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The conference was organized by J. Mawhin (Louvain{la{Neuve), K. Schmitt (Salt Lake
City), and H.O. Walther (Giessen). It was attended by 47 participants from 10 European
countries (Belgium, Czech Republic, Germany, France, Italy, the Netherlands, Poland,
Portugal, Spain, Switzerland), from Russia, and from the U.S.A.
There were 32 lectures. In addition, several evening sessions were organized, all well attended despite the admittedly full program. A special feature of the conference was the
unusually high number of young colleagues with most interesting contributions. The largest
group of lectures dealt with complicated dynamics near homoclinic and heteroclinic connections, often in reversible and Hamiltonian Systems and including, for example, detailed
results on exponentially small splitting of separatrices, and on complicated bifurcation phenomena in Josephson junctions. Harmonic and subharmonic solutions were discussed in a
next group of lectures, with one result on in nitely many periodic points of area preserving
di eomorphisms.
Several lectures applied topological and variational methods to Ordinary and Partial Differential Equations. An interesting aspect of this was that these methods now yield detailed
information about solution properties (nodal properties of solutions of elliptic boundary
value problems, chaotic solutions of O.D.E.'s). A further group of lectures was devoted
to in nite{dimensional dynamical systems, with emphasis on global attractors and on periodic, homoclinic, waveform, and super{high frequency solutions of Partial, Lattice, and
Delay Di erential Equations.
Two lectures discussed stationary solutions of P.D.E.'s with transformed argument.
Last but not least, a small group of lectures involved numerical methods { we mention in
particular the very last lecture on chaos in the planar restricted Three{Body{Problem.
It is a pleasure to mention the ecient and friendly assistance of the members and
sta of the institute, and the stimulating atmosphere always present in Oberwolfach. The
weather was unexpectedly good after a winter with much snow and permitted an excursion
to St. Roman.
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Vortragsauszuge
A. ABBONDANDOLO:

Subharmonic solutions of Hamiltonian systems
A remarkable theorem by John Franks (Inventiones Math. 1992) states that every area{
preserving homeomorphism of the disc with at least 2 xed points must have 1{many
periodic points. Natural generalizations of such result should concern 2n{dimensional periodic Hamiltonian systems. Under nondegenerance conditions, we prove the existence of
in nitely many subharmonics for asymptotically linear Hamiltonian systems with at least
2 periodic solutions, using a suitable version of Morse-Floer-theory.
A. AMBROSETTI:

On perturbation in critical point theory and applications
Let E be a Hilbert space and consider a class of functionals f" 2 C 2 (E ; R) of the form

f"(u) = f0(u) + "G(u)
where " 2 R is a real parameter, G 2 C 2(E; R ) and f0 satis es:
1) there exists a nite dimensional manifold Z such that f00 (z) = 0; 8z 2 Z .
2) 8z 2 Z; f0"(z) is Fredholm of index 0;
3) 8z 2 Z; Kerf0"(z) = Tz Z .
Theorem: Let (1 2 3) hold and let := GjZ . If z 2 Z is a critical point of such that
degloc( 0; 0) 6= 0, then f" has a critical point u" and u" ! z as " ! 0.
The preceding theorem provides a general frame for many perturbative problems. Here we
discuss the following one:



(1)

n+2

u = [1 + "K (x)]u n
u > 0; u 2 D1;2(R n )

2

x 2 Rn ; n  3

Eq. (1) arises in the prescribed Scalar Curvature problem. For example, one can show the
following result:
R
Suppose that K 2 C 2 \ L1; K 0(x)  x < 0 and K 0 (x)  x < 0 for jxj  1. Let i denote
the critical points of K and assume they are non{degenerate and such that K (i) 6= 0.
Then (1) has a solution for " small provided

X

K (i )<0

( 1)mi 6= ( 1)n ; mi := Morse index of i:
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Actually this is a particular case of more general results.
T. BARTSCH:

Sign changing solutions of elliptic Dirichlet problems
We re ne a number of existence results for solutions of

u = f (u) in
(D )
u=0
on @
where  R N is a smooth domain, f 2 C 1 (R ). Let SC be the set of sign changing
solutions of (D). SC is ordered by

u  v :() u(x)  v(x) for all x 2 :
If f is superlinear, subcritical and odd in u then the symmetric mountain pass theorem
yields an unbounded sequence of solutions of (D). We can show that there exists an unbounded sequence of solutions uk 2 SC which are both maximal and minimal in SC . In
fact, each uk is a maximal element in the set of all sign changing supersolutions, and a
minimal element in the set of all sign changing subsolutions.
Another result which we can prove for a large class of nonlinearities is the existence of a
sign changing solution u1 2 SC which is again a minimal and a maximal element of SC ,
and which has precisely two nodal domains. Moreover, its critical groups are like those of
a nondegenerate solution of (D) with Morse index 2. This additional information can be
used for new existence results.
M. BERTI:

Homoclinics and chaos for systems with a saddle{saddle equilibrium
We consider autonomous Lagrangian systems with two degrees of freedom, having an
hyperbolic equilibrium of SADDLE{SADDLE type (that is the eigenvalues of the linearized
system are 1 ; 2 ; 1; 2 > 0). Under a non{degeneracy condition on the homoclinics
and under suitable conditions on the geometric behaviour of these homoclinics near the
equilibrium we prove, by variational methods, that they give rise to an in nite family of
multibump homoclinic solutions and that the topological entropy at the zero energy level
is positive. We can deal also with homoclinics which are just `topologically transversal'.
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M. BU GER:

Periodic motion in autonomous reaction{di usion systems
We consider the system
 
 
 

v
d
u
u
u
in = (0; 1); uv = 00 on @
(RD) dt v =  v + v  f (u; v) u
of two reaction{di usion equations for  > 0 and f 2 C 1(R 2 ; R) as a model system for the
more general case
 


d u =  u + h(u; v) in ; v = 0
on @ :
a
v
v
dt v
We introduce the set of so called `planar solutions' of the form



u = r  cos(t + '0)
sin(t + '0 )
v
These planar solutions are easy to treat and many well known results can be applied. We
show that all solutions of (RD) tend either to zero of to a planar and periodic solution.
In order to get this Poincare{Bendixson result, we show that the !{limit set of any initial
value consists of planar elements. Furthermore, we prove some stability results for these
periodic orbits.
M.-C. CIOCCI:

Bifurcation and stability of periodic orbits in reversible or symplectic diffeomorphisms
We survey some recent results on the bifurcation of periodic points in reversible or
symplectic di eomorphisms; such di eomorphisms arise for example as Poincare maps in
reversible of Hamiltonian autonomous systems. We show how this bifurcation problem
can be reduced to a similar problem on a `reduced phase space' having an additional
Zq {symmetry, and in such a way that the reversibility or symplecticity is preserved; the
reduced di eomorphism can also be approximated via the normal form. This normal form
is also very helpful for studying the stability of bifurcating periodic orbits. We apply our
general results to a simple case of generic bifurcation of periodic orbits in a one{parameter
family of reversible di eomorphisms; we nd two bifurcating branches, one stable, the
other unstable.
This is joint work with Andre Vanderbauwhede (University of Gent).
4

M. EFENDIEV:

Upper and lower bounds for the Hausdor dimension of the attractor for
reaction{di usion equations in Rn
We study the existence of uniform attractor Aun for reaction{di usion equations of the
form
 @u
@t =  u f (u) 0nu + g0 (x; t)
ujt=0 = u0; 0 > 0; x 2 R
when forcing term depends quasiperiodically on the time, that is g0(x; t) = g~0 (x; 1t; : : : ; k t).
For the Hausdor dimension of the uniform attractor Aun we obtain upper bounds
dimHausd Aun  k + C1 k n+4 + C2 2 :
n

n

Moreover, for a class of non{monotone nonlinearities '(u) := f (u) 0u, we prove upper
and lower estimate for the Hausdor dimension of the global attractor Agl of the form

C1(0) 2n Ln  dimHausd Agl  C2(0) 2n Ln
where g = gL(x); L  L0 > 0; L0 is some given real number. We discuss also some open
problems related to the talk.
A. FONDA:

Nonlinear resonance in asymmetric oscillators
The simple nonlinear equation

x00 + cx0 + g(x) = f (t);
with



x if x  0 ;  > 0;  > 0;
x if x < 0
models an asymmetric oscillator with a friction coecient c  0 and forcing term f (t).
When f (t) is T{periodic, we speak of `nonlinear resonance' if  and  satisfy
T;
p1 + p1 = n
for some positive integer n. In this case, conditions on f can be given to prove multiplicities of periodic solutions of period T or multiples of T (subharmonic). Some of these have
amplitudes going to in nity as c ! 0 and can be proved to be asymptotically stable.
Similar results can be proved in case f (t) is almost periodic instead of periodic, leading to
g(x) =
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large amplitude almost periodic solutions.
T. GEDEON:

In nite gain neural networks
We consider dynamics of

x0i = xi + i(x1 ; : : : ; x^; : : : xn); i = 1 : : : n
where i only depends on sgnx1 ; : : : sgnxn and not on sgnxi .
Functions i are discontinuous along hyperplanes xj = 0. We de ne a Morse decomposition of the related projective ow, based on the graph of interactions associated to the
system of equations.
We study attractors in systems with an attractive gure 8 subgraph. We show that a
symmetric attractor of this type is either a gure 8 periodic orbit or a pair of xed points.
We also show that if the values of i's lie only in the values of a hypercube in Rn, there is
no complicated dynamics in the system.
V. GELFREICH:

