
MATHEMATISCHES FORSCHUNGSINSTITUT OBERWOLFACH

Tagungsbericht 19/2000

Kodierungstheorie

30.4.{6.5.2000

Die Tagung fand statt unter der Leitung von G. van der Geer (Amsterdam), P.V. Kumar (Los Angeles)

und H. Stichtenoth (Essen). Insgesamt nahmen 44 Mathematiker(innen) aus 14 L�andern teil, und es

wurden 23 Vortr�age gehalten. Da die Teilnehmer aus ziemlich verschiedenen Gebiete der Mathematik

stammten (von Ingenieuren bis zu algebraischen Geometern), wurde eine Reihe von Tutorials organ-

isiert �uber neuere Entwicklungen in der Kodierungstheorie, wie zum Beispiel �uber Kodes auf Graphen,

Turbo Kodes, Quantum Kodes und �uber algebraisch-geometrische Kodes. Dies wurde als wertvoll gese-

hen. Weitere Themen von Interesse waren Kodes �uber Ringen, Kurven mit vielen Punkten, Listen-

Dekodierung, Zetafunktionen von Kodes und iterative Dekodierung.

Der Programm hat viel Zeit f�ur Diskussionen gelassen, und davon wurde viel pro�tiert. Es wurde als

sehr n�utzlich empfunden, dass Leute mit sehr verschiedenem Hintergrund die M�oglichkeit zum Kontakt

hatten. Zum Schluss ein Wort des Dankes f�ur die gute Betreuung durch das Personal und die angenehme

Atmosph�are am Forschungsinstitut.

Vortragsausz�uge - Abstracts

A.I. BARBERO and C. MUNUERA

The order bound of one-point AG-codes: Weight hierarchy of Hermitian codes

The order bound on the minimum distance of AG codes has been introduced by Feng and Rao and later

generalized to all higher weights by Heijnen and Pellikaan. In this talk we show how this bound can be

used together with the arithmetical approach to determine the weight hierarchy of many AG-codes. We

also show how to manage to compute the order bound in the case of Hermitian codes.

A. BARG

Quantum codes : An introduction

Quantum codes are devised for correction of decoherence errors in entangled states. In this talk I present

a general context of quantum information transmission, related to quantum computations, explain the

nature of errors on a depolarizing channel, de�ne quantum codes and their distance and the subclass

of stabilizer codes. These results are based on the works of R. Calderbank, P. Shor, E. Rains and N.

J. A. Sloane. For lack of time, I did not speak of my work on error-detection with quantum codes and

exponential bounds on the probability of undetected error.
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J. BIERBRAUER

Additive codes: Theory and applications

We describe a new approach to the theory of cyclic codes codes and generalize to the category of additive

codes (whose alphabet is a vector space over a ground �eld). A family of 2-weight codes is derived as an

example.

Caps are subsets of projective Galois spaces no three of which are collinear. We construct a family

of large cyclic caps by projection from Grassmanian manifolds. The analysis of extendability involves

hyperelliptic curves.

Random variables with certain independence properties can be constructed, using linear codes, from

weakly biased random variables. The Weil-Carlitz-Uchiyama bound describes the properties of dual-BCH

codes in terms of this parameter, the bias. We generalize a construction method due to Alon. et. al.

and show how codes over extension �elds come into play. Algebraic-geometric codes yield improvements

upon the WCU-construction and come close to yielding an asymptotically optimal construction.

P. CHARPIN

On the classi�cation of cosets of R(1;m)

By using some techniques introduced by Kasami, we establish a necessary condition for a coset of R(1;m)

to have a \high" minimum distance. We next consider Boolean functions and then the coset generated

by their corresponding codeword. We are particularly interested by the connection between two crypto-

graphic properties of Boolean functions: nonlinearity and propagation characteristics.

J. F. DILLON

Pseudorandom binary sequences with ideal autocorrelation

Such sequences are equivalent to cyclic di�erence sets with Singer parameters (v; k; �) = (2

m

�1; 2

m�1

; 2

m�2

).

