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BRAID EQUIVALENCES AND THE L–MOVES

SOFIA LAMBROPOULOU

Abstract. In this survey paper we present the L–moves between braids and how they
can adapt and serve for establishing and proving braid equivalence theorems for various
diagrammatic settings, such as for classical knots, for knots in knot complements, in
c.c.o. 3–manifolds and in handlebodies, as well as for virtual knots, for flat virtuals, for
welded knots and for singular knots. The L–moves are local and they provide a uniform
ground for formulating and proving braid equivalence theorems for any diagrammatic
setting where the notion of braid and diagrammatic isotopy is defined, the statements
being first geometric and then algebraic.

Introduction

The central problem in classical knot theory is the complete classification of knots
and links up to ambient isotopy in three-space. Reidemeister [Rd] translated isotopy
in space into a diagrammatic equivalence relation. Further, the braid group provides a
fundamental algebraic structure associated with knots. The Alexander theorem tells us
that every knot or link can be isotoped to braid form. The capstone of this relationship
is the Markov theorem, giving necessary and sufficient conditions for two braids to close
to isotopic links. Since the discovery of the Jones polynomial [Jo] –the first invariant for
knots and links that was constructed using braids– the Markov theorem received renewed
attention.

Among other proofs of the Markov theorem, in [LR1] we introduced a new type of
braid move, the L–move, and we proved an one-move Markov theorem. The L–move is a
very simple uniform geometric move that can be applied anywhere in a braid to produce
a braid with the same closure. More precisely, an L–move consists in cutting a strand
of the braid and taking the top end to the bottom of the braid and the bottom end to
the top of the braid, both entirely over or both entirely under the braid, creating a new
pair of corresponding braid strands. By small braid isotopies, an L–move is equivalent to
adding an in-box crossing in the braid, aquiring thus an algebraic expression. See Fig. 5
for illustrations. Consequently, in [LR1, LR2, HL] the L–move approach was used for
proving braid equivalence theorems (analogues of the Markov theorem) for classical knots
and links in knot complements, in closed, connected, oriented (c.c.o.) 3–manifolds and in
handlebodies. Further, using the L–move methods, we proved in [KL2] braid equivalence
theorems for the virtual braid group, for the welded braid group and for some analogues
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2 SOFIA LAMBROPOULOU

of these structures. Finally, in [La3] an L–move singular braid equivalence is given, using
the algebraic singular braid equivalence of [Ge].

Given a diagrammatic knot theory there are deep interrelations between the diagram-
matic knot isotopy in this theory, the braid structures and the corresponding braid equiva-
lence. On the other hand, braid equivalence theorems are important for understanding the
structure and classification of knots and links in various settings. Also, for constructing
invariants of knots and links using algebraic means.

In this survey paper we present the L–move methods of the author and collaborators
and how they can serve for establishing and proving braid equivalence theorems for the
diagrammatic settings mentioned above. We have omitted all technicalities and most
proofs. For details, the interested reader is referred to the papers [LR1], [LR2], [La2],
[HL], [KL2] and [La3]. In Section 1 we discuss braiding and braid equivalence for knots in
S3. We describe a generic braiding method that can adapt to any diagrammatic setting,
we define the L–moves, and we give the one-move Markov theorem (Theorem 3). In
Section 2 we present the L–move methods for deriving braid equivalences, geometric and
algebraic, for knots in knot complements, in c.c.o. 3–manifolds and in handlebodies.
Finally, in Section 3 we describe how the L–moves adapt for deriving braid equivalences
for virtual knots, welded knots, flat knots and for singular knots.

More precisely: the diagrammatic equivalence in a specific topological setting, but also
moves that are not allowed in the setting, define the corresponding braid isotopy, the
way the closure of a braid is realized, and also the types of L–moves needed for the
corresponding braid equivalence.

In the case of knots and links in knot complements, in c.c.o. 3–manifolds and in
handlebodies, the basic idea was to represent the manifold by a braid in S3 and then links
and braids in the manifold by mixed links and mixed braids in S3. Then to translate
isotopy in these spaces in terms of mixed link isotopy in S3, according to the hosting
manifold each time. The main difference among the knot theories in these spaces is that
in a handlebody a knot may not pass beyond the boundary of the handlebody from either
end, and this is reflected both in the definition of the closure of a braid (see Figs. 27, 28) as
well as in the corresponding braid equivalence. Further, in the case of c.c.o. 3–manifolds
we have an extra isotopy move (from the case of knot complements) coming from the
handle sliding moves related to the surgery description of the manifold. All these are
explained in Section 2.

Regarding the L–move braid equivalence corresponding to the knot isotopy in a given
setting, there are two conceptual steps: first create the L–move braid equivalence on a
geometric level. Then take into account the algebraic structures of the braids and the
algebraic expressions of the L–moves (using the interpretation of an L–move as introducing
an in-box crossing, see Fig. 6 for braids in S3) and turn the geometric braid equivalence
into an algebraic braid equivalence. The interpretation of an L–move as introducing
an in-box crossing is also very crucial in the search of the types of L–moves needed in a
specific diagrammatic setting, as they are related to the types of kinks allowed in the given
diagrammatic isotopy. For example, in the virtual domain we have L–moves introducing
a real or a virtual crossing, facing to the right or to the left of the braid. Moreover, the
presence of the two forbidden moves in the theory leads to the fact that the strands of an
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L–move cross the other strands of the braid only virtually, and also to a type of virtual
L–move coming from a ‘trapped’ virtual kink (see Definitions 10, 11 and 12). As another
example, in the singular domain we do not have L–moves introducing a singular crossing,
as the closure of such a move would contract to a kink with a singular crossing, and this
is not an isotopy move in the theory. All these are discussed in Section 3.

Regarding the algebraic braid equivalences, surprisingly conjugation by a braid gen-
erator may sometimes be achieved simply by L–moves within the braid. Then, such
conjugations will not appear in the geometric statement of the braid equivalence. But
there are also situations where a braid generator, even if it has an inverse, cannot be
conjugated. For example, the loop generators ai in a handlebody of genus m ≥ 2 (see
Subsection 2.4), which can be conjugated in the case of knot complements. Then, such
conjugations will not appear even in the algebraic braid equivalence of the theory. Finally,
there are braid structures where some generators do not have inverses (e.g. the singular
crossings τi in singular knot theory), so conjugation by these generators may not appear
in the braid statement. Yet, a cutting line is permitted to cut a closed braid before or
after a braid generator xi. For this reason we will adopt the following more general move,
which is equivalent to conjugation if xi has an inverse.

• Commuting in Bn : αxi ∼ xiα,

where Bn denotes the set of braids with n strands in the given diagrammatic knot theory.
There may be also situations where the cutting line of the closure cannot cut anywhere
(for example, singular knot theory in a handlebody). For this reason we will adopt the
more general stabilization move:

• Stabilization in ∪nBn: α1α2 ∼ α1x
±1
n α2,

where α1, α2 ∈ Bn and xn ∈ Bn+1. Stabilization by a real crossing may occur in all the
above-mentioned knot theories. This is because the isotopy move RI is permitted in all
these theories. Yet, stabilization by a singular crossing is not permitted in singular braids.

The L–moves between braids are very fundamental and they provide a flexible concep-
tual center from which to deduce many results. They may be adapted to any diagrammatic
setting where the notion of braid and diagrammatic isotopy is defined, and they provide
a uniform ground for formulating and proving braid equivalence theorems, first geometric
and then algebraic. Moreover, the local algebraic versions of the braid equivalences in the
various settings, as they arise using the L–moves, promise to be useful for constructing
invariants of knots and links in these settings.

As we said earlier, the differences in the various settings lie in the knot isotopies allowed
or not allowed in the theory, and these will be reflected in the way the closure of a braid
is defined and in the corresponding braid equivalences. For instance, one could work
out braid equivalences for the virtual or the welded or the singular knot theory in knot
complements, in c.c.o. 3–manifolds or in handlebodies. In future work we intend to apply
our methods to transverse knots and to knots in thickened surfaces.

