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AFFINE SPACE FIBRATIONS

R.V. GURJAR, K. MASUDA AND M. MIYANISHI

ABSTRACT. We discuss various aspects of affine space fibrations.
Our interest will be focused in the singular fibers, the generic fiber
and the propagation of properties of a given smooth special fiber
to nearby fibers.

CONTENTS

Introduction 2
1. Singular fibers of Al- and P!-fibrations 5
1.1. (G,-actions on affine surfaces 5
1.2. Hidden G,-actions on multiple fiber components 10
1.3. G,-actions on affine threefolds 13
1.4. Singular fibers of P!-fibrations on smooth projective

threefolds 14
1.5.  Freeness Conjecture of G. Freudenburg 21
2. Equivariant Abhyankar-Sathaye Conjecture in dimension

three 23

2.1.  Arguments on singular and plinth loci 23
2.2.  Statement of Theorem 27
3. Forms of A? with unipotent group actions 27
3.1. Preliminary results 27
3.2. Case of a fixed-point free G, -action 33
3.3. Case of an effective GG, X GG -action 35
3.4. A k-form of A* with a proper action of a unipotent group

of dimension 2 38

Date: August 28, 2018.

2000 Mathematics Subject Classification. Primary: 14R20; Secondary: 14R25.

Key words and phrases. affine space, affine threefold, G,-action, quotient sur-
face, singularity.

The second author is supported by Grant-in-Aid for Scientific Research (C), No.
15K04831, JSPS.

The third author is supported by Grant-in-Aid for Scientific Research (C), No.
16K05115, JSPS.

This research was supported through the program “Research in Pairs” by the
Mathematisches Forschungsinstitut Oberwolfach in 2018.

1



2 R.V. GURJAR, K. MASUDA AND M. MIYANISHI

3.5. Forms of A" x Al 42

4. Cancellation problem in dimension three 44

4.1. Statement of a theorem 44

4.2.  When does X have a geometric quotient? 47

References 48
INTRODUCTION

In the present article, we will be interested in fibrations of alge-
braic varieties in order to study structures of higher-dimensional va-
rieties. Fibration structure allows us to study varieties of smaller di-
mension and their interrelations. In particular, we will deal fibrations
whose fibers are affine spaces A" or fibrations obtained as the quotient
morphisms of varieties with unipotent group actions. There are long-
standing problems which are still open in higher dimensions. We will
discuss these problems.

Let k be an algebraically closed field of characteristic zero, which we
fix as the base field throughout the article. But, we assume without loss
of generality that k is the complex filed C whenever we use topological
arguments.

Let X — Y be a dominant morphism of algebraic varieties X and
Y. Let k(X) and k(Y') be the function fields of X and Y, respectively.
Then f induces the inclusion of fields k(Y) — k(X). We thereby
identify £(Y) with a subfield of k(X). We say that f is a fibration if
k(X) is a regular extension of k(Y'), or equivalently, if the generic fiber
is geometrically integral. Further, the definition is equivalent to saying
that k(Y") is algebraically closed in k(X ). The following properties are
well-known.

(HDIff: X —>Yand g:Y — Z are fibrations then g- f : X — Z
is a fibration.

(2) If f: X — Y is a fibration, then the base change fy: : X Xy
Y’ — Y is a fibration for any algebraic variety Y’ dominating
Y.

(3) Let f: X — Y be a fibration. Then there exists a non-empty
open set U of Y such that the fiber X, = X Xy Spec k(y) is
geometrically integral for every closed point y of U, where k(y)
denotes the residue field of Y at y.

We say that a fibration f : X — Y is an F'-fibration for an algebraic
variety F'if X, is isomorphic to F' over k for general (closed) points y
of Y. The F-fibration is generically trivial if there exists a non-empty
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open set U of Y such that f~!(U) is isomorphic to U x F over U. If
FHU)xy U =2 U’ x F over U’ for an open set U of Y and a finite étale
covering U’ — U, f is called generically isotrivial. If we can choose an
open neighborhood U, as U for each closed point y then X is a locally
trivial F-bundle over Y in the Zariski topology of Y. If we can choose
a finite étale covering U, of an open neighborhood U, of y so that
Uy xu, U, = F x U,, we say that X is a locally isotrivial étale F'-
bundle over Y. Let X,, := X Xy Speck(Y') be the generic fiberof f. If f
is a generically trivial F-fibration then X, is isomorphic to F' over the
field k(Y'). Similarly, if f is generically isotrivial then X, is isomorphic
to F' over a finite separable extension k(U’) of k(U) = k(Y'), while
it is not necessarily isomorphic to F' over k(Y). It is a fundamental
question about fibrations to ask if an fibration f : X — Y is generically
trivial or generically isotrivial provided general closed fibers of f are
isomorphic to an algebraic variety F' (the generic triviality or generic
isotriviality problem).

If £ has infinite transcendence degree over QQ, F' is an affine variety
and f is an affine morphism, the generic isotriviality of f follows from
the generic equivalence theorem of Kraft-Russell [29] which is stated
as:

Generic Equivalence Theorem. Let k be an algebraically closed field
of infinite transcendence degree over the prime field. Letp : S — Y and
q:T —Y be two affine morphisms where S, T and Y are k-varieties.
Assume that for all y € Y the two (schematic) fibers S, := p~*(y) and
T, = q *(y) are isomorphic. Then there is a dominant morphism of
finite degree ¢ : U =Y and an isomorphism S xy U =T xy U over
U.

We are interested in the case f is an affine morphism and general
fibers are isomorphic to the affine space A". An example of A™-fibration
is obtained as the quotient morphism ¢ : X — Y := X/G when a
unipotent algebraic group G acts on an affine variety X = Spec A so
that the ring of invariants B = A% is finitely generated over k. Then
we set X/G = Spec B and ¢ : X — Y the morphism induced by the
canonical inclusion B — A.

The generic triviality problem for F' = A" is called the Dolgachev-
Weisfeiler problem, and was treated in many references including [2,
6, 22, 23, 24, 25, 26, 39, 45]. If f : X — Y is generically trivial, X
contains an open set f~1(U) =2 U x A™. We call such an open set
an A"-cylinder or a cylinderlike open set if n = 1. The answer to
Dolgachev-Weisfeiler problem is positive if n = 1,2 and not known for
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n > 3. The problem is related to the triviality of forms of A™ and the
structure of the automorphism group Aut(A™).

An F-fibration f : X — Y has singular fiber which is, by defini-
tion, a closed fiber X, which is not isomorphic to F'. There are four
possibilities for which the fiber X, is not isomorphic to F'

(1) The fiber X, is integral, i.e., irreducible and reduced, but not
isomorphic to F'.

(2) The fiber X, is not integral. Hence either X, has two or more
irreducible components (reducible fiber), or X, is irreducible but
non-reduced (multiple fiber).

(3) Each irreducible component Z; of X, has right dimension dim F,
but has multiplicity lengthOx, ¢, which is a multiple of some
integer d > 1 (multiple fiber), where ¢ is the generic point of Z;.

(4) Some irreducible component Z; has dimension bigger than dim F'.

In section one, we consider first an Al-fibration f : S — C on an
integral affine surface S over a curve C' without assuming that S is
smooth or normal, and consider singular fibers of f. This situation
occurs when S is embedded into a bigger variety X with milder sin-
gularity as S = f~!(C) with C embedded into Y, where f : X — Y
is an Al-fibration. If the Al-fibration f is obtained as the quotient
morphism ¢ : S — C of a G,-action on S, we have a multiple fiber con-
tained in the fixed-point locus S%. But we have a chance to retrieve
the G,-action near the multiple fiber by looking at the infinitesimal
neighborhoods of the multiple fiber (Lemmas 1.2.1 and 1.2.2). In [14],
we observed singular fibers of the quotient morphism ¢ : X — Y when
GG, acts on a smooth affine threefold X. A singular fiber might contain
a two-dimensional irreducible component S. We here, in subsection
1.3, show under a mild assumption that S contains a cylinderlike open
set (Theorem 1.3.1). In subsection 1.4 we observe singular fibers of a
P!-fibration on a normal surface S or a smooth algebraic threefold X.
Our observation is limited to showing the simply-connectedness of the
fiber F' or its irreducible components.

Section two is devoted to an equivariant Abhyankar-Sathaye conjec-
ture in dimension three. The conjecture in general asks if an embedded
affine plane A? in A3 is a fiber of an A%-bundle on A3. Contrary to the
case of the affine line embedded into A? (cf. Theorem of Abhyankar-
Moh-Suzuki), this is far more difficult. We consider a G,-action on A3
for which the embedded plane is stable. If we put two more conditions,
the answer is positive (Theorem 2.2.1). These additional conditions will
suggest what kind of observations must be made in the non-equivariant
case.
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Section three is for a study of forms of A™ with unipotent group
actions. Consider a A"-fibration f : X — Y. The following two are
major questions in our mind.

(1) Is the fibration generically isotrivial? Namely, is the generic
fiber X, isomorphic to A" after a finite algebraic extension K
of k(Y)?
(2) If the question (1) is affirmative, X, is a k(Y)-form of A™. Is it
then isomorphic to A" over k(Y)?
If these two questions are answered affirmatively, then f is generically
trivial. In fact, if n = 1,2 the answer of these questions are positive.
If n > 3, however, we do not know the answer to these questions.
Our purpose is to consider the question (2) with a suitable action of
unipotent group. First we prove that a form X of A? is trivial if there is
a fixed-point free G,-action on X (Theorem 3.2.4) or an effective action
of a unipotent group of dimension two (hence necessarily commutative)
(Theorem 3.3.2)'. Second, we show that if X is a k-form of A" with a
proper action of a commutative unipotent group G of dimension n — 2
then the k-form is trivial, where k is a non-closed field of characteristic
zero (Remark 3.4.7). But the proof is only given in the case n = 4.
Assuming that a given action of a unipotent group G on a k-form be
proper is seemingly quite technical, but the properness implies nice
conditions like fixed-point freeness of the action. Third, we consider a
k-form of A" x Al where Al is the affine line with one point punctured.
Then a k-form has a bundle structure over Al or its k-form with fiber
isomorphic to a k-form of A" (Lemma 3.5.3).

In section four, we apply the arguments in subsection 3.4 to prove a
special case of the cancellation theorem in dimension three where the
variety in question has a proper G,-action (Theorem 4.1.1). We also
consider the geometric meaning of a proper GG ,-action in comparison
with geometric quotient.

The present article is based on the materials prepared for a research
to be conducted as a Rip program 2018 in the period August 5 to
September 1, 2018 at the Mathematisches Forschungsinstitute Ober-
wolfach (MFO). We are very much grateful to MFO for the hospitality
and the nice research environment.

1. SINGULAR FIBERS OF Al!- AND P!-FIBRATIONS

1.1. G,-actions on affine surfaces. Let S = Spec A be an integral
affine surface defined over k. Assume that S has a nontrivial G-
action. Let B = A%. Then B = AN K% where K = Q(A). By

IThe latter is a theorem of Daigle-Kaliman [5].
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Zariski’s lemma, B is an affine domain of dimension one over k. 2. Let
C = Spec B and let ¢ : S — C' be the quotient morphism induced by
the inclusion B — A.

Problem 1.1.1. With the notations and assumptions as above, is every
fiber F := q~Y(P) for P € C a disjoint union of the affine lines?

What we can say so far is the following result which will be proved
below.

Theorem 1.1.2. With the above notations and assumptions, the fol-
lowing assertions hold:

(1) F is a disjoint union of the irreducible components, each of
which 1s an affine rational curve with one place at infinity.

(2) If an irreducible component Z; of F is reduced in F, then Z; is
isomorphic to the affine line.

(3) If S is normal, every irreducible component of F is isomorphic
to the affine line.

We have the following related result [33, Theorem 2.1].

2We prove by topological arguments a part of Zariski’s lemma.

Theorem. Let A be a normal affine domain defined over C with the quotient field
K, let L be a subfield of K with tr.degcL =1 and let B= ANL. Then B is finitely
generated over C.

Proof. If B = C, we have nothing to show. So, we assume that C C B. Since A is
normal, B is integrally closed in K. Furthermore, since tr.degeL = 1, the quotient
field of B is equal to L. In fact, suppose that Q(B) # L. Let £ be an element of
L\ Q(B). Since K is algebraic over Q(B), there exist an element b € B\ {0} such
that b€ is integral over B. Since it then follows that b € A, we have b{ € B. Hence
€ € Q(B). A contradiction.

We can find elements b,...,b, € B such that the subring By := C[by,...,b;]
of B is normal and birational to B. Let C; = Spec B;. Then C; is a smooth
affine curve. Let X = Spec A and let ¢; : X — C7 be the dominant morphism
induced by the inclusion B; < A. Then the homomorphism of homology groups
(1)« =+ Hi(X;Q) — Hi(C1;Q) is surjective. Suppose that B; & B. Then we
find an affine subalgebra Bs of B containing strictly B; such that B is normal.
Let Cy = Spec By. Then the inclusion Bj g Bs induces a birational morphism
Cy — (7, which makes Cy a strictly smaller open set of Cy, i.e., Co ; Ci. The
morphism ¢ : X — C3 induces a surjection (¢2)s : H1(X;Q) — H1(C2;Q), where
rank i (Cy; Q) > rank H; (Ch; Q) because Cy G Cy. Continuing this way, we obtain
a sequence of smooth affine curves C1 2 Co 2 C3 2 -+ -, where Cj 11 G Cj is an open
immesrsion. Hence rankH;(Cit1; Q) > rankH; (C;; Q). But, since rankH; (X;Q) >
H1(C;; Q) for every 4, this decreasing series of open sets must stop at some i. This
implies that B is finitely generated over C. a
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Lemma 1.1.3. Let A be an affine k-algebra of dimension one with a
nontrivial locally nilpotent derivation (Ind, in short) §, and let R =
Ker 6. Assume that the associated G,-action has no fixed points on
Spec A, i.e., 6(A)A = A. Then A = R]t], where R is an Artin ring.

Lemma 1.1.3 implies that if the G,-action on an irreducible com-
ponent Z; of F' is nontrivial, then the scheme structure of F on Z;
is (Spec R;) x A', where R; is an Artin local ring and represents the
“thickning” of Z; in F'. Hence length(R;) is the multiplicity of Z; in F.

We begin with the following result [34, Chap.3, Lemma 1.4.2].

