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On selfinjective artin algebras having generalized
standard quasitubes
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Abstract

We give a complete description of the Morita equivalence classes of all
connected selfinjective artin algebras for which the Auslander-Reiten quiver
admits a family of quasitubes having common composition factors, closed
under composition factors, and consisting of modules not lying on infinite
short cycles.

Keywords: Selfinjective algebra, orbit algebra, quasitilted algebra,
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1. Introduction and the main result

Throughout the paper, by an algebra we mean a basic, connected artin
algebra over a commutative artin ring k. For an algebra A we denote by
mod A the category of finitely generated right A-modules. Given a module
M in mod A, we denote by [M] the image of M in the Grothendieck group
Ko(A) of A. Thus [M] = [N] if and only if the modules M and N have the
same composition factors including the multiplicities. An algebra A is called

*Corresponding author

Email addresses: mkarpicz@mat.uni.torun.pl (Maciej Karpicz),
skowron@mat .uni.torun.pl (Andrzej Skowronski), yamagata@cc.taut.ac. jp (Kunio
Yamagata)

Preprint submitted to Journal of Pure and Applied Algebra August 25, 2010



selfinjective if A4 is an injective module, or equivalently, the projective and
injective modules in mod A coincide.

An important combinatorial and homological invariant of the module
category mod A of an algebra A is its Auslander—Reiten quiver I'y. The
Auslander—Reiten quiver I' 4 describes the structure of the quotient category
mod A/ rad™(mod A), where rad™(mod A) is the infinite Jacobson radical of
mod A. In particular, by a result due to Auslander [6], A is of finite repre-
sentation type if and only if rad®(mod A) = 0. In general, it is important to
study the behavior of the components of I'4 in the category mod A. Follow-
ing [45] a component C of I' 4 is called generalized standard if rad™(X,Y) =0
for all modules X and Y in C. It has been proved in [45] that every general-
ized standard component C of I'4 is almost periodic, that is, all but finitely
many DTr-orbits in C are periodic. Moreover, by a result of [59], the addi-
tive closure add(C) of a generalized standard component C of T'4 is closed
under extensions in mod A. We note that, for A selfinjective, every infinite
generalized standard component C of I'4 is either acyclic with finitely many
DTr-orbits or is a quasitube (the stable part C* of C is a stable tube).

In the representation theory of selfinjective algebras a prominent role
is played by the selfinjective algebras of quasitilted type, that is, the orbit
algebras B /G, where Bis the repetitive algebra of a quasitilted algebra B and
(G is an admissible group of automorphisms of B which is in fact an infinite
cyclic group generated by a strictly positive automorphism of B. Recall that
the quasitilted algebras are those of the form Endy (7)) where T is a tilting
object in a hereditary Ext-finite abelian category H, or equivalently, the
algebras A of global dimension at most two and with every indecomposable
module in mod A of the projective dimension or the injective dimension at
most one [17]. It has been proved in [16] that the class of quasitilted algebras
consists of the tilted algebras [18] (endomorphism algebras of tilting modules
over hereditary algebras) and the quasitilted algebras of canonical type [31]
(endomorphism algebras of tilting objects in hereditary abelian categories
whose derived categories are equivalent to the derived categories of canonical
algebras in the sense of Ringel [40], [41]). Accordingly the class of selfinjective
algebras of quasitilted type consists of the selfinjective algebras of tilted type
and the selfinjective algebras of canonical type. We refer to the survey article
[58] for the representation theory and the structure of the Auslander—Reiten
quivers of selfinjective algebras of quasitilted type. We also mention that
a selfinjective algebra A over an algebraically closed field is of polynomial



growth if and only if A is a socle and geometric deformation of an orbit
algebra B/G with B a quasitilted algebra having nonnegative Euler form
(see [44], [51]).

In the paper we are concerned with the structure of selfinjective algebras
for which the Auslander—Reiten quiver admits a generalized standard com-
ponent. A distinguished class of such algebras is formed by the selfinjective
algebras of finite type. It is conjectured in [58, Problem 12.4] that these
algebras are socle deformations of the orbit algebras B /G of tilted algebras
B of Dynkin type. It has been proved in [54], [55] that the selfinjective
algebras A having an acyclic generalized standard component in I"4 are self-
injective algebras of tilted (Euclidean or wild) type. On the other hand, the
description of selfinjective algebras whose Auslander—Reiten quiver admits a
generalized standard quasitube is an exciting but difficult problem (see [49],
[50]). Namely, every algebra A over a field k is a factor algebra of a self-
injective algebra A with I'4 having a generalized standard stable tube (see
[50])-

The aim of the paper is to prove the following theorem characterizing a
wide class of selfinjective algebras whose Auslander—Reiten quiver admits a
family of generalized standard quasitubes satisfying certain conditions.

Theorem 1.1. Let A be a basic, connected, selfinjective artin algebra. The
following statements are equivalent.

(i) T4 admits a family C = (C;)ier of quasitubes having common composi-
tion factors, closed on composition factors, and consisting of modules
which do not lie on infinite short cycles in mod A.

(ii) A is isomorphic to an orbit algebra B/G, where B is an almost con-
cealed canonical algebra and G is an infinite cyclic group of automor-
phisms of B of one of the forms
(a) G = (goz/%), for a strictly positive automorphism @ of é,

(b) G = ((,01/%), for B a tubular algebra and ¢ a rigid automorphism of

B,

(c) G = (wu%), for B of Euclidean or wild type and ¢ a rigid auto-
morphism of B acting freely on the nonstable tubes of the unique
separating family TB of ray tubes of I'p,

where vg is the Nakayama automorphism of B.



Following [48] a family C = (C;);cr of components of I'4 is said to have
common composition factors, if, for each pair 7 and j in I, there exist modules
X; € C; and X € C; with [X;] = [X,]. Moreover, C is closed under composi-
tion factors if, for every indecomposable modules M and N in mod A with
[M] = [N], M € C forces N € C. Further, by a short cycle in mod A we

f g . .
mean a sequence ) —— N —— )M of nonzero nonisomorphisms between

indecomposable modules in mod A [38], and such a cycle is said to be infinite
if at least one of the homomorphisms f or g belongs to rad®(mod A). We
also mention that, by a result proved in [38], every indecomposable module
M in mod A which does not lie on a short cycle is uniquely determined by
[M] (up to isomorphism).

As a direct consequence of Theorem 1.1 and results on selfinjective alge-
bras of canonical type, established in Section 6 (Proposition 6.4 and 6.5), we
obtain the following fact.

Corollary 1.2. Let A be a basic, connected, selfinjective artin algebra. The
following statements are equivalent.

(i) T4 admits a family T = (T;)i;e; of stable tubes with common composi-
tion factors, closed under composition factors and consisting of modules
which do not lie on infinite short cycles in mod A.

(ii) A is isomorphic to an orbit algebra B/G, where B is a concealed canon-
ical algebra and G is an infinite cyclic group of automorphisms 0f§ of
the form (gou%) for a positive automorphism ¢ of B.

We refer to [11], [22], [27], [28], [29], [30], [41], [42], [48] for contructions
and basic properties of concealed canonical algebras.

By general theory (see [33], [61]), an infinite component C of the Auslan-
der-Reiten quiver I'4 of a selfinjective algebra A is cyclic (every module in
C lies on an oriented cycle in I'4) if and only if C is a quasitube. Then we
obtain the following consequence of Theorem 1.1 and the known structure of
the Auslander-Reiten quivers of selfinjective algebras of canonical type (see
Theorem 6.3, Proposition 6.4).

Corollary 1.3. Let A be a basic, connected, selfinjective artin algebra. The
following statements are equivalent.
(i) T4 is cyclic and admits a family C = (C;)ier of quasitubes having com-
mon composition factors, closed under composition factors, and con-
sisting of modules which do not lie on infinite short cycles in mod A.
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(i1) T4 is cyclic and admits a family T = (7;):er of stable tubes having com-
mon composition factors, closed under composition factors, and consist-
ing of modules which do not lie on infinite short cycles in mod A.

(iii) A is isomorphic to an orbit algebra B/G, where B is a tubular algebra
and G is an infinite cyclic group 0f§ of the form (gpl/%) for a positive

automorphism ¢ of B.

We refer to [23], [24], [25], [26], [27], [40], [41] for constructions and basic
properties of tubular algebras.

As an immediate consequence of Theorem 1.1 and the fact that the or-
dinary valued quivers of quasitilted algebras are acyclic [17] we obtain the
following fact.

Corollary 1.4. Let A be a basic, connected, selfinjective artin algebra whose
Auslander-Reiten quiver 1"y admits a family C of quasitubes with common
composition factors, closed under composition factors, and consisting of mod-
ules which do not lie on infinite short cycles. Then the center of A is a field,
and hence A is a finite dimensional algebra over a field.

The paper is organized as follows. In Section 2 we describe basic proper-
ties of quasitubes which are fundamental for the proofs of the main results. In
Section 3 we recall known characterizations of quasitilted algebras of canon-
ical type, playing a prominent role in the proof of Theorem 1.1. Section 4 is
devoted to quasitube enlargements of concealed canonical algebras, essential
for further considerations. In Section 5 we recall criteria for selfinjective al-
gebras to be orbit algebras of repetitive algebras established by the second
and third named authors, applied in the proof of Theorem 1.1. In Section 6
we describe the module categories of selfinjective algebras of canonical type
as well as prove the implication (i7) = (i) of Theorem 1.1. The final Section
7 is devoted to the proof of the implication () = (ii) of Theorem 1.1.

For basic background on the representation theory of algebras applied in
the paper we refer to the books [2], [7], [15], [40], [42], [43] and to the survey
articles [51], [58], [60].

The main results of the paper have been presented by the first named

author during the Fortheenth International Conference on Representations
of Algebras (ICRA XIV) held in Tokyo in August 2010.



2. Quasitubes

The purpose of this section is to present results on quasitubes of Aus-
lander-Reiten quivers of algebras, playing a prominent role in the proof of
Theorem 1.1.

Recall that if A, is the quiver 0 — 1 — 2 — ---, then ZA is the
translation quiver of the form

(i—1,0) (,0) (i41,0) (i+2,0)
e N\ / N
: (i—1,1) (4,1) (34+1,1)
/

(i—1,2) (4,2)

with 7(i,7) = (i — 1,j) for i € Z, j € N. For r > 1, denote by ZA/(7")
the translation quiver obtained from ZA., by identifying each vertex (i, j)
of ZA,, with the vertex 77(i,j) and each arrow x — y in ZA, with the
arrow 7'x — 7"y, and call it the stable tube of rank r. The T-orbit of a
stable tube I' formed by all vertices having exactly one immediate predecessor
(equivalently, successor) is called the mouth of T'.

Let (I',7) be a translation quiver (with trivial valuations). For some
vertices z in I', called pivots, we shall define two admissible operations [4]
modifying (', 7) to a new translation quiver (I, 7'), depending on the shape
of paths in I' starting from .

(ad 1) Suppose that I admits an infinite sectional path

X =XTog—>T1 — Lo — "

starting at x, and assume that every sectional path in I' starting at = is a
subpath of the above path. For ¢t > 1, let I'; be the following translation
quiver, isomorphic to the Auslander-Reiten quiver of the full ¢ x ¢ upper
triangular matrix algebra over a field,

NN SN
N N
N

Oy1



We then let I be the translation quiver having as vertices those of I', those
of I';, additional vertices z;; and x} (where ¢ > 0, 1 < j < ¢) and having
arrows as in the figure below
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The translation 7" of I' is defined as follows: 7'2;; = 2,1 ,;1 if ¢ > 1, 7 > 2,
T'zin = a1 if i > 1, T'205 = y;—1 if j > 2, 201 is projective, 7'z = vy, 7’2 =
zii1y it 1 > 1, 7/(77 ;) = 2 provided z; is not injective in I', otherwise
x} is injective in I”. For the remaining vertices of IV, 7" coincides with the
translation of T', or I', respectively. If t = 0, the new translation quiver I' is
obtained from I'" by inserting only the sectional path consisting of the vertices
x> 0.