All the issues treated in this paper are expanded, discussed thoroughly and proved in
detail in the author’s monograph [La4].
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planar isotopy

RI

RII

RIII

Figure 1. The diagrammatic isotopy moves

1. Braid equivalence in S3

A link of k components is the homeomorphic image of k copies of the circle into three-
space and a knot is a link of one component. The central problem in classical Knot Theory
is the complete classification of knots and links in S3 up to ambient isotopy. Reidemeister
[Rd] translated isotopy in space into a discrete diagrammatic equivalence relation on knot
diagrams in the plane, generated by the three well–known Reidemeister moves RI, RII,
RIII together with planar isotopy, see Fig. 1. Further, isotopy of oriented links uses all
variations of the Reidemeister moves resulting in from all different orientations of the arcs
involved. In the sequel, whenever we say ‘knots’ we shall mean both knots and links.

Braids, as topological objects, are similar to links, but they have an algebraic structure.
A braid on n strands consists in n arcs embedded in a thickened square [0, 1]× [0, ε]× [0, 1],
such that the ends are arranged into n collinear top endpoints in [0, 1] × [0, ε] × {1}
and n collinear bottom endpoints in [0, 1] × [0, ε] × {0} and such that the embedding
is monotonous with respect to the height function, that is, there are no local maxima
or minima. Two braids are isotopic if one can be deformed to the other via an isotopy
that preserves the braid structure. Braids shall be identified with braid diagrams (that
is, regular projections on [0, 1] × {ε} × [0, 1]) with no risk of confusion. Algebraically,
the set of braids on n strands forms the classical braid group Bn [Ar1, Ar2], [Ch], whose
generators σ1, . . . , σn−1 are the elementary positive crossings between consecutive strands
and they satisfy the defining braid relations:

(1) σiσi+1σi = σi+1σiσi+1 and σiσj = σjσi for |i− j| > 1.

The first relation is the most characteristic, and it reflects the braid isotopy move RIII
(all arrows down). Also, the fact that the generators σi are invertible is reflected into the
braid isotopy move RII. An excellent reference on braid groups is [KT].

By definition a braid has a natural orientation (from top to bottom). Taking the closure
of a braid β, that is, joining its corresponding endpoints with simple unlinked arcs to the

side of the braid yields an oriented link, denoted β̂. Conversely we have:
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Figure 2. The basic braiding move

Theorem 1 (J. W. Alexander, 1923). Any oriented link in S3 is isotopic to the closure
of a braid (not unique).

Brunn [Br] proved that any link has a projection with a single multiple point; from
which it follows immediately (by appropriate perturbations) that we can braid any link
diagram. Apart from Alexander [Al], other proofs of Theorem 1 have been given by
Morton [Mo], Yamada [Ya], Vogel [Vo], by the author with Rourke [La1, LR1], and by
the author with Kauffman [KL1], where the emphasis is given on braiding virtual knots.

We shall present here two braiding algorithms, that of [La1, LR1] and that of [KL1],
both conceptually very simple and both based on the same idea. The context of both
braidings is that of [La1, LR1]: Any link diagram can be arranged to be in general position
with respect to the standard height function on the plane. This means that it does not
contain any horizontal arcs and it can be seen as a composition of horizontal stripes,
each containing either a local minimum or a local maximum or a crossing. The idea of
the braiding is on the one hand to keep the down–arcs of the diagram that are oriented
downward and, on the other hand, to eliminate the up–arcs that go upward and produce
instead braid strands. First consider up–arcs that contain no crossings. Call such an arc
in the diagram a free up–arc.

Definition 1. A braiding move on a free up–arc is the following elimination operation of
it: We cut the arc at any point. We then pull the two ends the upper upward and the
lower downward, keeping them aligned, and so as to obtain a pair of corresponding braid
strands, both running entirely over the previously constructed tangle or entirely under it.
View Fig. 2 for an abstract illustration. In Fig. 2 the up–arc is cut at the topmost point
and the two ends are both pulled over the rest of the diagram, which is represented by
the bold circle. The closure of the resulting tangle is a link diagram, obviously isotopic
to the original one. Indeed, from the up–arc we created a stretched loop, which by move
RI is isotopic to the original free up–arc. Note that in Fig. 2 a faint arc is also illustrated
inside the braid. It should be ignored in this definition; we shall refer to it later.

In [KL1], before performing the braiding moves we prepare the diagram by rotating all
crossings that contain up-arcs, so that the arcs that pass through any crossing are directed
downward. There are two types of rotation: If both arcs of the crossing go up, then we
rotate the crossing by 180 degrees. If only one arc in the crossing goes up, then we rotate
it by 90 degrees. See Figs. 3 and 4. These rotations may produce new free up–arcs. After
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isotopy

~

Figure 3. Full twist

isotopy

~

Figure 4. Half twist

adjusting all the crossings we then braid all the free up–arcs. The resulting tangle is the
desired braid, the closure of which is isotopic to the original diagram.

In [La1, LR1] we do not rotate the crossings. Instead, we apply the braiding move
also to the up–arcs going through crossings. The difference here is that we have to
label each up–arc as over or under according to its position in the crossing, and then
the resulting strands from the braiding move will be both over or under the rest of the
diagram accordingly, see [LR1] for details. For example, in Fig. 2 consider the up–arc
creating a crossing with the faint arc. Then the up–arc is the over arc and it is labelled
“o”, so the two new strands are stretched over the rest of the diagram.

Remark 1. The advantage of the braiding technique in [KL1] is that it applies equally
well to the virtual category, to flat virtuals, to welded knots and to singular knots, see
[KL1] for details. It applies, in fact, to all the categories in which braids are constructed.
The braiding technique in [La1, LR1] is preferred in situations where we need to analyze
how the isotopy moves on diagrams affect the final braids, see [LR1, HL, KL1] for details.

Trying now to use braids for studying knots we need to know when two braids corre-
spond to isotopic knots. The Markov theorem gives an equivalence relation in the set of
all braids B∞ := ∪∞n=1Bn reflecting isotopy of knots:

Theorem 2 (A. A. Markov, 1936). Two oriented links in S3 are isotopic if and only if
any two corresponding braids in B∞ differ by braid relations and the moves:
(i) Conjugation in Bn: σ−1

i ασi ∼ α,
(ii) Bottom stabilization in B∞: α ∼ ασ±1

n , where α ∈ Bn.

Conjugation can be generalized to the braid equivalence move commuting described in
the Introduction. Indeed, conjugation is clearly related to isotopy move RII occurring
in the back side of a closed braid α̂. Opening α̂ with a cutting line, this line will either
put both crossings of the move at the same side of the braid (and then the initial RII
move becomes the braid cancellation σ−1

i σi) or it will separate the two crossings, one
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at the top and one at the bottom of the braid, yielding a conjugate of α. Since the
σi’s are invertible, commuting in this case is equivalent to conjugation. Regarding the
bottom stabilization, we just note that the more general stabilization move described
in the Introduction together with move (i) implies bottom stabilization. Stabilization is
related to the isotopy move RI, since the closure of a braid with a stabilization move is a
knot with a kink at that place.

The Markov theorem is not easy to prove. Its proof is very technical and it depends
on the braiding algorithm used. Markov [Ma] used Alexander’s braiding algorithm. The
Markov theorem was originally stated by Markov [Ma] with three braid moves and then
Weinberg [We] reduced them to the two braid moves of Theorem 2. Birman [Bi1] gave a
more rigorous proof, filling in all details of Markov’s original proof, using a more rigorous
version of Alexander’s braiding algorithm. Bennequin [Be] gave another proof using con-
tact topology. After the discovery of the Jones polynomial [Jo] –the first knot invariant
that was constructed using braids and the Markov theorem– other proofs of Theorem 2
have been given by: Morton [Mo] using his threading algorithm, by the author with
Rourke [La1, LR1] using the braiding algorithm of [La1, LR1] and the new type of braid
move, the L–move (see below), by Traczyk [Tr] using Vogel’s braiding algorithm, and by
Birman and Menasco using Bennequin’s ideas.