Lemma 1.1.4. Let S be a normal affine surface with a nontrivial G-
action and let q : S — C be the quotient morphism, where C' is a
normal affine curve. Let P € C be a closed point and let F = q (P).
Then F is a disjoint union of the affine lines.

In [34], it is not shown that each irreducible component of F' is
isomorphic to the affine line. But this follows from the fact that the
irreducible component (plus one smooth point) is obtained from a part
of a degenerate fiber of a P!-fibration on a smooth projective surface
by contracting a linear chain such that it meets the (proper transform)
of the irreducible component at an end component of the linear chain
and that the linear chain is the exceptional locus of a cyclic quotient
singularity. The assertion (3) of Theorem 1.1.2 follows from this result.

In order to prove the other two assertions of Theorem 1.1.2, we
set our notations as follows. With A as given above, let A be the
normalization of A and let S = Spec A.

Lemma 1.1.5. The following reduction of the settings is possible.

(1) We may assume that the curve C' = Spec B is normal.

(2) The G,-action on S = Spec A lifts to S = Spec A. Namely,
the Ind 0 associated with the G,-action on S extends to an Ind
0 on A in such a way that Ker 6 = Ker 6. Hence we have a
commutative diagram

S 55
b
C __— C
where v is the normalization morphism and q is the quotient

morphism.

Proof. (1) Note that the function field K is a regualr extension of k,
hence L := Q(B) is an algebraic function field of dimension one over
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k. Let C be the normalization of C' in L and let P be a point of C
lying over P. Then the residue fields of P and P coincide with k. Let
S =8 xcC. Then S = Spec (A), where A = A®p B and B is the
integral closure of B in L. Since C is birational to C , taking the tensor
product ® 5B is equivalent to adjoining finitely many fractions of B.
Hence A = A[B]. Let m (resp. @) be the maximal ideal of B (resp.
B) corresponding to the point P (resp. P). Then we have

A/mA = (A®pB)®g(B/m)
= (A®p (B/m)) @p/m (B/M) = A®p (B/m) = A/m.

Namely, we have f~!1(P) = ffl(ﬁ), where z S — C is the base

change of S. Hence we may replace C' by C' and assume that C' is
normal.

(2) It is known by Seidenberg [42] that § extends to a derivation 0
of A. Namely, §(A) C A. Assume that C is normal by (1). Since S
contains a cylinderlike open set U x A! with an open set U = D(b) =
{b 0} of C for b € B, we have 0|yxa1 = 6|yxar. Since & defines a
G,-action on this cylindelike open set, & is an Ind on A. O

Proof of Theorem 1.1.2. (1) Let F = ¢ *(P). Then F = I1; Z;,

where Z; 2 A' by Lemma 1.1.4. Note that v|z : F — F is a finite
morphism. Suppose that Q € Z; N Zy. Let v=1(Z;) = Z-jl I1---11 ZjT
and v=4(Zy) = Zy;, 11+ - 11 Zs;.. Then a point Q € v=(Q) lies in the
intersection of Zij and Z’j’ for some j and j'. Hence the components
Zj and Z-:j/ meet each other. But this contradicts Lemma 1.1.4. So,
F is a disjoint union [];_; Z;. Note that, for each 1 < ¢ < r, a multiple
of Z; is locally defined by t = 0. By Nagata [36, p. 65, footnote],

—(F\ Z;) is affine, and S — (F'\ Z;) has a nontrivial G,-action since
F\ Z; is G,-stable. Thus we may assume that F' consists of a single
irreducible component Z;. Then Z; is a surjective image of the affine
line Z; for some j. Hence Z; is an affine rational curve with one place
at infinity.

(2) Let ¢ be a generator of the maximal ideal of O¢ p. By replacing
C by an open neighborhood U of P such that ¢ is regular on U and
P is the only zero of ¢ on U, we may assume that m is a principal
ideal tB of B. Furthermore, we may assume that S\ I’ = S\ F, ie.,
A[t=] = A[t™Y]. Then we know that A is obtained from A by adJomlng
element of A[t™!] of the form a/t™ with a € A and m > 0. Take such
an element a/t™ of A. Assume that a & tA. Then it satisfies a monic
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relation
(a/t™)"™ + ay(a/t™)" "+ +ap1(a/t™) +a, =0, a; €A,
Then we have
A"+ t"aa” 4+t Ve, + ", = 0.

Hence a™ € t™A. By the assertion (1), we now assume that F' is irre-
ducible. Let R = A/tA and let p = /0 which represents the “thickn-
ing” of the component Z; in F. If Z; is a reduced component, p = (0).
Meanwhile, p = VtA/tA and a € V/tA. Since p = (0), a € tA. This is

a contradiction to the above assumption. Hence A = A, and Z; = A'.
O

We need the following result in subection 1.3.

Theorem 1.1.6. Let S be an affine algebraic surface and let f : S — C
be a dominant morphism to an affine curve C. Assume that, for every
closed point P € C, the fiber f~1(P) is a disjoint union of the affine
lines. Then the following assertions hold.

(1) There exists a cylinderlike affine open set Z = U x A! of S
such that every fiber of the projection py : Z — U s a fiber
component of f.

(2) There exists a nontrivial G-action on S such that the morphism
f is factored by the quotient morphism q : S — S/G, as

f:8-4L5/G, %,
where g 1s a quasi-finite morphism.

Proof. (1) Restricting C' to the smooth part of C, we may assume
that C' is smooth. Let v : S — S be the normalization morphism
and let fv = f - v. Removing the fibers of fv which pass through the
singular points of S , We may assume that S is smooth. On the other
hand, if the singular locus Sing(S) contains a fiber component of f,
then we throw away the complete fiber containing the component. So,
we may assume that if Sing(.S) has dimension one, all the components
of dimension one are horizontal to the fibration f. Let F be a fiber
of f Since v is birational, every irreducible component, say F; of
F is a rational curve, which surjects birationally onto the irreducible
component F; of F := V(ﬁ ). Since F; = A! by the assumption, it
follows that ﬁ’z ~ F. =~ Al. Thus the fiber Fis isomorphic to F. This
implies that Sing(S) = (), and S is smooth. Now take the normalization
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C of C'in the function field of S and consider the factorization
f:S ANV INTG) (Stein factorization).

Then the morphism f is an Al-fibration. We may assume that this
fibration is trivial, i.e., S = C x Al

(2) Let S = Spec A and C' = Spec B. We show that there exists an
clement b € B such that A[b~!] = B[b~!][t], where B is the integral
closure of B in Q(A). In fact, by the construction in (1), there exists
an element b € B such that Z = f~1(U), where U = D(b) in C. Let

bn+bn_1bn_1+"'+b1b+b0:0, biGB, bo#o

be the monic equation for b over B. Since g~'(D(by)) C D(b), we
may take U = g '(D(by)) in the assertion (1). Let b = by. Then
A~ = B[b7Y[t]. Let 6 = bN(9/0t), where we choose N a positive
integer such that if A = klay,...,a,] then 6(a;) € A for all i. Then ¢ is
an Ind of A such that B C Kerd. Consider the associated G ,-action on
S and the quotient morphism ¢ : S — Spec Kerd. Then g : S/G, — C
is the morphism associated with the inclusion B — B < Ker 4. O

1.2. Hidden G,-actions on multiple fiber components. With the
notations in subsection one, we consider the case where all points of the
fiber F'is fixed by the G -action. Since the G,-action on S = Spec A is
non-trivial, the following lemma shows that the G -action on the fiber
F'is hidden in the “thickning” part of F'. To simplify the situation, we
assume below that the fiber F' is irreducible and that the G,-action on
Fieq 15 trivial. We denote Fi.q by Z.

Lemma 1.2.1. If F s reduced, then the G,-action induces a nontrivial
action on the mth infinitesimal neighborhood J,, of F' for some m > 0,
where J,, := t™A/t™ T A which is isomorphic to A/tA as an A-module.

Proof. Suppose that F' is reduced. By Theorem 1.1.2, Z is isomor-
phic to A = Speck[v]. Let @ be a closed point of Z. Choose an element
v of A such that 7 = v (mod tA) and v(Q) = 0. Then S is smooth
at @ and {t,v} is a system of local parameters at ). We show that
d(v) = bt"™ form > 0 and b € A such that b ¢ tA and b (mod tA) € k*.
Since any element a is written as a — f(v) € tA for some f(v) € k[v], A
is a subalgebra of the tA-adic completion A = Hm A/t A = E][[t]).

Hence we can write

=" (Z fz(v)tz> ) fz(v) € k’[’U], fO(U) 7é 0

i>0
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Write
fo(v) = cv™ + v P+ v e, e €k, g # 0.

We may assume that ¢ = 1. Suppose n > 0. Then, by a straightfor-
ward computation, we have

5%’0) — go(v)tﬁm +gl(v)t€m+1 4o
where the highest degree v-term of go(v) is

<1:[('m — (i — 1))) -t =),

i=1

which is nonzero for every £ > 0. Since 6°(v) = 0 for some ¢, we have
n = 0. Thus the representation of §(v) on J,, = t™A/t™ 1A = k[v]
is given by 6(v) = A(v)t™ (mod t™1A), where A(v) = 1. By the
construction, one can verify that A is an Ind on A/tA. So, A gives a
nontrivial G,-action on J,,. If m = 0, this A coincides with the Ind
induced on A/tA by §. Since A(v) = 1, the action of G, on A/tA is
nontrivial. It contradicts the assumption that F' = Z is contained in
the fixed point locus. So, m > 0. O

Next, we consider the case F' is non-reduced. Let R = A/tA and let
p = /0 in R. By the assumption, p # (0), pN~' # 0 and pV = (0).
Since p is a d-ideal, i.e., 6(p) C p, where we denote the induced Ind on
R by the same letter 6. We assume that §(p) # (0). Then there exists
an integer d such that §(p) C p¢ and §(p) € p¢*!, where d < N. We
call the integer d the depth of § at F' and denote d = depth ().

We have the following result.

Lemma 1.2.2. Assume that A is normal and F s irreducible and non-
reduced. Let Ry = R/p. Let M = p®~t/p? and let M** be the double
dual of the Ry-module M. Then M* = Rge with a free generator e,
M** is a §-module, i.e., 6(M**) C M** and the representation of § on
M** is given by §(a) = A(a)e and A is a nonzero Ind on Ry.

Proof. Let Q be a general smooth point of Z = A'. Then Q is a
smooth point of S. Hence we can choose local parameters {u,v} of S
such that Z is defined by u = 0 and v is a fiber coordinate of Z. Then
t = u¢g, where £ € O%. Let po = p® Og and Ry = R® Osq.
Then po = uRq and p$ = u’Rq. We take the element u from A.
Here we remark that §(R) C p?~!. In fact, for any element a € A, we
have au (mod tA) € p. Since pg = uRg, we have §(au) (mod tA) €
p?. Since p = uRq, sd(au) = u'z in Afor s,z € Aand s(Q) # 0. We
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can write the last equation as sud(a) = u?z — sad(u). Since d(pg) C
ph = u'Rq, we have

ss'ud(a) = ul(s'z — saw) in A

for s, w € A with §'(Q) # 0. Since A is an integral domain, we have
ss'0(a) = u?'(s'z — saw) in A. This implies that 6(a) € defl NR =
p?~1. By the definition of d, we have an induced k-module homomor-
phism

§:Ry:=R/p — M :=p""/p?, ars6(a) (modp?). (%)

Define
g::p-5:R0i>Mi>M**,

where p : M — M™** is the canonical Ry-module homomorphism. Since
M** is a torsion-free module over Ry = k[z], M** is a free Ry-module.
Write M** = Rgpe. For aq,as € R, we have

0(araz) = p-d(araz) = p(ard(as) + azd(as))

= ai(p-96)(az) +az(p-9)(ar1) = a16(az) + azd(aq).
If we write @; = a; (mod p) (i = 1,2) and 6(@;) = A(a;)e, we have
A1) = a1 A (@) + G A(a).

It is easy to show that A : Ry — Ry is an Ind. Hence A gives a required
representation on M**. O

If 6(R) = 0 then §(A) C tA, and we replace 6 by ¢t~16. Hence we
may assume that 6(R) # 0. If 6(p) = 0 then Lemma 1.2.2 implies
that 6(R) C pV~', and we can take M** as the double dual of the
Rop-module p¥~1 to obtain the hidden Ind on Ry = R/p. If A is not
normal, the argument of Lemma 1.2.2 does not work. The following
example reflects well the above situation.

Example 1.2.3. Let S be an affine hypersurface t2z — ¢y = 0 in A3,
where n > 2. Define an Ind d by §(¢) = 0,46(y) = t* and §(2) = ny" L.
Then S is non-normal with Sing(S) = {t = 0}, A = k[t,y, 2] and
R = k[z][g], where e = y (mod tA) and €” = 0. Then depth(§) =n
and M = k[z]e""!. Here we can argue as in the proof of Lemma 1.2.2
though S is not normal. Then the Ind A on Ry = k[z] is given by
A(z) =n.
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1.3. GG,~actions on affine threefolds. Let X be a smooth affine
threefold with a nontrivial GG,-action and let ¢ : X — Y be the quotient
morphism. Assume that the quotient surface Y := X/G, is smooth.
Let P € YV and let ' = ¢ '(P). We proved in [14] that every ir-
reducible component of F of dimension one is isomorphic to A! and
disjoint from other irreducible components. Here we consider a two-
dimensional component S and show that S contains a cylinderlike open
set. We consider a linear pencil A of hyperplane sections of Y pass-
ing through the point P. Namely, if YV is embedded into an affine

space AV with a system of coodinates {z1,...,xx} so that P corre-
sponds to (0,...,0), then let Ly =Y N Hy, where H) is a hyperplane
a1z + -+ ayzry = 0 and the set {\ = (ay,as,...,ayn)} corresponds

to a line A in the dual projective space PY~!, which we take to be
sufficiently general. Let T be the closure in X of ¢~ (L, \ {P}). We
assume the hypothesis (H) that T\ NS # () for general X\ € A.

Theorem 1.3.1. With the same notations and assumptions as above,
the component S contains a cylinderrlike open set U x Al

Proof. (1) Let gy : Th — Ly be the restriction of ¢ onto the affine
surface T\. If X is general in A, then T) is smooth by Bertini’s second
theorem and ¢, is an Al-fibration. Let Fy, = SN T\. Then F) is a
disjoint union of the affine lines by Lemma 1.1.4.

