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WEYL-TITCHMARSH FUNCTIONS OF VECTOR-VALUED
STURM-LIOUVILLE OPERATORS ON THE UNIT INTERVAL.

DMITRY CHELKAK AND EVGENY KOROTYAEV

ABSTRACT. The matrix-valued Weyl-Titchmarsh functions M(\) of vector-valued
Sturm-Liouville operators on the unit interval with the Dirichlet boundary conditions
are considered. The collection of the eigenvalues (i.e., poles of M (\)) and the residues
of M() is called the spectral data of the operator. The complete characterization
of spectral data (or, equivalently, N x N Weyl-Titchmarsh functions) corresponding
to N x N self-adjoint square-integrable matrix-valued potentials is given, if all N
eigenvalues of the averaged potential are distinct.

1. INTRODUCTION

We start with a short description of known results in the inverse spectral theory
for scalar Strum-Liouville operators on a finite interval. We recall only some important
steps mostly focusing on the characterization problem, i.e., the complete description
of spectral data that correspond to some fixed class of potentials. More information
about different approaches to inverse spectral problems can be found in the monographs
[Mar86], [Lev87], [PT87], [FYO01], survey [Ges07] and references therein.

The inverse spectral theory goes back to the seminal paper [Bo46] (see also [Le49]).
Borg showed that spectra of two Sturm-Liouville problems —y”+q(z)y = Ay, « € [0, 1],
with the same boundary conditions at 1 but different boundary conditions at 0, deter-
mine the potential ¢(z) and the boundary conditions uniquely. Later on, Marchenko
[Mar50] proved that the so-called spectral function p(A) (or, equivalently, the Weyl-
Titchmarsh function m(\)) determines the potential uniquely. Note that the spectral
function is piecewise-linear outside the spectrum {\,}> and its jump at ), is equal
to the so-called normalizing constant [a,(q)]™' given by (1.3). At the same time, a
different approach to this problem was developed by Krein [Kr51], [Kr53], [Kr54].

An important result was obtained by Gel’fand and Levitan [GL51]. They gave
an effective method to reconstruct the potential ¢ from its spectral function. More
precisely, they derived an integral equation and expressed ¢(z) explicitly in terms of
the solution of this equation. At that time, there was some gap between necessary and
sufficient conditions for the spectral functions corresponding to fixed classes of ¢(z).
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Some characterization of spectral data for ¢ such that ¢™ € £(0,1) was derived
by Levitan and Gasymov [LG64] for all m = 0,1,2,... Also, they gave the solution
of the characterization problem in the case ¢” € £%(0,1). Marchenko and Ostrovski
[MOT5] obtained a sharpening of this result. Namely, for all m = 0,1,2,.. they gave
the complete solution of the inverse problem in terms of two spectra, if ¢/™ € £2(0,1).

Trubowitz and co-authors (Isaacson [IT83], McKean [IMT84], Dahlberg [DT84],
Poschel [PT87]) suggested another approach. It is based on the analytic properties of
the mapping {potentials} — {spectral data} and the explicit transforms corresponding
to the change of only a finite number of spectral parameters (\,(q), v,,(¢)):25. Their
norming constants v,(q) differ slightly from the normalizing constants (1.3), but the
characterizations are equivalent (see Appendix B). Also, this approach was applied to
other scalar inverse problems with purely discrete spectrum (singular Sturm-Liouville
operator on [0, 1] [GR88]; perturbed harmonic oscillator [MT81], [CKK04], [CKO07]).

Thus, nowadays the inverse spectral theory for the scalar Sturm-Liouville opera-
tors is well understood. By contrast, until recently only some particular results were
known for vector-valued operators.

In our paper we consider the inverse problem for the self-adjoint operators

L= —¢"+V(x)y,  ¢(0)=v(1)=0, € LX[0,1;CY), (1.1)
where V' = V* € L£%([0,1]; CN*Y) is a self-adjoint N x N matrix-valued potential.
Denote by ¢(x) = p(z,\, V) and x(z) = x(x, A, V') the matrix-valued solutions of the
equation —¢" + V()1 = A such that

p(0) =x(1) =0,  #'(0) ==X'(1) = Ly,
here and below Iy denotes the identity N x N matrix. Note that
x(z, V) = p(1—2,\, V), where  V¥(z)=V(1—z), 2 €]0,1].
The matriz-valued Weyl-Titchmarsh function for this problem is given by
M) =M\ V) =[Xx"10,\V)=[MN\)]*, AeC. (1.2)

In the scalar case, the Weyl-Titchmarsh function m(\, q) is a meromorphic function
having simple poles at Dirichlet eigenvalues A, (¢) and

res m(A,q) = —[an(q)] T = — {/01 |o(z, )\mQ)|2d$] _1- (1.3)

/\:/\n(‘I)

So, the sharp characterization of all scalar Weyl-Titchmarsh functions (or, equiva-
lently, all spectral data (M, (q), a.(q)); 2] ) that correspond to potentials ¢ € £2(0,1) is
available due to [MO75] or [PT87] (see also Appendix B). Namely, the necessary and
sufficient conditions are

A <A< A3< ., (A — T2n% — qo) 125 € ¢* for some ¢y € R
and (mn - (272, (q) — 1)1 € 2.

In the vector-valued case, it is known that the Weyl-Titchmarsh function deter-
mines V' uniquely (see [Mal05] or [Yur06]). Some other miscellaneous results concern-
ing vector-valued Schrodinger operators were obtained in [Car02], [CK06a], [ChSh97],
[CHGLO00], [JL98a], [JLI8b], [SP04], [Sh01]. Nevertheless, to the best of our knowledge,

no solutions of the characterization problems have been available until recently.

(1.4)
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Following [CK06b], we denote by A\ < Ay < .. < Ay < ... the eigenvalues of
L and by k, = dimE, € [1, N] their multiplicities, where E, C L£2([0,1];C") is
the eigenspace corresponding to the eigenvalue \,. Then (see details in [CKO06b]),
the Weyl-Titchmarsh function M ()) is meromorphic outside the Dirichlet spectrum

CT(V) = {)\Q(V)}a>1 and

— —_B — _p* -1
)\r:%i <)\) a DaYa Pas

where
Pa:CN — & =Kerp(l,\,,V) = {h e CV: Yah = P(, Aay VB € Ea}

is the orthogonal projector and

1
Ja = Pa [/ [90*90](1‘7 )\aa V)dx}PZ = g:z >0
0

is the self-adjoint operator (or the normalizing matriz) acting in &,. We also use the
notation P, = pip, : CV — &, C CN. Note that for all hy, hy € &, one has

1
<¢a;h1 ) 2/}oz;hg>£2([O,1];CN) = / h; [SO*SO] (Z’, )\on V)hl dx = <h17 gah2>5a .
0

We call (Ao, Pa, 9o )2 the spectral data of the operator L. If k, = 1, then g, acts in
the one-dimensional space &,, so we consider it as a positive real number (and call it,
as in the scalar case, the normalizing constant). The spectral data determine (e.g., see
Proposition 2.6) the function M(A), and so the potential V' (z), uniquely. The main
result of our paper is the following solution of the characterization problem.

Let €7, €3, .., e be the standard coordinate basis and P} = (-, €9)e) be the coor-
dinate projectors in CV. We denote the Euclidian norm of vectors h € CV and the
operator norm of matrices A € CN*¥ by |h| and |A|, respectively.

Theorem 1.1 (Characterization of spectral data). For all v < v9 < .. < the

mapping V +— (Aa, Pa, ga) 225 is a bijection between the space of potentials

1
V=V*e £2([0,1);CY*N)  such that / V(z)dr = diag{v?, v, .., v} } (1.5)
0

and the class of spectral data satisfying the following conditions (A)-(C):

(A) The spectrum is asymptotically simple, i.e., there exist o® > 0, n® > 1 such that
k+ks+ .. +koe=Nn°=1) and ki =1 for all a > a®+1.

It allows us to define the double-indexing (n,j), n>=n°, j=1,2,.., N, instead of a>a°.

Namely, we set A j = Moot N(n—no)+js Pnj = PactNn—no)+; and so on for n=n°.

(B) The following hold true for all j =1,2,..,N:

(Anj—mn>—09) 25, € £, (mn - (27°n%g, ;—1))i%. € (2,
P,;i—P)f>, € ? d SN po ot g2 (1.6)
(’ n,J 7 ’)n:n<> S an (7TTL |Zj:1 n,J N|)n:n<> € :

(C) The collection (A, ; Po)12 satisfies the following property:

a=1

Let £ : C — CV be an entire vector-valued function. If P,é(M\o)=0 for all
a=1, EN)=0(™V) g5 |\ = 0o and & € L2(R,), then £(N) = 0.
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Remark 1.2. Let V. =V* € L2([0,1]; CN*N). Applying some unitary transform in CV,
one may always assume that fol V(x)dx = diag{v?, 09, .., 0%}, v) <o) < .. <o}, Our
assumption (1.5) states that all the v? are distinct. It simplifies the analysis, since
otherwise infinitely many eigenvalues X\, can be multiple. In particular, in the general
case, one has to introduce some other parameters instead of (P j, gn;)-

We give also a simple reformulation of the algebraic restriction (C) (note that it
doesn’t depend on the shift of the spectrum).

Proposition 1.3 (reformulation of (C)). Let A\, > 0 for alla > 1 and P, = h,h},

where hy, = (hgl);..;h((f“)) consists of ko orthonormal vectors hY) e CN. Then the
condition (C) is equivalent to the following:

Vector-valued functions eiimthg), J=1,., ks, a =1, together with the
constant vectors €Y, ..,€e% span L*([—1,1];CN).

Remark 1.4. In the scalar case, (C) always holds true due to the well known result of
Paley and Wiener (e.g., see [Led0] p.47). In the vector-valued case, this condition is
not trivial. Some discussion of (C) is given in Appendiz A (see Propositions A.3, A.4).
Note that, if P, ; = PJQ foralln>2m+1 and j =1,2,.., N, then one can reformulate
(C) as the condition det T # 0 for some Nmx Nm matriz T (see Proposition A.5).

As usual, Theorem 1.1 consists of several different parts:
(i) Uniqueness Theorem (spectral data determine the potential uniquely);
(ii) Direct Problem (spectral data constructed by a given potential satisfy (A)-(C));
(iii) Surjection (any data satisfying (A)-(C) are spectral data of some potential).

We do not discuss the uniqueness theorem (i) in our paper and refer to [Mal05],
[Yur06] (or [CKO6b]) for this fact. The direct problem (ii) is considered in Sect. 2. Note
that the spectrum is asymptotically simple due to our assumption v{ < v9 < .. < %
(see also Remark 1.2). As in the scalar case, the Fourier coefficients of V' appear as
leading terms in the asymptotics of the spectral data (Propositions 2.1 and 2.5). We
also give the explicit expression for M(\) in terms of the spectral data in Sect. 2.4.