(ad 2) Suppose that a vertex  in I is injective and I" admits two sectional
paths starting at x, one infinite and the other finite with at least one arrow

yt<—(—y2(—y1<—x:x0—)l’1—>x2—>'~

such that any sectional path starting at = is a subpath of one of these paths.
Then I is the translation quiver having as vertices those of I', additional
vertices denoted by z, 2;;, ¥} (where ¢ > 1, 1 < j <'t), and having arrows as



in the figure below
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The translation 7/ of I is defined as follows: xj, is projective-injective, 7'2;; =
Zic1j1f1>2,7>2 7y =0 iti > 1, Tz =y i > 2, 770 = 20y
if i > 2, 7' =y, 7'(17'2;) = 2} provided w; is not injective in ', otherwise
x; is injective in I”. For the remaining vertices of I, 7" coincides with the
translation 7 of I'.

We denote by (ad1*) and (ad2*) the admissible operations dual to the
admissible operations (ad 1) and (ad 2), respectively.

A connected translation quiver I' is said to be a quasitube if I' can be ob-
tained from a stable tube by an iterated application of admissible operations
(adl), (ad2), (ad1*) or (ad2*). A tube (in the sense of [40]) is a quasitube
having the property that each admissible operation in the sequence defining
it is of the form (ad 1) or (ad 1*). Finally, if we apply only operations of type
(ad 1) (respectively, of type (ad1*)) then such a quasitube I' is called a ray
tube (respectively, a coray tube). Observe that a quasitube without injective
(respectively, projective) vertices is a ray tube (respectively, a coray tube).
A quasitube I' whose all nonstable vertices are projective-injective is said to
be smooth.

The following proposition provides a characterization of quasitubes in the
Auslander-Reiten quivers of selfinjective algebras ([34, Theorem A}, [33] and
[61])

Proposition 2.1. Let A be a selfinjective algebra and I' a connected compo-
nent of I'y. The following statements are equivalent.
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(i) T is a quasitube.
(ii) I'* is a stable tube.
(iii) ' contains an oriented cycle.

Here, I'* denotes the stable part of I', obtained from I' by removing the
projective-injective modules and the arrows attached to them.

The following characterization of generalized standard stable tubes of an
Auslander-Reiten quiver has been established in [45, Corollary 5.3] (see also
[47, Lemma 3.1]).

Proposition 2.2. Let A be an algebra and I' a stable tube of I'y. The fol-
lowing statements are equivalent:

(i) T is generalized standard.
(ii) The mouth of I consists of pairwise orthogonal bricks.
(iii) rad*™ (X, X) =0 for any module X in I.

Recall that an indecomposable A-module X is called a brick if its endo-
morphism algebra End4(X) is a division algebra. We note that the division
algebras of all modules lying on the mouth of a generalized standard stable
tube of I' are isomorphic.

Let A be an algebra and I" be a stable tube of I' 4. Then I' has two types of
arrows: arrows pointing to infinity and arrows pointing to the mouth. Hence,
for any module Z lying in I', there are a unique sectional path X; — X, —

.— Xy = Z in I with Xj lying on the mouth of I" (consisting of arrows
pointing to infinity) and a unique sectional path Z =Y, — Y, — ... = Y},
with Y;, lying on the mouth of I" (consisting of arrows pointing to the mouth),
and m is called the quasi-length of Z in T', denoted by ql(Z). Observe that
if " is of rank 1 and X its unique module lying on the mouth, then for any
module Z in I" we have [Z] = ql(Z)[X], and hence I' consists of modules with
pairwise different classes in the Grothendieck group Ky(A).

For stable tubes of ranks bigger that one, we have following theorem (see
[47, Theorem 4.3]).

Theorem 2.3. Let A be an algebra, I' a generalized standard stable tube of
'y of rankr > 1, and M, N nonisomorphic modules fromI'. Then [M] = [N]
if and only if Q(M) = ql(N) = cr for some ¢ > 1.

For stable tubes consisting of modules which do not lie on infinite short
cycles we have the following results established in [47, Corollaries 4.4 and
4.6].



Theorem 2.4. Let A be an algebra, I' a stable tube of rank r > 1 in 'y
consisting of modules which do not lie on infinite short cycles in mod A, and

M a module in T'. Then M is uniquely determined (up to isomorphism) by
[M] if and only if r does not divide ql(M).

Theorem 2.5. Let A be an algebra, I' and TV different stable tubes in T"4
consisting of modules which do not lie on infinite short cycles in mod A. Let
r be the rank of I and r" be the rank of I". Assume that [M]| = [N] for some
modules M in T and M’ inT". Then r divides ql(M), v’ divides ql(M"), and
the tubes I' and I'" are orthogonal.

Observe that, by Proposition 2.2, every stable tube I' of an Auslander-
-Reiten quiver I consisting of modules which do not lie on infinite short
cycles is generalized standard [47, Corollary 3.2]. We shall show that it is
also the case for the smooth quasitubes. We need some results on the degrees
of irreducible homomorphisms proved by Liu in [33].

By a result of Bautista [8] a homomorphism f : M — N between inde-
composable modules in mod A is irreducible if and only if f € rad(M, N) \
rad?(M, N). The following more general result has been established by Igusa
and Todorov in [21].

Proposition 2.6. Let A be an algebra and

fi f2 fn

XO anl 4>Xn

Xy

be a path of irreducible homomorphisms between indecomposable modules in
mod A corresponding to a sectional path of I'y. Then we have f, ... fof1 €
rad” (X, X,,) \ rad" (X, X,,).

Let A be an algebra and f : X — Y be an irreducible homomorphism in
mod A with X and Y indecomposable modules. Following Liu [33], f is said
to be of infinite left degree if, for any integer n > 1 and a homomorphism
g: M — X in rad"(M, X) \ rad"™(M,Y), we have fg € rad"™(M,Y) \
rad"™*(M,Y). Dually, f is said to be of infinite right degree if, for any integer
n > 1 and a homomorphism A : Y — N in rad™(Y, N) \ rad"™ (Y, N), we
have hf € rad"™ (X, N) \ rad""*(X, N).

The following facts are consequences of [33, Corollary 1.6 and its dual].

Proposition 2.7. Let A be an algebra. The following statements hold.

10



(i) Assume I'y admits a full translation subquiver

Xijg —=X;—> ——= X —= Xy = X
Yip Y; Y Yo=Y

where the upper and lower infinite paths are sectional. Then every
irreducible homomorphism f : X — Y inmod A is of infinite left degree.

(i1) Assume I'y admits a full translation subquiver

N=Ny— Ny Ny Njy

where the upper and lower infinite paths are sectional. Then every
irreducible homomorphism g : M — N in mod A is of infinite right
degree.

Let A be an algebra and C a smooth quasitube in I'y. Then the stable
part C® of C is a stable tube, and we may define the stable quasi-length sql(X)
of a stable module X in C as the quasi-length ql(X) of X in C°. Moreover,
the stable quasi-length of a projective-injective module in C is defined to be

0.

Lemma 2.8. Let A be an algebra and C be a smooth quasitube in I 4. More-
over, let r be the rank of C° and m be the mazximum of stable quasi-length
of the radicals of projective-injective modules in C. Then, for all modules X
and Y in C of stable quasi-length bigger than m + r, we have rad(X,Y’) # 0.

PrROOF. Let X and Y be modules in C with sql(Y) and sql(X) bigger than
m + r. Then there are in C sectional paths

X=U—-U—...=Up_1—U,="72
consisting of arrows of C® pointing to the mouth, and

Z=VV—-Vi—...=V,1 =V, =Y,

11



consisting of arrows of C* pointing to infinity. Moreover, C admits full trans-
lation subquivers

e WY e ) e e e

_ | |

e Ws(i)l Ws(j) - le Wéj) _ VJ

for 5 € {1,...,q}, formed by parallel infinite sectional paths, consisting
of indecomposable modules of stable quasi-length > m. Take irreducible
homomorphisms in mod A

@i Uir — Upand ¢y : Vg — Vj,

for i € {1,...,p} and j € {1,...,q}. Then it follows from Proposition
2.6 that ¢ = @,...p; € rad?(X,Z) \ rad’"'(X,Z). On the other hand,
by Proposition 2.7, the irreducible homomorphisms 1, ..., 1, are of infinite
left degree. Then, for ¢ = v,...¢; € Homa(Z,Y'), we obtain that ¢ €
rad?™(X,Y) \ rad?™*"!(X,Y). Therefore, we conclude that rad(X,Y) # 0.

0

We need also the following lemma (see [46, Lemma 2.1]).

Lemma 2.9. Let A be an algebra and X,Y be indecomposable modules in
mod A with rad™ (X,Y") # 0. Then the following statements hold.

(i) There ezists an infinite path

f2 fi

X =X, f X, X, Xt X, —

of irreducible homomorphisms between indecomposable modules in mod A
and homomorphisms g; € rad™(X;,Y), i > 1, such that g;f;... f1 # 0
forall i > 1.

(ii) There exists an infinite path

h1

hj
Y; Yja e Y,

Yo=Y

of irreducible homomorphisms between indecomposable modules in mod A
and homomorphisms u; € rad™(X,Y}), j > 1, such that hy ... hju; # 0
forall j > 1.

12



Proposition 2.10. Let A be an algebra and C be a smooth quasitube in T 4
consisting of modules which do not lie on infinite short cycles in mod A.
Then C is a generalized standard component of I 4.

PRrROOF. Since C is a smooth quasitube of I'4, the stable part C® of C is a
stable tube, say of rank r. Denote by m the maximum of stable quasi-lengths
sql(rad P) of the radicals rad P of projective-injective modules P in C. Con-
sider the positive integer n = m + 2r, and denote by I' the full translation
subquiver of C consisting of all modules of stable quasi-length > n. More-
over, let M be the direct sum of all indecomposable modules in C\T'. Clearly
M is a module in mod A, and hence End (M) is an artin algebra over k.

Assume that there are modules X and Y in C such that rad™(X,Y’) # 0.
Then it follows from Lemma 2.9(7) that there exist an infinite path

X = X, S f2 X, X, s X,

Xy

of irreducible homomorphisms between indecomposable modules in mod A
and homomorphisms ¢, € rad™(X,,Y), s > 1, such that g,fs... f1 # 0 for
any s > 1. Since rad End4(M) is nilpotent and f; € rad(X;_;, X;) for all
1 > 1, we conclude that there is an integer sy > 1 such that all modules Xj,
s > o, belong to I'. Since rad™(X,,,Y) # 0, applying Lemma 2.9(ii), we
conclude that there exist an infinite path

h

h1
..HYth—l . e Yé

Y Yo=Y
of irreducible homomorphisms between indecomposable modules in mod A
and homomorphisms u; € rad™(Xs,,Y;), t > 1, such that h; ... hwu # 0 for
all t > 1. Moreover, we conclude as above that, for some integer tq > 1, all
modules Y;, t > tg, belong to I'. Clearly, by our choice of I', the modules
X,, and Y;, have stable quasi-length bigger than m + r. Then it follows
from Lemma 2.8 that there is a nonzero homomorphism v € rad(Y,, Xy, ).
Summing up, there is an infinite short cycle in mod A of the form

X — Yi — Xso s
where v = w,, with X, and Y}, in C, a contradiction. Therefore, C is a
generalized standard component of I"4. ([l

13



Lemma 2.11. Let A be an algebra and C a quasitube in I'y. Assume there
exist indecomposable modules X, Y, M in mod A such that rad™ (X, M) # 0,
rad®(M,Y) # 0, and X, Y lie in C. Then there is an infinite short cycle
N — M — N in mod A with N in C.