In [LR1] using the L–moves we proved, in fact, the following sharper version of Theo-
rem 2 (cf. [LR1], Thm. 2.3).

Theorem 3 (One-move Markov theorem). Two oriented links in S3 are isotopic if and
only if any two corresponding braids differ by braid relations and the L-moves.

Definition 2. An L–move consists in cutting a strand of the braid at a point, then pulling
the two ends of the cut, the upper downward and the lower upward, both running entirely
over the braid or entirely under it, and keeping them aligned (on the vertical line of the
cutpoint) so as to obtain a new pair of corresponding braid strands. Thus there are two
types of L–moves, an under L–move, or Lu–move, and an over L–move, or Lo–move.
Fig. 5 illustrates an example of the two L–moves. Further, by a small braid isotopy that
does not change the relative positions of endpoints, an L–move is equivalent to adding an
in-box crossing (positive or negative) facing the right-hand side or the left-hand side of
the braid box.

So, the L–move generalizes the stabilization move. View last instance of Fig. 5, where a
positive in-box crossing is formed and two dots are placed to indicate the starting points
of the Lo–move. See also Fig. 6 for an abstract illustration. Closing the new pair of
strands created from an L–move results in a kink in the tangle diagram, so it corresponds
to the isotopy move RI.

Remark 2. The version of an L–move introducing an in-box crossing gives rise to the
following algebraic expression for an Lo–move and an Lu–move respectively:

(2) α = α1α2
Lo∼ σ−1

i . . . σ−1
n α′1σ

−1
i−1 . . . σ−1

n−1σ
±1
n σn−1 . . . σiα

′
2σn . . . σi

(3) α = α1α2
Lu∼ σi . . . σnα

′
1σi−1 . . . σn−1σ

±1
n σ−1

n−1 . . . σ−1
i α′2σ

−1
n . . . σ−1

i
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Figure 5. The L–moves
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Figure 7. Braid conjugation follows from the L–moves

where α1, α2 are elements of Bn and α′1, α′2 ∈ Bn+1 are obtained from α1, α2 by replacing
each σj by σj+1 for j = i, . . . , n− 1.

Theorems 2 and 3 imply that braid conjugation follows from the L–moves. This fact is
also directly illustrated in Fig. 7.

Remark 3. Theorem 3 has three main advantages: First, there is only one type of braid
equivalence move. Second, the L–moves are very local and fundamental. Thus, adapted
each time to a given diagrammatic setting (where diagrammatic isotopy is given and the
notion of a braid can be defined), they may provide a uniform ground for formulating
and proving geometric analogues of the Markov theorem. Third, due to the fact that
the L–moves have algebraic expressions, these geometric statements can be turned into
algebraic statements, according to the braid structures of the given situation (which, in
turn, depend on the diagrammatic equivalence and the manifold where the diagrams live).
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Figure 8. A mixed link and two mixed braids related to knot complements
and c.c.o. 3-manifolds

2. Braid equivalence in knot complements, c.c.o. 3-manifolds and
handlebodies

It is a well–known result in Topology that any c.c.o. 3-manifold can be obtained via
surgery on an unoriented framed link in S3 with integral framings. The intermediate
stage of surgery is the construction of the complement of the surgery link. By the term
‘knot complement’ we shall be referring throughout to both knot and link complements.
Another category of bounded 3-dimensional manifolds that give rise to c.c.o. 3-manifolds
are the handlebodies, via the Heegaard decomposition. The special case of the solid torus
is the only manifold common in both categories, and its knot theory has been studied
quite extensively from various viewpoints.

2.1. The common diagrammatic setting. As we shall establish in this section, knots
and braids in all three categories of 3-dimensional manifolds may be studied via very
similar diagrammatic representations in S3 and very similar techniques. The differences
lie in the knot isotopies allowed or not allowed in each manifold, and these will be reflected
in the way we define the closure of a braid and in the corresponding braid equivalences.
The underlying braid moves that lead to algebraic braid equivalences in all these manifolds
are the L–moves.

Let S3\K be the complement of the oriented link K in S3. By the Alexander theorem

and the definition of ambient isotopy, S3\K is homeomorphic to S3\B̂, where B̂ is the
closure of some braid B and it is isotopic to K. Throughout this section the braid B

will remain fixed. Let, further, L be an oriented link in S3\B̂. Fixing B̂ pointwise on its

projection plane we may represent L unambiguously by the mixed link B̂
⋃

L in S3, that

is, a link in S3 consisting of the fixed part B̂ and the moving part L that links with B̂,

view Fig. 8a for an example. A mixed link diagram is a diagram of B̂
⋃

L projected on

the plane of B̂ which is equipped with the top-to-bottom direction of B.

Let now M be a c.c.o. 3-manifold obtained by surgery on an unoriented framed link

in S3. Without loss of generality this link is the closure B̂ of some braid B. We shall

refer to B̂ as the surgery link and we shall be writing M = χ(S3, B̂). So M may be

represented in S3 by the framed braid B̂. Further, fixing B̂ pointwise, we have that links
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Figure 9. Representing Hm - a mixed link and a mixed braid related to a handlebody

in M can be unambiguously represented by mixed links in S3 –exactly as in the case of
knot complements. So, we follow the same diagrammatic setting.

Trying to find an analogue of the Markov theorem for links in S3\B̂ or χ(S3, B̂) we

observe first that B̂ must remain fixed. So, we need a braiding process for mixed link

diagrams that maps B̂ to B and not to an L–equivalent braid or even to a conjugate of
B. Such braids are called geometric mixed braids. A geometric mixed braid is a braid
B

⋃
β on m + n strands that contains the subbraid B as a fixed subbraid. View Fig. 8b

for two examples. The subbraid B represents the manifold where the knot theory lives in
and it shall be called the fixed subbraid in the case of knot complements and the surgery
braid in the case of c.c.o. 3-manifolds, while the subbraid β that complements B shall be
called the moving subbraid and it represents the link in the manifold. These braids were
introduced in [La1, LR1]. The closure of a geometric mixed braid is defined to be the
standard closure of the mixed braid seen as a classical braid on m + n strands. As we
shall see below, every mixed link may be braided to a geometric mixed braid.

Let Hm denote the handlebody of genus m. The handlebody of genus m is usually
defined as (a closed disc \ m open discs) × I, where I is the unit interval. Equivalently,
Hm can be defined as (S3 \ an open tubular neighbourhood of Im), where Im denotes here
the identity braid on m infinitely extended strands, all meeting at the point at infinity,
see Fig. 9a. Thus Hm may be represented in S3 by the usual identity braid Im. Let now
L be an oriented link in Hm. Then, fixing Im pointwise on its projection plane, L may be
represented unambiguously by the mixed (m, m)-tangle Im

⋃
L in S3 which, by abuse of

language, we shall call mixed link (view Fig. 9b). The subbraid Im shall be called the fixed
part and L the moving part of the mixed link. A mixed link diagram is then a diagram of
Im

⋃
L projected on the plane of Im, which is equipped with the top-to-bottom direction.

Now, applying the braiding algorithm of [La1, LR1], by which all down–arcs remain
fixed, we can easily braid an oriented mixed link Im

⋃
L in S3 to a geometric mixed

braid Im

⋃
β, as defined above. In the case of a handlebody, though, the strands of the

fixed subbraid Im are thought infinitely extended. This forces the strands of the moving
subbraid to be labelled with labels ‘u’ and ‘o’ for ‘under’ and ‘over’ (and this is related to
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Figure 10. An algebraic mixed braid
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Figure 11. The ‘loops’ ai, a−1
i and the crossings σj

the definition of the closure, see details in the subsection on handlebodies). These braids
were introduced in [HL]. View Fig. 9c for an example.