(2) Let o : Y — Y be the blowing-up of the > point P, hence E :=
oY (P) IP>1 Consider the fiber product X xy Y and the base Change
g = q Xy Y. Then X Xy Y contains three-dimensional components
whose underlying sets are isomorphic to S; x E, where the S; are two-
dimensional components of F' = ¢~!(P). The open set X \ ¢~'(P) is
contained in X Xy Y as an _open set. Let X be the closure of this open
set in X XyY and let q : X — Y be the restriction of gy to X. By the
definition, ¢ coincides with ¢ on the open set X \ ¢ '(E). The closed
set ¢ 1 (E) contains the proper transform S which is biregular to S.

(3) Let L>\ be the proper transform of Ly on Y. Then LN L = if
A # . Let T,\ be the proper transform of T in X. Then T ) meets S
along a curve F )\ because T\ NS # () by the hypothesis (H). Since S is
isomorphic to S, F )\ is isomorphic F), which is a disjoint union of the
affine lines.

3Let M be the maximal ideal of B := =T(Y,0y) correspondmg to the point P.
Then X is the blow-up of X with repsect to MA, i.e., X = Proj x(Bn>o(MA™).
Let 7 : X — X be the canonical morphism. Then 771(C;) & C; x E for every
one—dimensional component C; of F. But 771(S;) & S; for every two—dimensional
component S; of F'. We note here that S; N C; = () for all ¢ and j.
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(4) By Theorem 1.1.6 and its proof in the step (1) applied to the
morphism ¢z : S = E, we conclude that g, hence S, contains a
cylinderlike open set. Note that in Theorem 1.1.6 the base curve C' is
assumed to be affine, whereas F is a complete curve. O

The following is a simple example which illustrates our present situ-
ation, which is Example 3.14 in [14].

Example 1.3.2. Let X be a smooth hypersurface in A* = Speck|x, y, u, 2]
defined by zu — y?2 = y. Then X has a G,-action defined by an Ind

o L0

Then Ker § = k[z,y] and the quotient morphism q : X — YV = A?
is the projection (z,vy,z,u) — (x,y). Hence F := ¢71(0,0) = A? =
Spec k[z,y] and ¢ '(a, B) = Al if (o, 8) # (0,0). With the above
notations, let Ly = {y = A\x}. Then Ty = ¢ '(Ly) meets F along the
line u = . O

Remark 1.3.3. The hypothesis (H) holds if the fiber F' := ¢~ !(P)
consists of only one component S of dimension two. In fact, T\NS # ()
clearly, and then dim(7\ N S) = 1.

1.4. Singular fibers of P!-fibrations on smooth projective three-
folds. Let f : X — Y be a P!-fibration with smooth algebraic vari-
eties X and Y of dimension n and n — 1, respectively. Namely, f is a
projective morphism whose general fibers as well as the generic fiber
X, = X Xy Spec k(Y) are isomorphic to P'. In general, the general
fibers being isomorphic to P! implies that the generic fiber X, is a form
of P!, ie., X, ®p(yy K is K-isomorphic to P! for an algebraic extension
K of k(Y). The form X,, is trivial if n = 2 by Tsen’s theorem. Mean-
while, if n > 2, this is not the case because the Brauer group of k(Y)
is not necessarily trivial.

Lemma 1.4.1. Let f : X — Y be a P'-fibration with smooth algebraic
varieties X and Y. Then the following assertions hold.

(1) Let S be the closure of the set of points QQ € Y such that either
the scheme-theoretic fiber F := X xy Spec k(Q) has an irre-
ducible component of dimension > 1 or every irreducible com-
ponent F; of Fg has multiplicity > 1, i.e., lengthOp, r, > 1.
Then codim S > 1.

(2) Let n=3. Then every fiber Fg is simply-connected.

Proof. (1) Suppose that codim yS = 1. Then there exists an irre-
ducible subvariety Z of codimension 1 of Y such that, for a gneral point
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Q of Z, either the fiber Fiy has an irreducible component of dimension
> 1 or every irreducible component has multiplicity > 1. The first case
is impossible. In fact, it then occurs that dim f~'(Z) > dim Z + 2 =
n—2+2=nand f~!(Z) = X. This is a contradiction. Consider the
second case. Suppose that the fiber Fi; has only irreducible components
of dimension one whose multiplicity is greater than one. We may as-
sume that X and Y are projective. Let H be a hyperplane section of Y
through the point Q. If H is general, the inverse image Xg := f~1(H)
is smooth with the induced P!-fibration. In fact, by Bertini’s second
theorem, Xy has singularity along the base locus of the linear system
L :={H | Q € H}. Consider the blowing-up of X along the cen-
ter f71(Q). Since f is equi-dimensional locally over the point @ and
since X and Y are smooth, f is a flat morphism locally over ). Then
the blowing-up of X along f~!(Q) is isomorphic to the fiber product
X Xy Y by the reasoning as in the footnote to the proot of Theorem
1.3.1, where Y — Y is the blowing-up of the point ). Then the proper
transforms of f~!(H) get separated from each other and have the same
fiber f71(Q) as the intersection with the exceptional divisor. Further-
more, we note that the blowing-up Bl;-1(q), X of X with respect to
the center f~'(Q)iea Which is defined by the Ideal /Z-1(q) is smooth

since the fiber f;l(@) of fop + X xy Y > Yis locally isomorphic to the

fiber f~1(Q), where @ is a point of the exceptional locus of Y > Y.
Since Ifil(Q)red = 3 /If—l(Q), we have Bgfil(Q)redX = Bgffl(Q)X. Hence
Blj-1(g)X is smooth. By reducing dimension of Y by iterated hyper-
plane sections, we may assume that dimY = 1. Then f~}(H) is a
smooth projective surface with a P!-fibration over a smooth projective
curve H. Then it is well-known that the fiber f~!(Q) has a reduced
component, which is a contradiction to the beginning hypothesis.

(2) By the assertion (1), the closed set S is a finite set. Let @ be a
point of Y. We choose a small open disk D of @ in Y so that DNS =0
ifQ¢&Sor DN(S\{Q}) =0if Q € S. Then we may assume that
the fiber Fg is a strong deformation retract of U := f~*(D). Hence
m(U) = m(Fg). On the other hand, we can apply Nori’s result [14,
Lemma 1.2.1] to U \ Fg — D \ {Q} to obtain an exact sequence

m(PY) = m(U\ Fo) = m(D\{Q}) — (1),

where 7 (P!) = m (D \ {Q}) = (1). Hence 7 (U \ Fg) = (1). Since
U\ Fg is an open set of U, we have a surjection m1(U \ Fg) — m(U).
Hence we have m1(Fgp) = m(U) = (1). Hence Fy, is simply-connected.

O
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If n = 3, write the fiber Iy as Fy for the sake of simplicity, which
may contain irreducible components of dimension 2. Write Fy = SUC,
where S (resp. (') is the sum of irreducible components of dimension
2 (resp. 1).

Lemma 1.4.2. With the above notations and assumptions, if n = 3,
we have the assertions.
(1) Hi(S;Z) = H{(C;Z) = 0.
(2) Each component of C is a rational curve, and each component
of S is a rational surface or a rationally ruled surface.

Proof. (1) As the Mayer-Vietoris exact sequence applied to Fy =
S UC, we have an exact sequence of integral homology groups

cee — HQ(F()) — Hl(SﬂC) — Hl(S)@Hl<C> — Hl(FO) —

where Hy(Fy) = 0 by the assertion (2) of Lemma 1.4.1 and H,(SNC) =
0 because S N C' is a non-empty finite set. Hence H(S) & H,(C) = 0,
whence H,(S) = H1(C) = 0.

(2) For the irreducible components of C', they have trivial first ho-
mology groups by the Mayer-Vietoris sequence. This implies that each
irreducible component of C'is at worst a cuspidal rational curve, i.e., a
rational curve with only unibranch singularities. In order to show that
each irreducible component of S is a rational surface or a rationally
ruled surface, we apply Hironaka’s flattening theorem [17]. We can
thereby find a proper birational morphism ¢ : Y/ — Y with a smooth
Y’ such that the fiber product X xy Y’ has an irreducible component
X' with a flat P!-fibration f’ : X’ — Y’. Let Q' be a point of Y,
possibly in the exceptional locus of g as g is a composite of blowing-
ups with centers at points. Let H' be a general hyperplane section of
Y’ passing through @’ and let V' be the inverse image f'~'(H’). Then
f'lv : V. — H'is a P-fibration. Let V be the normalization of V.
Then f = (f'|v)-v:V — H'is also a P*-fibration, where v : V — V
is the normalization morphism. Then every fiber is a sum of smooth
rational curves. In fact, the smoothness of each rational curve follows
from [27, (2.8.6.3), p. 107]. This implies that every fiber of f'|y is a
sum of rational curves. Let S; be an irreducible component of S. Then
there exists a closed subvariety S; of X’ such that S; is dominated by
S!. Note that S; is a rationally ruled surface. If the image of the ruling
on S; has a base point, 5; is a rational surface. Otherwise, S; is a
rationally ruled surface. O

We occasionally have to consider an algebraic surface S with a P!-
fibration like a subvariety of a smooth algebraic threefold Xwith a
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P!-fibration which has the induced P!-fibration. In general, S has sin-
gularity worse than normal singularity. We consider first the case of a
normal surface.

Lemma 1.4.3. Let S be a normal projective surface with a P*-fibration
f:8 = C, where C is a smooth projective curve. Then we have:

(1) S has only rational singularities, whose resolution graph is a
tree of smooth rational curves and is a part of a degenerate
fiber of P*.

(2) Every fiber F' of f is a union of smooth rational curves, and its
intersection dual graph is a tree in the sense that the dual graph
of the inverse image of F' in a minimal resolution of singularity
of S is a tree.

(3) Hy(F;Z) = 0.

Proof. (1) Let 0 : S — S be a minimal resolution of singulari-
ties. Then the composite f - o : S — C is a Pl-fibration. Since
fFHU) = f_l(U ) for an open set U of C, each connected component
of the exceptional locus of ¢ is a part of a degenerate fiber of f Then
it is well-known that this part contracts to a rational singular point.
In fact, by using the five-term exact sequence associated to a spectral
sequence E3? = R1f,RPo,Og = R”ﬁ@g, we obtain an exact sequence

0— f.R'0,05 — R' .05 — R'f,0,0¢,

where R'f,0g = 0 by [27, (2.8.6.2),p.107]. Hence f,R'0,0g = 0
whence Rla*(9§ = 0 because it is supported by a finite set of S.

(2) Let F = o '(F). Then F is the surjective image of F. Since
F is a union of rational curves, so is the image F. More precisely,
H'(Freq, Op.,) = 0 by [27, (2.8.6.3), p.107]. If Freq = UL_,C; is the
irreducible decomposition, it follows that H'(C;, O¢,) = 0 for every i.
This in turn implies that C; = P! for every i.

(3) The fiber F' is obtained topologically from a by removing the
sum of the exceptional loci of singular poins @Q)i,...,Q,, which are
quotient singularities and adding back the points T' = {Q1,...,@Qn}.
As long exact sequences of integral homology (cohomology) groups for
the pairs (F,T") and (F,T), we have

H\() — H(F) — HYF\TI) — Hyl) — Hy(F)
H(T) — H(F) — HYF\T) — Ho(T) — Hy(F),

)
where H,(I') = H(T) = 0, F \ T' is homeomorphic to F \ T and
Hy(T') = Hy(T) = 28#™) | Hence H,(F;Z) = H\(F;Z) = 0. O
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Remark 1.4.4. Let f : S — C be a P!-fibration as in Lemma 1.4.3.
If Sing(S) # (0, we may have either a multiple fiber or a fiber with
more than two irreducible fiber components meeting in one point. We
exhibit these phenomena by the following examples.

(1) Let L be a smooth fiber of a P!-fibration on a smooth surface
which is isomorphic to P'. Blow up a point Py on L to obtain the
exceptional curve F;. Then blow up the intersection point P; of E;
and the proper transform of L. Let E, be the exceptional curve. Then
the inverse image of L is L' +2FE, + E| with (L')? = (E})? = —2, where
L’ and Ef are the proper transforms of L and E;. Now contract L’ and
E; to rational double points. Let E5 be the image of Fy. Then 2F, is
a fiber of the induced P!-fibration.

(2) In the above example, let P; be a point on Fy which is different
from the intersection points L' N Ey and E] N Ey. Blow up P, and
let Es3 be the exceptional curve. Then the obtained fiber is L' + E] +
2FE5 + 2F3, where we denote the proper transforms of L', £, E5 by the
same letters. We have (L')? = (E})? = (E,)? = —2. We contract the
(—2)-curve Ej to a rational double point. Then the images T, Ell , E3 of
L', E, E3 meet in the contracted singular point. According to [38], the

intersection numbers are given as follows: (E})? = (L')? = =3, (E3)? =
—! =/ — — _— —

~L(BT) = (B T) = (B, By) = &

Lemma 1.4.5. Let S be an algebraic surface, i.e., an integral k-scheme

of finite type of dimension 2, and let f : S — C be a P'-fibration, i.e.,

f is a proper morphism whose general fibers are isomorphic to PL. Let

F be a scheme-theoretic fiber of f over a closed point P. Then the
following assertions hold.

(1) Let C be the normalization of C and f : S xc C — C be the
base change of f. Let P be a point of C lying over P and let F'
be the scheme-theoretic fiber of f over P. Then F' is isomorphic
to F as k-schemes. Hereafter we assume that C' is normal.

(2) The singular locus of S is contained in the union of finitely
many fibers of f.

(3) F is a connected union of rational irreducible components.

(4) w1 (F) is a cyclic group. If S is normal, F is simply-connected.

Proof. (1) The proof for the assertion (1) of Lemma 1.1.5 applies.

(2) There exists an open set U of C' such that f~'(U) = U x P'. Let
Sing(S) be the singular locus of S which is a closed set. Suppose that
Sing(.S) contains an irreducible component 7" of dimension one. Then T’
cannot lie horizontally to the fibration f because Sing(S)Nf~1(U) = 0.
Hence T lies vertically to f. Namely it is contained in a fiber.



AFFINE SPACE FIBRATIONS 19

(3) Let v . § — S be the normalization ‘morphism. Then f =
fov:S > Clsa]Pﬂﬁbratlon Let F —f( )betheﬁberoff

over P. Then F is a union of irreducible components isomorphic to P!
by Lemma 1.4.3. Hence the fiber F' is a connected union of rational
curves.