Splitting of a small separatrix loop near the saddle{center bifurcation in
area{preserving maps
When the saddle{center bifurcation occurs in an analytic family of area{preserving
maps, rst a parabolic xed point appears at the origin and then this point bifurcates, creating an elliptic and hyperbolic xed point. Separatrices of the hyperbolic xed point form
a small loop around the elliptic point. In general the separatrices intersect transversely
and the splitting is exponentially small with respect to the perturbation parameter. We
derive an asymptotic formula, which describes the splitting, and study the properties of
the preexponential factor.
S. VAN GILS:

Coupled Josephson junctions

(Joint work with Martin Krupa (TU Wien) and Victor Tchistiakov)
We analyse the dynamics of two identical Josephson junctions coupled through a purely
capacitive load in the neighbourhood of a degenerate symmetric homoclinic orbit. A bifurcation function is obtained applying Lin's version of Lyapunov{Schmidt reduction. We
locate in parameter space the region of existence of n{periodic orbits, and we prove the
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existence of n-homoclinic orbits and bounded non{periodic orbits. A singular limit of
the bifurcation function yields a one dimensional mapping which is analyzed, Numerical
computations of non{symmetric homoclinic orbits have been performed, and we show the
relevance of these computations by comparing the results with the analysis.
M. HA RA GUS{COURCELLE:

Travelling waves of the KP equations with transverse modulations
Kadomtsev{Petviashvili (KP) equations arise generically in modelling nonlinear wave
propagation for primarily unidirectional long waves of small amplitude with weak transverse dependence. In the case when transverse dispersion is positive (such as for water
waves with large surface tension) we investigate the existence of transversely modulated
travelling waves near one{dimensional solitary waves. Using bifurcation theory we show
the existence of a unique branch of periodically modulated solitary waves. Then, we discuss the case when the transverse dispersion is negative (such as for water waves with zero
surface tension). Here, we nd that given a positive wave speed, and given essentially arbitrary small amplitude data for the wave amplitude and its transverse derivative along a
single line in the direction of propagation, a complete travelling wave surface is determined.
This suggests that water wave propagation can sustain a plethora of complicated steady
wave patterns in three dimensions.
C. JONES:

Dynamical systems issues arising in studying the ocean
In the recirculation of uid past an island, under the in uence of wind forcing, a `dead
zone' appears. Dynamical systems techniques can be used e ectively to asses the quantities of uid involved in an exchange between the dead zone and the ambient water as
the wind forcing creates strong time{dependence. Heteroclinic orbits are determined in
a numerical model, the tangles of which create the regions of uid being exchanged. It
is shown that this e ect of `chaotic advection' far exceeds the leakage due to Ehrmann
pumping even at moderate levels of forcing. The determination of the relevant stable and
unstable manifolds requires some development as they emanate from e ectively hyperbolic
regions in a numerical velocity eld and not analytically prescribed xed points.
A Melnikov theory is also discussed for cases without boundary. A formula is given that
shows small viscosity and forcing can cause the separation of stable and unstable manifolds. This talk is based on joint work with Sandstede (Ohio State), Miller (Stevens Inst.
of Tech.), Pratt and Helfrich (Woods Hole), and Balasuriyn (Peradeniya).
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H. KIELHOFER:

Pattern formation of the stationary Cahn{Hilliard model
We investigate critical points of the free energy E"(u) of the Cahn{Hilliard model over
the unit square under the constraint of a mean value m. We show that for any xed value
m in the so{called spinodal region and to any mode of DuE"(m) there are critical points
of E"(u) having the characteristic symmetries and monotonicities of that mode provided
" > 0 is small enough. As " tends to zero these critical points have singular limits where the
symmetries and monotonicities are preserved. Therefore they form characteristic patterns
for each mode.
It is remarkable that all singular limits are global minimizers of E0(u) which is not obvious
since minimizing properties of the critical points of E"(u) are not known.
Our method consists of a global bifurcation analysis of critical points of the energy E"(u)
where the bifurcation parameter is the mean value m. This new analytic approach suggests
a path following device to obtain the critical points of E"(u) (near global minimizers of
E0 (u)) numerically.
K. KIRCHGA SSNER:

Dynamics of a chain of coupled nonlinear oscillators
The lecture covers joint work with Gerard Iooss from Nice. A one{dimensional chain of
nonlinear oscillators is considered with nearest neighbor interaction. Ruling parameters are
the coupling intensity and the distance of immediate neighbors. A method is described to
classify all travelling waves of moderate amplitude in such a chain. These waves owe their
existence to certain resonances which are completely discussed in the parameter plane.
The main methods used are a suitable extension of the original formulation, which handles
nonlocal terms as boundary values of solutions of certain transport{equations. Moreover,
a reduction result allows the use of normal form analyis for the resulting nite dimensional
vector eld. Applications to homogenization problems are indicated.
U. KIRCHGRABER:

Computer{assisted proof of chaotic behaviour: Application to a three{
body{problem
In this talk I report on joint work with D. Sto er which is related to earlier joint work
with K. Palmer and our students C. Hundig and T. Notter.
The idea, due to Sto er, is to prove chaotic behaviour by numerically constructing two
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nearly periodic hyperbolic orbits which approach each other very closely at some point
and using (numerical) shadowing. Chaotic behaviour means that the Bernoulli shift can
be embedded. The considerably re ned scheme proposed in this talk is shown to apply to
the planar restricted problem of three bodies with equal masses of the primaries.
Strictly speaking we do not rigorously establish chaotic behaviour since we use what we
call `realistic estimated bounds' rather than `validated bounds' (in the sense of interval
arithmetics).
J. KNOBLOCH:

Dynamics near connecting orbits in discrete dynamical systems
We consider discrete dynamical systems having for a certain parameter a homoclinic
orbit approaching to a hyperbolic xed point. We are interested in the dynamics in a
neighborhood of such a homoclinic orbit. In particular we consider transversal homoclinic
points and the case where stable and unstable manifolds have quadratic tangencies. In both
cases we use Lin's method to construct Poincare maps which are conjugated to a shift map.

T. KRIECHERBAUER:

On the dynamics of nonlinear lattices
In this talk we discuss the dynamics of one{dimensional lattices (xn )n1 with nearest
neighbor interactions,

xn = F (xn

1

xn) F (xn xn+1); n  1;

initially at rest, and which are driven from one end by a particle x0 . The driver, x0 , is
assumed to undergo a prescribed motion,

x0(t) = at + "h( t);
where a; "; are real constants and h() has period 2. We describe the numerically observed behaviour (shock and rarefaction phenomena for " = 0, generation of multi{phase
travelling waves for " 6= 0) and present corresponding analytical results.
First, we discuss the integrable model F (x) = ex (Toda lattice). In this particular case one
can rigorously derive the long{time asymptotics for a large class of initial value problems
using the Inverse Scattering Transform (IST) method.
Secondly, we present results which apply to general classes of nonlinear force laws F ,
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which establish the existence of families of (quasi {) periodic travelling waves by perturbative methods (bifurcation analysis; KAM methods).
B. LANI{WAYDA:

Multidimensional Poincare maps and one{dimensional observations
In practical experiments, e.g., with neuron cells, one typically observes only a few
components of a higher dimensional system, or even only one component. For example,
one measures the output voltage of a neuron, the state of which is determined by many
further variables.
Assume that the high dimensional system has a periodic trajectory and an associated
Poincare map P . We describe the connection between the map P and the orbits of another
map, which arises from the interpretation of one-dimensional data as return times. We
prove that these maps are locally conjugate by a transformation which generically is a diffeomorphism. An explicit criterion for invertibility of the local transformation is derived,
and discussed in view of numerical experiments of B. Eckhardt (Dep. of Physics, Univ.
Marburg) with Hodgkin{Huxley type equations.
R. LAUTERBACH:

Heteroclinic cycles in symmetric systems
We discuss the stability of an object which we call a generalized heteroclinic cycle. This
object occurs in dynamical systems with spherical symmetry when the symmetry group
O(3) acts as the sum of its three and its ve dimensional irreducible representation. The
term generalized heteroclinic cycle refers to the fact that besides the multiplicities due to
the group action there is an additional degeneracy: one of the connections is replaced by a
higher dimensional set of connecting orbits. This generalized heteroclinic cycle comes up
in a simple model to study pole reversals of the earth' magnetic eld.
Due to the high dimension of the underlying space it is dicult to do the stability analysis
similar to the analysis of Krupa and Melbourne. Therefore we employ geometric techniques to understand the dynamics. The tools are strati cations by orbit type, orbit space
reductions and a rather explicit understanding of the strati cation by orbit types on the
orbit space. Due to normal hyperbolicity of the group orbits of equilibria we can restrict
to what we call the local orbit space: consider a slice to the group orbit and the orbit
space reduction with respect to the isotropy subgroup. This construction gives us precise
geometric decompositions of slices to stable and unstable manifolds and allows to restrict
the form of local and global maps between these slices. Putting this information together
we can give a criterion for the stability of the generalizd heteroclinic cycle.
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E. LOMBARDI:

Phenomena beyond all orders and bifurcations of homoclinic reversible connections
We explain how to obtain an exponentially small equivalent of an oscillatory integral
when it involves solutions of a nonlinear di erential equation. The method proposed enables us to study the problem of existence of homoclinic connections to 0 for vector elds
admitting a 02i! resonance at the origin. This problem could not be solved by a direct
application of the classical Melnikov method since the Melnikov function is given in this
case by an exponentially small oscillatory integral.
S. MAIER-PAAPE:

Structure of the attractor for the Cahn{Hilliard and Allen{Cahn equation
For certain parameter values we numerically calculate the set of equilibria for these
equations with a path{following method. This case study is performed for the cubic nonlinearity and a square domain. The numerical data are then used to build connection
matrices which basically describe heteroclinic connections between the equilibria. Eventually a semiconjugacy of the ow on the attractor to the ow of several toy models is
established.
Joint work with U. Miller (U. Augsburg, numerics part), K. Mischaikow (Georgia Tech.),
and T. Wanner (Univ. of Maryland, Baltimore, topology part).
J. MALLET-PARET:

Crystallographic pinning in spatially discrete systems
We study dynamical phenomena for a class of lattice di erential equations, namely innite systems of ordinary di erential equations coordinatized by points on a spatial lattice
(for example, the integer lattice in the plane). We examine in particular the occurence of
travelling wave solutions, and their dependence on the direction of motion on the travelling
wave.
The phenomenon of crystallographic pinning occurs when there is a tendency for a wave to
become pinned (that is, to cease moving) in selected directions. In previous work with John
Cahn and Erik Van Vleck we demonstrated this phenomenon for a special class of systems
with piecewise linear nonlinearities. In the present work, we show how this phenomenon
holds for a general class of systems with smooth nonlinearities (including spatially discrete
Allen{Cahn equations), and how it follows from general principles of dynamical systems.
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A. MIELKE:

Multibump solutions to a saddle{focus in the reversible and SO(2){invariant
case
Motivated by the slightly subcritical Poiseuille ow we consider 4{dimensional ODEs
with a saddle{focus equilibrium (ev's (1i!)) having a homoclinic solution. One example
is the steady one{dimensional complex Ginzburg{Landau equation
()

Axx (1 + i!)2A + c^jAj2A = 0

with the Stewartson{Stuart pulse A(x) = (cosh x) 1(1+i!) when c^0 = (1 + i!)(2 + i!).
Perturbing c^ in the form c^ = (1 + i")^c0 this pulse is destroyed and multibump solutions
of () can be shown to exist on sequences ("nk)k2N with "nk ! 0 for k ! 1. Here n  2
denotes the number of bumps.
In addition, n{periodic solutions as well as chaotic solutions in a neighbourhood of the
primary pulse are constructed.

R. NUSSBAUM:

Super{high frequency solutions for a discontinuous di erential{delay equation and nonexpansive operators on l1(Z)
Consider the following initial value problem for a nonlinear di erential{delay equation:

x0 (t) = sgn(x(t 1)) + f (x(t)); t  0
xj[ 1; 0] = ' 2 C ([ 1; 0])
Here we de ne sgn(u) = +1 for u > 0; sgn(0) = 0 and sgn(u) = 1 for u < 0. By
a solution x(t) := x(t; ') of (1) we mean a continuous function x : [ 1; 1) ! R which
is absolutely continuous on [0; 1) and satis es (1) for almost all t  0. If f is locally
Lipschitzian, we prove that such a solution is uniquely determined. A solution x(t; ') of
(1) is called a super{high frequency solution of (1) if, for each t  0, there exist in nitely
many s 2 (t 1; t] such that x(s) = 0.
Theorem 1. Assume that f is locally Lipschitzian and jf (u)j  c < 1 for all u 2 R .
Then x(ti') is not a super{high frequency solution of (1) unless ' = 0 and f (0) = 0.
(1)
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It turns out that an essential role in discussing eq. (1) is played by a certain nonlinear
operator de ned in l1(Z), the Banach space of absolutely summable, biin nite sequences
x =< xnjn 2 Z >. De ne K = fx 2 l1(Z) : x = (xn ) and xn  0 for all n 2 Zg and for
R > 0 de ne KR = fx 2 jkxkl1(Z)  Rg. Let  : [0; R] ! [0; R] and  : [0; R] ! [0; R]
denote continuous increasing functions with (0) =  (0) = 0. Assume that there exists
; 0 <  < 21 , such that

  (t)t s(s)  1  and    (t)t s (s)  1  for 0  s < t  R:
De ne F : KR ! KR by F (x) = y where y2n = (x2n ) +  (x2n 1 ) and y2n+1 = x2n+1
 (x2n+1 ) + x2n (x2n). For x 2 l1(Z), de ne kxk1 = supfjxnj : n 2 Zg.
Theorem 2. F : KR ! KR is order{preserving, integral{preserving and nonexpansive
with respect to the l1 (Z) norm. For each " > 0, there exists N ("; R) such that kF n(x)k1 
" for all n  N ("; R) and all x 2 KR .
We introduce a large generalization of the operator F and show that the analogue of
Theorem 2 holds for this generalized class of operators.
(2)