PROOF. Since rad™ (X, M) # 0, then it follows from Lemma 2.9(i) that
there exist an infinite path

fi f2 fs

0: X =X, X, Xo T X,

Xy

of irreducible homomorphisms between indecomposable modules in mod A
and homomorphisms g € rad™ (X, M), s > 1, such that gsfs... f1 # 0 for
any s > 1. Now, suppose that there is a finite family {Z;};,c; of indecom-
posable modules in C which are isomorphic with infinitely many modules
from the family {X}>0. Let Z be the direct sum of all modules from the
family {Z;};c;. Clearly, Z is a module in mod A, and hence End4(Z) is an
artin algebra over k. Since f; € rad(X,_1, X;) for all s > 1, we get then
arbitrary large nonzero compositions of homomorphisms from rad End 4 (%),
and hence, because rad4(Z) is nilpotent, a contradiction. Moreover, since
rad>(M,Y) # 0, applying Lemma 2.9(i7), we conclude that there exist an
infinite path

ht hl

o Y, Y, 4 Y,

Yo=Y

of irreducible homomorphisms between indecomposable modules in mod A
and homomorphisms u; € rad>(M,Y;), t > 1, such that hy ... hu; # 0 for
all ¢ > 1. Similarly as above, we conclude that there is no finite family {Z;};c;
of indecomposable modules from C which are isomorphic with infinitely many
modules from the family {Y;};>o. Therefore, we conclude that the path ©
intersects the path >.

Let N be a module in ® N Y. Then there are s > 0 and ¢ > 0

such that Xy = N = Y,, and hence we obtain an infinite short cycle
N2> MmN
O

Let A be an algebra and C be a family of components of I'y. Then C is
said to be sincere if any simple A-module occurs as a composition factor of
a module in C, and faithful if its annihilator ann4(C) in A (the intersection
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of the annihilators of all modules in C) is zero. Observe that if C is faithful
then C is sincere. Moreover, in general ann4(C) is an ideal of A and C is a
faithful family of components in the Auslander-Reiten quiver I'4/ann,(c) of
the quotient algebra A/anny(C) of A. Further, by an external short path in
mod A, with respect to a family C of components in I'4, we mean a sequence
X — Y — Z of nonzero nonisomorphisms between indecomposable modules
with X and Z from C but Y not in C [37].

Lemma 2.12. Let A be an algebra, C and C' two different ray tubes in I'4
having infinitely many modules with common composition factors and con-
sisting of modules which do not lie on infinite short cycles. Then there are
no external short paths in mod A with respect to the components C and C'.

PROOF. Assume that there is an external short path M — L — M’, where
M isin C, M'is in C' and L is neither in C nor in C’. First we will show that
then there is an external short path M — L — N with N in C. It follows
from Lemma 2.9(7) that there exist an infinite path

hs

O: - —X,—= X, X, ha

h1

X Xo=M

of irreducible homomorphism between indecomposable modules from C" and
homomorphisms u, € rad* (L, Xs), s > 1, such that hy...hsus # 0 for all
s > 1. Now, assume that there is a finite family {Z;};c; of indecomposable
modules in C" which are isomorphic with infinitely many modules from the
family X = {X }s>1. Let Z be the direct sum of all modules from the family
{Z;}icr. Clearly, Z is a module in mod A, and hence End,(Z) is an artin
algebra over k. Since h, € rad(X,, X 1) for all s > 1, we get then arbitrary
large nonzero compositions of homomorphisms from rad End4(Z), and hence,
because rad End4(Z7) is nilpotent, a contradiction. Therefore, we conclude
that the path © intersects each ray in C’ at least once. Moreover, it follows
from our assumption that there is a ray in C’ with infinitely many modules N’
such that [N] = [N’] for a module N in C. Using the fact that the irreducible
homomorphisms lying on rays of the ray tube C’ are monomorphisms, we
conclude that there are an external short path M — L — M’ with M in C,
M’ in C', L neither in C nor in €', and a module N in C such that [M'] = [N].
Because [M'] = [N], applying [47, Proposition 4.1], we obtain the equality

| Homy (L, N)| — |Homu (N, 7L)| = | Homu (L, M')| — | Homu(M', 7L)],
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where |V| denotes the length of a k-module |V|. If Hom(M’, 7L) # 0, then,
by [38, Theorem 1.6], M’ is the middle of a short chain, so is on a short cycle
M — E — M', with E an indecomposable direct summand of the middle
term of an almost split sequence with the left term L, and so E does not
belong to C’. Hence this cycle is infinite what contradicts our assumption.
Thus Homa(M',7L) = 0 and so Homu(L, N) # 0. Therefore, we get an
external short path M — L — N, with M and N in C. Obviously, then
we have rad™ (M, L) # 0 and rad® (L, N) # 0, and hence, applying Lemma
2.11, we conclude that there exist an infinite short cycle X — Z — X in
mod A with X in C. O

Lemma 2.13. Let A be an algebra, B = A/l a quotient algebra of A, and
T a stable tube of I'g. Assume that the modules of T belong to a stable tube
Cofl'y. ThenC ="T.

PRrROOF. In order to prove that C = 7 it suffices to show that every module
M in C is a B-module. Because 7 C C and the stable tube 7 consists of
infinitely many B-modules, then for every A-module M in C there are an
A-module monomorphism f : M — N, where N is a module lying on a
ray in C containing M, and an A-module epimorphism ¢ : Z — N, where
Z is a B-module from 7 lying on a coray in C containing N. Therefore,
NI = g(Z)I = g(ZI) = g(0) = 0. Hence, f(MI) = f(M)I = 0, and so
MIT =0, because f is a monomorphism. Therefore, M is a B-module. 0

Lemma 2.14. Let A be an algebra, A a quotient algebra of A, and T a
stable tube of I'y. Assume that the modules of T belong to a family C of
smooth quasitubes of I' 4 consisting of modules which do not lie on infinite
short cycles. Then the modules of T belong to one quasitube of C.

PROOF. Assume that there are two different quasitubes C, and C, in C and
modules M, N € 7T such that M € C, and N € C,. Let © be the infinite
sectional path in 7 starting at M and pointing to infinity and X be the infinite
sectional path in 7 from infinity to V. Let Z be a module in © N X and
f: M — Z the composition of irreducible monomorphism corresponding to
arrows of the subpath of © from M to Z and g the composition of irreducible
epimorphisms corresponding to arrows of the subpath of ¥ from Z to N.
Then f € rad} (M, Z) or g € rad}(Z,N), because N € C, or N € C, or
N € C,, where z # x,y. Assume, without lost of generality, that Z is not
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in C;, and hence f € rady (M, Z). Let L be a module in 7, lying on O,
with ql(Z) < ql(L), and such that there is a sectional path in 7 from L to
M. Then the composed monomorphism h : M — L belongs to rady (M, L).

Hence, we have the infinite short cycle M L~ M in mod A, where
v is the composition of irreducible epimorphism corresponding to the arrows
of the sectional path from L to M, which contradicts our assumption on C.

O

Lemma 2.15. Let A be an algebra, A a quotient algebra of A, and T and T’
be orthogonal stable tubes of I'y. Assume that there exist smooth quasitubes
C and C' of T's such that C contains all modules of T and C' contains all
modules of T'. Then C is different from C'.

PROOF. Suppose C = C’. Let r be the rank of C* and m the maximum of sta-
ble quasi-lengths of the radicals of projective-injective modules in C. Since 7
and 7" have infinitely many modules, there exist X € 7 and X' € 7' of stable
quasi-length > m+r in C*. Then, by Lemma 2.8, we have Hom 4 (X, X’) # 0,
which contradicts the orthogonality of 7 and 7’ in mod A. O

Lemma 2.16. Let A be an algebra, A a quotient algebra of A, and T =
(72)zex a generalized standard family of stable tubes of 'y with common
composition factors and consisting of modules which do not lie on infinite
short cycles. Assume that there exists a stable tube T, in T such that the
modules of T, belong to a family C of smooth quasitubes of I' 4 closed under
composition factors and consisting of modules which do not lie on infinite
short cycles. Then all modules of T belong to the family C.

PRrROOF. For each = € X, we denote by r, the rank of 7,. It follows from
Lemma, 2.14 that the modules of 7, belong to one quasitube C, of C. Because
T is a family of stable tubes with common composition factors, then, for any
y € X, there are modules M, in 7, and N, in 7, such that [M,] = [N,].
Now, using the fact that the modules from 7 do not lie on infinite short
cycles in mod A, we conclude, by Theorem 2.5, that r, divides ql(N,) and r,
divides ql(M,). It follows from Theorem 2.3 that for any two modules N, N’
in a stable tube 7, with ql(N) = ql(N') = cr,, for some ¢ > 1, we have
[N] = [N']. Moreover, for any N in 7, and M in 7, with gl(N) = cql(N,)
and ql(M) = cql(M,), we get [N] = [M]. Now, because the family C is
closed on composition factors, we conclude that, for all y € X and for any N
in 7, with ¢l(N) = cql(N,), for some ¢ > 1, N is in the family C.
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Let N be any module in 7, with y € X. We will show that N belongs
to the family C. Suppose NNV is not in C. We may choose a module N, in 7,
such that [N,| = [M,] for a module M, € 7, and with ql(N) < n = ql(V,).
Then there are sectional paths in 7,

N;/:MO—>M1—>...—>Mm—>N

and
N—>Nm—>...—>N1—>No:N?;,

where ql(N,) = n = ql(N,). Since r, divides n, we conclude that the modules
N, and N,/ belong to the family C. Hence we obtain a nonzero homomorfizm
from rad™ (N, N,), what contradicts Proposition 2.10. O

For convenience of the reader, we give a proof of the following well known
fact, which we need in further considerations.

Lemma 2.17. Let A be an algebra and T a faithful stable tube of I' 4. Then
all but finitely many indecomposable modules in T are faithful A-modules.

PRrROOF. First notice that for any ray > in 7 and a module M lying on ¥,
we have ann(M) C ann(M') for every module M’ lying on ¥ with ql(M’) >
ql(M). Now, because 7 is a faithful stable tube of I'4, then there are inde-
composable modules Mj, ..., M, in 7 such that ann(€;_, M;) = 0. Let n be
the maximum of quasi-lengths of modules My, ..., M. Then for every mod-
ule Z with quasi-length bigger than n+r, where r is the rank of 7', the unique
sectional path in 7 starting at Z and pointing to the mouth, intersects every
ray containing modules from {Mj, ..., M} and consists of empimorphisms.
Note, that for an epimorphism f : X — Y we have ann(X) C ann(Y’), be-
cause Y ann(X) = f(X)ann(X) = f(Xann(X)) = f(0) = 0. Therefore,
ann(Z) C ann(@;_, M;) = 0, and hence Z is a faithful module. O

3. Quasitilted algebras of canonical type

The purpose of this section is to present characterizations of quasitilted
algebras of canonical type.

Let A be an algebra. Then a family C of components of "4 is said to be
separating in mod A if the indecomposable modules in mod A split into three
disjoint classes P4 CA =C and Q4 such that:
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(S1) C# is a sincere generalized standard family of components;

(S2) Homyu(Q4,P4) =0, Homa(Q4,C*) = 0, Hom,(C*, P4) = 0;

(S3) any homomorphism from P4 to Q4 factors through the additive cate-
gory add C# of CA.

Algebras with a separating family of stable tubes have attracted much
attention. A prominent class of algebras with this property is formed by
the canonical algebras, introduced by Ringel (see [40], [41]). Hence, for
a canonical algebra A, I'y admits a decomposition I'y = PA Vv TA v QA
where 7% is a (canonical) family of stable tubes separating P* from Q*.
Following [28], an algebra C' is called concealed canonical of type A if C
is the endomorphism algebra End,(T) for a tilting module from add PA.
Then the images of all modules from 7% via the functor Homy (7, —) form
a separating family 7¢ of stable tubes of I'c. In particular, we have a
decomposition I'c = P¢ v T¢ v Q. We note that 7¢ is a family of stable
tubes 7.¢, x € X, where the index set X is in a natural bijection with the set

of stable tubes of a tame hereditary algebra where F' and G are

F M }

0 G|’
finite central skew field extensions of a field k and the F-G-bimodule Mg
satisfies (dim pM)(dim Mg) = 4 (see [10], [39], [41]). Moreover, if k is an
algebraically closed field, then X is in a natural bijection with the projective
line Py (k) [40], and is equipped with the structure of a weighted projective
line [14]. It has been proved in [30, Theorem 1.1] that an algebra C is a
concealed canonical algebra if and only if I'c admits a separating family of
stable tubes.

An algebra A is said to be a quasitilted algebra of canonical type if A =
Endy(T), where T is a tilting object in an abelian hereditary category H
whose derived category D’(H) is equivalent (as a triangulated category) to
the derived category D°(mod A) of the module category mod A of a canonical
algebra A.