We note that, in all settings, if we remove the fixed braid from a mixed link or a
geometric mixed braid we are left with an oriented link resp. a braid in S3.

2.2. The common algebraic setting. An algebraic mixed braid on n moving strands
is a braid on m + n strands such that the first m strands form the identity braid Im.
View Fig. 10 for an example. These braids were introduced in [La2]. We denote the set
of all such braids Bm,n. Clearly, if in the definition of a geometric mixed braid B stands
for the identity braid Im, then the set of algebraic mixed braids Bm,n is a subset of the
corresponding set of geometric mixed braids.

The set Bm,n is a subset of Bm+n closed under concatenation and under inverses, so it
has a group structure and shall be called the mixed braid group. The mixed braid group
is generated by the classical crossings σj and by the ‘loops’ ai as illustrated in Fig. 11.
Moreover, Bm,n has the following presentation (cf. [La2]):

(4) Bm,n =

〈
a1, . . . , am,
σ1, . . . , σn−1

∣∣∣∣∣∣∣∣∣∣

σkσj = σjσk, |k − j| > 1
σkσk+1σk = σk+1σkσk+1, 1 ≤ k ≤ n− 1
aiσk = σkai, k ≥ 2, 1 ≤ i ≤ m
aiσ1aiσ1 = σ1aiσ1ai, 1 ≤ i ≤ m
ai(σ1arσ

−1
1 ) = (σ1arσ

−1
1 )ai, r < i.

〉

As it turns out [La2, LR1, HL] the mixed braid group Bm,n is the natural algebraic com-
panion to oriented knots and links in knot complements, c.c.o. 3-manifolds and handle-
bodies. More precisely, the groups Bm,n are the appropriate braid structures for studying
knots and links in the complement of the m–unlink or a connected sum of m lens spaces
or in a handlebody of genus m. For arbitrary knot complements and c.c.o. 3-manifolds
we have specific cosets Cm,n of these groups in the groups Bm+n, which are determined by
the specific hosting manifold, represented in S3 by the braid B [La2]. Then an element of
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,

Figure 12. The mixed Reidemeister moves

the related coset Cm,n consists in an elements of the group Bm,n followed by the natural
embedding of B. Yet, as we shall explain below, by parting and combing mixed braids
the braid equivalences in all these spaces can be formulated only in terms of the mixed
braid groups Bm,n. The capstone for studying braid equivalence in all above-mentioned
spaces is the following result ([LR1], Thm. 4.7).

Theorem 4 (Relative version of the L–move braid equivalence). Let L1, L2 be oriented
link diagrams which both contain a common braided portion B. Suppose that there is an
isotopy of L1 to L2 which finishes with a homeomorphism fixed on B. Suppose further that
B1 and B2 are braids obtained from our braiding process applied to L1 and L2 respectively.
Then B1 and B2 are equivalent by braid isotopy and by by L–moves that do not affect the
common braided portion B.

Using Theorem 4, geometric versions of the Markov theorem were proved for links
in knot complements and for links in arbitrary c.c.o. 3-manifolds by means of L–move
analogues (cf. [LR1], Thms. 5.5 and 5.10). These results were consequently turned into
algebraic statements in [LR2] (Thms. 4 and 5), via the braid groups Bm,n. Theorem 4 led
also to an L–move analogue of the Markov theorem for knots in a handlebody as well as
to algebraic analogues of it using the braid groups Bm,n (cf. [HL], Thms. 3, 4 and 5). We
shall now explain all this in more detail.

2.3. Braid equivalence in knot complements. Two oriented links L1, L2 are isotopic

in S3\B̂ if and only if the mixed links B̂
⋃

L1 and B̂
⋃

L2 are isotopic in S3 by an

ambient isotopy which keeps B̂ pointwise fixed. In terms of diagrams, mixed link isotopy
is generated by the ordinary Reidemeister moves for the moving part and by the mixed
moves RII, RIII of Fig. 12 involving also the fixed part (see [LR1] for details).

Further, in [La1, LR1] we proved the following (cf. Theorem 5.3 [LR1]):

Theorem 5 (Braiding theorem for S3\B̂ and χ(S3, B̂)). Any oriented link L in S3\B̂
can be represented in S3 by some geometric mixed braid B

⋃
β, the closure of which is

isotopic in S3 to the mixed link B̂
⋃

L.

Proof. The fixed part B̂ may be viewed in S3 as the braid B union an arc, k say, at
infinity. This arc is the identification of the two horizontal arcs containing the endpoints
of B and thus it realizes the closure of B, view Fig. 13. In Fig. 13a the braid B is drawn

curved but this is just for the purpose of picturing it. Let L be a link in S3\B̂. By
general position L misses a small regular neighbourhood of k, N(k), and therefore it can
be isotoped into the complement of N(k) in S3. By expanding N(k) we can view its
complement as the cylinder T = D2 × I that contains B (Fig. 13b). We then apply the
braiding of [LR1] in T . This will leave B untouched but it will braid L in T . Finally we

cut B̂ open along k in order to obtain a geometric mixed braid. ¤
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Figure 13. Crossing the closing arc k

Let B
⋃

β be a braid in S3\B̂. A geometric L–move consists in cutting a strand of the
subbraid β at some point and then performing an L–move as described in Definition 2.
Using, now, Theorem 4 we have the following L–move version of the Markov theorem for
knot complements (cf. Theorem 5.5 [LR1]).

Theorem 6 (Geometric mixed braid equivalence for S3\B̂). Two oriented links L1, L2 in

S3\B̂ are isotopic in S3\B̂ if and only if any two corresponding mixed braids B
⋃

β1 and
B

⋃
β2 in S3 differ by braid isotopies and by L–moves that do not touch the fixed subbraid

B.

The passage from Theorem 4 to Theorem 6 is by showing that, if during the isotopy the
hypothetical closing arc k is crossed (see Fig. 13c), then the corresponding mixed braids
differ by L–moves applied only on the moving subbraids.

We would like now to pass from the geometric braid equivalence to an algebraic state-
ment. Our strategy is the following. We first part the mixed braids and we translate
the L–equivalence of Theorem 6 to an equivalence of parted mixed braids. Parting a
geometric mixed braid B

⋃
β on m + n strands means to separate its endpoints into two

different sets, the first m belonging to the subbraid B and the last n to β, and so that
the resulting braids have isotopic closures. The generators of the groups Bm,n become
already apparent in the parted mixed braid equivalence. We then comb the parted mixed
braids and we translate the parted mixed braid equivalence to an equivalence of algebraic
mixed braids. Combing a parted mixed braid means to separate the fixed subbraid from
the moving subbraid using mixed braid isotopy.

Lemma 1. Every mixed braid may be represented by a parted mixed braid with isotopic
closure (cf. Lemma 1 [LR2]).

Proof. Let B
⋃

β be a geometric mixed braid. We attach arbitrarily arrays of labels ‘o’ or
‘u’ to each pair of corresponding strands of the moving subbraid β, with as many entries
as the number of fixed strands on their right. We then pull each pair of corresponding
moving strands to the right, over or under each strand of B lying on their right, according
to the label in the array of the pair. We start from the rightmost pair, respecting the
position of the endpoints. See the first two illustrations of Fig. 14 for a parting of an
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B

(o,u)
(u,u)

(o)

closures

isotopic

B

(o,o)
(o,o)

(o)

~

Figure 14. Parting a mixed braid – the standard parting

abstract geometric mixed braid. Obviously, the closures of the initial and of the parted
mixed braids are isotopic (they differ by planar isotopy and by mixed RII moves). ¤

Fig. 14 illustrates two different partings of an abstract geometric mixed braid, an ar-
bitrary one and the standard parting, whereby all strands are pulled over . We shall use
the same notation for parted mixed braids as for geometric mixed braids.