R. ORTEGA:

The dynamics of an asymmetric oscillator
Let C = S 1  R be a cylinder with coordinates (; r);  =  + 2; r 2 R and let

f : A  C ! C; (; r) 7! (1 ; r1); A = S 1  [a; b];
be a family of mappings ff g2[0;1] satisfying the intersection property and having the
expansion
1 =  + ! + l1 (; r) + o(); r1 = r + l2(; r) + o():
If ! is not commensurable with 2 and
Z 2 @l
1
(; r)d > 0
0 @r
then f has invariant curves for small .
As a consequence of this variant of the Small Twist Theorem one deduces that the solutions
of
x + ax+ bx = f (t); a 6= b; f 2 C 4(R =2Z)
R
are bounded if p1a + p1b 2= Q and 02 f (t)dt 6= 0. Moreover, the dynamics at in nity is of
twist type.
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C. REBELO:

Rotation numbers and solutions to nonlinear boundary value problems
We consider systems of the form

Z 0 = Z (t; zis)
where Z = Z (t; zis) : [0; T ]   I ! R 2 is a continuous function, is an open domain
in R 2 and s 2 I is a real parameter, and prove existence and multiplicity of solutions
to associated boundary value problems using sharp estimates on rotation numbers. The
results we obtain are of two kind: In one hand we prove existence of periodic (harmonic
and subharmonic) solutions combining the estimates on the rotation numbers with the
Poincare{Birkho xed point theorem, on the other we prove existence of branches of
nodal solutions for Sturm{Liouville problems. These last results are obtained combining
estimates on rotation numbers with a topological lemma which can have an independent
interest.
These results were obtained in joint works with Fabio Zanolin.
L.E. ROSSOVSKII:

Boundary value problems for elliptic functional di erential equations with
contractions
Consider the boundary value problem

Au =

l X
X

k=0 j j2m

a k (x)D (u(q k x)) = f0(x) (x 2 Q);

Tj uj@Q = fj (x) (j = 1; : : : ; m; x 2 @Q);
where q > 1; Q  R n is a smooth bounded domain such that Q  qQ; a k 2 C 1(Q)(k =
0; : : : ; l; j j  2m); Tj (x; D) are di erentialPoperators of order mj with smooth coecients.
We assume that the operator A0 (x; D) = j j=2m a 0 (x)D is properly elliptic, and that
the operators Tj (x; D) satisfy the Lopatinskii condition with respect to A0 (x; D). Let Lu =
(Au; T1uj@Q; : : : ; Tm uj@Q) and L0 u = (A0 u; T1uj@Q; : : : ; Tmuj@Q). Introduce the symbol
a(x; ; ) of the operator A by the formula
l X
X
a(x; ; ) =
a k (x)  (x 2 Q;  2 R n ;  2 C ):
k=0 j j=2m

Theorem. Under the condition a(0; ; ) 6= 0 (jj  qn=2 2m ; 0 6=  2 R n ) the operator
L : W2s+2m(Q) ! W2s(Q)  mj=0W2s+2m mj 2m (@Q)
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is Fredholm (s  0).
To prove this result we consider pseudodi erential operators with contractions and
construct the regularizer
P of the operator L in the form P = P0 B . Here P0 is the regular
P
1
izer of L0; B = B (x; 0D; R) E0 ; B (x; D; R)u(x) = u(x) + 1
k=1 Bk (x; D)[('u)(q x)],
Bk (x; D) are pseudodi erential operators of the zero order, ' 2 C_ 1(Q) is a suitable cuto
function, by 0 we denote the m{dimensional row and column, E is the identity matrix of
order m  m.
B. SANDSTEDE:

Self{replicating patterns in the Gray{Scott model
The Gray{Scott model, a coupled reaction{di usion system on an interval, describes a
certain autocatalytic chemical reaction. Numerically, it exhibits self{replicating patterns:
a pulse splits into two identical pulses that move apart and start to replicate againg. This
phenomenon repeats itself in the following fashion: at each step, the two outer pulses replicate so that a sequence of 2 ! 4 ! 6 ! 8 ! : : : pulses occurs. In a joint work with S.-I.
Ei and Y. Nishiura, we presented a mechanism that explains this intriguing phenomenon
using recent results on the interaction of pulses.
A. SCHEEL:

Dynamics of pulses, fronts and Turing patterns
We study bifurcations from fronts and pulses due to essential spectrum crossing the
imaginary axis. As an example we treat the case where the aysmptotic state undergoes a
Turing instability. We prove that under typical assumptions, the reaction{di usion system
possesses modulated fronts, asymptotic to Turing patterns when those are created ahead
of the front. On the other hand, no modulated fronts exist when the instability occurs
behing the front. Pulses are shown to create a recovery zone when they move through a
Turing pattern. Stability of bifurcating solutions is treated in all cases.
K.R. SCHNEIDER:

Singular boundary value problems
We consider the class of bounday value problems

2 2
2 = g (u; v; x; "); d2 v=dx2 = f (u; v; x; ");
() u0(0)" d= u=dx
u0(1) = 0; v(0) = v0; v(1) = v1 ; x 2 (0; 1); 0 < " << 1:
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The crucial assumption is that the degenerate equation g(u; v; x; 0) = 0 has at least two
intersecting solutions (exchange of stabilities). Under this assumption, the standard theory
of singularly perturbed systems is not applicable. Problems of that type arise in describing
steady{state solutions of reaction{di usion systems in chemical kinetics with fast bimolecular reactions.
The method to establish existence of (at least one) solution of () is based on the techniques of ordered asymptotic upper and lower solutions. We give an explicit construction
of these solutions by means of the so{called singular stable solution to (). The order of the
asymptotic approximation of a solution
of () near the intersection points of the solutions
p
of the degenerate equation is O( "), outside some small neighbourhood we get any order
of approximation provided f and g are suciently smooth.
E. SERRA:

Homoclinic solutions to periodic motions in pendulum{type equations
We consider a class of scalar nonautonomous equations which generalize the forced pendulum equation. These equations admit an ordered set of periodic solutions. We construct
classes of solutions which behave asymptotically as the periodic minimizers. In particular we nd: 1) heteroclinic solutions connecting two periodic minimizers; 2) existence of
multibump{type solutions, including solutions with in nitely many bumps.
The existence of these types of solutions shows that the dynamics associated to the problem exhibits some aspects of chaoticity. The methods are variational, the main tool being
constrained minimization.
A.L. SKUBACHEVSKII:

Solvability and index of nonlocal elliptic problems

S

Let Q  Rn be an open bounded domain with a boundary @Q = i i(i = 1; :::; N0),
where i are the open connected (n 1){dimensional Smanifolds of class C 1; n  2. We
suppose that in a neighbourhood of each point g 2 @Qn i i the domain Q is di eomorphic
to an n{dimensional angle.
We consider the nonlocal problem
(1)
A(x; D)u(x) = f0 (x) (x 2 Q n K );
(2)

Bi u(x) =

Mi
X
s=0

Bis (x; D)u(!is(x))j i = fi (x)

(x 2 i; i = 1; : : : ; N0 ;  = 1; : : : ; m):
16

Here A(x; D); Bis(x; D) are the di erential operators of orders 2m and mi , respectively; the operator A(x; D) is properly elliptic, the system fBi0(x; D)gm=1 is normal
and covers the operator A(x; D); !is are in nitely di erentiable nondegenerate transformations mapping
S some neighbourhood i of i into the set !is( i ) so that !is( i)  Q and
!is( i ) \ ( i( i n i)) =  (s = 1; : : : ; Mi ; i = 1; : : : ; N0); !i0(x)  x.
We suppose that the set K is given by

[[
[[
K = K1 f !i;s( i n i)g [ f
!jp(!is( i n i) [ j )g
i;s
j;p i;s
[
(K1 = ( i n i); i; j = 1; : : : ; N0; s = 1; : : : ; Mi; p = 1; : : : ; Mj )
i

and consists of a nite number of (n 2){dimensional smooth manifolds.
k (Q)(1 < p < 1; a 2 R ) with a norm
We introduce the weighted space Vp;a

kukVp;ak (Q) = f

XZ

j jk Q

p(a

k+j j) jD

ujpdxg1=2 ;

where  = (x; K ).
We de ne the bounded operators
l+2m (Q) ! V l (Q)   V l+2m mi 1=p ( )
L0 ; L : Vp;a
i; p;a
i
p;a
by the formulas
L0 u = fAu; Bi0uj i g; Lu = fAu; Biug:
Theorem. Let the operator L0 be Fredholmian. Then the operator L is Fredholmian and
ind L = ind L0.
This result was obtained jointy with O.A. Kovalyova.
R. SRZEDNICKI:

On periodic solutions and chaotic dynamics inside isolating chains
For an non{autonomous ordinary di erential equation we consider isolating segments,
subsets of the extended phase space of the equation, which in some way resemble isolating
blocks. The union of several contiguous isolating segments is called an isolating chain. We
present a theorem on existence of a periodic solution inside an isolating chain provided the
equation is time{periodic. The result will be applied in proofs of the existence of chaotic
dynamics for some planar non{autonomous equations.
M. TARALLO:
17