An algebra A is said to be an almost concealed canonical algebra if A is
the endomorphism algebra End, (7') of a tilting module 7" from the additive
category add(P* Vv T™), for the canonical decomposition I'y = PAVv 7T v QA
with 7% the canonical family of stable tubes separating P* from Q" over
a canonical algebra A. It has been proved in [31, Theorem 3.4] that A is
quasitilted if and only if I'4 admits a separating family of semiregular (ray
or coray) tubes. Moreover, the class of almost concealed algebras coincides
with the class of tubular extensions of concealed canonical algebras (using
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modules from the canonical family of stable tubes), and with the class of
algebras having a separating family of ray tubes (see [28, Theorem 3.1 and
[31, Theorem 3.4]).

We will need the following deeper characterization of almost concealed
canonical algebras (see [47, Proposition 3.5] and [49, Theorem 1.6]).

Theorem 3.1. An algebra A is an almost concealed canonical algebra if and
only if 'y has a sincere generalized standard family of ray tubes without
external short paths.

We have also the following characterization of concealed canonical alge-
bras (see [37, Theorem 3.1], [48, Theorem C| and [49, Theorem 1.6]).

Theorem 3.2. An algebra A is a concealed canonical algebra if and only if
['4 has a sincere family of pairwise orthogonal stable tubes without external
short paths.

We will need the following consequence of the above theorem (see [49,
Corollary 1.7]).

Corollary 3.3. Let A be an algebra and T a sincere stable tube in I 4 without
external short cycles. Then T is a faithful generalized standard stable tube
and A is a concealed canonical algebra.

4. Quasitube enlargements of algebras

In this section we introduce quasitube enlargements of algebras, essential
for our further considerations.

Let A be an algebra, F' a division algebra and pM, an F-A-bimodule
such that M, is in mod A and k acts centrally on pM,. Then the one-point
extension of A by M is the matrix algebra of the form

A[M]—[l;7 F{Z"“]—{(é ZL) :feF,aeA,meM}

with the usual addition and multiplication. Dually, one defines also the
one-point coextension of A by pM 4 as the matrix algebra

(M]A = [A D(FMA):| .

0 F
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Let A be an algebra and I' a generalized standard component of T'y4.
For each indecomposable module X in I' which is a pivot of an admissi-
ble operation of type (ad1), (ad2), (ad1*), or (ad2*), we shall define the
corresponding admissible operation on A in such a way that the modified
translation quiver IV is a component of the Auslander-Reiten quiver I'4 of
the modified algebra A’ (see [4], [5]). Since I' is generalized standard, such
a pivot X is necessarily a brick, and we denote by F' the division algebra
Ends(X). Clearly, X is F-A-bimodule. Suppose X is the pivot of an ad-
missible operation of type (ad1) and t > 1. Denote D = D, the full ¢ x ¢
upper triangular matrix algebra over the division algebra F' and by Y the
unique indecomposable projective-injective D-module, which we consider as
an F-D-bimodule. Then A" = (A x D)[X & Y] is the required modified
algebra. If X is the pivot of an admissible operation of type (ad2) then
the modified algebra A’ is defined to be A" = A[X]. Dually, invoking the
one-point coextensions, one defines the modified algebra A’, if X is a pivot
of an admissible operation of type (ad 1*) or (ad2*). Then the following fact
mentioned above holds (see [4, Section 2]).

Lemma 4.1. The modified translation quiver I of T is a component of T .

Let C be an algebra and 7 a generalized standard family of stable tubes
in I'c. Following [5] an algebra B is said to be a quasitube enlargement
of C' using modules from 7 if there is a finite sequence of algebras Ay =
C,Ay,..., A, = B such that, for each 0 < j < m, A;;; is obtained from
A; by an admissible operation of type (ad 1), (ad2), (ad1*), or (ad2*), with
pivot either in a stable tube of 7 or in a quasitube of I'4; obtained from a
stable tube of 7" by means of the sequence of admissible operations (of types
(ad1), (ad?2), (ad1*), (ad2*)) done so far. We note that a tubular extension
(respectively, tubular coextension) of C' (in the sense of [40]), using modules
from 7, is just an enlargement of C' invoking only admissible operations of
type (ad 1) (respectively, of type (ad 1*)).

We have the following proposition (see [4, Lemmas 2.2 and 2.3] and [35,
Theorem CJ).

Proposition 4.2. Let B be a quasitube enlargement of an algebra C using
modules from a generalized standard family T of stable tubes of I'c, and
C the family of components of I'g obtained from T by means of admissible
operations leading from C to B. Then C is a generalized standard family of
quasitubes of I'g.
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Moreover, we have the following theorem (see [5, Theorem 3.5] and [35,
Theorem CJ).

Theorem 4.3. Let C be a concealed canonical algebra and T a separating
family of stable tubes of I'c. Let B be a quasitube enlargement of C', using
modules from T, and C the associated generalized standard family of qua-
situbes of I'g. Then the following statements hold:

(i) There is a unique mazximal tubular coextension By of C inside B and
a generalized standard family C' of coray tubes of U'p, such that B is
obtained from By (respectively, C is obtained from C') by a sequence of
admissible operations of types (ad 1) and (ad?2), using modules from C'.

(ii) There is a unique mazimal tubular extension B, of C' inside B and
a generalized standard family C" of ray tubes of I'g. such that B is
obtained from B, (respectively, C is obtained from C") by a sequence of
admissible operations of types (ad1*) and (ad2*), using modules from

Cr.

For a quasitube enlargement B of a concealed canonical algebra C, the
maximal tubular extension B, of C' inside B is an almost concealed canonical
algebra, called the right quasitilted part of B. Similarly, the maximal tubular
coextension B; of C' inside B is the opposite algebra of an almost concealed
algebra, called the left quasitilted part of B.

We note that a quasitube of an Auslander-Reiten quiver is an almost
cyclic coherent component in the sense of [34]. The following theorem is
then a special case of a characterization of algebras with separating families
of almost cyclic coherent Auslander-Reiten components established in [35,
Theorem A].

Theorem 4.4. Let A be a basic, connected, artin algebra. The following
statements are equivalent.

(i) T4 admits a separating family of quasitubes.
(ii) T4 admits a sincere generalized standard family of quasitubes without
external short paths.
(iii) A is a quasitube enlargement of a concealed canonical algebra C'.

5. Selfinjective orbit algebras

For an algebra A, we denote by D the standard duality Hom(—, ) on
mod A, where F is a minimal injective cogenerator in mod k. Then an algebra

22



A is selfinjective if and only if A = D(A) in mod A. If A is selfinjective, then
the left and the right socle of A coincide, and we denote them by soc A. Two
selfinjective algebras A and A are said to be socle equivalent if the factor
algebras A/soc A and A/soc A are isomorphic.

Let A be a selfinjective algebra and {e; | 1 < i < s} a complete set of
orthogonal primitive idempotents of A. We denote by v = v4 the Nakayama
automorphism of A inducing an A-bimodule isomorphism A = D(A),, where
D(A), denotes the right A-module obtained from D(A) by changing the right
operation of A as follows: f-a = fv(a) for each a € A and f € D(A). Hence
we have soc(v(e;)A) = top(e;A) (= e; A/ rad(e;A)) as right A-modules for all
i€ {l,...,s}. Since {r(e;)A |1 < i < s} is a complete set of representa-
tives of indecomposable projective right A-modules, there is a (Nakayama)
permutation of {1,..., s}, denoted again by v, such that v(e;)A = e, ;A for
alli € {1,...,s}. Invoking the Krull-Schmidt theorem, we may assume that
v(e;A) = v(e))A=e,;Aforallie{l,... s}

Let B be an algebra. The repetitive algebra B of B [20] is an algebra
(without identity) whose k-module structure is that of

@D (B, & D(B)..)

meZ

where B,, = B and D(B),, = D(B) for all m € Z, and the multiplication is
defined by

(am7 fm)m : (bmy gm)m = (ambm7 Amdm + fmbmfl)m

for am,bm € Bm, fm,gm € D(B)n,. For a fixed set € = {e; | 1 < i < n}
of orthogonal primitive idempotents of B with 15 = €1 + --- + €,, consider
the canonical set € = {e,,; | m € Z, 1 < i < n} of orthogonal primitive
idempotents of B such that em,iﬁ = (e;B)m @ (¢;D(B))m for m € Z and
1 <4 < n. By an automorphism of B we mean a k-algebra automorphism
of B which fixes the chosen set & of orthogonal primitive idempotents of B.
A group G of automorphisms of B is said to be admissible if the induced
action of G on £ is free and has finitely many orbits. Then the orbit algebra
B /G is a finite dimensional selfinjective algebra and the G-orbits in & form a
canonical set of orthogonal primitive idempotents of B /G whose sum is the
identity of B /G. We denote by vz the Nakayama automorphism of B such
that vg(en,i) = emy1, for all m € Z, 1 < i < n. Then the infinite cyclic
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group (vg) generated by v is admissible and B /(vg) is the trivial extension

B x D(B) of B by D(B). An automorphism ¢ of B is said to be positive
(respectively, rigid) if o(Bm) C .-, Bj (respectively, p(B,,) = By,) for
any m € Z. Finally, ¢ is said to be strictly positive if ¢ is positive but not
rigid.

Let A be a selfinjective algebra, I an ideal of A, B = A/I, and e an
idempotent of A such that e + I is the identity of B. We may assume that
e=e+ - +e, where {¢; | 1 <i < n} is a complete set of orthogonal
primitive idempotents of A which are not in /. Then such an idempotent e
is uniquely determined by I, up to an inner automorphism of A, and we call
it a residual identity of B [52]. Note that B = eAe/ele and 1 —e € I. We
denote by [4(1) and 74 () the left and right annihilator of I in A, respectively.
Following [52, (2.1)] the ideal I is said to be deforming if ele = l.a.(I) =
Teae(I) and A/I is triangular (the ordinary quiver of A/I has no oriented
cycles). The following lemma has been proved in [57, Lemma 4.1].

Lemma 5.1. Let A be a selfinjective algebra, e an idempotent of A, and
assume that l4(I) = Ie or ry(I) = el. Then e is a residual identity of the
factor algebra A/I.

Moreover, the following proposition has been proved in [52, Proposition
2.3].

Proposition 5.2. Let A be a selfinjective algebra, I an ideal of A, B = A/,
e a residual identity of B, and assume that Iel = 0. Then the following
conditions are equivalent.

(i) Ie is an injective cogenerator in mod B.
(ii) el is an injective cogenerator in mod B .
(iii) {4(I) = Ie.

(iv) ra(l) =el.

Moreover, under these equivalent conditions, we have ele = l.a.(I) =
TeAe(I).

Let A be a selfinjective algebra, I a deforming ideal of A and e a resid-
ual identity of A/I. Then I can be considered as a (not necessarily uni-
tary) (eAe/ele)-bimodule. Denote by A[I] the direct sum of k-modules
(eAe/ele) @ I with the multiplication

(b,x)- (', ") = (bb', bx’ + zb' + x2’)

24



for b,/ € eAe/ele and x,2’ € I. Then A[I] is an algebra with the identity
(e,1 —e) and, by identifying x € I with (0,x) € A[I], we may consider I as
an ideal of A[I].

The following combination of results proved in [52, Theorem 4.1], [53,
Theorem 3] and [56, Proposition 3.2] establishes the relationship between A
and A[I].

Theorem 5.3. Let A be a selfinjective algebra, I a deforming ideal of A,
and e a residual identity of A/I. Then the following statements hold.

(i) A[l] is a selfinjective algebra, I is a deforming ideal of A[I], and the
Nakayama permutations of A and A[I] are the same.
(ii) A and A[I] are socle equivalent.
(ili) Assume Iel = 0 and e; # e, for any primitive summand e; of e.
Then A and A[I] are isomorphic.

The following criterion is a direct consequence of [54, Theorems 3.8 and
4.1] and Proposition 5.2.

Theorem 5.4. Let A be a selfinjective algebra, I an ideal of A, B = A/I and
e a residual identity of B. Assume that B is triangular and [4(I) = Ie. Then
A[I] is isomorphic to an algebra B/(vvg), for some positive automorphism

zbofé.

