
 

Oberwolfach 
Preprints 

 

Mathematisches Forschungsinstitut Oberwolfach gGmbH 
Oberwolfach Preprints (OWP)   ISSN 1864-7596 

OWP 2008 - 17 

ERIC EDO, ARNO VAN DEN ESSEN AND STEFAN MAUBACH 
 

A Note on k[z]-Automorphisms in Two Variables 
 



Oberwolfach Preprints (OWP) 
 
Starting in 2007, the MFO publishes a preprint series which mainly contains research results 
related to a longer stay in Oberwolfach. In particular, this concerns the Research in Pairs-
Programme (RiP) and the Oberwolfach-Leibniz-Fellows (OWLF), but this can also include an 
Oberwolfach Lecture, for example.  
 
A preprint can have a size from 1 - 200 pages, and the MFO will publish it on its website as well as 
by hard copy. Every RiP group or Oberwolfach-Leibniz-Fellow may receive on request 30 free hard 
copies (DIN A4, black and white copy) by surface mail.  
 
Of course, the full copy right is left to the authors. The MFO only needs the right to publish it on its 
website www.mfo.de as a documentation of the research work done at the MFO, which you are 
accepting by sending us your file.  
 
In case of interest, please send a pdf file of your preprint by email to                  or                   , 
respectively. The file should be sent to the MFO within 12 months after your stay as RiP or OWLF at 
the MFO.  

ri e ow ep

 
There are no requirements for the format of the preprint, except that the introduction should 
contain a short appreciation and that the paper size (respectively format) should be DIN A4, 
"letter" or "article".  
 
On the front page of the hard copies, which contains the logo of the MFO, title and authors, we 
shall add a running number (20XX - XX).  
 
We cordially invite the researchers within the RiP or OWLF programme to make use of this offer 
and would like to thank you in advance for your cooperation.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Imprint:  
 
Mathematisches Forschungsinstitut Oberwolfach gGmbH (MFO)  
Schwarzwaldstrasse 9-11  
77709 Oberwolfach-Walke  
Germany  
 
Tel  +49 7834 979 50  
Fax  +49 7834 979 55  

@mfo.d

e

lf@mfo.d

Email   
URL  www.mfo.de 

admin@mfo.d

 
The Oberwolfach Preprints (OWP, ISSN 1864-7596) are published by the MFO.  
Copyright of the content is hold by the authors.  



A note on k[z]-automorphisms in two variables

Eric Edo, Arno van den Essen, Stefan Maubach∗

September 3, 2008

Abstract

We prove that for a polynomial f ∈ k[x, y, z] equivalent are: (1)f
is a k[z]-coordinate of k[z][x, y], and (2) k[x, y, z]/(f) ∼= k[2] and
f(x, y, a) is a coordinate in k[x, y] for some a ∈ k. This solves a special
case of the Abhyankar-Sathaye conjecture. As a consequence we see
that a coordinate f ∈ k[x, y, z] which is also a k(z)-coordinate, is a
k[z]-coordinate. We discuss a method for constructing automorphisms
of k[x, y, z], and observe that the Nagata automorphism occurs natu-
rally as the first non-trivial automorphism obtained by this method -
essentially linking Nagata with a non-tame R-automorphism of R[x],
where R = k[z]/(z2).

Introduction

Let k be a field of characteristic zero. The most famous k[z]-automorphism
of k[x, y, z] is undoubtedly Nagata’s automorphism σ : k3 → k3 given
by

σ = (x− 2sy − s2z, y + sz, z), where s = xz + y2

In a landmark paper [6] Shestakov and Umirbaev solved the long
standing Nagata Conjecture, asserting that σ is not tame. In Jan-
uary 2007 the authors were rewarded with the Moore prize for the
best research paper in the last six years. Nagata’s automorphism can
be constructed in several ways: for example it was constructed by
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Nagata in [5] as the composition σ1
−1σ2σ1, where σ1 = (x + z−1y2, y)

and σ2 = (x, y + z2x).
Another construction uses locally nilpotent derivations, namely