We give a survey of all known such sequences from the pioneering work of Gauss and Galois to the sensa-

tional discoveries of the past two years. In particular we show that there are no sporadic such di�erence

sets today|all known such di�erence sets are explained by a constructive theorem. We also prove the

Theorem. Let L = F

2

m

and for (k;m) = 1 de�ne

K

k

= f� 2 L : x

2

k

+1

+ x = � has a unique solution in Lg

and D

k

= L n fx

d

+ (x+ 1)

d

+ 1 : x 2 Lg; d = 4

k

� 2

k

+ 1.

Then

K

(�1)

k

=

�

D

k

if m is even

L

�

nD

k

if m is odd.

Corollary. K

k

= f� 2 L

�

: x

2

2k

+x

2

k

+�x is 2-to-1 on Lg is a di�erence set with Singer parameters.
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BCH codes with two zeros

H. DOBBERTIN

While BCH codes with one zero are easily described, it is presently elusive to determine for example, the

weight distribution of BCH codes with two zeros. So it is a natural problem to classify all of them which

have extremal properties, for instance those which achieve the greatest possible minimum distance, that

is 5. This classi�cation problem is equivalent to the classi�cation of all APN (almost perfect nonlinear )

power functions on a �nite �eld of characteristic two. We present an overview about the known results

and explain a new technique (\multivariate method") which allows to prove new results along this line,

as well as to give new proofs for the known cases. The \multivariate"method has however much further

reaching applications. For instance, various classes of new permutation polynomials (and new proofs for

known permutation polynomials, like the Glynn and Cherowitzo o-polynomials) can be derived.

I. DUURSMA

Self-dual codes and zeta functions

The zeta function of an algebraic curve determines to a large extent, the weight enumerators of linear

codes constructed with the curve (through Goppa's construction). The inverse of this relation associates

to an arbitrary linear code, not the zeta function of a curve but a function with very similar properties.

It is rational, satis�es a functional equation and in some cases an analogue of the Riemann hypothesis.

Our observations suggest that a Drinfeld-Vl�adut� type bound holds for self-dual codes:

d

n

�

1

2

�

1

2

p

q

; n !1 :

G. D. FORNEY, JR.

Duality theorems for linear and group codes on graphs

A generalized state realization of the Wiberg type is called normal if symbol variables have degree 1

and state variables have degree 2. A natural graphical model of a normal realization has leaf edges

representing symbols, ordinary edges representing states, and vertices representing local constraints.

Any Wiberg-type realization can be put into normal form without essential change in the corresponding

graph or in its decoding complexity.

Linear or group codes are generated by linear or group realizations. The dual of a normal linear or

group realization, appropriately de�ned, generates the dual code. The dual realization has the same graph

topology as the primal realization, replaces symbol and state variables by their character groups, and

replaces primal local constraints by their duals. This fundamental result has many applications, including

to dual state spaces, dual minimal trellises, duals to Tanner graphs, dual input-output systems, and dual

kernel and image representations.
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A. GARCIA

On towers of function �elds over �nite �elds

The subject of the talk was a tower over the �nite �eld with p

2

elements (p � 3 a prime number) attaining

the Drinfeld-Vladut bound. The tower is de�ned recursively by the equation

y

2

=

x

2

+ 1

2x

:

The proof involves two new properties of Deuring's polynomial

H(X) =

(p�1)=2

X

j=0

�

p�1

2

j

�

2

�X

j

2 F

p

[X ] :

Property A. All roots of H(X) are fourth powers in F

p

2

.

Property B. The following polynomial identity in F

p

[X ] holds

H(X

4

) = X

p�1

�H

 

�

X

2

+ 1

2X

�

2

!

:

The subject of this talk is part of a joint paper with H. Stichtenoth.

T. HELLESETH

On some ternary m-sequences with good autocorrelation and crosscorrelation

Let fs

t

g be an m-sequence of period 3

n

� 1 with elements 0; 1; 2 and let fs

dt

g denote another ternary

m-sequence of period 3

n

� 1, i.e., (d; 3

n

� 1) = 1. The crosscorrelation is given by

C

d

(�) =

3

n

�2

X

t=0

!

s

t+�

�s

dt

; ! = exp(

2�i

3

)

(if d = 3

j

, then both sequences are the same and we will call it an autocorrelation).