The main part of our paper (Sect. 3) is devoted to the surjection (iii). The
general strategy of the proof is described in detail in Sect. 3.1. Here we give only a
short sketch of our arguments. We start with some admissible data (A, PI, gl )a>1
satisfying (A)—(C). Using the well known characterization (1.4) for the scalar case, we
construct some special diagonal potential V¢ such that o(V°) = {AS}ax1.

In Sect. 3.2-3.4 we introduce some essential modification of the spectral data in or-
der (a) to control the splitting of multiple eigenvalues and (b) to join together all asymp-
totics in (1.6). We prove that the mapping ® : {potentials} — {modified spectral data}
is real-analytic’ near V°. The main purpose of involving analyticity arguments here is
the well known equivalence of the analyticity and the weak-analyticity? for mappings
between complex Hilbert spaces. Thus, we immediately derive the smoothness of the
whole mapping ® from the smoothness of its components.

IThe mapping F : U — H® between real Hilbert spaces U ¢ H® and H® is real-analytic iff it
has continuation Fg : Ug — Hg) into some complex neighborhood U C Ug CHg) that is differentiable
as the mapping between the complexifications H((Cl), H([(:Q) of the real spaces H, H®).

2In Hilbert spaces, the weak-analyticity is equivalent to the analyticity of particular coordinates
and the local boundedness, see nice Appendix A in [PT87] or the monograph [Di99] for details.



MATRIX-VALUED WEYL-TITCHMARSH FUNCTIONS ON [0,1] 5

In Sect. 3.5, 3.6 we use the Fredholm Alternative in order to show that ® is a
local isomorphism near V¢ (i.e., dy+® is invertible). Thus, all additional spectral data
sufficiently close to (P,(V?), ga(V?))a>1 can be obtained from potentials having the
same spectrum {AS},>1 as V°. In particular, if o® is large enough, then there exists
V* such that o(V*) = {\3}az1 and (Po(V®), 9o (V*)) = (PI, 1) for all a > a®.

We complete the proof in Sect. 3.7 using the explicit isospectral transforms con-
structed in our recent paper [CKO06b]. As usual in Trubowitz’s approach, we need to
change only some finite number a® of additional spectral data (P,, g,). Note that the
condition (C) and the restrictions introduced in [CKO06b] in terms of ”forbidden” sub-
spaces are equivalent (see Proposition A.4). Thus, one can change any finite number
of projectors P, in an arbitrary way that doesn’t violate (C) (see details in Sect. 3.7).

Note that we do not present any explicit reconstruction procedure for the potential,
if there are infinitely many perturbed spectral data. The natural idea is to use some
passage to the limit changing the residues B,(V°) — Bl «a = 1,2, .., of the Weyl-
Titchmarsh function step by step. Each step is doable due to isospectral transforms
constructed in [CK06b] but we do not prove the convergence of this procedure.

We finish the introduction with several remarks concerning some possible further
developments of our approach to this inverse problem.

Remark 1.5. The isospectral transforms constructed in [CK06b] generalize the scalar
isospectral flows (see [PT87]) and some specific class of isospectral transforms given in
[JL98a]. Nevertheless, to the best of our knowledge, no analogues of the explicit flows
changing the eigenvalues (see [PT87]) are known in the vector-valued case. We think
that such a construction would simplify the inverse theory a lot.

Remark 1.6. One may be interested in the characterization for other parameters, e.g.
the spectra of several boundary problems (similarly to the original paper [Bo46]).
Almost nothing is known here. Yurko [Yur06] proved that N?+1 spectra determine
the potential uniquely. On the other hand, the naive count says that this inverse prob-
lem is overdetermined. Note that, in the spirit of Appendix B, this question can be
considered as a parametrization problem for some class of matrix-valued functions.

Remark 1.7. Consider the Schrodinger operator Hy = —y” + Vy on R with a N x N
potential V = V* such that [ (1+ |z|)|V (z)|dz < 400 (e.g., see [O185]). It has a finite
number of eigenvalues \; < .. < A, < 0 with the multiplicities k, = dim E,, where E,
is the eigenspace corresponding to A,. In order to solve the inverse scattering prob-
lem completely, one needs to characterize the residues of the transmission coefficient
at \,. Unfortunately, we do not know any results in this direction. For the scattering
problem on the half-line a characterization was given in [AM63] but it involves implicit
conditions for spectral data (much more complicated than our condition (C)).

Remark 1.8. In the scalar case, the Dirichlet eigenvalues and the norming constants are
canonically conjugate variables for the Korteweg-de Vries equation with periodic initial
conditions (see [FMT76]). Similarly, the (negative) eigenvalues and the corresponding
normalizing constants of the (scalar) Schrédinger operator —y” + ¢(z)y on R with a
decreasing potential ¢(x) are canonically conjugate variables for the Korteweg-de Vries
equation (see [ZF71]). The vector-valued case is more complicated (see [CD76], [CD77],
[0185]). We hope that our results could be useful from this point of view.
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2. DIRECT PROBLEM

2.1. Asymptotics of the eigenvalues and the individual projectors. Denote by
1 1 1
VO = / V(t)dt, V) = / V(t)cos2mntdt and VW = / V (t) sin 27t dt
0 0 0

the (matrix) Fourier coefficients of V. We start with some elementary asymptotics
of the fundamental solutions ¢(x, A\, V) and x(z,\, V) = (1 — 2, \, V¥) for A close

to m2n?. It’s well known that

1 T €| Im z|z
]N—i—;/o Slnz(a:—t)-V(t)smztdt—kO(W). (2.1)
Here and below constants in O—type estimates depend on the potential. In this section
we do not pay the attention to the nature of this dependence. Let

ola, 22, v) = 2

1
2 =mn+pu, p=0(1), S0 z:ﬂn—l—L+O<—).

2mn n3

Then,

. o 1

o(x,22,V) = et In+ = / sinn(x—t) - V(t)sinwnt dt + O<—3)

™ w2n? J, n

In particular,
2y (21" _ D0 4 T(en) 1
o(1,2°,V) = 52,3 [,u]N VP Ve 40 | (2.2)

Proposition 2.1. Let V = V* € £2([0,1]; CNV) satisfy VO = diag{v?, 19, .., 0%}
with v) <19 < .. <. Then,

(i) there exists n® =n°(V') > ||V|| such that (a) there are exactly N(n°—1) eigenvalues
counting with multiplicities in the interval (—m*(n®—1)% = 3||V||; 7*(n°—1)? + 3||V|]),
(b) for each n > n® there are exactly N simple eigenvalues A1, An2,.., AN in the
interval (m2n* — 3||V||; 72n* + 3||V||), (c) there are no other eigenvalues;

(ii) for each j =1,2,.., N the following asymptotics hold true as n — oco:
e i’ cn 1
Anj = 7202 + v;-) — v;.j )+ O(0,(V)), where 6,(V) = |V 4 =

(i) if pnj = (-, P j)hn s, where hy; € CN is such that |hyj| = 1, (hyj,€)) > 0, then
the asymptotics

T
i}\(cn) 6]\(071) ' @\('cn) ' @\(cn)
hnj _ 1 . Jj—1J 1 J+1.J . N,j + O(5n(V))
’ 9 — Y v, — Y 0, — Y % — Y
1Y -1 Y j+1 V) NTY

hold true for each 7 =1,2,..,N asn — oo.
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Note that the condition n°(V') > ||V|| guarantees that the mentioned intervals do not
intersect each other. We need the following simple matrix version of Rouche’s Theorem:

Lemma 2.2. Let F,G : B(w,r) — C be analytic matriz-valued functions such that
IGN)| - |[F7Y(N)| < 1 for all X on the boundary of some disc B(w,r) C C. Then,
the scalar functions det F' and det(F+G) have the same number of zeros in B(w,r)

counting with multiplicities.

Proof. We check that Acarg(det F') = Acarg(det(F + G)), where Acarg f denotes
the increment of arg f along the circumference C = {\ : [A—w| = r}. Note that, if

A € C, then all eigenvalues of I+G(\)F~'(\) have strictly positive real parts since
|G(N)F~Y(\)| < 1. Thus, the result follows from

Ac arg(det(F+@Q)) — Ac arg(det F) = Ac arg(det(I+GF 1)) =0
and the classical argument principle. O
Proof of Proposition 2.1. (i) Firstly, we apply Lemma 2.2 to the function
X(0,\, V) =p(1,\, V) = F(A) + G())
in the discs
B sin \/X

AN < w2243V with F(\) = I
A A V1[} (\) o

(see asymptotics (2.1)) and

_1n Y
D=2 il <3|V with PO = ((=r2nt)1 - 70)

2722
(see asymptotics (2.2)). Thus, if n is sufficiently large, then there are exactly Nn and

N eigenvalues (zeros of det x(0,-,V)), respectively, inside these discs counting with
multiplicities. Secondly, let

N D 0 .0
d=gminj_; N 1(vj, — ;).

If n is sufficiently large, then [V("| is small and one can apply Lemma 2.2 (with the
same functions F' as above) in the discs

{)\:)\:ﬂ2n2+v?—|—u, || < d}, j=1,2,..,N.

So, if n > n°, then there are exactly one simple eigenvalue \,; = 7°n?+u, ; inside
each small disc B(7*n*+v,d) and there are no other eigenvalues.

(ii) Recall that det p(1, A, j, V) = 0. Therefore, due to (2.2) and the standard pertur-
bation theory, the self-adjoint matrix i, ;In — V© 4 V() has at least one eigenvalue 7
such that || = O(n™!). On the other hand, the eigenvalues of the matrix VO _ylen
are T, = v° — o) O(|\7(Cn)|2), s=1,2,..,N. Hence, for some s,

iy — 02+ 0 = O([VEM ) - O(nY).

Due to (i), s = j.
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iii) Let j = 1 for the simplicity and d? = v? — 0, k=2, .., N. In view of (2.2) and (ii),
17~ Y
~(en) ~(en)
0

(—1) (en) UQ) em) Jor (V)

_1 n i}\cn do ~( iy @\cn 571 V

_ 21 Uy U5 0 2N

P An1, V) 2m2n?2 . +0 n2 )
L e

Recall that ¢(1, A1, V)h,1 = 0. Thus,
{o(1, M1, V)hin1,e) =0 gives (hy, 1,€)) = (]V(C” | +0,(V)) for all k =2,.., N,
|hn1| =1 gives (hp1,€el) =1+ O0(5,(V))
and, using (p(1, A1, V)hy1,€)) = 0 again, one obtains
3 4 d) (b, €Q) + O(6,(V) =0, k=2, .. N.