one easily verifies that σ = exp(sD), where D is the locally nilpotent
derivation given by D = −2y∂x + z∂y. Yet another construction can
be found in [2] and [1]. It goes roughly as follows (for a detailed
description we refer to section 1): start with an element p in k[z], which
is no constant, and form the quotient ring R = k[z]/(p). Consider the
polynomial ring in one variable x over R and let a(x) ∈ AutRR[x]. To
this R-automorphism one constructs a k[z]-automorphism (f1, f2) of
k[z][x, y], which in turn gives a k-automorphism of k[x, y, z]. Now the
Nagata automorphism can be found by taking the simplest non-trivial
case in the above construction, namely p = z2 and a(x) = x + zx2,
(see Remark 2.3).

As a consequence of the main result of this paper, Proposition 2.1,
one obtains that in general the k-automorphism (f1, f2, z) is tame if
and only if the k[z]-automorphism (f1, f2) is tame if and only if a(x)
is tame in AutRR[x], which just means that a(x) has degree one in
x. Consequently Nagata’s example is non-tame. The proof of this
result obviously uses one of the main results of [6] which asserts that
a k[z]-automorphism of k[x, y, z] is tame if and only if it is tame as a
k-automorphism.

In the last section we give a result on k[z]-coordinates which to our
knowledge is new. It asserts that a polynomial in k[x, y, z] is a k[z]-
coordinate if and only if k[x, y, z]/(f) is k-isomorphic to a polynomial
ring in two variables over k and f(x, y, a) is a coordinate in k[x, y] for
some a in k. Hence this result proves a special case of the Abhyankar-
Sathaye Conjecture and furthermore it shows that if f is a coordinate
in k[x, y, z] which is also a k(z)-coordinate, then it is a k[z]-coordinate.

1 Constructing R-automorphisms of R[x, y]

In this section we recall a construction of R-coordinates (R-automorphisms)
which already can be found in [2] and [1].

Let R be a commutative ring and let p ∈ R be neither a unit nor a
zero-divisor in R. Put R = R/Rp. Let a(x), b(x) in R[x] be such that

a(b(x)) = x = b(a(x)) in R[x].

2



Equivalently

a(b(x)) = x = b(a(x))(modp) in R[x] (1)

To such an element a(x) ∈ AutRR[x] one constructs an element of
AutRR[x, y] as follows. Put

f1 = py + a(x) (2)

Since f1 = a(x)(modp) it follows from (1) that b(f1) − x = 0(modp).
Consequently, since p is a non-zero divisor in R, there exists a unique
element f2 in R[x, y] such that

b(f1)− x = pf2 (3)

Lemma 1.1 F = (f1, f2) ∈ AutRR[x, y].

Proof. Let g1 = b(x)− py. Then a(g1) = a(b(x)) = x(mod)p. So

x− a(g1) = pg2 (4)

for some g2 ∈ R[x, y].
Now we will show that G = (g1, g2) is the inverse of F : namely by

(3)
g1(f1, f2) = b(f1)− pf2 = x (5)

Furthermore, using (4), (5) and (2) we obtain

pg2(f1, f2) = f1 − a(g1(f1, f2)) = f1 − a(x) = py.

So, since p is no zero divisor in R we get g2(f1, f2) = y.

2 Tame R-automorphisms of R[x, y]

Let again R be a commutative ring and n a positive integer. An
R-automorphism of R[n] is called tame if it is a finite product of au-
tomorphisms of the form

(x1, . . . , xi−1, uxi + v(x), xi+1, . . . , xn)

where u ∈ R∗ and v(x) ∈ R[n] does not contain xi. The group of tame
automorphisms of R[n] is denoted by T (n, R). So T (1, R) consists of
the elements ux1 + v with u ∈ R∗ and v ∈ R arbitrary.
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From now on we assume that R is a domain.