Theorem 1 Let d = 2 � 3

m

+1 where n = 2m+1, then the crosscorrelation function C

d

(�) takes on

the following three values:

1 + 3

m+1

occurs

1

2

(3

n�1

+ 3

m

) times

�1 occurs 3

n

� 3

n�1

� 1 times

�1� 3

m+1

occurs

1

2

(3

n�1

� 3

m

) times :

Theorem 2 Let d = 3

2k

� 3

k

+ 1, n = 3k, then the ternary sequence

u

t

= s

t

+ s

dt

has ideal two-level autocorrelation (being �1 for all shifts 6= 0).
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T. H�HOLDT

List decoding of Reed-Solomon codes

We survey the recent work on the implementation of M. Sudan's (1997) algorithm for list decoding of

Reed-Solomon codes and report on recent results by J. Justesen and the author on bounds of list decoding

of MDS-codes. The main results are that Sudan's bound is tight in the sense that for a given rate r there

exists Reed-Solomon codes of that rate such that the maximal fractional number of errors that can be

corrected with bounded lists is at most 1 �

p

r:. For lists of size j we prove the corresponding results.

We also show that with random codes ( over large �elds) one can do better.

R. K

�

OTTER and A. VARDY

Algebraic soft-decision decoding of Reed-Solomon Codes

We de�ne a polynomial-time soft-decision decoding algorithm for Reed-Solomon codes. The algorithm

is algebraic in nature and builds upon the interpolation procedure proposed by Guruswami and Sudan

for hard-decision decoding. Algebraic soft-decision information is achieved by means of converting the

soft-decision reliability information into a set of interpolation points along with their multiplicities. The

proposed conversion procedure is shown to be optimal for a certain probabilistic model. Asymptotic

analysis for a large number of interpolation points is presented culminating in a complete characterization

of the decoding regions of the proposed algorithm. The algorithm easily extends to polynomial-time soft-

decision decoding of BCH codes and codes from algebraic curves.

H.-A. LOELIGER

Turbo codes and related topics

The invention of \turbo codes" by Berrou et al. (1993) has moved the practically achievable data rates

much closer to the information-theoretic channel capacity than was previously believed possible. Shortly

after the invention of turbo codes, it was discovered experimentally by MacKay that Gallager's \low-

density parity check (ldp) codes" from 1963 were almost as good as turbo codes. In fact, recent re�ne-

ments (irregular ldp codes) have improved ldp codes well beyond turbo codes. The old vision, put forth

by Shannon, of nearly capacity achieving codes has thus �nally turned into a practical reality. A piv-

otal element of these developments is the generic \sum-product" or \probability propagation" decoding

algorithm, which operates by \message passing" on a graphical model (the \Tanner graph" or \factor

graph") of the code. This algorithm and such graphical models are applicable also beyond coding.
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H.-G. R

�

UCK

On the discrete logarithm in Jacobians

For various cryptographic protocols one needs a cyclic group G of prime order m, in which the \expo-

nentation" n 7! n �P is a one-way function. The inverse, in multiplicative terms the \discrete logarithm"

should be hard to compute. We discussed various presentations of the cyclic group G, such as the addi-

tive group (G = Z=mZ), the multiplicative group (G � F

�

q

) and the Jacobians (G � J(F

q

)) of algebraic

curves over a �nite �eld F

q

. In general the discrete logarithm in Jacobians is thought to be more secure

than in the other groups. We showed that nevertheless one has to be careful when choosing the curve

and its Jacobian. In particular one should avoid the cases mjq � 1 and mjq.

A. SHOKROLLAHI

Iterative decoding of LDPC codes

In the last few years low-density parity-check codes have occupied centerstage in the coding theory

community. This has been mostly due to simple and e�cient encoding and decoding algorithms which

allow constructing codes which allow transmitting at rates extremely close to Shannon capacity. In this

talk, I will review the constructions and elaborate on some of the proof techniques regarding the decoding

algorithms.

P. SOL

�

E

Self-dual codes over rings: recent results

These codes yield modular lattices via Construction A and codes over �elds by Gray map. Four topics

were treated:

1. 2-modular lattices from codes over F

3

� F

3

2. Type II binary codes from Euclidean self-dual codes over F

4

3. Type IV codes over the three non�eld rings of order 4

4. Duadic codes over Z

4
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S. A. STEPANOV

Modular invariants of �nite groups

Let R be a commutative ring with identity, A

mn

= R[x

ij

j 1 � i � m; 1 � j � n], and G � GL(R; n) a

�nite group acting on the polynomial R-algebra A

mn

via linear transformations of variables x

i1

; : : : ; x

in

(which are the same for any i = 1; 2; : : : ;m). If R is Noetherian, it follows from the Hilbert-Noether

�niteness theorem that the ring A

G

mn

of invariants of G is a �nitely generated commutative R-algebra

and A

mn

is �nitely generated as a module over A

G

mn

. Moreover, if jGj is invertible in R then A

G

mn

is

generated over R by polynomials of degree � jGj, no matter how large m is (P. Fleischmann, 2000).