Forced pendulum{type equations: Degeneracy and dynamics
A natural notion of degeneracy for an equation of the type u + cu_ = f (t; u) (f doubly
periodic, c  0) is introduced, which is shown to strongly a ect the associated dynamics. In particular, nondegeneracy is proved to be a necessary condition in order to have
a rich dynamics (subharmonic solutions, homoclinic orbits ...). Recent works showed that
nondegeneracy is `almost' sucient for the same goal, so making a key point for a better
understanding about whether degeneracy really happens or not. To this aim, an explicit
parametrization is provided for degenerate equations which highlights some interesting features of the class of all degenerate equations. A similar characterization is provided for rst
order equations u_ = g(t; u) (g doubly periodic), and the existence of a 1 1 correspondence
between 1st order degenerate equations and 2nd order degenerate equations is proved. In
particular, the degeneracy of u_ sin u = h(t) is proved to be equivalent to a nite number
of conditions.
M. WILLEM:

Minimization problems on almost cylindrical domains
We consider the minimization problem

S ( ) := u2inf
H1(

Z

)
juj20 =1

j 5 uj2 u2

when  R N is almost cylindrical, N  4 and 2 = 2N=(N 2).
We assume that 0 <  < 1( ) when

1 ( ) := u2inf
H1(

)
juj20=1

Z

j 5 uj2;

and that
(H1) for some bounded domains F; G; F^   G^
(H2)8 > 09M > 08jtj  M; t  F .
We use the following notations:
A  R N l ; A^
A
N
R ; t
Under the above assumption S (
of the problem


= Rl  A
= fy 2 R N l : dist(y; A) < g
:= fy 2 R N 1 : (t; y) 2 g:
) is achieved and, after a rescaling we obtain a solution

u u = u2 1
u 2 H01( ); u > 0:
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This joint work with Miguel Ramos and Zhi-Quiang Wang depends on a decomposition
Lemma for bounded sequence in Lp(R N ).
C. WULFF:

Spiral waves and bifurcation from relative periodic orbits
Spiral waves are observed in many chemical and biological systems, for example in
the Belousov{Zhabotinsky reaction. Rigidly rotating spiral waves are rotating waves and
therefore examples of relative equilibria. Meandering spiral waves are periodic in a corotating frame and therefore examples of relative periodic solutions. We study the bundle
structure near relative periodic orbits and show that bifurcation from relative periodic
solutions can be reduced to bifurcation from isolated periodic solutions. In this way we
obtain a systematic approach to the study of local bifurcation from relative periodic orbits.
F. ZANOLIN:

Bifurcation from periodic orbits in perturbed planar Hamiltonian systems
We consider the perturbed planar di erential system

u0 = J rH (u) + "p("; t; u);

(1)

where H : R 2 ! R is a continuously di erentiable function and p : I0  R  R 2 ! R 2 is
a Caratheodory function which is T {periodic in the t{variable; I0 =] "0; "0[ and J is the
symplectic matrix in R 2 .
We assume the existence of a T {periodic solution u0() of the unperturbed Hamiltonian
autonomous equation
u0 = J rH (u)
(2)
and we look for the existence of T {periodic solutions of (1), which, for " small, are close
to this solution. The same question is addressed to the search of subharmonic solutions as
well.
Such kind of problems have already been investigated by a lot of authors. In many papers
(among other conditions) it is assumed that H is C 2 and the variational equation

v0 = JH 00u0(t))v

(3)

is nondegenerate, i.e. the set of its T {periodic solution is one dimensional (equal to hu00i).
In this work we present a result of bifurcation for the perturbed planar Hamiltonian system
(1) using elementary topological degree methods. We permit also a non{Hamiltonian
perturbation p.
19

We replace the nondegeneracy condition (3) by a sign condition on the time{map (period{
map) of (1) and also a condition on the change of the sign

a(s) =

Z

T
0

rH (u0(t + s))p(0; t; u0(t + s))dt:

The type of result we can obtain is the following.
Theorem 1. Suppose that (2) has a T {periodic orbit u0() such that the time{map is
strictly increasing (or decreasing) at u0() and there exist s0 ; s1 2 [0; T [ such that a(so) < 0
and a(s1 ) > 0. Then there are two branches of T {periodic solutions of (1) bifurcating from
translations in time of the original solution of (2).
More general (even quite `wild') behaviour of the time{map in its crossing the value
T (or T=n, or mT=n in the case of m{th order subharmonics) is permitted. We stress
the fact that no condition of non{zero derivative for the time{map at its crossing point
or for the function a(s) at its zeros, is required. Some applications are given to a Dung
equation with forcing and damping, to a perturbed Volterra prey{predator system and to
the bifurcation of subharmonics close to a homoclinic solution.
This is a joint work with Marc Henrard (Universite Catholique de Louvain, Louvain-l-a{
Neuve).
BERICHTERSTATTER: H.O. WALTHER (GIESSEN)
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