(4) Let A be a small open disk (analytic neighborhood) of P and
let A* = A\ {P}. By the assertion (3), we can take A so small
that f~'(A*) = A* x P'. Since F is a strong deformation retract of
F7YHA), we have a surjection 71 (f~1(A*)) — m (f~1(A)) — (1). Since
T (f7HAY) 2 m(A*) 2 Z and 7 (f~1(A)) = m(F), it follows that
m(F) is a cyclic group. If S is normal, then H;(F) = 0 by Lemma
1.4.3, (2). Hence F is simply connected. O

Lemma 1.4.6. Let f : X — C be a projective morphism which is a
PL-fibration over a smooth algebraic curve C' and let Fy be a singular
fiber of f. Then Fy is simply connected. In particular, ecery irreducible
component is homeomorphic to PL.

Proof. We can replace C' by its smooth complete model and assume
that C' is a smooth projective curve and X is a projective surface.
Further, we may assume that the fiber Fj is a unique singular fiber
of f. By Lemma 1.4.5, F{ is a connected union of rational irreducible
components. Further, f has a cross-section 7T. For the existence of
a cross-section, note that the generic fiber X, of f is isomorphic to a
smooth conic in P? defined over the function field k(C'), where k(C)
is a Cj-field by Tsen’s theorem. Hence X, has a k(C)-rational point
whose closure in X gives a cross-section of f. Since k(C) is an infinite
field, f has infinitely many cross-sections.

Suppose that Fj is not simply-connected. We can assume, by blowing
up points on Fy, that there is a loop in the dual graph of Fy. Let E
be an irreducible component contained in a loop. We can assume that
the section 7" meets some irreducible component of Fy other than E.
Consider the union D of T" and all the components of F|y except E. We
may assume that D is connected. In fact, if F{y contains an irreducible
component E; which is not connected to the section 7" by a chain of
irreducible components of Fj unless it contains F, then we replace E
by the exceptional curve arising by the blowing-up of the intersection
point of £ and an adjacent component of the loop. Now E — D has at
least two places at infinity. o

Let X be the normalization of X and let D, E be the inverse images
of D, E in X respectively. Then D is connected. In fact, the section
T is smooth because it dominates birationally the smooth curve C.
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If F} is an irreducible component of D meeting T', every irreducible
component of its inverse image ﬁl in X passes through the unique
point of the inverse image T of T lying over TN Fy, whence F is
connected. Since every irreducible component of the inverse image of
FyN D is connected to an irreducible component of Fl, we know that
D is connected. Note that F might be reducible.

Now consider the relative cohomology exact sequence of a pair ()Z' , 15)
with integral coefficients,

— H°(X) — H°(D) — H'(X,D) — HY(X) — H'(D) —» .
Since X is normal, X \ Fo is a P-bundle and Fg is 31mply—connected by
Lemma 1.4.5, we know that H'(X) = H*(C). Since D is contracted
to C, we know that H'(D) = HY(C). Hence H(X) — HY(D) is an
isomorphism. Also, the map H 0(X) — H(D) is an isomorphism since
both X and D are connected. The above exact sequence shows that
HY(X,D) = 0. Hence we have Hy(X — D; Q) = 0 by Lefschetz duality.

We note that X has at worst rational singular points. Hence Poincare
(and Lefschetz) duality with rational coefficients is valid as here and
used below.

Consider the relative Q-coefficient cohomology exact sequence with
compact support for (X D E— D)

— H(X — D) — H(E— D) — H'(X — D,E — D)

— HX - D) — HE - D) — H*(X - D,E - D) —
By duality, Hl()? D,E — 5) is isomorphic to Hg()? (5 U E))
0, since X — (DU E) is an Al-bundle over Cy and hence Hy(X —
(DU E)) = Hy(Cy) = 0. Similarly, H3(X — D, E — D) = Hy(Cy) =
0 because Cj is an affine curve. Further, by the duality, Hcl(f( —
D;Q) & H3(X D;Q) = 0 as seen above. Hence HI(E D;Q) =
0. This is a contradiction since E'— D has at least two places at
infinity and H(E — D; Q) = HY(E — D;Q). In fact, write £ — D =
Zy 111 %, where each Z; is completed to a tree of smooth rational
curves Z If none of Z; has an irreducible component with two or
more places missing, an invertible function on Z; is a constant. Since
I'(E — D,0%) C I'(E — D,0*) and T'(E — D, 0*) is not a finite sum
of k, we have a contradiction. Hence some connected component Z;
has an irreducible component with at least two places missing. This
irreducible component gives a non-zero element in H 1(E D;Q) =
H\(E - D; Q). 0
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Theorem 1.4.7. Let f : X — Y be an equi-dimensional P*-fibration
over a smooth projective variety Y and let Fy := f~1(P) be a closed
fiber of f. Then Fy is simply-connected.

Proof. Suppose that dimY > 2. Let H be a hyperplane section of
Y passing through the point P and let Xy := f~'(H). Then H is
a smooth projective variety and fg = f|x, : Xg — H is an equi-
dimensional P!-fibration with the fiber Fj over the point P. By taking
hyperplane sections through P repeatedly, we are reduced to the case
where dimY = 1. Then Lemma 1.4.6 gives the result. O

1.5. Freeness Conjecture of G. Freudenburg. In his talk at the in-
ternational conference “Affine Geometry, hyperbolicity, complex spaces”,
October 4-28, 2016 in Grenoble, G. Freudenburg made the following:

Conjecture 1.5.1. Let A = k[x,y,z] be a polynomial ring in three
variables with a nontrivial locally nilpotent derivation (Ind, for short)
D and let B =Ker D. Then A is a free B-module.

We denote by k™ a polynomial ring in n variables with n generating
variables not specified. Let A = kl" with a nontrivial Ind D and let
B = Ker D. We can ask a similar question for k" as in Conjecture
1.5.1. If n > 4, then A is not a free B-module. Even less, A is not
B-flat. A counterexample is A = k[xy, 29, 3, 4] and

D= xli + xzi + (22 — 213 — 1)i
81’4

Then B is a hypersurface &€, = & — &(& — 1)% If one checks the
singular fibers of the quotient morphism ¢ : X — Y with X = Spec A
and Y = Spec B, there is a unique singular fiber A? + A? (see [14,
Example 4.17]). Hence ¢ is not equi-dimensional. This implies that A
is not B-flat.

If n = 2, we can choose variables x,y of A so that A = k[z,y],
B = klz] and D(y) = y + f(z) with f(z) € A. Hence A is a free
B-module with a free basis {y* | i > 0}. Hence the case n = 3 is the
only case remained open. Even in this case, it is known that ¥ = A2
and ¢ : X — Y is equi-dimensional. Furthermore, every singular fiber
is a disjoint union of the curves isomorphic to A! by [14]. Hence we
know that A is B-flat and that A is the inductive limit of a directed
set of finitely generated free B-submodules by [30]. We can replace
A = Eklz,y, z] in Conjecture 1.5.1 by an affine domain of dimension
n = 2 or 3. We first consider the case n = 2.
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Theorem 1.5.2. Let X be an irreducible affine surface defined over k
with an A'-fibration f : X — C onto a smooth affine curve C. Let A
and B be the coordinate rings of X and C, respectively. Then A is a
free B-module.

Proof. We reduce to the case when X is normal as follows. Let A be
the normalization of A in its quotient field. Then A is the coordinate
ring of the normalization X of X in its function field. Suppose that A is
a free B-module. Now A is an B-submodule of A. For any localization
By, of B with respect to a maximal ideal m of B, the localization
An = A®p By is an By-submodule of A,,. Since By, is a PID, A, is
a free By-module because a submodule of a free module over a PID is
free. This proves that A is a projective B-module of infinite rank. By
a result of Bass [1, Theorem 4.3], A is B-free. Now we can assume that
X, and hence A, is normal.

If fis an A'-bundle then A can be seen to be a projective B-module
because A is locally a polynomial ring in one variable over B, hence
also a free B-module by Bass’ result above. We will reduce to the Al-
bundle case by the usual ramified covering trick. There exists a finite
covering C" — C of C' with smooth C’ such that

(1) C’isramified with a suitable ramification index over every point
P of C with f~!'(P) containing no reduced irreducible compo-
nents,

(2) the normalization of the fiber product X xo C’, say X', has a
surjective Al-fibration f’: X’ — C’ such that every fiber of f
has a reduced irreducible component.

By removing all the irreducible components from all the singular fibers
except one reduced irreducible component, we obtain an open subset
X" of X' such that the induced A'-fibration f” : X” — (C’ has no
singular fibers, i.e., no fibers which are not isomorphic to Al. Then
X" is smooth and is an A'-bundle. The coordinate ring of X” is a
free B’-module, where B’ is the coordinate ring of C’. Note that B’ is
a projective B-module because B’ is a finitely generated, torsion-free
module over a Dedekind domain B. Since the coordinate ring A’ of
X' is a B’-submodule of the coordinate ring of X", A" is a projective
B’-module, hence a projective B-module. Then the result follows from
Bass theorem above. O
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2. EQUIVARIANT ABHYANKAR-SATHAYE CONJECTURE IN
DIMENSION THREE

The Abhyankar-Sathaye conjecture in dimension three is affirma-
tively proved if the given polynomial f is invariant under a nontrivial
action of the additive group G, on Spec k[z,y, z] and some technical
conditions on f are satisfied.

2.1. Arguments on singular and plinth loci. Let A = k[z,y, 2] be
a polynomial ring in three variables. Let f be a non-constant element of
A. Then the Abhyankar-Sathaye conjecture in dimension three asserts
that if the affine hypersurface Xo = {f = 0} in X = Spec A = A3
is isomorphic to the affine plane A? then so is the hypersurface X, =
{f = ¢} for every c € k. The conjecture implies that f is a coordinate,
that is to say, A = k[f, g, h] with certain elements g,h € A, and wvice
versa.

There are several partial results proving the conjecture in the general
case with n variables, e.g., by Sathaye[40] and Popov [37]. We also add
one partial affirmative result by assuming that the additive group G,
acts non-trivially on X and X is G,-stable. Let 0 be a locally nilpotent
derivation (Ind, in short) on A which corresponds to the G,-action. Let
B = Kerd. Then B is a polynomial ring in two variables by [35], and B
is factorailly closed in A. For the terminology, see [10]. Let Y = SpecB.
Then the inclusion B < A defines the quotient morphism ¢ : X — Y,
which is equi-dimensional and surjective by [3]. Assume that f € B.

Since q : X — Y is an Al-fibration, we define the singular locus of
q by Sing(q) = {Q € Y | ¢ 1(Q) # A'}, where ¢71(Q) is the scheme-
theoretic fiber over a point @ € Y. Then, by [11, Lemma 3.1], Sing(q)
is a closed set of Y. By Dutta [6], Sing(q) has pure dimension one.

We define the plinth ideal of § by pl(d) = BN d(A) which is an ideal
of B, and the plinth locus of ¢ by pl(q) = V(pl(d)). Then we have the
following result which we state in a slightly more general situation.

Lemma 2.1.1. Let A be a reqular factorial affine domain of dimension
3 and let & be a nonzero Ind on A. With the same notations as above,
Sing(q) is the codimension one part of pl(q).

Proof. (1) Let S be an irreducible component of Sing(g). Then it is
defined by a prime element p of B. Suppose that S ¢ pl(q). Then there
exists a maximal ideal m of B such that p € m but pl(d) ¢ m. Then
there exist elements b € B\ {0} and u € A such that b = 6(u) € m
and hence A[b~'] = B[b7|[u]. Since b= € By, it follows that A, :=
A ®p By = Bylu]. Namely, the point @ defined by m is not a point of
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Sing(q). This is a contradiction because Q) € V(pB) C Sing(q). Hence
Sing(q) € pl(q).

(2) Take an irreducible component V (pB) of pl(q), where p is a prime
element of B. Suppose that V(pB) ¢ Sing(q). Take a closed point @
of V(pB) such that @ ¢ Sing(q). Let m be the maximal ideal of B
corresponding to (). Then A, = Bylu| since the quotient morphism
q: X — Y is an Al-bundle in a small open neighborhood of Q. We
can take u to be an element of A such that §(u) = b € B\ m. Hence
b € pl(9), and pl(d) ¢ m. This is a contradiction to the choice of m.
Hence every irreducible component of pl(g) is contained in Sing(g). O

Let f € B be an element such that the hypersurface Yy in X = A3
defined by the ideal fA is isomorphic to A% Let ¢ : X — Al =
Spec k[f] be the morphism defined by P +— f(P). The hypersurface
X, is the scheme-theoretic fiber Spec A/(f — ¢)A of the morphism ¢
over the point of A! defined by f = ¢. The morphism ¢ is decomposed
as

o: X LY L Al
where p is induced by the inclusion k[f] < B. The G,-equivariant
Abhyankar-Sathaye conjecture will be proved if the following two as-
sertions hold true.

(1) The curve Y, = Spec B/(f —¢)B in Y is the affine line in the
affine plane Y.

(2) The restriction of the quotient morphism ¢
Al-bundle.

In fact, if these two assertions are proved, then X, is an A!-bundle
over A', which is trivial. Thus, X, = A? for every ¢ € k. Then X is
an A%-bundle over A by [39], where the local triviality in the sense of
Zariski topology follows from [13, Theorem 3.10]. Then this A%-bundle
is trivial by [2], i.e., X = A? x A, This implies that f is a coordinate
of A. We call (1) and (2) the rquirements.

x, . Xe = Y. is an

We consider the fibration p : ¥ — A!. We may assume that the
derivation is irreducible (cf. [10]). Then the induced G,-action on X,
is non-trivial. Hence ¢|x, is decomposed as

alx. 1 Xe =2 X//Ga 72 Y,
where ¢, is the quotient morphism and X.//G, is the algebraic quotient.

Lemma 2.1.2. The following assertions hold.

(1) For every c € k, the element f — c is irreducible in B.
(2) The curve Y, is isomorphic to A" for every c € k.
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Proof. (1) Consider q|x, : Xo — Y. Since Xy = A? by the assump-
tion, it follows that Xy//G, = A'. Then the morphism pg : Xo//Gq —
Y} is a finite morphism (Stein factorization of ¢|x,). Hence Y is an ir-
reducible curve in Y = A? with only one place at infinity. Then by the
irreducibility theorem [32, p.89], the curve f — ¢ = 0 is an irreducible
curve with only one place at infinity. Hence f — ¢ is an irreducible
element of B.