Note that (ii), (iii) are standard results for the perturbation of a simple eigenvalue. [

2.2. Asymptotics of the norming constants and the averaged projectors.
Due to Proposition 2.1, all sufficiently large eigenvalues are simple. Therefore, for all
sufficiently large n > n® and j = 1,2,.., N we may introduce the factorization

P _h h:;w ij:—)\res M(/\)_h”]gnih;kzg_gnjpn%

=An,j

where g, ; > 0, h,; € CV, |h, ;| =1 and <th, e9) > 0. Denote

Bn = Bn(V) = ZBnJ’, n 2 n°.
j=1

We begin with some simple reformulations of the needed asymptotics. Note that
Proposition 2.1 gives

hnj =€)+ forall j=1,2,.,N. (2.3)
Here and below we write a,, = b, + (3 iff
(lan—=bn|); 20 € GG = {(cn) 20« (Nfe) 20 € ).
Lemma 2.3. The followz'ng asymptotics are equivalent:
(4) Zjvﬂ Ppj=1In + 0%
(1) (hnj, hng) =03 forall j#k, jk=1,2,.,N.

Proof. Introduce N x N matrices h, = ( hp1 ; hn2 ; ... ; hupn ). Then

N
hphl = th ni=> Puj
j=1

Bt = (B k) Yy = (s B ) 3y -

The matrices h,h’ and hh, are unitary equivalent (since h,h} = u,(h}h,)u’, where
h, = u,s, is the polar decomposition of h,). Thus, the asymptotics h,h’ = Iy + (% are
equivalent to the asymptotics h%h, = Iy + 3 (note that (h, j, hy, ;) = |hn]|2 =1). O

and
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Lemma 2.4. The collection of asymptotics

gy =221+ 6) forall j=1,2,.,N and Y Pu;=Iy+0

j=1
18 equivalent to
B, = 2n*n*(I + 12).
Proof. As in Lemma 2.3, we set H, = (g;%hml : ggéh,ﬂ Do g;]%\,hn]v )-
Note that B, = H, H, while
H2H, = (9000 (b))
niln = (gmj Ink < n,k> n’j>>j,k—1 :

Thus, as above, asymptotics B,, = 27?n?(Ix + (3) and H}H, = 27*n?*(Iy + (3) are
equivalent. The diagonal entries of H; H, are g, ;, s0 g, & = 2m°n*(1+3). Asymptotics

of the non-diagonal entries give (h, x, hy ;) = 27T2n2grll/fgi/,3 (2 = (3, j # k, which is

equivalent to Zjvzl P, ;= In + (3 due to Lemma 2.3. O
Note that, for sufficiently large n,
al 1
B,(V)=— res M(\) =—— M(X)dA.
; A=MAn,j 271 [A—m2n2|=3||V|

This formula allows us to determine sharp asymptotics of B, (V). Moreover, it defines
the analytic continuation of B, (V') for non-selfadjoint potentials.

Proposition 2.5. The following asymptotics hold true

1 o — 1
o 2. 2 sn
uniformly on bounded subsets of potentials V € L2([0, 1]; CN*N),

Proof. 1t’s well known that

sin z

x(0,22,V) = (1,22, V) =

1
IN+—2/ sin 2(1—t) - V¥(t) sin 2t dt
=" Jo

1 ) i | Im z|
L dzsin 2(1—z) - Vﬁ(x)/ sin z(z—t) - VF(t) sin 2t dt + O<e| ; )
z 0 0 )
uniformly on bounded subsets of V. Substituting 2% = 72n? + pu, |u| = 3|V = O(1),
one obtains

1 1 !
x(0, w*n*+pu, V) = (2 2) 2”] t [/ sin tn(1—t) sin wnt - V¥(t)dt
n=1Jo

1
—1—2L ((1—t)cosmn(1—t)sinmnt + tsinmn(l—t) cos mnt) - Vﬁ(t)dt}
™m

5 3/ dx/ sinn(1—gz) sinn(z—t) sinwnt - VF(2)VF(t)dt
T

#0( ) = e |k + L+ 0( 5],




10 DMITRY CHELKAK AND EVGENY KOROTYAEV

where the matrices

1 —— 1 ——
K, = Ix + — [(1=20)V1]®™ = [y + — [(1—2) V]
N+2m[( )WV N+27rn[< Ve,

L, = —ViO 4 Vil 4 o (1) = VO 4 Plem 4 O(l)
n n
do not depend on p. Hence, if p = 3||V|| and n is sufficiently large, then
(="
272n?

Also, note that

(0, 7024+, V)] = [k, + L)™' + o( L )

n2

1 1 | Im z|
X'(0,22,V) = —¢'(1,22, V) = —coszIN——/ cos z(1—t)-V*(t) sinztdt+0(e—>.
0

z |22

Therefore,

™

1 -~ 1
X'(O,W2n2+u, V) = (—1)7171 [IN — 2— V(Sn) + O(ﬁ)]

and
1
2m2n?
Since L, K doesn’t depend on u and 3||V|| = |u| > |L, K| for sufficiently large n,
we have

l & - 1
[X/Xfl](0772n2_|_,u7 V) — |:IN — 2_ V(sn)} K;l [MIN + Lanl] 1 + O(ﬁ)

n

1 -1
T Jpl=3| V||
and so

1 1 ~ 1 1, — 1
B,=|Iy—— VK140 =) =Iy——[1-t)V]* +0( = ). O
n? ™ n?

n
27m2n? 2mn

2.3. Proof of the direct part in Theorem 1.1.

Proof. In fact, all needed asymptotics have been obtained in Sect. 2.1, 2.2. First,
asymptotics of the eigenvalues and the individual projectors have been derived in
Proposition 2.1. Second, asymptotics of the norming constants and the averaged pro-
jectors follows from Proposition 2.5 and Lemma 2.4. In order to prove (C) suppose
that £ : C — C¥ is some entire vector-valued function such that P,&(\,) =0 for all

a1, EA)=0(e™VA) as |A| — oo and € € £2(R,). Due to Lemma 2.2 [CKO6b],
O V) = [ (LR V)] = (Z21 + O0=A)(A=Aa) " Pa+ PE) as A= A,
for some Z, such that det Z, # 0. Hence, the (vector-valued) function
w(X) = [x(0,A, V)] ()
is entire. It follows from (2.1) that
wA) =O0(\"?) as [N =72(n+3)? — oo

Thus, the Liouville Theorem gives w(A\) = w(0) = wy € CV and £(N) = x(0, A, V)wo.
If wy # 0, then this contradicts to £ € £2(R,) in view of asymptotics (2.1). O
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2.4. Explicit formula for the Weyl-Titchmarsh function. In this Sect. we prove
that the Weyl-Titchmarsh function M (A, V') can be written as the regularized sum over
all its poles. In other words, we give the explicit formula for M (A, V') involving only
the spectral data A\, (V) and B, (V) = —res =, M (A, V). The proof is quite standard.

Proposition 2.6. Let V=V* € L£2([0,1]; CN*N) satisfy (1.5). Then

—l—Z\/A v cot 4/ A— v PO

oL 2n%n?PY } =& { 21n?PY

[Z)\ - Z;ﬂn?—l—v ZZ 7r2n2—|—v?—)\ '

n=n® j=1
The series converge uniformly on compact subsets of C that do not contain poles.

Proof. Note that

(2.4)

B, 2712n2 PY
Dy i(A) = - 2,2 oj
’ Ang —A  mnAtu;—A
_ B, ; — 2n°n*P} v} (Bn,; — 2m°n*P}) B (Anj—m°n> =09) By
™n2 — X\ (mn2—\)(n? n2+uf—A) (A=A (T2 40) —N)
Due to Proposition 2.5, for the first terms one has
N
D(l) Z B, ;—2m n2P0 Zj:1 B, —2r*n*ly _ n-x,
= o7 2n2 — 22—\ 22—\’
where (z,,);7% € ¢2. In particular, the series > >, D(l)()\) uniformly converges out-
side singularities. Moreover,
+o0
(1) ‘wn‘ _ .9 142

Since B, ; = 2n*n*(P} + 82) and An,j = 7T2n2 +v) + (2, the similar results hold true for
the sums of second and third terms of D, ;(\).

Thus, the right-hand side of (2.4) converges outside singularities and tends to zero
as [A| = m*n?(m+3)? — oo. It follows from the standard asymptotics of fundamental
solutions that the left-hand side of (2.4) also tends to zero as |A| = w2n*(m+3)? — cc.
Since the residues of both sides at singularities coincide, (2.4) holds true for all \. [

3. INVERSE PROBLEM

3.1. Proof of the surjection part in Theorem 1.1. General strategy.

Step 1. Let some data (X%, PI, gl )1 satisfy conditions (A)—(C) in Theorem 1.1 and
Bl = Pi(gl)~'P! (we use different superscript ¢ for eigenvalues in order to make the
further presentation more clear). Consider eigenvalues A}, (possibly multiple for several
first o). One can split them into N simple series {\;, '}20—1» j=1,2,.., N such that

o2 UL o2 U U, v 1S = { A o
(counting with multiplicities) and )\Z,j =7mn? + vj + % forall j=1,2,..,N.
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Using the well known scalar inverse theory (see (1.4)) we construct some scalar
potentials v§; € £*([0,1]) such that

1
/0 0S5 (t)dt = o) and o(vy;) = {12

Note that the corresponding isospectral sets are infinite dimensional manifolds, so there

are infinitely many choices for each vj;. For technical reasons, we choose v such that

g (v5) = — Jes m(A,v3;) = 2r°n®  for all sufficiently large n,

An,j

where m(A, vg;) is the Weyl-Titchmarsh function of the scalar potential v?;, and

X' (0, A, 05;) #0, ie., m(Ag,v5;) #0, foralla>1.

o J]

(one can always choose such vj; in two steps: taking the scalar m-function with all
residues equal to —272n? and changing the first residue slightly in order to guarantee

m(Aa, v3;) # 0 for all a > 1). Let
VO = dia’g{vib U§2a ) v?VN}’

Thus, o(V°) = {AS }a>1 counting with multiplicities. Denote

B =pa(95) " (p%)" = Ba(V°).

Since V° is a diagonal potential, each subspace £ is spanned by some (one, if « is
large enough) standard coordinate vectors e? and all P? are coordinate projectors.

Step 2. Let
Aa(V) = M71(AZ) = [x(X)7'](0, A2, V)
and
Ad =00 Aapy)" 80— &8, AL =piAa(@)" 1 (€T — &2,

(3.1)
A2V = R ALPR) €8 — (E3)F, AT = QAL (E) — (£,

where p¢ : CN — &2 ¢ : CN — (E2)* are the coordinate projectors. Note that
ALl (VoY =0, AZ(V°)=0, A?(V°)=0 and det A2*(V°)#0 foralla >1
due to (0, X2, V°) = [p(1, 3%, Vo) ()] = 0 and det (0, X3, V°) £0.