Let now Cm,n denote the set of parted mixed braids on n moving strands, related to

S3\B̂. Note that for different fixed braids B the corresponding sets of parted mixed
braids will be also different. Yet, we will use the same notation for them with no risk of
confusion. By adding an extra moving strand on the right of a parted mixed braid on n
moving strands, Cm,n embeds naturally into Cm,n+1. Let Cm,∞ :=

⋃∞
n=1 Cm,n denote the

disjoint union of all sets Cm,n. We define below some moves in Cm,∞.

Definition 3. (1) Loop conjugation of a parted mixed braid in Cm,n is its concatenation
from above by a loop ai (or by a−1

i ) and from below by a−1
i (corr. ai).

(2) Markov conjugation of a parted mixed braid in Cm,n is its concatenation from above
by a crossings σj (or by σ−1

j ) and from below by σ−1
j (corr. σj).

(3) A parted L–move is defined to be an L–move between parted mixed braids. As for
links in S3, a parted L–move may be considered to introduce an in–box crossing (view
left-hand illustration of Fig. 16).

(4) A stabilization move is the insertion of an extra strand with a crossing σ±1
n at the

right hand side of a parted mixed braid on n moving strands or the reverse operation.
View Fig. 15.

The relations among moves (2), (3) and (4) are analogous to links in S3 and are illus-
trated in Figs. 16 and 17.

The lemma below says that, up to loop conjugations, we can choose any parting for a
geometric mixed braid. Indeed, Fig. 18 illustrates that the change of only one label of
one moving strand is realized by a loop conjugation.

Lemma 2. Two partings of a geometric mixed braid differ by loop conjugations (cf.
Lemma 2 [LR2]).

Finally, we need the following lemma:
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Figure 15. The stabilization move
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Figure 16. Parted L–move = stabilization move and Markov conjugation
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Figure 17. Markov conjugation is a composition of L–moves

1 mi... ...
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by ai

u o

1 i... ...m1 mi... ...

braid

isotopy

Figure 18. Change of parting labels ←→ conjugation by ai

Lemma 3. A mixed braid with an L–move performed can be parted to a parted mixed
braid with a parted L–move performed (cf. Lemma 3 [LR2].)

Proof. If the L–move is an Lo–move we choose to part its strands by pulling them to the
right and over all other strands in between. Then the crossing of the L–move slides over
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braid

isotopy

(o,o)

Figure 19. An Lo–move + parting = a parted Lo–move

to the right by a braid isotopy. See Fig. 19. If the L–move is an Lu–move we pull the two
strands under the fixed strands in between. ¤

We are now in a position to state two versions of the braid equivalence in S3\B̂ for
parted mixed braids.

Theorem 7 (Parted mixed braid equivalence for S3\B̂). Two oriented links in S3\B̂ are
isotopic if and only if any two corresponding parted mixed braids in Cm,∞ differ by a finite
sequence of braid isotopies, parted L–moves and loop conjugations.

Equivalently, by a finite sequence of braid isotopies, stabilization moves, Markov con-
jugations and loop conjugations.

Proof. Clear by Lemmas 2 and 3 and by Figs. 16 and 17. ¤
We shall now move to a completely algebraic statement for the braid equivalence in

S3\B̂. Unless the fixed subbraid B represents the complement of the m–unlink or a
connected sum of m lens spaces or a handlebody of genus m, B is not the identity braid
on m strands and, so, concatenating two elements of Cm,n is not a closed operation, since
it alters the braid description of the manifold. So, the set Cm,n of parted mixed braids is
not a subgroup of Bm+n. Yet, we have the following result.

Lemma 4. For the fixed subbraid B on m strands the set Cm,n is a coset of Bm,n in Bm+n

(cf. Proposition 1 [La2].)

Proof. Let A ∈ Cm,n. We shall show that A can be written as a product α B, where α
an algebraic mixed braid in Bm,n followed by the fixed subbraid B embedded naturally
in Bm+n. Indeed, we notice first that, by symmetry, Artin’s combing for pure braids can
be also applied starting from the bottom of the braid: first the pure braiding of the 2nd
strand with the 1st and then remaining fixed, then the pure braiding of the 3rd strand
with the 1st and the 2nd one and then remaining fixed, and so on. So, we multiply A from
the top with a braid p on the last n strands and with a braid σ on the first m strands,
such that pAσ is a pure braid in Bm+n. Then we apply to it Artin’s combing as above.
This will separate A into two parts: the top one (multiplied from the top with p−1), an

element of Bm,n, representing the link in S3\B̂, followed by the fixed braid B embedded
in Bm+n (we have multiplied from the bottom with σ−1). Thus, the set Cm,n of combed
mixed braids is a coset of Bm,n in Bm+n. ¤
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Figure 20. A combed mixed braid

A parted mixed braid in the form α B, where α ∈ Bm,n, shall be called a combed mixed
braid. View Fig. 20 for an abstract illustration of a combed mixed braid.

In view of the above result we would like to restate the braid equivalence of Theorem 7
for parted mixed braids into an equivalence relation between their corresponding algebraic
representatives after combing. For this we need to understand how exactly the combing
is done and how it affects the parted braid equivalence moves. Indeed, if we regard a
parted mixed braid as an element of the classical braid group Bm+n and if Σk denotes
the crossing between the kth and the (k + 1)st strand of the fixed subbraid, then the
crossings σj of the moving part commute with the crossings of the fixed part, so they are
not affected by the combing. Thus the only generating elements of the moving part that
are affected by the combing are the loops ai. Fig. 21 illustrates the relations between Σ1

and the loops ai. For arbitrary Σk the relations are completely analogous. Cf. [LR2] for
details.

The group Bm,n of algebraic mixed braids embedds naturally into the group Bm,n+1

and we shall denote Bm,∞ :=
⋃∞

n=1 Bm,n the disjoint union of all algebraic mixed braid
groups. In Bm,∞ we define the following moves.

Definition 4. (1) Algebraic Markov conjugation is a Markov conjugation between alge-
braic mixed braids, and it has the algebraic expression:

α ∼ σ±1
j ασ∓1

j

where α, σj ∈ Bm,n.
(2) An algebraic stabilization move is a stabilization move between algebraic mixed braids,
and it has the algebraic expression:

α1α2 ∼ α1σ
±1
n α2

where α1, α2 ∈ Bm,n.
(3) An algebraic L–move is a parted L–move between algebraic mixed braids. From
Fig. 16 one can easily derive analogous algebraic expressions for an algebraic Lo–move
and an algebraic Lu–move as in Eqs. 2 and 3 for the classical situation, where now α1, α2 ∈
Bm,n and α′1, α′2 ∈ Bm,n+1 are obtained from α1, α2 by replacing each σj by σj+1 for all
j = i, . . . , n− 1.
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Figure 21. Combing the ai’s to the top

(4) Twisted loop conjugation is defined to be the multiplication of an algebraic mixed
braid by a loop ai or a−1

i from the top and by its combing through the fixed braid B from
the bottom, and it has the algebraic expression:

β ∼ a∓1
i βρ±1

i

for β, ai, ρi ∈ Bm,n, where ρi is the combing of the loop ai through B. (Note that the
combing of the loop a−1

i through B is ρ−1
i .)

We stress that the twisted loop conjugation is a move between algebraic mixed braids.
For the first three moves view Figs. 16 and 17, where the braid B is now the identity
braid. We are now in a position to restate Theorem 7 in terms of algebraic mixed braids.

Theorem 8 (Algebraic mixed braid equivalence for S3\B̂). Two oriented links in S3\B̂
are isotopic if and only if any two corresponding algebraic mixed braid representatives in
Bm,∞ differ by a finite sequence of algebraic braid relations and the following moves:
(1) algebraic stabilization moves,
(2) algebraic Markov conjugations,
(3) twisted loop conjugations.