(2) We show that Yj is a smooth curve. By the initial assumption
that Xy = A%, X, is a rational affine curve with one place at infinity.
Hence if it is smooth, then Yy = A'. By Abhyankar-Moh-Suzuki theo-
rem, it follows that Y, = A! for all ¢ € k. Now note that B = k[v,w] a
polynomial ring over k. Then we have

af of dv _ f dw

9r ~ ovor  dwor
of  Ofdv  Of ow
dy ~ dudy oway
of  Ofov  Of dw
92~ o owos

If Q is a singular point of Y then %(Q) = %(Q) = f(v(Q),w(Q)) =
f(P) =0, where P is a point of X such that Q = ¢(P). Hence P is
a singular point of Xy which contradicts the smoothness of X,. Hence
Y}, is smooth. O

Lemma 2.1.3. The morphism p. : X.//G, — Y. for ¢ € k is an
isomorphism if the ideal (f — ¢)B does not contain pl(9).

By Lemma 2.1.1, the assumption that (f — ¢)B 2 pl(J) is equiva-
lent to the condition that Y, is not an irreducible component of pl(q),
hence of Sing(g). This implies that Sing(q) lies horizontally along the

fibration p : Y — Al if Sing(q) # 0.

Proof. To simplify the notations, we consider the case ¢ = 0. The
proof is the same in the general case.

The morphism ¢|x, : Xo — Yp is induced by the natural inclusion
B/fB — A/fA. Let § be the Ind on A/fA induced by . Then we
have an inclusion B/ fB < Ker dy, which gives the morphism pg in the
above decomposition of ¢|x,.

In order to show that pgy is an isomorphism, it suffices to show that
if 6(a) € fA then there exists an element b € B such that a — b € fA.

Suppose first that ¢ has a slice u, i.e., §(u) = 1. Then A = Blu|, and
we can write

a:bo+b1u—|—--~—i—bnu”, bo,...,bnEB.
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Since §(a) = by + 2byu + - -+ + nbu™ "t is divisible by f in A, the
coefficients by, ..., b, are divisible by f in B. Write

Set

a' = b+ byu® + byu® + - - + bu".
Then §(a) = fé(a'), and hence a — fa' € B. Set b = a — fa’. Then
a—b= fa € fA.

Suppose next that u is a local slice. Namely a = d(u) is a nonzero
element of B. Then § extends to an Ind & of Ala~!] and Bla™!] =
Ker ¢'. Since ¢'(u/a)) = 1, by the previous result, we have a — (b/a”) €
fA[a™!]. Hence, changing b by a multiple of b by an element of the
form a®, we have a"a — b € fA.

Let p be a prime ideal of B such that f € p and p &€ V(pl(d)), i.e.,
p €Yo\ V(pl(d)). Such a prime ideal p exists by the assumption. Let
dp be the extension of 0 to A, = A®p B,. Then we can find an element
a € pl(d) such that a & p. Let (d,)o be the restriction of ¢, onto
A,/ fA,. Then we have Ker (6,)0 = B,/ fB, because u/« is a slice of
dp if @ = 6(u). This implies that p, is birational.

Since Y, = A! by Lemma 2.1.2, the birational morphism p. is an
isomorphism. O

We call (H1) the condition that (f — ¢)B 2 pl(d) for every ¢ € k.

Lemma 2.1.4. Assume the condition (H1) and that Yo N Sing(q) = 0.
Then f is a variable of A, i.e., A =Ek|[f,g,h] for some g,h € A.

Proof. Since Y, N Sing(¢) = @ by the assumption, Sing(q) is either
the empty set or a finite disjoint union [, Y,, with ¢; € k. Meanwhile,
the condition (H1) implies that the last case does not occur. Hence
Sing(q) = 0. Hence the requirements (1) and (2) are fulfilled. O

Lemma 2.1.5. Assume that Y. N Sing(q) = 0 for some ¢ € k. Then f
is a varaible of A.

Proof. Since Sing(¢)NY. =0, q|x. : X. — Y. is an A'-fibration which
has no singular fibers. It implies, in particular, that p. : X.//G, — Y, is
an isomorphism and ¢. : X, — Y, is an Al-bundle. Furthermore, since
Y, = A! as a parallel line by Lemma 2.1.2, it follows that X, = A2, and
Sing(q) is a disjoint sum of Y., for ¢y,..., ¢, unless Sing(q) = 0. This
implies that almost all fibers of ¢ : X — A! = Speck[f] are isomorphic
to A?. Then f is a variable by Kaliman [18]. O
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2.2. Statement of Theorem.

Theorem 2.2.1. With the notations of section 2.1, the following as-
sertions hold.

(1) Assume that the condition (H1) holds. Then the singular fibers
of the quotient morphism q : X — Y are disjoint union of the
affine lines, and Sing(q) lies horizontally along the A'-bundle
p:Y — Al = Spec k[f].

(2) f is a variable of A if Sing(q) NY. =0 for some c € k.

Proof. The first assertion follows from Lemma 2.1.3, and the second
assertion from Lemma 2.1.5. O

3. FORMS OF A3 WITH UNIPOTENT GROUP ACTIONS

We show that a form of A? is trivial if it has either a fixed-point
free G,-action or an effective action of a unipotent algebraic group of
dimension two.

3.1. Preliminary results. By the abuse of notations in the present
section, we let k be a field of characteristic zero and let & be an algebraic
closure of k. A geometrically integral algebraic scheme over £ is simply
called a k-variety. A k-variety X is smooth if Y ®; k is smooth. An
algebraic k-variety X is called a k-from of A™ (or simply, a form of A™)
if X ® k is isomorphic to A" over k. A k-form X of A" is trivial if
Y itself is isomorphic to A" over k. It is well-known that the Galois
cohomology HY,(k/k, Autan /) vanishes for n = 1,2 by the structure
theorem of the automorphism group Autan/, and the vanishing implies
that every k-form of A™ is trivial if n = 1, 2 (see [24] for the case n = 2).

Koras and Russell [28] proved that a k-form of A with a nontrivial
G,-action is trivial. We are motivated by this result to ask if a k-
form of A% (or A" with n > 3) is trivial provided it has a nontrivial
unipotent group action. We shall show that this is the case if a k-form
of A3 has either a fixed-point free G,-action or an effective action of a
unipotent group of dimension 2. These are essentially due to Kaliman
[19] and Daigle-Kaliman [5]. The third author was informed by Neena
Gupta of her recent work [7] which asserts that a (separable) k-form
X = Spec A of A? is trivial provided A is endowed with a locally
nilpotent k-derivation D such that rank(D ® 13) < 2.

Lemma 3.1.1. Let X be a smooth k-variety such that X =X&k
is affine and factorial and that T'(X, 0%) = k. Then X is an affine
factorial k-variety with T'(X, O%) = k*.
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Proof. Let F be a quasi-coherent Ox-sheaf. Then F &y k is a quasi-
coherent Ox-sheaf. Since X is affine, H/(X, F@k) = H/(X, F) Qi k =
0 for all i > 0. Hence H'(X,F) = 0 for all ¢ > 0, and X is affine
by Serre’s criterion of affineness. Write A = I'(X,Ox). Then A :=
A@yk =T(X,0x). It is clear that k* CT'(X,0%) CI'(X,0%) =k .
Since I'(X, Ox)* is invariant under the Galois group of k/k, we obtain
['(X,0%) = k*.

Let D be a k-irreducible subvariety of codimension one in X and let
D = D®k. Let D = Dy +- - -+ D, be the irreducible decomposition of
D. If one fixes one irreducible component, say D;, the other irreducible
components are translates of D; under the Galois group of k/k. Since
X is factorial, D, is defined by an element f; of A. Then the translates
D; of Dy are defined by the translates f; of fi. Let F =]]'_, fi. Then
g(F) = a(g)F for an element g of the Galois group & *. Then {a(g)}
determines a cocycle of & with values in k. By Hilbert Theorem 90

(the multiplicative case), we find an element b € % such that a(g) =
g(b)b='. Then Fb~! is invariant under & and D is defined by Fb~! €
I'(X, Ox). O

An algebraic group G defined over k is called aunipotent group if so
isG =GR k.

Lemma 3.1.2. Let G be a unipotent algebraic group defined over k.
Then the following assertions hold.

(1) If dim G = 1 then G is k-isomorphic to the additive group
scheme G,. Hence a G-action on an affine k-scheme X =
Spec A is given by a locally nilpotent k-derivation (k-Ind, for
short) 6 on A.

(2) If dim G = 2 then G is k-isomorphic to a direct product G, X G,.
Hence a G-action on an affine k-scheme X as above is given by

two k-Inds 61,09 on A such that 6105 = 0907 .

Proof. (1) Since dim G = 1, it follows that G = G, over k. Hence
the underlying scheme of G is a k-form of A!, which is trivial. Thus
we can write G = Spec k[z]. Let A be the comultiplication of G. Then
A(r) = 2®1+1®z over k since this gives a unique group structure on
G = G, ;. Hence we have A(z) = 2 ® 1+ 1@z over k and G = Gy

4More precisely, we take a finite Galois extension k’/k such that D ®y k" splits
into a sum of geometrically irreducible components and consider the Galois group
Gal(k'/k).
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(2) Since dim G = 2, it is known that G is k-isomorphic to a direct
product G, x G,.% Hence G is commutative and the underlying scheme
of G is k-isomorphic to A% Let L(G) be the Lie algebra of G. Then
L(G) is a k-vector space of rank 2 with bracket product. Hence there
exist k-derivations Ay, Ay of R :=I'(G, Og) such that L(G) = kA, +
kAQ. Since L(a) = L(G) ®k E = E@l —+ Eag with E—lnds 81,82 of
R = R®yk, then A, Ay as elements of L(G) are expressed as k-linear
combinations of 0y, 0. Since 010, = 0,04, it is straightforward to verify
that Ay, Ay are k-Inds such that A1 Ay = Ay Ay, This implies that G is
k-isomorphic to G, x G,. A G-action on X corresponds to an algebraic
homomorphism p : G — Auty,, whose associated homomorphism of
Lie algebras is L(p) : L(G) — Der(A). Then the images of Aj, Ay by
L(p) are the Inds dy, d5 of A such that §;105 = d20. O

Let G be a unipotent group of dimension 2 defined over k. A direct
product decomposition G = G, x G, corresponds to the writing L(G) =
kA1+kAs with the notations in the proof of Lemma 3.1.2, where Aq, A,
are the k-Inds of R = I'(G, O¢) with AjAs = AyA;. In other words,
Ay = 0/0zy and Ay = 0/0xy, where x1, x9 are the coordinates of the
underlying schemes of the direct factors G, with A(z;) =2, ® 1 +1®
x; (i = 1,2), where A is the comultiplication. Another splitting of
G as a direct product G = G, x G, corresponds to the Inds A, A}
with similar properties. Since L(G) = kA + kA), we have Al =
a1 A1 + a;pg for i = 1,2, we have

( G A ) € GL(2, k).

Qg1 (g2

Fix a direct product decomposition G = G, x Gy corresponding to
A1, Ay. We denote the factor GG, corresponding to A; by G; fori =1, 2.

Suppose, in general, that the additive group G, acts on a factorial
k-variety X = Spec A via a k-Ind §. The fixed-point locus X% is
defined by the ideal I := > _, d6(a)A. Suppose that X“* contains an
irreducible component F' of codimension one. Then F' is defined by
f € Asuch that d(a) is divisible by f for all a € A. If we write § = f0d’,
then ¢’ is a k-Ind of A. By repeating this operation which changes the
G-action only on the components of X%, we may assume that X%

5By V. Popov, this is not the case in positive characteristic p since G =

1 a b
0 1 a?
0 0 1

group.

a,be k} is a two-dimensional non-commutative unipotent
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has no irreducible components of codimension one. Then we have the
following result.

Lemma 3.1.3. With the same notations and assumptions, we assume
that X is a smooth, k-factorial , k-variety of dimension 3. Letq: X —
Y be the quotient morphism, whereY = Spec B with B = Kerd. Let C
be an irreducible curve contained in X%+. Then C is a fiber component
of q which is isomorphic to A'. Furthermore, X% is a disjoint union
of the affine lines.

Proof. We may assume that & = k. Since X is factorial, there are no
fiber components of dimension 2 in the morphism ¢. Suppose that C
is transversal to ¢, i.e., ¢(C) is a curve. Let Z be an irreducible com-
ponent of ¢~1(¢(C)) which contains the curve C. Since X% contains
no components of codimension one, Z is an algebraic surface which is
(G,-stable but not contained in the fixed-point locus. The restriction
of gto Z, qz : Z — q(C), is factored by an A'-fibration p : Z — (",
which is the quotient morphism of the induced G,-action on Z. Let F
be a general fiber of p. Then GG, acts non-trivially on F', and F' meeets
the curve C'. Then F' is pointwise fixed by G,. This is a contradiction.
Hence C is contained in a fiber of q. By [14], C is isomorphic to Al
and X% is a disjoint union of the affine lines. O

Back to the original situation, we assume that a unipotent k-group
G of dimension 2 acts on a smooth, k-factorial k-variety X = Spec A
of dimension 3. Let G = GG1 X GGy be a direct product decomposition
with G; &2 Gy =2 G,. Let o be the G-action on X and let o; be the
restriction of G onto the factors G;, where G (resp. G3) is identified
with Gy x {1} (resp. {1} x G3). Let ¢; : X — Y; be the quotient
morphism of the G;-action o; for © = 1,2. We say that the G-action
is non-confluent if there exists a decomposition G = G; x G4 as above
such that the quotient morphisms ¢; and ¢ have no common irreducible
components. Otherwise, the action is called confluent. In the rest of
this section, we consider the tangential confluence in a similar setting.