In order to describe some neighborhood of the isospectral set Iso(V¢) near V°, we
introduce k, X k, matrices (more accurate, operators in the coordinate subspaces £2)

A (V)= [AL} - AR(AZ) A2 (V), ax=1. (3.2)

Then (see Proposition 3.2 and Lemma 3.3)

(i) all A,(V) are well-defined in some complez neighborhood B(V°,7¢) of V*;
(i) for V = V* € B(V°,r°) one has A, (V) = [A4(V)]* and the following holds:

EQ(V) =0 iff \S is an eigenvalue of V' of multiplicity k.
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Furthermore, for potentials V' sufficiently close to V°, we set

~ 1
B, (V) = 5 M(X,V)dA, where d°=3mingsi(A,;—A3) > 0. (3.3)
A=XG|=d®
If k = 1, then M () has exactly one simple pole inside this contour, so B (V)= Ba(V).
If k2 > 1, we do not know precisely how the multiple eigenvalue A? is split, so B, (V)
denotes the sum of all corresponding residues. Then (see Proposition 3.2, Lemma 3.3)

(i) all B,(V) are well-defined in some complez neighborhood B(V?,r°) of V°;
(i) for V=V*eB(V°,r°) one has B, = B, rank B, =k2 and the following holds:

A (V)=0 = Bu(V)=Ba(V).

In other words, B, (V) is the analytic continuation of B, (V) from the isospectral set
Iso(V®) into some complex neighborhood of V¢ (emphasize that, due to the possible
splitting of the eigenvalue A¢ in case k2 > 1, the original function B, (V) is discontin-
uous even for self-adjoint potentials close to V).

Step 3. We introduce the mapping
3V i (Ay(V); Ba(V))ax1

which is defined in some complex neighborhood B(V® r°) of V¢ (see Sect. 3.2). We

prove that d maps B(V?°,7°) into some "proper” (?-type space. In order to have the
"nice” description of the image space, we consider some modification ®, see details in
Sect. 3.3, 3.4. The modified mapping ® is analytic in B(V°,r°), so its restriction onto
self-adjoint potentials close to V° is real-analytic. Note that, if V' = V*, then both
kS x kS matrix A, and N x N matrix Ba, rank B, = k2, are self-adjoint. So, the total

number of (real) parameters in (A, (V), Bo(V)) is (k)2 + k2(2N —k2) = 2NE?.

Step 4 We check that the Fréchet derivative dy-® of the modified mapping ¢ at the
point V¢ is invertible (see details in Sect. 3.5, 3.6) . Therefore, due to the Implicit
Function Theorem, for each sequence (B2, )a>1 sufﬁ(nently close to )a>1 there exists

(B
some potential V* (close to V) such that A, (V*) = Ao (V®) = 0 and B, (V*) = B
for all @ > 1. If «*® is large enough, then the sequence

B =B ifa<a®, and BS:=B!, ifa>a®,
is close to (BS)a>1- Thus, we obtain some potential V'* such that
Aa(V0)=0 foralla>1, ie, o(V*)={\}asi
(counting with multiplicities) and
Bo(V*) = B,(V*) = Bi, fora>a’.

Finally, using the isospectral transforms constructed in [CK06b], we change the finite
number of residues B, « = 1,2, .., a® (see details in Sect. 3.7), and obtain the potential
having the given spectral data (A2, Bl )41 or, equivalently, (A%, P, gl )as1. OJ
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3.2. Rough asymptotics of A,(V) and B,(V). This section contains some pre-
liminary calculations. Loosely speaking, we consider the diagonal potential V* as the
unperturbed case and derive some rough asymptotics of spectral data for V' close to V°.
The main results are formulated in Proposition 3.2 and Lemma 3.3.

Let ¢° 9°, x°,n° be the standard diagonal matrix-valued solutions (recall that
V¢ is diagonal) of the equation —¢"(z) + V°(x)y(z) = M)(x) satisfying the following
boundary conditions:

9°(0) = (°)'(0) = In, n°(1) = =(x°)'(1) = Ly,
(0°)'(0) = ¢°(0) =0, (n°)'(1) = x°(1) =0.
We denote ¢S (z) = ¢°(z,A), 95 (x) = ¥(x, AS) and so on. Let

S, t) = @ (2)0°(1) = 0°(2)¢°(1) = =x°(@)n°(t) + 1°(2)x° (1)
be the (diagonal) solution of the same equation such that J(¢,t) = 0, (J°).(¢,
Let V = V° + W be some complex potential close to V°. Then x(x, A
be easily constructed by iterations with the kernel J°(x,t) (note that |J° (m
O(|z| el =Fe=t) starting with x°(z, \) . Thus,

1 2,/ Tm |
x(0,2%,V) = x°(0,2%) + /0 O (t, YW (£)x° (¢, 2 dt + O(M>, (3.4)

Elk

):1
|

V) ca
2%

1 2¢|Im 2|
X' (0,23, V) = (x°)(0, 2%) —/0 9°(t, 2 )W () x°(t, 22)dt + O(%) (3.5)

uniformly on bounded subsets of V. In particular (see 2.2), if u = O(1), then

" .
V0.3, 4.V) = U0 (ding (ol +of, g0} o0V

VO X+ V) = (~1) Iy +0(n)),  as n— oo,
uniformly on bounded subsets of W. Recall that A (V) =[x(x')"1(0, A8, V) and its

Y (o2

block A2 = % A,(g3)* are given by (3.1) and d° = 1 ming>1 (Mg, —A%) > 0.

(3.6)

Lemma 3.1. There exists r° > 0 such that for all (possibly non-selfadjoint) potentials
VeB(Vre) = {V € L2([0,1;CV*N) [V =V°| < ?"0}
the following s fulfilled for all o > 1:
det X' (0, A2, V) #0, det A22(V)#0 and det x(0,\+pu, V) #0, if |u|=d°.

Y )

Moreover, for all j =1,2,..,N and |u| = d°,
[AZ (V)] ' =0m?) and  [x(0,X,;+u. V)] = 0n?) (3.7)
uniformly on B(V°,r°).

Proof. Tt follows from (3.6) that all matrices x'(0,X;, ;, V), A2%(V), (O X+, V)

r\n ]7 r\n J
are non-degenerate and (3.7) holds, if n > n, is sufficiently large and r° is sufficiently

small. So, one needs to consider only some finite number of first indices a = 1, 2, .., a,.

Note that det x/(0, A3, V) # 0, det A22(V?°) #£ 0, det x(0, A+, V) # 0 for all «

) ol

and all these matrices (as functions of V') are continuous at V°. Therefore, if |W]| < r°
and r° > 0 is small enough, then all x'(0, A2, V'), A22(V'), x(0, \e+u, V), a = 1,2, .., a,

? (o)

are non-degenerate too. 0
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Proposition 3.2. (i) There exists r° > 0 such that all Aq(V), Bo(V), a > 1, are
well-defined by (3.2), (5.3) and analytic in B(V°,r°).
(ii) For all j = 1,2,.., N the asymptotics

‘Znyj(v) = O(gn(W)), EnJ(V) — BZJ =0 (ann(W)) , 5n(W) — ‘ cn)| 4+ 70 HW”

n? n

hold true uniformly for potentials
Ve B'(Ve,re) = {v Ve+W € B(V / W(t dt_O}

Proof. (i) Due to Lemma 3.1, all A,(V), Ba(V) are well-defined in some complex
neighborhood B(V°,7°) of V°. These functions are analytic in this neighborhood since
X(0, A, V) and x/(0,\, V') are analytic for each A as functions of V.

(i) Let A = m®n2+p and |p| = O(1), thus
©°(t,\) = (7n) tsinant + O( ) and (—1)""'\°(t, \) = (wn) " tsinmnt + O(n”?).
Using (3.4), (3.5) and fo t)dt =0, we get
XOAV) =0 + o(iw)) o) = ey +o( )

(note that n=t||W|| < &,(W) by definition). Due to (3.6), it gives

A (V) = X)) 1<o,Az],v>:An,j<v<>>+o(€n<w>).

n2
Since A, (V°)=0, A}%(V°)=0, AZY;(V°)=0 and (A2*(V))"'=0(n?), we have

AogV) = [42, - A% a2 2] () = o =00,

n2

Due to the similar arguments, if X\ = Aj, .+, |u| = d°, then
DOXT0,0, V) = [(x°) (X)) 7110, 4) + O (nen(W)) .

Integrating over the contour |u| = d°, we obtain En]-(V) =By +0 (n*,(W)). O
Lemma 3.3. For some r° >0 and all V =V* € B(V°,r°) the following hold:

(i) Aa(V) = [Aa(V)]*, Bo(V) = [Ba(V)]* and rank B, (V) = k2

(11) Aa( ) =0 if and only if XS is an eigenvalue of V' of multiplicity kS ;

(iii) if Au(V) =0, then Bo(V) = Ba(V).
Proof. (i) It V=V, then M(}) EiM(X)]*, A € C. In particular, B, (V) = [B.(V)]",
AL (V) = [Aa(V)]* and A, (V) = [Aa(V)]*. Due to Lemma 3.1, det x(0, A, V') has no
zeros on the circle |\ — \,| = d° for all V' € B(V°,r°). Since the spectrum depends on
the potentials continuously, for each self-adjoint potential V' = V* € B(V° r°) there
are exactly k¢ eigenvalues in the interval ()\° d®, \S+d°) counting with multiplicities.

If @ > a°, then k% = 1 and rank B, (V) = rank B,(V) = 1. If o < a°, then
rank B, (V) < k2. Note that rank B,(V®) = k% and B, is a continuous function of V.

Thus, if 7° is small enough, then rank B, (V) > kS for all a < o® and V € B(V°,r°).
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(i) Recall that X¢ is an eigenvalue of V' of multiplicity £¢ iff dim Ker x(0, A2, V) = k2.

Y (o3

Since det x'(0, A%, V') # 0 (see Lemma 3.1), this is equivalent to say that

) «?

dim Ker[x(x")"1(0, X8, V) = k2, ie., rankA,(V)= N — k,.

Due to Lemma 3.1, det A?2(V') £ 0 for all V' € B(V?°,r°). Then, the last statement is
equivalent to A, (V) = [ALl — A12(AZ)~1A21(V) = 0.

(iii) If A,(V) = 0, then X% is an eigenvalue of multiplicity k¢ and there are no other
eigenvalues in the disc |[A—X\¢| < d°. Thus,

Bo(V) = —1es yope M(A, V) = Bo(V). O

3.3. Analyt1c1ty Expanded mapping W. Proposition 3.2 (i) guarantees that all

matrices A, (V), Bo(V), a > 1, are well-defined in some neighborhood B(V?, ) of V°.
Let a® > 0 and n° > 1 be such that

kY + ks + .. +ko=N(n°—1) and k=1 forall a > a’+1,

so the double-indexing (n,7), j = 1,2, .., N, is well-defined starting with n°®. Also, let
n® be sufficiently large such that gn](VQ) = 2m%n? for all n > n® (see Step 1 Sect. 3.1).

Recall that B, (V) = Zj 1an( ) for n > n°.
Definition 3.4. Introduce the (formal) mapping

ViV (BOV)0P(V)) = ((%”(V))Zil ; (W(V))ZZW),
i),

(4
~ N
(2) _ 22 7 \V . By, 0 . By
Uy, = <<27T n -An,j)jzl ; (27r2n2 - F; )j:1 ; Wnl27r2n2 - [N} )

Note that U4 and ¥ map B(V°,r°) into some finite-dimensional spaces. Namely,

\I/(l . B(Vo ) Ckgxkg EB(CNXN and \1122) . B(VO,TO) -~ CN ® [(CNXN} N@ CNXN.