Equivalently, by a finite sequence of algebraic braid relations and the following moves:
(1′) algebraic L–moves,
(2′) twisted loop conjugations.

2.4. Braid equivalence in c.c.o. 3-manifolds. Let M = χ(S3, B̂). A link L in M

may be seen as a link in S3\B̂ with the extra freedom to slide across the 2–discs bounded

in M by the specified longitudes of the components of the surgery link B̂.
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Figure 22. The two types of band moves

Definition 5. Let b be the oriented boundary of a ribbon and let L1

⋃
B̂ and L2

⋃
B̂

be two oriented mixed links, so that L2

⋃
B̂ is the band connected sum (over b) of a

component, c, of L1 and the specified (from the framing) longitude of a surgery component

of B̂. This is not an isotopy between the mixed links in S3 but it reflects isotopy between
the links L1 and L2 in M and we shall call it a band move.

A band move can be, thus, performed in two steps: firstly, one of the small edges of
b is glued to a part of c so that the orientation of the band agrees with the orientation
of c, while the other small edge of b, which we shall call little band, approaches a surgery

component of B̂ in an arbitrary way. Secondly, the little band is replaced by an arc
running in parallel with the specified longitude of the surgery component, such that the

orientation of the arc agrees with the orientation of b and the resulting link is L2

⋃
B̂.

The first step of a band move is an isotopy move between the links L1 and L2 in S3\B̂.
So, from now on whenever we say band move we shall always be referring to the second

step. Since B̂ is oriented in our setting, there are two types of band moves according
as in the second step the orientation of the arc replacing the little band agrees (type
α) or disagrees (type β) with the orientation of the surgery component –and implicitly
of its specified longitude. View Fig. 22, where p is the integral framing of the surgery
component. The discussion can be summarized by saying that two oriented links L1, L2

are isotopic in M if and only if the mixed links B̂
⋃

L1 and B̂
⋃

L2 differ in S3 by ambient

isotopies that keep B̂ pointwise fixed and by the band moves (see [LR1] for details).

Note now that neither of the two types of band moves can appear as a move between

braids; so, in order to extend our geometric mixed braid equivalence to χ(S3, B̂), we mod-
ify appropriately the band move of type α, by twisting the little band before performing
the move resulting in a single braid band move that captures on the braid level both types
of band moves. Namely:

Definition 6. A braid band move is a move between mixed braids that upon closure is a
band move. View Fig. 23, where only the move has been focused upon. The replacement
of the little band links only with one of the strands of the same surgery component and
runs in parallel to all remaining strands of that surgery component. A braid band move
can be positive or negative depending on the type of crossing we choose for performing
it.

We can now extend Theorem 6 to the following result (cf. Theorem 5.10[LR1]).

Theorem 9 (Geometric mixed braid equivalence for χ(S3, B̂)). Let L1, L2 be two oriented

links in χ(S3, B̂) and let B1

⋃
B, B2

⋃
B be two corresponding geometric mixed braids in
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Figure 24. A parted band move

S3. Then L1 is isotopic to L2 if and only if B1

⋃
B is equivalent to B2

⋃
B in S3 by a

finite sequence of braid isotopies, the braid band moves and L–moves that do not affect B.

We would like next to extend Theorem 7 to parted mixed braids related to c.c.o. 3–
manifolds. We first define:

Definition 7. A parted band move is a braid band move between parted mixed braids,
such that: it takes place at the top of the braid (before any crossings of the surgery braid
are encountered), and the little band starts from the last strand of the moving subbraid
and moves over each strand of the parted mixed braid until it reaches the specified surgery
strand from the right. Then, after the band move is performed, we apply to the resulting
mixed braid the standard parting, bringing the new strands over to the last position of
the moving subbraid. View Fig. 24 for an example, where the moving subbraid has been
simplified to the identity braid on two strands.

Lemma 5 (cf. Lemma 5[LR2]). A braid band move may be always assumed, up to L–
moves that do not affect B and mixed braid isotopy, to take place at the top part of a mixed
braid and on the right of the specific surgery strand. Moreover, performing a braid band
move on a parted mixed braid and then parting, the result is equivalent, up to L–moves
and loop conjugation, to performing a parted band move.

Lemma 5 enables us to extend Theorem 7 to parted mixed braids related to c.c.o.
3–manifolds (cf. Theorem 3[LR2]):

Theorem 10 (Parted mixed braid equivalence for χ(S3, B̂)). Two oriented links in

χ(S3, B̂) are isotopic if and only if any two corresponding parted mixed braids in Cm,∞ dif-
fer by a finite sequence of parted mixed braid isotopies, parted L–moves, loop conjugations
and parted band moves.
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Figure 25. An algebraic band move and its algebraic expression

Equivalently, by a finite sequence of parted mixed braid isotopies, stabilization moves,
Markov conjugations, loop conjugations and parted band moves.

In order to move toward a completely algebraic statement we need to understand how a
parted band move is combed through the surgery braid B and to give algebraic expressions
for parted band moves between algebraic mixed braids.

Definition 8. An algebraic band move is defined to be a parted band move between
elements of Bm,∞. View Fig. 25 for an abstract example. Note that the isotopy of the
little band in the dotted box is treated as ‘invisible’, that is, as identity in the braid group.
Setting:

λn−1 := σn−1 . . . σ1 and tk,n := σn . . . σ1akσ
−1
1 . . . σ−1

n ,

an algebraic band move has the following algebraic expression:

β1β2 ∼ β′1 tpk

k,n σ±1
n β′2,

where β1, β2 ∈ Bm,n and β′1, β
′
2 ∈ Bm,n+1 are the words β1, β2 respectively with the

substitutions:

a±1
k ←→ [(λ−1

n−1σ
2
nλn−1) ak]

±1

a±1
i ←→ (λ−1

n−1σ
2
nλn−1) a±1

i (λ−1
n−1σ

2
nλ

−1
n−1), if i < k

a±1
i ←→ a±1

i , if i > k.

Further, a twisted algebraic band move is defined to be a parted band move that has
been combed through B, so it is the composition of an algebraic band move with the
combing of the parallel strand, view Fig. 26. Moreover, it has the following algebraic
expression:

β1β2 ∼ β′1 tpk

k,n σ±1
n β′2 rk

where rk is the combing of the parted parallel strand to the kth surgery strand through
the surgery braid.

We stress that a twisted algebraic band move is a move between algebraic mixed braids.
The above definitions lead immediately to the following (cf. Lemma 8[LR2]):
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Figure 26. Parted band move = algebraic band move + combing

Lemma 6. Performing a parted band move on a parted mixed braid and then combing,
the result is the same as combing the mixed braid and then performing an algebraic band
move.

We are, finally, in the position to state the following result.

Theorem 11 (Algebraic mixed braid equivalence for χ(S3, B̂)). Two oriented links in

χ(S3, B̂) are isotopic if and only if any two corresponding algebraic mixed braid repre-
sentatives in Bm,∞ differ by a finite sequence of algebraic mixed braid relations and the
following moves:
(1) algebraic stabilization moves (Definition 4),
(2) algebraic Markov conjugations (Definition 4),
(3) twisted loop conjugations (Definition 4),
(4) twisted algebraic band moves (Definition 8).

Equivalently, by a finite sequence of algebraic mixed braid relations and the following
moves:
(1′) algebraic L–moves (Definition 4),
(2′) twisted loop conjugations (Definition 4),
(3′) twisted algebraic band moves (Definition 8).

Proof. By Theorem 8 we only have to consider the case when a parted band move takes
place, and by Theorem 10 we only have to consider the behaviour of a parted band move
with respect to combing, and this is Lemma 6. ¤

In [LR2] we give the precise algebraic braid equivalence moves for knot complements
and c.c.o. 3–manifolds defined by: the m–unlink, the Hopf link, a daisy chain, the right-
handed trefoil.