6. Selfinjective algebras of canonical type

A selfinjective algebra A is said to be a selfinjective algebra of canonical
type if A is isomorphic to an orbit algebra B/G, where B is a quasitilted
algebra of canonical type and G is an admissible torsion-free automorphism
group of B.

The following general result is a consequence of results proved in [1], [12],
[13], [32], [36], [44].

Theorem 6.1. Let B be a quasitilted algebra of canonical type, G'an admis-
sible torsion-free group of automorphisms of B, and A = B/G the associated
orbit algebra. Then the following statements hold.

(i) G 1s an infinite cyclic group generated by a strictly positive automor-

phism 1 of B.
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(ii) The push-down functor F) : mod B — mod A associated to the Galois
covering F' : B — B/G = A with Galois group G is dense.

(iii) The Auslander-Reiten quiver I' 4 of A is isomorphic to the orbit quiver
I'5/G of the Auslander-Reiten quiver 'y of B with respect to the in-
duced action of G on I'g.

The following proposition (see [1], [32], [36], [44]) relates the selfinjective
algebras of canonical type with almost concealed canonical algebras.

Proposition 6.2. Let B be a quasitilted algebra of canonical type. Then
there exists an almost concealed canonical algebra B* such that B = B*.

We note that in general we may have several almost concealed canonical
algebras whose repetitive algebras are isomorphic.

The class of selfinjective algebras of canonical type may be divided into
three disjoint classes, according to the natural division of almost concealed
canonical algebras into three disjoint classes.

Let B be an almost concealed canonical algebra, G an admissible infinite
cyclic automorphism group of B, and A = B/G. Then A is said to be

e a selfinjective algebra of Fuclidean type, if B is a tilted algebra of Eu-
clidean type;

e a selfinjective algebra of tubular type, if B is a tubular algebra;

e a selfinjective algebra of wild canonical type, if B is of wild canonical
type

(see [58, Section 7]).
The following theorem gives more precise information on the structure of
the Auslander-Reiten quiver of a selfinjective algebra of canonical type (see

1], [32], [36], [44]).

Theorem 6.3. Let A be a selfinjective algebra of canonical type. Then the
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Auslander-Reiten quiver I'y of A has the form

c(r=1) c
for some integer v > 1, where each C%, i € {0,...,r — 1}, is an infinite

family of quasitubes, and

(1) If A is of Euclidean type, then every X%, i € {0,...,r—1}, is an acyclic
component of Euclidean type (the stable part is of the form ZA for an
FEuclidean quiver A);

(2) If A is of tubular type, then every X@ i€ {0,...,r — 1}, is a disjoint
union \/qu;iH Céi), where Céi) 1s an infinite family of stable tubes for each
qe Qerl =Qn (iai—i_ 1);

(3) If A is of wild canonical type, then every X, i € {0,...,r — 1}, is an
infinite family of components whose stable parts are of the form ZA..

We call the above decomposition of I'4 a canonical decomposition of T 4.
The main aim of the remaining part of this section is to prove two propo-
sitions which show the implication (i) = (i) of Theorem 1.1.

Proposition 6.4. Let B be a tubular algebra, G an infinite cyclic admissible
group of automorphisms of B, and A = B/G. Then the following statements
are equivalent:

(i) T4 admits a family of quasitubes with common composition factors,
closed under composition factors, and consisting of modules which do
not lie on infinite short cycles.

(ii) T4 admits a family of stable tubes with common composition factors,
closed under composition factors, and consisting of modules which do
not lie on infinite short cycles.
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(i) G = (gpl/%) for a positive automorphism ¢ of B.

ProoF. It follows from the results established in [14], [19], [36], [44] (see
also [9], [24]) that the Auslander-Reiten quiver I'z of B has a decomposition

AL
q€Q q€Q zeXy
such that

(1) For each ¢ € Z, CB is an infinite family C2
containing at least one projective module.

(2) For each ¢ € Q\ Z, C? is an infinite family cB

q,x?

r € X,, of quasitubes

q,T?

x € X, of stable tubes.

(3) For each ¢ € Q, C’f is a family of pairwise orthogonal generalized stan-
dard quasitubes with common composition factors, closed under com-
position factors, and consisting of modules which do not lie on infinite
short cycles in mod B. .

(4) There is a positive integer m such that 3 < m < rk Ko(B) and v5(C}) =

Cf+m for any q € Q.
(5) HomB(Cf,Cf) =0 forall ¢ >rin Q.
(6) HomB(CqB,Cf) =0forallr>qg+minQ.
(7) For q € Q, we have HomB(Cf,Cﬁm) # 0 if and only if ¢ € Z.
(8) For p < ¢ in Q with HomB(CB CB) # 0, we have HomB(Cf,CT{B) # 0 and

HomB(Cf,Cf) # 0 for any r € Q with p <r <gq.

(9) For all p € Q \ Z and all ¢ € Q with HomB(Cf,Cf) # 0, we have
Homp(CB,,C2 ) #0 for all z € X, and y € X,,.

P,z T4y

(10) For all p € Q and all ¢ € Q \ Z with HomB(C ) # 0, we have
HomB(CB CBY+£0forall 2 € X, and y € X,.

Pz’ g,y
We know also from [44] (see Theorem 6.1(i)) that G is generated by strictly

positive automorphism g of B. Consider the canonical Galois covering F :
B — B/G = A and the associated push-down functor F) : mod B — mod A.
Since F) is dense, we obtain natural isomorphisms of k-modules

@ Hom g (X, giY) = Homy (F\(X), E\(Y)),

1€Z
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@D Homp (" X, Y) 5 Homa(FA(X), FA(Y)),
i€z
for all indecomposable modules X and Y in mod B.

We first show that (i7i) implies (ié). Assume that g = wvZ for some
positive automorphism ¢ of B. Then it follows from (4) that there is a
positive integer [ > 2m such that g(Cf) = Ciz
g= g01/]2§ = (¢vg)vg with prg a strictly positive automorphism of B\, invok-

for any ¢ € Q. Since

ing the knowledge of the supports of indecomposable modules in mod B (see
[36, Section 3]), we conclude that the images F)\(S) and F)\(T) of any noni-
somorphic simple E—moduleg S and T which occur as composition factors of
modules in a fixed family Cf are nonisomorphic simple A-modules. There-
fore, it follows from Theorem 6.1 and properties (1)-(4), that, for each ¢ € Q,
C = F\(CP) is an infinite family C/!, = F\(CZ,), © € X,, of quasitubes of
I'4 with common composition factors and closed under composition factors.
Take now p € Q\ Z. Then, by (2), C;' = (C},)sex, is a family of stable
tubes of I'y. We claim that C;,“ consists of indecomposable A-modules which

do not lie on infinite short cycles in mod A. Observe first that, for two inde-
composable modules M and N in C2', we have M = F\(X) and N = F\(Y),

for some indecomposable modules X and Y in Cf , and F) induces an iso-
morphism of k-modules Hom4 (M, N) = Homz(X,Y), by (5) and (6), and
q+1>q+2m > g+ m. In particular, by Theorem 2.5 and (3), CI‘;‘ is a fam-
ily of pairwise orthogonal generalized standard stable tubes of I'4. Suppose
now that there is an infinite short cycle M — L — M in mod A with M in
Cﬁz for some x € X,,. Since sz‘ is a family of pairwise orthogonal generalized
standard stable tubes of I"4, we conclude that L does not belong to 6134' Then
M = F\(X) for some X in CJ’, and L = F)\(Z) for some Z in CP with r > p.
We have an isomorphism of k-modules, induced by F},

Hom (M, L) = €D Homp(X, 7 Z).

i€z

Since IiIomA(M, L) # 0, we may choose, invoking (5), a minimal r > p and
Z € CP such that L = F\(Z) and Homg(X, Z) # 0. Since p € Q \ Z and X
lies in Cf, applying (6) and (7), we infer that p < r < p + m. Further, we
have also an isomorphism of k-modules, induced by F},

Hom(L, M) = @) Homp(Z, 7 X).

€L
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Observe that, for each 1 € 7Z, 9'X is an indecomposable module from cB ol
and clearly WithAF)\(giX) = F\(X) = M. Since Homyu(L,M) # 0, L =
F\(Z) for Z € CB with r > p and X € CB, applying (5), we conclude that
Homz(Z, giX) # 0, for some ¢ > 1. But then p+1i > p+1 > p+2m > r+m,
because r < p + m, and we obtain a contradiction with (6).

Summing up, we have proved that C;;‘ =F ,\(C;)B ) is a family of stable tubes
of I'y with common composition factors, closed under composition factors,
and consisting of modules which do not lie on infinite short cycles in mod A.
Therefore, (iii) implies (i7).

Since clearly (i7) implies (), it remains to show that (i) implies (7i7). As-
sume that I'4 admits a family C = (C,).ex of quasitubes with common com-
position factors, closed under composition factors, and consisting of modules
which do not lie on infinite short cycles in mod A. We know from the prop-
erty (3) that, for each ¢ € Q, CJ! = F,\(CB) is a family C;!, = F,\(sz), r e X,
of quasitubes with common composmon factors. Moreover, the push-down
functor F) induces an isomorphism of translation quivers I'5/G = T'4 (see
Theorem 6.12, and hence every component of I'4 is a quasi-tube of the form
Cll, = FA(CE,) for some ¢ € Z and = € X,. Then, since the family C is
closed under composition factors, we conclude that there is r € Q such that
C contains all quasitubes Cm, r € X,, of CA. In particular, we conclude that
the family C* = (C/},)sex, consists of modules which do not lie on infinite
short cycles in mod A. We claim that this forces g to be of the form g = 901/%

for some positive automorphism ¢ of B. _Suppose it is not the case. Since
gisa strlctly positive automorphism of B and all projective B-modules lie
in \/,; CY, invoking (4), we conclude that there exists a positive integer

s < 2m such that g(Cf) Cﬁrs for any ¢ € Q. Let p be the natural number
such that r € [p,p+ 1) N Q. We have two cases to consider.

Assume s < m. Take g € (Q\Z)N (p+ 1,p+ s). Since m > 3, we have
the inequalities

p<r<p+l<g<p+s<r4+s<p+m
which, together with (7) and (8), implies that HomB(CB CB) # 0 and

T Yq

HomB(Cf,Cﬁrs) # 0. Moreover, from the properties (9) and (10), we ob-

tain that

HomB(CB CB ) +£0 for any z € X, and y € X,,

T Yy
HomB(CB ,CB ) #0 for any 2/ € X,y and ¢/ € X,

r+s,z’
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because ¢ € Q \ Z. Since CHS = g(Cg) there exist v € X, y € X, and
modules X € CB, Y € CB and X’ € CB___ such that Homgz(X,Y') # 0,

T2 T+S8,T

Homgz(Y, X') # 0 and F,\(X) = F\(X'). Hence we have an infinite short

cycle Fy(X) — F\(Y) — F\(X') = F)\(X) in mod A with F\(X) in C4, what
contradicts our assumption.

Finally assume that m < s < 2m. Take ¢ = p + m. We have the

inequalities
p<r<p+l<qg<p+s<r+s<p+2m.

Because p+m—1 € Z, then HomB(C]ﬁrm 15 C§+2m_1) # 0, and hence from the

property (8) we get HomB(Cf,CfJr2m 1) # 0, and so HomB(Cf,Cﬁrs) # 0.
Using the properties (9) and (10) we obtain

HomB(Cfx,ny) # 0 for any z € X, and y € X,
Homg(CP,,C ) # 0 for any 2’ € X, and v/ € X,

! r+s x’

because ¢ € Q \ Z. Similarly as above we conclude that there is an infinite
short cycle Fy(X) — F\(Y) — F\(X') = F)\(X) in mod A with Fy(X) in C*,
a contradiction with our assumption. 0

Proposition 6.5. Let B be an almost concealed canonical algebra of FEu-
clidean or wild type, G an infinite cyclic admissible group of automorphisms
ofB and A = B/G Then the following statements are equivalent:

(i) Ta admits a family of quasitubes with common composition factors,
closed under composition factors, and consisting of modules which do
not lie on infinite short cycles.