Since UM has the finite number of components, it also acts into finite-dimensional
Hilbert (Euclidian) space HY) = @f_, [CFa*ka g CV*N]. It has been shown in Sect. 3.2
that the components of ¥ have "nice” asymptotics for potentials

VeB'(Ve,re) = {V Vet+W € B(V /W dt_O}

Let Npo = {neN:n>n°} and Cg"™ = {A=A* € C™*"™} be the real component of
the complex Hilbert space C™*™, i.e., the real space of all self-adjoint m xm matrices.

Lemma 3.5. (i) U® maps BY(V°,1°) into H® = (2 (Nno ; CN g [CNVN] Vo CNXN>.

Moreover, the image U@ [BO(V°, r®)] is bounded in H®.

(11) U : BO(V°,r°) — H=HY®H® is an analytic mapping between complex Hilbert
spaces. Moreover, the Fréchet derivative dy-W of ¥ at V° is given by the Fréchet
derivatives of its components: (dyoW)W = <((dv<>\118))W)a 1 ((dy 0 )W)+E° >

n=n®
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(iii) U+ BV, o) = BV, r°) N £2([0,1];C*N) = Hyp = HY x HP is a real-
analytic mapping between real Hilbert spaces and the Fréchet derivative dy.WV is given
by the Fréchet derivatives of its components, where

A =@ [cRecy ], AP = & (Ne RV e [o ) e i),
Proof. (i) Due to Proposition 3.2, for all j =1,2,.., N
A, (V) =0 2,(W)) and B, ;(V) - B2, = O(n’c,(W))
uniformly on B(V°,r°), where

—~ W] o=
" _ (cn) ” . 2 _ O 2 )
en(W) = W + ==, 0 n_§n0|€ (W)] W)
Since By, ; = (g5;)~ ' P} = 27°n* P}, n > n°, we obtain

n=n° 27T2n2 J

~ +oo E . +o0
<2T2H2An,j(v>> S EQ and < n’](V) - PO> € £27 ] - 17 27 .oy N7

uniformly on B°(V? r°). Also, due to Proposition 2.5,

B, e
™m V) _ Iy € ¢* uniformly on B*(V°,r°).
2m2n?

n=n®

(ii) Due to Proposition 3.2, all coordinates \Ifgl), a=1,2,..,a° are analytic in B(V?°,r°).

Hence, ¥ is analytic too. Similarly, all coordinates \1153), n > n°, are analytic in

B(Ve,r°). It follows from (i), that ¥ is also locally bounded in B°(V°, r°). Therefore
(e.g., see [PT87] (Appendix A, Theorem 3) or [Di99] (Chapter 3, Proposition 3.7)),
¥ is analytic as the mapping between Hilbert spaces and its Fréchet derivative (or,
equivalently, gradient) is given by the Fréchet derivatives (gradients) of its components.

(iii) By Lemma 3.3, ¥ maps B2(V°,7°) into Hg. VU is real-analytic due to (i). O

<

3.4. Analyticity. Modified mapping ®. The expanded mapping ¥ introduced in
Definition 3.4 is real-analytic but overdetermined. In other words, its coordinates,
obviously, are not independent from each other. In particular, there are no chances
that the Fréchet derivative dy -V is invertible. On the other hand, the coordinates
Aa(V), Ba(V), a>1, of the original mapping ® are independent, but we have no
"nice” description of the image space. The next goal is to construct some modified
mapping ® = (1), d?)) (see Definitions 3.6, 3.8, 3.9) such that

(i) it keeps the full information about A, (V), B.(V), a>1;
(ii) it is real-analytic as the mapping between Hilbert spaces;
(iii) its coordinates are "independent” from each other (more precisely,
in Sect. 3.5, 3.6 we will show that dy.® is an invertible linear operator).
We start with a slight modification of the first coordinates B (V),a=1,2,..,a°
Recall that, if V € BA(V?,r°), then B, (V) = [B.(V)]*, rank B, (V) = k% and

B = (po) Boph,  piBope) = (92) " =1(g3)7'] >0
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(moreover, ¢° is diagonal, since V' is diagonal). Therefore, if 7° >0 is sufficiently small,
then for each & = 1,2, ..,a° we have the (unique) factorization

Bo = [(02)" + (¢2)* Ea] Cy | E ] Co=Ci=Bil £ - & (3.8)
o = [(P2) + (@) Es Co [po + ELqS], o .
E, = B2[BI™: & — (£)*,

where B! = p? B, (p%)*, B2 = ¢2 B, (p)* etc. Note that Cy, > 0, since rank B, = k.
Definition 3.6. We introduce the first component of the mapping ® by

oM BV, ) H§g> — @3; [Cﬂkgxkz@ Cﬂzzxkz@ C(N—k&)xkg}’
(3.9)

a®

(V) = (2(V)) (V) = (Au(V); CalV); BalV)).

a=1"

Remark 3.7. Due to Lemma 3.5 (i), @V is well-defined and real-analytic in BY(V°,r°),

if 7 >0 is small enough. Note that ®1) can be reconstructed from ®Y) and the total
number of real parameters containing in ®Y is 2N (kS + kS + .. + k%) = 2N?(n°—1).

We pass to the design of the second component . The main purpose of (rather
technical) Definition 3.8 is to combine heterogeneous objects from (1.6) into one object
having "nice” asymptotics as n — oo (see Proposition 3.10).

Due to Proposition 3.2, if ° >0 is sufficiently small, then

A, (V)| = O(n7%e,(W)) and |B, (V) - 20*n*PP| = O(n’c,(W)).  (3.10)
In particular, if V' € Bﬂ%(l/ﬂ r°), then factorization (3.8) is well-defined for all n > n°.
Recall that k; ; =1, s0 A, ;(V) and C,, ;(V)) > 0 are real numbers.

Definition 3.8. Let V € B (V°,r°) and r° > 0 be sufficiently small. Introduce two

numbers a, ;(V), cn (V) € R and one vector e, ;(V) € CV such that (e ;,€) =1 as
~ 1

an; (V) =2m°0% A, ;(V), cn;(V) = [(27?2n2)_10n7j(‘/)} 2 ey (V)= eg-) + Ew-(V)e?.

Furthermore, define N x N matriz Y, = Y, (V) € CV*V by

Yn — ( eXP[wn,l] . cn,l €nl eXp[ian,Z] *Cp2€n2 5 . exp[ian,N] *Cp,N en,N )
and let

Y,(V) =U,(V)S,(V), U, = Un_l, Sr=.S5,>0,
be its polar decomposition.

Note that all Avn’j, En,j, j =1,2,..,N, can be easily reconstructed from U,, S,.
Factorization (3.8) reads now as

*
n7j ’

(27r2n2)_1§w' = cfw» - e €
so (3.10) gives
|an (V)] en; (V) =11, len; (V) = €f] = O(en (W)
uniformly for n > n®. Hence,

Yu(V) = Inl, [Un(V) = In[; |Sa(V) = In| = O(en(W)) (3.11)
uniformly for n > n°® and det Y,,(V) # 0 for all V € BY(V?°,r°), if r° is small enough.
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Definition 3.9. Formally introduce the second component of the mapping ® by
o2 . Vs (V) = (0P (V)

n=n®»

? — (—ilogU, ; 27n - (S, —Iy)) : BR(V°,r°) — CY*N @ CY*N,
where log U, = (U, —Iy) — 2(U,—In)? + 2(U,—In)® — ...
Recall that A, ;(V°) = 0 and B, ;(V°) = 27 P) for all n > n°. Thus,
Y, (V) =U,(V°) = S,(V°) =Iy and ®P(V°)=(0;0) foralln>n°
Proposition 3.10. There exists r° > 0 such that the mapping
d®  BY(V°,1°) — L2 (N,yo; CY*N x CY*N)

is well-defined and real-analytic in B3(V°,r°). Moreover, the Fréchet derivative dy+®?
of @@ at V° is given by the Fréchet derivatives of its components.

Proof. Due to (3.11) and > |e,(W)|? = O(||W||?), for sufficiently small 7° > 0 the
mapping
ViV (Ya(V)—In)t BR(V°,1°) — (3 (Nyyo; CVN),

n=n®

is well-defined. Recall that Y,, is some simple function of gm and En,j, j=12,.,N
(see Definition 3.8). Using real-analyticity of the first two components of the expanded
mapping U (see Definition 3.4 and Lemma 3.5), we conclude that ) is real-analytic
as a composition of real-analytic mappings. Since S, = (Y;*Y;,)"/? and U, = Y,,S;,
both mappings

S: Vi (S,(V)—1Iy)i> By (Ve,r°) — Eﬁ(Nno;CgXN),

and
U:V i (—ilogU, (V) BV, 1°) — (2 (Nye; CRMN),

n=n®
are real-analytic too as compositions of ) with some simple coordinate-wise transforms.
In order to complete the proof it is sufficient to show that S actually acts into
"better” space £2. Note that

al 1 o = B
Y,V = Z Ci,j . €n,j€;j =53 Z B, ;= ann?
j=1 j=1
Due to Lemma 3.5, the mapping
Z:V =2 (VY — Iy, BY(V®,r°) — (2 (Nye, CRN)

(which is the third component of W®) is real-analytic. Using S,, = [U; (Y, Y. )U,]"/?,
we obtain that the mapping

g: V- 2mn - (Sn(V)—]N)+OO B]}%(VO7TO> - g]%@(N'ﬂf}) (CI]RYXN%

n=n®»

is real-analytic as a result of some coordinate-wise transforms with Z and ¢. Note that
®®@ = (U; S). Since the Fréchet derivative dy-W¥ is given by the Fréchet derivatives
of its components, the same holds true for all mappings V), S, U, Z and S. OJ
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Remark 3.11. The mapping ® = (M) ; ®®@) is real-analytic too, since both ®1), &)
are real-analytic, and its Fréchet derivative is given by the Fréchet derivatives of
CIDS), @%2). Note that each <I>n2 . n = n°, contains 2N? real parameters, z e., exactly
“the same amount of information” as, say, the n-th Fourier coefficient yn

3.5. Explicit form of the Fréchet derivative dy.®. We denote by
PO W (z) — W(z) — WO

the orthogonal projector in £2([0, 1]: CY*N) onto {W € £2([0, 1];CY*N) : W© = 0},
Recall that the mapping ® was introduced in Definitions 3.6 and 3.9. Due to
Remark 3.11, (dy-®)W for W € P°L2([0,1]; CE*Y) is given by
(dVoZQ)I/V, (dvoca)VV, (dvoEa)W for o = 1, 2, cey a®
and  (dy-U,) )W,  (dyeSp,)W  for n >n°.
We need some preliminary calculations. Let
XZ - ( 7)‘27 VO) 902 - ( 7)‘<o>u VO) and S0 on.