Let X = Spec A be a k-variety of dimension n such that X is smooth
and factorial. Suppose that G, acts on X via a k-Ind § and X has no
components of codimension one. Concerning the lift of the G -action
on X, we define the tangential direction of the orbit at a closed point
P of X. Let (Op,mp) be the local ring at P and let {&,...,&,} be

a system of local coordinates. Then the tangent space Tk p of X at

6This means by definition that X is factorial.
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P is the k-vector space Y, k(0/9¢;). The tangential direction £p of
the G,-orbit is a line generated by Y7, 6(&)(P)(9/0E;), where 0 is
the lift of 6 to A and 0(&)(P) is the class of 6(&;) in the residue field
Op/mp = k. The line ¢p is defined as a point of the projective space
P(T p) unless 6(&)(P) = 0 for all i. The condition that 6(&)(P) = 0
for all  is equivalent to the condition that the point P is a fixed point.
In fact, suppose that 6(&)(P) = 0 for all i. For an element a € A,
there exists o € k such that a —a = Y"1 | fi&; with f; € Op. Then we

have
n

d(a) = Z ((6(fi)& + fid(&)) € mp.
i=1
This implies that Y, 4 0(a)A C mp. Hence P is the G,-fixed point.
Conversely, if P is a fixed point, then §(A) C mp. Hence 6(&;) € mp.
Thus the tangential direction is not defined.

Given a unipotent group G of dimension 2 and its action on a smooth
affine variety X, we consider a decomposition G = G x G5 with G, G,
isomorphic to GG,. With the previous notations, we consider the tan-
gential directions of the Gj-action on X.

Before going further, we give a remark on a nontrivial, non-effective
G-action on X

Lemma 3.1.4. Assume thatk = k. Let G = G4 XG5 be a direct product
decomposition with G1 = Gy = G, and let 01,05 be the corresponding
k-Inds. Then the following conditions on a nontrivial G-action on X =
Spec A are equivalent.

(i) The G-action is not effective, i.e., there exists an element g # e
of G which acts on X trivially.
(ii) There exists another direct product decomposition G = G x G,
such that G% acts trivially on X.
(iii) There exists an element ¢ € k* such that §; = cds.

Proof. (i) = (ii). Since the G-action is nontrivial but non-effective,
the closure of the subgroup G, generated by an element g in the state-
ment is a connected algebraic subgroup isomorphic to G,, and the
quotient G/GY is also isomorphic to G,. In fact, by the argument us-
ing the Lie algebra of GG in the proof of Lemma 3.1.2, we have a direct
product decomposition G = G x G, such that G} = G/G,,.

(ii) = (i). This is clear.

(ii) = (iii). With the notations in the proof of Lemma 3.1.2, ¢; is
the image of A; by L(p) : L(G) — Dery(A) for i = 1,2. Let ¢ be the
image of A! for i = 1,2, where A/ corresponds to the subgroup G}. We
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may assume that A, = A; — cA, for ¢ € k. Since A, = 0 as GY, acts
trivially on X, we have §; = cds.

(iii) = (ii). Let A} := Ay —cAy € L(G). Then A, defines a subgroup
GY, of G which acts trivially on X. Further, G = G} x G, for some
subgroup G of G. O

For a closed point P of X \ (YGI U YGQ), we can consider the tan-
gential directions eﬁi) and 653) for the G; and G5 actions.

Lemma 3.1.5. With the above notations, suppose that ﬁg) = Eg) 8
Then there exists another decomposition G = Gi x Gy such that the
Ga-action oy on X induced by the GY-factor has the point P as a fized
point.

Proof. Suppose that the G,-actions o1, o5 correspond to k-Ind 41, ds.

Since e}” and Eg) are defined and £§3) = Eg), there exists ¢ € k' such
that

02(&)(P) = c01(&)(P), (1 <i<n).
Hence (6, — ¢61)(Op) € mp. Set 8, = 0, — ¢d;. If 6, = 0, Lemma
3.1.4 implies that the subgroup G} acts on X trivially. Suppose that
8, # 0. Since 6;,0, commute, &, ia a k-Ind and 6,6, = 050;. Hence
there is a direct product decomposition G = G x G corresponding to
L(G) = kA, + kAL, where A} := Ay — cA,. Now ) = L(p)(A}) for
the k-group homomorphism p : G — Auty /i associated to the given
G-action. It is clear that the point P is a fixed point with respect to

the oj-action. Note that if ¢ € k the above decomposition is over k as
G = G1 X Gé O

Together with the assumptions in Lemma 3.1.5, we further assume
that X is k-factorial and of dimension 3. Concerning a subgroup of
G which is isomorphic to G, every fiber component C' of the quotient
morphism g : X — Y := X //G, is isomorphic to A! if considered with
a reduced structure (see [14]). If this curve C' passes through a point
P of X, the tangential direction £p of C' at P is well-defined since X
is smooth. We say that ¢p is the tangential direction at P even if P is
a fixed point. We say that the G-action is tangentially non-confluent
if there exists a decomposition G = (G; x (G5 as above such that the
tangential directions ngl) is different from 6532) for every closed point P of
Y. It is obvious that the G-action is non-confluent if it is tangentially
non-confluent.

"This implies that the Gi-orbit Gy P and Ga-orbit G2 P are tangent at P.
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At the end of the section we give an example of a unipotent algebraic
group of dimension 2 being decomposed into a product G, x G,.

Example 3.1.6. We show that a unipotent group G of dimension two
defined by

1 a b
G = 01 a a,be k p C GL(3,k)
0 01

is decomposed as a direct product G = G, X GG,. In fact, we change an
expression of element of G by an automorphism

1 a b 1 a b+%a2
01 a — 0 1 a
0 0 1 00 1
Then we have
1 a b+ 3a? 1 a ia? 10b
01 a =101 a 010 ],
0 0 1 00 1 0 01
where
1 a %aQ 1 0 b
01 a a €k and 010 bek
00 1 001

are isomorphic to G, and commute each other.

3.2. Case of a fixed-point free G ,-action. Let X = Spec A be an
affine k-variety and let ¢ : G, x X — X be an action defined over k.
By Lemma 3.1.1, ¢ is induced by a k-Ind 6 on the k-algebra A. Let
B = Ker é and Y = Spec B. Hereafter we assume that X is a k-form
of A3, Then Y is the (algebraic) quotient variety of X with respect to
0. We denote by ¢ : X — Y the quotient morphism. We say that the
G-action o is free if X% =), i.e., §(A)A= A"

Lemma 3.2.1. With the above notations, X is k-isomorphic to AZ.
Namely, A is a polynomial ring k[z, x5].

8For a Gu-action 0: Gy x X — X, let Uy := (0,p2) : Go x X — X x X be the
graph morphism of o. We say that the action o is free (resp. proper) if the graph
morphism Wy is a closed immersion (resp. a proper morphism). Then o is free
(resp. proper) if and only if & := o ®, k is free (resp. proper). By an argument
as in the section five, we have the implications: o is free = o is proper = ¢ is
fixed-point free. If X is a k-form of A3, a theorem of Kaliman [19] implies that
these three conditions are equivalent. Hence we can use this terminology without
confusion.
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Proof. Let A=A Rk k, which is isomorphic to a polynomial ring in
dimension three over k. Then the k-Ind ¢ lifts to a k-Ind 6 on A. On
the other hand, the following sequence of k-vector spaces is exact

0—>B—>A“ii>A[]

where ¢ : A — A[t] is defined by ¢(a Z —&%(a)t". Then the tensor
i>0 !
product ®,k gives rise to an exact sequence of k-vector spaces

0— Bayk — A TS Al

where @ is the k-algebra homomorphism A — A[t] defined by & as ¢
for 6. Hence B ®; k = Ker 6. By [34], B ® k is a polynomial ring
of dimension two over k. Since there is no nontrivial k-form of A? (cf.
24]), it follows that B is a polynomial ring of dimension two over k. O

Let Y =Y ®; k and let §: X — Y be the quotient morphism of
the G,-action & = o ®;, k. We note that §(A) = 6(A) ®k k and hence
0(A)A = 6(A)A = 6(A)A ®; k. This implies that X% = X6 @, k
and hence that 7 is free if and only if ¢ is free. This remark yields the
following result in view of Kaliman’s theorem [19] which asserts the
following;:

Lemma 3.2.2. Let 5 : G, x A®> — A® be a fized-point free G4-action.
Then the quotient morphismq : A*> =Y defines an A*-bundle over Y =
A? and the G,-action is a translation along the fibers. In particular, the
quotient morphism § is surjective and the fiber G~1(Q) is isomorphic to
AY with multiplicity 1 for every (closed and non-closed) point Q of Y .

Lemma 3.2.3. Assume that the action o is free. Then the following
assertions hold.
(1) Any closed fiber of the quotient morphism q : X — Y 1is iso-
morphic to Al.
(2) Let p be a height one prime ideal of B and let k(p) be the quo-
tient field of B/p. Then the fiber of q over p is isomorphic to
Al over k(p). Namely, (A/pA) @py (p) is a polynomial ring
of dimension one over k(p).
(3) Let K be the quotient field of B. Then the generic fiber of q,
X = Spec (A ®4 K), is isomorphic to A' over K.
Proof. (1) Let m be the maximal ideal of B corresponding to the
closed point of Y. Then (A/mA) @ k = @|_, A/m;A, where mB =
M, m; and 7 is the extension degree of B/m over k. Let \; : B/m — k
be an embedding of B/m to a subfield of k. Then we have (A/mA)®p/m
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(E, Ai) is a polynomial ring of dimension one over k by Kaliman’s the-
orem. Since there is no nontrivial form of A', it follows that A/mA is
a polynomial ring of dimension one over B/m.

(2) Let p be a height one prime ideal of B. Since B is a polynomial
ring, p is principal. Write p = (f) with a k-irreducible element f of B.
With f considered in B, it is a product f = [I;_, /i, where the f; are
conjugate of each other under the Galois group of the splitting field of
f over k. We have A/ f;A = (A/fA)®@p/;p(B/fiB), which is geometri-
cally integral. Now the restriction of g onto the hypersurface V (f;A) =
Spec A/ f;A is a fibration over the curve V(f;B) = Spec B/ f;B whose
closed fibers are isomorphic to A' and whose generic fiber is geomet-
rically integral. By [25, Theorem 2|, it is an Al-bundle. Hence the
generic fiber of Spec A/f;A is isomorphic to Al over Q(B/fiB) °.
Since Q(B/f;B) is an algebraic extension of Q(B/fB), it follows that
(A/fA) ®p/rp Q(B/fB) is a polynomial ring of dimension one over
Q(B/fB). N B

(3) By the slice construction, the generic fiber X7 = Spec (A ®5
Q(B)) is isomorphic to A! over Q(B). Since A ®5 Q(B) = (A ®5
Q(B))®q(p) Q(B) and since there is no nontrivial form of A!, it follows
that A ®p Q(B) is a polynomial ring of dimension one over Q(B). O

Now the following theorem is an easy consequence of a result of
Kambayashi-Wright [26].

Theorem 3.2.4. Let X be a k-form of A3 having a free G,-action o.
Then X is k-isomorphic to A3.

Proof. By Lemma 3.2.3, every closed (and non-closed) fiber of the
quotient morphism ¢ : X — Y is isomorphic to A! over the respective
residue field. Hence ¢ is an A'-bundle in the Zariski topology by [26].
Since A is factorial, it follows that this A'-bundle is trivial. Hence X
is isomorphic to A3. O

3.3. Case of an effective G, x G,-action. We consider the following
result.

Lemma 3.3.1. Let A be an affine k-domain of dimension 2. Suppose
that A is geometrically integral over k, i.e., Q(A) is a reqular extension
of k, and that A has two nonzero k-Inds 01,05. Suppose further that
0109 = 0201 and Ker 61 # Ker dy. Then A is k-isomorphic to k[tq,ts].

9This follows easily from the fact that §: X — Y is an A'-bundle. But we would
like to make a detour to give an argument which can be applied in case we drop
the hypothesis that the action o is free.
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Proof. Let A; = Kerd,, Ay = Kerd; and B = AN A,. Then dim A; =
1 for i = 1,2 and dim B = 0. In particular, B is a field extension of k.
Since B C Q(A) and k is algebraically closed in Q(A) by the hypothesis,
it follows that B = k. Since 0109 = 9201, the Ind §; induces a k-Ind on
A1 which we denote by the symbol A;. If the induced A is zero on Ay,
then Ay DO Aj;. Since dim A = dim A; = 1, it follows that Q(Az) is an
algebraic extension of Q(A;). Then the induced derivation s is trivial
on Q(Ay) since 9 is trivial on Q(A;). Then A; = Ker d2 O As. Hence
Ay = A, which contradicts the hypothesis. Thus the induced A; on A;
is nontrivial. Similarly, d5 induces a nontrivial k-Ind A5 on A,. Then
ker Ay = Ker Ay = k. This implies that A, = k[t1] and Ay = k[ta]. We
can choose t1, ty so that Ay (t;) = 1 and Ay(t2) = 1. Then ¢; and ¢, are
slices of the Inds 0; and 3 in A. Then A = Ay[t;] = Ay[ta] = klty, ta].
O

Let X = Spec A be an affine k-variety of dimension 3. By Lemma
3.1.2, a G, X G4-action o on X is given by two k-Inds 91,0 on A such
that d;02 = d201. We prove the following result of Daigle-Kaliman [5].

Theorem 3.3.2. Let X = Spec A be a k-form of A3. Suppose that X
has an effective action of a unipotent group G of dimension 2. Then
Y is k-isomorphic to A3.

Proof. Our proof consists of three steps.

(I) There exists a direct product decomposition G = G x G such
that the two G,-actions induced by (G; and G5 are non-confluent. By
Lemma 3.1.1, A is an factorial k-domain of dimension 3 with A* = k*.
Let A; = Ker 5, Ay = Ker §;, and B = A; N Ay. Then B, A, Ay are
factorial affine k-domains of respective dimensions 1,2,2. The units
of these domains are all constants. By what we have discussed, A; =
A; ®y k is a polynomial ring of dimension 2 over k, and B = B®k is a
polynomial ring of dimension 1 over k. Since all k-forms of A' and A2
are trivial, it follows by the construction of A;, B that B = k[u|, A; =
klu,t1], and Ay = klu,ts] with §1(¢1) = fi(u) and d2(ts) = fo(u) for
nonzero elements fi(u), fo(u) of kul.

(I1) Let Ay = Ay ®p Ag = klu, t1, 5], which is a k[u]-subalgebra of
A. Let Xo = Spec Ay and Z = Spec B. The inclusion Ag < A defines
a Z-morphism ¢ : X — Xj. Let K = Q(B). Then Ag == A®p K =
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K|tq,ts] by Lemma 3.3.1. Hence ¢ is birational because
Alfi(w)™, fo(w)™] = (Alfi(w) "D f2(u) ]

= (Ao fr(w)7[ta]) [fo )]

= (Asolfow)™ D) 1]

= (B[fQ(u)_la t2] [f1<u)_1’ tl}

= (Blfi(w)™, folu) ™ [tr, ta).