(ii) G is one of the forms

(a) G = (ngA) for a strictly positive automorphzsm © of B,
(b) G = (goyé), for a rigid automorphism ¢ of B whose restriction

to B does not fix any nonstable ray tube of the unique separating
family T® of ray tubes of Iz

PRrOOF. It follows from [1], [3], [32] that the Auslander-Reiten quiver I'z of
B has a decomposition R R
Is=\(ClVv&x))
qEZ
such that
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(1) For each q € Z, Cf is an infinite family C2

v T E Xy, of quasitubes.

(2) For each q € Z, Xf is either an acyclic component of Euclidean type, if
B is of Euclidean type, or an infinite family of components whose stable
parts are of the form ZA, if B is of wild type.

(3) For each q € Z, CP is a family CJ, = € X, of pairwise orthogonal gen-
eralized standard quasitubes with common composition factors, closed
under composition factors, and consisting of modules which do not lie
on infinite short cycles in mod B. R R

(4) For each q € Z, we have v5(CP) = CqE;2 an IJB(X(]B)A: X‘ﬁf‘

(5) For each ¢ € Z, we have Homp(X/,C7 vV, (CF Vv &F)) = 0 and
Homp(CP,V, ., (CP v &P)) =0.

(6) For each g € Z, we have Homg(Cf,Xﬁrz v \/7n>q+2(C,{§ v Xf’)) = 0 and

HOIHB,(X(]B’ VT>q+2(C'rB N XTB)) =0.

(7) For g € Z, v € X, and y € X, we have Homg(Cfm,Cerz,y) # 0 if and

only if the quasitube Cfx is nonstable and Vé(Cfx) =Cl,,
(8) Forall g € Z, x € X, and y € X4, we have Homg(CE cB ) # 0.

a7 Yqt+ly
(9) For each ¢ € Z and any stable tubes C, in C and Ccf+3,y in CJs,

there is an indecomposable projective B-module P in quil such that
Homp(CP,, P) # 0 and Homp(P,CJ 5 ,) # 0.

We know also from [1], [3], [32], [44] that G is generated by a strictly positive
automorphism g of B. Hence there exists a positive integer [ such that

g(CP) = B, and g(z’\ff) = Xﬁl for any ¢ € Z. Consider the canonical

Galois covering F : B — B /G = A and the associated push-down functor
F\ : mod B — mod A. Since F )\ is dense, we obtain natural isomorphisms of
k-modules ,

@D Homp (X, V) = Homu(Fy(X), FA(Y)),

i€z

P Homp (7 X, Y) = Homa(Fy(X), FA(Y)),

i€z
for all indecomposable modules X and Y in mod B.

We show first that (i) = (i7). Assume that 'y admits a family

C = (Cy)zex of quasitubes with common composition factors, closed under
composition factors, and consisting of modules which do not lie on infinite
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short cycles in mod A. It follows from Proposition 2.10 that the quasitubes
Ce, v € X, are generalized standard. In fact they are also pairwise orthog-
onal. Indeed, because A = B/G, where B is an almost concealed canonical
algebra with a separating family of ray tubes 7 = (7;);c;, we infer that
the quasitubes C,, x € X, are obtained from the ray tubes 7; by admissible
operations of types (ad1*) and (ad2*). Therefore, using Lemma 2.9 and
arguments as in the proof of Lemma 2.11, we obtain that the quasitubes
C., x € X, are pairwise orthogonal, because the ray tubes 7; are pairwise
orthogonal. -
We know from the property (3) that, for each ¢ € Z, C;IA = FA(Cf)
is an infinite family C', = F A(Cfx
composition factors. Moreover,

Ta=Clvxtvertvarv.. . velt,valr,

), x € X,, of quasitubes with common

with Xt = FA(XB) for ¢ € {0,1,...,1—1}, since F) induces an isomorphism

of translation quivers I'5/G = T4, G = (g), and g(CB) = Cq+l, (Xé) =
Xq ;> for any ¢ € Z. Then, since C is the family of quasitubes in I'4 closed
under composition factors, we conclude that there is r € {0,1,...,l—1} such

that C contains all quasitubes Cm, x € X, of CA. In particular, we conclude
that CA = (Cf}z)zexr is a family of pairwise orthogonal generalized standard
quasitubes consisting of modules which do not lie on infinite short cycles in
mod A. We may assume, without loss of generality, that r = 0.

We claim that this forces G to be one of two forms (a) and (b) required
in (i). We show first that g = goyé for a positive automorphism ¢ of B.
Suppose it is not the case. Then, by the property (4), we conclude that
I € {1,2,3}. We have three cases to consider.

Assume [ = 1. Then we have F)\(Cég) = Cf = FA(CIE). Applying then
the property (8), we conclude that, for any = € Xy, the quasitube C(fx is not
generalized standard, a contradiction. -

Assume [ = 2. Then we have F)\(C) = C§' = F\(C?). We know from (1)
that CB (C8'y)aex, and Cf* = (C',)zex, are infinite families of quasitubes.
Since ['4 has only finitely many projective modules, we may choose zy, €
Xo and x; € X; such that C§ 0 and Ci, are stable tubes. Observe that

Cily = FA(CE,,), Cllsy = FA(CE,,), and Cfl,, = FA(CE,,) for @5 € X such
that VB(C0 v0) = C2 > by the property (4). Applying the property (8), we
conclude that Hom 5(C¥ ) # 0 and HomB(C1 1 2932) # 0, and hence

l:r;l

0,z0° 1:1:1
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Hom4(Cg',,. Ci,,) # 0 and Homu(Cf,,.C¢,,) # 0. Then it follows from
Lemma 2.11 that there is in mod A an infinite short cycle M — N — M
with M in C',, and N € C{!, , a contradiction because Cg', is a quasitube
of the family C = (Cy)rex-

Assume [ = 3. Then we have F\(CP) = Ci8 = F\(CP). Since
C = (Co . )zex, 18 an infinite family of quasitubes and the number of projec-
tive modules in I'4 is finite, we may choose xy € XO such that C O 1S & stable

tube of I'4. Observe that then C§' = FA(CO o) CO is a stable tube of I'z,

,Z0
and hence g(CO’_,EO) is a stable tube C3r , for some x5 € X3, of I'3. Applying
now the property (9), we conclude that there is an indecomposable projec-

tive module P in XIB such that HomB(CO o P) # 0 and Homg(P,Cq mB) # 0.
Then we have F,\(CO o) = Ciley = FA(CE,,) and F\(P) is an indecompos-

able projective A-module in FA(XB) such that Homx (Cgl,,, Fa(P)) # 0 and
Homy (F\(P),Cgl,,) # 0. Then it follows from Lemma 2.11 that there is in
mod A an infinite short cycle M — F\(P) — M with M in Cg', , again a
contradiction since Cgl,, is a quasitube of the family C = (Cy)zex-

Summing up, we proved that indeed g = gpy% for a positive automorphism
@ of B. R

Assume now that ¢ is a rigid automorphism of B and B is an almost con-
cealed canonical algebra (of Euclidean or wild type) whose unique separating
family 77 of ray tubes contains at least one projective module, or equiva-
lently (see [30], [32]), B is not a concealed canonical algebra. Then the family

11‘17

0,00 —

C of quasitubes of 'z, and hence the family Cg' = F)\(C§) of quasitubes in
['4, contains at least one projective module. We also note that, since ¢ is
a rigid automorphism of B, its restriction g to B = By is a k-algebra au-
tomorphism of B and ¢p acts on the unique separating family 7% of ray
tubes of I'g. Suppose pp fixes a nonstable tube (a ray tube containing pro-

jective module) of TB. Then there is zy € X such that ch

containing at least one projective module such that gp(CO v0) = CO o Since

Co.zo is a quasitube
g = gm/A, applying the property (4), we then obtain that g(CO ) = C4 ro-
Take now an indecomposable projectlve B-module P in CO,mO. Then, by

(4), we conclude that vgz(P) € 02 oo and I/B( ) € C4 'wy- Clearly, we have
Homg(P,v5(P)) # 0 and Homg(vz(P), VA( )) # 0. Moreover, g(P) and

y%(P) belong to the same quasitube C47$0. Therefore, we conclude that

there are indecomposable projective A-modules F\(P) and F,\(V%(P)) in
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Cgly, and an indecomposable projective A-module F)(vz(P)) in Cjl, such
that Hom (Fi(P), FA(v3(P))) # 0 and HOHIA(F)\(VE(P)),F)\(V%(P))) # 0.
Applying now Lemma 2.11, we conclude that there is in mod A an infinite
short cycle M — Fy(vg(P)) — M with M in C¢, , a contradiction since
Ciley 15 In C = (Cy)aex-

This finishes the proof that (i) implies (i7).

Assume now that (i7) holds. In particular, we have g = gpu% for a positive
automorphism of B . Then it follows from (4) that there is a positive integer
I > 4 such that g(CP) = CJ, for any ¢ € Z. Let C = (Cy)sex with X = X
and C, = C¢, for any € X. Since g = @u% = (prg)vg with pvg a
strictly positive automorphism of B , invoking the knowledge of the supports
of indecomposable modules in mod B (see [1], [32]) we conclude that the
images Fi(S) and F\(T) of any nonisomorphic simple B-modules S and
T which occur as composition factors of modules in a fixed family Cf are
nonisomorphic simple A-modules. Therefore it follows from Theorem 6.1 and
the properties (1)-(4) that C is an infinite family of quasitubes with common
composition factors and closed under composition factors. We show now
that C consists of indecomposable A-modules which do not lie on infinite
short cycles in mod A. Observe that for two indecomposable modules M and
N in C, we have M = F)(X) and N = F\(Y), for some indecomposable
B-modules X and Y in C{?, and F) induces an isomorphism of k-modules
Hom, (M, N) = Homg(X,Y), by the properties (5), (6), and [ > 4 > 2. In
particular, by (2) and (3), C = (C,)sex is a family of pairwise orthogonal
generalized standard quasitubes of I'4. Suppose there is an infinite short
cycle M — L — M in mod A with M in C,, = C(fxo for some xy € X = X,.
Clearly, then L does not belong to C,,. Then M = F,(X) for some X in
C(fx , and L = F,(Z) for some indecomposable module Z in mod B such that
Homp(X, Z) # 0. Applying (5) and (6), we conclude that Z € X v CP v
XP v 5. Since Hom(L, M) # 0, applying (5) and (6) again, we infer that
Homz(Z,9X) # 0. Observe that X € ¢(CP) = CP with | > 4. Hence,
invoking (5) and (6), we obtain that Z belongs to C;’ and | = 4. But then
the property (7) forces Z € v5(Cg,,) and 9X € V%(ngo). In particular we
obtain that

(V50)(Comy) = (9V3)(Cony) = 9(Ciay) = V5 (Cilay),

and hence @(C(i o) = ch

0.zy- Lherefore, ¢ is a rigid automorphism of B which
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fixes the nonstable quasitube C'(]fxo of I'z. Then the restriction pp of ¢ to
B is a k-algebra automorphism of B which fixes the nonstable tube 7.
of the unique separating family 77 of ray tubes of 'y whose all modules
belong to the quasitube C’, of T'z. This contradicts the assumption (i).
Therefore, the family C = C§' of quasitubes C, = C§',, © € X = X, consists

0,2
of the indecomposable A-modules which do not lie on infinite short cycles in
mod A. This completes the proof that (i) implies (). O

7. Proof of the Theorem 1.1

The aim of this section is to complete the proof of Theorem 1.1, by
showing the implication (i) = (i7).

Assume that A is a basic, connected, selfinjective algebra and C = (C;)es
a family of quasitubes in I'4 with common composition factors, closed under
composition factors, and consisting of modules which do not lie on infinite
short cycles. Then it follows from Proposition 2.10 that all quasitubes C; in
C are generalized standard components of I'4.

We will show first that C is a family of quasitubes of a quasitube enlarge-
ment A of a concealed canonical algebra C'.