Since V¢ is a diagonal potential, all these matrix-valued functions are diagonal. For
short, we will use (a bit careless) notations like

Xi(t) o o/ -1 o/ —1,0
sy = Xa(OIO) (0] = [(xa) (0] xa ).
(x&)'(0)
Recall that p¢ : CV — &° and ¢¢ : CV — (E2)* are some coordinate projectors.

?Ete that Ker[x7(0)(g2)"] = {0}, Ker[(x2)'(0)(p3)"] = {0} and Ker[x5,(0)(p3)*] = {0}.
us, expressions

(0] (a)™ () (0] ()" and  [X2(0)] 7 (p2)"
(and their conjugates) are well-defined.

Proposition 3.12. For all « > 1 and W € P°L?(]0, 1] CNXN) the following hold:

(dye Ag)W = p2 { /O (Xz)(?o) Wt t} (3.12)
(dyeE)W = —¢° { /0 ;‘aéé)) W (t t} (3.13)
and
where
103 — 0 X?X(O) 2o
Ea(t) = xa(t) — 242(0) Xa(t). (3.15)

Proof. 1t follows from (3.4) and (3.5) that

(dyox (0, X)W = /goa Xo(t)dt,  (dyex'(0,A0))W = —/1192(t)W(t)X‘;(t)dt

and  (dyo (0,3 = / G (OW(OXC(1) + o2 (W (O (8)) de.
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Recall that A, = ALl — A12(A22)~1 A2 where
Aa(V) = IX() 0,08, V), Al = peAa(p?)”, Al = poAa(ql)” and so on.
Due to A2(V°) =0, A2L(V°) = 0 and p2x2(0) = 0, one obtains
(dveAa)W = (dve ALYW = pi,(dyex(0,X3)) W [(x2)'(0)] " (55)"

_ o Xa(t) oy
=i [ oo g i
This gives (3.12), since p2¢°(t) = p2x%(H)[(x2)'(0)] L. Next,

(dyeBa)W = —-— (dv= (X (0, \))W dA

271 [A=XS|=d°
1 (x°)'(0 dA
— —(dyo (0, )W 4 XA .
2mi A=A |=d® |: ( v ( )) XO(OJ XO(OJ)\)
Note that the diagonal matrix-valued function [x°(0,\)]~! has the unique pole
(at \) inside of the contour of integration and

Iy _ po In X3(0> o o AN o o
oy e [xz(oxA—Az) - 2[>‘<z<o>12}’3a ¥ Qarg(o) G T ORTA) a3 A= Ao,
where Q2 = (¢2)*¢2 = Iy — P°. Recall that E, = B2[B!!]~ and B2 (V°) = 0. Thus,
(e Ea)W = (e B (B (V) = (e BV -, 5000 )
and
n21 0 ! o (Xz)/(o) S [N o\ *
B2 =z | [ (a0 + D oo ) wionato) s e

Using x2(0)92(t) + (x2)'(0)¢5.(t) = x%(¢), one obtains (3.13).

Furthermore, Co(V) = BE(V) = p2Bo(V)(p2)*. In contrast to (dyeB2)W, we
do not have cancellations of the singularities by the projectors, so one should find the
residue at the second order pole \°. Straightforward calculations give

(CW = s [~y 00 + O TS o 0.0 | o 2

=l 1 ([szomionsio + (ReR — DX OO e oy

200 2RO
(a0 ooy
+ Qa8 (G OW a0 + oW )| <
I U AUAYH I
- OO oS e )
Using the identities
oty BV GO a0

x&(0)
and p&(x%)"(0)pS(t) = pSxS(t), one obtains (3.14). O
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Introduce the functions
X2 () = ey = x(t, 22,05, and &7(t) = [€a(8)]; = &(t, A, v5y),
where & is given by (3.15).
Corollary 3.13. Let a > 1 and I(«a) = {s: XS € a(vS,)} (by definition, the set I(«)
consists of k2 indices). Then, for all W € P°L2(]0,1]; CF*N),
[(dve Aa)W]je = (Wi, u?),  [(dyeCa) Wi = (Wi, WP),  jk € I(),

where for all X;, € o(vs;) No(vyy,) the functions ud® and a$Y are given by

" , - ,

ug™ (1) = [0G7) ()G (O] Xa7 (DxEH (1), 516

" () = [ (OF O] - (S27 (XM (1) + X7 (€M (D)) -
Furthermore,

[(dve Ea) Wik = Wik, ud?), j ¢ I(a), k € I(a),
where for all X;, € o(v,) \ o(v$;) the function ud™ s given by
udP () = =[O0 (017 X (OxEH (). (3.17)

Proof. Since x¢, £ are diagonal matrices, this is exactly the result of Proposition 3.12
rewritten in the coordinate form. 0

Proposition 3.14. Let n > n® and j,k = 1,2,.., N be such that j # k. Then for all
W e P°L2([0,1]; CE*N) the following identities hold:
[(dve Y)Wy = (4m2n2) " Wy, Us?)) + i - 2002 (W, ul?), (3.18)

n,j n,j

U9 and ﬂg;

n?j

where the functions u are given by (3.16), and

(v Y)W = (Wi, uly)), (3.19)
where the functions ufj? are given by (3.17). Furthermore,
(dyeSp)W = 5 (dve Y)W + [(dveY,)W]*)
(Ao U)W = & (dye Y)W = [(deYo)W]")
Proof. By definition of Y,,,
[(dve Y)Wk = <(dv<> lexp(iank) - Cnk - €ni)) W, 6? .

Recall that a, (V) = 0, c,x(V®) = 1, €,4(V) = €) + E, x(V)e) and E, x(V°) = 0.
Thus,

(3.20)

(dyoCh ;)W

47r2n2

[(dVQYn>W]jj = (dvoCnJ)W + 7 - (dvoan,j)W = -+ 7- 2W2n2(dvogn,j)w

and
[(dvo Y)Wk = [(dvo B )W]; .

Due to Corollary 3.13, one obtains (3.18) and (3.19). Recall that S, = (Y*Y,)'2,
U, =Y,S;  and Y,,(V°) = U,(V°) = 5,(V°®) = Iy. This immediately gives (3.20). O
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3.6. Invertibility of the Fréchet derivative dy.®. Due to Remark 3.11,
(dye® W = ((dye Ag)W ; (dyeC)W ; (dye EOW), a=1,2,..,a°
(dye @YW = (—i(dyoU )W ; 27n(dyeS,) W), n=n°n+1, ...

Recall that Wy; = W_jk for all 1 <k <j<N. It immediately follows from Corollary 3.13
and Proposition 3.14 that the entries of the components of (dy-®)W are

(1) for all j =1,2,..,N (diagonal entries of (a) Aa, Cy and (b) Uy, S, ):
(a) (Wj;, ugj)), (Wij, 'Egj)), where a < a° are such that A, € o(v5;);
(b) 27%n? - (W;;, ufj?}, (2mn) =t - (W, ﬂg?), for alln > n®;

(2) for all 1<k<j<N (non-diagonal entries of (a) Aa, Ca; (b) Ea; (¢) Un, Sp):

(a) (Wi, ugk)), (Wi, ugfk)> and their complex—conjugates

Wik, uf”), Wi, ug”)% where a < a°: A, € a(v3;) No(vg,);
(b) (Wik, u&jk)>, where a < o are such that A\, € o(vg,,) \ o(v5;);
<W_jk, uff”), where o < a° are such that X\, € ( ) \ o(vie);
(€) L- (W, [ub (J’f ("U ] ;o (Wi, [ nk +u(kj 1) and their conjugates
]

( )
<_ ) (7%) k

; ﬂ-n'<ij7[nJ +unk ¢

'ija[ ] ), forallm > n°.

Note that u§® = ) and a¢* = a7, if A, € o(v$;) No(viy)-

Definition 3.15. For each 1 < k < j < N we introduce the collection of real scalar
functions

uUJ‘):{ugi),agi), a<a®: X eo( ”)} {m w9 (27n) L U n>n<>}

nj ) n] )
Uk = {ugk),ﬁ&jk), a<a’®: A\ €o(vs )ﬂo(vkk)}
U {ud?, a<a®: AgEU(vgk)\a(v;j)} U{ul?, a<at i ea(vr) \o(vg) |
U {%[ ff? u;kg)] : ﬁn[u;{i) + uglkj)], n>n°} :
where the functions u$® and @S are given by (3.16) and (3.17). Note that each

collection UY*) contains evactly 2(n°—1) functions with “small” indices o < a°.

Remark 3.16. Due to the arquments given above, in order to prove that [dy-®]™! is
bounded, it is sufficient to prove that each P°UY*) is a Riesz basis of P°L2(0,1).

Lemma 3.17. For each 1 < k < 7 < N there exists some collection of functions

YUk < POL2(0,1) which is biorthogonal to UY*) (and, therefore, to PUUF) ).

Proof. Taking into account definitions (3.16), (3.17) and (3.15), it is sufficient to con-
struct some collection VU*) © PYL2(0,1) which is biorthogonal to P°UU® | where

Uik — {waok for all )\OEO( )UU(Ukk)}

U {X JX<>’f+X<>JX<>k forall)\OGU( )mg(vgk)}7
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since UM and UU*) are related by some simple linear transformations (namely, multi-
plications by fixed constants, (x,&=x+cx) < (x, x) and (uy, ug) <> (ug+ug, ug —us)).
Note that we consider both cases k£ = j and k < j simultaneously. Let

puL {[¢;ﬂ¢;k] for all X3 € o(v2;) U o—(vgk)}
O {lees" + ey, for all g € o(u3) No(vf) }
By definition, VU¥) ¢ POL2(0,1). Let Ay # Ag and {x, ¢} = x¢’ — X'¢. The standard
trick (e.g., see [PT87] pp. 44-45 for the similar calculation in the scalar case ) shows

1 [t : .
(e ey es' ) = §t[: O e P R DI [OL

= ;/ [{xa 05 OGROE) + OGN o }] (t)dt (3.21)

{M%mMﬁm:w%%>mex

2(Aa=Ag) 2(Aa—Ag)
If both Ao, Ag € o(v5;) U a(vyy), then ¢°’j(1)gpg’k(1) = x27(0)x%*(0) = 0. Hence,

<xa X, o5 o) > =0

Moreover, if A, € o(v$;) No(v,) (the case A\g € o(vs;) No(vy,) is similar), then the
right-hand side in (3. 21) as a function of A\,, has a double zero, so we can differentiate
this identity (with respect to A,) and obtain

<>‘<2’an +xaI X, ey el > = 0.
Also, if both Ay, Ag € o(v5;) Na(vyy), then

<>‘<Z’j><a XX [0y 0 oy o) > = 0.

Let Ao =g € o(v5;) \ o(vg,) (or Aa=Ag € o(vi,) \ a(v$;)). Then {x37, 937} =0,
{x3*, poF} # 0 and

o,k
<Xaon790aS0a]/>_ 0179004}\/\ dt;éO

Let Ao =Xs € a( ) No(vg,). Then {x%7, %7} = {xoF, %k} = 0 and

<Xa Xa 79004 Qpa]> 0
Using (3.21) for A3 — A,, one gets

7 o,k
o : . g (L)eg (1 % 1
(e, et = i 20 C) [0)

0.