(III) The morphism ¢ : X — X, is G-equivariant by the construc-
tion. Since X = X ®j E’é A% and X, = A% = Spec kfu, t1,15], the
birational morphism @ : X — X is a polynomial morphism

(z,y,2) = (filz,y,2), fo(z,y,2), fs(2,y,2)).

Let J = det(9(f1, fa, f3)/0(x,y, z)) be the Jacobian determinant. Then
J = 0 defines the locus E of exceptional varieties of P, which is G-
stable. Hence J is G-invariant, i.e., J € B. This implies that the
subvarieties of X which are contracted to curves or points by % are
the fibers of p : X — C, where P is the base change of p : X —
C' = Spec k[u] defined by the inclusion B = k[u| < A. Furthermore,
?: X — X, is an isomorphism on X \ E, where E = p~'V(J). In
particular, the generic fiber of p : X — C' is isomorphic to A? because
a form of A? is trivial, and all closed fibers p~'(P) are isomorphic to
A? for all P € C'\ V(J). It follows then from Kaliman [18] that u is a
coordinate of X =2 A3 and hence the fibers p~}(P) = A2 for P € V(J).
Then X = A® by Sathaye [39]. 0

The morphism ¢ : X — X in the above proof is not an isomorphism
in general as shown by the following example.

Example 3.3.3. Consider the following Inds on a polynomial ring
A =Eklx,y, 2],

Then 6109 = 920;. We can compute A; = Ker §;, Ay = Ker §, and
B = A, N A, as follows.

Ay = k[z,y — 2], Ay = k[z,y — 2°2], B = k[z] .
Hence Ay = klz,y — xz,y — 2%2] and ¢ : X — X is given by
(z,y,2) = (v, — x2,y — °2).
The Jacobian determinant .J is (1 — ). On the fibers p~!(z = 0) and
p~!(z = 1), the morphism ¢ is given by
0,9,2) = (0,9,9), (Ly,2) = (Ly—zy—2z).
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In this example the planes {z = 0} and {z = 1} are mapped to lines.
O

Remark 3.3.4. (1) With the notations of the proof of Lemma 3.3.1,
the case where a fiber p~!(P) is contracted to a point by ® is impos-
sible. We may assume that = u and the fiber p~!(F) is sent to the
point (x,t;,t2) = (0,0,0). The morphism @ is given by a polynomial
morphism

(SL’,y, Z) = ('x7t17t2) = (l’,fg(l',y, Z),fg(l',@/,Z)) )

where f; € Ker d5 and f, € Ker §;. By the assumption, fo(y,z) = 0
and f3(y,z) = 0. Then fo(z,y, 2z) and f3(x,y, 2) are divisible by x, and
hence fo(x,y,2)/x € klx, fo(x,y, z)]. This is a contradiction.

(2) If the action of G = G, x G, is non-confluent, then the birational
morphism ¢ is an isomorphism. In fact, if D is an irreducible curve in
X such that §(D) is a point of Xy. Then D is a fiber component of
both quotinet morphism g; : X — X; for 4 = 1,2. Such a curve does
not exist if the G-action is non-confluent. Hence P is a quasi-finite
morphism. Thenyp is an isomorphism by Zariski main theorem. Hence
© is an isomorphism. O

3.4. A k-form of A* with a proper action of a unipotent group
of dimension 2. Let X = Spec A be now an affine algebraic k-variety
of dimension 4 such that X ®; k is k-isomorphic to A*. Let G be a
two-dimensional unipotent group. By Lemma 3.1.2, G is k-isomorphic
to Gy X G,. Assume that X has a proper G-action. Let B be the ring
of G-invariant elements of A. By a lemma of Zariski, B = AN K is
an affine k-domain, where K is the field of G-invariant elements of the
function field £(X) = Q(A). Let Y = Spec B and let ¢ : X — Y be
the quotient morphism. We denote g : X — Y be the base change of ¢
by the field extension k/k.

Lemma 3.4.1. Y is k-isomorphic to AZ.

Proof. It suffices to show that Y is isomorphic to A2, Since Y =
A*/G with G = G ® k, B = B ®; k is factorial and B =k By
the argument in Lemma 1.1 in [15], Y is isomorphic to A2, In fact,
Sing(Y) is a finite set. Let Y’ =Y \ Sing(Y). Since X = A* there is a
linear plane L in X such that gz : L — Y is a dominant morphism and
dimg ' (P)NL < 0 for every point P of Sing(Y). Then ®(Y') = —oc.
Hence Y is either affine 1-ruled, i.e., Y has an Al-fibration, or contains
a Platonic C*-fiber space (we may assume that & = C). In the first
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case, Y = A2, In the second case, argue exactly in the same fashion as
in the proof of Lemma 1.1 in [15]. O

Lemma 3.4.2. The following assertions hold.

(1) The graph morphism Vx5 = (,p2) : G ¥ X = X x3 X is
a surjective morphism. Further, the generic fiber X, = X Xy
Spec k(Y) is k(Y')-isomorphic to A*.

(2) The G-action on X is fizpoint-free, and each fiber of G is a G-
orbit, hence isomorphic to A% if considered with reduced struc-
ture.

(3) For each closed point P of Y, the fiber ¢~ (P)yeq 18 isomorphic
to A2

Proof. (1) The graph morphism U : G x X — X x X splits as

Ug:Gx X L“{XXYX—>X><X

where 7 is a closed immersion. Hence 7 is a separated morphism and
the morphism Wy 5 is a proper morphism since so is the composite
7 Vx,. On the other hand, let ¢ (resp. n) be the generic point of
X (resp. Y). Let X,, := X Xy Spec k(1) be the generic fiber of ¢q. By
taking the fiber product with Spec k(() over X, the graph morphism
Uxy : G x X = X xy X induces a k(¢)-morphism V¢ : G ®, k(¢) —
X, Q@) k(¢) which is proper. Hence it is a finite morphism because
U, is an affine morphism as well. Since G contains no finite subgroups,
U, is birational. Since X, is normal, ¥, is an isomorphism by Zariski’s
Main Theorem. This implies that X, is k(n)-isomorphic to A? because
G is k-isomorphic to A% and a form of A? is trivial, and that W,y :
G x X — X Xy X is a dominant morphism. Hence Wk is also
dominant and proper. This implies that U+ is surjective.

(2) Hence each fiber of § is a G-orbit and two-dimensional by the
upper-semicontinuity of dimension of fibers, i.e., each closed fiber of
g has dimension not less than 2, and the G-action is fixed-point free
because proper subgroups of G have dimension one.

(3) As in the proof of Lemma 3.2.3, let \; : k(P) — k be an embed-
ding of fields. Let F':= ¢! (P)sea. Then F ®y(p) (k, A;) = A2 Namely,
F is a k(P)-form of A%. Hence F is isomorphic to A% over k(P). O

Lemma 3.4.3. § has no singular fibers over codimension one points
of Y. Hence all singular fibers are either empty fibers or irreducible
multiple fibers whose reduced form is isomorphic to A%. Let S be the
set of points P of Y such that g(P) is either the empty set or a
singular fiber of §. Then S is a finite set.
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Proof. Note that B is factorial. If p is a prime element of B, pis

a prime element in A. In fact, p is a prime element of ZGl which is
factorial because B = (EGl

G = G, x Gy with G; 2 Gy 2 G,. Let C be an irreducible curve
on Y defined by p = 0. Then S := g '(C) is an irreducible threefold
defined by p = 0 in X which is G-stable, and the restriction of g
onto S is factored by the quotient morphism, gz : S — S/G — C.
If glg : S — C is not geometrically integral, then general fibers are
disjoint union of irreducible components which are isomorphic to A%
This contradicts the properness hypothesis of the G-action by Lemma
3.4.2. Hence if § has singular fibers, they are irreducible multiple fibers
over isolated points of Y. O

G _
) , hence a prime element of A, where

Lemma 3.4.4. The quotient morphism q : Y_—> Y has no multiple
fibers. Hence the set S consists of the points of Y over which the fiber
15 the empty set.

Proof. Let @) be a point of Y such that ' is a multiple fiber, i.e.,
a non-reduced fiber. Let P € g *(Q). By Seidenberg [41], a general
hyperplane section H of X which passes through the point P, where
we take P to be sufficiently general on g~(Q). By considering an
embedding of k into C, we may work over C. We take a small Euclidean
neighborhood T' of P in H and call T a slice transverse to g '(Q). Then
G|t is smooth at a point P near P if and only if g is smooth at 7.
By Lemma 3.4.3, gy : T — Y is unramified outside a closed subset
of T of codimension > 1. By purity of branch locus, gl : T — Y is
also smooth at P. This is a contradiction because g~1(Q) is a multiple
fiber. Hence there are no multiple fibers.

By Seshadri [43, Theorem 6.1], there exists a geometric quotient U
of X by G. Let p : X — U be the quotient morphism. Then p is a
locally trivial G-torsor and q is decomposed by 7 as

X 5U5Y.

Then 7 is one-to-one by the correspondence of G-orbits and hence bira-
tional. Since U and Y are normal, 7 is an open immersion by Zariski’s
main theorem. We follow the argument in [14, Proof of Theorem 3.9].
Let @ be a point of a multiple fiber F'5, where O

Lemma 3.4.5. Let 70 =

—0 .
and X is a G-torsor over



AFFINE SPACE FIBRATIONS 41

Proof. TgeO first isg,ertion follows from Lemma 3.4.4. It suffices _tco)
show that X xgo X is smooth. Then Ux 3 restricted onto G x X
induces an isomorphism G X X =X’ X570 X', Let P, P be closed
points of X" such that 7(P) =q(P) = Q. Then there exists g € G(k)
such that P’ = 9P. Then g X id o induces an isomorphism between
local rings Oz 5 p) and (977(??), where Z = X' X0 X", Hence it
suffices to show that Oz 55 is a regular local ring. Let {z1,z2} be
a regular system of parameters of the maximal ideal of Ogo o) and let
{t1,t2} be elements of Ogo 5 whose images in O;-1 g 5 form a regular
system of parameters. Then it is clear that {x,zo,1,t,t),t5} is a
regular system of parameters of the local ring (’)Z(Fﬁ), where {t},t,}

is a copy of {t1,t,}. Hence Z is smooth at the point (P, P). O

We can now answer the triviality question of a k-form of A?* as fol-
lows.

Theorem 3.4.6. Let X = Spec A be a k-form of A* equipped with a
proper G-action, where G is a unipotent group of dimension 2. Then
X is k-isomorphic to A*.

Proof. If S = () then X is a G-torsor over Y. Since the G-action is
defined over the field k£, X is a G-torsor over Y. Write G = G X Gy
with G; £ Gy =2 G,. Let X| = X/G110 . Then X is a G-torsor over Y.
Since the set of isomorphism classes of G,-torsors over Y is bijective
to Hy(Y,G,) = H (Y, Oy) = 0, we know that X; Y x G,. Similarly,
we have X = X; x G,. Hence X = A% x G = A%,

We shall show that S = (). Let ¢ : X — Y be the same as in
Lemma 3.4.4. Then X is a G-torsor over Y . By Lefschetz principle,
we may assume that k = C. By a long exact sequence of homotopy

groups for a fiber bundle, we have 7ri(70) ~ m(X) 2 m(AY) = 0 for

every ¢ > 0. Since 7T1(Y0) = (1), we have Hi(VO;Z) = Hi(X;Z) =0
for every i > 0 by Hurwicz’s isomorphism theorem. But, if S # 0,

10Gince dim A = 4 and A; = Ker A with an Ind A on A associated to the G-
action, we need to show that A; is finitely generated over k. By Seshadri [43], X
is a locally trivial G-principal fiber bundle. Hence there exists an open covering
U = {U;}ier with a finite index set I such that ¢=1(U;) = U; x G which is a G-
equivalent isomorphism over U;. We can take the open sets U; of the form D(b;)
with b; € B. Then A;[b;'] = A[b; 1|9 = Bb;'|[t;] since Gy acts on G and
G/G1 = G,. Hence A;[b; '] is generated by a single element f; over B[b; !]. Since
the positive powers of b; generate the unitary ideal in B, it is then easy to show
that A; is generated by {f;}icr over B.
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then H3(?O;Z) ~ 78#(5) £ ( by a long exact sequence of integral

cohomologies for a pair (Y, S). This is a contradiction. O

Remark 3.4.7. Let n be an integer greater than 2. Let G a commuta-
tive unipotent group of dimension n—2. Since G has a subnormal series
whose subquotient is isomorphic to G, it follows that the underlying
space of G is isomorphic to A" 2. Let X = Spec A be a k-form of A"
with a proper G-action. Let B = A% and let Y = Spec B. Then B is
an affine domain of dimension 2, and the inclusion B < A defines the
quotient morphism. To avoid the difficulty arising from the triviality
of forms of A2, we assume that the quotient morphism ¢ has a cross-
section if n > 5. Putting this assumption, every fiber of ¢ will be a
non-multiple fiber. For a closed point Q of Y, let F' = ¢ 1(Q)eq. Then
F is defined over the residue field k(@) and given a proper G-action.
Since dim /' = n — 2 and the G-action on F' has no fixed points, it fol-
lows that F' = A"=2. Under this situation, Lemmas 3.4.1 ~ 3.4.5 holds
with only A? in the assertions replaced by A"~2. So, by pursuing each
step of the proof of Theorem 3.4.6, we can show that X is k-isomorphic
to A",

Furthermore, we note that proper GG,-actions on smooth affine va-
rieties of dimension 3 or 4 are studied by Kaliman [20, Theorem 0.1,
Corollary 0.3]. O

3.5. Forms of A" x Al. Let X = SpecA be a k-form of A" x Al where
Al is the affine line with one point punctured. Then there exists a finite
Galois extension k' of k with Galois group & such that X ®; k' is k'~
isomorphic to A" x Al. Namely Ay := A@i k' = K[zy,..., 20, y,y7 1]
Since A, = k" x {y™ | m € Z}, we have

9y =~(g)y™9, v(g) € K¥*,m(g) € Z, g€ &
where

7(9'9) = T7(9)7(g)™?, m(g'g) =m(g)m(g), g€ ®.
Since y(e) = 1 and m(e) = 1 for the identity element e of &, we know
that m : & — Z* is a multiplicative character. Hence m(g) = %1 for
g€ ®. Let N ={g€ &|m(g) =1}. Then N is a normal subgroup of
® such that [& : N] < 2.