Fix i € I, and consider the quotient algebra A; = A/ anny(C;). Then the
quasitube C; is a generalized standard faithful, hence sincere, component of
I'4,. Moreover, it follows from Lemma 2.12 that C; is a quasitube without
external short paths. Applying Theorem 4.4, we conclude that A; is a qua-
sitube enlargement of a concealed canonical algebra C;, there is a separating
family T = (T,%),ex, of stable tubes of I'c, and a stable tube 7,7, for
some z; € X;, such that C; is obtained from ’Z;? by a sequence of admissible
operations of types (ad 1), (ad2), (ad 1*) and (ad 2*), corresponding to those
admissible operations leading from C; to A;. We recall that the index set X;
is infinite. Hence 7 is an infinite family of pairwise orthogonal stable tubes
consisting of modules which do not lie on infinite short cycles in mod C}, be-
cause 7Y is a separating family of stable tubes of I'c,. Observe also that
C; is a quotient algebra of A, say C; = A/J; for an ideal J; of A, since C;
is a quotient algebra of A;. We note that 7% = (7.¢),cx, is a family of
stable tubes of I, with common composition factors (see [30], [48]). Since
the quasitube C;, containing all modules of ’];?Z, belongs to C and C is closed
under composition factors, we conclude that all modules of the family 7
belong to C. Applying Lemma 2.14, we conclude that, for each z € X, there
exists a quasitube C\ in C containing all modules of the stable tube T.C of
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I'c,. Moreover, by Lemma 2.12, we have ¢V #* Cl(f) for all x # y in X, since
the tubes 7, and ’Z;(i) are orthogonal. In fact, it follows from Lemma 2.13
that 7.0 = ¢t for all but finitely many indices x in X;, namely those z € X
for which C! is a stable tube. We also note that C;g), r € X, is a family of
quasitubes with common composition factors. Further, for each x € X; with
7O = ) we have J; = ann A(Ca(f)), because 7.7 is a faithful component of
Le,.

We claim now that all concealed canonical algebras C;, i € I, coin-
cide. Take ¢ # j in /. Since the sets X; and X; are infinite, we may
take z € X; and y € X; such that 7.¢' = ¢t and ’];Cj = ngj). In par-
ticular, we have J; = anni(Z,%%) and J; = annA(’Z;Cj ). We may assume
that 70 and 7, are different, because 7' = T, forces J; = J; and then
C; = A/J; = AJJ; = C;. Observe that 7. and 7,77 are stable tubes of
'y with common composition factors and consist of modules which do not
lie on infinite short cycles in mod A, because 7. and ’Z;,Cj belong to the
family C = (C;)icr. Applying Theorem 2.5 and Lemma 2.17, we conclude
that there exist indecomposable A-modules M; € T.¢ and M; € ’];Cj such
that [Mz] = [MJ] in Ko(A) and Jz = aIlIlA(Mi), Jj = al’ll’lA(Mj). Since
[M;] = [M;], there is a quotient algebra D = A/L, for an ideal L = AgA
of A given by an idempotent g of A, such that M; and M; are sincere in-
decomposable D-modules. Clearly, then J; C L and J; C L, so 7.V = ¢l

and ’Z;Cj = Cgsj ) are sincere stable tubes of I'p consisting of indecomposable
D-modules which do not lie on infinite short cycles in mod D. Moreover, we
have annp(7.¢") = L/J; and annD(’Z;(j)) = L/J;. Applying Corollary 3.3, we
conclude that D is a concealed canonical algebra, 7.¢ and %Cj are faithful
stable tubes of I'p, and consequently J; = L = J;. Therefore, indeed we
have C; = A/J; = A/J; = C; for all 4,5 € I.

Summing up, we have proved that there exists a concealed canonical
algebra C' such that C' is a quotient algebra of A and, for each i € I, A; =
A/ ann4(C;) is a quasitube enlargement of C, and C; is obtained from a stable
tube ’Z;C, x; € X;, by the corresponding iterated application of admissible
operations of types (adl), (ad2), (ad1*) and (ad2*), where X; is the index
set of a separating family of stable tubes of I'c. Since the family C = (C;)es
consists of quasitubes with common composition factors and is closed under
composition factors, we conclude that I'c has a canonical decomposition

Ie=P°VvTCVvQ°

37



where 7¢ = (7.9) ,ex is a separating family of stable tubes such that, for any
1€ 1, ’];C is a stable tube of 7¢. In particular, we have X; = X for any i € I.
Moreover, we proved that, for a fixed x € X, all modules of the stable tube
T.¢ are contained in a quasitube C, from the family C. Therefore, we conclude
that A = A/ann,(C) is a quasitube enlargement of the concealed canonical
algebra C', using modules from the separating family 7¢ = (7.¢),ex of sta-
ble tubes of ', and C is the separating family of quasitubes of I'y, obtained
from the family 7¢ by the corresponding iterated application of admissible
operations of types (ad 1), (ad2), (ad1*) and (ad 2*). Applying Theorem 4.3,
we conclude also that there is a unique almost concealed canonical quotient
algebra B = A, of A (the right quasitilted part of A), which is a tubular ex-
tension of C' and I'p admits the separating family C" = (C),ex obtained from
the family 7¢ = (7.%),ex of T'c by the corresponding iterated application
of admissible operations of type (ad1). Moreover, the family C = (C,),ex of
quasitubes of I'y (and I'4) is obtained from the family C" by a sequence of
admissible operations of types (ad 1*) and (ad 2*).

Let I be the annihilator ann4(C") of the family C” (of modules) in A. Since
C" is a faithful family of ray tubes of I'g, we conclude that B = A/I. We may
assume that there exists a complete set of pairwise orthogonal idempotents
€1,...,ey, of Asuch that 1, =e;+...+e¢, and e =¢; + ...+ ¢, for some
m < n, is a residual identity of B = A/I. We will show that [ is a deforming
ideal of A with [4([) = Ie and r4(]) = el.

In order to prove that I is a deforming ideal of A we need several technical
results.

Denote by J the trace ideal of the family C" in A, that is, the sum of
the images of all homomorphisms from modules in C" to the right A-module
A. Similarly, by J’ we denote the trace ideal of the dual family D(C") of left
A-modules in A.

Proposition 7.1. JUJ' C 1.
PROOF. Observe first that the annihilator I = ann4(C") of C” is the annihi-

lator ann 4 (M) of a module from the additive closure add(C") of C". Indeed,
since A is of finite length over k, we have

I =annuy(C") = ﬂ anna(X) = mannA(Mi) = annA(@ M;)

XeCr

38



for a finite family M;,..., M, of indecomposable modules from C", so we
may take M = M, & ... H M,. We also note that I is the annihilator of the
left A-module D(M), from add D(C"). In particular, we obtain that M is a
faithful right B-module and D(M) is a faithful left B-module.

Invoking again the fact that A4 is of finite length over k, we obtain also

that \
J = Z Imh = Z Im h;
=1

he€Hom 4 (Y,A4), YECT
for some homomorphisms h; € Homy(Y;, A) with Y; in C", for i € {1,..., s},
and hence an epimorphism of right A-modules
by b)Y =Y — J
i=1

Then N = M @Y is a module from add C" with anns(N) = anny (M) = I,
hence N is a faithful right B-module, and there exists an epimorphism of
right A-modules g : N — J. Clearly, then J is a right B-module, because
JI = g(N)I = g(NI) = g(0) = 0.

We will show now the inclusion J C [. Suppose we have J € I. Since
I = anny(N) is the intersection of the kernels of all homomorphisms from
Homy (A4, N), we conclude that there is a homomorphism f : A — N in
mod A such that f(J) # 0. Then there are indecomposable direct summands
U and V of N and P of A4 such that f(g(U)NP)NV # 0, and consequently

we obtain a short path in mod A
U——=P——V,

with U and V in C", P an indecomposable projective right A-module, and
vu # 0. Moreover, Imu contains soc P, and so soc P is a simple right
B-module, because Imw is a right B-module. On the other hand, the family
of quasitubes C is obtained from the family of ray tubes C" by a sequence of
admissible operations of types (ad 1*) and (ad 2*), we then infer that P ¢ C".
Hence u and v belong to rad®(mod A), and so 0 # vu € rad™(U, V), a con-
tradiction since C" is a generalized standard family of modules in mod B, and
hence in mod A. Therefore, we have indeed J C I.
Further, since 4A is of finite length over k, we obtain that

¢
J = Z Imh’:ZImhg
j=1

h €Hom qop (D(Y'), 4 A), Y'ECT
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for some homomorphisms A} € Hom 4o (D(Y), 4A) with Y] € C", for j €
{1,...,t}, and hence an epimorphism of left A-modules

By ... b)) : DY) = @ D(Y]) — AA.

Then N' = M @®Y" is a module from C", D(N') is a module in add D(C"), and
anng D(N') = anny D(M) = I. Hence D(N') is a faithful left B-module and
there exists an epimorphism ¢’ : D(N’) — J’ of left A-modules. Obviously,
then J' is a left B-module, because [J' = I¢'(D(N')) = ¢'(ID(N’)) = ¢'(0) =
0.

We claim now that J' C I. Suppose J' € I. Since I = anny D(N’) is the
intersection of the kernels of all homomorphisms from Hom 4o» (4 A, D(N")),
there exists a homomorphism f’: 4A — D(N’) of left A-modules such that
f'(J) # 0. Then we have the sequence of homomorphisms of left A-modules

D(N’) g J/ W' AA 1!

D(N)

where w' is the canonical embedding, with f'w’g’ # 0. Applying the duality,
we obtain homomorphisms in mod A
D(f’ D(w'g’
N7 29 D)2
with D(w'¢")(D(f")(U") N P") NV’ # 0, and consequently a short path in
mod A
e

with U’ and V’/ in C", P’ an indecomposable projective right A-module, and
v'u’ # 0. Since Imu' is a nonzero right B-module, soc P’ is a simple right
B-module, and so we infer as above that P’ ¢ C". Hence u' and v’ belong to

rad®(mod A), and then 0 # v'v’ € rad™(U’, V'), a contradiction since C" is
a generalized standard family of modules in mod A. 0

Lemma 7.2. We have lo(I) = J, ra(I) =J and I =ra(J) =14(J").

PROOF. Because J is a right B-module then I C r4(J). Let N be a module
from add C" such that I = r4(N). Let p: N — A" be an embedding of N
into a finite dimensional free right A-module. Denote by p; : N — A, for
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i €{1,...,t}, the composite of p with the projection on the i-th component
of A'. Then there is an embedding of N into the direct sum @@._, p;(N),
which is contained in @!_, J. Hence we have

I'=ra(N)2 TA(@/%(N)) 2 TA(@ J) =ra(J).

Consequently, we obtain I = r4(J). Applying now a theorem by Nakayama
(60, Theorem 2.3.3], we get J = lara(J) = l4(1).

We will show now that J' = r4([). First notice that, because J' is a left
B-module, I C [4(J"). Let N’ be a module from addC" such that I =
[A(D(N")). Let p' : D(N') — A®° be an embedding of D(N’) into a finite
dimensional free left A-module. Denote by p} : D(N') — A, fori € {1,..., s},
the composite of p’ with the projection on the i-th component of A*. Then
there is an embedding of D(N’) into the direct sum @;_, pi(D(N’)), which
is contained in €@;_, J'. Hence we have

1= 14(D(N) 2 L@ ADNV)) 2 14l @D ') = 1alT)

Thus we obtain I = [4(J’). Applying now the theorem by Nakayama men-
tioned above, we get J = rala(J") =ra(l). O

Lemma 7.3. We have ele = eJe = eJ'e. In particular (ele)? = 0.

PROOF. Since e is a residual identity of B = A/I, we have B = eAe/ele.
Thus C" is a faithful generalized standard family of ray tubes in I'csc/ere.
Further, J is a right B-module, 1 —e € I, and so J = Je + J(1 —e) = Je,
because J(1 —e) C JI = 0. Then eJ is an ideal of eAe with eJ C ele, by
Proposition 7.1.