Similarly,

X8/ X&M1(0)

o A0,

XX [0 ook + 037 k) = —



MATRIX-VALUED WEYL-TITCHMARSH FUNCTIONS ON [0,1] 25

Finally, one needs to correct Pk) slightly, replacing the functions [(¢%7 %k + %I k)
for all A, € o(v$;) No(v,)) by

(2703 + 0t O3] + calol 03]
with appropriate constants c,, in order to guarantee

XEIXTEHXGTXET s [0 0 + o270 +ca[soa’]s@a I)=0
After these corrections, VUK bHecomes biorthogonal to UG, O
Proposition 3.18. P°UU¥) is a Riesz basis of P°L2(0,1) for all 1<k<j< N.

Proof. Since P°UU*) admits the biorthogonal system, it is sufficient to check that
elements of P°UUF) are asymptotically close (say, in (?>-sense) to some unperturbed
Riesz basis (note that these functions are in one-to-one correspondence with eigenvalues
of v7; and vy, and we have two functions in U Uk) for common eigenvalues). Those

u € Z/{ (k) that correspond to first eigenvalues A° ., A°, n < n° do not affect the

n,j’ “‘n, k?
asymptotical behavior, so it is sufficient to consider n > n®

We need some simple asymptotics. Let A = 7r2n2+p,, p=0(1), and v € £%0,1)
be some (scalar) potential. Then

(A, ) = M+o<i), x(t,A,v):<1_t)cosm(1_t>+o<i),

™ n? 2m2n?

X'(0,0,0) = (=1)" " + O(%), X(0,\,v) = % + 0(%), X(0,A,0) = 0(%)

as n — o0o. In particular,

f(t, )‘71}) = X(tv )\,U) -

If £ = j, one obtains

y 2122 ()12
PO {27r2n2 . uffz)] = 7?0[ T nw[.xf’]( 3] } = —cos2mnt + O(l)
(%) (0)] n

X(0, A, v)
2x(0, A, v)

x(t, A\, v) =

2m2n?

(1) cos mn(1—t) +o< 1 )

and

&5 0x5 ()
mn[x;,5(0)]2
It’s easy to see that the collection

PO [<2m> L ~JJ] 7)0[ ] = —P" [(1—t)sin 27nt] +O(%>.

R = {cos omnt , P°(1—t)sin2mnt], n > 1} (3.22)

is a Riesz basis of P°L?(0,1). Indeed, all functions (1 —¢)sin2wnt, n > 1, are linear

combinations of cos 2mmt, m > 1, since they are symmetric with respect to =. Hence,

(f,cos2mnt) > (1T 0 (f,cos2mnt) >
(f,P[(1—t)sin2mnt))t> ) \ A LI (f,sin2mnt) > )’
and the linear operator (f, cos2rnt)> — (f, P°[(3—t)sin2mnt]) >, f € £3(0,1), i

n

bounded in (2, since the operator f — (3—t)f is bounded in £%(0,1).
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Thus, R is a Riesz basis of P°£2(0,1) and P°UU) is (2-close to R (note that
in both P°UU7) and R there are exactly 2(n°—1) functions with n < n°). Due to
Lemma 3.17, the elements of P°UU7) are linearly independent. Therefore, POUUI) is a
Riesz basis of P°L?(0,1) by the Fredholm Alternative (see, e.g., [PT87] p. 163).

Let k < j and n > n°. Due to [(x%) (X05,)"'1(0) =—(g5 4) "' =—27n?, one has

7‘ <>7k <>,' O,k
095y = Xk X ) Xn 00
ok XoRO) (R (0) 272X 87 (0)X2k(0)
Note that
X () = X (8) + (X5 = Ag )X () + O(n™?)
and

X (0) = (N k= As) - X075 (0) +O(n ™),
since x3%(0) = 0 and ¥, (0) = O(n™*). Therefore,
< 1 Xt Nt 1
(Jk)(t) _ X ,J( )ka:( ) X ,]( )Xn,k;( ) O( )

u = . - -
m Ak — Aoy 2mn2ST(0)XSh(0)  2m2n2X S (0)X 3k (0)

Thus,
ol1r (k) (k7) . cos 2mnt 1
73 |:§[un],k —Un’; ]:| = _—)\Z7k—>\z’j + O E
Jjk)

and, since the first term of uik (t) is antisymmetric with respect to j and k,

n

PO {71'71 . [ugl,? + u%)]] = —P"[(1—t) sin 27nt] + O(l)

As above, we see that P°UU*) (up to some uniformly bounded multiplicative constants)
is /2—close to the Riesz basis R given by (3.22). So, P°UU* is a Riesz basis due to the
Fredholm Alternative and Lemma 3.17. ([l

Corollary 3.19. The Fréchet derivative
dvoq) = (dvoq)(l) 3 dvoq)(z)) : 7)0[,2([0, 1], (CQX]\U — Hﬁ{l) S¥) H]g),

H}g) _ @a—l [Cﬂkgmg@ Cﬂzgxkg@ (C(N—kg)xkg]’ Hg) _ Eﬁ (Nno; (ngjv o C@’XN),
is a linear isomorphism (in other words, dy-® is invertible).

Proof. See Remark 3.16 and Proposition 3.18. U

3.7. Completion of the proof. Changing of the finite number of first residues.
Let {(X%, PI,gl)}as1 be some data which satisfy conditions (A)—(C) in Theorem 1.1)
and Bf, = Pl(g})"'Pi. Recall that P}, = P? + (> and (¢} ;)" = 2r*n*(1 + &2).
Similarly to Definition 3.8, if n is sufficiently large, then we may introduce the (unique)
factorization

(27r2n2)_llejj = (ch )2el (el ), CLJ eRy, e . eCV, <€T74 e?) = 1.

n,j n,j\"n,j n,j

Note that eIL,j = e + ¢* and CILJ =1+ (2. Define

_ T . T . . T NxN
YJ—(CL@M : 0272'67%2 Do cjl’N-en’N)E(C N
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Since Y| = Iy + £, the matrix Y| is non-degenerate for all sufficiently large n, and we
may introduce its (unique) polar decomposition

vi=ulsl, [0 =[] [sfr=sl>0

Note that Ul = Iy + % and S} = Iy + *. By our assumptions, Z;VZI P;j = Iy + *
and (g ;)7! = 27%n*(1 + £2), so Lemma 2.4 gives
UNSHA(UN = YY) = (2rn®) 7 S0, Bl = In + 4.
Therefore, Sf = Iy + £3.
Recall that US =U,,(V°®)=1Iy and S¢=S,(V°)=1Iy for all n > n®, so @ (V°)=0.
Since the Fréchet derivative dy-® is invertible, the mapping ® = (®1); ?)) is a local

bijection near V°. Therefore, if a® is large enough, then there exists some potential

V* e B3 (V®,r®) such that
W (V) = dM(V°), dD(V*) = dPD(V°) =0 for all n° < n < n°,
and P (V) = (—ilog Ul ; 2mn - (SI—1Iy)) for allm > n®,

where a®* —a® = N(n®*—n°) (i.e., @®+1 corresponds to the double-index (n®,1)). Since

the original mapping ® can be reconstructed from ®, one has

A (V) =A,(V°) =0 forall a <a®,

Zn,j(v.) =0 and En,j(V') = B:L’j for all n > n°®.
Due to Lemma 3.3, it gives

o(V*)={X}az1 and  B,;(V*)=B], foralln>n".

At last, we need to change the finite number of first residues (B, (V*))%, to
(B}),. Recall that the isospectral transforms constructed in [CK06b] allow to mod-
ify each particular residue B, in an almost arbitrary way. The only one restriction
(concerning the change of projector P, to P,) is

F.NRan P, = {0},

where F,, dim F, = N —k, is some ”forbidden” subspace that is uniquely determined
by the spectrum and all other subspaces (£3)g£q. It’s not hard to conclude (see Propo-
sition A.4) that this restriction is equivalent to the following:

One can modify B, in an arbitrary way such that (C) holds true.
In general situation one can change all B,(V*) to B], by a® steps. Nevertheless, it may
happen that at some intermediate step the desired residue B, violates (C). In order

to overcome this difficulty note that one can always change B, to some E:; which is
arbitrary close to B}, in the natural topology. Then, in any case, after a® steps one can

obtain some potential V* such that Ba(f?‘) = ég for all « = 1,..,a® (and, of course,
Ba(V*®) = Bo(V*) = B} for all @ > a*). By Corollary A.2, the set of all admitted
by (C) sequences (B,)2", is open in the natural topology. Therefore, if (Bf)2*, and
(B}, are close enough, then all changes EL — BJ are permitted. So, after another

at most a® steps one obtains the potential V such that B, (V) = B} for alla = 1,..,a®
(and still B, (V) = BJ, for all @ > a*). The proof is finished. O
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A. APPENDIX. PROPERTY (C)

Let A, > 0 for all @ > 1. Note that (C) doesn’t depend on shifts of the spectrum,
so we do not lose the generality. We begin with the following simple

Remark A.1. If an entire function & is bounded on the real positive half-line, then the
condition £(\) = O(el™VA) s equivalent to say that £(22) is an entire function of
exponential type no greater than 1 (see [Ko88], p.28).

Recall that the Paley-Wiener space PW|_y ) consists of all entire functions f(2)
of exponential type no greater than 1 such that f € £?(R). The Paley-Wiener theorem
(see [Ko88] p.30) claims

L[ p(t)e #dt, where ¢ € L2(—1,1). (A1)

f - PW[,l,l] lff f(Z)

Proof of Proposition 1.3. If ¢ € £*([-1,1];C") is some vector-valued function
such that

1 1
/ o(t)dt =0  and R} / p(t)e ™V aldt = 0 for all a > 1, (A.2)
-1 —1

then
I :
2—/ p(t)e ™dt = 2f(2) and P,f(E£v ) =0 forall a > 1,
T J-1

where zf(z) € PW_11;. Denote £(2%) = 3[f(2)+f(—2)] or £(2?) = 5=[f(2)— f(—2)].
Then, P,6(A)=0, a > 1, £(A) =0(el ™V} and € £2(R,). This contradicts to (C).

Conversely, let £(A\)=0(e/™ VM) and € € £2(R,). Then f(z)=2£(22) € PWi1),
so it admits representation (A.1) with some ¢ € £3(—1,1). It’s easy to check that
P.£(A\s) =0 and f(0) =0 imply (A.2). Hence, ¢ = 0. O

We have the immediate

Corollary A.2. If one fizes the spectrum {\,}a>1 and all projectors P,, o > a®+1,
for some a® > 0, then the set of all finite sequences (P,)%~, satisfying the condition
(C) is open in the natural topology.

Introduce the function
~ x(0,\, V)P

G =5 (A3)

where Pé :CN — 52 is the orthogonal projector onto the subspace &L = Ker X(0, A3, V).

