R;) is the inflation from G = G/Z to G of a

trivial source kG-module with vertex R;/Z, i.e.
TS(G, R;) = {Infg(M) | M € TS(G, Qi—1)}
and the corresponding characters are
——  =Inf&(x-).
It follows that T;2(G) = TZ-_M(G) for every 2 <i <4 and T33(G) = T22(G), Tu3(G) =
Ts2(G), Ty 4(G) = T33(G) because our choices of the representatives of the 2'-conjugacy
classes agree modulo Z, proving (ii) and (iii).
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(b) / (c¢) The PIMs of By(G) are the projective covers of the three simple Bg(G)-modules
k,Sy,S_ and their characters can be read from the 2-decomposition matrix in Table 21
and Table 22. The PIMs of the blocks of type A,, Aj are read from their Brauer trees in
Table 21 and Table 22 using Remark 2.6(1). We summarize this information in Table 25
and Table 26 below.

TABLE 25. PIMs of kG when ¢ =3 (mod 8)

Block Module M Character x 37
BQ(G) Pk 1G + St +R+(O&0) + R_ (ao)
By(G) Pg, St +R+(ap) + Rﬁr(eo) + R'(6y)
By(G) Ps_ St+R_(a) + R_(6p) + R'(6h)
A/ Se 4 )
’ s > R(0n)
(0 €[13/ =1\ {1}) Sy j=1
A, 3
S R(a) + R(an)
(a € [T/ =]\ {1})

TABLE 26. PIMs of kG when ¢ = —3 (mod 8)

Block Module M Character x3;
Bo(G) Py lg+ St+Ry (o) + R—() + 2R(a1)
Bo(G) Ps, St +R (o) + R, (60) + R(a1)
Bo(G) Ps_ St+R_(ap) + R_(6p) + R(a1)
Ao So
5 > R(eup)
(a € [T/ =]\ {1}) Sa J=1
A/
’ o R'(0) + R'(6n)
(0 €[50/ =]\ {1})

Evaluating these characters at the 2’-conjugacy classes of G yields T} 1, as required.
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