Lemma 3.5.1. Assume that N = &. Then there exists a k-form 'Y of
A" such that X is k-isomorphic to Y x Al

Proof. Since m(g) = 1 for every g € &, the equality v(¢'g) =
9v(g)y(¢") holds for ¢’,g € &. By Hilbert’s theorem 90, there ex-
ists an element ¢ € k" such that y(g) = 9c- ¢~ !. Replacing y by y/c,
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we may assume that 9y = y for every g € &. So, y € A = (A @, k)°.
Now each element a € A is expressed in A Q@ k' = k'[x1,..., 20, y, ¥
as a Laurent polynomial

a= Za;yi, a, € K'xy, ...,z
i€z
Since 9a = a, we have 9(a}) = a for every i € Z. Hence a, € A. Let
B be the set of elements a € A such that Ya = a for g € & and a is
constant as a Laurent polynomial in y. Then B is a k-algebra such
that (Bly,y™']) @ k' = A ®;, k. Then it follows that A = Bly,y™'].
Since
(B Ky y™ '] =Ko, zallyy 7],

comparison of the constant rings of Laurent polynomial rings on both
sides implies that B ®; k' = k'[x1,...,2,]. Thus Y := Spec B is a
k-form of A" trivialized by the field extension k'/k. O

Corollary 3.5.2. Assume that N = & and n = 1 or 2. Then X is
k-isomorphic to A™ x Al

Proof. Since there are no non-trivial k-forms of A" if n = 1,2, the
assertion follows from Lemma 3.5.1. O

Assume that N # & and k” = (k). Then k" is a quadratic ex-
tension with Galois group /N = Z/27Z. Let o be a generator of
the group &/N. Write £/ = k(a) with @ = o* € k. By Lemma
3.5.1, there exists a k”-algebra A” such that A @, k” = A”[y,y~!] and
A" @ K 2 K2y, ..., x,]. Since 7y = cy~! with ¢ € (k”)* and 02 = e,
it follows that ¢ = ¢, whence ¢ € k. Let C' = Spec R be an affine plane
curve defined by

R=FK[Y,Y']/(Y? —aY" = 4¢).
Note that C is k-isomorphic to Al if and only if a € k. Then we have

the following result.

Lemma 3.5.3. With the above notations and assumptions, the follow-
ing assertions hold.

(1) The k-algebra R is identified with a subalgebra of A. Hence
there exists a morphism f: X — C.

(2) Each fiber of f is a k-form of A".

(3) If n = 1,2, the morphism f defines an A"-bundle over C.

Proof. (1) Set
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Then Y =Y and 7Y’ = Y’. Hence Y,Y’ € A and there is a relation
Y2 — qY"* = 4c. Further, since we have
1 1
— (Y +aY), yl= (Y —aY’
y=5Y +aY), y =Y —aY’),

it follows that R := k[Y,Y"]/(Y? — aY'? = 4c) is a k-subalgebra of A
which is a k-form of kly, y~!].

(2) Let P be a closed (or generic) point of C' and let k'(P) = k' ®y,
k(P), where k(P) is the reidue field of C' at P. Then we have

ARrkK(P) = (A®ik) @reuw k' (P)
— k'[xl, ey T, Y, yil] ®k’[y,y—1] kl(P)
= k’[xl,...,xn] R kl(P)

This implies that the fiber f~!(P), which is defined over k(P), is a
k(P)-form of A™.

(3) If n = 1,2, the generic fiber as well as general fibers of f is a
form of A", which is trivial. Hence f is an A™-bundle. O

4. CANCELLATION PROBLEM IN DIMENSION THREE

We can apply the arguments in the previous subsection 3.4 to the
cancellation problem in dimension 3.

4.1. Statement of a theorem.

Theorem 4.1.1. Let X be an affine variety of dimension 3 such that
X x A3 = A" with n > 4. Suppose that X has a proper Gy-action.
Then X is isomorphic to A3.

The proof will be given in this subsection. Since the projection
A" — X is faithfully flat, X is smooth, contractible and factorial. Let
A be the coordinate ring of X. We have further A* = k*. We assume
that X has a proper G,-action o : G, x X — X. Since the graph
morphism ¥ := (0,id x) : G, x X — X x X is proper, the action is
nontrivial. Let ¢ : X — Y be the quotient morphism, where Y is the
algebraic quotient Spec B, where B = A%, Note that B is a factorial
affine domain of dimension two such that B* = k* and ¢ is an Al-
fibration. As in the proof of Lemma 3.4.2, the action o is fixed-point
free, and every non-empty fiber of ¢ is a G,-orbit. We set S = Y\ ¢(X).

Lemma 4.1.2. The following assertions hold.
(1) Let g = q-p : A™ — Y with the canonical projectionp : A" — X.
Then g has no fibers which contains an irreducible component
of dimension n — 1.
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(2) Let P, (1 < i <) be a finite set of closed points of Y. Then
there ezists a linear plane L of A™ such that gl : L — Y
is a dominant morphism and dimg=*(P;)) N L < 0 for every
1< <r.

(3) Let Y =Y — Sing(Y). Then ®(Y') = —oc.

(4) Y is isomorphic to A2,

Proof. (1) There is a G" 2 = G"% x G,-action on A" such that one
factor G"~3 acts along the fibers of the trivial A" 3-bundle A" — X
and another GG, is the given G,-action on X. Suppose that g has an
irreducible component I’ of dimension n — 1. Then F is defined by an
equation b = 0 for b € T'(A", Oun). Since g(F') is a point, F is stable
by the G 2-action on A". Hence b € B. This gives a contradiction
because the subvariety of Y defined by b = 0 has dimension one and
g(F) is a point.

(2) This follows from [35, Lemma 4].

(3) Note that Y is factorial because Y is the algebraic quotient X/G,,.
Hence Sing(Y') is either empty or a finite set. Let Y’ =Y — Sing(Y).
Then (g|z)~!(SingY’) is an empty set or a finite set by the assertion (2).
Hence L' := L — (g|r) *(SingY’) has log Kodaira dimension —co as the
complement of a finite set of closed points in L. Then &(Y') = —o0.

(4) By the condition %(Y’) = —oo, either Y’ contains an open set
U which is either a cylinderlike open set or a Platonic C*-fiber spce
(34, Chapter 2, Theorem 5.1.2]. If Y’ contains a cylinderlike open set,
so does Y. Hence Y = A? by the algebraic characterization of A2
(34, Chapter 3, Theorem 2.2.1]. If Y’ contains a Platonic fiber space
U, Y\ U is a disjoint union of A's. Then the class group C/(Y) has
rank greater than or equal to the number of the affine lines attached
to Y\ U. Since Y is factorial, it follows that Y is isomorphic to A?/G
with a finite subgroup G of GL(2,C). Since Y is factorial, Y is, in fact,
isomorphic to the hypersurface 22 + 14 + 2% = 0. Let Y° be the smooth
part of Y. Then 7 (Y?) = G, which is a binary icosahedral group. Let
7% = g7 H(Y?). Then A™\ Z, is the inverse image by ¢ of the unique
singular point of Y, which has dimension not greater than n—2. Hence
ZY is simply-connected. Let Y° be the universal covering of Y°. Then
the morphism g|zo : Z° — Y decomposes as

glpo : 20 L5 YO 2y y0

Then general fibers of g are not connected. Since a general fiber of g
is isomorphic to A”~2. This is a contradiction. Hence Y = A2, O

We need the following result of A. Dutta [6].
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Lemma 4.1.3. Let ¢ : X — Y be a faithfully flat affine morphism of
finite type of locally noetherian schemes. Assume that'Y is normal and
that the following conditions are satisfied.
(1) The fiber of q over the generic point of Y is Al.
(2) The fiber of q over the generic point of each irreducible reduced
closed subscheme of Y of codimension one is geometrically in-
tegral.

Then X is an A'-bundle over Y. In particular, if Y is an affine scheme
then X is a line bundle overY .

In order to use the result of Dutta, we have to show the following
result.

Lemma 4.1.4. In our setting of ¢ : X — Y, the condition (1) and (2)
in Lemma 4.1.3 are satisfied. Hence X is an Al-bundle over the open
set ¢(X) of Y, where S := X \ q(X) is a finite set.

Proof. We apply Lemma 4.1.3 to the morphism ¢ : X — ¢(Y"). Since
X and Y are smooth and since ¢ is equi-dimensional, it follows that
q is a flat morphism. The local slice theorem (see [10]) implies the
condition (1). Since every non-empty fiber of ¢ ia a G,-orbit, the fiber
of q over the generic point of an irreducible curve C' of Y is geometrically
irreducible (see the proof of Lemma 3.4.3). If it is not geometrically
reduced, a general fiber X, with y € C' is a multiple fiber of ¢q. By the
argument of Lemma 3.4.4 implies that ¢ has no multiple fibers. Hence
the fiber of ¢ over the generic point of C' is geometrically integral, and
the condition (2) is satisfied.

Since ¢ : X — Y is a flat morphism, the set S is a closed set. If it
contains an irreducible component C' of dimension one, C' is defined by
a prime element p. Since the empty set ¢=*(C) is defined by p = 0 in
X, it follows that p € A*. Since A* = k*, this is impossible. So, S is a
finite set. O

Remark 4.1.5. Lemma 4.1.4 is not true without the properness as-
sumption of the G,-action. In fact, let § be an LND on A = Clz, y, 2]
defined by §(x) = 0,6(y) = 2z and §(z) = z. Then h = zy—2* € Kerd,
where Ker 0 is eventually a polynomial ring B = Clz,h]. In B, x
is a prime element and T := f~1(L) = A? = Spec Cly, 2], where
L = {z = 0} on A? = Spec B. But the restriction f|r : T — L is
not a fibration. For a point A = ¢ € C on the line L, the inverse image
of thies point in T is two lines z = +./c parametrized by y if ¢ # 0 and
the double line if ¢ = 0.

We need to show the following result.
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Lemma 4.1.6. The morphism q : X — 'Y 1is surjective.

Proof. This is proved by the same argument as in Theorem 3.4.6 if
one notes that X is contractible and ¢ : X — ¢(X) is a locally trivial
Al-bundle. O

By combining the above lemmas together, we know that X is an
Al-bundle over Y = A, Hence X = A3,

4.2. When does X have a geometric quotient? Let X be a smooth
affine threefold with a non-trivial GG,-action and let ¢ : X — Y be the
algebraic quotient with Y = SpecB, where B = Kerd in A := I'(X, Ox)
and the Ind ¢ associated to the G,-action.

Definiton 4.2.1. ¢ : X — Y is the geometric quotient if the following
three conditions are satisfied.
(1) For every closed point @ € Y, the fiber ¢*(Y) is a G,-orbit.
(2) The topology of YV is the quotient topology of X. Namely, for a
subset V of Y, V is open in Y if and only if ¢~ (V) is an open
set in X.
(3) For any affine open set V' = Spec R of Y, the canonical homo-
morphism R — R®p A induces an isomorphism R = Ker(R®p
J).

Lemma 4.2.2. With the above notations and assumptions, we assume
that the Gy-action is free and q : X — Y is a geometric quotient. Then
X is an Al-bundle over Y. In particular, Y is smooth.

Proof. By the condition (1), every fiber with reduced structure is
irreducible and hence isomorphic to A' by the assumption that G-
action is free. Suppose that the fiber f*(@Q) is a multiple fiber for
a closed point ) € Y. Let B, = (’)ny/n'L@fb1 and let X,, .= X xy
Spec B,. Then the induced G,-action on X, is free. Hence, by [33],
Y, = A! x Spec R,. Here Y} is non-reduced because Y; is a multiple
fiber. Considering the inverse limeits, we have
X = lim Y, =2 A! x lim Spec B,, = A! xY.
e ki

Hence Y, = A!, which is a contradiction. We can argue in a different
way. By [14, Theorem 3.11], f*(Q)rea is contained in the fixed-point
locus which is an empty set. We have therefore shown that ¢ : X — Y
has only irreducible reduced fibers isomorphic to A'. This implies that
X is an Al-bundle over Y. O

Free GG,-action does not necessarily imply that ¢ : X — Y is a
geometric quotient.
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Example 4.2.3. Let X = Z x A!', where Z is a Danielewski surface
defined by zy = 2% — 1. Consider a G,-action on Z defined by an Ind
d such that §(z) = 0,0(y) = 2z and 6(z) = z. Then G, acts as

‘e =2, 'y=y+ 22t +at?, ‘z=z+at

Hence the action is free. However, the quotient morphism ¢qg : Z —
A' = Spec k[z] has a reducible fiber ¢;*(0). Now, take X = Z x A!
and the G,-action which is the given one on Z and trivial on the direct
product factor A'. Then ¢ = ¢y x id 41 and Y = Al x Al. So the
G.-action on X is free but the quotient is not a geometric quotient.

Definiton 4.2.4. Let X = SpecA be an affine variety with a nontrivial
G.-action. We assume that the ring of invariants B := A% is finitely
generated over k. Hence we can define the quotient morphism ¢ : X —
Y, where Y = SpecB is the algebraic quotient. The G,-action o on X is
called free if the morphism ¥ := (0,id x) : G, x X — X x X is a closed
immersion. Since W is factored by Uy := (0, X)y : Go x X — X Xy X,
o is free if Wy is a closed immersion.

Lemma 4.2.5. With the above notations, we have the following impli-
cations on the G4-action o.

free = proper = fized-point free.
If o is free, then Y 1is the geometric quotient.

Proof. Note that X xy X = Spec(A®pA) and A[b~'] = B[b~!][u] for
some b € B\ {0}. Hence (A®p A) ®p B[b~'] = A[b~!][t]. Namely, ¥y
is an isomorphism over an open set D(b) of Y. Hence ¥* : A®@p A —
A®yk[t] = Alt] is injective. Hence ¥ is a dominant morphism. Suppose
that o is free. Since Uy is a closed immersion, U* : A®g A — A[t] is a
surjective homomorphism. Hence ¥* is an isomorphism. This implies
that ¥y : G, x X — X Xy X is an isomorphism. In particular, X is
a G4-torsor over Y. Hence Y is a geometric quotient. It is clear that
if o is free, then o is proper because the closed immersion is a proper

morphism.
If o is proper, every fiber of ¢ : X — Y is a one-dimensional G,-
orbit. In particular, o is fixed-point free. O

In [19], it is proved that if o is a fixed-point free action on X = A3,
it is a free action.
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