Proposition A.3. Let 3 > 1 and V=V"* € £2(]0,1]; CY*Y). Then,

(i) €5 C — CV*N s an entire matriz-valued function, E5(\) = O(e™ VM) as |\ — oo,
&5 € L2R,) and Pyés(Ao) = 0 for all a # 3.

(i) If € - C — CN is an entire vector-valued function such that £(\) = O(e!™ V) gs
N — o0, £ € L2(Ry) and P,&(Ma)=0 for all o # 3, then & = Egh for some h € CV.
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Proof. (i) The function £z is entire due to x(0, \g, V)Pg = 0. Furthermore,

E5(A) = O(|A 2e™ YA as A 00 and  Py&s(Aa) =0 for all o # 8,

since P,x (0, ) = Pa[o(1,A)]* = [p(1, A\a) Pa]* = 0.

(ii) Lemma 2.2 [CKO06b] claims

OV =" (LA V)T = (271 + O =2))(A=2a) ' Pa+ Py) a8 A= Aa
for some Z,, o # (3, such that det Z, # 0 and

(0 VI = [p(LA VA = (A=Aa) Ph 4+ (P25 + O(A=2g)) as A — Ag
for some Zg, det Zg # 0. Due to P,&(\a) = 0, a # (3, the (vector-valued) function

w(A) = [x(0,X, V)7

is analytic except A\g and w(\) = (A—)\g)_lPﬁﬁh + O(1) as A — Ag for some h € CV.
Since w(A) = O(|A['/?) as |A| = 7%(n + 1)?* — oo, the Liouville theorem gives

EA) = x(0,\, V) (A—/\g)’ngh + wo} = &3(\)h + x(0,\, V)wy  for some wy € CV.
Finally, £ € L?(R, ) implies wy = 0. O

Recall the construction of the ”forbidden” subspaces F, C CV, o > 1, given in
[CKO6b]. Let V=V* e £2([0,1]; CN*N). For each a>1 denote

1
Fo = [Sa(E)]F, where S, = S (V) = / [ p](t, Ao, V)dt = S, > 0
0

and &, = Ran P,. Note that dimF, = N —-dimé&, = N —k,. The main result of
[CKO06b] is that one can modify each particular projector P, (keeping the spectrum
and all other projectors fixed) in an arbitrary way such that F, N Ran P, = {0}. It’s
quite natural that this restriction is equivalent to property (C) as shows

Proposition A.4 (Connection between subspaces F, and property (C)).
Let B> 1 and (Mo ; Pa)2 = (Aa(V); Pa(V))12 for some V =V* € L£2([0,1]; CY*M).
Then, the collection (Ao ; Pa)t2y, where P, = P, for all a # 3, satisfies (C) iff

Fs N Ran ﬁg = {0}, where Fs=[S5(E)]" (A.4)
Moreover, F5 = [Ran&s(A\s)] ", where & is given by (A.3).
Proof. 1t follows from Proposition A.3 (ii) that (C) holds true for the new collection
(A3 Pa)E if and only if Ps€g(Ag)h # 0 for all h € €4 h # 0. In other words, (C) is

a=1
equivalent to

Ran &g(A\3) N Ker Ps = {0}. (A.5)
One has (see Lemmas 2.4 and 2.1 [CK06b] for details)
€5(Ns) = X(0,X5) P = ¢ (1, Ag) P = —¢" (1, As) (1, A5)X(0, Ag) P
Moreover, Ran x/(0, )\g)Pg =&z and
Ran §5(As) = Ran["(1, Ag)¢'(1, Ag) Ps] = Ran 53 P5 = S3(Es).
Since dim Ker f’g =N — kg =N —dim Ss(Es), (A.5) is equivalent to (A.4). O
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We finish our discussion by the consideration of the special case when only finite
number of P, differ from the standard unperturbed coordinate projectors.

Let A = {ay, s, .., } be some finite set of exceptional indices. Assume
that P, = PY coincides with some coordinate projector P? for all o ¢ A
(we admit multiple eigenvalues). Introduce the sets

={a ¢ A: P.e] #0}
(possible multiple eigenvalues belong to several A?). Assume that there

exists C' > 0 such that the set {A\q, € AJ} N (=00, 7°n* + C] consists
of exactly n—m points for all j = 1,2,.., N, if n is large enough. Let

Koy + Koy + o+ ko, = Nm

We give the simple description of all finite sequences (P,,)",, rank P, = k,, such that
the whole collection {(\,; Py)}12 satisfies (C):

Proposition A.5. Let (A, ; P, ) 1 be as described above. Then (C) holds true iff
T, T, .. T,

where
=Y MFQ)PF(A) =T,  k=0,1,.,2m-2,
acA

. A
F(\) = diag{fi(\), (A), .., fx(M)} and  f;(N) = Haer (1 - A_)'
Remark A.6. Since T > 0 in any case, the condition T > 0 is equivalent to det T # 0.
Proof. Indeed, let £(N) = (6,(A), &(N), .. éx(V)T be such that €(\) = O(el™ VA,
£ € L2(Ry) and Po&(Ns) = 0 for all @ > 1. In particular, P){()\,) = 0 for all a € AY.
In order words, z&;(2*) € PWi_1,1 and §;(A,) = 0 for all & € AY. Therefore,
GA) = QN fi(N),  degQy <m—1,
for some polynomials @);. Let

Q<)‘) = (QI(A)7Q2(>‘)7 "7QN()‘))T = AP Yps Yp S CN and Yy = (yp) —0 E (CNm

3

s
I
=)

Then,
m—1 m—1
VTy=> uTpighe= Y [Z N (Ng) PoF (M)} Yo

p,q=0 p,q=0 a€A

= >l M) PaF (Aa)Q(Na) = 3 [E(Na)]" Pak (Xa).
acA acA
Hence, the Nm x Nm matrix 7 is degenerate iff there exists  such that P,{(\,) =0
for all & € A (recall that P2¢()\,) = 0 holds true for all « ¢ A by the construction). [
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B. APPENDIX. THREE CLASSICAL CHOICES OF ADDITIONAL SPECTRAL DATA IN
THE SCALAR CASE.

In the scalar case, it is well known that the Dirichlet spectrum o(q) = {\.(q)}123

determines only ”one half” of the potential q. Thus, in other to determine ¢ uniquely,
one needs either to assume that some partial information about ¢ is known or to
consider some additional spectral data besides o(gq). Note that there are two classical
assumptions about the potential that make the knowledge of the spectrum sufficient:
symmetry g(z) = q(1—z) (see, e.g., [PT87]) or the knowledge of ¢(x) as = € [0, 3]
(the Hochstadt-Lieberman theorem [HL78|, see also [GS00], [Ho05], [MPO05]). Also,
there are several classical choices of additional spectral data:

(1) The second spectrum. This setup goes back to the original paper of Borg [Bo46].
The most natural choice is the spectrum {,(q)}n=1 of the mixed problem

=y +tay =Xy, y(0)=y(1) =0
Note that {u,(q)} 25 U {\.(¢)}12] is the Dirichlet spectrum of the symmetric

potential ¢(2 — z) = ¢q(x), = € [0, 1], defined on the doubled interval [0, 2].
(2) The normalizing constants (firstly appeared in Marchenko’s paper [Mar50])

na)™ = | [ Pernds] = [0 = < X0 = e o,

(3) The norming constants introduced by Trubowitz and co-authors (see [PT87])

1 (0) = ogl(=1)"¢/ (1. )] = log (1) £ 25

It is quite well known in the folklore that the characterization problems in the setups

(1)-(3) are equivalent. Unfortunately, we do not know the good reference for this fact.

So, the main purpose of this Appendix is to give the short proof of these equivalences

(note that our arguments are quite similar to [Lev64]). For the simplicity, we assume

that ¢ € L*(0,1), fol q(x)dr = 0, i.e., {\,(q) — ©°n?}> € €% (the similar arguments

work well for other classes of potentials and corresponding classes of spectral data).
Note that

<A <y <X < pig<.. and p, = (n— %)2 +0(1) as n—o0. (B.1)

Also, the Hadamard factorization implies

\) = 1)\:”7”— d A) =¢'(1,\) = ———— (B2
f( ) @( ) ) o] 7T2m2 an g( ) SO( ’ ) L1 7T2(m+%)2 ( )

Recall that we write a,, = b, + €3 iff {n*|a, —b,|}12 € (2

Proposition B.1. Let \, = 7?n* + (2, (B.1) hold and f(\), g(\) be given by (B.2).
Then, the following conditions are equivalent:

(1) The asymptotics pi, = w*(n—3$)? + €2 hold true.
(2) The asymptotics o, = g(A)f(An) = (20202) "1 (1 + €2) hold true.
(3) The asymptotics v, = log[(—1)"g(\,)] = €2 hold true.
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Proof. We start with the equivalence (2) < (3). Denote A, = 72\, — n2 = O(1) as
n — 0o. Then

, 1 A=A, (=1)" Am—An (=1)" A — An
An = — pu— pu— 1 .
f< ) 7T2n2 H 7r2m2 27T2Tl2 H 7T2(m2—n2) 271'277,2 H + m2_n2

Note that
Xon—An Ao —An 1
o T |1+ 3535 = 2[5+ 0 (o )|
A=A 1 A 1
- Z M2 —n2 +O<ﬁ) - Z M2 —n2 +O<ﬁ)‘
m#n m#n

Then, it immediately follows from ()7 € ¢2 and simple properties of the discrete
Hilbert transform (see Lemma B.2 (ii) below) that f(\,) = (=1)"(27%n?)~1(1 + £3).
Thus, (2) < (3). The proof of the equivalence (1) < (3) is similar. Indeed,

T =2 T #m—A Tl Fn—X
g) =] 55— =CD" s = (—1)" [H#},
ot WQ(m_%)Q nl;[l 2 ((m—%)Q—Tﬁ) n[[l (m—%)2—n2

where [, = 7 i, — (m+ 1)* = O(1) as m — co. As above,

m=1 m=1
and the equivalence (1) < (3) follows by Lemma B.2 (i). O
Lemma B.2. (i) The linear operator (a,,); >, — (bn)123, where
1 <X a 1 <2 a a
bn _ m _ = m + m :
27mmz::1n2—(m—%)2 W;{n—m—i—% n—(l—m)+%]

is an isometry in (2.

(ii) The linear operator (), — (b,)23, where

b_lJrOO A, _i’fam_{_am
n_Qnmzan—mQ_ n—m n—(—m)]|’

is bounded in (2.

Proof. Both results easily follows by the Fourier transform and the identities (in L?(T))

+o00o .
¢k i i ¢ ,
Z T = —= = Tie 2 and Z—:—z(¢—7r),
ks VG P k
where ¢ = ¢ #£ 1, ¢ € (0,27). O

Remark B.3. The similar technique can be applied for other inverse problems in order
to derive the characterization of some additional spectral parameters (e.g., similar to
a,(q)) from the characterization of other parameters (e.qg., similar to v,(q) ). In general,
these characterizations may differ from each other substantially, see [CKOT].
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