Consider the algebra B’ = eAe/eJ. Then C" is a sincere generalized
standard family of ray tubes in ['g. Because the family C" in I'4 consists
of B-modules which do not lie on infinite short cycles in mod A, the mod-
ules from the family C" in 'z do not lie on infinite short cycles in mod B'.
Moreover, for any z # y in X, the ray tubes C; and C; have infinitely many
modules with common composition factors, since C., contains all modules of
7.¢ and C’f contains all modules of ’];C. Therefore, by Lemma 2.12, the fam-
ily C" consists of modules which do not lie on external short paths in mod B’.
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Hence, applying Theorem 3.1, we conclude that B’ is an almost concealed
canonical algebra and C" a separating family of ray tubes of I'g,. But then
the sincere generalized standard family C” of ray tubes of I'ps is faithful in
mod B’. This implies that ele/eJ = anng/(C") = 0, and hence ele = eJ. In
a similar way we show that ele = J'e. Applying Lemma 7.2, we obtain the
equalities (ele)? = eJeele = eJele = (eJe)le = eJIe = 0. O

We shall use also the following general lemma on almost split sequences
over triangular algebras (see [52, Lemma 5.6]).

Lemma 7.4. Let R and S be algebras and N an S-R-bimodule. Let I' =
(g g) be the triangular matrixz algebra defined by the bimodule s Nr. Then
an almost split sequence 0 — X — Y — Z — 0 in mod R s an almost split
sequence in mod I' if and only if Homg(N, X) = 0.

Lemma 7.5. Let f be a primitive idempotent in I such that fJ # fAe.
Then K = fAeAf + fJ + fAeAfAe+ eAf + ele is an ideal of the algebra
F = (e+ f)A(e + f), and N = fAe/fKe is a right B-module such that
Homp(C", N) # 0 and Homg(N,C") = 0.

Proor. It follows from Lemma 7.3 that ele = eJe. Since eJe C J, we
obtain the inclusions fAele C f(ele) C fJ. Therefore K is an ideal of
F. Observe also that fKe = fJ + fAeAfAe, fKf C rad(fAf), because
(FK[f)* = (fAcAf)(fAeAf) C Ielel C IeJI =0, eKe = ele and eK f =
eAf. Moreover N # 0. Indeed, if fAe = fKe, then, since eAfAe C ele C
rad(eAe), we have from Lemma 7.3 that fAe = fJ+ fAe(rad(eAe)), and so
fAe = fJ, a contradiction with our assumption. Further, B = eAe/ele and
(fAe)(ele) = fAeJ C fJ C fKe, and hence N is a right B-module. Finally,
N is also a left module over S = fAf/fK f and I' = F/K is isomorphic to
S N
0 B
of the family C = (C,).es of quasitubes of I'4, we conclude that the family
C" = (C)zex of ray rubes of I' g is the image of the family C via the restriction
functor (—)(e+ f) : mod A — mod F', and consequently C" is a family of ray
tubes of I'r. We note also that the ray tubes C., x € I, do not contain
injective modules, and hence for any module X in C" there exists an almost
split sequence 0 — X — Y — Z — 0 in mod F' consisting entirely of
B-modules. Therefore, applying Lemma 7.4, we obtain Hompg (N, X) = 0 for

the triangular matrix algebra I' = ) Invoking now the structure
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any module X in C", and so Homp(N,C") = 0. Further, C" is a separating
family of ray tubes of I'g, and hence every indecomposable module in mod B
is either generated or cogenerated by C". This implies that Hompg(C", N) #
0. OJ

Denote by v the Nakayama automorphism of A and by v~ its inverse.
Then for any primitive idempotent f of A we have soc(v(f)A) = top(fA) =
fA/rad(fA). We have then the following two lemmas proved in [52, Lemmas
1.1 and 5.11].

Lemma 7.6. The right ideal v(e)la(I) is a minimal injective cogenerator in
mod B, and the left ideal r4(I)v~(e) is a minimal injective cogenerator in
mod B,

Lemma 7.7. We have v(e)J = ly(¢)ac(ele) and J'v™(e) = rean—(o)(ele).
Lemma 7.8. We have v(e)le =v(e)J and elv—(e) = J'v~(e).

PROOF. Let ¢; be a primitive direct summand of e and put f = v(e;). We
shall show that fle = fJ. It is enough to prove that flel = 0, because
then Lemma 7.7 implies fle C lyac.(ele) = fJ, and fJ C fle follows from
Proposition 7.1. Suppose that flel # 0. Then f € I, because soc(flely) C
top(e;A), and so flele; # 0 but (ele)* = 0, by Lemma 7.3. Moreover, if
fAe = fJ then, since f € I, it follows that (fle)] C (fAe)l = fJI =
0, which contradicts our assumption. Therefore, we get fAe # fJ. Now
consider K and N as in Lemma 7.5. Then we have Homg(C", N) # 0 and
Homp(N,C") = 0. Take a module M from C" such that Hompg(M, N) # 0.

(1) Let L = fKe/fJ. Observe that L is a right B-module, because B =
eAe/ele and ele = eJ from Lemma 7.3. We claim that Hompg(L, M) =
0. It is enough to show that L is generated by N, because Hompg(N, M) =
0. In fact,
L= (fAcAf)fAe/(fJ N fAeAfAe)

as B-modules and the module on the right-hand side is generated by
N = fAe/(fJ + fAeAfAe), where we note that

(fAeAf)fJ C fJN fAeAf Ae,
(fAcAf)(fAeAfAe) = (fAe)(eAfAe)(eAfAe) C (fAe)(ele)?,

and (ele)? = 0 by Lemma 7.3. Since 75 M = 0 or 75 M belongs to C",
we have also Homp(N,75M) = 0, and so Homg(L, 75 M) = 0.
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(2) We show that Homea.(fKe, 7.4.M) = 0. Applying now the functor
Homeae(—, Teae M) to the exact sequence 0 — fJ — fKe — L — 0, we
obtain the exact sequence

0—— HomeAe(L7 TeAeM) — HomeAe<fK67 TeAeM> —

— HomeAe(fja TeAeM)

where Homeae(fJ, Teae M) = Homp(fJ,75M). Since, by Lemmas 7.2
and 7.6, fJ is an indecomposable injective B-module, it is generated by
C" but is not in C". Invoking now the fact that C" is a separating family
of ray tubes of I'g, we obtain Homga.(fJ, Teae M) = 0, and consequently
« is an isomorphism. Hence, by (i), we obtain Hom,4.(f Ke, Teae M) = 0.

(3) Finally, applying Hom.(M, —) to the canonical exact sequence 0 —
fKe — fAe — N — 0, we have the exact sequence

Hom, (M, fKe) i>HomeAe(]\4, fAe) ——
— Home g (M, N) ——Ext! ,.(M, fKe),

where (3 is an isomorphism because lf4.(ele) = fJ C fKe by Lemma
7.7. Further, Ext!, (M, fKe) = DHomeu.(fKe, TencM) = 0 by (2).
This implies that Homp(M, N) = Homea.(M, N) = 0, contradicting the
choice of M. Therefore, we have proved that v(e)J = l,(c)ac(ele). The
proof of the second equality is dual. O

Lemma 7.9. We have Iele = 0.

PROOF. Suppose that Iele # 0. Then v(e)lele # 0 because soc(alele) =
top(Av(e)). But, by Lemma 7.8, we have v(e)lele = v(e)Jle = 0, a contra-
diction. Hence lele = 0. UJ

Lemma 7.10. Let f be a primitive idempotent in I with fAe # fJe. Then
Homp(C", fAe/fJe) # 0 and Homg(eAf/eJ',D(C")) = 0.

PrOOF. Consider K and N as in Lemma 7.5. Observe that fAecAfAe =
(fAe)(eAfAe) C Iele. Since Iele = 0, by Lemma 7.9, we then have N =
fAe/fKe = fAe/fJ. The claim follows from Lemma 7.5, and from the
left-right dual argument. OJ
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Lemma 7.11. Let f be a primitive idempotent in I such that v—(f) € 1.
We have Homp(C", f Ae) = 0.

PROOF. We note that fAe is a right B-module, because B = eAe/ele and
(fAe)(ele) C Iele and Iele = 0, by Lemma 7.9. As a restriction of the
isomorphism D(A) = A,- of A-A-bimodules, we obtain the isomorphism
D(fAe) = eAv—(f) of left (eAe/ele)-modules. Further, since top(Av—(f)) =
soc(Af) as left A-modules and f € I, we obtain eJ'v~(f) = 0. Thus we have
the isomorphism of left (eAe/ele)-modules eAv—(f)/eJ'v=(f) = eAv—(f) =
D(fAe), where we note that v~ (f) € I and ele = eJe, by Lemma 7.3.
Consequently, it follows from Lemma 7.10 that Homp(D(fAe),D(C")) = 0,
which implies Hompg(C", fAe) = 0. O

Lemma 7.12. Let f be a primitive idempotent from I. Then we have fAe =
fJe and eAf =eJ'f.

PrOOF. It is enough to show the first equality. We assume fAe # 0, since
the assertion is obvious in the case when fAe = 0. Suppose that fAe # fJe.
Take K and N as in Lemma 7.5. Observe that, as in the proof of Lemma
7.10, we have N = fAe/fKe = fAe/fJ. Applying Lemma 7.5 we obtain
Homp(C", N) # 0. Note that v~ (f) € I. Indeed, if v~ (f) ¢ I then fle = fJ,
by Lemma 7.8, and hence fJe = fAe, a contradiction. But v~ (f) € I implies
fJ =0, because fJ is a right ideal of A, JI = 0 and soc(fJ) = top(v~(f)A)
if fJ # 0. Therefore, N = fAe/fJ = fAe and, applying Lemma 7.11, we
get Homp(C", fAe) = 0, a contradiction to the fact established above. U

Now we are in position to prove the following crucial result.
Proposition 7.13. We have le = J, el = J and ele =JNJ'.

PROOF. Observe that Ie = ele @ (1 — e)le. From Lemma 7.3 we have
ele = eJe = eJ. Further, by Lemma 7.12, we obtain that (1 — e)le =
(1—e)Ae=(1—e)Je=(1—e)J, because 1 — e € I by the definition of e.
Hence lel = 0. Invoking Lemma 7.2, we then get Ie C [4(/) = J, and so
Ie = J. The equality el = eJ’ follows in a similar way. Finally, observe that
JNJ =e(JnJ)e=eJNJe=cele. O

Theorem 7.14. [ is a deforming ideal of A with la(I) = Ie andra(I) = el.
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PROOF. From Lemma 7.2 and Proposition 7.13 we know that [4(I) = J = Ie
and r4(l) = J = el. In particular we have Iel = 0. Therefore from
Proposition 5.2 we get ele = leae(I) = reae(I). Finally, B = A/I is an
almost concealed canonical algebra, and hence a quasitilted algebra. Then
the ordinary quiver Qg of B is acyclic, by [17, Proposition I11.1.1]. This
shows that I is a deforming ideal of A. O

We complete now the proof of the implication (i) = (4i) of Theorem 1.1.
We know that [ = anny(C") is a deforming ideal of A, with (4(I) = Ie, and
B = A/I is an almost concealed canonical algebra. Then it follows from
Theorem 5.4 that the deformed selfinjective algebra A[I] is isomorphic to
the orbit algebra B /(¢vg) for some positive automorphism 1 of B. More-
over, by Theorem 5.3(ii), the algebras A and A[I] are socle equivalent, and
consequently the module categories mod(A/soc A) and mod(A[]/soc A[I])
coincide. We note also that the Auslander-Reiten quivers I'y and I'4j; are
isomorphic. Then our assumption (i) on A forces that I'4;; admits a family
C" = (C})ier of quasitubes with common composition factors, closed under
composition factors, and consisting of indecomposable A[/]-modules which
do not lie on infinite short cycles in mod A[/]. Namely, for each i € I, the
quasitube C! is obtained from the quasitube C; by replacing any indecompos-
able projective A-module P by the corresponding indecomposable projective
All]-module P’, and keeping the remaining indecomposable A-modules in
C;. Then it follows from Propositions 6.4 and 6.5 that G = (yv3) satisfies
the conditions (77) of Theorem 1.1. In particular, we conclude that e; # o)
for any primitive summand e; of the residual identity e. Applying Theorem
5.3(7ii), we conclude that A and A[I] are isomorphic k-algebras. Therefore,
A is isomorphic to the orbit algebra B /G with G satisfying the conditions
(77) of Theorem 1.1. This finishes the proof of the implication (i) = (ii) of
Theorem 1.1.
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