Keeping the notations from the previous section, the main result of
this section, Proposition 2.1, asserts that if one starts with an el-
ement a(x) ∈ AutRR[x] and constructs the corresponding element
F = (f1, f2) in AutRR[x, y], then F is tame if and only if a(x) is
tame, in other words if and only if a(x) is of degree one in x. More
precisely

Proposition 2.1 Let a(x) ∈ AutRR[x] with inverse b(x), f1 = py +
a(x) and f2 = (b(f1)− x)/p. Then there is equivalence between
i) a(x) ∈ T (1, R).
ii) (f1, f2) ∈ T (2, R).
Furthermore, in this situation a(x) = a0 + a1x + px2ã(x), for some
a0, a1 in R and ã(x) ∈ R[x] and there exist c, d in R such that da1 −
cp = 1 and f2 = cx + d(y + x2ã(x)) + b̃(f1) for some b̃(x) ∈ R[x].

Proof. Write a(x) =
∑d

i=0 ai(x)xi and b(x) =
∑e

i=0 bix
i. Assume i).

Then a1 ∈ (R)∗ and ai = 0 for all i ≥ 2. Since a1 ∈ (R)∗ there exist
c, d ∈ R such that da1 − cp = 1. Since ai = 0 for i ≥ 2 it follows that
p divides each such ai in R, so

a(x) = a0 + a1x + px2ã(x) for some ã(x) ∈ R[x].

Since da1 = 1(mod p) it follows that the inverse of a0 + a1x is equal
to d(x− a0), whence b(x) = d(x− a0), so b(x) = d(x− a0)+ pb̃(x), for
some b̃(x) ∈ R[x]. Consequently

f2 = (b̃(f1)− x)/p = (d(py + a1x + px2ã(x)) + pb̃(f1)− x)/p.

Using (da1 − 1)x = cpx it follows that

f2 = cx + d(y + x2ã(x)) + b̃(f1).

So

(f1, f2) = (a1x + p(y + x2ã(x)) + a0, cx + d(y + x2ã(x)) + b̃(f1)).

Now one easily verifies that (f1, f2) ∈ T (2, R), since

(x−a0, y)◦ (x, y− b̃(x))◦ (f1, f2)◦ (x, y−x2ã(x)) = (a1x+py, cx+dy)

and ad− pc = 1. So i) implies ii).
Conversely, assume ii). If a(x) /∈ T (1, R), then d1 :=degxa(x) ≥ 2 and
we can write

a(x) =
d1∑
i=0

aix
i + pxd1+1ã(x)
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for some ã(x) in R[x] and p does not divide ad1 . Similarly, let e1 :=degxb(x).
Since b(x) is the inverse of a(x) and d1 ≥ 2, it follows that e1 ≥ 2. So
we can write b(x) =

∑e1
i=1 bix

i + pb̃(x), for some bi in R and b̃(x) in
R[x], where p does not divide be1 . Then

f1 = p(y + xd1+1ã(x)) +
d1∑
i=0

aix
i

and

f2 =
1
p
[

e1∑
j=0

bj(p(y + xd1+1ã(x)) +
d1∑
i=0

aix
i)j − x] + fe1+1b̃(f1).

Since (f1, f2) ∈ T (2, R) it follows that (f1, f2 − fe1+1
1 b̃(f1)) ∈ T (2, R)

and hence, replacing y by y − xd1+1ã(x), that

(py +
d1∑
i=0

aix
i,

1
p
[

e1∑
j=0

bj(py +
d1∑
i=0

aix
i)j − x] ∈ T (2, R).

Since d1 ≥ 2 the highest degree xy-term of f1(resp.f2) equals ad1x
d1(resp.

1
pbe1(ad1x

d1)e1). So by Corollary 5.1.6 of [3], using that e1 ≥ 2, it fol-
lows that there exists c in R such that

1
p
be1a

e1
d1

xd1e1 = cae1
d1

xd1e1

whence be1 = pc, so p divides be1 , a contradiction. So a(x) ∈ T (1, R)
as desired.

Corollary 2.2 Let k be a field of characteristic zero and p ∈ k[z], but
not in k. Put R = k[z]/(p). Let a(z, x) and b(z, x) in k[z, x] be such
that a(z, x) ∈ AutRR[x] with inverse b(z, x). Put f1 = py + a(z, x)
and f2 = (b(z, f1) − x)/p. Then (f1, f2, z) ∈ T (3, k) if and only if
(f1, f2) ∈ T (2, k[z]) if and only if a(z, x) ∈ T (1, R) if and only if
degxa(z, x) = 1.