Remark 4. The element tpk

k,n in Definition 8 of an algebraic band move is just a Markov

conjugate of the loop apk

k and these are the appropriate words for defining inductive
Markov traces on quotient algebras of group algebras of Bm,n. Note also that the words
in the parentheses of the substitutions of the loops get significantly simplified if we apply
a quadratic relation on the σi’s. Moreover, in Theorem 11 we obtain the most local de-
scription and the best possible control over the band moves of links in closed 3–manifolds,
and this is very useful for the study of skein modules of closed 3–manifolds[Pr].
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Figure 27. The closure of a geometric mixed braid related to a handlebody
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Figure 28. Different closing labels yield non-isotopic links

2.5. Braid equivalence in handlebodies. A link inside a handlebody Hm may not
pass beyond the boundary of the handlebody from either end. Representing Hm by the
identity braid Im with infinitely extended strands, this means that a link inside Hm may
not cross the closing arc k of Fig. 13. So, two oriented links L1, L2 in a handlebody Hm

are isotopic if and only if the mixed links Im

⋃
L1 and Im

⋃
L2 are isotopic in S3 by an

ambient isotopy which keeps Im (with infinitely extended strands) pointwise fixed.
The fact that crossing the closing arc k is forbidden in the category of handlebodies

affects the definition of the closure of a geometric mixed braid in this category. Indeed,
let L be an oriented link in Hm giving rise to the oriented mixed link Im

⋃
L in S3,

which gets braided to the geometric mixed braid Im

⋃
β (recall the braiding discussion

for handlebodies in Subsection 2.1). In order to ensure that the closure of Im

⋃
β will be

isotopic to Im

⋃
L, the closure is defined by joining with simple closing arcs the endpoints

of the corresponding strands of the moving part only, each closing arc passing over or
under the mixed braid, according to the instruction ‘u’ and ‘o’ on the top endpoint of
the geometric mixed braid, recall Fig. 9c. View Fig. 27 for an abstract illustration of the
closure. To emphasize that different choices of closing labels will give rise, in general, to
non-isotopic links in Hm view the example in Fig. 28.

The isotopy restriction for handlebodies, as supposed to knot complements, leads to
the following definition of L–moves (cf. [HL]):

Definition 9 (Geometric L–moves in Hm). Let Im

⋃
β be a braid in Hm. A geometric

L–move consists in cutting a strand of the subbraid β at a point, then pulling the two ends
of the cut, the upper downward and the lower upward, both running entirely over the
braid (geometric Lo–move) or entirely under it (geometric Lu–move), and keeping them
aligned so as to obtain a new pair of corresponding braid strands, which are labelled ‘o’
and ‘u’ according to the type of the L–move. View Fig. 29 for an example. Further, by
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Figure 29. The two types of L–moves in Hm

small braid isotopies, an L–move is equivalent to adding an in-box crossing (positive or
negative) facing the right-hand side (or, equally, the left-hand side) of the braid.

Clearly, closing the new pair of strands created from an L–move results in a kink in the
tangle diagram, so it corresponds to the isotopy move RI.

We are now in a position to state the following (cf. Theorem 3 [HL]).

Theorem 12 (Geometric braid equivalence for Hm). Two oriented links in Hm are iso-
topic if and only if any two corresponding geometric mixed braids differ by a finite sequence
of geometric mixed braid isotopies and geometric L–moves.

Moving toward an algebraic statement, we define the parting of a geometric mixed braid
as described in Lemma 1 and as illustrated in Fig. 14, only, here, the pulling of each pair
of corresponding moving strands to the right is done according to its label ‘o’ or ‘u’. Note
that label ‘o’ resp. ‘u’ means to pull the pair of corresponding strands over all resp. under
all fixed strands to the right. So, if we would like to relate to the proof of Lemma 1, an
array of labels here would contain the same symbol ‘o’ or ‘u’. View Fig. 30 for an example.
A parted mixed braid related to a handlebody does not have labels ‘o’ or ‘u’ attached to
its moving strands.

Consequently, the closure of a parted mixed braid is realized by joining the pairs of
corresponding endpoints of the moving part only with simple unlinked arcs, as in the
standard closure of classical braids (view left-hand illustration of Fig. 31). This is not in
contradiction with the fact that the parted mixed braids form a subset of the geometric
mixed braids. Indeed, putting arbitrarily labels ‘o’ and ‘u’ to the endpoints of the moving
strands of a parted mixed braid and applying the definition of closure of a geometric
mixed braid will result in isotopic mixed links, as no surpassing of the fixed strands is
involved (view right-hand illustration of Fig. 31).

From the above, a parted mixed braid is the same as an algebraic mixed braid. So,
we will be working with the braid groups Bm,n and the algebraic moves of Definition 4.
Note that, the fact that the parting cannot assume arbitrary labels (as it was the case for
knot complements) forbids loop conjugation as a braid equivalence move for handlebodies.
Finally, the agreement of closing labels, L–moves and parting labels yields the following:

Lemma 7. Parting a geometric mixed braid containing a geometric L–move gives rise to
an algebraic mixed braid containing an algebraic L–move.

The above together with Theorem 12 lead to the following (cf. Theorems 4 and 5[HL]):
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Figure 30. The parting of a geometric mixed braid related to Hm
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Figure 31. The closure of a parted mixed braid

Theorem 13 (Algebraic mixed braid equivalence for Hm). Two oriented links in Hm are
isotopic if and only if any two corresponding algebraic mixed braids in Bm,∞ differ by a
finite sequence of algebraic mixed braid relations and the following moves:
(1) algebraic stabilization moves (Definition 4),
(2) algebraic Markov conjugations (Definition 4).

Equivalently, by a finite sequence of algebraic mixed braid relations and the following
moves:
(1′) algebraic L–moves (Definition 4).

3. Other diagrammatic settings

In this section we discuss braid equivalences for virtual knots, for flat virtuals, for
welded knots and for singular knots. In all these settings the closure of the corresponding
braids is realized as the ordinary closure of classical braids.

3.1. Virtual, flat virtual and welded braid equivalence. Virtual knot theory was
introduced by Kauffman [Kau2] and it is an extension of classical diagrammatic knot
theory. In this extension one adds a virtual crossing that is neither an over-crossing
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Figure 32. Virtual isotopy moves

nor an under-crossing. Virtual isotopy generalizes the ordinary Reidemeister moves for
classical links and is generated by planar isotopy and the moves RI, RII, RIII of Fig. 1
and the moves vRI, vRII, vRIII and the special detour move of Fig. 32, the last one being
the key move in the theory. Moves like F1 and F2 with two real crossings and one virtual
are forbidden in virtual knot theory. The virtual braid group V Bn is generated by the
classical crossings and the virtual crossings vi, satisfying v2

i = 1, the braid relations in
Eq. 1 for the classical crossings and for the virtual crossings, and the mixed relations
viσi+1vi = vi+1σivi+1 which are not symmetric. Cf. [KL1] and references therein.

A flat virtual knot is like a virtual knot but without the extra under/over structure
at the real crossings. Instead we have shadow crossings [Tu], the flat crossings. The
study of flat virtual knots and links was initiated in [Kau2]. The isotopy moves and the
two forbidden moves in virtual knot theory are completely analogous for the flat virtual
setting. In the flat virtual braid group on n strands the generators are the virtual crossings
vi and the flat crossings ci, such that c2

i = 1. The mixed relations vici+1vi = vi+1civi+1

are here also not symmetric. Cf. [KL1] and references therein.
Welded braids were introduced in [FRR]. Welded knots satisfy the same isotopy rela-

tions as the virtuals, but for welded knots one of the two forbidden moves of Fig. 32 is al-
lowed, the move F1 which contains an over arc and one virtual crossing. The welded braid
group on n strands is a quotient of the virtual braid group, so it can be presented with
the same generators and relations, with the additional relations: viσi+1σi = σi+1σivi+1

(F1).
Braid equivalence theorems for the above categories have been established in [Ka] and

[KL2]. We will present here the L–move approach of [KL2].