In modular case when jGj is not invertible in R there is no degree bound for generators of A

G

mn

that is

independent of m. More precisely, if R is a �eld of prime characteristic p and p divides jGj then every

system of R-algebra generators of A

G

mn

contains a generator whose degree � cm for some c = c(p; jGj) > 0

(D. Richman, 1996). The purpose of this talk is to devote some new arithmetical ideas which allow to

simplify Richman's arguments and to sharpen his lower bound. The results give a possibility to construct

smooth projective curves over �nite �elds with many rational points.

M. SUDAN

List decoding of error-correcting codes

Given an error-correcting code C, a received vector r, and an error bound e, the list decoding problem is

that of recovering all codewords of C within a Hamming distance of e from r. This problem generalizes

the classical problem of unambigious decoding and o�ers an avenue to \decode" more errors than half

the minimum distance of the code C. In this talk we describe list-decoding algorithms for a wide class

of algebraic codes that decode when the number of errors is signi�cantly larger than half the minimum

distance. Parts of this talk are joint with Venkatesan Guruswami and Amit Sahni.

R. URBANKE

Iterative coding systems

In this talk we will survey what is known about iterative coding systems. In particular we will concentrate

on the class of turbo codes and repeat accumulate codes. We will see that the asymptotic case (large

lengths n) is fairly well understood but that very little is known for small block lengths. In the asymptotic

setting the main tools of analysis are a concentration theorem as well as the density evolution process to

determine the threshold of iterative coding systems. This talk is based on joint work with various people

(Tom Richardson, Amin Shokrollahi, Sae-Young Chung, Louay Bazzi, Cyrill Measson).
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W. WILLEMS

Codes with a large gap in the weight distribution

Given two codes C and C

0

with parameters [n; k; d]

q

and [n; k; d

0

]

q

. Which code should we use in order

to minimize the probability of an incorrect decoding if we decode up to t � min (

d�1

2

;

d

0

�1

2

) errors? This

question has recently been answered by Faldum, namely C has smaller decoding error probability than

C

0

if and only if (A

0

; : : : ; A

n

) < (A

0

0

; : : : ; A

0

n

) in lexicographical order where A

i

; A

0

i

denotes the weight

distribution of the corresponding code. So-called MMD codes - codes which have a large gap in the

weight distribution, i.e A

d+1

= : : : = A

n�d

?

+1

= 0 - have smallest decoding error probability in the

class of [n; k; d] codes. A complete list of all MMD codes is given. Furthermore almost MMD codes are

discussed in connection with the existence of Steiner systems.

C. XING

Sequences from curves over �nite �elds

Curves over �nite �elds have found many interesting applications in various areas. In the talk, construc-

tions of d-perfect sequences are given based on curves over �nite �elds.

M. ZIEVE

Curves of every genus with many points

In the 1940's, Weil showed that a curve over F

q

of genus g has at most q+1+2g

p

q rational points. This

bound was dramatically improved (for small q) around 1980, by means of coding theory: Goppa used

curves with many points to construct codes with good parameters, and improvements to the Weil bound

result from translating known bounds on parameters of codes. This inspired the converse question of

producing curves with many points, to test how much further the Weil bound could be improved. Our

main result is that, for �xed q, the Weil bound can only be improved by a constant factor: Theorem

For every q and g, there is a curve over F

q

of genus g having at least c

q

� g rational points, where c

q

is

a positive constant depending only on q. This resolves a 1983 question of Serre. Previously Ihara (for

square q) and Serre (for all q) had shown that, for �xed q, the conclusion of our result at least held for

an in�nite set of genera g.

This is joint work with N. Elkies, A. Kresch, B. Poonen, and J. Wetherell.

Berichterstatter: G. van der Geer, P. V. Kumar
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