Proof. Proposition 2.1 gives the equivalence of the first two state-
ments and a result of [6] gives the equivalence of the second and third
statement. The last equivalence is obvious.

Remark 2.3 If p = z2 and a(z, x) = x+ zx2 one obtains the simplest
non-tame automorphism, namely x + zx2. The corresponding (non-
tame) k-automorphism (f1, f2, z) is, apart from a permutation of the
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variables x and y, the Nagata automorphism σ. More precisely

σ = (y, x, z) ◦ (f1, f2, z) ◦ (y, x, z).

So Nagata’s automorphism is the simplest non-tame automorphism
“coming from” a one dimensional example.

3 A remark on k[z]-coordinates

Throughout this section k is a field of characteristic zero. If n ≥ 1
and f is a k-coordinate in the polynomial ring k[n] then k[n]/(f) is
k-isomorphic to a polynomial ring in n − 1 variables over k. The
Abhyankar-Sathaye Conjecture asserts that the converse is true. This
conjecture is still open for all n ≥ 3.

In this section we prove a special case of this conjecture in case
n = 3. More precisely we show

Proposition 3.1 Let f ∈ k[x, y, z] be such that A = k[x, y, z]/(f) is
k-isomorphic to k[2] and that for some a ∈ k the polynomial f(x, y, a)
is a coordinate in k[x, y]. Then f is a k[z]-coordinate in k[x, y, z].

To prove this proposition we need the following result from [4]:

Theorem 3.2 Let R be a Q-algebra and f ∈ R[x, y]. Let D be the
derivation fy∂x − fx∂y on R[x, y]. Then there is equivalence between
i) f is a coordinate in R[x, y].
ii) D is locally nilpotent and 1 ∈ R[x, y]fx + R[x, y]fy.

Proof of Proposition 3.1 i) Let k be an algebraic closure of k and
view f in k[x, y, z]. The hypothesis implies that k[x, y, z]/(f) ' k

[2]

and that f(x, y, a) is a coordinate in k[x, y]. We will deduce in ii) below
that f is a k[z]-coordinate in k[x, y, z]. It then follows from Theorem
3.2 that D is locally nilpotent on k[x, y, z], and hence on k[x, y, z]. Also
we obtain from Theorem 3.2 that 1 ∈ k[x, y, z]fx + k[x, y, z]fy, which
implies that 1 ∈ k[x, y, z]fx + k[x, y, z]fy, since f has coefficients in k.
Then again applying Theorem 3.2 gives that f is a k[z]-coordinate of
k[x, y, z]. So we may assume that k = k.
ii) Now assume k = k. The hypothesis implies that

A/(z − a) ' k[x, y, z]/(f, z − a) ' k[x, y]/(f(x, y, a)) ' k[1].

6



Since A ' k[2] the Abhyankar-Moh theorem implies that z−a is a co-
ordinate in A and hence so is z−b for all b ∈ k. So k[x, y]/(f(x, y, b)) '
A/(z − b) ' k[2]. Hence by the Abhyankar-Moh theorem f(x, y, b) is
a coordinate in k[x, y] for all b ∈ k. In particular for all b in k the ele-
ment 1 is in the ideal generated by fx(x, y, b) and fy(x, y, b) in k[x, y].
Consequently fx(x, y, z) and fy(x, y, z) have no common zero in k3.
So by the Nullstellensatz we have

(6) 1 is in the ideal generated by fx and fy in k[z][x, y].

Now let D = fy∂x − fx∂y and let d be the maximum of the x and y
degrees of fx and fy. Since for each b in k the polynomial f(x, y, b)
is a coordinate in k[x, y], the derivation D evaluated at z = b is lo-
cally nilpotent and hence it follows from [3], Theorem 1.3.52 that
Dd+2(x)(z = b) = 0 and Dd+2(y)(z = b) = 0 for all b in k. This
implies that Dd+2(x) = Dd+2(y) = 0. So

(7) D is locally nilpotent on k[z][x, y].

Then it follows from (6), (7) and Theorem 3.2 that f is a k[z]-coordinate
of k[x, y, z], as desired.
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