Definition 10. A basic Lv–move on a virtual braid, consists in cutting an arc of the braid
open and pulling the upper cutpoint downward and the lower upward, so as to create a
new pair of braid strands with corresponding endpoints, and such that both strands cross
entirely virtually with the rest of the braid. See Fig. 33. In abstract illustrations this is
indicated by placing virtual crossings on the border of the braid box. See also Fig. 37 for
a concrete example. Further, by a small braid isotopy that does not change the relative
positions of endpoints, a basic Lv–move can be equivalently seen as introducing an in-box
virtual crossing to a virtual braid which faces either the right or the left side of the braid.
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Figure 33. A basic Lv–move and the two vLv–moves

Figure 34. Left and right real Lv–moves

If we want to emphasize the existence of the virtual crossing, we will say virtual Lv–move,
abbreviated to vLv–move. View Fig. 33 for abstract illustrations.

In the closure of a basic Lv–move or a vLv–move the detoured loop contracts to a
virtual kink. But a kink could be also created by a real crossing, positive or negative. So
we define:

Definition 11. A real Lv–move, abbreviated to +Lv–move or −Lv–move, is a virtual
L–move that introduces a real in-box crossing (positive or negative) on a virtual braid,
and it can face either the right or the left side of the braid. View Fig. 34 for abstract
illustrations.

Further, if the crossing of the kink is virtual, then, in the presence of the forbidden
moves, there is another possibility for an Lv–move on the braid level. Namely, we have:

Definition 12. A threaded Lv–move on a virtual braid is a virtual L–move with a virtual
crossing in which, before pulling open the little up-arc of the kink, we perform a Reide-
meister II move with real crossings, using another arc of the braid, the thread. See Fig. 35.
There are two possibilities: an over-threaded Lv–move and an under-threaded Lv–move,
depending on whether we pull the kink over or under the thread, both with the variants
right and left.

A threaded Lv–move cannot be simplified in the braid. If the crossing of the kink
were real, then, using a braided RIII move with the thread, the move would reduce to a
real Lv–move. Similarly, if the forbidden moves were allowed, a threaded Lv–move would
reduce to a vLv–move.
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Figure 35. Left and right under–threaded Lv–moves
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Figure 36. The allowed classical L–moves

The effect of a virtual L–move, basic, real or threaded, is to stretch (and cut open) an
arc of the braid around the braid axis using the detour move, after twisting it and possibly
after threading it. Conversely, such a move between virtual braids gives rise to isotopic
closures, since the virtual L–moves shrink locally to kinks (grey diagrams in Figs. 34 and
35). We may finally introduce the notion of a classical L–move.

Definition 13. An allowed classical Lo–move resp. Lu–move on a virtual braid is like an
L–move between classical braids (recall Definition 2), such that the closures of the virtual
braids before and after the move are isotopic. See Fig. 36 for abstract illustrations. An
allowed classical L–move (over or under) may also introduce an in-box crossing (positive,
negative or virtual or it may even involve a thread, in the virtual setting).

In order that a classical L–move between virtual braids is allowed, in the sense that it
gives rise to isotopic virtual links upon closure, it is required that the virtual braid has
no virtual crossings on the entire vertical zone either to the left or to the right of the new
strands of the L–move, so that we can perform the closure of the new strands on that
side. Otherwise, the presence of forbidden moves preclude such moves. As it turns out,
the allowed classical L–moves can be expressed in terms of Lv–moves and real conjugation
[KL2].

In Fig. 37 we illustrate an example of various types of L–moves taking place at the
same point of a virtual braid. We are now in a position to state the following results. For
details consult [KL2].

Theorem 14 (Geometric equivalence for virtual braids). Two oriented virtual links are
isotopic if and only if any two corresponding virtual braids differ by virtual braid isotopy
and a finite sequence of the following moves:
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Figure 37. A concrete example of introducing L–moves in a virtual braid
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Figure 38. The simplest pair of real conjugates

(i) real conjugation,
(ii) right virtual Lv-moves,
(iii) right real Lv-moves,
(iv) right and left under-threaded Lv-moves.

In [KL2] we stated the following conjecture.

Conjecture 1. Real conjugation is not a consequence of the Lv-moves. In other words, it
should be possible to construct a virtual braid invariant that will not distinguish Lv-move
equivalent virtual braids, but will distinguish virtual braids that differ by real conjuga-
tion. As the simplest possible puzzle, try to show that there is no sequence of Lv-moves
connecting the pair of equivalent braids shown in Fig. 38.

Theorem 15 (Algebraic equivalence for virtual braids). Two oriented virtual links are
isotopic if and only if any two corresponding virtual braids in ∪nV Bn differ by a finite
sequence of braid relations and the following moves:
(i) virtual and real conjugation: viαvi ∼ α ∼ σi

−1ασi,
(ii) right virtual and real stabilization: αvn ∼ α ∼ ασ±1

n ,
(iii) algebraic right under-threading (Fig. 39): α ∼ ασ−1

n vn−1σ
+1
n ,

(iv) algebraic left under-threading (Fig. 39): α ∼ αvnvn−1σ
+1
n−1vnσ−1

n−1vn−1vn,
where α, vi, σi ∈ V Bn and vn, σn ∈ V Bn+1.

The statements for flat virtual braid equivalence are completely analogous. The only
difference is that real crossings are substituted by flat crossings, cf. [KL2]. For the welded
braid equivalence, move (iv) of Theorem 14 is not needed and moves (iii) and (iv) of
Theorem 15 are not needed, cf. [KL2].



30 SOFIA LAMBROPOULOU
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Figure 39. Algebraic right and left under-threading
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Figure 40. Diagrammatic moves for singular knots

We close by pointing out that in [KL2] it would be quite difficult to compare our
local algebraic formulation of the braid equivalence for virtuals with that of Kamada [Ka]
without the fundamental L–move context.

3.2. Singular braid equivalence. Singular knots are related to Vassiliev’s theory of
knot invariants. In singular knot theory isotopy is generated by planar isotopy, by the
moves RI, RII, RIII of Fig. 1 and by the moves S1, S2, S3, S4 of Fig. 40. Moves SF1 and
SF2 of Fig. 40 are forbidden in this theory, see [Kau1].

The singular crossings τi generate, together with the real crossings σi and their inverses,
the singular braid monoid SBn (introduced in different contexts by Baez[Ba], Birman[Bi2]
and Smolin[Sm]) and they satisfy the braid relations Eq. 1 and the relations below.

(5)

σiσ
−1
i = σ−1

i σi = 1 for all i
σi+1σiτi+1 = τiσi+1σi for |i− j| = 1

σiτj = τjσi for |i− j| > 1
σiτi = τiσi for all i
τiτj = τjτi for |i− j| > 1

The algebraic braid equivalence for singular braids was established by Gemein [Ge]:

Theorem 16 (Algebraic equivalence for singular braids [Ge]). Two singular braids in
∪nSBn have isotopic closures if and only if they differ by a finite sequence of braid relations
in ∪nSBn and the following moves:
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(i) singular commuting: τiω ∼ ωτi, ω, τi ∈ SBn

(ii) real conjugation: σiω ∼ ωσi, ω, σi ∈ SBn

(iii) real stabilization: ω ∼ ωσ±1
n , ω ∈ SBn.

Using the above result, in [La3] the geometric braid equivalence for singular braids was
easily established:

Theorem 17 (Geometric equivalence for singular braids). Two oriented singular links
are isotopic if and only if any two corresponding singular braids differ by a finite sequence
of braid relations in ∪nSBn and the following moves:
(i) singular commuting: τiω ∼ ωτi, ω, τi ∈ SBn

(ii) classical L–moves (Definition 2).
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